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PREFACE

The authority for performing the work described in this report is contained in
Project 4A161102B52C, Research in Geodetie, Cartographic, and Geographic Sciences
(Analysis of Radar Backscatter from Terrain).

The theory deseribed is the result of an in-house study and is an application of the
work of others in the field of electromagnetic wave scattering from random media.
The result is a mathematical model for calculating the radar backscatter from certain ‘;
types of vegetation. The technique used in the solution is the renormalization formula-
tion. The author wishes to thank Professor Roger . Lang of the George Washington
University. Dr. Adrian K. Fung of the University of Kansas, and Dr. Eugene Margerum
of the U.S. Army Engineer Topographic Laboratories (USAETL) for assistance in
reviewing and developing the theory deseribed herein. This task was performed under
the supervision of Mr. Bernard B. Scheps, Chief, Technology Development Branch,
\Ir. Alphonse Elser, Chief, Geographic Information Systems Division, and Dr. Kenneth
R. Kothe, Director, Geographic Sciences Laboratory. The work was under the general
direction of Mr. Robert P. Macchia, Technical Director. US. Army Engineer Topo-

araphic Laboratories.
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BACKSCATTERING OF RADAR WAVES BY VEGETATED TERRAIN

INTRODUCTION

Purpose. This report presents a vector theory for the backscattering of electro-
magnetic radar waves from vegetation. The basic technigue employed is that of simu-
lating the vegetation with a random medium and then caleulating the scattered electro-
magnetic field from the random medium.

Background. At the U.S. Army Engineer Topographic Laboratories, work on the
problem of radar backscattering from natural terrain surfaces has been in progress for
many years. However, this work differs from previous work because it attempts to
model backscatter from realistic, extended targets (terrain) rather than simple geo-
metric objects or surfaces. After the problem was defined and a literature review was
completed, the first work calculated the radar backscatter from a bare ground surface
with only large undulations. After this, the complexity of the bare ground problem
was increased by adding on small undulations. Next, the problem of scattering from a
slightly rough surface with a lossy layer was considered.? However. the mathematical
models developed for these situations are not applicable to radar scattering from vege-
tation or cultural features. It was decided that wave scattering from vegetation pre-
sented the most formidable problem and therefore should be attacked first. This
report presents in detail the analysis performed in obtaining an approximate mathe-
matical model for radar scattering from vegetation. The work included: (1) a brief
survey of the available literature; (2) the development of a model for vegetation:
(3) the derivation of equations for the radar backscatter coefficients for the model
developed; (4) an analysis of parameter variations; and (5) the comparison of the
developed theory with some experimental data. Throughout the study. the X band
(8 GHz-12 GHz) frequency range was emphasized: however, the developed solutions
are also applicable to certain other frequency regions, such as K. and Ku bands.

There are two direct applications for the results of this work. The first applica-
tion relates to the military geographic analysis problem. 1t is hoped that by relating
radar backscatter to an appropriate vegetation model. one will be able to quantitatively
analyze and/or classify agricultural crops, forests. marshes. and other vegetation from
radar returns; also it may be possible to compute vegetation parameters such as height.
density and moisture from radar returns. The knowledge of such parameters could be
I R. A. Hevenor. “Backscattering of Electromagnetic Waves from a Surface Composed of Two Types of Surface

Roughness.” U.S. Army Engineer Topographic Laboratories, Fort Belvoir. VA Technical Report ETL-TR.T1-1.
October 1971, AD 737 675.

R. A Hevenor. “Backseattering of Electromagnetic Waves from a Slightly Rough Surface with a Lossy Layer.”
U.S. Army Engineer Topographic Laboratories, Fort Belvoir, VA, Technical Report ETL-TR-T4:10, December
1974, AD AO13 863,




important in the military analysis of terrain, Also, a quantitative model can be used 1o
help develop radar requirements for military geographic applications,  The second
application relates to the development of radar image simulations. AL present, most

radar image simulations develop graytone values based upon a lited qualitative (suls-
jective) understanding of the nature of radar returns. If one had a quantitative theory
to explain the nature of radar returns that compared reasonably well with experiment,
then the graytone values could be assigned more objectively. Also, fundamental under
standing of radar scattering from vegetation will probably lead to other gains not yet
contemplated.

Before proceeding to the development of a vegetation model, a brief survey of
past contributions to this problem will be given. Consideration will first be given to
both high and low frequency regions. The low frequency region will consist of the
VHF, UHF, and L bands; and the high frequency regions will consist of the N, ku, K.
and Ka bands. The low frequency region was studied for both communication and
remole sensing purposes. Many researchers have examined wave propagation in jungles.
Among these, Pounds and La Grone® found that in the VHF region (less than 200
MHz) they could replace the jungle by alossy dielectric slab having the average dielec
tric constant of the jungle. Hagn and Parker® attempted to measure the average
electric properties of a forest, and Tamir® and Tamir and Dence® showed that the
lateral wave played an important part in point to point communication in the jungle
for this frequency range. In addition, an extensive measurements program was carried
out by the Atlantic Research Corporation” in the jungles of Thailand. The results of
those studies and others are summarized in the proceedings of the “Workshop on
Radio Systems in Forested and/or Vegetated Environment=."® In the L band region,
the lossy dielectric slab method breaks down because of increased scattering effect-.
In this region, Rosenbaum and Bowles” modeled a forest with a random medium and
computed the backscattering using a single scattering theory. In addition. Du'® com-

3 D. J. Pounds, and A. H, La Grone, Considering Forest Vegetation as an Imperfect Dielectric Slab, Electrical i

neering Research Laboratory, University of Texas, Austin, Report 6-56, May 1963,

¢ G. H. Hagn. and H. W. Parker, Feasibility Study on the Use of Open-Wire Transmission Lines, Capacitors and
Cavities to Measure the Electrical Properties of Vegetation, Stanford Research Institute. Special Techmeal
Report 13, August 1966.
? Theodore Tamir, “On Radio Wave Propagation in Forest Environments,” [EEE Transactions on Antennas and
Propagation, Vol. AP-15. No. 6, November 1967,
9 D. Dence, and T. Tamir, “Radio Loss of Lateral Waves in Forest Environments.” Radio Science, No. 1. 1969,
© Jansky and Bailey, Tropical Propagation Research, Final Report. Volume 1. Engineering Department of Atlantic
Research Corporation. Alexandria. VA, AD660318,
8 J. R Wait, R H Ot and T Telfer, (Editors). Workshop on Radio Svstems in Forested and/or Vegetated
Environments, Technical Report No. ACC-ACO-1.74, February 1971,
(
9 S. Rosenbaum. and L. Bowles. “Clutter Return from Vegetated Areas.” IEEE Transactions on Antennas and
Propagation, Vol. AP-22, No. 2, March 1974
10

Li-Jen Du, Rayleigh Scattering from Leaves, Scientific Report No. 1, The Ohio State University Electro Science
Laboratory, 21 January 1969.




puted the Rayleigh scattering from a forest of leaves of arbitrary onentation.  An
examination of the literature in the high frequency region shows that very little theore-
tical work has been done. At these higher frequencies, the effects of scattering become
very important. In fact, it can be shown that the single scattering theory of Rosen
baum and Bowles is no longer adequate since multiple scattering effects become
important. Recently, Donn and Peake' attempted to model a forest i this frequency
region.  They took multiple scattering into account by reducing the thickness of the
vegetation and then used a single scattering theory on the reduced vegetation layer,
Radar backscatter measurements in the high frequeney region have been made from
bridges. truck booms, and aircraft.  Peake'? Goodyear Aerospace, Ulaby' and
others have made measurements of backscatter coefficients as a function of incidence
angle for agricultural crops, trees, marshes, grass, and other vegetation. A review of the
various measurement programs is contained in a report by King and Moore'®  An
examination o the literature shows that backscatter measurements from forests have
been made by several people.  In many cases, however, the angular coverage was
limited and depolarization information was not available.  Also, the radar calibrations
used in the various measurements programs are different and inconsistant, so that com-
parison of the results among investigators is difficult.  In addition. the data was
accompanied by very little quantitative ground truth information. This is particularly
true with respect to electrical parameters, such as complex diclectric constants of the
vegelation,

In the next few paragraphs, we will model a forest by employing a random
medium, and we will discuss techniques to caleulate the radar backscatter coefficient
from this modeled forest.

Modeling of Vegetated Terrain. In order to caleulate the radar backscatter
coefficient from vegetated terrain, the electrical permeability. permittivity . and the
conductivity of the vegetated volume must be specified. The permeability for most
forests is constant throughout and can be taken to have the same permeability as the
free space value, . The permittivity, on the other hand, varies a great deal, since the
values for vegetation are quite different from that for free space. The manner in which
the permittivity varies is so complicated that it would be a formudable task to try and
obtain a deterministic spatial variation model. Such a deterministic caleulation would
1 . Donn, and W. Peake. “The Generalized Lommell-Seeliger Cross Section of a Foliage Environment.” United
States National Committee, International Scientific Radio Union. 1974 Spring Meeting, 10:13 June,

12 W. Peake. R. L. Cosgmff. and R. C. Tavlor, Terrain Scattering Properties for Sensor Svstem Design (Terrain
Handbook 1), The Ohio State University, May 1960

13 Goodyear Acrospace Corporation. Radar Terrain Return Study, Final Report 30 September 1959,

I Fawwaz Ulaby. Radar Response to Vegetation, | niveraty of Ransa<, CRES Technical Report 17742, Sep-
tember 1973,

15 (. King. and R. K. Moore. 1 Survey of Terramn Radar Backscatter Coefficient Measurement Programs, | niver.
sity of Kansas, CRES Technical Report 24382, Decomber 1973




require knowing the exact location of every leaf, twig, and tree trunk in a forest. Fyen
if this were possible, the caleulation of the scattered electromagnetic field from such a
complicated dielectric variation would be an enormous undertaking. And then, the
results would be valid only for the particular forest where the dielectric vanation was
measured. If radar backscatter predictions were wanted over some other forest, the
entire complicated deterministic procedure would have o be repeated. In order to
bypass the difficulties of the doterministic solution, we will consider the diclectrie
variations in a forest to be generated by a random process. The symbol to be used for
the relative dielectrie constant will be € (r). The vector r indicates that the relative
dielectric constant is some arbitrary function of three mutually perpendicular spatial
coordinates. We will now replace the forest with a random medium in which € (r) i
generated by a random process having the same mean, €, and standard deviation, € .
as the original forest. To be specific, we will let

€ (r)=€, + € pr) ()

where p(r) is a stationary random process with zero mean and unit variance. A simple
calculation shows that

<e (1)>=¢, (2)
<(e (1) -¢,)*>=¢? (3)

where the brackets are vsed to indicate the process of taking a statistical average. In
addition, it will be necessary to assume some correlation function, B(r - r'). for u(r).
The definition of the correlation function can be stated as follows:

<pr)p)>=B(r-r) (4

The correlation function has the property that it approaches zero as |r-r'| approaches
infinity. The correlation distance (or correlation length) is the distance at whic,
B (r - r') decreases to ¢! times its maximum value. When the correlation function is
direction dependent, then the correlation function is considered to be anisotropic. If
the correlation function is independent of direction, that is it depends only on  r-r".
then it is considered an isotropic correlation function. In general, the correlation
length is a measure of the average size of the particles in the random medium.

The conductivity in vegetation will also vary from point to point. However,
the variations in conductivity should not produce major effects at the frequencies of
interest. The major effect of conductivity is its average value, o . which helps atten-
uate the waves.




Before proceeding to discuss some of the techniques that can be used to cal:
culate the backscatter coefficient, we shall compute some typical values of €,.0,. and
€ for a deciduous forest, to determine the order of magnitude of these parameters,

We will assume a forest made up of leaves alone.  Each leaf will be considered to be a
rectangular solid in shape. with the dimensions of w x w x (. The dimensions of the
entire forest will be L x L x D. The spacing between leaves in the horizontal dircetion
is d: while the spacing in the vertical direction is a. The relative mean complex diclec-
tric, €_, can then be computed as

éa = \'.__<‘;—: 0 Ga -j (oa/w G") (3)
I
where
'« = volume of one leaf = w x w x L.
N, = total number of leaves in the forest.
éQ = relative complex dielectrie constant of one leaf.
V, = volume of the forest which is solely air.
€, = relative diclectric constant of air = 1.0
Vi = the total volume of the forest = L x L x D.
w = radian frequency.
€, = permittivity of free space.

Finding the dielectric constant of leaves of any type is difficult to do. since so little
data has been obtained. One of the few reliable sources availal '« was used. i.e. Broad-
hurst'® who measured the complex permittivity of tulip tree leaves and branches for
a broad range of frequencies. From his data, we find that in the X-band region. the
relative complex permittivity of tulip tree leaves is approximately 40-j10. Using this

. . A
value along with the following parameters, we can compute €,
\

Let
. = 15 meters
D = 3 meters
w = 4 centimeters
t = 0.01 centimeter
d = 4 centimeters
= 0.3 meter
€ = 40410=¢, -je’
e, = 10

16 M. G. Broadhurst, Complex Dielectric Constant and Dissipation Facior of Foliage, National Bureau of Standards,
Report 9592, 1970.
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The above set of numbers will allow for the caleulation of NV o> and \'.I . When

these parameters are caleulated and placed in the above equations, we obtain for ¢
€, = 1.003 -j 0.0008
a

In a similar manner, the variance, ehz . of the real portion of the complex permittivity
of the forest of leaves can be computed by using the following equation:

’ ot 2 7 A 2
el = Ve N (€ ea') ¥ Aoy ~e,) 6)
4 Vi

If the data given above is used, € * can be easily caleulated to give the following value:
€2 = 0.126

The calculated value of € agrees with the open wire transmission line results presented
by Hagn and Parker.'” It can be seen that even though €. is very large, the average
dielectric is approximately one because of the small percentage of the total volume
that the leaves occupy.

A forested terrain will be modeled by a flat earth covered by a slab of
random medium. The random medium is described by its dielectric variation given by
equation (1). A plane wave from free space is assumed to be incident upon the slab at
angle 0, with respect to the normal. The objective then is to calculate the backscatter
coefficients for horizontal and vertical polarizations. This model of the forest can be
simplified further when the frequencies of interest are X-band and above. Because of
the average loss due to water content and losses due to multiple scattering, the inci-
dent wave will be completely absorbed in most cases before reaching the ground. As a
result, we can neglect the effect of the ground and assume that the backscatter comes
solely from the forest medium. This is equivalent then to solving the problem of a
plane wave incident upon a half space of lossy random media. A number of techniques
will be briefly discussed that could be used to calculate the backscatter from a lossy
random half space.

Single Scattering — Born Approximation. This technique was one of the
first to be used for the calculation of scattering from random media. Basically, the
method entails dividing the scattering medium into a large number of individual
scattering elements. The scattering from each element is computed separately and
independently from all other elements. Then, the total scattered field is obtained by
adding the fields due to each individual scattering element. Mathematically, the
17 G. H. Hagn and H. W, Parker, Feasibility Study on the Use of Open-Wire Transmission Lines, Capacitors and

Cavities to Measure the Electrical Properties of Vegetation, Stanford Research Institute, Special Technical
Report 13 August 1966.




problem involves an integral equation for the scattered field, in terms of the total field
(incident field plus scattered field). The scattered field within the integral is set equal
to zero in order to obtain a first approximation. Then the incident wave acts like a
source for the scattered wave. When the scattering medium is lossy, those elements far
enough from the surface see an incident field that is highly attennated. As a result,
their contribution to the backscattered field is small. For this reason, the vegetation
layer appears to have an equivalent thickness from which most of the scattering occurs.
Since this technique does not consider multiple scattering effects and is limited to
media that are slightly random, that is € < I, it was decided not to explore this tech-
nique any further.

Multiple Scattering. In the single scattering method just discussed, the
random medium was broken up into many mutually independent scatterers.  The
assumption of mutual independence among scatterers is in general not valid, and one
must consider the coupling between scatterers. This mutual coupling can be accounted
for by including in the backscattered field contributions from waves that have been
scattered more than once. There presently exists many methods that can be used for
calculating the effect of multiple scattering. The accuracy of each method and its
region of validity are questions of current research and have not been completely
resolved to date. A brief outline of each method will be given in the following para-
graphs.

Scalar Renormalization. The total field in the random medium is set equal
to the sum of a coherent mean wave and a scattered wave. Two equations are derived
from the scalar wave equation that allow for approximate solutions of the mean wave
and the scattered wave. These two equations are referred to as the renormalized equa-
tions for the mean and scattered waves. The solution for the scattered wave involves
the mean wave, and so the mean wave must be calculated first. In fact, the mean wave
acts like a source term that generates the scattered wave. The solution of the equations
for the mean wave will lead to a dispersion equation. This dispersion equation, when
solved, will yield an effective dielectric constant for the mean wave. This effective
dielectric constant will be complex even if the mean conductivity in the random
medium is zero. The interpretation that has been placed on this is that the imaginary
part of the effective dielectric constant arises from multiple scattering effects. Thus,
multiple scattering is considered when the scattered wave is calculated. The unknown
factor in this technique is how much multiple scattering is really considered.  Also,
the scalar approach cannot allow polarization effects to be considered. In order to
consider polarization effects, one would have to use a vector wave equation and be
certain that the real causes of depolarization are included in the solution.

Vector Renormalization. The approach taken here is similar to the scalar
renormalization approach, except that now a vector wave equation is considered and




depolarization terms can be obtained. As with the scalar approach. a dispersion equa-
tion is obtained, and an effective dielectric constant is found. Now, however, the
effective dielectric constant turns out to be a 3 by 3 matrix (tensor): whereas in the
scalar case, it is a scalar. Basically, this points out that we are replacing the random
medium by a deterministic anisotropic medium. The elements of the effective dielec-
tric tensor are found to involve the correlation function of the random medium. The
mean wave is then computed, as in the scalar case, by using the solution from the
dispersion equation. The scattered field can then be calculated by using the solution
for the mean wave. This technique was the one chosen for thorough analysis, and it is
the main subject of the rest of this report.

Other Techniques. A number of other techniques exist that could be applied
to the vegetation problem. One such technique is the diffusion method. This method
involves deriving an equation for the probability density function of the fieid’s ampli-
tude and phase. Once an approximate solution to this equation has been obtained, the
radar backscatter coefficients can be readily computed. This technique has been
18 ;

successfully carried out in the one dimensional case,'® i.e., the case where it is assumed

that the dielectric constant varies only in one direction.

Two other techniques that could be used are the radiative transfer method
and the discrete scatterer technique. The radiative transfer technique is a phenomeno-
logical theory that attempts to calculate intensity using the assumption that the power
radiated from individual scattering regions adds incoherently. Alternatively, the
discrete scatterer technique makes use of the far field radiation charaeteristics of indi-
vidual scatterers to obtain backscatter characteristics for a collection of these scatterers.

Another technique is computer simulation in which the scattered power
would be computed by numerical methods for many different sample values of the
random media. The mean value of the scattered power for the ensemble could then
be computed from the individual sample values.

ANALYSIS

The vector renormalization approach chosen for analysis in this report requires
defining the geometry of the scattering problem and the approximate solution of wave
propagation in a random medium of infinite extent in order to derive equations for the
calculation of horizontal and vertical polarization backscatter coefficients. Equations
(129) and (175) are the final results of all the derivations in the following paragraphs.
Consider the problem of a plane electromagnetic wave incident obliquely at an angle
0, from a free space medium (z > 0) onto a lossy random medium (z < 0). The geome-

18 R. H. Lang, “Probability Density Function and Moments of the Field Inside a One-Dimensional Random
Medium,” Journal of Mathematical Physics, Vol. 11, No. 12, December 1973,




try of the problem is shown in figure .

0y
ko =w Ho€o

———

elry=e, e fL)=e, e, +e,nir)]

Figure 1. Scattering Geometry

The lossy random medium is characterized by a dielectric, € (r), which is composed of
the sum of a random part and a nonrandom part. The nonrandom part. €_e,, is equal
to the mean of € (r). The random portion comes from u (r), which is generated by a
stationary random process with zero mean and a variance equal to one. The objective
is now to obtain an approximate expression for the backscattered far field in the upper
medium. This field can then be used to compute the radar backscatter coefficients.
In order to compute the scattered field in the upper medium, one has to first obtain
an understanding of the nature of wave propagation and scattering in a random
medium of infinite extent. This will be done using the renormalization formulation.
The method of renormalization was developed in detail by Tatarskii and Gertsenshtein.'?

The electric () and magnetic (1) fields in a random medium can be related by
Maxwell’s equations in time harmonic form. The time harmonic variation will be

(]
19 V. L Tatarskii, and M. E. Gertsenshtein,  “Propagation of Waves in a Medium with Strong Fluctuations of the

Refractive Index,” Soviet Physics JETP, Vol. 17, No. 2, August 1963.




exp (jwt). We will assume a rectangular Cartesian coordinate system to be imbedded in
the random medium of infinite extent.

Vx E = -jopH (7)
Vx H = o, Etjwemk (8)

€(r) = €, e, te u(0)]

The line under a symbol will be used to represent a vector quantity. Taking the curl
of (7) and using (8), one has the following result:

VxVUx E-K?E =k e, m(nE “)
where k? = -jop,0, + wp €€
k2 = wlu,e,

Equation (9) can also be written in operator notation as follows:
LE=¢E (10)

L

VxVx -k?
£ =k,? e u(r)

We will now assume that the total electric field (E) in the random medium can be
written as the sum of a mean wave and a scattered wave.

E=<E>+E, (1
< E > is the mean wave
E, is the scattered wave
Obviously the mean of E_is zero. However, the mean of E_ - [{,f will not be zero. The
star indicates taking the compk x conjugate. Placing vqualum (11) into (10) and taking

the average of the resultant expression will give

L<E>=<¢E, > since <t >= () (12)




When (12) is subtracted from (10) we have

LIE-<E>|= §E-<kE > (13)

LE =§<E>+{E -<¢E> (1)

E =L [(<E>] + £ [EE, - <¢E>] (15)

E The inverse operator £7! can be written in terms of an infinite space dyadic Green's
function.

B e (16)

where dr’ = dx'dy'dz’

L (5, 1) is the infinite space dyadic Green’s function, where the double line under I is

! used to indicate a dyadic. The form of I’ (r, ') is as follows:
2 L-kir-rl
. = Q7 o i 17

where Lis the unit dyad. . A good derivation of the dyadic Green’s function can be
found in the monograph by Chen-To Tai.?® The integration in (16) is to be carried
out over the entire volume of the random medium, which in this case is over all space.
When the equation for E_"as given by (15) is placed in equation (12), the following
result is obtained:

:
F; [£-<EL'g>] <E>= <g! [¢E -< EE >]> (18)
3 For a first approximation of the mean wave, we will consider the right hand side of
(18) to be zero.
[£-<EL1E>)<E>=0 (19)

An equation for the scattered wave in terms of the mean wave can be obtained by
using (15). The second term on the right hand side of (15) will be considered small in |

comparison with the first term involving the mean wave.

E =L [§<E>] (20)

20 Chen-To-Tai, Dyadic Green’s Functions in Electromagnetic Theory, International Textbook Company, 1971.
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Fquations (19) and (20) are the pair of renormalization equations. The first observa
tion that should be made 15 that the mean wave does not propagate with the propaga-
tion constant k. One must first derive a dispersion equation from (19) and  then solve
this equation for an effective propagation constant. This effective propagation con-
stant will describe the attenuation and phase characteristios of the mean wave. The
sccond important observation that should be made is that the mean wave acts like a
source for the scattered wave as shown by equation (20). When the quantities for
L, & and L are placed in (19), the following expression results:

Vx Ux <E(r)> - K2<E(r)> - k¢ 63/<p([)y([')> <E(r)> - D(r.f)dr' = 0 (21)

The quantity <up(r)u(r')> was defined ecarlier as the correlation function.  Also, it
should be noticed that within the volume integral the mean wave is a fupction of r';
whereas the two terms involving the mean wave outside the integral are functions of r.
This is because everything to the right of the L' operator must be included in the
integral. ~ Also, it can be shown that because of the symmetrical properties of the
dyadic Green's function the following equation can be written:

<E(')> * L(r,r') =L(r. 1) * <E(c')> (22

We will seek plane wave solutions to (21) which will have the following form:

<E(r)>=Aedkr (23)

A is a constant vector

K is the effective propagation constant
The effective propagation constant K is complex and will be complex even if k is real
(o, = 0). The complex portion of K will attenuate the mean wave. This attenuation
has been interpreted as arising only from multiple scattering effects, when g, is zero.
In general then, there are two factors that contribute to the attenuation of the mean
wave. The first contribution is due to the average loss in the random medium that

arises from a finite value of o . The second contribution comes from the effects of
multiple scattering. The mean wave that appears inside the volume integral can be

written as

<E(r')> = A eker (24)
<E(@')> = A eIK L piKe(rr) (25)
<E(L)> = <E(r)> ¢ iK1 (26)




With the aid of (22) and (26), equation (21) can be written as follows:

VxVx<E(@)> - k*<E@)> - k! €] / B(r-r') D) <E(p)> B0 de'= 0 (27
[VxVx -ki-k} e / B(r-r') D(r-r') e/8+(er) (Ir'] <E(r)>= 0 (28)

Now, let us consider an electromagnetic wave propagating in a deterministic
anisotropic medium. The electric field for this wave will be designated by E . The
relative complex dielectric tensor will be é= The vector wave equation for the electric
field propagating in the anisotropic medium is as follows:

(VxV x-k2E, =0 (29)

. A . P « .
where in general € can be written as a 3x3 matrix.

XX Xy Xz
€= €
2" 1% “wy Tue

€,x €y €2

When equation (28) is compared with equation (29), we see that they are of the same
form and can be made equal if we allow the following two relations to hold:

E, = <E@)>
and

-2 . '
E= L kre / B(r-r') L(r-r') ¢ B
o v’

Thus. it can be seen that the mean wave in a random medium can be considered as a
wave propagating in a deterministic anisotropic medium. The relative complex dielec-
tric tensor can be seen to be a function of the correlation function, B(r - r'). of the
random medium. The dyadic Green’s function can easily be written in rectangular
component form so that the individual components of ¢ can be determined.
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x\2 ] gnsk
-’l': (L'[') = [gxax i ayay i azgzl fz(l{) + [i_lxﬂx (x“xz ) i gxg)’ (AXR)Z( ) *

aa,

Ko 3 b ik 2 e e
(x-x)z(z-Z)Jra (y zl:z(x x)"’ﬂyﬂy (y-y) +taa, QXK)Z(I.L) 1

'
ey 31 RZ

a,a,

(X-x') (Z-Z’) + 4
R2

,1,

(z-z;:f - ')"'%“a _(Lr;’zl_)z ] f3(R)

Where
a_ is a unit vector in the x direction
a_isaunit vector in the y direction

a, is aunit vector in the z direction

R = lrr'l = Y (xx')? +(yy')? +(z-2)
f2(R) = (k?R? - jkR-1) e ?*R/ (47k2R3)
f3(R) = (3jkR + 3 -k2R?) e R/ (47k2 R3)

¥ % She 5 . 5 A -
The individual elements of the relative complex dielectric tensor, €. can now be written
and are given below:

"2 ! .
€ = KK +k ] €l / B (r-r') {f:(lm "‘,'{’é’ um} eJKArt) gp!
J

e koz 652/ B (r-r') 1 (x-x}‘«;)2( <¢ ) % f3(R) eJK«(r-r) dr’

Exz — k02 €52/ B (I__r') 3_(.£xl:{)_2(_z-z)g fJ(R) Cjb"(l-!.') (_Lr’
L
A A / B (r-r') 3( - [iz(x—-x) f3(R) eRAxE) g’

)2 ti .
€y = KiK +k? el / B(r') gfz(R)+ %;VL f:(lng EAet) gy'

m
]

vz

ke [ B ;il%’—’f f3(R) HKC0) g
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(1/)(x x")

R? fy(R) X2 e’

e, =kle /Ii(r r)’
€y = ko€ /“(. r) 3(”)(\")§ fy (R) S (- 1)

(z-2)?

m
|

a = KKE AR ef/ Br-r) ; f(R) + f,m)g el (r-1) gy

It can easily be seen from the above equations that the dielectric tensor é is symmet-
Fach of the elements of the dielectric tensor can be seen to be a function of K.
Therefore, not only the magnitude but also the direction of the effective propagation
constant is important in determining each of the elements in the dielectric tensor. We
will now attempt to obtain a dispersion equation from (29), which will allow a solu-
tion for K. The operator 7 x7x can be written in matrix form as given below:

ric.

— -

az a2 az az
[
( 022 ay2> dy dx 0xdz
92 LK 02 ) 02
) " (05 g
s dxdy (a'/? dx? 0203y
92 a2 hE 9%
0x0z dyoz (E)x_z 5y_2>

By using the above definition and letting E
o

(29) becomes

=<E(@)>= Aexp (K- 1), equation

Kzz % Ky2 iy ko2 € 5 I\'xl\'y 5 knz £ i Ksz b an €xz "\x
: I\"‘Ky -k 2 € K2+ K2 - k2 e = l\'yl\'z -k € .‘\y =0 (30)
5 Ksz B ko2 7x i Ksz L ko2 ezy Kyz = sz - ko2 e:ﬂ "\zJ

where K, K. and K are the components of K along the x, y, and z axes respectively.
Likewise :\ . and A, are the components of A. It can be seen that the system of
partial dl”( rential (qualmm has been replaced by a system of linear algebraic equa-
tions. We will now switch from rectangular to spherical coordinates in our description

15




of the K vector. Figure 2 shows the definitions of 0 and ¢. the spherical angles that

will be used to describe K

»N

Figure 2. Geometry of the K Vector
The angle 0 is the angle between the z axis and K. The angle ¢ is the angle between the

x axis and the projection of K onto the xy plane. The rectangular components of K
can now be written as follows:

= Ksin 0 cos ¢

X
'y = Ksin 0 sin ¢
= K cos 6

K=YKZ+K?+K? = IK|

The magnitude sign on K is meant to change a vector to a scalar and not to take the
magnitude of a complex number. Thus, K can still be complex. We will now intro-
duce the direction cosines of the K vector («, 8, ¥), which can be determined from the

equations above.
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K K «
« sin 0 cos ¢
K, K g
B e sin @ sin ¢
K Ky

cos 0

o + [+ 42 |

Incorporating the above equations and definitions into cquation (30) will yield the

following:

K2(72+BZ)_k“2 €xx - K? aB-“u2 €xy & Kza-y'knz €xz \x
-K?aB -k ? . K*(y*+a?) - k } 6 - K?By -k 2 . A =0 31
- Koy -k 2 C A -K*By -k ? €. K?(B*+a?) - ke, |A,

In our first solution of (31), we will assume that all three cquations are coupled. If
this is true, then a nontrivial solution to (31) can be obtained only if the determinant
of the square matrix is equal to zero. This will be satisfied if

o O A
. wn JHN K R A
ke .k2(M)e 2o =2 _ 32
<1)) D )

A o
where H, D, and | €lare defined below:

H = k! {0 +8%)e, €, +e,, L€, (B +0?) +e, (v +a?)]
- of Eontax = Cay [e” ayte, Py|-ay -

7 2
1 EXZICYBE“"‘EYXI})‘] +0{76yyezx _Eleezx(7 ta )_6))0"7'

2 2 2 2
tofe e, by L6 (B T 0) -6 0Bl - (7" +8%) e e

- 5

exx[B‘y €z_v 3 eyz B’Yl}
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|él the value of the determinant of the dielectrie tensor
D=K2{(P46) e, (B +a?) +€,,(v* +a?)| + € (¥ +a?) (B2 +a?)
tof e, avte, By| + e Byiatay |afe, +hye |
+e. [Pya+ e (Yita?)-€ ay] e (YP+a?)
€. ratoyle, (v )€ o oy oy
tafle (B1a?) -, af] + e af (B2+a?)
2,32 2.2
(P HB) (€, te,,) Br-e, B 7

A solution to equation (32) will give

s 3(21))" [n VT Ig‘l]gh (33)

where we note two possible choices of sign and, hence, associate the subscripts 1 and 2.
Actually there are four solutions, with the possibility of a plus or minus sign in front of
cach of the K’s given by (33). The signs in front of the K’s are inconsequential because
they only determine the direction of propagation, which will be calculated in a
boundary value problem by the actual boundary conditions. The solutions for K, and
K, given by (33) are implicit, since the elements of the dielectric tensor are functions
of K. In order to obtain an explicit solution for K, and K,, we will perturb with
respect to €. As a first approximation, let €_ equal zero, then K and K, are

B =k (34)

K, =k (35)
The superscript one indicates a first approximation. A second approximation can be
obtained by using (34) and (35) in the dielectric tensor and by letting €, be finite, but

not too large. Then the second approximation can be calculated by using (33). In
general, the mean wave in the random medium will have the form

<E@> = A ety p, ehss (36)

Ky = Ky (o a, + B & Th8)

Ky = Ky (o a, +6, 8 ¥z 8,)
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When computing the elements of the dielectric tensor, the direction cosines of each
wave will be computed using the first approximation for K, and K, along with the
appropriate boundary conditions.

Each wave in (36) must satisfy equation (31) by itself. This fact can be used to
determine the relationships among the electric field components.
Ay, T2 A 37)

X Ix “"lz

(38)

djp d23 -d;3 dy

dyp A2 -dy Ay

421 A3 - Ay dy3

a
1 . p
y dgp @y, - a5z Ay

The coefficients a, are the elements of the square matrix in equation (31), with K
being set equal to K, =0, =6, ,and y = v,. A similar relationship can be written
for A,, and "\Zy'

Ay = by Ay (39)
Ay = by Ay, (40)

b, = by by -bys by,
- by by, - bya by,

b. = by, bas - bz by,
= byy by - by by

The coefficients b, are the elements of the square matrix in equation (31) with K being
set equal to K, . Tine general equation for the mean wave now becomes

5K,
SE@>= A, (@8, taga +a)e™" +

K, «
AZz (b2x £ * l)2y gy % Z-l'z) g (41)
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One could now use the form of the mean wave given by (41) and place it in (20) to
determine the scattered wave in a random medium of infinite extent. It should be

clear, however, that equation (41) was derived without making any assumptions about
the direction of propagation or the form of the correlation function. We also assumed
that the three equations given by (31) were coupled. We will now go back to equation
(31) and see what happens when the direction of propagation of the mean wave and
the correlation function of u (r) take on specific forms. If the assumption of de
pendence is correct, one can see from (41) how depolarization might arise. For
instance, suppose a wave that is polarized only in y is incident from free space onto a
half space of random media. Then, from (41) the mean wave would generate x and z
components as well as a y component. and a depolarized term in the scattered field
would result.

Now, let us consider what happens to equation (31) when we assume that the
correlation function, B (r - '), is isotropic. This means that B (r - r') is a function’only
of Ir-r'land is therefore independent of direction. We will also assume that the diree-
tion cosine of K with respect to the y axis (B) is equal to zero. This assumption is

certainly allowable since we can orient our coordinate system in any manner we wish:

therefore, we will choose the crientation that sets § equal to zero. By using these
assumptions, the element €y Of the dielectric tensor is

Xy

ey = ke[ Bg-g'y {S B ¢y @0 gy (42)

where K = K(axa +va))

Letting x - x"=u,y -y' = v, and letting z - z' = w, and remembering that v' is over all
space, equation (42) becomes

BT kel /du/ (lv/ dw B(R) {%} fs (l{)e‘“—('R (43)

where R = Ir-r'i

The upper part of figure 3 shows the relationship between the K and R vectors in the
u, v, w coordinate system. Since =0, the K vector is in the u, w plane. We wanl
to rotate the u, v, w coordinate system to u', v!, w' in order that the w'
cides with the direction of K. The resultant rotated coordinate system is shown in the

axis coin-

lower portion of figure 3.
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y=cosb,

a=cosb,

u’ = Rsinfcos¢
w’ = Rcosf

v’ = Rsinfsing

Figure 3. Geometry of K and R Vectors

The mathematical relationship between the unprimed and primed coordinates are given
below:

u=u'cosf, +w'sinf, =u'y+twa

w=-u'sing +wcos = -uatwy
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Equation (43) can now be written as follows:

ey = ko' & / du’ / dv' / dw' B(R) @_%u)_‘

By changing to spherical coordinates, the above equation becomes

£y (R) e/*®

£= k. ef/d¢]d()/dk R2sinOB(l{){sin()sincﬁ(‘ysinOcomﬁ+a('u.s‘0)} f3(R)e

o

jKRcoso

Carrying out the integration for the above equation in ¢ shows that € is equal to
zero. A similar analysis will show that € is also zero. These results will make equa-
tion (31) appear as given below:

#; D a A

13 X
0 IO Ayl =0 (44)
313 () 333 .»\z
where
ay; = K292 I\oz €.
agy = - (K¥qa+k?e.)

djy :Kz-kze

a;3 = K?a? -k €

Expression (44) shows that the equations become uncoupled by allowing the correla-
tion function to be isotropic. This means that the equation derived for the mean wave
earlier (41) is not valid for an isotropic correlation function and that a new mean wave
must be sought. For a wave polarized in y such that A_ # 0, we must have a;;, = 0.

This condition yields the following solution for K, which we designate K
P2
R =k e,
Y2
K, =k {1 et € I./k’} (45)

L :/ B(R){fz(ﬂ) + iL}'{le)z_ fS(R)} CJ’E-(['[') dr’
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The definition of L. given above comes from €,,- The value of K to be used in 1. when
computing (45) would be K . The volume integral is evaluated in appendix A along
with the other elements of the dielectric tensor and the direction cosines « and 7.
It can also be seen from equation (45) that a first approximation for K., (which
occurs when €, is equal to zero) will simply be k. We will rewrite Kvy as follows:
R
I\yy = k(xy +jyy)
S e Al .z}
x; = Re{l+k?*e? L/
= Im {1+k2* €2 L2}
Y1 m ses L

By changing to polar coordinates. we have

K,, =k Vi exp (j¢,/2) (46)
pl = xlz 2 y12

1 = tan! (y,/x,) 1< ¢, <m

Equation (46) represents an expression for the effective propagation constant when the
mean wave is polarized in the y direction.

If we allow the mean wave to be polarized in the xz plane such that A, and A,
are nonzero, then the following determinant must be set equal to zero in order to
obtain a nontrivial solution for K:

dy ay3 2
(let = dpy d33 - d13 = 0
a3 d33

The above equation will yield the following solution for K, which we designate o
2

€. € i ze

K = l\ XX 77
XZ o 2 2
et et 2'yozexz

)

47)
As a first approximation for sz, we set € equal to zero. When this is done, the
following result is obtained:

Rk
%

Z




The first approximation for K,, is the same as the first approximation for Ky . When
the first approximation for sz is used to compute the elements of the (iiclcvtri(:
tensor, a second approximation for K,, can be computed from equation (47), which
we now write in a different form.

sz & ko (x2 +j)’2)%

2
iy =i €xx €22 ™ €xz
P et e, 7P e, t2yace
XX Y42 Xz
2
y2 =Im ; €xx €2z~ €xs %
2= 2 2
o €y T € ¥ 2’706“

By changing to polar coordinates, we have:

. o, /2
K,, =k, V2 (48)
P2 = X22 g y22

¢, = tan’! (y2/x2) -71<¢,<m

We have obtained two solutions for the effective propagation constant. One solu-
tion is used when the mean wave is polarized in the y direction. The other solution is
used when the mean wave is polarized in the xz plane. The next section of this report
will consider the problem of a horizontally polarized wave incident obliquely at an
angle 6, from a free space medium (z > 0) unto a lossy random medium (z <0). The
boundary conditions for the mean wave will be satisfied; then the scattered field in the
free space medium will be calculated. Finally, an equation for the radar backscatter
coefficient will be derived. Following this, a similar derivation will be performed for
the case where the incident wave is vertically polarized.

Horizontal Polarization Analysis. The results of the previous section on Scatter-
ing Geometry and Wave Propagation In a Random Medium of Infinite Extent, will now
be used to derive a radar backscatter coefficient for the case of an incident wave which
is horizontally polarized. Consider figure 4, which shows a plane wave incident from
free space (z > 0) at angle 6, onto a half space (z < 0) of random media. The polariza-
tion of the incident wave is in the +y direction. The coordinate system is right-handed
so that the +y direction is into the plane of the paper.
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Figure 4. Geometry for the Coherent Waves (Horizontal Polarization)

The solutions for the mean waves in the two regions will be considered first. The
scattered waves will be considered later. The total mean electric field (E;) in the
upper medium can be written as

Bo =g, [C'jk°"li"r +R, c'jkoﬂr'L] (49)

n, = a sinf, -a cosb,
7 :' 4 . b
n = a sinf, +ta cosf,

= + v g«
L= xa +*ya *2z3,

Rl is a reflection coefficient.

The first term in (49) represents the incident wave, and the second term represents the
reflected wave. The mean electric field (E;) in the lower medium can be written as

e'JK

n, *r

yyl ot (50)




T 7 is a transmission coefficient.

¥ is the complex angle of refraction.
From Snell’s law, the following expression holds:
Kyy sin =k sin 0, (51)

By following Stratton?! , an equation can be derived for cos Y. If we write K as B -
jay, then sin Y is .

sin Y = (a+jb)sin 6, (52)
where a= koBy/ (By2 + ayz)
and b= koay/ (6y2 + ay’)

If we solve now for cos ¥, we have

o,

cos Y = V- (a+jb)*sin? 6, =p, e (53)

The magnitude p, and the phase ¢, can be found by squaring (53) and equating real
and imaginary parts on either side of the equation. The subseript t has been used to
indicate reference to the mean wave, which is transmitted into the random media.
pl cos2¢, =1+ (b? -a?)sin¢, (54)
pl sin 2 ¢, =2 absin? ¢, (55)

Solving equations (54) and (55) for p, and ¢, we have

Ya
p, = {1+ (b2-a?)sin?0,]” +4a?b2sin0, }

2ab sin? 0,

1+ (b?-a%)sin?0,

¢, = ' tan™!

An expression can now be written for K,, cos Y as follows:

}\'y.v cos Y = (ﬁy —jozy) py (cos ¢ - jsing, )
Ky), cos Y =q-jp

21y lius Adams Stratton, Electromagnetic Theory, McGraw Hill, 1941, page 501.
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i oo — ( S0 2 -
where P=P, (ﬁ’y sin ¢, + a, cos é,) (59)
and q=p, ({3.v cos @, - o sin ¢,) (60)
I'he mean electric field in the random medium can now be written as
o -k _xsin@. j 2 :
E, )= g, T, e"o""i e e (61)

The tangential components of the electric and magnetic fields must be continuous
across the boundary at z = 0. The magnetic fields in each medium can be computed by
using the electric fields and the Maxwell equation V x E = - jowu H. The boundary

conditions will permit a solution for R and T .

k, cos 0, - K cos Y 5
- k cos 0, +K y cos Y (62)

R

= 2Kk, cos 0, 63
l—Kyycos;//+kocos()i (h

We are now in a position to compute the scattered fields and then to calculate the
radar backscatter coefficient using the scattered field in the upper medium (free space).

The equation for the scattered electric field in the random medium is
=¢(<E>

[v(v. bs) _vz }L:a _ k2E§] = koz €M (I) i_lle e-jkoxsinoiejqzepz (64)

If we say that E_ is of order €_in magnitude, then V * E_ can be shown to be of order
and can be negl(wtt‘d in (64) since every other term m the equation is of order €.

€’
The three components of (64) are

V2E,+k*E_ =0 (65)

VAE, + R E =kle ul)T, etomiiigheer (66)

(67)

V2E, +k*E_ =0

Sz

Solutions for E__and E,, can be written in the form of a Fourier transform as follows:
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w a0

r:sx(.\._v.z):,(»_; 3 //n (ko k) et NNk dk (68)
and

E, (xy.2) = T‘);/ /n, k. k) e M oy gk dk (69)

“ B : , _

In the above vqualwlh B, and B, are functions of the Fourier variables k and k >
A solution for l\ can e dslly be ()l)ldlll( :d by putting (69) back into (67).

k' =Vk? -k 2 -k)z (70)

z

Since K is complex, equation (70) is not in a good form for calculations. Letting
k=8, -ja,.we have

k '2 _Boz -".‘Bo (N kx2 _ky2 =P, e (1)

The magnitude p, and phase ¢, of k/ ‘2 can be found by squaring (71) and equating
real and imaginary parts on either side of the e quation.

b, = VB ol KT RFP v 40T (=
1 —20{0130 3
¢’7, = tan” [ 3 i ] (73)

@7 a7 k7 -k7?)

If kz' is now written as k_ +jki where k]r and ki are both real, we have
kz' =k, +j ki (74) 1

k. = pz‘/z cOos (¢7/2)

r

a .
e 9
k; p,” sin (¢,/2)
A solution for E_ is much more difficult than for E_ and E_ owing to the term
appearing on the nghl hand side of equation (66). This term is a random function of
all three coordinates owing to u (r). A general form for the solution of ., can be
written as :
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B, (xy2) = (3?1)7/ [n‘ (ko kyo 2 exp Ghox k) dk dk (75)

Placing equation (75) into (66) will give

I =S d?B. , PR, T
aﬂ—)z/ / 3- kxz B‘ = l\)z B‘ + "('Iz—z"" l\z B) (Xp (Jl\l\ +JI\).\’) ("\x ("\)r —

-

2 o oK XsIn0. gz pa -
ke ) T €70 1 £ e (76)

We will now define the term S(kx s ky ,z) as follows:

S (k,.k,.,z) = / / p(r) e o™i exp (- ko x - jk ) dy dx (77)
-k _xsing. 1 ~ 3 : -
u(r) e o™ HTE @y / /S (k. ky, z) exp (jk x +_|kyy) dk dky (78)

The assumption has been made that u (r) is Fourier transformable. Using (78) in (76)
will give
L Laonkop + 2B iiop ke sa k0T, o o

(2m)? B xllievilavisty dz? y' Ko € (x’ y’L) i X

exp (jk x +jkyy) dk dky =0 (79)

One way to be certain that the integral on the left-hand side of (79) is always zero is
to set the integrand equal to zero. When this is done, the following second order
differential equation will result:

’B

;; b La Tl R Bo= ko' €, T, S(k,.ky2) gy (80)

We will let B, be the sum of a complementary solution (By) and of a particular solu-
tion (Byp ). '{‘he complementary solution can be found by setting the right side of (80)
equal to zero.

i i
B, = B¢ +B, ele (81)
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The quantities B, and B, are independent of z. The form of the particular solution
can be written as’ '

k2 -ik,'z ;
By = W1 (2) e’ + vy (z) e (82) l

Placing (82) into (80) and using the method of variation of parameters will yield

k Ze’ ik’
‘IVI N o s L o i pz -k 'z ’
e s PR S (k, .l\ e e’z 83 i
R R e ‘ o |
2 Al
dv, o & ll o\ edaz pz k)2
e TR = S(l\x,l\)_.t) e’ e el (84)

Integrating both sides of (83) between the limits of a and z will give

k2T : o
w@= S [k pdt et M g @)
ST

a

where the lower limit a is a constant. Integrating equation (84) between the limits of b
and z will give

k2eT

Gl oy = [ S0k B e N g ) (86)
5 b

where b is a constant.

The solution for Fsz can now be written as follows:
e | ik 'z jk z
Lsy(x’Ysz)— (27)2// gByle ERE N By + [Vl(a)

-o00 z

ke T . y ke T W f

S [ stk p et o et ag T /S(kx,ky, 5 et ds]x
LA Tz

Z
k)’ k 2eT :
e’kz +[v,(b)+ 2 € l]S(kx’kwE)em pt Jkl,fd£+ _Jl\—l/S(kx‘ky'E)em ‘,pe %
Z - 00
t:jkl’ ] f exp (jk, x+_|k y) (lk (87)
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where we have made the integral in v, (z). a sum of two integrals. Similarly. v, (2)
has been made equal to the sum of two integrals. We will now define the coefficients
B, and B, as

k 2¢T, [ : :
o s . ¢ TR 3
“‘ = “)‘ + \'l(u) = __.,)JTK _,_lv [ S (kx~ k-\ . E) v]lt ‘_li e ) ,_f ‘IE
=] K, A
K2eT, [ S
“2 = l;‘-, + vl(b) o _.’J k : 1 / S (kx- '\" . E) (.JIE ‘_IE (.J IE 'IE
I b

Incorporating the above definitions into equation (87) will yield

E,, (Y 2)= —— 5y ot s iy o o ST /s‘(l\ k. &) f (Be Mt ag | e
ot (2m)? A & -31,—' s Sela s & ) 1) :
k02 55’1‘1 z—‘ . ikt k2 g ;
+—__"jk’ Stk kB (E) e« dE | e exp (hox + jky) dk dk - (88)
2jk," LJ

where f(§) = el P

The first term in the integrand of equation (88) represents a set of waves propagating
in the minus z direction. The second term represents waves propagating in the plus z
direction. From the radiation condition, E_ must go to zero as z approaches minus
infinity. This means that B, must be zero. The rest of the terms in the integrand do
go to zero as z approaches minus infinity, although the last term does so only by using
I,'lluspital’s rule. The final expression for F,sy is then

z

rr 2ok 2elk o S
= ey 1 k)2 o s | ~ /1 ; Lk E k2
[",.y(-‘;y-/')“ (2—”)-:;/.1 ;Bl Eilas _W[!S(I\x‘k\'s)f(s)( z (lf] ez
k02 esTL i < jk, 'k -k 'z . .
+ —:ZJ—I\—,—- [ [ S (k,, ky yE)f(E)e = dE | e ™2} exp (k x +Jk_‘_ V) (Ikxdky (89)

The scattered electric field (E_ ") in the upper medium (z > 0) must satisfy the follow-
ing homogeneous wave equation:




e — ST

T

“F

2
Y E+k2E'=0
~8 0o =8

The components of 1;5' can be written as

l".sx' (x,y.z)= (l.;l).z_/ /:\x.(kx, l\) ) exp (jkxx +jky)' - jk,2) (Ik"dk‘v (90)
E) (xy.z)= (7:’*)2—/ /\)(kx. Kp)exp Gk ox +jk oy - jk,2) dk, dk (1)
E, (x,y,z)= (3%:7/ /.-\z (kg Ky)exp (k x +kyy - jk,2) dkxdk) (92

There are six unknowns associated with the components of the scattered electric fields
in the two mediums. These unknowns are A ALALBL B and B . Therefore, six
independent equations must be developed that will allow for the solution of the six
unknowns.  Actually, we are only interested in solutions for A _. A, and AL which
will be used to compute the far zone scattered field. At z = 0, the tangential com-

ponents of the electric and magnetic scatiered fields must be continuous. This can be
stated as

a,x[E,-E'] =0 (93)
a, x[H -H']1=0 (94)

where H, and H_ are the scattered magnetic fields in the upper medium and in the
random medium, respectively.  The two boundary conditions given above can be
restated in terms of the electric field components as

EJ(y0) = B (xy.0) (95)
By (xy0) = B (xy.0) (96)
) O ) D oF oL
7 [y IR sz sy X -
e B atz =0 97
% % CEE %)
S OE!  aE_ E,
Py 2 R L atz=10 ("8)
07, ax a7, ox
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In addition to the four equations given above, there are two divergence conditions that
can be used. The divergence of the scattered electric field in the upper medium is zero.

V:E =0

kA KA -kA, =0 (99)

The divergence of the scattered electric field in the random medium will be zero, pro-
vided we use only the complementary solution for E_ . If we consider only the com-
plementary solution for E_ , then the scattered field in the random medium obeys a
homogeneous wave equatlon of the form
VZ Igsc"’kz Esc:()

The subscript ¢ has been added to indicate that only complementary solutions are to
be considered. The above wave equation implies that

V-E =0

E,
kB, +K B, + kB, =0 (100)

Evaluating equations (68) and (90) at z = 0 and placing the results in the boundary
condition given by (95) will yield

oo oo

1 - ;
W/ / {;\x - Bx} exp (kax+1kyy) dk dk'v =0

-0 <00

Taking the Fourier transform of the above equation will give
A =B, (101)

When equation (89) for By (xy2) and equation (91) for E_/ y (x.y.z) are evaluated at
z = 0 and placed into tlw boundar) condition given by (96) the following equation
results:

0
k2e T,
(éﬂ)z.//{ At Rk [/su\ k, LB () et dz]

-00 =00

0

ke T : ik’ . .
= ::J'\—,i [ /.\, (k. k), BT (B) e’ # d‘;’:l}cxp (kx+ Jkyy) dkx(lky =0

-
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Taking the Fourier transform of the above expression will give
=2 "
kel

z

. A, =By ad,-L,) =0 (102)

0

where 1, :/ S.(kx, k) E)f(E)e k'€ dg

0
nd 1y = [ shok DT

Substituting the proper equations for the electric fields into the boundary condition
given by (97) and evaluating the final result at z = 0 will give the following expression:

1 . Y ) s k3eT,
»(2")2] / Jk.yf\, + sz/\y —Jky B, +jk, B, - S 1,
[ ] k02 e T,
= 2- - L { exp (jkxx + jky_v) dkxdk'v =0

When we take the Fourier transform of the equation above, the following result is
obtained:

kA, +kA - kB +k'B =k?2eT (I + 1,2 (103)

Substituting the proper equations for the electric fields into the boundary condition
given by (98) and evaluating the result at z = 0 will give the following equation:

0 oo

//{—jszx -jk A, -k, B, + jk,B, } exp (k,x +jk y) dk, dky =0

ke
em*)
Taking the Fourier transform of the above equation will give

kA +kA +k'B -kB =0 (104)

Equations (99) through (104) are six equations with six unknowns. The quantities
of interest are A_, Ay, and A,. When these quantities are solved for, the following
expressions result:
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Ak k) = Ay k)L + Aylk, k)T, (105)

| Soine ke T, k kK,
siitie 1 o i [k (kI +HRIHRK) K, +k,’>]
kize T k. k, (k2-2k2 -kk,
and \xl(kx‘l\\) = 0) 2 - [ rx 3'2( : 2 e :l ) v 2]
) 2j k, (k*+ ky +k,k))(k, +k))
.~\y(kx, ky) = ~\yl(kx, ky) I, ,\)2 (k. ky) 1, (106)
; i ke T, k‘? k,
where / k)= 5 ——— 7 3 7 7
YRR 2j k, k2 +k?2+kk)(k,+k))
and A,k k) = k02 €T, ky2 Kk 2kz' (kxz 3 kzkz')
Chil 2j k, (k2 +k?+k k) (K, +k))
"\z(kx’ I\y) = '\zl(kx’ ky) lI iy "\12(kx' l\\) l2 (“)T)

where A, (K, k)= kA (ko k )+ koA (LK),
and Ak k) = Tk Ak, k) HR A (KKK,

A solution for the scattered electric field (E.') in the upper medium has now been
obtained in terms of the integrals [, and I,, and also in terms of the integrals in k and
k,. In order to calculate the scattered far field for the case of backscatter, we will use
the Stratton-Chu integral as modified by Silver.??  The Stratton-Chu integral will be
changed to a form that will allow the results of the previous derivation to be utilized
in computing the far field. The scattered far field (E) in the direction defined by the
unit vector n, can be stated as

By =Ko, "[lnx E/ =10y x (0x H)] o™ T ds (108)

where r is a position vector pointing from the origin of the (x.y.z) coordinate system to

a surface element ds on the surface z = 0; K = -jk_ exp (-jk, R )/47R the distance

22 Samuel Silver, Microwave Antenna Theory and Design, New York, McGraw Hill, 1947, p. 161.
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R, is from the origin to the field point where K is caleulated; £ and 1 are the
total scattered electric and magnetic fields evaluated on the sur fau p) () 7 1s the
intrinsic impedance of free space (upper medium); and n is a unit vector normal to
the surface z = 0. The surface integral in (108) is over the illuminated area. For the

case of backscatter, n, is
n, =-a sinf, +a cosf =-n
The magnetic field components of H' can be computed using equations (90 to 92)
> —5

along with the Maxwell equation V x E/= -jwpo_l_l;, When this is done, the follow-

ing components of H ' are obtained:
s

nH ' = _n)zk ff(k A, +k A o) exp (kg x+]k) -k, L)(“\ dl\ (109)

ﬂllsy = ’1r)2k f/(k Atk exp (kx + Ky - jk, z) dk dk, (110)

-00 .00

Al ' = (koA -k A ) exp Gk, x + Ky - jk,2) dk dk (111)
SZ () )2‘\ p(] .] .l
= m J

The unit normal (n) to the surface z = 0 is simply the unit vector in the z direction,
. . (3 o . s g ! ’
which is a,. The calculation of the quantities n, x (n x E))andn; x (n; x (n x H)))

are now straight forward.

nyx(mxE)=-(aE "cos0 + a F,Sy' cos 0, +a E_"sin0) (112)
ny x(n; x(nx H)))= gxllsy' cos?0,- gyllsx' +§zllsy' sin 6,cos 6, (113)

Placing equations (90 to 92) and equations (109 to 111) into (112) and (113) and eval-
uating the result at z = 0 will give the following result for the scattered far field (E):

E;= (2ﬂ)szff3d [A, cos 0, + cos?0, (k,A_ +Kk A K ]+

+a, [Ajcos 0, + (ky:\z +k,A K ] +a, [Asin 6, +sin 0,cos 0; (K, A +

kx"\z)/kol % exp (jkxx + jkyy - jk, x sin 6,) dy dx dkxdky (114)
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We will now allow the limits on the integrals in x and y to be from minus infinity to
plus infinity.  This will be a reasonable assumption as long as the dimensions of the
actual illuminated area are all much greater than the correlation distance of the random
dielectric fluctuations. The integrals in x and y will then yield Dirac delta functions.

E;=- A"/- f 3gx|/\x(:os()i + cos? 0, (k,A, +k Ak, | o [/\y('nsﬂi %

(A, * K, Ak | +a, [A sing, +sinf cos0, (k,A +k A )/k ] % :
d(k, - kysind)) 8(k ) dk, dk, (115)

Evaluating the k_ and ky integrals in (115) and simplifying the algebra will give the
following equation for E:

-k R
; 2cos0,(jk,) cJ gt
k- 4mR

la A, (k, sin6,,0) + gyAy(kosin()i, 0) +a,A (k,sind,. 0)]
o (116)

If the incident wave is horizontally polarized and the received wave is also horizontally
polarized, then our interest is only in the y component of Es- We designate the y
component of E’sf as EHH » where the letter subscripts refer to the polarization of the
incident and the received waves respectively.

2¢0s0.(ik "jkoRo
il i0%o ) A_(k_sin.. 0) (17
HH 41”{0 y‘\'o i

The definition of the radar backscatter coefficient can be stated as

: 2 Sk
o°. - lim dnR ;5 <EpyEyy> (118)
i [{0->oo Ao E. % E.*
Sty =i |

where E; is the incident wave and a * is used to denote a complex conjugate. The
‘ R . . . 3 kS

brackets around Ey, Ey are used to indicate the computation of a statistical

average. The quantity A is the illuminated area. By using the computed form of Ay

as given by (106), E; . can be written as




: w o 0
et -jk_R
i 2ik e © cos 0, -2k xsing; jat pé
Eyn= = dx dy d§ p(r)e e e
(o]

-k’ ik’
[, (kysing 0)e™ 25 + Ay (k,sing.0)c" "} (119)

where the definitions of I, I, and S (k, sin6,,0, £) have been used in (119). The
complex conjugate of (119) can now be written easily as

a5 ..Jk ¢ Kolt °cosl, 2jk x'sing -jat’ pE’
B &' | & pirye™ ot i MY

<’I

- AT, (k,sin,, 0y &' €4t 'y (kysing, 0) ™2 © ) (120)

. < V¥ .
An expression for the average of h”“ Efy can now be written.

. e 2 cos?0,
<EyyEyy>= 47r2[{2 / f f")’/ d)’f“‘é/“E <p()u(r'y>

-2jk _sin6 (x-x') ja(k-§) p(E+E) ko k*E
S ARl e cp( f/\ll\* e 4 e ”*
yl Tyl
kot -kt K g ke kg -k
N R R W W A T WO WP bl (121)

Tie term <p(r)u(r’)> which appears in the above integral, was defined earlier as the
correlation function, B(r-r’). In our case, we shall let B(r-r') be isotropic, that is
B(r-r’) = B( | rt" 1). Also, in order to make the mathematics manageable, we will
assume that the form of the correlation function is exponential.

B(R) = R /% R=lp-r'l (122

where € is the correlation distance. These assumptions about the form of the correla-
tion function cannot be justified analytically, since no one seems to really know the
nature of the correlation function for actual vegetation. The assumptions are made
‘ mereiy to simplify calculations so that an analytical result can be obtained quickly:
; then the theory can be compared to actual experimental results. The assumption of
using the isotropic correlation function given above can only be justified on the basis
of comparing the final result with experimental data. Also, any use of an anisotropic
correlation function will result in very great mathematical complexities. The following

1
change of variables will be made to facilitate carrying out the integration:
i
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¥-¥ =1 ‘ -

This change of variables will allow < E"“ E:lll > to be written as follows:

i " k 1()\20 ‘
<Eyy By > = sz dn, f dn dy’ [ dg | d¢' B(nxgn JEE) x i

-2k n sing, ja(E-E)  plEE) » Gk KE P L 'Y
¢ ¢ e {A "\yl e ¢ +A Al e ez

o kb JkCE v kg -ikE 2

+ .\yz;\y| ¢ ¢ it :\yz;\yz ¢ e } (123) I

The integrals in x" and y" appear to be meaningless because the limits extend from

minus infinity to plus infinity. However, these integrals actually form the illuminated

area, since we want to have the average backscattered power equal to zero outside the 1

illuminated area. We can now write equation (123) in the following form:

™ L (kheosTO) A -2jk n_sin0,
<P‘|Il| l"Illl>: h|-l+"<l>° s Rz dn dn f(‘f/(ls B(n, . s £-£e Follx

-h -h
ja(E-£") plete) kg gk *E k& okt
" e { ALAT TRt 4A Af e et o :
vl vl y2
- kg kg « kb -k ;
o WL R RE T W N s (124)

The integration in & and ¢ will be performed first by using the following change of
variables:

n,=E-§
n;:E+E'

Then, the differentials dg dg' will become

dg dg' - a(¢, E")
n,.m,)

5 dn, dn),




;
where the Jacobian ﬂg—s)—, is given as follows:
a(n,.n,)
13 of'
' anz anl
aEE) oo
a(n,, m,)
of ot
on', on,

M2
EI
3
]
~h
= — 1],
(-h, -h/2) (h, -h/2)
-h
(0, -h)
Figure 5. Areas of Integration

] If we now represent the entire integrand of (124) by f(&, £'), then the integrals in &

and &' will hecome

0 0 0 Man)
liln 3 ’ ' lin’l ' . ’ '
il _/ dg [ gt ) — " dn,fdn, f(n + % m,., - %n,)
-h -h - nzl(”;)‘

where n, | (n;) and n,, (n;) are defined below.
g n, (n,)=-2(n, +h) when -h<n, <-h/2
-
: n,, (n,)=2n, when -h/2<7n. <0

L% (n,)=2 (77; +h) when -h<n <-h/2
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. — e =t ————

oA (n,') = -2, when -h/i2<n, <0

'

The function t(n + %, n - Y% m,) will fall off rapidly for the case where In, |
is greater than lhv c urrclatmn dlslanu Q Then, the integration is only over the shaded
area in Iwur( 5. which would be a few correlation lengths wide. Thus, the infegration

inmn, and nz now becomes

lllll /iE/(lE ‘(E E) _’/ln fdn f(n +I/z1] TI ‘/z'fl)

-h -h

The above approximation of the integral should be valid for the case where h > ¢
(correlation distance). The equation for <Eyy By > as given by (124) now

becomes

: ('\ cos0. )2 s -2jk siné .
<Eyy Epp>= 4r 21{2 /dn fdnf(’nf(ln B(n,,n,.n,)¢ S

jan, 2pn, Jk Y(n, + %n,) ko (m, * %) ok X (n,-%an,)
& e {A]A z +Ay1/\;2c S e G R

G L it ' T
-~ (_’kz(nz+yz"z)c’kz("z_l/znz) * ‘sz(ﬂz+%ﬂz) (,"kz(nz’l/’"z)} (125)

+ f\yz:\yl o= 1\)_2 z\yz [§

The integration in n; is now quite simple, and when it is carried out, the following
equation for < Ej Ex > will result:

- b (k,cos0,)* A e
<EynEyn= = o R’ dn, [ dn, | dn, B, ng.n,)e o

Al o s et A
an, {A * e-mz(kz + k)2 + K& 1’\*2 = c-mz(kz-kz )2
A Ay ,

. Ak -k M2
A LA yl(’3 +A 2A 2 C4 €

k k 2
s )/} (126)

where ¢, . ¢5, ¢y and ¢4 are defined below:

1
2p - ik, +jk

¢y =
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i ' %
2pjkzjkz
('3 = '
2p+ik, +jk
. 1
Cq

2p+jk;—jk’:

The volume integral presented in (126) is best evaluated if a change is made to spheri-
cal coordinates. Figure 6 shows the geometrie relationships between ’nx - M, 1, and the
spherical coordinates R, X. ¢. Also, the correlation function is assumed to be isotropic
and exponential.

-Vni*n;*nz /e -R/

B, my,m)=e 7T e 00 o RISy

L

My
Figure 6. Spherical Coordinate Geometry

Equation (126) can now be written as follows:

o n 2n
v (k_cosf.)?A -R/¢ -2k Rsi ino.
<Eyubyy>= — 55— dI{f dxf d¢ R%siny e i e i e B
4n* R
0 0 o

JqR cosx -jRcosx(k + k™ )2 -jR cosx(k -k:' /12
€ £ yl’\;l c, e R S Ay] /\:2 cy € 2 ks )
iReosx(k -k '*)/2 jRcosx(k +k'*)/2
+A LAY ¢, e i +A A%, ¢, e <O 127
& YR 3 y2°y2 V4

)
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The integrals in (127) can now be worked out analytically and are in appendix B.

After carrying out the integration, the following equation for <Eyy Efjy > is

obtained:
<E. o E' . >= 2k1231\0c0520i AylAylcl Ayl’\yz“z
“HH “HH wl{f, [lﬂ,f)gz]z “H’? ok
"’\ylAy2C3 M‘i (I)ﬂ)
[ E]: [ )2 2
2 3

where the quantities b,, by, b, and by are defined below:

by = ¥ 4kZsin20, + [q- (k. +k'*)/2]?2

by = \[4kf,sm2ei * g -k, -k *)2}*
b, = V‘z;kf,sinwi +[q+(k, -k'*)2]?
by = ﬁzsinmi +[q+(k, +k'*)/2)?

The radar backscatter coefficient can now be easily obtained from the definition pro-
vided by equation (118).

*

*
\lel AylAyZ('Z

AL
— 01203 ... vl
OH —8koQ3u)526i [l+b(2)§22 E [l+b?Q2]2

* *
AyZAle.‘i 3 Ay2"y2 ¢y z

129
e e s

Equation (129) is the result of all work in this section. It must be remembered that
the solution assumed an isotropic exponential correlation function. Also, the effective
propagation constant for the mean wave was derived using the solution of an infinite
space problem. In order to be strictly correct, the effective propagation constant
should be obtained from a solution of the half-space problem.
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The next section of this report will be devoted to obtaining a solution for the
backscatter coefficient for the case where the incident wave is vertically polarized.

Vertical Polarization Analysis. The results of the section on Scattering Geometry
and Wave Propagation In a Random Medium of Infinite Extent will now be used to
derive a radar backscatter coefficient for the case of an incident wave which is
vertically polarized. We will now consider a wave with vertical polarization that is inci-
dent from free space (z > 0) onto a lossy random media (z < 0). The geometry of the

-~

situation is given in figure 7.

Figure 7. Geometry for the Coherent Waves (Vertical Polarization)

The polarization vector for the incident wave now lies in the xz plane. The solutions
for the mean waves in both media will be obtained first; then the solution for the
scattered waves will be obtained the same way as in the horizontal polarization case.
The total mean magnetic field. H; (r). in the upper medium can be written as

ik e <k n s
Hy(r) = a, Thika R, e s (130)

n. = a_sinf. - a_cos0.
b 1 1 el 1
n_ = a_sinf.+a coso.
=% 1 -z 1

= Xa_ *tya *+z:
Na yd_) za,
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R

is a reflection coefficient.

I

The first term in (130) represents the incident wave, and the second term represents
the reflected wave. The mean magnetic field, H,(r), in the lower medium can be
written as

L L (131)
ny :gxsimp-gzcosw

T, is a transmission coefficient.

Y is the complex angle of refraction.
Writing Snell’s law, we have
K, siny =k _sinf, (132)

Again, by following Stratton??, an equation can be derived for cosy. If we write K, as
B, -« thensin ¢ is

sing = (a + jf)) sinf, (133)
where &= B, ko/(ﬁiz i (xiz)
b=o, K (B, + o)

Solving now for cosy. we have

A
-0y

cosy = }/1 -(h+jby2sinze, = p e (134)

I'he magnitude /3' and the phase @, can be found by squaring (134) and equating real
and imaginary parts on either side of the equation.

;A)zl r()s‘ldA)( =1+ (f,z - 42) sin? 0, (135)
52 sin2g, = 2hhsin?0, (136)

Solving equations (135) and (136) for ;A)' and (3‘. we have
b, = {11-32-D2)sin20,17 + 482D sin0,} ¥ (137)

23 Julius Adams Stratton, Electromagnetic Theory, McGraw Hill, New York, 1941, page 501.

45




| -(a-0?)sin?0

24 b sin0.
$, = % tan’! [ cudheigi ] (138)

An equation can now be written for I\'” cos Y as follows:

K, cosy = (B,,-Je,,) ﬁt (vnsql;' -jsin$l)

I\'“('us Y= ('i -jf) (139)
where |A) = ﬁ' ((xmt'usqﬁl * B”sinq‘;t) (140)
and (ﬁ = 61 (sz(:us$| - O(xzsin$t) (141

The mean magnetic field in the random media can now be written as

Hy(r)=a 'l‘” ('J oY ('Jd‘ ('az (142)

y
op

From the Maxwell equation 7 x H= ]+ = an expression can be obtained for the

mean electric field, E, (r), in the random media.

wu T k sin@. o -k _xsing. Pz jdz
Ey(m)=- —— |a, {-2—2 +a @, e[ Mo i P M (143)
l\xz sz

The transmission and reflection coefficients can be computed from the tangential
components of the electric and magnetic fields, which must be continuous across the
boundary at z = 0.

i

K,, cosb, -k cosy

R, = 144
U K,, cosf, + k_ cosy Lo

e 2K, , cos, (145
i k, cosy + K, cosf, :

The mean electric field as given by (143) is now completely determined and can be
used to calculate the scattered field in the lower mgdium.

LE =§<E>



.

2 m
ky e u)wn, T,

|V (V- E)-V?E-KE]= , ('n.-*i"f’i> {
~'s ='s % |\ a, '\

Xz Xz

A . A LA
-jo -k xsm8.  pz jqz
s e i (116)

. & .
a P, ¢ ¢ ¢

We shall neglect the gradient term in (146) for the same reason it was neglected for the

horizontal polarization solution. The three components of (146) then become

.-jé.t :jk()xsilloi bz iz

2 -
k, € u(r) wr, T,

v2 | A k? E, = K Py ¢ ¢ e e (147)
Xz
V*E_ +k?E_ =0 (148)
ke mrywu, T ik xsing, Pz jdz
VB, +K E = =St sing e (S ab (149)
Xz

A solution for F‘*y can be written in the form of a Fourier transform.

‘ ik 4 jk ik v
Esy(x.y.z): (_;T)zf fo (k- ky) P W e g dkxdky (150)

In the above equation B' is a function of the Fourier variables kx and k‘. The
quantity k; has the same definition that it had earlier, as given by equation (70). The
solutions for E_ and E_ are not as straightforward as l'lsv because of the terms on the
right-hand side of (147) and (149). These two terms contain u(r), which is a random
function of all three coordinates. By considering E_ first, a general solution can be

written as

Pl ' Lk Qe ik L ik =
B, (x.y.2) = (W / /Bx (K, l\y. z) exp (jk, x +Jl\yy) tll\xdl\y (151)

Placing equation (151) into (147), we have

l 12 ' 2 ' d “ % . ; . : s
(2.”)2'/‘ / 3 -l\x Bx - ky s P + k2 Bx exp (kax + ]l\yy) ‘“\x'"\y
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If we recall the definition of S (k.. k. 2)as given by equation (77), the above expres-
sion can be written as '

2B bz ié
1 Ayt g L I 5l e L o P2 ide
e f f 3 ke By -ky By + % +Kk2 B, - M, Stk k,z) e

exp (Jk x +jk,y) dkxdky =0 (153)
’*f, € wp, T b, et
where M = K
X7z

The integral on the left-hand side of (153) can be satisfied by sétting the integrand
equal to zero. When this is done, the following second order differential equation
results:

2 ’
d’B.

dz?

A k=
+(k?-ky -k B, =M, S (kes kyrzye e (154)

The above differential equation has exactly the same form as equation (80), which
was solved previously in connection with the horizontal polarization case. Applying
the same variation of parameters method to (154) wili yield the following solution for
E_(x,y,2):

SX

: 1 v gk M be ihe -k ¢ ]
E Y.zZ) = —— B,e? +_— S(kk_.k ,8e ¢ ¢ 2z d .
e (21r)’,/./‘; re 2jk,[/( i s

Z
M Lok G (i
k ¥ k -jk
- [fs(kx,ky“s)c"‘e’&‘c‘ z‘]c’z’$

exp (k x +jkyy) llkxdky (155)

where B'l is a function of k, and ky. Since equation (149) for E,, has exactly the
same form as (147), a solution for E_, can be written as

oo o0 z
I R Pt iGE -kt
E (xyz)= —— B. ¢ 2"+ — Stk.. k., E)e S TY
v g f [ | G| [ ndt s

a’ V A A ot Hr,
L Yo ) k -ik,
et E]-k—, [ fb(kx, ky, £) Madhe ‘E:, el et g (156)
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where N, = e
Xz

The components of the scattered electric field in the upper medium (z > 0) can be
written in the same manner as was done for horizontal polarization (e.g. equations

90 to 92).

' 1 . : : : i

E, (x,yz)= (?")—2/ /(,x(kx, ky) exp (k, x + jkyy - jk,2) dkxdky (157)
' " 1 . ; ’ : d

E, (x.y.2) = @y f ny(kx, ky) exp (jk, x +Jkyy - jk,2) dkxdky (158)
' 1 9 . ¢ -

E,(x.y,z) = W f sz(kx, ky) exp (jk, x +Jkyy - jK,2) dkxdky (159)

where k. = L )

o x y

Again we have six unknowns, (lx, (Iy, Cz, B;, B'l and B’2. The three unknowns of
interest are C_, C_ and C,, which determine the scattered electric fields in the upper
medium. The boundary conditions at z = 0 that will permit the calculation of the

wanted quantities are as follows:

Eq(xy0) = E, (xy.0) (160)
By (xy.0) = E (x,y,0) (161)
a——Esz - a—Eg = a—Esz - 6Esy at z=0 (162)
oy 0z oy z
dE dE G] 0 G108
SX _ Sz - sX _ Sz - t == l()3
2 ox % oL (163)

In addition to the four boundary conditions given above, we have the two divergence
conditions that also can be used. When the appropriate equations for the scattered
electric fields are substituted into the above boundary conditions along with the diver-
gence relations, the result will yield six algebraic equations and six unknowns. The six
algebraic equations are obtained in exactly the same manner as they were in the hori-

49




zontal polarization solution and are given below.

k,C, +k,C =k,C, (164)
K By KB, +K' B, =0 (165)
y M, :
B| w5 2_|k’ (ll' l2):(‘x (l()())
z
B'y = C, (167)
v . ' ' kyNo
kG, +k,Cy -k B, 4 B, = St (- 1) (168)
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f(£) = (.pt (_J'(IE
When equations (164) to (169) are solved for C_, C_ and C_, we have
g, =6, 1 +€,, 1, (170)
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G =G hL+C 1, (172)
C,, =k, C,, +k,C )k,
C,; = (kCyp +k C o)k,

where  F_ = (kik, + Kok, + K2k, +k’k,) (kGk, + Kik, + k’k, +Kik,)
KKk, +K))?
Fy =k k, + k) + Kok, + K7k,
F; = kxky(k; +k,)
F; =k’k, + K2k, +k’k, +k2k,

An equation for the far zone scattered field, E

E4. was developed earlier from the
Stratton-Chu integral and has the following form:

-k R
d '.ijovosoicj LAl " ] 3 _
Eg= o~ TR [gx(.x(kosmﬂi, 0) + a (,y(kosmﬁi, 0)
o
+ a,C, (k, sind,, 0)] (173)

The interest is now in the x and z components of (173), which will form the vertically
polarized received wave, E_ . The double subscript is used here to indicate the polari-
zation of the transmitted and received waves, respectively.
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x2 2)
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The above equation can be manipulated easily into a form that will allow a quick solu-
tion for the backscatter coefficient, oS, .

. -k R
9 N ,7 0 0
2) kow.,ﬂit.

B, = 4&:—— (A, (kosinOi. 01, +
A,, (k sin,,0) 1, ] (174)

where A | (k sind,,0) = A cosf; + A | sinb,
A,, (k,sin6,,0) =A_ cosO, + A sinf,
It can be seen that the form of E_ as given by (174) is the same as that of E; given

by equation (117). Therefore, a final result for the backscatter coefficient 09, can be
written directly, since it will have the same form as 6%, .

2 R e
4rR. <E, E%.>

osv = Al N *
Ao L‘i 1 L‘i
where E. - El= ('.ko/weo)2
ALA A, A, C

0% =8w?e? B cos?0. 3
vv (v 1

(2] [hE )R

A_A" ¢ A *e
4 V2{2V12(32 V2A2V2242 i (|75)
[1+b3 €% ] [1+b32%]

The quantities ¢, ¢,, ¢3, ¢4, b, by, by, by in (175) are defined in the same manner
as they were in the Horizontal Polarization Analysis section, the difference being that
p and ¢ must be replaced by p and q respectively.

52




¢y

C2

Cq

bs

Equation (175) is the end result of all work in this section. The next section of the
report will show some calculations of 09, and oS and will indicate the effects of
changing various parameters.

This section will show some numerical calculations for the theory derived in the
previous sections and will indicate the effect of various parameter changes on the back-
scatter coefficient. A computer program was written for the solution of equations
(129) and (175). There are five input parameters to this computer program: ;

Frequency.

| N

S o

I

Average relative dielectric of the random medium.

Average conductivity of the random medium.

Correlation length.

Standard deviation of the dielectric fluctuations of the random medium.

2p+k, - K™

|
2p-jk,+ ks

——
2p-jk, -jk ¥

1
2p+ik. + kS,

Yakzsin?o, + [q - (k, +k*)/2)?

ﬁkzsin’t)i +[§ -k, -k*)/2)?

v 4k(2)sinz()i +q+ (k; = k';)/2]2

\/4k§smzei + 1§+ (k, +k®)/2]?

DISCUSSION OF RESULTS
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A copy of the computer program is given in appendix C. The output of the com-
puter program is the backscatter coefficient in decibels as a function of the incidence

angle for the two polarizations. The backscatter coefficient in decibels is related to the
backscatter coefficient as follows:

0° (in decibels) = 10 log,, 0°

The backscatter coefficient on the right-hand side of the above equation is computed
from equations (129) and (175).

Figure 8 shows a study of k_ £ variations for horizontal polarization. In this
figure, the value of k £ varies from 0.5 to 3.0 with no average loss (0,=0). It can be
seen that as koQ increases, the level of the curve goes down, but the shape remains the
same. There is a large drop from kK £ =1 to k €=2, much larger than the change from
k,2=2tok 2=3.

Figure 9 is a study of k ¢ variations for the case where k € is less than 1 and
0,=0. As k € increases from 0.2 to 0.4, the level of the curve goes down, but the
shape stays essentially the same. We see also that the separation between the curves
is approximately the same.

Figure 10 presents a study of k & variations for the case where g, has the finite
value of 0.01. It can be seen that as k % increases from 0.2 to 0.6 the level of the
curves increases instead of decreases as they did in figure 9. The spacing between
curves changes also; it decreases as koQ increases. When koQ becomes equal to 1, the
level of the curve is now lower than the curve for k,2=0.6. Thus, it can be seen that
by comparing figures 9 and 10, the introduction of average loss will greatly affect the
final behavior of the curves.

Figure 11 provides curves of backscatter coefficient versus k_ £ for three different
values of g, with the angle of incidence equal to 10 degrees. It can be seen that when
0,=0, the curve is monotonic and decreasing. When o,=0.001 and 0.01, the curve starts
at some low value, increases to a maximum value, and then falls off gradually as k £
increases further. This is a very radical change from the case where 0,=0. It is not
known whether this change is valid or if it is a consequence of the assumptions used to
develop the mathematical model.

Figure 12 presents curves of backscatter coefficient versus angle of incidence for
five different values of the average dielectric (¢,). It can be seen that as €, increases,
the mean level of the curve goes down. Also, as €, increases, the curves drop off faster
as the angle of incidence increases. The spacing between curves decreases as €,
increases, with the largest difference occurring between the €, = 1 curve and the
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€, = 2 curve. When € increases, the magnitude of the reflected coherent mean wave

increases, and less energy is available for backscattering. This would appear to account
for the rapid decrease in the backscatter coefficient as A INCreases.,

Figure 13 presents curves of backscatter coefficient versus angle of incidence
for four different values of €_. the standard deviation of the dielectric fluctuations,
It can be seen that as €, decreases, the level of the curves goes down, and also the curves
fall off faster with incidence angle. The distance between successive curves decreases
as €_ increases from 0.1 to 0.4,

Figure 14 presents curves of backscatter coefficient versus incidence angle for six

different values of @ the mean value of conductivity in the random medium. As a,
>

increases, the mean level of each curve decreases, and the curves fall off faster with

incidence angle. The spacing between the curves varies as o, increases, with the largest
spacing occurring between the o, = 0 curve and the g,= 0.01 curve.

Figure 15 presents curves of backscatter coefficient versus angle of incidence for
four different values of k ¢ The polarization considered in these curves was vertical.
It can be seen that as kOQ increases, the mean level of the curve goes down. Also, for
small angles of incidence, the curves increase instead of decrease, as they did in the case
of horizontal polarization. In comparing figure 15 to figure 8, we see that for each
value of k €, thevertical polarization curve has a higher average level. The curves of
figure 15 do not drop off nearly as fast as the curves in figure 8.

One of the primary difficulties that has not been addressed is relating the statis-
tical parameters of the random medium in the theory to the actual parameters of the
vegetation. This can only be done in an approximate manner at present. and we shall
approach this problem by using the equations that were developed in the introduction.

Equation (5) gives the value of the relative mean dielectric constant and is
restated below:

T A
VoNeég + V€4

é = B T e -j(o,/we,)
i )
where V,2 = the volume of one leaf = w x w x t

Ng = the total number leaves
ég = relative complex dielectric constant of one leaf
V., = volume of the forest which is solely air
€ = relative dielectric constant of air = 1.0
V’I‘ = the total volume of the forest=L x L x D
w = radian frequency
€. = permittivity of free space
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Ihe equation for computing the variance, €, is as follows:

- ’ 2 2
vv‘\q(ew - Ea) ¥ v:\(e.»\ 5 63)
: v

T
' . s A
where €, is the real part of 6o

One way in which ég could be determined would be to use the model given by Peak
and Oliver.?4

€, = (F/2) Re (e,) + ) (F/3) Im (e,)

where RS the fraction of water by weight in the vegetation
€, = the relative complex dielectric constant of water
Re means take the real part of
[m means take the imaginary part of

Cosgriff, Peake, and 'I'uylur25 presented a model for the relative complex dielectric
constant of water, which is a function of wavelength.

€ :5+—75__._

w
]+ (l .85>
A
where A is the wavelength in centimeters.

I[f we now chose a value for F. a wavelength X, and the size and separation of the
leaves, we can compute values for € , 0, and €_. It remains now to compute the corre-
- « u a . a 8 PENE. o o 2
lation length £ in terms of the dimensions of a leaf. This was done by Fung.?® and our
derivation will follow his. The correlation length € is a measure of the average size
of the scatterers (leaves) in the vegetation. Since we assumed the correlation function
to be isotropic, we need to relate the volume of an equivalent sphere with radius R to
the volume of a leaf. This is done as follows:

4 A
?WRS—V

2=wxth

3w2 )3
R.=[ ]
“ an

2w Peake, and T. L. Oliver, The Response of Terrestrial Surfaces at Microwave Frequencies, Electro Science
Laboratory, Ohio State University, Columbus, Ohio, Technical Report AFAL-TR-70-301, May 1971,

25 R. L. Cosgriff, W. H. Peake, and R. C. Taylor, Terrain Scattering Properties for Sensor System Design (Terrain
Handbook II), Antenna Laboratory, Ohio State University, 1959,

26 A. K. Fung and H. S. Fung, An Application of Scalar Renormalization to the Scattering of Electromagnetic
Waves from a Three Dimensionally Inhomogeneous Medium with Strong Dielectric Fluctuations, University of
Kansas, RSL Technical Report 234-11, September 1975,
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The correlation distance of a sphere can be shown to be equal to 0.63 times its radius.
Therefore, an estimate of £ would be

R
¢~ 0.63 R, = 0.63 [5: t] 13

us

We can now compute the backscatter coefficient as a function of moisture content in
the leaves. As a particular example, let us consider the following parameters:

L. = the length and width of the vegetated region = 15 meters
D = the depth of the vegetated region = 3 meters

w = 3 centimeters

t = 0.05 centimeters

a = 10 centimeters

d = 4 centimeters

e = Lo

f = frequency =9 GHz

The total number of leaves in the volume can be calculated as follows:

! L ]°? D
N =
: [w + d] [u +t ]

Using the above equations, it is now a simple matter to calculate €, éq, €,.0,.€ and
¢ for any value of F that we choose. Figure 16 presents curves of backscatter coeffi-
cient versus moisture content (F) for two different angles of incidence. It can be seen
in both cases that as F increases, the backscatter coefficient also increases. However,
the curves increase the fastest for values of moisture content between 10 and 30 per-
cent. Asthe moisture content increases beyond 30 percent, the curves start to level off.

Figures 17 and 18 provide a comparison of the developed theory with some
experimental measurements. The experimental data was taken by Ulaby.*” using a
radar spectrometer that recorded measurements from 8 to 18 GHz. The particular data
used in figures 17 and 18 were taken at a frequency of 9 GHz over soybeans. The
statistical parameters which are needed as input to the theory, were simply estimated
because we did not know the moisture content in the leaves or the spacing of the
leaves. It is not rigorous to compare theory and experiment in this manner. However,
we can obtain some qualitative indications about agreement. The curve in figure 17
compares theory with experiment for horizontal polarization and with the soybeans
at a height of 56 centimeters. For angles of incidence greater than 20°, we have
reasonable qualitative agreement.  For angles of incidence ' ss than 20°,

27F. T. Ulaby, T. F. Bersh, P. P. Batlivala, and J. Cihlar, Radar Resp to Vegetation Il: 8-18 GHz Band, Univer-
sity of Kansas, Lawrence, Kansas, RSL Technical Report 177-51, July 1974,
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the experimental data is considerably higher than the theory. One explanation for
this is that at small angles of incidence there may be considerable ground scattering

that the theoretical model does not take into account. As the angle of incidence in-

creases, the ground effects should diminish since the ray path is almost totally in the
vegetation.

We conclude this section with a brief discussion on the limitations of the theory
that has been developed in this report. The idea of simulating a region of vegetation
with a continuous random medium seems to be valid, but it is not known how well the
renormalization technique solves the problem. One problem is that we don’t know
how much of the multiple scattering effect we are really considering. Another problem
is that the mean wave was derived from the solution of an infinite space problem and
then applied to a half-space situation. Kupiee, et al.,?® have shown for the scalar
problem that the mean wave in the presence of a bounded medium cannot be ascer-
tained merely by assigning to the bounded medium the effective mean wave propaga-
tion constant for an unbounded medium. In addition, the effect of a small transition
layer near the boundary must be considered. A solution for the transition layer effect
for the vector problem does not exist, so its overall influence on the final solution for
the backscatter coefficient is unknown.

Another problem with the present theory is that an isotropic correlation function
was used to reduce the mathematical complexity; hence, it was found that no depolar-
ization results were obtained.  Although the correlation functions for real vegetation
are not known, they are probably not isotropic. If anisotropic correlation functions
are to be considered in the solution. the resulting mathematics may become prohibi-
tively difficult.  Also throughout our derivation, we have consistently assumed the

conductivity in the random medium was a constant equal to 0, Obviously, this is not

true since the conductivity changes significantly from air to vegetation. What is needed
here is a random medium in which both the diclectric constant and the conductivity
are allowed to fluctuate in a random manner. Once again the mathematics of this
more realistic case will be very difficult and may even make an approximate solution
clusive.  Therefore, much more work needs to be done not only with the theory but
also with experimental data gathering before a truly valid solution will exist for radar
scattering from vegelation type areas.

——————

2 ¥ 3 )
28 I. Kupiee, et al., “Reflection and Transmission by a Random Medium,” Radio Science, Vol. 4. No. 11. November
1969, pp. 1067-1077.
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CONCLUSIONS
The following conclusions can be made from the study:

a. A theory has been developed for computing radar backscatter from
certain types of vegetation by using a vector renormalization approach.

b.  No rigorous quantitative comparison of theory with experiment was
possible; however, qualitative comparisons indicate reasonable agreement.

¢. The theory developed was for like polarized (HH and VV) components
only, and no analytical results were obtained for the depolarization components.

d.  Although no explicit solution was obtained for the depolarization
components, it was learned that one cause of depolarization is the anisotropy associated
with the dielectric fluctuations of the random medium.

e. It was found that the mean wave in the vegetation attenuates for two
different reasons:

. Average loss due to water content in the vegetation.
2. Loss due to multiple scattering.

f. A simple quasi-qualitative way of relating the statistical parameters of
the theory to the actual vegetation parameters was provided.

g.  Using the developed theory, it was found that the backscatter coeffi-
cient increased the fastest for values of leaf moisture content between 10 and 30
percent.
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APPENDIX A

; CALCULATION OF THE ELEMENTS OF THE DIELECTRIC TENSOR

| The purpose of this appendix is to determine the needed elements of the dielec-
' tric tensor and lo oblain necessary expressions for the direction cosines of the effec-
tive propagation constant. It has already been shown that the elements €,, and €
will be zero for an isotropic correlation function. The elements that need to be com-

puted are € €

xx’ eyy‘ a2
and only state the results for the other elements.

s "2 d '
€., =k?/k? +k2 53/ B(r-t') {I'z(l{) + (‘I;;) ,-3(1{)} JEEE)

v

T T nrond
; Let [:f |;(;.;'){r2(|{)+ (AR_"L fa(l{)} J2ED) g

'
v

We let B(r-1') = B(lr-r'l)= eR® (R = Ir-r'l), and where €is the correlation
distance. Also we will change the variables of integration such that u = x-x", v = y-y',
and w = z-2".

2 iK «(r-r'
[zfdufdv/ aw B(R){f,(u) + l% ﬁ(R)}e’l‘( 0

The geometry of the K and t - t’ vectors is given below:

and €. We will consider the calculation of €,, n detail.

o "




——— <

cosf, =7y
cosz=0t=sinBZ
=0

K

Figure Al. Geometry of the K and r-r' Vectors

We will now rotate the u, w plane until the direction of the new w axis (w') coincides
with the direction of K. The geometry of the rotated coordinate system is given below.

u’= Rsin @ cos ¢ w’ u = u’cosf, +w'sin 6,
w'= Rcosd w = -U'sin 6, +w' cos@d,
v’ = Rsin 0 sin ¢ v =V
|
g d(u, v, w |
; _(_u___) = 1 = Jacobian |
. alu’ v ,w') . '
] 1 =y
; N |
- N '
- \ q
ul
Figure A2. Geometry of the Rotated Coordinate System
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sy

The integral 1 now becomes

' ' 2 .K. " '
[:/:llx’/(l\"/dw' o) {a i) + Lo NUN

If we change now to the spherical coordinates R. 0, and ¢, the integral I will be:

2n ™ o
l:/(l¢f(10/dl{ R%sinfB(R) { f,(R) + (¥2¥sin?fcos? ¢ +
o o o

KR cos
2aycosOsinfcosg + o? cos? 0) f;,(l{)} e

We can break up the above complicated integral into the sum of a number of smaller
integrals, the first of which to be considered is 1,.

n oo

2n
JKR cos
I, :/dq&fd()/dl{ R2 sin0B(R) fo(R) &
o [0 (8]

By integrating in ¢, we have

™ oo
JKR cos
e 2#/(19/(!1{ R2sindB(R) L,(R) &
0 0

Carrying out the integration in 0 will yield

£

§, = R SORR p2 pRy R
, ;nf. SRR R ()

o

The second integral to be considered that is a part of T will be designated T, and is

given as follows:

2n 4 oo
JKR cos
l,{dq;fdof!n R2sin®0 B(R) y?cos? ¢ {3 (R).-’ §iag
o ) o

When the integration in ¢ is performed. the following result is obtained for 1,




JKR cos
I, = nf&l@f dRRZsin? 0B(R) ? f;,(l{)vJ s
o0 o

The integration in 0 can be easily performed by using the method of integration by

parts. When this is completed, 1, will become:

@

g 4:‘12 /dl{ B(R) f5(R) [—‘ﬂlill(—{—“) -«-os(KR\)J

The third integral to be considered as a part of 1 will be designated 13 and is given

below as

2n ~ o]
jKR cos :

I3 :f(l¢f(10/ dR R2sin20B(R) 2arycosfcoséf; (R) = R coso
o ) ° j

Integrating in ¢ from zero to 2m will give zero, and so 13 is identically zero.
, , BLVS

The fourth integral which forms a part of I will be designated I and is as follows:

2n L o
JKR cos
T4 :f(l¢/(16f(ll{ R2sinfB(R) a? cos? 0f3(R) et
o o (8]

Carrying out the integration in ¢ will yield the following result for I4:

JKR cos
P 21r/ dof(m R2sin0B(R) o2 cos? 015 (R) ¢ he
o o

The integration in 0 can be carried outin a straightforward manner to give

oo

- =21rfd|{ R2B(R) o f5(R) ——or [(K2R2-2) sin(KR) + 2KReos (KR)]

(KR)?
(8]
Since [ is equal to the sum of I;. 1513 and I, we can write an equation for Linvolving

an integration in R.
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oo

4msin(KR) dmy? sin(KR)
1= J dR { = R - R - cos(KR
/ KR fa( ) K2 fa(R) KR fun!
e
+ *l\”f‘ £ (R) [(K2R? - 2) sin(KR) + 2|\'|{.-us(|\'u)]} B(R) ]
Before proceeding to integrate in R, we shall first replace K with k, which is the first
approximation of K when € = 0. It could be argued that K should be kept as it is in
the integral I, and then the solution for € (and all the other elements of the dielectric
tensor) will be a function of K. This would make the final solutions for K 4 and K
implicit, and some type of iterative solution would have to be found. However, the j
original equation for the mean wave is only good to order €2, so a complicated iterative 1
s ;

solution for K and K_ would not be meaningful. It is with this argument in mind
that we re |)|d(( K with K in the inte gral.

l-'rmn(kR) 2 day® \m(l\l{) L
+ i";"{ S(R) [(k2R2- 2) sin(kR) + ’I\R(m(kl{)]}li(]{)

When the appropriate quantities for f,(R). f3(R) and B(R) are substituted into the
above equation for I, and after some algebraic manipulation, the following result is
obtained for I:

lzf(m {41rk(l - o2 )sin(kR) + 4j (3a? - 1)

o

sin(kR) "
R

& ll\-;.;fz[ (v? _2a2)[ﬂ'_;:(%i_). .(s()s(kl{)] ct

N LT sitdkR) ¢ 1 27y? e
3 (202 -v?%) [T —H).\(l\R)] + TR [— kRsin(kR) +

{ -Hl"k“) : ‘.“5(“())] g _?ﬂ [-kKsin(kH)+3 (‘\I;\—l::& '(.”S(H{))]} 3

kR k2R3




By using the following integrals, an algebraic result can be obtained for 1.

oo

-ax L <si|1 kx

kx

- cos kx) dx =- 5) [i -(1 + a?/k?) cot™? (u/k)]

2

fs oy
/:"“x —i— {— kx sin (kx) + 3 (ﬂ% - cos k.\')} dx = I:T {:; + ( )

-

”
7=

<

5 'l‘-\ cot™! (%) = (‘;—:)3 cot™! (u/k)}

o ] O ot g ¢ B o7 T

sl e Gl S el

+3722+32u 1 d 313..|..
Tk‘z‘[i (%) -kt (3) -(§) o (a/k)]

5 k_lz [-‘f + (a/k)3 M %cot" (a/k) - (";\')S c()t‘i(%)]

An approximate analytical expression for €., Can now be written as follows:

€. ~k?/k? + k2 €1
XX o0 (4] S

76




The only difficulty in computing I comes from the are cotangent term sinee both a and

k are complex. The following analysis is provided to show a solution to this problem:

Let A =cot! (;l/'\) = cot™! ( |/Qli ||\>

Using the fact thatk = 8 - j « . we have

cot™! LR+ % +jB°

! (l/Q+aU+jﬁ0)(ﬁu+jau)
co S

fotog

60 _jao

Writing the equation in the form of cotA, we will have

T cosA = (1/8+ ag +jBo) (Bo + j%) = ((J’\ + e-iA )/2 _'L(('zj‘A + 1)
: sinA B2 +al

(et e By - (ePA )

s (e2IA 2 2N : ; 2jA
je* + (A +ecy=(1/2+a +jB )(B, +]ja ) (e’ -1)
Solving the above equation for ¢ in terms of €, a, and B will give

(,ZjA - lﬁ(z) i '2-160‘2(6(2) +01(2)) +a0 (_]5(2)12 i 20((2)Q+ ao)]

2
By + o

BA = 1 4,
wherer; =1 +2a ¢
r; = 26,2
Changing from rectangular to polar coordinates. we will have
eZA = eido
o

3
where =

S
I

tan~! (r,/ry) whenr, >0

m+ tan™! (ry/ry) whenry < 0Qandry, >0

4




¢, ~tan™' (ra/ry) - whenry < 0Oandr, <0
The quantity A can now be casily obtained.
= VA -1 = oot fatk
A=Y (e, -)inr,) = cot™' (a/K)
The rest of the nonzero elements of the dielectrie tensor can be derived in the
same manner as € was derived.  Instead of deriving cach of the other clements in

detail, we shall only state the final results.

e =k*/k? +%2 & L
vy o 0 s

et | 3 |a a? -1
where L, = m— = k_z cot L (d/k)' 2—1\-2— [l_\ = (l + F) cot t(d/l\)

+ z:\—z [2/3 + (a/k)? - % cot™ (a/k) - (a/k)?® cot™! (a/k)] +

£ rlz— [‘;—\ cot™ (a/k) - I] a= 1/2+jk

€,, *k?/kZ+K2e2 P

S

2 5 (a2
where P = ';2~0t+ " + &512 21 o (a/k) +

+ Y -0 [k (14 a2 /k) cott (a/k)] +

2k?
+(2'Y;2‘ o?) I:I - i cot! (a/k)] + % ,:éz"t(a/k)2 - (a/k) cot™! (a/k)
- (a/k)? cot™! (a/k)] = ]-‘—12— [g“) + (a/k)? - ‘I—'\ cot™! (a/k) - (a/k)? cot™! (a/k)]

~Lk? 2 K
exz~ko€s K

k*+g* 2k®

where K= é-ll—(’yzi cot™! (a/k) - AL [l:‘ + (a\/k)2

o

Sy




- (a/k) cot™" (a/K) - (a/k)?® cot™! (u/k)} + -(L':Z—% a/k

-(1 +a%/k?) cot™! (a/k)] —‘Z—za [l - 1;: cot™! (u/k)]

We will now consider an approximate solution for the direction cosines a and 7.
For a vertically polarized wave, we have

szsill\ll = kosinl.')i where siny = «
A KXZ = BXZ 3 jaxz
sinyg = (a+ jf)) sinf ;= a

where a= ﬁxzko/(ﬁiz %) aiz)

£ e R 2
b= ok, /87, +3,)
When the elements of the dielectric tensor and the effective propagation constant
(K,,) are being computed and a value for a is needed, we can simply replace K_ by
. XZ P"' . . - Xz
its first approximation which is k. This would mean that g, and o, would be re-
. . . A 5 .
placed by B and a, respectively in the above equations for a and b. Also when 7 is
computed, we would use the following expression:

y=-cosy=- Y1-(a +jl‘;)2sinzt9i = - ﬁte_'@'
Vs
where f;t = {[ ¥ = (5% - i:z) sin?0,]2 + 442 ﬁzsin“ﬂif :
A 1 24hsin? 0,
¢! = :’)' la"-l = - 1

I - (4% - h?) sin?0,

Once again if v is needed to compute K . then we can simply replace K, by its first
approximation, k. in order to obtain a first approximation for 7.
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APPENDIX B

EVALUATION OF AN INTEGRAL

The integral to be evaluated in this appendix is the one given by equation (127)
which is repeated below:

: e (l\ cosd; )2 \ -Rje -2k R sinx cosgsing;
<Eyy Eyy >= an?R2 def /(l¢ RZsinxe e :

[}

JqR cosx -jR cosx(k: + k_'*)/l -jR cosx(k,' -k ',*)/2
e \ f\ylcl e T A sz(‘,( Lz
= iR cosx(k’ -k *y2 chosx(k +l\ )/2
I e

The integral in ¢ can be performed directly by using the following result.

27

f c-jxcot = 2§ (\)

o

The expression for < E”” E:Hl > then becomes

: % (k cosf. )2 /\ R/¢e JqR cosx
<Eyy Egy>= e k2 f de R2sinxe = 27e .

T : * -chosx(k;+ k ;*)/2 -jR co.ex(kz'+ k)2
1, (2K Rsinxsing,) 3 “\yl’\ylcl e A /\)2 5 €
A chosx(k;-ka*)/z * iR cosx(k, +k *)/2
+ :\y‘ ‘\,-2"3 ¢ + .A\y2 \y2L4 ¢

We will break up the above integral into four separate integrals, the first of which we
will call K.
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= "
o . P jqR cosx -jRcosx(k’ +k *)j2 -R/¢
K, = 2"'\y|~‘\y|"l/(il{f(l‘ sinx J | (2K, Rsinxsing;) "t e i Al P :

let u = cosx sinx = ‘Il - cos?x = V[ -u?

du = - sinxdx

R-R k k 2 -R
Ky =214, A '[‘lR/‘luJ (2k, Rsing, VT - w0tk 2] o K

K, =2mA yl lgfdl(fdu R2e j o(2k Rsing, V1-u?) cos [u(qR- R(L +k")/2)]

+j/dR/(lu R? ('-qu Jo(2k Rsing, 1-u? ) sin |u (qR-R (k; +k': )/2)]
& d

The second term on the right-hand side of the above equation is zero since the integral
in u is from -1 to +1 over an odd function.

K, = 27r;\yl;\yl("de./.du R2 e-RiC J,(2k, Rsing, Y 1-u?) cos [u(qR-R(k;*‘k':)/.?)]

o -1

1
K, =4mA Al ¢, f(ll{/(lu R2e-RIC§ (2K Rsing, ¥1-u? ) cos [u(qR-R(k +k . )/2)]
o o

The following integral can be used to evaluate the integral in u from 0 to 1.

a

sin [a Yb%+ ¢?
Jo(b Ya?-x?) cos (ex) dx = sin Ja Yb+ ¢* |
/ va + (32

0

oo

. sin [ 4k2R2sin20,+R? [q-(k,+K") )/2 2]
K, =4mA A}, c /dk R g ‘/ b ,’]
Y 4KZR2sin? 0,+R? [q-(k] +k! )/.2]2

o

81

§!




Letting b, = Y 4k2sin20, + [q - (k. + k" )/2)?

o

: L % sin (b R)
l\l = 4‘7‘.‘\“/] \ )‘l(.l d“ R ¢ '——b———

o

The integral in R is easily evaluated by using the following integral: i

9.
f x " sin bxdx = (ﬁ? a>0
(4]
8rA_ (A" ¢, @
A yl Tyl ™l
K, =

(1+b22]2

Z 8 . . < = . .
T'he second integral to be considered that makes up < Eqn h”” > will be designated
K, and is given below.

o0 ud
» b
iy " ; i JjqR cosx —jR(.-Osx(k."k, )2
K, = 2"“\yl “\;2(’2./-(“{/ dx R2 e R/%sinx J, (2K, Rsinxsing)) ¢ : e T
o o

It can be seen that K, has exactly the same form as K, and therefore the result for 3
K, can be written down directly.

* 03
BTA L ATye08

K. S Lo A
2 [l+bf 22]2

where b, = V4kgsillz 0,+[q-(k - k!*)/2]?

%

The third integral that makes up part of <Ey, Ej . > will be given the symbol K.

o w
* : et jqR iR cosx (k. -k *)/2
Ky =21rAylAy2c3defdx stlnxc'R/QJo(2koI{smxsmoi) SO i S
o o

It can be seen that K3 has exactly the same form as K, and the result for K; follows
from K.
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87A vl .»\y._!

o (.:;Q:‘
. [ iE )

where b, = Y 4k3sin?0. + |q + (k' - k™)y2)?
0 1 l 7 VA

'l'.ln' last integral that makes up part of < Eyy I".:m > will be designated K4 and is
given below.

e n
, " . s JqR cosx jRcosx(k’ + k' )2
K, =27A ,A ¢, f dl{/ dx R2sinx ¢R/¢) (2K Rsinxsing) ¢ e £

o o

Again, it is easily seen that K4 has the same form as Ky and so the result can simply be
written as

o BEA LA e, . ——
K, = _|I—+YT§_LQ2_]2_— where by = }/4k(2)smzei +q+ (k) +K7)/2)?

m - 5 V¥ »
The final result for < |‘,”” h”” > can now be written.

gl 2K2CA cos?0, r\yl Ayl('l Ay .»‘\y2(:2
‘HH “HH 1rR(2) [l +b(2)92|2 [l+b"; Qzlz
* *
A AT A ALy,

[1+b2 )2 1 +h; ¥]°
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APPENDIX C

COMPUTER PROGRAM LISTING FOR THE

CALCULATION OF THE RADAR BACKSCATTER COEFFICIENTS

101

250

PROGRAM RANDCM({INPUT, OUTPUT, TAPES=INPUTyTAPE6=0UTPUT)

RADAR SCATTERING FROY RANDOM MEDIA

USING A VECTOR RENCRMALIZATION FORMULATION

CUMPLEX QJU,QK,4COTI,QA,QL1,QL2,QL3,QL4A,QL4,1L5,QL,QK1,QT,QKZP,Q1,
122,23,Q4,05:26+27yQ8,AAY1Ns QAY1D,QAY1,Q09,Q10,011,242,013,024,Q15,
2QAY2N,QAY2D,QAYZ,QKZPC4QAY1C,QAY2C,QC1,GC2,Q03,QCH,
3Qov0,Q31S,0351,2325,0332yU339QHH1,AHH2yQHH3» QHHG s QHHs QVV1,y
CUVV29QVV3eQWV4,sAVVQLLKyQALPHy QGAM,
SQAXXL 9 AXX29 AXXILy AXXI2 ) AAAT 9 AXX L1y AAXU2 9 AXK L 3 OXXD 3 QXXB» QXX 9 QEXX y
6QXZ19QXZ24 QX233 GXZU ¢ GXL59UXZ9UEXZ9yQ221,0222,2223,Q224+Q225+Q226
TQZZ4GFZZ40X09QXN9QX9AK29UACOSTy QTN,QTO, QM09 4NOy AF 14 UF 24 QF 34 UF 0,4 Q26
8Q27,C28,029,2AX1,Q30,2331,Q32,233,03%,24X2,Q35, 236, Q37.,Q358,Q39,Q%0;5
9C41,G42,243,QAZ2,QAZ2,0AV1,QAV2,QAVIC,QAV2C

N=3

DO 15 I=1,N

READ(S, 1C1)ASR,SIG,XKOL,EPS

FORMAT (4F10.8)

PI=3.14159265

F=9.0E+9

WRITE(64250)F4AER,SIG, XKOL,EPS

FORMAT(L1H »2HF=3E114595XsbHAER=3F10.8s5X ¢4HSIG=,F104695Xs3HKL=,F10
1-8,5X'QHEPS'—'.F100 8)

E0=8.856E-12

U=k, 0E-7

uo=PI®U

W=2.*PI¥*F

S0=W®SQRT(UD®ED*AERY .

ALJ=SIG®SART(UD*CO*AZRI/ (2.¥EQ*AER)

XLAM=3.%10%*(8) /F

XKO=%*SQRT (UG ED)

XL=XKOL/XK0

QJ=(0e051.0)

0K=B80-QJ*ALO

RIN=BO®*2¢AL0%* (2. XL*B0¥®2+2,*XL*ALO®**24+AL0)
R1=RIN/(B0%**2+AL0%*2)

R2=2.%20*XL

RO=SURT(R1**2+R2%%2)

PHIO=ATAN2(R2,R1)

QCOTI=0.S*(PHID~-QJ®ALOGIRD))

A1=REAL(QCOTI)

A2=AIMAG(QCOTI)

0A=1./XL+QJ*AK

A3=REAL(QA)

A4=ATMAG(QA)

QL1=1./1QK®"®*2+QA%®2)"

AS=REAL(QLY)

AB=AIMAG(QLY1)

QL2=~QJ®QCOTIVZ7OAK®**2Z

A7=REAL(QL2)

A3=AIMAG(QL2)

QL3==3.*QJ¥(QA/7QK=T1+ (QA7QK)I**#231*QCOTI) /12.*0QK*0K)

A9=REAL(QL3)

A10=AIMAGCQL3)

QALUA=2/3.+IQAZ7QKI**2~-TQA/QK?*QCOTT ~

A11=REAL(QL4A)

A12=ATMAG(QL4A)

QL4=(QL4A-QCOTI®*(QAZQKI**3) /(2.*QK*QK)
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QLS=(QCOTI®QA/2K=1.)/ (QK®QK)
QL=QL1¢QL2+QL3+QL4¢QLS
QLLK=1<#QL* (XK0®XK0®EPS/QK) ®*2
XB=REAL (QLLK)
Y3=AIMAGI(QLLK)
PHI3=ATAN2{YB,XB)
RHOB=SQRT(XB**2¢YB*¥2)
QK1=QK®*SQKT (RHOB) *CEXP{QJ*PHIB/2)
B1=REAL{QK1)
AL1=-AIMAG(QK1)
AA=XKD®*B1/(B1®*2+AL1%*2)
BB=XK0®AL1/ (B1%%2+AL1%%2) #
THETA=0.0
WRITE(6,111)
111 FORMAT(2XySHTHETA 14Xy 1HP 310Xy 2HPL 98X s5SHSIGHHy11 X9 SHSIGY Ve 10Xy 3HXK
11,10Xy5HSIGCH)
102 T=PI*THETA/1880.
SN=SIN(T)
CN=CO0S(T)
Y1=2.*AA*B3*SN*SN
X1=1.¢(B3%%2-AA**2)*SN*SN
RHO1=(X1%®2sy1%%2) 8% 25
PHI1=0.5%ATAN2(Y1,sX1)
P=RH01*(B1*SIN(PHI1) +ALL1*COSIPHI1))
Q=RHO1*(B1¥*COS(PHI1)-AL1*SINI{PHI1)Y
QT=24*XKO®*CN/ (Q=-QJ*P+XKO®*CN)
XKX=XK0#*SN
XKY=0.0
XKZ=SQRT (XK(®¥2=XKX¥*2=XKY*¥2)
¥2==2.*AL0®B0
X2=B0**2~AL J¥*2=-XKX®*2=-XKY**#2
RHOZ=SQRT{(Y2**2¢X2%¥%2)
PHIZ=ATAN2(Y2,X2)
CKZP=SQRT(RHOZI*CEXP(QJ®PHIZ/2:]? 1
QKZPC=CONJG(QKZP) 3
XKR=SQRT(RHGZ)*COS(PHIZ/s 24}
XKI=SQRT{RHTZ) *SINIPHIZ2/ 24"
Q1=QKZP* XKZ** 2+ QKZP*XKX*¥2+ XKZ®*QKZP**#24 XKZ *XKX*#2
Q2=XKZ* (XKZ#+QKZP) *EPS*QT* (XKO¥ XKX®*XKY) **27(2.*QJ*QAKZP)
Q3=Q1*XKZ*QKZP*XKO*XKO*EPS*QI/ (2.%*QJ) :
Qe=XKZ*Q1*(XKY**2+QKZP**#2) * XKD *XKD*EPS*QT/ (2. *QJ*QAKZP)
Q5==-CKZP* (QKZP#XKZI* {XKX*XKY)*®2
Q6=XKZ* (XKY®**2+QKZP**2)*Q1
Q7==XKZ¥(XKZ+QKZP)* (XKX*XKY)**2
QB=Q1*(QKZP*XKY**2¢QKZP*XKZ**2)
QAY IN=0Q2+Q3-Q%
QAY1C=Q5+Q6¢Q7+Q8
QAY1=QAY1N/QAY1D
Q9=XKZ* Q1% (XXY®*24QKZP*#2) *XK0 *XKI*EPS*QT /7 12.¥QI*QAKZPY
QLO==XKZ®(QKZP¢XKZ) *ZPS*QT® (XKX*XKY*XKO0) **2/ (2.*¥QJ*QAKZP)
QL1=Q1*XKZ*UKZP*XKO*XKO*EPS*QT/ (2. *QJ)
Q12=~QKZP* (OKZP#XKZ) * (XKX®*XKY) **2
i QL3=XKZ* (XKY**2¢QKZP**2)*Q1
E QLU==XKZ®(XKZ¢QKZP)I* (XKX*XKY)*®2
Q15=QKZP* (XKY**24XKZ**2)*Q1
QAYZN=Q9+Q10¢Q11
QAY2D0=Q12+Q13+Q14#Q15
QAY2=QAY2N/QAY20
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QAY1C=CONJG(QAY1)

QAY2C=CONJG(QAY2)
0C1=1./(2."P-QJ*QKZP+UJ*QKZPC)
QC2=1.7(2.*P-QJ®QKZP-1J*QKZPC)
QC3=1./(2.*P+QJ*QKZP+QJ*QKZPC)

QC4=1+7 (2. ¥P+UJI*QKZP~-QJI*QKZPC)
QB0=(2.*XKO¥*SN) **2+(Q-(QKZP+QKZPT) /2,.) *¥*2
8BJS=REAL(QBO)

BBO=SGRT (580S)

QB1S=(Z.*XKI*SN) **2+1Q=-(QKZP-QKZPC)/2.)%%2
X1B=REAL 1{2B1S)

Y18=AIMAG(QB1S)
RHOB1=SQRT(X13**2+Y13%*2)
PHIB1=ATANZIY13,X1B)

QBB1=SQRT(RHJIB1) *CEXP(QJ®PHIB1/2.)
Q32S={2.*XK0®*SN) **2+{Q+{QKZP-QKZPC)/2.) **2
X2B=REAL (QB2S)

¥Y23=AIMAG(QB2S)
RHOB2=SQRT(X2B¥¥2+Y23%#2)
PHIB2=ATAN2(Y23,X28)
U3B2=SQRTARHOB2)*CEX? (UJ*PHIB2/2.)
QB3=12.*XKO¥*SN) **2+{ 2+ (QKZP+QKZPC}) 72,2 %%27
d3=REAL (QB3)

383=SQRT (B3)
QHH1=QAY1*QAYIiC¥*QC1/7(1.+(3BO¥XLI¥*2)**2
QHH2=UAY1I®GAYZO#A02/{1.+100BLI2XL) %2 802
QHH3=QAY1C*QAY2*QC3/(1.+(QBB2*XL)®*®2)*#2
QHH4=QAY2*QAY2C*QC4/(1.+(BB3*XL)*¥2)*e2
QHH=QHH1 $+QHH2+QHH3 +QHHG

HH=REAL (QHH)
SHH=8.®(XL*®3) ¥ [XKJ®CN) ®*2¥ [HH}
03SHH=10.*#ALQG10 {SHH)
QALPH=XKO0*SN/(30-QJ*ALO)
AH1=B0*XKC/(50**2+AL0%*2)
BH1=AL0®*XK0/(B80%%2+AL0%*2)
Y11=2.®AH1*BH1®SN®»2
X11=1~(AH1¥®2-3H1¥¥2) ¥SN**2
RH021=(X11%%2+Y11%%2)**%0,25
PHI21=0,5%ATAN2(V11,X11)
QGAM==RHO021*CEXP(-QJI*PHI21Y
AXX1=QGAM®*2/ (QK**2+QA**2)

QAXX2=QJ* (3.%QALPH**2=-1,) *QCOTI/ tQK*QK)
QXX31=0J*3.%(2.%QALP4**2-QGAM*¥2)/ (2.%QK*TQK]
QXX32=GA/QK=(1«+(QA/7QK)**2)*QCOTI
QAXX3=QxX31*QxXx32
QAXX41=(2.*QALPH**2=-QGAN®**2) 7 (QK*QK)
0XX42=1.,-(QA/QK) *QCOTI

AXXe=QXX41*CXX62

AXX5=QLL*3.*QACAN®*2

QAXX6==2.*QLL
QXX=GXX1+#QXX2+¢2AXXI +QXX Le¢QAXX5+QAXXE
QEXX=(QK/XKD) **2+QXX* (XK O*EPS) **2
GXZ1=3.*QJ*QGAM®*QALPH*QCUTI/Z {QK*QK)
QXZ2==3.*QGAM®QALPH®*QL4
GXZ3=-QGAM®QALPH®QL1
GXZ6=9.*QJ*QGAM®QALPH®*UXX32/ (2.*QK*QK)
QXZ5=3.*QGAM*QALPH*UXX42/({QAK*QK)
QXZ=QXZ1+4QXZ2+QXZ3+QXxZ4#QXZ5
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QEXZ=QX2Z®*(XKO®EPS) e
QZZ1=QL1* (QALPH) *®2
QZ222=qJ*(3.%QGAN®®*2~1,)*QCOTI7 (QK*QK)
QZZ3=QJ*3.%(2.*QGAM**2-QALPH®**2) *QXX32/(2.*QK*QK)
QZZ4=(2.*QGAN®®2-QALPH**2)*QXX 42/ (QK*QK)
QZZ5=3.®*CGALPH®"QALPH*3JL4
QZZ6==2.%QL4
QZZ=QZZ1¢QZZ22¢Q2234Q2Z4L+0UZZ54Q226
GEZZ=(QK/XK0)*%*2+Q2ZZ* (XKO®EPS)®*2
QXD=UWEXX®QALPH®*®*2¢QEZZ*QGAN®*242.*QCAN®QALPH®*QEXZ
QXN=QEXX®QEZZ~-QEXZ®*®2
QX=QXN/7QXD
X=REAL(QX)
Y=AIMAGIQX)
RHO=SQRT (X®**2+Y*32)

3 FHI=ATAN2(Y,X)

i UK2=XKC0*SQKT(RHO)*CEXP{QJ*PHI/2.)

QALPH=XK0®SN/QK2 i
BETA2=REALIQK2) i
ALPH2==AIMAG(QK2) 2

AH=BETA2*XK0/(BETA2**2+ALPH2%%2)
BH=ALPH2®*XKD/ (BETA2*#2 +ALPH2%%2)
RHO2X=1.-{AH®*2-3H%#2) 3SN**2 {
RHO2Y=2,*AH*BH*SN¥SN 3
RHO2=({RHO2X**2+2H02Y**#2) **] 25
PHI2=0.5%ATAN2{RH02Y,RH02X)
QCOSC=RHO2%*CEXP{=-QJ*PHI2)

QGAM=-QCOSC

QTN=2,%QK2¥XK0O®CN

QTD=GK2*XKD*CN+QCOSC*XK0**2

QT=QTN/QTD

P1=HO2® (ALPH2*SOS(PHI2) +BETA2*SIN(PHI2))
Q=RHO2* (BETA2*COS(PHI2) =ALPH2*SIN{PHI2))
QMO=EPS*W*UO*QT*RHO2*CEXP (-QJ*PHI2) *XK0*XK07QK2
QNO=XK0O*33IFEPSTyeY)*QT#SN/ (QK2*¥#2)
QF1=(QKZP#XKZ) *XKY**24 QKZP® XKZ**2¢XK2*QKZP**2
QF 2=XKX*XKY*(QKZP +XKZ)

QF3=XKZ® (XKZ®*QKZP+QKZP*%2) # (XKZ+QKZP) ®XKX®*#2
QF0=QF1*QF3-QF2%%2

Q26=XKX*XKZ*ANO*QF 1/ (2.*QJ) ﬁ
Q27=XKX*®2¥XKZ*QMI*QGF1/(2.*QJ*QKZP)

Q28==-XKY*XKZ*QNO®QF2/ (2. *QJ)
Q29==XKY*XKX*XKZ®*QM0*QF 27 (2. *QJ*QKZP) '
QAX1=(Q26¢Q27+Q228¢Q29) /QFD ]

Q30==XKX*XKZ*QNU®*QF1/(2.%QJ)
Q31=QJ*QMO*XKZ*QKZP*QF1
A32==-XKX*®2*XKZ*QMO*QF1/ (2. *QJ*QKZP)
Q33=XKY*XKZ®*QNO*QF2/(2.%QJ)
Q34=XKY*XKX*XKZ*QMI*QF2/ 12 .¥QJ*QKZP)
QAX2={Q30#Q31+Q32+Q33+Q34)/7QF0
Q35=XKY®*XKZ*QNO*QF3/(2.%*QJ)
Q36=XKY*XKX®*XKZ®*QMO®2QF 3/ 12.%QI*QAKZP)
Q37==XKX®*XKZ*QNO®*QF2/(2.%QJ)
Q38==XKX*¥2®XK7*QMC®QF2/(2.*QI*QKZP)
QAY1=rQ35+4Q36+¢Q37+Q38) /QFD
C39=-XKY®*XKZ*QNO*QF 3/ (2.%QJ)

Qe d==XKY*XKX®*XKZ®*QMO®QF3/(2.*QJ*NK7P)
Ge1=XKX*XKZ®*QNO®QFZ/(2.%QJ)




Qk2=-QU®QMC*XKZ*QKZP"QF2
QU3=XKX®*2®XKZ®QMO*CF2/(2.*QJ*GKZP)
QAY2=(G39+¢Q40¢Q41+Qu2+Qu3)/QF0
QAZ1=XKX®QAX1/XKZ+XKY®*QAYL/XKZ
QAZ2=XKX®*QAX2/XKZ#XKY®QAY2/ XKZ
JAV1==(QAX1®CN+JAZ1*SN)
QAV2==(QAX2¥CN+3JAZ2%SN)

QAV1C=CONJG(QAV1)

GAV2C=CONJG (QAV2)
QC1=1./(2.*P1~-QJ®QKZP+QJ*QKZPC)
QC2=1./7(2.%P1-QJ*0KZP=-QJ*QKZPC)
QC3=1.7(2.*P1+QJ%"QAKZ2+QJ*AKZPCH
QCL=1./(2.*P14QJ*QKZIP-QJ*QKZPC)
QBJI=(2.*XKO*SN) **2¢(2=-(QKZP+QKZPC)/2.)®"2
BBOS=REAL (QBO)

BB 0=SQRT (BBOS)
QB1S=(2.*XK0®SN)®*®2+(Q-(QKZP-QKZPC)/2.)*%2
X13=REAL(QB1S)

Y13=AIMAG(QB1S’

RHOB1=SQRT(X1B**2+¢Y13%*2)
OHI31=ATAN2({Y13,X18)

QBB1=SQRTARHOB1) *CEXP(QJ®PHIB1/2.)

i QB32S=(2+*XKO®SN)**2+(Q+(QKZP-QKZPL)/2.)%*2

b ci b o

X2B8=REAL{QB2S)
Y2B=AIMAGIQB2S)
PHUB2=SQRT {X2B**2+Y23%%2)
PHIB2=ATAN2(Y23,X28)
QBB2=SQRT(RH032) *CEX>({NI*PHIB2/2
G03=12PXKG*ON) * T2+ {0+ IQRZP#+ QR ZP
B3=REAL(QB3)
3 B83=SQRT183)
QVV1=QAVI*QAVIC*QC1/(1.+(B30%XLY**2)%%2
QVV2=QAV1®*QAV2C*QC2/ (1.+(0BB1*XL)**2)%*2
GVV3=QAVIC*QAV2*QC3/7(1.+1Q3B2*XL)**2)*=2
QVV4=QAV2*QAV2C®UC4/ [1.+{BB3®XL)**2)*e2
QUV=QVV1+QVV2+#UVV3I+QVVi
VY=REALCQVV)
SVV=B<®*(XL®*®3)*(W*EO0*CN)**2% (VYY)
DBSVV=10.%ALOG10(SVV)
NK=THETA
IF(NK) 15,2604 261
260 SIGCO=SHH
DBSCM=10.*ALOG10(SIGCO)
GO TOo 16
261 SIGCC=SIGCO®CN
D8SCM=10.*AL0OG10(SIGCC)
16 WRITE(64106) THETA,P,P1,D8SHH,0BSVV,XKI,0BSCM
106 FORMATCLIH 32XsFSel 910X aF7e395XsF7e393X9F7e3911XeF7e3,5X9FB8a395XoF7
1.3)
16 IF{THETA-80.)107,+15,15
107 THETA=THETA+10.
GO ro 102
: 15 CONTINUE
f sTOoP ;
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LIST OF SYMBOLS

position vector

relative dielectric constant of the random medium
average relative dielectric constant of the random medium
average conductivity of the random medium

standard deviation of the dielectrie fluctuations

random portion of the relative diclectric constant in the random
medium

autocorrelation function of u(r)

radian frequency of the incident wave

relative mean complex dielectric constant of a forest of leaves
volume of one leaf

total number of leaves in the forest volume
relative complex dielectric constant of one leaf
volume of the forest which is solely air
dielectric constant of air

total volume of the forest

dielectric constant of free space

angle of incidence

total electric field in the random medium

total magnetic field in the random medium

del operator

permeability of free space

scattered electric field in the random medium
infinite space dyadic Green’s function
propagation constant in free space

mean background propagation constant in the random medium
unit dyadic

mean electric field in the random medium

effective propagation vector of the mean wave in the random
medium

relative complex dielectric tensor
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clements of the relative complex diclectric tensor
unit vectors in the x, y and z directions respectively
direction cosines of the K vector

reflection coefficient (horizontal polarization)

transmission coefficient (horizontal polarization)

attenuation of the mean wave in the random medium (horizon-
tal polarization)

Fourier variables
scattered electric field in the upper medium (air)

radar backscatter coefficient for the case of horizontal polariza
tion transmit — horizontal polarization receive

reflection coefficient (vertical polarization)
transmission coefficient (vertical polarization)

attenuation of the mean wave in the random medium (vertical
polarization)

radar backscatter coefficient for the case of vertical polarization
transmit — vertical polarization receive
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Appendices: — A. Calculation of the
elements of the dielectric tensor — B.
Evaluation of an integral — C. Computer
program listing for the calculation
of the radar backscatter coefficients.
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