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The effects of unsteadiness and the stability

of boundary-layer flows as governed by the

Orr-Soninerfeld equation are discussed . The
condition required for validit y of the quasi-
steady approximation of governing flow equations

is that the ratio of diffusion time to flow time
should be small. It is also shown that criteria
for validity of the quasi-steady approximation

of the Orr-Sommerfeld equation are based on
modifications of this ratio , an d are not near ly
as stringent. Examples of heated wedge flows in

water that are presented and discussed show the

profound effect of even slowly varying unsteadiness
on both l aminar boundary-layer flow and its stability .
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PREFACE

This report documents an investigation at Rand of the laminar

boundary layer over heated bodies undergoing either ;tc t leration or

deceleration in water . The research is part of a larger Rand re-

search project , sponsored by the Defense Advanced Research Projects

Agency, which is engaged in developing hydrodynamic design techniques

that exploit various methods of boundary—layer control . The rtpor t

presents a method of pred icting laminar bound ;irv—layer characttristics

when heating , pressure gradients , and degree s af unsteadiness ar~
acting in concert. Using these results and boundary-1.tyer stabi1ity

theory, the enhanced boundary—layer stability produced by an acuLler—

ating flow is illustrated .

The report should be useful to hydrodynamicists , designers of

submersibles, and others engaged in fluid mechanics research. Other

related Rand publications include:

R-l752-ARPA/ONR , Low-Speed Boundary-Layer frinsit:o~ Workahor ,
June 1975.

R-1789—ARPA, Controlling the Separation of L~ ’iinar i~. : i ~r~
Layers in Water: Heating and Suction, September 1975.

R-1863-ARPA, The Effects of Wall Temperature and Suction on
Laminar Boundary-Layer Stability, April 1976.

R— 1898—ARP A , “e9 ”: Stabil i ty Theory and Boundary-Layer Transi-
tion, February 1977.

R—l 966-ARPA , The Buoyancy and Variable Viscosity Effects on a
Water Laminar Boundary Layer Along a Heated Longitudinal
Horizontal Cy linder , February 1977.

R-2111-ARPA , Entry Plow in a Heated Tube, June 1977.

R-2165-ARP A , Approximate Methods for Calculating the Properties
of Laminar Boundary Layers in Water (to be published).
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SIJMMARY

The L a m t n . I r  ha u n d ar y  l . iyc r  over heat ed bodies underg o ing acceler—
at Ion or d e c e l c r . t t  ion  In wat er  h~ s been invest Iga te d  to d e t e r m i n e  t I le

combin e d I n f l u e n t e a t  hea t ing ,  p r e s su r t  gradient , and u n st e~sdiness on

bou n d a r y — l . v e r  s t a b i l i t y .  For s i m p l i c i t y ,  t he b o u n d a r y — l a y e r  f l o w

over accelerat ing wedges or cones has been ana l yzed for  va lues  of the

acceleration parameter .s, • (x/U~ )(dtJ
1/d~

), which are small but not

neglig ible. It Is shown that  the boundary—layer stability analys ts ,

in this range of u~ , requires solution of the unsteady bouadary—layer

equations , but that stabil ity characteristics may be determined using

the classic Orr—So,mnerfeld approach.

Velocity profiles have been ~ ilculated by a perturbation expan-

sion in about the quasi—stead y flow , and the stability of the result-

ing profiles has been calculated by an accurate and convenient modifi-

cation of the Dunn—Lin theory, specialized to constant density, variable

property flow . The results confirm tha t the acceleration is stabilizing,

while deceleration is destabilizing , and show that the stability enhance-

ment of accelerat ion is less dramatic when both positive velocity gra-

dient and heating are present. A value of C
1 
of only .1 produces a four-

fold increase in the critical Reynolds number for a flat plate and a

two—fold increase for a highly favorable pressure gradient. Heating

reduces these changes by as much as a factor of two . The probable ex-

planation of the effect is discussed .

- -. -- ~~—-
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validity of the Orr—Soninerfeld equation ar e  based on modifications
of this ratio , and are not nearly as stringent . Examples of heated

wedge flows in water are presented and discussed that show the pro-

found effect of even 8lowly varying unsteadiness on both laminar

boundary—layer flow and its stability .

I. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ J
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II. ANALYSIS

When the flow external to the boundary layer var ies with t ime ,

variations in boundary-layer momentum are produced , diflused to the

wal l , and dissipated . It is through this mechanism that the boundary—

layer flow accoumiodates variation in free-stream velocity. If the

boundary layer accommodates instantaneously, tha ~ flow may be considered

quasi—steady. If, on the other hand , the boundary layer acco~~odates

slowly, the flow is unsteady ai~d the rate of accommodation is important .

~ measu re of how rap idl y t he bou ndar y layer accommodates is the ratio

o f d i f f u s i o n  t ime to f low t ime . In the fo l l owing  discussion t h i s  is

the cr it i c a l  parameter , and all comparisons of unsteadiness in boundary-

layer flow to unstead iness in boundar y-layer stability are based on its

magnitude.

The anal ysis will first focus on boundary-1a’~er flow in that the

quasi—steady flow parameters will be derived and numerical examples

will be presented , and next on boundary—layer stability in tha t a cri-

terion for nearly quasi—steady flow will be developed and numerical

examples of the effect of unsteadiness on critical Reynolds numbers

will be shown . The specific flows that are used as examp les are two—

dimensional Falkner—Skan flows with wall heating , variable viscosity,

and Prandtl  number corresponding to water .

BOUNDARY-LAYER FLOW

The unsteady equations for a two—dimensional laminar boundary—

layer flow at an incompressible f l u id  wi th  heat t r ans fe r  and var iable
viscosity are

v 2
~T e a T (2 )

ay

where Pr is based on freestream propert ies.

~

- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



To •(Ssa’SS t i e  t ’ t  t a c t  aa t l n s t e ~~d titess t a l l  b o i in d , i r v— I , i ’ ,’ ci  l ,~ , I lie

r e Ia t lye order  t a t  magii i t  ude a at t lie t irs t 1 e r ita t all I he I~ t t —hand SI ( lt ~
LI t t i t ’  moment tim equ;l I t o t i  a tRi  t, l ie  vi  st ous OJI hit ’ r i g u t  s i  d~ m u s t

be de te rmined . I ia’ orda,’ a of magai i t  t ide  ot  t hi ’ V I S a  a Oi~ I cmi i s

I V( iJ i I I
V R O l  2

wh ere U
1 

is th e  ex t e r n a l  ye I oc i t  \V w i t  Ii an ;irh I t ra rv t ime ( l t i ) t . T I ( l i V n a V (
~

and 6 is the moment tam 1.i V t ’  r t hi iekut’ss

The order  of inagn i t  ude of t ha’ unst ead j n v s s  is a’st Ima t t’d h~ the

v a r ia t i o n  in Lraat~ of t h e  f r , ’ t s t  re am vt ’ l a a a ’ i t y ,

~~t i 
~ ~ 

1
\ a t

Then , the r a t i o  of m a g n i t u d e  of the  twa ’ terms is

2 au6 ~ = 
uns tead y e f f e c t

V viscous  e f f e c t

A more p h y s i c a l  I n t e r p r e t a t i o n  cons i s t en t  wi di t h a t  d e s c r ib e d  in

the  I n t r o d u c t i o n  is ob t a i n e d  by not  ing t h a t

~U l I
t f

where  t~ is a c l i ar a c t e r i s t  ic  f l o w  t i m e , i . e . ,  th time it takes the

ex t e rna l f l o w  to change from one state to another. Further , v/ó is

a d i f f u s i o n  v e l o c i ty  and 6 2 /v is  t h e  t i m e  i t  t akes  the  momentum t o

d ii  fu se  to the wal  I , T h e r e f o r e , the  r a t io  of t h e  m a g n i t u d e  of th e

uns tead y ef f e c t  to t h e  v i s cous  ~ f f t c  t is rd ated t o  the  r a t i o  of c h a r —

acte ’ r i s t i~ t i m e s ,
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If t h e  bound ary— I a v e r  th ickness  is related t o  thie ~~ ~1 R eynolds

n umber 16 x ( R e ) 2 1 ,  t he  q u a s i — s t e a d y  p a r a m e t er  of Re f s .  1 through 3

is obtained :

2 ~)t’ atL5 1 
_ 

x 1
V 

= £i . 3

When th is p a r a m e t e r  is  s m a l l , or t
d ft f ~~

‘ I , the  f l o w  In die boundary

layer is quasi—steady. A similar pt r ;in& ’tt’ r is discussed In Ref. 4.
For flows that are t i t a n ’ qu a s i - ~~t t ’~idv , a sy s t e m a t ic  series expansion

procedure can he deve loped . A d e t a i l e d  d i s c u s s i o n  of this procedure

as i t app lies a genera  I uri s t cad v f l o w  is g iven  in  R~~f . 2 ,  However ,

a spec ia l v e r s i o n  ot near  lv q u a s i — S t  L i d  v f l o w  and t h i s  t e c h n  quc are

illustrated in t he  examp le discussed belo w .

Un steady Boundary-~~~ er Flow over Heated Bodies

The theory developed E n Refs. 2 and 3 w i l l  be ex tended  to e’xaitinc

the unsteady effect on a f l o w  over heated bodies in wa te r  w i t h  on~,t . l r l t

f r e e s t r e a m  and w a l l  t empe ra tu r e s .  A l t h o u g h t he  g c i i er i l  t l i e a a r v  w i l l  be

developed , t h i s  d i s c u s s i o n  is concerned w i t h  n e a r ly  q t a a s i — s t c i d v  f l o w s

where  the  t ime v a r i a t i o n  is l i m i t e d  to s l o w l y  va ry ing f u n c t i o n s  and

wed ge f lo w s . The it t r a c t i v e  a t t r i b u t e  of t h i s  t h e o r y  is tha t f o r  n e a r l y

q u a s i — s t e a d y f l o w s  the  u n s t e a d y  component  of the  I rt ’est re am ye b c  I tv ca d

have a r b i t r a r y  magn I t a i d e .

I”o I I  awin g  R e t  . 3 , a I mu n d ar  v— l a y e r  s e a l i n g  w (  I I he emp loved t h a t

L I  ows t lie (hw~s i — s t c ~ dy compon e a l  t t o  he a l t .  I t ’  m t  I ned as t lit’ ‘,.er o—ord er

s o l a i t  ion. l iii’ s ea l  in g  t o  t r a n s f o r m  Eqs .  ( I )  ~nd ( 2 )  i s

- —- - — ~~-—-- ‘ .- ‘- - — -—-  — - — -  - ~~~~~~~-- ______ -.
~~
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’U 1 f ( f l , x , t )  , (4)

T - T e
V

T — Tw e

where U 1, the inviscid unsteady velocity along the surface, is given

by U
1 

= Ue(X) A(t).

Note that this form of the time—dependent inviscid surface  veloc-

it y correspo nds to unsteady irr otat ional f low , in the absence of dis-

placement effects. hJe(x) corresponds to the surface velocity 
when a

body translates with unit velocity into a fluid at rest and A(t) is

the actual time—dependent velocity of translation. Thus, Ue(X) is to

be determined from a conventional potential flow solution corresponding

to unit body velocity. The transformed equations for the reduced stream

function, f ( x ,~~,t), and temperature , O(x ,ri,t), are

(Nf~~)~ + (1 — M(x)) ff~~ + 2M (x )( l  — f
2
)

21.1 x
= 2x(f ~f~ — 

~~~~~ 
+ + ~ f~~ — 1) (5)

f
U
1 

u t

and

+ (1 + M(x)) fO~ = 2x( f ~O - O~ f )

(6)
213 x

+ lt (fl 0 ) ÷ 2x
0

U1 1

- ~~~~~~—-~~~~~~~-———~~~~—‘-~~~~~~- ~~~“ ‘.-~~~~~- ‘~~~~~~~~~ ~~~~~~ ‘ - - --- -‘
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where M (x ) — U
1

x/U 1, and N is the ratio of boundary layer to free-

stream viscosity . N can be approximated by the empirical expression

for water used in Ref. 6:

N — U4’Pe — (a + br + cr2 + dr 3 + er4)~~ ‘ ‘

~~~~~~~~

where r T/491.69°R, and Uref II•le 
— 4 ,339 1b/hrft/li

~
. The appropriate

boundary conditions are

t � 0

0-” O , (8)

0 — 1 .

The general velocity and temperature distributions are functions

of three independent variables, i.e.,

f = fth,x,t) . (9)

However , for special cases where f is a slowly vary ing function of

time, one will find it convenient to express the velocity distribution

as

f = c (r~,,~;~~ ) , (10)

where now f depends on a sequence of general unsteady parameters

n/ ~n a U
= 

1 , n = 1,2,3 ... (11)
n 

\~~1/ u1at~

The first parameter , C1, is an obvious expansion parameter (the ratio

of diffusion time to flow adjustment times) that is explicitly displayed

-- -- :

~ 

— ---‘S-- - - 

-

— -~~---—------ - - - -~~~~—-— —--- -- - ~~-“ —.-‘- — — -~~-- -~-~~—--‘
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in the  eq u a t i o n s .  For n > I , t h e  l>araint~t&’ rs . m e  r a t  li’s ol v a r  I a i i ’ ~

diffusion t imes to  var iotis  f l o w  times and a res t It of subs t  i t  u t  ing th a t

expansion of f m t  tlit’ governing t’qU;it ioais and requl r ing a s e l l  —

consistent set of differential equations.

When a body has constant acceleration , the parameters t for

n > 1 are precisely zero . For flows that have nearly constant accel-

eration , some consider,il ion must be prov ided  for c when n -~ 1. it

is assumed here tha t c1
jn > C for n > I . Th is allows the velocity

and temperature distributions to he expressed to first order as

f(ri ,x,t) = 1
0(fl,x) + L

1
1
1

(fl ,x)

( 1 2 )

O(q,x ,t) = 0
0(ri ,x) +

A f t e r  s u b s t i t u t i n g  E q .  (12) into E q s .  (5 )  and ( 6 ) ,  one o b t a i n s

the set of different ial eq u at  ions r ep resen t  ins t h e  zero and f i r s t  -

*order app rox ima t ions  to a n e a r l y  q u a s i — s t e a d y f l o w :

Zero Ord er:

(N
0
f
0~~
) + (i + M(x)

) 
f
0
f
0 

+ 2 M ( x ) ( l  — f~~~)

( 13)

= 2 x ( f  f — f f )
O~ O~ x ~~~ Ox

+ ( i  + M ( x ) )  f 000 
= 2 x ( f

0~
O
0 

0
O~

1Ox~ 
(14

*Note that the v i s c o s i t y  r a t i o , N , is also expanded In t he  f o r m
N = N

0
+ c

1
N
1
.

- -~~~~~~~~~~~~ -- - -‘ - -  ~~~~~~~~
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First Order:

(N
0
f
1~~
)~ + (1 + M(x)) f0f1~~ 

— 2 (1 + M(x)) ~~~~~ + (3 
- M(x)

) ~~~~~

— 2x(f
0~

f
1~ + 

~1rh~Or1x 
— 

~onn~ix 
— 

~ir,r,
1ox~ 

(15)

+ 2
~~O~ 

+ 
~~~ 

1Ofl rl = 1) — (N
i
f
o~~
)
~

+ (
~
. + M(x) ) 

~~~~ 
— 2 (1. - M(x)) f~~01

— 

~~1
00~ 
(3 — M(x) ) + 2x(f~~01 + f~~00 — 00~

1lx - (16)

+ T1O0~

The boundary conditions are

= 0: — 

~~ — — — 0; 00 — 1; 0
1 

— 0

(17)

~~~ ~~~~~~ ~l~~
’0’ 00

+0; 01
+ 0.

In a later section a special version of these equations will be special-

ized to wedge flows where U
e ~

m
.

BOUNDARY-LAY ER STABILITY

At present there is no theory to predict the hydrodynamic stability

of an unsteady flow when unsteady effects are large. For cases where

the time—dependent component of the freestream velocity varies slowly ,

one could develop a theory involving multiple time scales, but this

approach has not yet been carried out for the spatial stability problem.

In this subsection, characteristic times for the Orr—Sommerfeld equation

will be derived and used to establish a heuristic criterion to define

the region where unstead iness modifies the stability analysis.
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Using this criterion , it will be shown that the stability of art

unsteady boundary layer can be studied by using an approach t ha t emp loys

unsteady boundary—layer flow theory and qu asi—stead y s t a b i l i t y  an a l y s i s .

This approximation , together with an approximate soluti a’:i or t h e  Orr-

Somerfeld equation , will be employed to discuss the sta bi lit. ’ of t h e

flows presented in the previous section.

Referring to Ref. 7 for a heuristic discussion 1)1 the Orr—Summerf eld

equation for an arbitrary time—dependent mean flow , one will find that

th e con stant proper ty two—dimensional  version of the equa t ion is

6 
— 

2~) + (u — c) (~~
“ — 

2~ ) — u”~

(18)

= (~) Nh” — 2ct2p” + ct44]

where the superscript prime denotes a derivative with respect to (y/~ ) .

All velocities are scaled with U
1
; R , the Reynolds number , is based

on boundary—layer thickness; and ci. is the wave number.

The approach that will be used in this subsection will be to

investigate the Orr—Sommerfeld equation in three regimes : the outer

inviscid region , the inner viscous region near the wall , and the crit-

ical layer . These are the important regions for  a unif ormly val id

solution (Ref. 8), when matched asymptotic expansion methods are applied .

The Inviscid Stability Equations

In the limit of large ctR , the equation reduces to

6 
~~ (~~

U 
- ~2~ ) + (u - c) (~~~ fl - ~2~) - u”~ ~ 0 . (19)

To determine the relative effect of an unsteady freestream veloc-

ity, the magnitude of the first two terms must be compared . The magni-

tude of the ratio of the unsteady term to a convection term is at most 
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(6/U 1icz)/ (3/ a t ) 4i” 
— 0 

(~ 
au

1\  (20)
(u - c) ~~

“ 

~~~ atu~ J

where the magnitude of the convection term is approximated by

(u - c ) ( ~~” - c&2
~ ) = 0(1) . (21)

For the purpose of comparison with the boundary—layer quasi—
steady parame ter , it is convenient to reduce Eq. (20) to a multiple
of the ratio of diffusion time to flow time . The new parameter is

~5 3U1 ~ 2 3u1 td 1

atu~ 

= 
~~~~~~ 

= r- ~ 
(22)

and for  quasi—stead y flow in the inviscid s t ab il i t y  equation this

parameter must be small. Note that this restriction is less stringent

than the boundary—layer condition since ci.R l0~ for  a f l a t — p late

boundary layer.

The Wall Viscous Region

Following Ref. 8, a scaling appropria te for  the viscous reg ion
near the wall is

= y(Rc~~i ; 
F(?j’,t) 

= 4(y,t )  . (23)

Empl oy ing the new dependen t and independen t variables to evalua te the
unsteady term and the first viscous term which is the dominant viscous

term of Eq. (18), it can be shown that since

6 3 
— ~ 2~~) = 

~~~~~ (
~ 

— ~~ F) and 
fr- 

= ~~~~ . (24)



—12—

If one estimates that O(~F~~/U 1~t) — 0(a/at)U’~tU 1
), it can be con-

cluded that the reduced viscous term is of unit order and the relative

magnitude of the unsteady term is at most

6 au1 td

U~ct 9t t
f 

oR (25 )

Thus the unsteady contribution for mild unsteadiness is the same order

of magnitude in the wall viscous region as it is in the outer inviscid

region.

The Region around the Critical Layer

The next region to investigate is the region near the critical

layer. The most convenient way to analyze this region is to use the

following change in dependent and independent variables:

= (y — y
~)( a1~

) ”3 ; $(y, t) — G ~~~~~~ . (26)
(oR)

These definitions scale the unsteady term and the first viscous

term. The results are

6 3 
~~ 

- ~~ = 
~~~ 

(czR) 14~’3 3 

~ - 2/3)

(27)

oR unnu

The resulting order of magnitude of the ratio of these two terms is

6 l/3 dU(oR) 
~~~ (t d /t f ) (OR) 2”3 

. (28)
U1
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1

This parameter must be sm,i l  I f o r  t h i e ~ q u a s i— s t e ad y  . a p p r o x  ima t ion

to be a ccu r a t e  In t h e  c r i t i c a l  l a y e r .  From t h i s  sequence 1 a-s t l m . i t t ” -.

i t  is seen that w h O  t d / t s m a l l  , t lien t lie uns tead y l a m I n a r  ye lot: it y

pr o f i l e  can be oh t a i ned ,as a c t a r  rec t ion t o t l ie  i i ~ a s I — s i  cad v f l ow

( n ea r ly  quas i — s t  ead y )  , and the stabil ity of t he r esa l  I t  i i i~~ p r o l  II es may

he s tud i ed u s i n g  c l a s s i c a l  Orr—Sommerf&Id ana l ysis.

Simp i if ied Stat  I i  n a l y s [s of Unsteady F l o w
over Hea ted Surf aces

Ultimatel y, a comp let e anal ysis of the stabi l it v eharat terist 14 s

of spec if it: unsteady flows , via numerical so tnt ion of the Orr— Somnaerfeld

equa t ion , would be useful. For this pre l iminary stud y, stabilit y analy-

sis is restricted to  the est imat  ion of m i n i m u m  cr  i t  l i-al  Reynolds number.

E m ’ s original simp l i f i e d  ana l ysis (Ref. 9), and Dunn ’s subsequent mod —

if teat ion for compressible flow (Ref. 10) have been widely used in

simp i if ied stabi 1 ity anal yses. Recentl y, it was shown t h a t  a mod i I ied

version ot  t h i s  theory and formulae is appr opr  i a t  e for  wat  & r  bounda rv

l aye r s  w i t h )  variab le viscosity (Ref. 11). In addition , ce rtain I t t i r e r i —

cal  c on s t a n t s  in the a) r 1/ ~inaJ  D u n n — L i n  formulae have been r c v i  sed on t h e

basis of aceura t i- n u m e r i c a l  resu i t s  wi ai  cl i  were not vet  awi i lab I e to  Dunn

and Lin  . W h i t  e t hi~ or ig i  na 1 D u n n — L i n  t h eo ry  is now known t i  be inappro-

p r i a t e  f o r  c o m p re s s i b l e  f l o w , i t s  t r e a t m e n t  of p r o p e r t y  v a r i a t i o n s  I S

s a t i s f a c t o ry .  For comp i e t t n i s s , the  mod i f  ied D u n n — l . i n  r e l a t  ions  ot

R e f .  11 a re

v ( c )  ( 1  - 2 X ( t : ) )  = .58 (29a )

where

flu ’’ ii ‘ c
v ( c )  = — -—-

~
--j -~~

-- ; (29h)
u ’

-~~
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A = 
~~~ 

____  ____

(30)

u ’ V
Recrit

c
~
i 281(~~~) 

. (31)

The equations, together with the boundary—layer velocity pro-

files, will be used to recalculate Recrit — U
i
ó
i
/V
e evaluated at the

minimum point of neutral stability .

_

~

=

~

i

~

__ _ ___ _

~

----- -- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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III. UNSTEADY BOUNDARY-LAYER FLOW OVER HEATED WEDGE FLOWS

The ap pr oach developed and discussed in Section II has been used

to investigate the stability of heated wedge flows under conditions

of positive or negative acceleration. This section describes the

applicat ion of the general method and numerical results to this class

of flows. In this way , the combined effects of heating, pressure

gradient , and unstead iness can be studied .

UNSTEADY BOUNDARY-LAYER FLOW

When the flow is steady and the external velocity is represented
by Ue 

~~~ (wedge flow), the boundary—layer flow is self-similar. The

boundary—layer equations become ordinary differen tial equations , and

the variable M(x) in Eq. (5) is rep laced by the cons tan t parame ter 8,
that is equal to 2m/(l + m). For nearly quasi—steady flow and U

e
the departure from a self—similar flow is governed by the departure from

a quasi—steady flow , and this is controlled by the magnitude of the

parameter ~~1
. Thu s, fo r the special case of wedge flows, Eq. (12) re-

duces to

f(ri,x,t) = (i ~~~ 
+ C1

f
1(rh))/(/1 + m )

(32)
O(~~,x , t)  = 0

0(ri) 
+ c1O1(~j )

where TI = ri/i + m. The new scaling by the constant /1 + m introduced
into Eq. (32) is to facilitate comparison to related works, i.e., Refs.

2 and 12. If Eq. (32) is substituted into Eqs. (13) through (16), the

following sets of ordinary differential equations are obtained :

Momen tum:

(N0?~) + + 8(1 — ~~ 
2~ ~

(N0f’~) + — 2f~f~ + (3 — 2$ )f~f~ (33)

f”
= (2 - 8) + ri 2 - + (oN~ O 1?~) . 

--.-~~~~~~~ .—- --~~~~~~~ ~~~~~~~ -~~~~~~~-
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Energy:

( 14)

0’; — —

+ f 00~ — 2( 1 — $) f ~ 0 1 
= — (3 — 2$)0~~f 1 + (2 — 

~~~~ 2

The boundary conditions are the same as those shown in Eq. (17).

The first—order equations for f
1 

and 0
1 
have homogeneous boundary con-

di t ions and would have a t r i v i a l  so lu t ion  If the r i g h t — h a n d  sides ol

Eqs. (33) and (34) were zero . From this it is Implied that the effects

of unsteadiness decrease as the pressure grad ient ha-u ’rnt:~ more favor-

able because the magnitude of the inhomogeneous term decreases. The

impact of heating is not clear.

Equations (33) and (34) are solved numerically, and t h e resulti ng

parame ters are given in Table I for a heated w a t e r  boundary  layer wit h

an ambient temperature of 520°R. Moreover , t he sk in  frlitl on (-oef—

f ic ient , Cf ,  the Nusselt number , Nu , the disp la cemen t t h i c k n e s s .

and the momen tum thickness , d~~, are writ ten as

6~~~
f
~e(1+m ) 

=

~~~~~~~

° 

(~
, 

- ~~~~ d~

(3 5)

= 
~ 2 ,O + ei5 2 1  ~

C f 
~ ~

/

~~~ R 
= f~~(O) + c 1~~(O) ; (16)

f~ (1 + in)
Nu .t iJ~~

x 
2 0~~(O) + c~

0
~~

(0) ( 17 )

6 ~~e ( l + m )  - .x 
= j  (I - f ’ ) d~ = 61 0  + £6 1 1  ( 18)

—-
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RESULTS

In v i a - v  a t  t h e  p r ev i o u s  d i s c u s s i o n  and t h a t  ot  R e t .  2 , the r e su l t s

presented in  T ab l e  1 arc not s u r p r i s in g .  In  t at i , t i n -  r a - s a i l t  s fo r

= 0 and T — I = 0 are  i ( l e f l t  h a l  t o  t h o se  g i v e n  i n  Ref . 2. the new

r e s u l t s  a r a
W

t hose for ~ ~ 0 and T~ — T ~ 0. In  g e n e r a l  , we (.~~fl coat —

c i  tide t h a t  aa ee l er a t  Ing f l ow s  d e m o n s t r a t e  i n c r e a se d  s k i n  I r I c t  ion a~~i

e f f i c i e n t  and decreased Nusse I t  number .  That-se conci  us Ions are  cons i St en t

w i i h  t h o se  presen t ed in R e f .  2. F u r t h t e r , a c c e l a r a t  ion r esai l t s  in

decreased d i s p l a c e m e n t  t h i ckness  and a sm a l l  i n c r e a s a  i i )  m o m e n t u m  t ha j e k —

ness.  The physical exp l a n a t i o n  fu r  t h i s  is tha t a c ce l e r a t i o n  causes  an

increase in the  c o n v e c t i o n  of momentum , and t h e  w a l l  shear  must  i n c re a s e

to d i s s i p a t e  t h i s  excess momentum .

S i m i l a r l y ,  fo r  a n e a r l y qu is i— s t e a d y  ar ce lera t ing f l o w , the uns tead y

c o n t r i l ) u t i o n  to  t h e  heat  t r a n s f e r  is a f f e c t e d  p r i n c i p a l l y h~- t h e  t he rma l

inertia , which resists heat transfer and leads to a decrease i n  N u s s e l t

number. Similar findings have been reported in Ref. 13. Th ere is  a

d i m i n u t i o n  of these t r e n d s  as the pressure gradient becomes more favor-

able. Naturall y, the contrary is true for decelerating flows,

A word of caution regarding flows with adverse pressure gradient :

Note the re la t iv el y la rge  magni tude o f f ’ (O) In comparison to that of

a flat p late. This imp lies that the unsteadiness correction is larger .

and the region of validity of the two—term expansion may be more limited

for adverse gradients.

The stability results were obtained by app l y ing Eqs. (29) throti~ hi

(31) to determine the critic-al Reynolds numbe r (based on disp lacement

thickness , Re . ) .  The effect of flow unsteadiness in the range
cri t

— .05 < £ < .1 was considered for a variety of press u re grad ien ts and
surface overheat. These results are summarized In Table 2 and are

illustrated in Figs. 1 through 6.

Using Re
n t  

as an indication of stability, it can he seen that

for  $ = 0, and T
w 

— T
e 

= 0, the effects of unsteadiness are most signif-

icant. This parameter is reduced by 35 percent when £ is — .05, in-

creased by 200 percent when e is +.05, and In cr eases by alm ost 600 per-
cent when £ doubles from .05 to 1.
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Table 1

BOUNDARY—LAYER CHARACTER ISTI CS

- 
~ Tw- Te ~~~0) O~(0) 1~(0) 

~~~ ~~~~ i .i .& 
- ~2.2

0 0 0.46947 1.1999 1.218 .7273 .66917 .0060
30 0.65699 —1.0161 1.4275 .31512 1.070 .6232 .4459 .0338
40 0.72072 —1.0394 1.4919 .31156 1.028 .59127 .4378 .0406
60 0.84796 —1.0326 1.6063 .30943 0.9525 .53284 .4216 .0513

0.1 0 0.58694 0.97274 1.080 .44490 .435~ .00302
30 0.8062 —1.072 1.1533 .45502 0.9491 .39775 .4111 .O.U3
40 0.8797 —1.0968 1. 2O~6 .44761 .9115 . 3~ 1 ~-~2 .4029 .0331
60 1.0252 —1.1371 1.2959 .43780 .8441 .~~5Ci ~ .3866 .3~.23

0.2 0 0.6866 0.8208 .9838 .30339 .4062 .0014
30 0.932558 —1.11379 0.96722 .52867 .8632 .28058 .3836 .0230
40 1.0143 —1 .1365 1 0087 .5200 .8287 .2714 .3753 .0281
60 1.1752 —1.178 1.0825 .507496 .7668 .2527 .3591 .0362

0.5 0 .92776 .57146 .8048 .1277 .3502 .0127
30 1.2366 —1.2 002 .62156 .62266 .7022 .12988 .3255 .0150
40 1.3378 —1.2222 .64356 .61370 .6732 .12828 .3174 .0199
60 1.53511 —1.2630 .68228 .59963 .6215 .]~~36 .3016 .0261

—0.05 0 .400123 1.3729 1.313 1.0028 .4903 .0077

Table 2

CRITICAL REYNOLD S NUMBER AND SHAP E FACTOR AS A FUNCTION OF
UNSTEADINESS PARAMETER C, SURFACE OVERHEAT , T — T

AND PRESSURE GRADIENT PARAMETER 8 w e

Critical Reynold s Number , (U
i
t5i/Ve

)crit Shape Factor, H 6
1/6

2

T w — T e  £~~~0 c=0.05 c— — O . O 5  c= 0 . 1  c — 0  £ 0.05 c~~~~0.05 c 0.1

0 0 514 1040 332 2940 2.59 2.51 2.67 2.44
30 4770 10240 2050 18100 2.40 2.34 .246 2.28
40 7270 13680 3450 21800 2.35 2.29 2.41 2.23
60 11100 17900 6190 25700 2.26 2.21 2.31 2.16

0.1 0 1380 2750 794 5490 2.48 2.43 2.53 2.38
30 9460 14490 5690 20300 2.31 2.27 2.36 2.23
40 12270 17520 7980 23200 2.26 2.22 2.30 2.19
60 15570 20470 11170 25710 2.18 2.15 2.22 2.12

0.2 0 2880 4800 1750 7610 2.41 2.37 2.45 2.34
30 13100 17200 9540 21500 2.25 2.22 2.28 2.19
40 15700 19700 12100 23800 2.21 2.18 2.24 2.15
60 18300 21700 14800 25200 2.14 2.11 2.16 2.09

0.5 0 7860 9670 6300 11700 2.30 2.28 2.32 2.25
30 18900 20800 16900 22700 2.16 2.14 2.17 2.13
40 20600 22300 18800 24000 2.12 2.11 2.14 2.09
60 21400 22800 19900 24100 2.06 2.05 2.07 2.04

—o .o s  0 311 555 216 1681 2.68 2.58 2.78 
- 

2. 48

~~~~~
_ . - — —_

~~~- ~~~~~~~
_- -—- _ — - - -
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From Figs . 1 through 5, we observe that for those situations in

wh ich pressure gradien t and sur fa ce overhea t is smal l , even mild un-

steadiness ( id � .05) can have powerful effects on the value of the

critical Reynolds number and the location of the point of neutral

stability. However, larger values of favorable pressure gradient and

surface overhea t which are alread y characterized by increased stab ili ty ,
exhibit less sensitivity to unsteadiness. From the viewpoint of the

boundary—layer wall compatibility condition alone , this resu~ t is sur-

prising . However , fur ther reflection and reconsideration of the known

ef fec ts of comb ined hea t ing and pressure grad ient on stability (Ref.
14) suggest that the situation may not be very d ifferent here. For

combined heating and pressu re gradient , it is known that  the relat ive
effect of additional surface overheat on stability decreases with in-

creasing favorable pressure gradient or surface overheat . In fact , it

has been shown that large values of overheat can decrease the stabi l i ty

of flat—p late and adverse pressure gradient flows.

No te tha t the shape of the curves changes when ~T increases. As
suggested above, the larger the value of siT, the less sensitive Re n t
is to further heating. At 8 = .5, for example, Re

i~ 
exh ib it s onl y

weak dependence on further surface overheat and unsteadiness when

~T > 300.

Figure 5 shows an adverse pressure gradient case ($  = — .05) in
which the effects of unsteadiness are again significant . This arises

because uns teadiness dominates the wall region , and stability is pri-
marily controlled by details of the velocity profile between the crit-

ical layer and wall.

Figure 6 shows a collection of the results for the various pressure

gradients, wall heating, and degree of unsteadiness , and a function of

the shape fac tor H = 61/6 2 . A fair degree of correlation is demonstrated ,

indica ting tha t H is, to a rough approx ima tion , a universal parameter that
can be used to estimate the combined e f f e c t s  of these several parame ters
on stability . The line on this figure is the resul t of exac t numer ical
computations (Ref. 15) for steady Isothermal wedge flows . Similar com-

putations for steady heated wedge flows in water (Ref. 14) have already

demons tra ted tha t H is a useful  correla tion param eter f or the comb ined
effects of pressure grad ient and heating under conditions of moderate

heating.

— ~~~~~ — - — ~~
_
—-~~~~ - _— —— - — — —~~~ .- S -— ~~~~~~~~~~ -- — -S ~~~~~~~ -~~~~ —_~—
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Fig. 1— Critical Reynolds number as a function of the quasi—stea dy
parameter with wal l heating and zero pressure gradient (/~ 0)
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~T=60°F

JO~ 

~~~~~~~~~~~~~~~~~~~~

1037

30 2 I I
-0.05 0 0.05 0.)

x dO1

Fig. 2—Critica l Reynolds number as a function of the quasi—steady
parameter with wall heat and pressure gradient ~3 = 0.) 
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10~

10~

102 
I I I

-0 05 0 0.05 0. 11
x dUi

Fig.3—Critkal Reynolds number as a function of the quasi-steady
parameter wi th wall heat and pressure gradient j3 = 0.2 
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30~ 
~~ —OT=0 F

0

IO~

102 I I I

-0.05 0 0.05 0.1x dO,

Fig.4—Crltlca l Reynolds number as a function of the quasi-steady
parameter w ith wall h.at and pressure gradient 8 0.5
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13 = -0.05

iO~

b

I I I  I

-0.05 0 0.05 0.01x dO1

Fig. 5— Cr ticaI Reynolds number as a function of the quasi-steady
parameter with wal l heat and pressure gradient f3 = —0 .05
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\~~~
_ lsothermal wedge f lows• \~ 

(Ref . Wazzan-Okamura—
Smith 1968)

10~~—
- X ~~0; L~T 0
- 

~ ~~0; AT 60°F
- 

0 ~3=O .5M=0- 0 p= 0 .5~ T=60°F 3

x
- 

Subscript 1— 5 0.10
2-e= 0.05

- 3-E= 0.00
4-~= -0.05

102 I I I I
2 .00 2.20 2.40 2.60 2.80 H

H
82

Fig. 6— Critica l Reynolds number as a function of the shape parameter
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IV. CONCLUSION

Under conditions that are likely to occur in practice , the present

nearly quasi—steady approach to the calculation of unsteady laminar

boundary—layer velocity profiles should be highly accurate. Our analy-

sis of the stabili ty of unstead y flow is not yet as precise as it will
be af ter deeper study involving multiple time scales. However , the

heuristic arguments presented here suggest that there is an important

practical flow regime where classical Orr—Sommerfeld analysis can sti ll

be used to define the stability characteristics of nearly quasi—steady

velocity profiles. Our analysis and compu tation , performed on this

basis , infer that even mild unsteadiness can have a powerful impac t on

flow stability . This impact is particularly strong at realistic levels
• of pressure gradient and heating in water.

S • •~~~
_
~~i
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