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Abstract. This paper deisonstrates how .olut tons ~~

. partially ~tngu lar Q_ j” Bcontrol problems can be obtained is the l i m i t  of ne..rly singular problems
The a.y mptut .in .ilysi .. involved re lat r ~ to .i developing ii.or y of singular
singular—perturbati on problems and 1~. of independen t I r  i Ical Lnterest .
The r..ults obtained arc related to other current l i t v r a t u r e .

K ywor ds . Singu lar control; singular perturbati. n,.; asymptotic methods.

GENERA L DESCKIPTION tid al viscosity in the fluid dynamics lit-
erature (cf., e.g.. R irhtmyer and Morton

Now—classical l inear control theory rem— (1967) and Ko~,ia (1972)). i~. note that
pletely solves the problem of minimizing t h e  problem s w i t h singular or nc .arly ~inguI.ir
cost function matri.es ~: also occur na t u rall y in tht~ r—

m ini st ie , stochast ic , and dL’~~rtheute’ d
3 — x ’ ( l ) f lx( l )  + parameter proble ms le t .  I~w . ,kv rtt. ik and Sivan

(1) (1972), Friedland (1971), and LIons (1971)).

~~

J

1

2 
(x ’(t)Q(t)x(t) + u ’(t)R(t)u(t))dt We ’ll stud y the partially singular 51~~4.~~Le,fl

0 where the m atrix K I’ singul .ir and of con-
stant non7ero rank , by considering th~subject to the State eqUd t ton asyniptut ic sol ut ion of t he n e a r b y  nonsings,—
lar problem wi thx — A ( t ) x  + 8(t)u ,

(2)
x (0) prescribed , on 0 c ~ < 1 Ii i 0

for syim’ietric matr ices ~, Q, and K K — I
which are respectivel y posi tive sem idufi nite , ~ C 2

Rj 

9 dtag (K
1
, c2R

2) (3)

semi defLnate . and de f I n i te  matr ices ( c i .
Ka lma n (1960) or , e.g. • Snel. r ,on and Moore where K 1 and R

2 
are nonsingul .ur is

1( 197 1)).  We shall consider thuv singular
problem where’ K is a singular matrix , and 

and m
2 

is
2 

matrices wit h m
1 

+ a
2 

- is.

shall take x to be an n vector and u Related approache s to p a rti a lly singular
to be an a vecto r .  Though such singular problems have been pre ’v i o i u s l v  .,nalv,~ d bs
problems are important for application s , Womble et al. (1976) and Hutton (l97~).their solutions are not read 11 y obta m e d  Since th e I ust  m, components of  t il e’ eon-
(c i. Bell and J .ieob .on ( l 9 7 S ) I .  Jomeson and

trol Ire “cheap” compared to the f irst is
1this author (c i .  O’Mal l ,y  m d  Jamesor, (1975 ,o._. 1977)) obtained very satisfactory solutions components , we might expec t those components

to certain tot all y singular problems of the opt ima l control to Involve large tnt-

• ‘

~~~ 
.ter c tend s to zero. This idea was used optima l contro l for the linear regulator

(K 9 0), by considering them as th e lim it tial impulses .
Qf near l y singular problems with K — ~

2R,
I nonsingular . as the sisa l 1 posIt ive param— T h e  e has’, ic,  I k.ilm,,n thui ’m. rv 1mph I,. s that the

earlier in the singular control literature problem (l)—(~) is given by a feedback eo n—C

~~~~~~~ ~~~~— 
by Jacobson and cowork~ r~ to both thuc or et - trol law
lcd and numerical .idvant~ gv l e t .  Jacobson

I and Sp.yer (1970 . and Jacobson et al . (1970) 1 u — —R ’B ’kx (4)
and is analogous to thy c ommon use’ of arti-

where k is the unique symmetric pOsit (ye

Of fic . of Mav4 Kesearet,, Contract Number Riccati termina l value problem
NOOOl4-C-O326~J ~~~~~~ 
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p~cT ~
+ kA + A ’k 4. Q • kBR 1B I I . k ( l )  • 1! (5) Thus, i t  also ma tis ite t h e  singularly per-

turbed init ial value problea

Rewriting 2’ 2 
- B1

1
1
1 11)x —( z • i (A

( 14>I — 18 1 82 ) (6)  
x (O) prescribed .

to conform with the partitioning (I) of K , For 0 • t 1 , then , we Can CSPCC t t i c
we obtain the singuLarly perturbed Rt cati

lim iting r.Ijectory to sat sty i h .  rcdu td
equation

equation

+ kA + A ’k + Q - k3
1
R ’B~k) 12R;11;K 1x 0 • 0 (IS)(7)

— kA
2
R
2 12

k, k(1) — U. (sInc e (10) Impl ie , that 1k  
~ 

t h re)

and this implie s that we muSt satisf y theIn most singular perturbation problem s, the 
singular arc conditionlimiting solution as the  m i ll parameter i

goes to zero is usually obtained as the
solution of the reduced problem obtained ~2

g
l
g0 • 0. (16)

when c • 0 (ci. O’Malley (1974) and
(1978a)J. Here , thvn , k might be peeted Here , we ’ll obtain the unique solution

to have an asymptotic expansion • 0 ii the a
2 ~ 

n matrix B~K1 
hap-

— pens to be square, and nonsingular . Ceni r-

~. z K~(t)c ~ (6) ally, however , is merely restrict~d t o

J 0  lie in the null space of B K
1
. We find

for t C 1. Corresponding to (7), we have that there is usually nonuniform cunvergern e
the reduced equation at t — 0, because the prescribed init ia l

vector won ’t generally satisfy
0. (9) B~ (0)K

1
(0)x(0) — 0. A boundary layer at

• 1 is also expected since k convergesAny solution K
0 

of (9) must satisfy 
nonuniformly there. Thus, th e trajectory

— 0 (10) mig ht be asympto t i ca l l y of the f o r m

x (t,c) — X ( t , t ) + •(t ,c) + n( a ,L) ( 17)for the • n matrix 5 .  In the unlikely

situation tha t B were square and nonsing- where the outer solution X ix asyaptot i-
ular , we’d obtain 2the unique solution cally val id for 0 C 

~ 1 and th e boundary
— 0. Otherwise ., (9) merely rest n ets K

0 layer correction a tend s to zero as the

to lie in the null space of 6 , a space of stretched variable

dimension complementary to the rank of 8
2
. — t ic  (18)

We note that (8) will not generally be valid
near t — I because the given matrix 1 tends to infinity while the other boundary

may not satisfy B (l)~ • 0, in contradic— layer correction n • 0 as a

tion to (7) and (10). Our experience mug— 
~~ith thc problems (7) and (14) for the

gests tha t the solut  inn k of (7) will often Kiccati gain k and t h e  st.Itc x arc gen—
be of the form erall y singul.ir singu la r— pertu rl ’it Inn pr~ l-

lems . For each c > 0, they h ave a uniqu e
k(t,) • K(t ,c) + t(a,c) (ii) solution. The limiting problems (10) and

(16), however , generally have In In finit iii
where the “outer solution ” K and the solutions (since the matric es B and B K

1“boundary layer correction ” bo th have
asymptotic power series expansions in ~ 

have nontriv ial null spaces) and furthe r
and the terms of Z tend to zero as the less obv ious .in.i l ysis I. required to htjin
stretched variable the unique l imiting solutions K

0 
and

within 0 < t C 1. Such prob lems are of
a • (1 — t)/L (12) increasing importance’ generally in singular

perturba t ions theory and in control (ci. White Section •tends to infinity. For t < 1, the asylup— O’tlalley (1977), fl’Ma% icy and Fl .ehertv Bull Section 0
totic solution will be provided by the outer (1977), Utkin (1978), or Vjsil’e’v.i (l97~~ (, ~ 0expansion (8). To obtain k in the simple Other approaches toward their solution mtg lit~ —_________form (11), we’ll later need to ask tha t 110, include more explicit use of the matrix
II when t — 0, is zero. pseudo inverse (ci., e.g., Cam pb ell ( l 9 l f i )  _____

and Campbell et al. (1976)j or , for t ime —
Using the control law (4), we find that the invariant problems , frequency dom.iin tech—
corresponding trajectory must satisf y the niques (ci. Francis (1977) and Francis and
linear system Clover (1977)). We note that standard and/u SPfCI~.

numcrk.’l m ethod, for still in i t i a l  value
— (A — BR”1B’ k)x, x(O) prescribed. (13) problem s will generall y be unable to I

_ _

_ 
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___ f f 1  _
-~~~~~~~~~

- - -  TI~~



integrate I’) and (I.) (c i.  Flaherty and + K0A 1 + + • K
0S1

K
0 

(24)O ’MJl l rr  t197Mf l .
subjec t to 1

2
k
0 

- 0 where
We shall limit .itte ni ion here to the Rlccati
problem ( 7 )  under t he hi. i th.~.t that • A — 

~21
B’,QB, I) , (19)

i.e. , this a
2 
‘ a2 matrix I 1 .itive dcii— 

— Q — QI
2
(B~QB2

)1B~Q.
nite . For a

1 
— 0, this restric t ion rorre—

andsponds to sIngu~ar arcs of order one and to
initial delt a h u n  d o n  impulse .. In the opti-
mal control f i 1 .  ‘M4l1. v and J.sme.on (1975 , 

— (8~ B21 1(dlag (R1. 
B Q B

2
))”1(61 

8,1 1’ .

1977) for  some d i s c u a s t u n  and mot ivationJ .
As is usua l in sin 1~u la r  perturbat ions sn a l y —  Standard l inear rcgulat~ r theory i.pli. .
mis , we will se parateLy examine the’ outer that a unique i’.’sitiv’ semid ifin it . solution
solut ion IC(t ,e.) and the boundary l iver to (24) exists when a p ’ .Iti v r ~emid.!inite
correc t ion t(a,c) (ci. equation (ll)J . termina l value IC~(l) 0 is pry’,. rIb e-d

since Q1 — P~QP
1 

0 where

THE OUTER RICCAT I CAIN
P
1 

— I — B2 (8~QI2) 1B~Q (25)
The outer solut ion K (t,t) must asymptoti-
cally represent the solution to (7) for (ci. Anderson and Moore (1971)1. Moreover ,
t ‘ 1, so we must have I~K0 

remains constant along solut i ris of

+ KA + A ’K + Q — K8
1
R
1
1BK) (24). Successive terms K~ satisfy linear-

ized versions of (24) with B K
J 

obtained(20)
— K8

2
R;
’B;K 

terawise from (22).

We note that (25) implies thatsatisfied is a power series (8) in c. In
particular , when c - we obtain (10). I - pPostmuLtiply .ng by B2, we have an equation 1 + 

p
2 

for  P
2 

— B
2
(B Q B ~)~

’
~8~Q. (2 6)

f or (KB
2
)’. Premult ip l y i n g  i t by B and Indeed P and P

2 are projections
equating e.otf f I~ it’nts of c 2 then Implies (P~ • P

1 
and P~ — P

2
) such thattha t

3;K1
8
2R;

1
B;k182

. 5QB 2 
s 0 (21) 1QP 1 

— 0, P1B2 
• 0, and P1P2 — 0.

Thus, P maps Into N(B’ Q), the nullby (19), and t h i s  allows u to solve (20) 1 2
for B?B2 ~ e.B;

K
l
8
2 0. We then ob ta i n  space of 8Q, and P

2 
maps into R(8

2
),

— t2R2
(B K$

2)~
l
1B 1K + B~,Q + (B;x) 

the range of 8
2
. Likewise , P maps into

N(B ) and P into R (QB
2). (In the(22)

+ B K A  — B;x8 1
R
1
1
B;K I 

special case that P
1 

is symmetric ,

P P 2 
— 0 and (26) provides  a d i r ec t  sum

where 821 — AB
2 

- 8
2. Substituting back decomposition of n—space. ) Here (10) im-

into (20) finall y yields plies that

K + KA + A ’K + Q — K8
1
R
1

1 B K  (23) P?0 • 0, (28)

— (KB 21 + Q82 
+ (KB2

) ’ + A ’Kh12 
so the symmetric matrix K

0 
satisfies

— K81a;
18;KB2 JIB;Q82 + 8 (KB

2
)’ + B K 8 21 ~o — ~o~1 — P K 0 P~K0P 1.

+ $A ’K8
2 

— B2KB 1R ’’ B K 8 2 1
1 1K8 21 + Q8

2 Thus (24) becomes a terminal value problem
for P K 0. It would seem natural to solve

+ (KB
2
)’ + A ’KB

2 
— KB

1R~~B~K82 I’ . 
It subject to the boundary value

Differential equations for successive terms
in the outer expa,iiiion (8) b r  K now K

0
(l )  — P~ ( l ) K

0
( 1)P

1
( l )  

(29)
follow by equating coefficients tvrmwise in — P~ (1) 1l

0P1
(l) > 0.

(22) and (23).

Whe n — 0, then, we get the parameter free The Riccati equ.it ion (24) and thy terminal

Riccati equation value (29) are the additional data needed to
supplement the.’ reduced equation (10) in

.-_ .~~~~
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~~~~~~~~~~~~~bLJ~ I l iVt iee j U.)Le.. I

order to uniquel y determine the limiting Cu ter and D.itrlev (I97S)~ . I,ik~wIse’, we
outer Riccati gain ~~ for t 1. Since note that although t i.. ki .- ...ti gain (or the

p example of Woahhe’ et .1. ( I l / i ,; is ..s-i n 1 —
P
1 

is singular , we note tha t (24) is essen 
tot icaily an add it iv.’ fun, t ion of t a

tially a lower ord er Ricc at i e quation for U, the approximate h..undary layer .urr .’e-
in the null space of B~ ( c i .  the tion is not simp l y a u.w,’r ser ies In ,.,

analogous disi ussion for an algebraic Ric— but a general1~ e’d asymptotic .‘xp.,~.s1on (ci.
Olve’r (1974)J.ca t i equation in Kwatnv (l~ 1•) and those for

the Riccati d itle rent le l equation in i.’ried—
land (1971) and Moy l.rn .end Moore ( 197 1) 1 .  Wi th  11~ • 0~ we take

for higher order term. K
1
, (22) imp lies an 

• 0. (35)

algebraic equa t ion f or P K
J
. In order to 

Then, the coefficient of 2 in (31) a-
uniquely obtain t he outer R iccat i  g a i n  plies that t

1 
must be a decaying su lu tion

K (t,c), then, we need onl’. prescribe a ter- of
•inal matr ix

£ • —t B R”~ B’i t
1

8
2R;

1
B~ K1P~~(l)K( l .c)P

1
l). (30) to 1 2 2 2 1 

—

Splitting such a problem up into an alge— —

braic equation for P K  and then a dIffer— 
with

entist equation for P K  correspond s to the

auxiliary and bifurcation equations common L0
(0) I

in bifurcation theory Ic!. Ce’sari (1975)).
This approach can be shown to he more gener-
ally tenable for sir .guiar problems (cf. —

O’Plalley (1978b)J.
known in terms of

THE 8OL’NUAKY l.,~’ih. k CORK I1T lh )N FOR k C
0

( l)  R ;
”2 ( l ) B ; ( l ) K 1wB 2 u R ;

”2 ( L )  0

Because th~ Riccati gain k and it s outer
solution K both satisfy (7), thee presumed (cf. (21) and (22)1. We ’re thereby provided

representation (II) 1mph ,. that t hee bound - with a unique decaying solution

ary layer correction . (u , )  must satiety
t
1

(o)
(37)

~tt + c 2
(t A  + A t  — LB

1R
1B t 2C

0
(l).~

— k8
1
R ’Bjt — C1

1
R ’B K )  (31) 

— 21.o~
0
~” 

+ e ) c ~~(1)L~(O).

• tB
2R;

’B;L + 
~
B2R;

’B? + KB2R;
’B~ f . Further terms follow terawise as solution s

of linearized equ.s t t ies . The needed initi a l

If we seek a power series solution 
value P (l)l (O ,e ) is obtained termvise by

— matching with the outer solution K (l,e.).

t (u ,c) ~ £ £ ( a) t ~ (32) We note t h a t  th e positive d.t initeness of

1—0 8Q82 
is critical in obt ain ing t hee ’ st ahil —

to (31), the limiting equat ion obtained whvn ity needed for the bound tv layer correction

£ • 0 implies that thee leading coefficient t(o,~~ . The bifurc ation aspe . t recurs sI fl~ e’

must satisf y P (l)t is dete’rained vt. differentIal

equations, w h i l e  P ( l ) t  f o l l o w s  f rom the ’
1 t0 — 0. 

decay of I. More det ai ls for t he m
1 

— 0

Together , (10) and (33) wil. ‘y con- problem are contained iii O ’Malie’ v (1976). A

tradict thee requirement th,.i ~~. To more coapth-atcd analvsie, would he required

avoid that dif ficulty, we ’l ‘ist ~~ 8;Q12 
— 0 wh ile 11

1QB 2 1 0 (ci.

O’Malley and Jame sien (h’l~ 7)J and more impu l-
— 0. (34) sive controls would re sult In “unbound ed

peaking ” of thee in i t t.i l state (ci. Francis

Then K
0(l) • 0 and there Is no need for and Clover (191 7)1.

the leading term to of the boundary layer

correction. The case 11
0 

0 0 deserves REFEREN CES

add i t iona l study. We note that additional Anderson, 8. 0. 0., and J. B. Moore (1971).
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perturbation problem s w it h e termina l cost Englewood Cliffs.
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~This paper demonstrates how solutions to partially singular control prob-
lems can be obtained as the limit of nearly singular problems. The
asymptotic analysis involved relates to a developing theory of singular
singular—perturbation problems and is of independent practical interest.
The results obtained are related to other current literature.
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