
h ‘N— AD—AMY 764 AIR FOR~~ INST OF TECH WRIGHT—PATTERSON AFB OHIO F/S 17/10
APWLITLSC OCPEPCENT ERRORS IN THE CALCULATION OF WIENER KERNELS—ETC (U)
MAR ?? SREU.IS

IMCLASSIFIEO AFI T—tT—7S— 7 Ia_.

~Z4?7e4 

(~f 
____

‘U

L _ _ _  _ _



F, ______________ -

~~~~~ I
4 f

/
I .

AMPL ITUDE !)f PINII’ ~T ERRORS IN
THE CALCULAT ION OF WIENER KERNELS

BY

GARY ROBERT ELLIS

D D C
,n~ ~~~~~

DEC 19 ~~ ;iiI

A THESIS PRESENTED TO TUE GRt~flUATF. COUNCIL OF
THE UN I VERSITY (if FLORIDA

In PARTIA L FUL FILLME nT 01 THI REQIJIRIM[ ’ITS FOR 11W
DEGR EE OF MASTER OF ENGINEERING

UNIVERSITY OF FLOR IDA

1977

•

= . I .
I p

.1 
~~~~~~~~~~~~_____ j 

b 
t C ~~1)



r — 
-

t I T .I~~STPT~~p •
SECU RITY CLAS$I ~~I C A T I O N  or IsIS PAGE (Wh.n l .Fol.,...$j

D~~ D1~ DT ISr%IU EIJ 1.IAkI D A 1~~~ 
R EA D UdSTRUCTIONS

~~~~~~ fl~~~~’Jl~ J ~~~~~~~~~ ~~~~~~~ U~~ I’~ F BEFORE COIIPLET2Nc. I~ORU
~~~~ pr~~~~ T ~~~~~~~~ 12 ~ Ol~ T A C C E SSION NO S RECIPIENT S C*T*t. OG WUMSIR

/ \ F~ ‘7~ .cI~ 78-7~~
. — -- - v- -us , - -——— . - TYP E or ~~~~~~~ a PIWIOD cov gøio

Amplitude Dependent Errors in the Calculation of
Wiener Kernels . /_ Thesis

S __________ — ———-—.—..- 
~~

—.—— -

L ~~~~~~~~~~~~~~~~~~~~~~~~ 

6 PtR~~ORMING O~~G ~~t~~T R ~ W MU(R

7 AU THOR(S) L I •. ~~~~~~~~~~~

2d Lt ary R? ~ 1lis 
____

9 PERFO R OR O~~1i IZATI O~ F AND A1~OR (SS fl rmsi... ~~~~~~~~~ r Y ? ~~’ e~~Si*
asi a a .oR~ ~~~~ •. ~~st

AFIT~Student University of Florida ,
Gainesville FL

II . CONT ROLLING OFFIC E NAME AND ADDRESS — .  -fl~ auosr o&zL _ 
— —

APIT/CI Mar~~i ____

WPAFB OH 454 33 ~‘ W U~~~ C’~ DES

44 Pages
I4~ MONITORING AG ENCY NAME 6 AD ~~~~~ j i lerenI f , o o ,  .,

~tr tI~n~ (Jfl,c.1 IS SE C U R I T Y  ( L A S S  ‘ol rh~ s r~ p. r~

/ ,~ Unclassified 
_____

I~~t C A N DOWNGRA DING

16. DISTRIBUTION ST A T E M E N T  (of ihI~ Report)

Approved for Public Release , Distribution Unlimited

17. DISTRIBUTION STATEMENT (of the ab.uac enter.. I I,. (jl..rk 20 . If d i f f e ren t from Report)

,
~ _ _ _

I5. ~b~~PLEM ENT
’ 

N~~~ ES ~. ~~ - - . - - - - - ‘ r ’  ~~~‘ ~~~ ‘ 
, -?

~~~~~~~~~~~~~~~~~~~~~~ 
‘.~. 

Al?- C . ...

JERRAL F. GOES~~, ~a~tain , USAF
Director of Infonnation , APIT

19. K EY W ORDS (Continu, on reverse s.d. i i  necess ary and idenltiy by block n.rn~ber)  
—

~~~~~~~~~~

20. ABSTRACT (Conth,ue on reverse side II necessa ry and ident i fy  by b lock n.rn.b er)

DD 
~~~~~~~~ 

1473 EDITION OF INOV 65 IS OBSOLETE 

SEC~~~~~~~~~~~~~~~~~~~~ T ION OF THIS PACE (ITh.n Da~~~~~~~1d) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



V — 

~

— ---— - -- — - 
--

SF C uR tly  C L A S S I F I C A T I O N  OF THIS  P A G E ( W ~~~~~t).~ .k ,~,.,.J

SECURITY CLAS SIF ICATI OR OF ~~~~ PAGE(ITh. n bat. EntCr.d) 

-~~~~~~~~~~~~~ . - ~~~~--~~~~~~~~ - - — - -



- .

INSTRUCTIONS FOR PREPARAT IOW OF REPORT DOCUMENTATION PAGE

RESPONSIBILITY. The controlling DoD office will be responsible lot completior of the Report Documentat i on Peg., DO Form 1473, in
all technical reports prepared by or for DoD organizat ions.

CLASSIFICATION. Since this Report Documentation Page. DI) Form 1473 . is used in preparing announcements , bibliographies , and dat.
banks . it should be unclassified if possible. If a classification is required , identify the classified items on the page by the appropriate
symbol.

COMPLETION GUIDE

General. Make Blo~ ka 1. 4 . 5. 6. 7, 11, 13. 15, and 16 agree with the corresponding information on lb. report ( o ve t .  Leav*
Blocks 2 and 3 blank.

Block I. Report Number. Enter the unique alphanumeric report number shown on the covet.

Block 2. Government Accession No. Leave Blank. This space is for use by the Defense Documentation Center.

Block 3. Re’ipient ’s Catalog Number. Leave blank. This space is for the use of the report recipient to assist  in future
retrieval oF the document.

Block 4. Title and Subtitle. Enter the title in all capital letters exact ly  as it appears on the publication. Titles should be
unclassified whenever possible. Write out the English equivalent for Greek letters and mathe matical symb o ls in the t i t le (see
“A bstrecf :n~ Sc i e n t i f i c  and Technical Reports of Defense .spons ored RDT.’E. ”AD-667 000). If the report has a subtitle , thia subtitle
thould follow the main title, be separated by a comma or srmtcolon if appropriate, and be initially capitalized If a publication has a
title in a foreign language, translate the t i t le into English and follow the English translation with the t i t le in the original language
Make every effort to simplify the title before publication.

Block S. Type of Report and Period Covered, Indicate here whether report is interim, final. etc. • and , ii applicable , inclus ive
dates of period covered, such as the life of a contract covered in a final contractor report.

Block 6. Performing Organization Report Number. Only numbers other than the official report number shown in Block I. such
as series numbers for in-house reports or a contractor , grantee number assigned by him, wil l be placed *.n this apace. If no iueh numbers
are used, leave this space blank.

Block 7. Author(s). Include corresponding information from the report covet . Give the name(a) of the author(s) in conventional
order (f o r  example , John R. Doe or, if author pr e ’(, ’rs . I. Robert Doe) . In addition, list the affiliation of so author if it differs from that
of the performing organization.

Block 8. Contract or Grant NumLer(r. . For a cont ractor or grantee report , enter the complete contract r e  grant number(s) under
which the work reported was accomp lished. Leave blank in in-house reports.

Block 9. Performing Organization Name and Addre~ .c. For in-house report s enter the name and address , including office symbol ,
of the performing activi ty. For contractor or grantee reports eater the name sad sdd TesS of The contractor or grantee who prepared the
report and identify the appropriate corporate division, school , laboratory , etc , of the author. List city, stat e , and ZIP Code.

Block 10. Program Element , Project , Task Arcs , and Work Unit Numbers. Enter here the number code from the app licable
Department of Defense form , such as the DD Form 1498 , “Research and Technology Work Unit Summary” or the DO Form 1634 .

‘Resear~h and De~ r’lopment Planning Summary ,” which identif ies the program element , project , task area , and work unit or equivalent
under which the work was authorized.

Block 11 . Co ntrolling Office Name and Address. Enter the full , of ficial name and address , including off ice symbol, of the
controlling o f f i ce .  (Equate.’, to funding sponsoring agency . For dr ’f ,n , f , ”n  see DoD D i rec t i ve  5200.20 , “D,str,but,on Statements cri
Techni cal  Documenf ~ .”)

Block 12. Report Date . Enter hero the day , month , and year or month and year as shown on the cover.

lii- k t . N r r ~he- - I Pages . h,;iter the’ t o ta l  number of pages.

Bl.o k 14. \I rfltt~~ring A gency Name and Address ( i f  d, f (c r e r i t  f rom Control l ing Office). For use when the controlling or funding
olf i; e does not .f i y e c t l y  a( lrfl if l ist .rr a p ro jec t , contract , or grant . but delegates the administrative responsibility to another organization.

Blocks 15 & 15a. Security Classif ication of the Report: Declassification fDowngrading Schedule of the Report . Enter in 15

the highest classification of the report. If appropriate , enter in 15a the declassification/downgrading schedule of the report , using the

abbreviations for declassif ication- downgrading schedules listed in paragraph 4.207 of DoD 5200. l-R.

~~jc 10 Distribution Staleme’n’ of the Report. Insert here the applicable distribution statement of the report from DoD
Directive c2fl I,. 21; . “Distribution State r r , ”nts on Technical Documents. ”

~ 1o k  17 . Dt ’ t r o t t  ri Statemen t (of tb. abs t r ac t  entered in Block 20. i f  di f ferent from the d is t r i b ut ion  s tatement of the report).
Insert he re the appli. .ihk ~ist rihution -~taternent of the abstract  from DoD Directive 5200.20. “Distribution Statements on Technical Doc-
uments. ”

Block l~ Supp le’me’nt ..rv N o t e s . Lnter information pot included elsewhere but useful , such as: Prepared in Cooperation with
Translat ion of (or b y )  , . . Presented at conference of . . . To be published in

Block P1.’ Key W o rds Select term s or short phrases that identify the principal .ubjects covered in the report , and are
suff iciently sp.’r if i c  and precise to i i’  used as index entries for cataloging, conforming to standard terminology. The DoD ‘Thesaurus
of Engineering and Scientific s ” ( TE S T ) ,  AD-672 000 . can be helpful.

Block 20. Abstract .  ict should be a brief (not to exc, ’.-d 200 words) factual summary of the most significant informs-
t ion conta ine’Tin the report. . the’ abst r act  of a classif ied report should be unclassified and the abstract to an unclass i f ied
report should consist of publ ble information. If the report contains a significant bibliography or literature survey, mention

it here, For inforrnalio i on prc’~ a’ - t r a c t s  see “Abstracting Scientific and Technical Reports of Defense-S ponsored RDT& E,’
A D-667 000.

* o,~ . GOVtR$t ~tNT PR INT IN G or r ic t  1973—729 .09 1 14 3 1  ~~

-~



.- ---

~~~~

- I
9

ALfr ’ IOt1LEDGMENTS

This research was first suggested by the efforts of Dr. James G.

Cons tantine and It. Col . Raylllond B. Wa l ker in the Mines Branch , Air

Force Aritiamen t Laboratory , who were also responsible for the COllectiOn

and processing of much of the experimental data. Dr. William E, Brownell

and Mr. Darrel J. fluffy in the Department of Neuroscience and Surgery

([NT), Un i versity of Florida provided computationa l facilities and

progra itøning assistance. The aid of these individuals is gratefully

acknowle dged, Special thanks is given to Dr. Michael E. Warren in the

Department of Electrica l Eng i neering, University of Florida , and t he

cha i rman of the author ’s conviittee , without whose instruction and

encouragemen t this thesis would not have been possible.

— - - 
_ _ _ _ _ _ _ _ _ _ _ _ _  -~~~~~~ —-~~~~~~



-

S

TABLE OF CO NTENTS

PAG E

ACKNOWL E DGMENTS i i

ABSTRACT i v

CHAPTER

I INTRODUCTION 1

II REVIEW OF THE WIENER THEORY 6

III ERRORS DUE TO FINITE POWER WHITE NO ISE APPROXIMAT IONS  13

The White Noise Approximation 13
Amplitude Dependent Error Analysis 19

IV ERRORS DUE TO FINITE RECORD LENGTHS 25

V PRACT ICAL EXAMPLE 32

VI SUMMARY 41

REFERENCES 43

BIOGRAPHICAL SKETCH 45

1
_
l i

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~ . - ~~~-,-



a

Abstract of Thesis Presented to the Gradua~ i’ Council
of the Universit y of Florida in Part ial Fulfillment

of the Requirements for the Degree of Master of Engineering

AMPIITIJI)i DEPF~19ENT [PROPS IN
THE CALCULATI ON OF WIEN ER KERNELS

By

Gary Robert Ellis

Marc h , 1977

Cha i rman: ‘Dr. Michael E . Warren
Major Department: Electrical Eng ineer i ng

The calculat ion of Wiener kernels via the cross-correlation methods

of Lee and Schetzen for use in nonlinear system identification is examined.

The calculat ed kernels are shown to depend upon the power of the input

approx imating a wh i te noise probe. This dependence is due to

amplitude related nonlineariti es such as thresholds in the system , and

is also a consequence of the finite computations used to derive the kernels.

Data obtained from inv~sti gations into near field seismic energy propa-

gation is used to calculate kernels identifying the propagation medium ,

and the effects of the in put power l evel on the calculated kernels are

shown .

Chairman ’

I

iv
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CHAPT ER I

IUTRODIJCT ION

There has long been an interest in discrim i nating ar’ion j different

types of seismic energy sources via detection and class ifi cation of the

signals they emit. This has generall y been facilitated by using linear

model s for seismic propagation channels. Good models have been developed

for soii~e cases , such as earthquakes or underground explosions , where

sensing devices are at a considerable distance from the source (see White,

1965). In the near field , howeve r, these models have been less than satis-
factory . Walker (1976) shows this is at least partly due to drastic

nonlinear ities which are introduced into the dynamics of the near field

propagation channel. These nonlinearities result from the coupling over a

large area of acoustic energy also emitted from the source Into the

seismic propagation medium , and they must be identified in order to devise

accurate near field models of the medium .

Severa l methods , such as phase-plane and describing function techniques ,

are available for nonlinear system anal ysis , but these n~ethods are

specialized and can only be applied to narrow classes of nonlinear systems.

Volterra (1930) was the first to suggest a genera l method for nonlinear

system analysis when he introduced the concept of expand ing the output

of a time invariant nonlinear systelil into a series of multidimensiona l

convolu tions known as Volterra functionals

y(t) = K0
+~~ Lr ~~~ t 1n )X (t~

T l
’)
~~ 

.x(t-i )dt 1...di

(1.1)
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F rom this concep t there has grown a powerful and jenera l method for

characterizing time i nvariant nonlinear systems k nown as the Wiener

Theory.

Wiener (1958) showed that the proper probe for studying such nonlinear

systems is a zero-mean wh i te Gaussian process. He, therefore , modif ied

Volterra ’s representation to

y(t) = 

~ 
Gn[hn i x (t)] , (1 .2)

where the 6-functionals, ~G ), are a complete set of orthogona l

functionals when x (t) is a zero-mean wh ite Gaussian process:

Gm[h pi~
X(t)JGn[hn ix(t)] = 0 , ni/n . (1 .3)

(The overbar indica tes the time average over the interval ~~~~~~ The

func tions h (’r 1,... u n
) are known as the Wiener kernels and they completel y

charac terize the system . Basically, the Wiener theory requires the

measurement of the system response to the zero-mean white Gaussian

i nput probe. Then , due to the orthog ctnality of the G-functional s, the

mathema tical relationships between the response and the probe can he used

to calculate the Wiener kernels.

W iener (1958) presented a method for making this calculation that

employs a further expansion of the kernels into orthogona l functions such

as La guerre polynomials. This method , however , is not in common use , since

practical considerations do not permit infinite expansions of the kernels.

Kernels ca l culated in this manner us i ng finite expansions approxima te the

ac tua l kernels in a minimum integra l square sense. In addition , Wiener ’s

method is su i table for analo g imp l ementat i on , but it does not readil y lend

it sel f to d i g ital im pl ementation . 

~~~~~~~~~~ “- -~~~~~ -~~~ - ~~- - ~~~~~ - --
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Lee and Schetzen (1965) intruduced an al gorithm for determining the

W iener kernels wh i ch employ s cross-correlation techniques . it ~ivuui~

the expansion of the kernels into orthogona l functions which is essential

in W iener s method , ai;d allows the kernels to be calcu lated point by

point for simple di g ita l implementation . Other al gorithm s and modi-

fications to the Wiener theory have been presented. French and Butz (Li~~)

proposed an algori thin which reduces computing time with some loss of

high frequency information through the use of Fast Fourier Transforms .

Krausz (1974) modified the Wiener theory for use with Poisson distributed

discre te input probes . Promising research is currentl y underway at the

Cal ifornia Institute of Technology by Fender (see Brownefl, 1976) whi ch

employs computational ideas simi lar to those of Krausz to construct hardware

that very efficiently cal culates Wiener kernels for certain classe~ of 
‘

biolo gical phenomena. A brief review of the Wiener theory and especiall y

the method of Lee and Schetzen which is emp loyed in this research is

presented in Chapter II.

Walker , Con stantine and Warren (1976) investi gated the feasibility

of us ing the Wiener theory of nonlinear system identification to develop

nea r field models for seismic energy propagation media. The models thus

devised showed significant improvement over the linea r models (see Wa l ker ,

1976). Durir tq this investi gation , however , it was noted tha t the

cd l cu la te d kernels displayed certa in dependencies upon the power l evel of

the inp ut probe. Further examinations revealed this phenomenon to be due

to both th ~ amp lit i rie related nun lin earities in the system such as thresholds

and to the app roxim ations of wh i te Gaussian noise used in the actua l

pr oce ssiriq involved in calculating the kernels. Since the kernels are

calculated by probin g the system at a single constant power level the

_ _  _  _ _ _ _ _ _ _ _ _  
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aiiipl i tude ciepe,idenc i es due t u the  .e two fac tors ~ I lect themselves as

errors in the kernels. The primary focu s of this research is the

examination of these amplitude dependent errors in the calculation of

the Wiener kernels.

A good example of the ampl i tude dependenc ies exhibited by the

calculated kernels for systems with thresholds is the simple li .niter .

Such a system w ill appear to change i~~, nonli near characteri stics dependi ng

upon the auipl itucle of the i nput si gnal. If the amplitude is small

compared to the threshold of the limi ter , the system will appear linear .

On the other hand , if the input amplitude is large compared with the

thres hold , the system takes on the appearance of a ha rd limiter which

is quite nonlinear. Even though the algorithms for calculati on of Wiener

kernels involve normalization with respec t to the input power level , the

effects of such amplitude dependent nonlinearities will be reflected in

the calculated kernels depending upon the power level of the input probe.

Th is particular problem together with the errors involved in approximating

a Gauss ian white process are discussed i n  Chapter III .

The ampl i tude dependencies in the kernels due to the calculation

processes result from the finite as opposed to infinite computations used

to derive the kernels. The Wiener theory requires that averages be taken

over infinite intervals which also iii iplies that the zero-mean white

Gaussian input probe must have in finite length. This , of course, is

impossible in a practical app lication of the theory and inf inite intervals

are app roxima ted by ‘l ong finite intervals. This creates a problem when ,

dur ing the course of calculatin g the kernels , th e means of r andom processes

do not equal the i r samp le means over f inite intervals. ‘This has the effect

of introducing biases into the  input probe , and as discussed by Marmarelis 

. -
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( 191?) may cause cons i derable errors in cases where , tht ’r~ ti ca ll y ,

terms containing the average ut the process should drop out. Thi s problem

is discussed in Chapter 11.

Chapter V presents a practical examp le of the problems which are

encoun tered due to these two t - .~ ’ ’  of dependenc ies when calcul ating ~~~

W i ener kernels. A seis ic energy propagation medium was probed with

zero-mean white Gaussian processes at various power levels. Kernels

were calculated for each of the various probes used and t I * ~ effects of

the probe ’s power level on the calculated kernel are discussed. Chapter VI

con tains a suninary of the results of this research and suggestions f o r

fur ther work in this area .
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CHAPTER Ii

REVIEW OF THE WIENER THEORY

The problem of finding the relationship tha t determines the output

of a system in response to any relevant input is known as system

identification . A variety of well -known techniques exist for the

identification of linear systems , but identification techniques appli cable

to broad classes of nonlinear systems are lackin g . Severa l methods for

nonlinear system identification are available , such as phase -plane and

describing function techniques , but they have serious limitations and

are use ful only for narrow classes of systeitis . There is, however , a

fairly general theory which has grown from the work in this area by

Mor ber t Wiener .

Volterra (1930) introduced an input-output relationshi p as a

series of mult idimensional convolutions (see eqn.(l.l)). Prompted by

Vol terra ’s work , Wiener (1958) laid the foundation for a aeneral theory

for nonlinear systems by demonstrating that the proper probe for studying

such systems is a zero-mean wh i te flaussian process. With this in mind ,

he modified the Vol terra series to

y (t) = 
~ 

G[h ,x(t)] , ( 2 . 1 )
n=O

where (G o
) is a complete set of functionals which are orthogonal

(see eqn,(l.3)) when x ( t )  is a zero -mean white Gaussian process. Each

6-functiona l , 6 ,  is the suni of the nth degree hoiioqeneous functiona l

r

4
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.I )x ( t - i  l~~ 
.x (t- i )di l~ 

.di (2.2)

and other homogeneous fun~.t ionals of degree les s than n whose kernels

are derived in a systematic manner from hn(t i~ • ~~~~~~ such that for

a zero-mean wh ite Gaussian input probe , x(t), G~ is orthogona l to all

G-functionals of degree less than n. This can be seen in the first

four G-functionals :

G0[h0
,x(t)J = h0

G 1[h1,x ( t ) J  = 1 h i (1)x (t~
l )di ,

G2[h2,x(t)] 
= 

J J h 2(r 1~ r2)x(t-i j )x(t-t 2)dt jd 2-KJ
h
2(i 1~ t 1 )di 1~

G3[h3 ,x( t ) ]  = J J J h 3 (t 1~ r 2~T 3)x(t- l l)x(t-~ 2 ) x ( t - t 3 )dl ldT 2dT 3

- 3 K J J h 3 (11 ,1 2 112 )x( t - 1 1 )dt ldT 2 .  (2.3)

where the power density spectrum of the input probe, x (t), is

~ ( f ) = K .
xx

I n  this formulation , the W iener kernels, th~
}
~ completely characterize

a time-invariant nonlinea r system if its ineniory asymptotically approaches

zero for the i nf i ni te pas t. Due to the orthogonality property of the

G-functionals , the Wiener series may be trunca ted after n 6-function als ,

giving the bes t nth order polynomial nonlinear approximation to the system

output in the sense of least integral square error. Higher order

func tionals are independent and can be added later wi thout affecting the

est imate of 6-functionals already obta i ned. So tpe problem of system

i dentification becomes the problem of determining the Wiener kernels.

- ~~~~~~~~~~~~ - -~ ~~-—~~—~~~~~ - - - -~~~- - -- -.—~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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W iener accomplished this by expanding the kernels in terms of a set

of orthogonal functiona ls; he used the Laguerre function s in particular.

Thus , the identification process is further reduced to determining the

coefficients of this expansion. Since the Laguerre functions can be

represented by a series of phase-shift electrica l networks , the coeff icients

can be determined by a system of physical measurements . This method is

sui table for analog measurements , but it does not readily lend itself to

di gita l conmputat~ons . Practical considerations require the kernels to

be expanded in terms of a finite series , which will introduce trunca tion

errors . Al though these errors are minim tiu integra l square errors

associa ted with the expansion on a finite orthogonal set, they are st ill

prohibitive in i’iost practical applications of the 1-liener theory .

Lee and Schetzen (1965), however , introduced a method of determining

the Wiener kernels which employs a cross-correlation algorithm . It

avoids the expans i on of the kernels which is essential in Wiener ’s method ,

and the kernels can ~e calculated point by point for simple dig ital

implementation . The method uses a set of functionals that are formed by

passing a zero-mean white Gaussian process , x(t), through a system of

parallel delay circuits and multiplying their outputs . This yields

= x ( t - T 1 ). . .x( t- , ) (2 .4 )

= j J ~ °i - ‘ 1~~ 
•~
((
~n~

1 fl )x (t~
ol )• . ~~~~~~~~~ . .do~

The in tegra l is a homogeneous functional of nth degree; therefore , the

p roduct of y (t) and the response of an unknown system to the same x(t)

can be averaged to determ i ne the nth-order Wiener kernel , h .

4,
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Cons ider an unknown time -invariant nonlinear system , S, with a

zero-mea n white Gaussian i nput probe , x(t), and output , y(t). The

zeroth-order Wiener kerne l , h0, is simply the time average of the output ,

y(t). The first-order Wiener kernel is measured by applying x(t) to the

unknown system which yields y(t) and a delay circuit to form y1(t).

Multi plying y(t) and y1 (t) and 
averag ing the produc t g ives

~ 6 [h
n~

X ( t ) J }X ( t
~

T )
n 0  n

Since y1 (t) results from a 
functional of the first degree, the 6-functionals ,

‘ for n—i , are orthogonal to x(t-i). So we have

{ Gn[hti~
X(t)])X(t_T)

n=O

For n=O we have

G [h ,x (t)]x(t-i ) = h x (t--r ) = 0 ,

since x(t) is zero—mea n . Hence

[J h 1 (
o)x(t_o)cki]x(t-T)

= J h 1 (o)x(t-o)x(t-t 1 )do
-cx ,

I h 1 (o)K(S(~~cy)dO

= Kh 1 (t

Therefore , we ob ta in

h 1 (t) 
= YTi)~~t1) . , (2.5)

L: - -
_ .

~

.._ _

~

._ _

~

_ _ _ 1__ __

~
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The first-order Wiener kernel, then, is the cross-correlation of the

output and input divided by the power level of the input of the unknown system

when probed with a zero-mean white Gaussian process.

The second-order Wiener kernel is measured in the same manner:

y(t)y2( t )  = (Y G n[hn~
X (tfl} x(t-1 1 )x(t-T 2)

but y2(t) results from a second degree functional , so

2 -

y(t)y2(t) 
= C 

~ 
G
n[hn~

X(t)]} x (t-T
1
)x (t- -r

2
)

n=0

For n=0 we have

G 1 h~~x(t)Jx(t-t 1 )x(t-i 2) 
= h

0
x (t— -i-

1 )x (t—~2) 
= h K ~S(t 1 -i 2

)

and for n= I

= [ J h 1
(o )x ( t -o )do~ x(t - i

1
)x(t - i

2
)

=

= 0 ,

since the average of the product of an odd number of zero-mean Gaussian

varia bles is zero. Finally, for n=2

6 = :  = JS~2~h l ~~~~~~~~~~~~~~~~~~~~~~ 
)x(t

~
o2)dol da2

-KJ h2(a21o2
)do2]x(t-i 1 )x(t-

y 2)



= JJj 12 (; 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
-K 2

~ (t 1 -12 ) J h 2 (0 2,02 )d0 2

=

+ h2 (i2i t 1 )-~(i1-i 2 ) J h 2 (o 2io2 )dn2J

= 2K2h2(i 1,i 2)

Therefore 
-

y(t)y2(t) 
= y(t)x(t-T1 )x(t-T2

) = 2K2h2(r 1, t2
)+h Kó (t 1 -i2)

or 
I

h
2(1 1,T2) 

= -
~~~~~~ y(t)x(t-1 1 )x(t-T2) , for / . (2.6)

2K

The genera l result for measuring the Wiener kernels is

h(T
l
,...,’r ) = ~~~~~~~~~~~~~~~~ = -~~j~ y(t)x(t-T 1 )...x(t-T~) (2.7)

except when two or more T ’S are equal. This final restriction is not

severe because we can come arbitrarily close to these points in practical

applications. Lee and Schetzen (1965), however , present a method which

will remove the restrict ion with a small amount of difficulty . Take for

exam ple eqn . (2.5)where the restriction first appears . The restriction

occurs because the second term is assumed to be zero which is not necessarily

true when = 1 2 . This term results from the 6 portion of y(t) . Since

6 has alrea dy been determine d when h2 is calculated it can be subtracted

from y (t) to el imina te the second term . The result is 

-~~~~~~~~~~~~~ - - - . - , .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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h2(~1 1t 2) 
= ~~~ [y(t)-h jx(t- m 1 )x(t-T 2) , (2. 8)

which is val id for all 1
1 

and 12. In genera l we have

hn (Tl~~~~~
Tn ) n ’K~ i1;~O 

Gm[hni~
X(tfl) y~(. t) . (2.9)

In ei ther case the multidi m ensiona l cross-correlations required to

determine the kernels are straight forward and simple to program. The

Lee and Schetzen algorithm is used to determine the Wiener kernels in

this research . 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



CHAPTE R III

ERRORS DUE TO FINITE POWER WilliE NOISE APPROXIMATIONS

The Wiener theory require s that the system to be identified be probed

with a zero-mean Gaussian white noise process. Since white noise has

infinite power it is impossible to construct such a probe in a physical

application of the theory . In practice a white noise process is

approxima ted with a finite power si gnal that is nearly wh i te over the

bandwidth of the system to be i dentified . However , this approximation

leads to errors in the calculated kernels. For digita l implementations

a piecewise constant independent increment white noise approximation is

typically employed. This approximation in particular introduces errors

into the calculated Wiener kernels that are dependent upon the bandwidth of

the app roxima t i on , and for certain types of nonlinearities such as thresholds ,

the errors also exhibit a dependence upon the powe” of the white noise

approximation . For simple nonlinearities these errors can be described

paramet ri cally and by doing so some insi ght can be gaine d i nto how they

ar ise and the effects they have upon the calculated kernels.

The Wh ite NO ise Apj~r ox m a  t ion

A comprehension of the independent increment white noise process and

its implications is essential to understanding these errors . The

approximation is rarely discussed; therefore , the fol lowing description

is presented before continuing . Samples of the process are constructed

by randomly choosing values from a zero-mean Gaus~ ian distribution with

13 
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varia nce ~
2 , and then holding the process constant equa l to this value

over an increment in time of length T . Additi onal points are chosen

inde pendently from the Gaussian distributed set. Thus a series of

incre mmi ental Steps with width T and independen t zero-mean Gaussianl y

distr ib uted ampli tudes , a., is formed:

x(t) = 

~~ n~-r~ 

a[u 1 (t-nT)-u 1 (t-nT-T)], - (3.1)

where u1 (t) is a generalized step function .

The startin g times of the increments in the approximation are not

critical in this application as long as their length is always T. Assuming

the startin g times in differen t sample functions of the approximation are

uniformly distributed over time , the wh i te noise approximation is

ergod ic. The autocorrelation is

= x(t)x(t—r)

Makin g this calculation g ives

N N
R (t) = 

~ 
a a [u 1 (t-nT)-u 1 (t-nT-T)][u 1 (t-mT-i)-u 1 (t-mT-T-i)]ri=—N ni= — N

N ~ 
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Calcul ating the area under the product of the step functions and dividing

by the tota l record length (2N+1)T gives

~~~~i_ _ ______ .___ ___ ____ . 

~~~~~~~ - -_ ‘-------~~~—~~~~-. ~~ -. -.--- — -~~~~-—~~.-—-~~~~~~- .—- -- -—-
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~ 
a,1a [mT+T+T-nT], nT<mT +T+i<nT+T

n=— N 1,1= _N

R
~~

(t)= 
~~~ (2N~1jT n~~N ~~~ 

ananm[ni+T~ (nmT+T)], nT<mT+i<nT+T

0, elsewhere

- 
f 1)1 n - N m 31N 

a
n
am

[T_ImT
~
1_ nT I], IouT+ i-nTkT

L 0 ImT~i-nTI~T .

Flow let n= i+m , then

r1. 1 N- rn N
I ~~

- 

~~~~~ . 
~~

‘ ( 1- J r-u i)  
~ 

ai+mam ‘ IT T I <T
i=N—m ni=—L’l

R ( T ) = ~~~XX L 0 , JT- i T~-T

Since a 1~ 0, is independent of a,1 except when i=O in which case they are equal ,

N
11111

~~ m=~-N 
a j+m am 

= 0 for i ~ o; therefore we have

1 . NI 1mm 1 2
N ’~’ f2i~ii-1JT 

(1-J r I ) ~ a , IT I<T
iii— — NR

~~
(1)= 

~L o i r i ~T

- 1- 1~I) 
~~~~ 

[2 1) 
Ill N

am , T <1

= 1. o , i i I~T

[2 (1 
~+~

-
~‘

R ( i ) =~~XX L 0 , ! T I T . (3.2) 

~ --• ---- -------~~~~
-—--- -~~~~~~-.-‘-

- —-— ., -—•---~~~~~~~~~ • .
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This is a triangular puls e ceriten~d at the origin with ampli tude ~2 and

duration 21. The power spectrum ~‘(f) of the approxima tion is the Fourier

transform of R
~~

(1)

2 sin nIT 2o I (— -n.—-) (3.3)

As a check ~(f) can be integrated over a ll frequency . The result is

wh ich is the expec ted power of the underly ing Gaussian process.

I t is not neèessary to assumne a unif orm distribution of the increment

startin g times to get this result. Assume the starting times are

identica l for all sam ple functions of the wh i te noise approximation . In

this case the problem is comp licated by the fact that the function is no

lon ger ergodic. (It is easily seen that <x(t 1 )x(t2)> is not simply a

function of t2-t1 .) To arrive at an expression for the power distr~ibut ion

of the white noise app roxima t i on , extended definitions of correlation

functions and power spectra which were developed by Lampard (1954) are

invoked. Consider the energy spectrum , E(f), of the inde pendent increment

wh ite noise approximation up to time t=NT . Now examine the increnienta l~

i ncrease in the energy spec trum, E1(f), that occurs when the process

con tinues to (N÷l)T. There is an increase of a
~+1 T, for an average increase

of ~2i, in the total process energy every I seconds . The increase is

distributed as the energy spectrum of a square pulse with an average

ampl i tude of (1 ,

2 sinn fl 2
E1

( f )  = ci (I ——----n- -) 3.4

Power can be def i ned as the time rate of c’ian ge -in energy . By extending

this definition to the power an d energy spectra and knowing the increase

in E (f) is E1(f) every I seconds , we have 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - -~~~~~~- •-•---~~~~~~~ -- - - --



:(f) = ~L1~
__ 

= (~
2T (

Sin u I f 1)2

This is the same result as obta i ned in eqn. (3.3) above. F~o t i ce the

p rob lem i s cons id ered in i ncrements of I, this imp l ies an “ incrementa lly

ergodic ” func tion . It is not necessary , however , to use a starting time

of NT in determining E
1(f); i t is si m ply convenien t to do so.

The half- power points for 4’(f) are approximate l y ~ . Choosing I

small enough will extend the bandwidth of the approximati on to cover the

ban dwidth of the system under investi gat ion. If this is done , the independent

incremen t process described approximates relative to the unknown system ,

a zero-mean Gaussian wh i te noise wi th a power level of ut(O)=o 21. The

calcula ted kernels , therefore , should be normalized with K:cy2I. This

expression reveals some of the effects which the white noise approximation

has upon the calculated kernels. If ~
2 is taken to in finity and I is taken

to zero such that K=o21 remains constant , it can be seen from eqn. (3.3)

that ideal wh i te noise will be achieved. The expression above can be

rearranged to 1= ~~~~~ . In this form it can clearly be seen (see Fig. I

I vs. o ) that the value of K is arbitrary in determining the Wiener kernels.

Tak i ng the limit as goes to infinity, or as I goes to zero , they imp ly

the same thin g, the lines for various valu es of K converge on each other.

Th is is reassuring since the development of the Wiener theory does not

suggest a dependence of the kernels upon K .

Problem s  sometimes arise in choosing a value of K , however , in physical

appl icat ions of the theory . The calculated kernels are actually statistical

es timii ates of the true kernels and they have some variance associated with

them. This fact  imposes certain restr ict ions on I wh ich are discussed by

Mar;narel is (1972). 1 must be chosen small enough such that the bandwidth

of the white noise approximation is greater than the bandwidth of the

L-. -~-:~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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unknown sys te l l , but if it is chosen too smim a 11 Ma rn i rd is ‘ work i ndi cates

tha t the variance of the estimated kernels becomes excessiv e . Therefore ,

a value for I is usuall y set early in the i dentification process. With

th is constraint on I there is no guarantee that the calculated kernels

are independen t of the choice of K (see the Tn 0 line in F ig. 1). For

some non linearities such as the simple limiter it can be shown that the

calculated kernels are dependent upon K when I is constra i ned. Ihis in

effect means that the calculated kernels are dependent upon the power , cj2,

of the approximate white noise input probe and therefore errors in the

calculate d kernels are also dependent upon the power of the input probe .

Since the instantaneous power of a signal is related to the amplitude of the

signal and the errors in the kernels usually become evident as the aniplitude 
-

.

of the input to the modeled system is varied , the term a m p li tude depen~knt

error is used to denote the dependence of the errors upon ~
2.

Anpli tude ~~pen den t E rrOr AIl8lLSl

Ihe limiter is a graphic example of the dependence of the calculated

kernels upon the powe r of the input probe. Since all physical systems

conta in a limi ter of sorts , it is also a very practical example. Consider

the simmi ple ideal lim ini ter:

-l , x( t )~ -l

y(t) - x(t) , J x ( t ) 1 l (3.5)

- 
1 , x( t ) l

Let us i,robe the system with an independent increment wh i te noise approximat ion ,

x( t ) . T he ze rot h-order W i ene r kernels is
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The ammmpl itudes of the differ ent increimments of a sammipl e function of

x(t) mnma y be viewed as an ensemble of points from the Gaussian distribution.

The first-order Wiener kernel is

h 1 ( l)  cx 
~ y(t)x(t-i)

• r-~-- -:~~
- 

[~J 1 
xe 

2/2u2
dx 4 f 

l
x 2e 

2/20 2
dx+ 1

m
xe x 2/2~~~{l ~~ - ] , J i J < T

] ~., TJ2 2 -
~~~

- J - l  J l  T

- L  0

For notationa l conven i ence the following triangular pulse is defined :

0(i) = ~~~[Jl- iv] , 
I ’I < ~~ 

-

L 0 1 1 1 — I  . (3.7)

Not ice that D(-r ) approaches the Dirac delta function as I approaches zero.

Combinin g the integ rals g ives

- -i--- - [J x2e~~

2I20
2
dx+i1 xe~~~’2°dx] 0(T)

o J2n 0

Making a change of variabl e, x~ ~~
- , we have

2 l/ c~ 2 2~~
h 1

(T) = [ - -
~~~~ I x2e~ 

/2 dx+ ~~~~~~ { xe~~ 
/ dx ] 0 ( i )

-i2ir -‘0 oJ2n )

F inall y, separating the integra l into a for.m that is comnnin only tabulated

yields

h 1 (1) 
= -~~~ -~~ U (x 2~ l)e /2

dx+J e~~~
2dx+ 1 J xe~~

2/2 dxjD ( 1)
/2nu 0 0 °

The integrand of the firs t integral is a perfect differential ,
2 2

• d(~xe~~ ~
2)(x 2~l)e~ 

“2dx . The second inte gral~ is the cumulat ive distribution
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function of a standardized Gaussian process , F(x). lime integrand of the

third integra l is also a perfec t differential , d(_e
_X 

)=xe~~ dx

There fore , the fina l result is

h 1 ( r )  = [2F( 1- ) — l ] D ( n ~) . -(3.8)

Since h0=0, from eqn. (2.8) the second-order Wiener kerne l is

h2(i 1 , t
2

) = ---
~
-

~~ y(t)x (t-T1 )x(t-i2)2K

~~~~ ~~~~~~.: [~j x
2e /2(5

dx+J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
2(o I) J2~~

2 -
~~~ -l 1 - I

- 
] J t~-i~<T

- 

0 , Ji 1 -T2 I~ T .

Comb ining the i ntegrals y iel ds

h
2

(n 1,-r
2) 

= o . (3.9)

The calculated first-or der kernel is obviously dependent upon the

choice of ~2 and I. In general it is difficult to accurately describe

these dependencies from experimenta l da ta . They are usuall y complicated and

they can change significantly with slight changes in the system configuration.

Cons i der -

r l-e 2’
~ 

(t)  
, x ( t )~ 0

y(t) = 2 2 (3.10)
L-l+e ~ ( , x(t).-0

This is a smooth limiter which approximates the ideal limiter. The kernels

are
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= 0 (3.11)

h 1 (r) 
1 1 j 0 2x 2 x2/21i2 1 2 x

2 x2/202

~ J2no~ ~~~~ 0

= ~~
L_ [J xe 40 )

~~~
20 dx~j xe~~~~

2°dx] D(T)
0J

~~~ 
-

~~~ 
-

~~~

Making a chan ge of varia ble on the first integral of xj~~~~~~x and on

the second inte gra l of x -~ 
_2~

_
~ gives

oJ2
2 rO 2 r O  2

h 1
(i) = —i-— [ -

~~~
----- J xe~~ dx-2u2

j xe~~ dx]D(t )
oJ2n 4o +1 -~~~

2 0 24 -4o I -x
= 

~~~~~~ 
I xe dx 0 ( r )

uJ~ii 40 +1 i - c c,

0h 1 (T) 
= 

~~
—

~
- D(T) (3.12)

(4o +l) j ~~1

h2 (i1,i2 ) 
~~~

_--

~j  

1 
- [~~~(~ l+e 2X )x 2e /20

dx+j (l~e
2X )x 2e /2

~~dx]
2 T10 -

D( ‘1 -T
2

)

h2 (i1 ,t 2 ) = 0 . (3.13)

Comparing these results with those of the simple limiter , it can be

seen tha t there are large differences between the dependence of the calculated

first-order kernel upon the input probe power. The systems are very

similar , however. In the limit , as the input approaches white noise the

firs t-order kernels for each limi ter goes to zero as -
~

Another problem with identifying the nature of these dependencies

can be seen when the simple limiter is assum ed to be a physical unknown

system to be identified. The power of the input ~robe must now be

- • _ _
~~~~~~~~~~~~~~~~~~~~ -~-- ----.-•~~~~~—---- - - -~~~-~~~~- - • - - -— -— • • -~~ -- -. ---— ~~~~~ ~~~~ —- - ---•-•
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specified. Assume 02 0.Ol i s used ; then , the calculated kernels are to

four p laces

h n O
0

h
1 (T) 

= 1.00000(i)

h2(-r 1, t2) 0

Obviousl y, the kernels would have to be calculated many times , with each

calculation providing one point ,in determining the kernels dependence upon
2

0

Tim e question now arises as to what va l ue of ~
2 should be chosen . The

kernels calcula ted above with 02=001 predict that the system output is

approxima tely equal to its input (see eqns . (2.1) and (2.3)). This is a

valid prediction for inputs which are as small as the input probe . However ,

for inputs with amplitudes much greate r than one , say 10, the prediction ,

and therefore the calculated kernels , is grossly inaccurate since the

• output can never exceed one. The amplitude dependent errors , then, are a

resul t of not only the dependence of the calculated kernels upon the input

power probe but also of the instantaneous power of system inputs relative

to the power of the input probe used to calculate the kernels. The closer

they are to each other the better the prediction will be.

The solution to th is problem is to use an input probe with a power

tha t i s roughly equivalen t to the i nstantaneous power of typ ical or

interest i ng inputs to the system , but this is not always possible if these

values vary si gnificantly. Sometimes wide variations can be tolerated;

for exa mni ple , the kernels of the simple limiter calculated wi th ~
2=O .Ol

yield valid predictions of the outputs for any inputs with magnitudes less

than 0.1. On the other hand , a very small variation can cause very lar ge

errors . Consider the differences in the first-order kerne l for the simple

~ 

-
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limi ter when ~
2 is allowed to vary slightly around one. For 02 0.8,

h 1 (1)=O .137D(1), and for o2= 1. 2, h 1 (i)=0 .637D(i). This is a difference

of l5 .7~ for a immoder a te change in the input probe power. In this case ,

many sets of kernels would have to be calculated with various values of

before good accuracy could be ach i eved in making system output pre-

dictions. This approach is the onl y approach currentl y available for

reducing the significance of these types of amplitude dependcr’t errors in

the calculated W i ener kernels .

i~~~•~
_
~~~ - --- “-

-
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CHAPTER IV

ERRORS DUE TO F i N I T E  RECORD LENGTHS

The Wiener theory requires that averages implied by the cross-

correlat i ons used , to calculate the kernels be taken over the interval

( _co ,~~~) ,  but in physical application s these averages can only be taken

over a finite interval . This causes errors since the sammmple means of

finite intervals of a random process are not generally equa l to the true

mean of the process. Unfortunately, this situation is inheren t in the

kernel calculations . These induced errors are statisti cal in nature and

they can only be estimated. Since Gaussian proc~esses are used to calculate

the kernels, the variance of the computed kernels from the true kernels

g ives a measure of time error .

The manner in which these errors arise can be illustrated with a simple

exam ple. Consider a squarer:

2
y(t) = x (t) (4.1)

This sys tem does not exh ib it the amupli tude dependen t errors discussed in

Cha pter III. Before calculating the kernels for the squarer the average

of an iterated product of a Gauss i an rando m n varia b le is gi ven :

2 2n 1 n -x
x = - - -==—-~~ x e  

- 
dx

J2no2 ~~~~~~~

~~~ 
J

m
xne 

2/2 dx 
(4.2)

J o  , odd n

.(n-l)] , even n
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For notat ional convenience the follow i ng definition is presented:
- 

I ~~~ “2~(1- - —j----) ,_T<-r 1 <O< m 2<T or

D(- 1 1, T 2 ) cx (1- 
~~~~~~

- ) ,  
~

T<1 l~
t 2~

O or O~i2~i1<T (4.3)

1 J• ’ 2 1
or

L - 
, elsewhere

No tice the similarities to 0(r) (see eqn. (3.7)) ; this function is related

to two-dim nensional cross-correlations of the independent increment wh i te

noise appr oximnation , x(t). It is a pyramidal pulse with volume one , and

as T approaches zero it approaches a two-dinmensional generalization of the

Dirac delta function.

The first three Wiener kernels can now be expressed as follows :

Il y(t) x
2(t) X

2
0
2 (4 .4)

h 1 (i) =

cx --i- x ( t )x(t- i )
a T

= 0(i)

= 0 (4.5)

h2(T 1, m 2) 
= 

~~~
- [ y (t ) - h 0 J x ( t - T 1 ) x ( t - i 2 )

= - ---~~~ -
~~~~ [x 2(t)-a 2]x(t-i 1

)x (t-i
2
)

2(a

2~i
4T~ 

{x 2(t)x(t- -1
1
)x(t-T

2
)-02x(t-T

1
)x(t-r 2

)]

____
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• Conside r the case where x (t-t 1 ) is independent of x (t-r
2) but either

or both nm ay or may not be independent of x(t). Ihen we can write the

equat ion as

h2(i 1,~2) [x 2(t)x(t~T])x +x x 2
(t)x(t~i2) + ~

2
x~~o

2
~~] = 0

since x is a zero-mean process. For the case where x(t--r 1 ) and x (t-t2)

are dependent but either or both may be independent of x(t) we have

h2(t1 ,T 2
) cx ~~~~~ [x 2 

~~~~~~~~~~~~~~~~ j~~J 0
2 

~(t-i 1~~~~~~ )i 
cx o .

Th is leaves the case where x(t-t 1 ), x (t--r2) and x(t) are - mutually

dependent:

h2 (i1,i2 ) cx 
~~
—

~
--

~~~ [x 2 ( t ) x ( t - T 1 )x( t -T 2 ) - a2x (t-i 11T - T~j]

1 4 2~2 -~~~= 

~~~ 
[x -a x ]D(T 1, -r

2
)

2o

= ----i [3~ -a ]~~(T 1,T 2
)

2o

cx D(11,T
2

) .

Summ ing the contributions of all three cases yields

h2(i 1 
;-1 2 ) = 0(T 1 ~~~ 

(4.6) 
—

Remi nembering that I is assumned to be fixed , the variances of the

streng ths* of the es t ima te d kernels , denoted by var[h .J, w i ll give a measure

of the error in the estima ted kernels.

• *For the continuo us tim ne case, the kernels of a simple nonlinear amp lifier
will consist of impulses ; hence time use of tim e term s tremmgt h . For our
independent increment wh i te noise approxim nation , the kernel i s ef fec t ively
smeared , an d the i ntegra l of the smeared kernel ~qua ls the streng th of
the continuous time kernel .

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~~~~~~~~ • •
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var [h0) M va r[x ] ~ (x 1-x 2 

) cx (4.7)

where M is the number of i ndependent samples used to calculate the

kernels , which is just L/I where L is the duration of the sample input.

var[im
l ] 

= 
~~ var [~~]

cx 

2 

-

= 1~_i 
. (4.8)

4 2 2
-, 1 x - o xvar[h2
j = 

~~ var{------ ---4—-
• 2o -

i ~~~~~~ ~~~cx - —--- s (x -2o x +o x -x -o x
4Mo

= ~~ (1o508_ 3008+308_408)
4t4~

=
~
j
~ 

. (4.9)

Viewing eqns . (4.7)-(4.9), some conclusions regarding the accuracy of

calcula ted kernels can be m ade for simple nonlinear systems such as

y(t)=x’~(t) for some in teger n. We could continue in a like manner to

determine the variance of h3,h4, etc . for the case n=2. Doing so shows

tha t var[himi ] is proportional to ~2(2~~)• In the genera l case , y(t)=xn(t),

i t is found by a similar anal ysis that var [h~] is proportional to

12 (n— ;mm )

We no te from eqn. (4.9) that the variance in the estimate of h2 is

independent of ~
2, the power of the input probe , and i n genera l, for

Y(t)=x’~(t) , varUh 0j will be independent of ~
2 The var iances of lower H

• order kernels increase exponentially in ~
2 with a ’decrease in the order

of the kernel , w hile h ig her or der kernels exhibi t a var i ance that decreases

— —
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ex ponen t ia l ly in ~2 with an increase in the order of the kernel.

Thus for a fixed T , the choice of input power ~
2, wil l  greatly

effec t the accuracy of estim imated kernels. It is clear that large

a, o>1 , will lead to the likelihood of increased error in low order

kernels , whereas , small a , o<l , will decrease these errors while increasing

the variance of higher order kernels.

The relat ive exponential increase in ~
2 of the variance of some of the

kernels presents a disturbing computational problem . The errors associated

with these kernels may be proportionately much larger than that associated H

with other kernels, as a result of the increased var iance. Hence such

calculated kernels may seemu to contribute significantly more to a modeled

system than the true kernels contribute to the underlying true system ,

leadin g an experimen ter to draw false conclusions about the system tinder

investi gation .

This phenom imenon nmay be seen by substituting some numnbers into the

exanm ple of the squarer. Assum iming 1=1 , L=1000 and ~
2,~ioo we have var[h0]=20,

var[h 1 ]l .5 and var [h2]= ~~~~~~~~~~ . Now assum i ng that there is an error in

the calculated kernels of plus one fourth of a standard deviation where

ii~=lOO yields

h0 
— 101

h 1 (i 1 ) 0.32 0(t)

h2(r 1,i 2) 1.032 D(1 1 1 I 2)

From eqn. (2.3) these calculated kernels im np ly an underlying system

y(t) = -2.4 + 0.32x(t) + 1.032x2(t)

This system exhibits behavior which is very different fromn that of the

squarer . These va lues for the kernels would cause app rox ima tely a 5% error

L~. -
~~~~~~~

- - - - -
~~~~~~~~~~~
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_
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in the predicted output fromm i an input with an ampli tude equal to 10.

This is an instantaneous power of 100 corresponding to the ~
2 used in

calcula ting the kernels. Notice that the error increases as the

amplitude of the input decreases fromim 10. If a third-order kernel had

been calculated the error would also increase as the amnp litu de of the

input increases from 10. Therefore , we are still faced , as in Chapter III ,

wi th the possibility of having to calculate severa l sets of kernels using

var ious values of ~
2.

I f we were to compute the kernels of the squarer  using an independent

increm nm ent wh i te noise approximation input with 02=1 , we find that

var[h0J=O .002, var [h 1 ]=O .0l5 , and var [h2]=37/2000. Again assuming an

error in each of the kernels of plus one fourth standard deviation , we f ind

h0 1.01

h
1
(-t ) 0.0032 0(i)

h
2
(i 1,r 2) 1.032 D(i 1,i2

)

Notice tha t these calculated kernels imply an underly in g system

y(t) = -0.022 + O.0032x(t) + l.032x2(t)

an d with these kernels , the error for an input when its amplitude is 1 will

be approxima tely 1.3%. As before , any add itional hi gher order kernels

calcul ated for thi s systemn w ill exhibit errors which increase with

inc reas i ng amnpl i tude.

From the p recee d ing m mm aterial , it is clear that nonlinear systems of

the form y (t)=ax ’~(t) are most amena ble to reduced error calculation of low

order kernels if the power of the input probe x(t~ is small . While 

-~~- --- -—--- ~~~~~ -_ - - _ - _ -—------ - -
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comnput atio nal ly desirable , this may not always be physically practical .

However , h igher order calculated kernels will tend to exhibit larger

errors as the in put probe power is decreased . For systems which are

po lyno immi al type

y ( t )  cx a0 + a1 x(t) + a2x
2(t) + .. .  + arx

r(t) , (4.10)

for some finite inte ger r, the error analysis becomes vastl y more

comp l icated , as errors in the kernels associated with particular itera ted

products of x(t) may exhibit behavior opposite that of kernels associated

- 
wi th other products of x(t). -

Marmu are lis (1972) discusses the errors in the calculated kernels

assoc iated with finite input record lengths and gives a method for determining

the record len gth I to insure that var [h 1] falls wi thin prescribed ‘bounds.

In v i ew of the ex ponent i al change i n ~2 of var [h 1 ], we might also wish to

investi gate the use of scaling the input probe to achieve niore desirable

calcula ted kernels. However , somiie reflect ion on this will show that there

is no advan tage to scaling that is not compensated and cancelled when the

calculate d kernels resulting from the scaled in put probe are themselves

rescale d app ropria tely . 

-- — -~~~~~~~~~~- — ---- —-- •~~~~ ~ -----~~ --
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CHAPTER V 

.

PRACT ICAL EXAMPLE

Some W iener kernels were calculat ed for a seismic energy propagation

channel from data which was collected at Eglin A ir Force Base, Florida .

The experimental arrangemmi ent was similar to that of Wa l ker (1976). It

consiste d of play ing low frequency noise at various amplifications through

a speaker in order to stimulate the propagation channel. The response

of time propagation channel was then detected with a geophone. Several

sets of kernels were calculated for input probes at the same amplification

as well as at different amplifications.

The noise was produced with a Genera l Radio Company 1381’ Random

Noise Generato r operating in the 2 hertz to 2,000 hertz mode. The noise

was then low pass filtered to 200 hertz wi th a Tektronics FG-502 Function

Generator and then amplified with a Sansui 5000A Power Amp lifier which had

a frequency response from 15 hertz to 20,000 hertz . At this point the

signal was recorded on magnetic tape by an Ampex 2200 FM Recorder which

had a frequency response of 0 hertz to 40,000 hertz; this record was taken

as the in put to the system .

In addition to being recorded, the si gnal was applied to an Altec 416-8A

Speaker with a frequency response of 30 hertz to 1600 hertz which was

a ttached to a plywood cabinet . The cabine t had a base of app rox imatel y

l’~ feet by 3 feet and a hei ght of about 3 feet. The cabinet rested on the

ground with the speaker facing a point 20 feet away where a Geospace

32
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Corporation Vertical Axis Geophont’ (Pat. 3119978) was buried at a depth of

12 im ,t hes. The signal produced by the qeophone was also recorded on

magnetic tape by the Ampex Recorder using a different channe l on the !anme

record ing head as was used to record the input. This record was taken

as the output of the systemu . When the experimen t was completed , the

magnetic records were dig itized at a rate of 512 samples per second.

Since the geophone does not react when stimulated with a d-c level ,

the zeroth-order W iener kernel is known to be zero. The experimenter should

alwa ys attemnpt to take advantage of inform ation such as this when making

a physica l application of the Wiener theory as it will reduce errors in

the niodeled system. One-half second sanmples (from t =  - to i= ~) of

the first-order Wiener kerne l were calculated. To do this a one-half

second sa m np le of the output was cross-correlated with a one second samp le

of the input which began 1/4 second before the output sample began and

ended 1/4 second after the output sample ended.

Fig. II shows a first-orde r kerne l calculated for an input noise

probe with an mi s ampl i tude of -1/2 volt. !lot ice the delay caused by the

propagation channel. Fig. III is a firs t-order kernel calculated with

different input-ou tput samnp les with the i nput probe rmns amplitude still equa l

to 1/2 volt. Fig. IV and Fig. V are first-order kernels calculated for

in put rmns amup litudes of 1 volt and 2 volts respectivel y. Fig . VI and

Fig. V II are different samm iples of the firs t-order kernels calculated for

an in put mins amplitude of 4 volts. All of ’ these figures are sca l ed the

san me and are typical of the results obta i mmed in making the kernel calcu-

lat i ons .

There was generally more difference between first-order kernels

calculated for different input powers than betwee’n different samples of

first-order kernels calculated for the same input power. This indicates
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the p res ence of the type of ammi p i i tude dependent errors discussed in

Cha pte r 1 1!. Furtherm mmore , there was a greater variation in the first-

order kernels calculate d for larger input power than there was in the first-

order kernels calcula ted with smnaller input power. This indicates the

presence of the type of amplitude dependent errors discussed in Chapter IV .

Neither of these variat i ons are great , however , and it may be possible

to ignore them over this range of input amplitudes . This would have to

be tested by muaking output predictions with the various kernels and

not ing whether or not the variations in the predictions are much larger than

the desired accuracy. 
-

Second-order kernels were also calculated. However , due to the long

computational time involved in riaking the calculations and the lack of

adequate two-dim inensiona l plotting techniques , an insufficient number of

samn iple s of the second-order kernels were obtained to state any conclusive

resul ts. The calculated second-order kernels did change with the input

p robe power , but whether or not the changes were sitjnifica nt or displayed

a pattern could not be determ nirmed.

I

1~~
- 



CHA PTER V I

SUMMARY

The Wiene r theory requires a system which is to be identified to

be prob3d with a zero-mean Gaussian white process. Practical considerations

in physical applications of the theory , however , require that approximati ons 
-

of this input probe be made. This leads to errors which somet imes exhibit

dependencies upon the power of the approximation .

It was shown in Chapter III that approximating a true white process

wh ich has infinite power with a finite power process may result in such

amplitude dependent errors in the calculated kernels. It was here that

the dis tinction was mirade between the power , ~
2 of the physica l input probe

and the power level , K , of the zero-mnean Gaussian white process it is

approxim nating. It was noted that the true kernels are independent of K

but the calculated kernels may still depend upon cr2. The resultant

am plitude dependent errors were found to be associated with certain

rmon linear iti es such as thresholds and they can be described for some

s imp le cases . They were shown for the par ti cular case of a lim i ter.

It was shown in Cha pter IV that approximating a true wh i te process

which has in finite length with a finite length process may also result in

amplitude dependen t errors in the calculated kernels. These errors are

due to the fact that sample means of- a random process over finite intervals 
-

are not generally equa l to the true mean of the process. Since averages

of random processes are inherent in the calculatipn of the Wiener kernels

41
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the calculated kernels are only statistical estimmma tes of the true kernels.

The va riammce of the estimmiated kernels g ives a measure of their accuracy .

The var iance can be estimated for simple nonlinearities , and this was

done for a squarer. It was seen for the more general system Y (t)=Xn (t),

that the variances of the kernels is proportional to a2(
~~

m
~

m
, where m is

the orde r of the calculated kernel.

If the nonlinearities are only slightly more complicated than those

which were discus .sed, error analysis using the methods employed here would

be practically impossible. Therefore , general results can not really be

obtained . The experimente r must simp ly be aware that amuplitude dependent

errors do occur in the calcUlated Wiener kernels and attempt to ascertain

the extent of their effect on the kernels for each individual system

investigated. Currently the only nmethod available for accomplishing this - - -

is to calculate severa l sets of kernels us i ng different values of a wh i ch

fall within the amplitude range of relevant inputs to the system and noting

any changes which occur between various sets of the calculated kernels.

Note also that none of the sim imp le nonlinear ities which were examined

had mnemnory and all had infinite bandwidths . To get a better feel for

how the amup litude dependent errors affect the calculated kernels of a

physical system both of these restrictions should have been avo i ded . Do i ng

so , however , vastly comp l icates the prob lem and sim p ly was not p rac ti cal

in this analysis. There is an obvious need for better means of assessing

ammi p litude dependent error’s parametrically with the bandw idth , memory , and

dynamic range of the syste mn . Al so , extendin g this anal ysis into the

fre quency domnain may prove useful in physical app l icat ions of the W i ener

theory.
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