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ABSTRACT

Internal waves scatter sound by two related perturbations: (1) those
associated with vertical particle displacewents r(x,y,z,t) in the presence
of a vertical gradient of (potential) sound speed: é&c = c-azc ; (2) those
associated with horizontal particle velocities u(x,y,z,t). The combined
perturbations in refractive index are éc/c + u/c. The second term, which
has been generally neglected, does become important under two rather
special circumstances: (a) in sound transmission along a deep downward
loop, and (b) in the di{fference between transmission from a source at
point A to a receiver at point B and transmission from a source at B

to a receiver at A.
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P

I. PROPAGATION VELOCITY

et o(x,y,z,t) designate the upward particle displacement due

to in*ernal wave motion, and

(1)

Ul

U Vi Wi=29

the three components of internal wave particle velocities. The perturbation

in sound velocity arising from the vertical displacement is
8¢ = ach-c (2)
where Bch is the potential sound velocity gradient. Thus

Sc (3)

I+
=

is the i.w. perturbation in propagation velocity in the + x-direction,

ignoring the small tilt of sound rays. The refraction parameter is

(4)

I+
nl%
-
=

T MY 2
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For a canonical ocean,” Eq. (2) can be written

8
(ﬁL‘ = 24,5 g'l n’(z)r, (5)

z/b
ne
(o]

(6)

where n

is the Brunt-V4isili (or buoyancy) frequency. Constancy of i. w. energy

flux requires

rms L.~ n °, rme u -~ n 5

i1
hence sc/c ~ n'2 .

For orientation, with a sound axis at 2z = -b = -1 km, the following

numerical values obtain:?

z n m rms u rms §c/c rms u/c

km cph m cm/sec x105 x105
Thermoc line 0 3 7.3 4.70 49 3.1
Sound axis -1 b B 12.0 2.85 11 1.9

. 06 19.8 1.73 2.4 l:d
bottom -4.5 .09y 41,2 0.83 [ 0.6

Thus &c and u contributions from i.w. are comparable beneath 2 km.




II. SPECTRA
b4
We first refer to the previous results for the effects of
vertical particle displacements. From MZ (115) and MZ (118) we have
i (#2) = (|X|%) . Then from (MZ66)
fl’ R n
¥ 2 = -
: (b0 = = qpnob J dx sec’0 ), 471 J dm(mz—wﬁ) & S(w,j32) (L)
'5' (&) ] UL
o
3
£
v n :
. . 8c\?
i lu j = faia- .
with % [ a s = (&) 2)
: “in
*

We now generalize (2.1) to

(pte?) = o I R J 2 st (w,5;2) (3)

and similarly for (¢ ¢ ), (¢+¢—). where

-

"0, 9] = ) = (255 4 (2 42 f2 Yy
n
2; J do " (w,§)] = (W u7) = ¢ Yol 3-31¢ ) ()
: win e P
5 (W’jii ={uwu) =( Y- )

It is convenient to denote the contributions to the spectrum by

(2. sfey) 8

Bt

:
i
3
b




so that
R L f8c 8¢ uu aeldC u
S : :x(v Y ) = !‘)( E 'E‘ + S E E + 25 —c'—' '-c .
S s PR A - . - s 5 " :
and similarly for S5 and S , using the sign convention in (2,4). In

accordance with the Carrett and Munk internal wave model we write (in the

notation of MZ)

8¢ 8¢ §c bc .
el e e ) G
. s(: c) £ 235y 6, () H()
AT R R 2
(2 2) = ¢ £)6u H(G) (6)
4 §c u §c u
SIS WA = it SRR S G 3
S(c c) (c c ) Uﬁ(w) H(3)
g "
- bw, (wl-w? )? b, (w+w? )
with G, = ——— il G = —0 L
»is Tw" uu 3nw3(w2-wfn)7
(7)
& Tl D ; 2 42,42 13 (5245291
’ ()ur = ?“’in o s H(§) (394+3%) ,21_, (37+3%)
§ n
i such that J dw G(w) =1 SR = 1
4 @ i=l
Further,
2
6c 6 8 3 : 2u.5n2 u
doter deton (2, detone (2] @ s manr
(0]
(2 8502 2y 2 (= 2 » ELY: {r?) = 0.10x10-8 (8)
c S sase n, 2 e ¢'o 2¢2 ‘"o s
2
§c uy_ (bc uy (ny gc uy . p240.50f f3ng 2y, -8
ool i - C)o(no), =) o 1 - J;_cn(co) 1.55x1078 1
y
N oy o - e VISR T




A. The ugz variance for internal waves

The function 1 is to allow for the phase relation between u and
t . We shall demonstrate that for free internal waves u and ¢ are
in fact in quadrature, hence 1I=0 . But it is to be expected that for
forced (growing) internal waves this is not the case, andthen 0< I =< 1.
In the latter case there would be much interest in measuring the utl

and uf = uw covariances, as a possible indication of the vertical

™

transfer of horizontal momentum associated with internal waves.

f Constant n. The simplest demonstration is for this case; the

L

R
i " progressive wave solution gives3
; M- 5ind cosé cos(k x+k z-wt) + -0 5iné sing sin(k x+k z-wt)

wa X Z w b4 z

g

3 L2 a cos0 sin(k_xtk_z-wt)
X Z
where kx = kH cos¢ ky = kH sin¢ kz = kH tand :

But there is evidence that the waves are very nearly standing waves (equal
energy flux up and down); furthermore, McComas" has demonstrated that if this
is not the case there is strong nonlinear interaction to make it so. To
obtain the standing wave solution we reverse the sign of both 6 and k,

and add:




-2 sind cos¢ sink z sin(k_x+wt)
wa Z b4

W,
in . . 5
+? —— sinb sind sink_z cos(k _x-wt) ,
w V4 X

r = 2a cosb cosk,z sin(kxx—mt)
For progressive waves
(uc) = % azwin sin® cosB® sing

and this vanishes for a horizontally isotropic field, as assumed GM75% ,
since (sind) = 0. For standing waves (ug) is proportional to ({sin¢)
and (cos¢) and so again vanishes for a horizontally isotropic field.
But in addition, u and ¢ are in quadrature vertically, and this again

leads to cancellation.

Suppose the upward traveling waves (downward energy) have an

amplitude a, and the downward traveling waves ra. Then it follows that
1 = (1-r) {(sin¢)

which vanishes in the case of vertical and horizontal isotropy.

General case. One might imagine that the foregoing result is a
consequence of the assumption that n is constant, or of the WKB
approximation in which n varies only slowly. It is, however, quite
general. Let €(k,w;z) be the Fourier component of vertical displacement
corresponding to an intermal wave with horizontal wavemnumber k and

frequency . Thus

]
!

_ljx_;fg?,u byt



L= ]

-i(kx-wt)
e 4

> > <>
ik w3z) = [d’x I dt (x,t)
J

=
and (the complex quantity) ©(k,w;z) satisfies the equation

2.3 2
(ag + k2 -“—g—z:,-zi) r(K,w;z) = 0 (9)
wWr=-w,
in

for any buoyancy frequency n(z). The boundary conditions normally used

are that T should vanish at the surface and on the bottom of the ocean.

fhe quantity of interest to us is {i) . From the equations of motion, we

have

LU
- - @0 > - in =~ - -
u(k‘m;z) = ('—(—7— k -1 -k—z- ezxk) 32 C(k,“;z)

where éz is a unit vector pointed vertically upward. It is then easy

to show that

(;C) =% (;Uz- k lei(;,u;z)lz)

@. & 5 -
+ (_;g azxi In(z (K,e32) 3 tlk,eiz))) -

Now when averaged over a vertical distance small ‘ompared to the
distance ower which c(;,u\;z) vari=s appreciably, the first term Is
zero. And from the differential equation (9) we can readily derive the

" onservation law™ that

MR

e
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I'm( '"(k’,m;‘.'.) Av'!(}:.w.‘z))

]
is a constant independent of depth. Since in particular it vanishes on
i
the bottom, it vanishes everywhere. Thus (uz) is zero for any buoyancy
r frequency n(z), without approximation, provided only that (9) holds.
'
'
: L
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3. MEAN-SQUARE PHASE

Substitution of (2.6) into (2.1) leads to

R n
% sc\2, | -
(0¢) = 2n1 —2 ¢?b¢j~ 1) | dx sec?e ((—») ) } dw(w-w’) “w, G, (w) (1)
Wen J c L in (¢
i “in
plus two other terms involving ((u/c)”) and G+ and ((8c/cilu/c))
and sk Here (j‘]): z j'l H(j) is the i.w. weighted average of il
I'he w-integrations can be carried out explicitly.5 Writing
v 2 28 = .2 2 s il 2
W S wi, *+ n° tan 0 = e | 1l y = win/w
we have for the three w-integrals
1/p?
— ‘ 2
a[dyjl—_y_ o 2y B g, D) ]
m j 7 Al-Dy n \p2 = 2p3 D-1
w, /n?
in
2 1ty 2
——-de ——-—————————-—:-2— (.L+3D +11PD*1) (2)
3m S B 2 * D=
My Hi-0y) % ¥ p% = 203 ek

Jol

"
N

e —




| fhe x-integration in Eq. (3.1) has in general been done numerically
f by intepration along the ray path, 1t can be done analytically in two
special cases, as follows.
A. The axial approximation
Here D=1, 6=0, n:n We note that the second integral
(involving (uu)) becomes logarithmically infinite. This treated in
' the Appendix. The result then is
!
|
+ 4 2N - P y S§c\?
(’:) lb ) ; ll- ‘l..u <I |> q/l)k [T‘ <(7) > N
SRR |
(3)
r
£y DO R o X gfdc )
l Yo 404 “R-R ( c)1> 2 ( c ¢ 1>
' . .
where the subscript 1 denotes the sound axis value, and similarly for
(67¢7) and (¢'¢7) . Here R = 21 km is the range of an axial loop.
The logarithmic singularity is weak, and unless we are within 100 m of
1
_ an axial loop, the relative contributicns of the three terms are determined
f i by the averages (( );) From Eq. (2.8), setting n/n = e-l, the
f relative mapgnitudes are
i ’
? 8. a=) -8
; g 24x10-%.e = 1.2x10
| :
i 0.10x1078+¢~1 = ,oux1078
’ un=21 0.06x10-8 = .02x1078 1
| The first term, involving 6c/c, clearly dominates.
¥
I 10
I
2
!
L mA— - T C— PR




4
1’ 8. The turning point approximation
' - " . .
Next we discuss the apex approximation. For steep rays we note
. - ; . : + .4+
that the major contributions to the ray integrals in (6"¢") come from
the (upper and lower) apexes of the ray. Near an apex located at (x,z),
r y :
the equation of the ray is
z2(x) = 2 - (x-x)%/2
v
where R o= Yo il-cxp(z~z1)/b| ’ ¥y * 1.14x1072 km™! (MZ85)
’
is the radius of curvature of the ray at the turning point. With
» this expression, we may approximately evaluate the ray integrals and
obtain for the contribution of each apex
r
. 2 A 9 2 . -
e ) -] §c \* 3l ; 6c u n
(%" = 2q%bx (5 1) !((—)) (—~) + ((5) ) + 2 ((~—)) (——)' (4)
apex c n G c C n !
o o 0 o o
?
where n denotes the value of n(z) at the apex: n = n(z) . Thus the
(Sc/c)” and (5c/c-u/c)1 terms get their major contributions from upper
(8]
{ . turning points, while the (u/c)? has comparable contributions from both
' (¢)
; (in fact somewhat larger from the lower turning point since the radius
: of curvature (X is larger there).
§
ot
C. Reciprocal transmissions
!
3
‘ Thus in any one-way experiment other than for a ray with a single
. deep loop) the effect of particle velocities can be ignored. If, however, :
.
§
3
' .
. le 11
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¢ L [€eteh) (¢'¢")l

can be separately evaluated by constructing the three combinations
+ 0+ - - + -
1 (<:¢)+(¢¢)+?(¢¢)I

G [Tty ¢ o) - 2t

respectively. The implications of this are considered in Section IV.

? ' we simultaneously transmit in opposite directions, then the three terms

e “, and the three terms

'
D. Worcester's reciprocal experiment”
This corresponds to a lower turning point at 1.5 km, and a rather
? small scale-depth, B:x 0.75 km. Thus ﬁ/no ~2
in Eq. 3.4 are of a magnitude
ot -8
? (67¢") ~ {0.u4 +0.10 + 0.42 I} x 10 ;
Suppose that I=0, then we have
4
(o' ¢7) ~o0.54
(¢ ¢ ) ~0.54
¥ ¥ e
(¢ ¢~ ) ~0.3u
é -
- ((47-97)2) ~ 0.u0
L
fai : : T . F
This is consistent with some preliminary results that (¢ ¢ ) ,
(6 ¢ ) and ((¢*-¢-)2) have comparable magnitudes.
& L 12
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IV. RLCIPROCAL COVARIANCLS

An experiment involving reciprocal shooting will yield not only
the mean-square quantities, but also the frequency content. To interpret
such a spectrum we shall want to reverse the integration order, and do

the x-integration first. Let
+ .+ o
(¢ ¢ ) = [dmb (w)
J
etc. Then the last term of the Eq. (3.1) can be written

- D - ,? ~51:
L J{ dw [Lf*(m) -~ B (w)l E(w) = f-"’-(]'_l) qQ“BR ;—r—n— ((‘Z %))
in o

R

201}

r o) 9 ) = »

J dx sec“8 (w’-w?) “ G (w) 6(n-w) 6(w-w, )
L uf L

0

where 6(x) is a step function, 6(x) =1 for x >0 and 8(x) = 0

for x < 0. These 6 functions restrict the part of the integral on

the ray which can contribute to the spectrum for any given frequency. At
any position x along the ray, the only frequencies which can interact
with }he ray (within the stationary phase approximation) are those

satisfying

n(z(x)) > w > /wgn + n?(z(x)) tan?e(x) :

13

S ——




:
l

s when the ray is steep (0 s larpe)  (requencies near w, are
in

excluded. But when one is near the ray apex (n large and 6 small)
all frequencies between ws o and n = n(z) are allowed.
One may, if one wishes, pick out different parts of the ray by

forming the difference between the spectrum at two nearby frequencies.

If Aw << w is a small frequency difference, then for frequencies well

above w, we have
in
2 2
Bw n
AP < - 8 Sc u 1 q in ,on
.\I_A(ul) L(lLH'A(Al) - L(m) o ;I— ((?-c)o) <—j-> —'—--—n—q— AU(I/E)
(o] w=n

thus AE(w) receives all of its contributions from that part of the ray

where n(z)x)) = w .




V. MOMENTUM FLUX

We may wish to interpret the results of reciprocal transmission
without relying so heavily on internal waves. To this end let us express
the measured quantities in terms of the spectrum of momentum flux in the
ocean without making any assumptions regarding the origin of this spectrum.

Let ~ designate averages along a ray. Thus’

"

a(t) = R°1 J ds u(s,t)
z(x)= g J ds g(s,t)

We may regard 0 and [ as the measured quantities for they are so closely

related to the measured travel times; let
a5 - At o) P
Te = = (R/e)'n = - (R/c™) [dctu] -

designate the departures from the mean travel time (averaged over several

inertial periods). Then

- (22/R) X(TT417)

on
(¢
"

@
0
.
™
"

- (82/R) %(1t-17)

c»
n

15
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Ead

(Actually the vertical gradient of potential sound velocity should be
properly depth weiphted.)
Consider the time-lagged covariance
¢ (1) = (i(t) 5(t-1))
ul
momentum flux (uw)

‘an we manipulate C to pget some measure of the

I'irst we note that

(1) = (ult) 3 i(t-1))

1 e
1 vy
= a(t) 3. z(t-1)) = -C_ (1)
( ) % ) uw
Now c..tx) =R { ds' { ds" (s,s';1)
ur, J ] ug
where Cm()',)",l) ¢ (uls',t) tis",t-1))

]
]
|
{ s=pr
] /

-

O
> \
N
i B’
&’

i S s Sk

0
o
Y
%
4
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At this point let us simplify the geomctry to horizontal rays. Then

switching to center of mass and relative coordinates

= 1( ] n)’ o = t et
R R R R-a/2 o R+0 /2
We have j ds' { das" = do [ds + do J ds
J J J
o [o) o) oto/2 -R o-0/2?
R o
( f
= | do(R-0) + | do(R+o)
J J
o -R

The second line follows if the integrand is a function only of o,

not of s. Under these conditions

€ (o,t) = (uls,t) tls=0,t~1t))

ufe,
R
( e A L A
ocfT) = R J[ do(R-]o]) CuC(O'T)
«R
| 7 ¢ _(0) = R™2 J do(R-]o]) C_ (0,0)
uw uw
-R
. R
i = -2R"2 J do o € (0,0)
| 5
2]
17
B o




Flux spectrum. The more general question is to interpret the

r covariance of the "measured" quantities:
Let CGE(T) = u(t) &(t-1))
Faclw) = ( ar o™ L.abry -
ug ) uf

Further

so that

Fuc(k’

3

o

(uc(u,I)

(u(s,t) t(s-0, t-1))

o @

dk dw ef(kc—wr)

= -l f'u(,(k,w)
w) = f do ( PR ALk UL R D
J J ug

- -0

18
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~ ]

SO -

Henc e

R R = pos ”
Fasz(w) = R 2 ds' ds" dr Piw] d-k~ d.(‘{' .».i“(qﬂ‘”) F (k.0')
ul, ' 2n 2n i ko
J
o > S 0
R R @
e d i
=R ds' ds" 7,‘1( "”(U F o (k,0)
2n ufd,
J J
O (o) -k

> ¢ R
-9 dk : iko { ~-i{ko
= R 5 ru((k,m) d0(R+0) o + | do(R-0) e
' J J
- -R (¢)
R
rtn
= R72 ‘ %% Fu{(k,w) 7: ‘ do(R-0) cosko
J J
—-C0 o)
= | S s (IeecekRY T (ku)
J 2n k2R ut

The Reynolds spectrum Fuw(k,m) = inuf(k’m)’ and so will be related

to the quadrature spectrum of the measured quantities.

19
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APPENDI X

! The second integral in (3.2) diverges as D * 1. Set
82 = p? - 1 = (n/w, )? tan?e
in
Then the integral approaches
' = = log o
] T log R (1
We can express A as a function of range. Let source and receiver be on
? i !
the axis at x = + 53 R. Then with
8z = A cosux/R
14
designating the distance of the ray above the sound axis, we find®
£ 3m -
B B E—RQ-
14 Ro
. -3 3 ¥
where R_ = “smBe = 21 km refer to the axial loop (R < R for upward
loops). It follows that
§z in? B R-R X
0 = — = — = —=L gin —
§x b R Ry R
2
(3] 3 R- R
A R DJ._: _.._iL-B__&Q.Sln .l
' w, By R
! in in
¢
L 21
e
Ll R—" e —

Bl ™




Setting B = 1 km, nj = 1.9x1079 sec™', W, = 7.3%x10 Jac™* . .
R = 21 km, we have
fe]
A =9.2 R-Ro gjn X
Ro R

We now require

r‘_’}R lﬂl‘
1 8 ( ?R
- e k2 ; o
R } o IR | 9 llog 9.2(R-F_) $isc8 l
-1R -15R

1

8 4R
5 Lofsahy |

Thus even if we are within 0.1 km of the convergence distance, R-RO = 0.1 km,

the effect of currents is still relatively small. So the logarithmic

singularity is of no practical interest.
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As an aside, the singularity arises because (w‘~wZ) » (we-wf )

in
-
and G~ (w?-w?2 )7°, so that the integrand of I~ (w?-w?2 )71, and 1
uu in uu in uu

is logarithmically infinity. This depends then on the fact that GM-spectrum

=%
for u has a (w?—w?n) ? cusp (but, of course, the integral of the

-

spectrum and hence (u?) are finite). If the GM-spectrum had a (wg-win) y

cusp, with s < %, then the logarithmic infinity for I&u does not arise.

The evidence for the -% exponent is very weak. Observational evidence
clearly shows a cusp (see for example Carl Wunsch, 1975, JGR 80, 339-3u43,
Fig. 1) and for an integrable cusp "... we require 0 < s < 1 . We

arbitrarily choose the mid-point s =1 ." (GM72, p. 2u9). But
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subsequently Cairns and Williams (Part II, Fig. 5) find the vertical
displacement spectrum (which is a less critical test than a u-spectrum)

in better accord with s = 0.5 than s = 0.1 and s = 0.,9. The

conclusion is that the singularity is probably too weak to be observable;

otherwise, it would suggest an acceptable modification of the GM-spectrum.
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