AD-AO47 783  AIR FORCE_INST OF TECH WRIGHT-PATTERSON AFB OHIO SCH=-ETC F/G 12/1
APPROXIMATION OF ZEROS OF FUNCTIONS ARISING IN THE ENGINEERING ==ETC(U)
DEC 77 J W LUKES :

UNCLASSIFIED AF1T/GCS/MA/T70=3 NL




P s

GCS/MA/77D-3

APPROXIMATION OF ZEROS OF FUNCTIONS
ARISING IN THE ENGINEERING SCIENCES

GCS/MA/77D=3 John W. Lukes
Capt USAF

Approved for public release; distribution unlimited

—




_ APPROXIMATION OF ZEROS OF FUNCTIONS \
ARISING IN THE ENGINEERING SCIENCES ,

/"/J‘t-’.ri' w”)

Presented to the Faculty of the School of Engineering
of the Air Force Institute of Technology
Alr University
in Partial Fulfillment of the
Requirements for the Degree of
Master of Science

(Y Dee 7 ('/) f

by

/2) s v e 5.

Captain USAF

Graduate Computer Science

Approved for public release; distribution unlimited




z:o;ncc

My undergraduate studies in mathematics and current studies in
computer science are combined in this thesis to develop a technique to
approximate the zeros of functions which are widely used in the engineer-
ing sciences. Used in conjunction with iterative computer algorithms for

. finding more precise values of the zeros, the results of this thesis
should be of value to the United States Air Force in assuring the cone
vergence of these iterative schemes. Except where the theorems are
specifically annotated, the work presented herein is my own,

This thesis was sponsored by the Flight Control Division of the
Alr Force Flight Dynamics.Laboratory, Wright-Patterson Air Force Base,

» Ohio. I would like to thank Major Eric Lindberg, Dr. Dan Repperger of
the Aerospace Medical Laboratory, Dr. Robert Craig of the Air Force
Materials Laboratory, and Professors Constantine Houpis and John D'Azzo
of the AFIT Department of Electrical Engineering for taking the time to
review tgls work.

This thesis would not have been possible without the guidance and
interest of Dr. John Jones, Jr., whose unflagging optimism and cheerful
help inspired and guided me through the successes and the faflures.

I would also like to thank my typist, Ms. Frances Jarnagin, for accept~
ing this mass of equations and transforming it into a clear, easily
readable format. Finally, I thank my wife and daughter for their supe
port, understanding, « i{ence during our difficult but rewarding

tour at AFIT.

John W, Lukes




mf“.....Q...........0.0...0....0

List Of TableS . ¢ ¢ ¢ ¢ ¢ ¢ ¢ 06 ¢ 6 06060606006 c¢6060600o0oe0
ADBLTROL o o ¢ ¢ ¢ 0 ¢ 0 0 ¢ 056 0 0066500000008
I. INCTOdUCEION ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ 06 006 060606000600 00
II1. Zeros of Real-Valued Functions of a Single Real Variable
2.1. Zeros of £(x) in the Self-Adjoint
Second Order Differential “utlm e o o o o o @
2,2, Zeros of f(x) in More Complicated
Second Order Differential Equations . . . . . .
2.3. Minimum Values of Certain Second
Order Differential EqQuations . . . ¢« « ¢ « o « »
II1. Zeros of Real-Valued Functions of Two Real Variables . .
iv. Zeros of Real Vector-Valued Functions e o 0o ® o o o o o
v. cml\l.in.oo-o-ooo.ooooooooooooo

Blbl’m"h,o.ocaoooooooooooooooooooo

vlu ® & & o o 0 o o O O O O ° O O 0 ° O e " O e 0O e e e e 0

iv

16
21
29

49
50
32




Table

¢
II

v

kiat of Tables

Approximation of Zeros of Legendre Polyncmials Pn(x)

Comparison of Intervals Containing Zeros to Actual
Zeros of Bessel Functions Jn(x), n=0,1,2,3 ..cceee «

Comparison of Intervals Containing Zeros to Actual
Zeros of Bessel Functions J,(x), n=4,5,10,50 ..... .

m“mm”‘”-“uOOQOOOOQOOO

iv

~

21




W‘ -~ —————

GCS/MA/77D=3

Abstract

This thesis extends the works of Morse, Leighton, and Jones which
take a function defined by a second order differential equation and 1
determine an interval on which that function either has a zero or attains
a minimum, bounded value. Theorems for locating seros are proved for
functions of a single real variable, functions of two real variables, :
and real vector-valued functions. Algorithms suitable for computer
adaptation are presented in examples which locate seros of such funce
tions occurring in the engineering sciences as Legendre polynomials,
Laguerre polynomials, Emden's equation, and Duffing's equation; special
emphasis is given to the seros of Bessel functions J,(x). The methods
developed in this work are useful in optimiszation theory; they also can
be used to obtain good initial approximations of seros for starting
iterative algorithms, such as the Newton-Raphson method, which give

|mOore exact sero values.




APPROXIMATION OF ZEROS OF FUNCTIONS

ARISING IN THE ENGINEERING SCIENCES

1. Introduction

The location of zeros of polynomials and other functions has
alwvays been a matter of great importance in the engineering sciences
because these zeros reveal much information concerning the peculiarities
of the problem defined by the function., Bessel functions, defined by

the differential equation

x2 y" ¢xy' ¢ x2 = pl)ya 0 (y'= %x! ) k)

have a wide range of applications, from their first use by Bernoulli in
determining small oscillations in a hanging chain to the modern problem
of flux distribution in a nuclear reactor (Ref 1:312), The Legendre

polynomials, which satisfy the differential equation
(¢ B xz)y" - 2xy' +n(nel)y = 0 (1.2)

have applications in problems in temperature distributlion in steady-state
heat flow and in both gravitational and electrostatic potential, as well
as in other applications of a purely mathematical nature (Ref 1:195).

Another application of finding zeros of functions is in the field
of optimization theory. A basic problem in optimization theory is that
of determining the variables Xy X29 ecey Xp which maximize or minimize
a function f(Xy, X2, «eey X,) (Ref 2:269). To do this, the partial

derivatives -g-’%; are set equal to zero and the resulting n equations




in n unknowns are solved. In other words, the simultaneous gzeros of

tx‘(x" Xopeeey ‘Il) - %&: (1= 1.2.....11) (1.3)

are to be determined.

There exist many iterative schemes (the Newton-Raphson method and
the bisection method, for example) which can be used to find the zeros
of a function f£(x). However, it is often necessary to start the iter-
ation process with an initial value x, which 1s already close to the
sero. For example, finding the inverse of the mmber 2 is equivalent

to solving the equation
i e2w0 (1.64)
One iterative Newton-Raphson formula for solving this equation is

Xeor = Xx(2 = 2xp) (1.5)

An initial value x, = 2 used in Eq (1.5) produces the divergent series
{2, <4, =40, =3280, ... } ; initial values of x, = 1 and xo = O pro-
duce the meaningless series {1,0,0,... } and {0,0,0,... } respec-
tively. However, if X, = % is used to start the iteration, the
resulting series {{-, -:-, ;—;—, «ee } does converge to the correct solue
tion, x = % .

The problem of finding good starting values for iterative schemes
which find seros of a function f(x) is considered in this thesis by
determining an interval [a,b] which contains at least one sero of f(x).

Then, by choosing an x, from [a,b], perhaps at the midpoint or an end-

point, the point chosen will lie "close” to a sero in that interval.
This should give a higher probability of convergence and a faster rate

of convergence than an initial value x, chosen at random.

e — i b
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In this chapter, sufficient conditions are established for the
existence of a real sero or a bound of a differentiable function f(x)
defined on an interval [n.b]. Iterative methods for finding zeros of
functions often require a close initial approximation in order for the
method to converge. However, these initial approximations are often a
matter of guesswork and may not converge as desired. The procedures
described in this chapter may be used to provide close initial approxie
mations to seros of f(x); these approximations are then used to start
the iterative process, such as the Newton-Raphson method, which will
yield more exact results,

2,1 of £f(x) in the Self-Adjoint S 1
Equation L|f{ e O

The real geros of the function f(x) will be considered on a closed
interval [n,b], a < b, The function £f(x) will be required to be a solue

tion of the differential equation of the form
Le] =L [ac) %EJ * C(x) £(x) = 0 .1)

where A(x) is differentiable, A(x) > O, and C(x) is continuous on the
interval under consideration.

Use will be made throughout this chapter of admissible trial
functions. A function u(x) is defined to be an admissible trial function
on [n.b] if u(x) is continuously differentiable, if u(a) = u(b) « 0, and

1f u(x) > 0 for a < x < b, For example, on [O,h]. h > 0, one admissible




trial function (and the one used predominantly in this chapter) is

u(x) = x(hex) = xhex? 2.2)
Other admissible trial functions which might be used on [O.h] are
u(x) = sin !'-h! (2.3)
or
u(x) = xP (hex)9 2.4)

wvhere p 2 1,q 2 1. Corresponding admissible trial functions may be
adapted to fit any interval [a,b] or [h.kh], h>O0and k > 1, to extend
the domain of these trial functions.

Associated with the function f(x), the trial function u(x), and the

differential equation L [t] will be a functional J [u], where
- ' 2 2
s[u) =1 {0 [w'@]? - e (v T | ax @.5)
. :

Morse (Ref 3 :325-326) proved the following theorem to show that, whene
ever J [u] can be made negative by varying the parameter h, then a zero
must exist on the interval [O,h].

Theorem 2,1 - Morse (Ref 3 :325-326). If f(x) is a function which
satisfies Eq (2.1), and if u(x) is an admissible trial function on [O,h]
such that J [u] < O for the J [u] defined by Eq (2.5), then f(x) has at
least one zero on [O,h].

Proof. The proof by contradiction is begun with the assumption
that £(x) # 0 on [O,n]. Since u(0) = u(h) = O by definition, it can be

seen that the following identity holds:

h : 2 " ;
Alx) £ (<) u”(x) AC) £ (x) u®(x)
i[ t(:) ] & Z6) 2¢x ]: -0 2.6)




Also, A(x) > 0 and the following inequality holds:

[u' o) - bxd £ ¥> o0 @.7)

Therefore, by Eqs (2.6) and (2.7), the following inequalities also hold:
h ' '
A £ () v2() 7' ') - 800 £ T
os{{[ e 1"+ AG) [u' ) LL ] }dx

or (2.8)

h ey =
' ' uzx
ogj;{[A(x)t(x)] s ¢A(x)t(x)c-—‘-)-t .3

' 2 .
¢ AKx) [0 (x)]° = 2 Ax) u'(x) 25

' 2
QA&)[EL&%—(&&] }ax

which, by substitution from Eq (2.1), is equivalent to

h '
05 {-ct) w200) » AG) £ [ 200 0700 £00 = w200 €00
o £ (x)

¢ AG) [0’ )] - 24() u' &) m%_&;m

2 ')
+ AKx) = (xu;i 6] } dx
£°(x)

Cancellation of terms produces the following contradiction:

h p 2 2
0] {a00 [0 T - e v fax = g[u] <o
o

This contradiction follows from the assumption that f(x) ¢ 0 on [O,h].

Thus, f£(x) has at least one zero on the interval [O,h].




Example 2,1. The function f(x) = sin x is known to be a solution

of the differential equation
t"(x) ¢ f(x) = 0 2.9)
A comparison to EqQ (2.1) gives A(x) = C(x) = 1, Then, with the trial

function u(x) = xh-xz, h is varied until J [u] < 0:

h
Jfu)ef {m-20% - cnex?} &
o

h
Il {(hz-lohx'rl.xz)-(hzxz-zm:’ox‘)}dx
o
h
« (h2x = 2hx? 43_1h23 1 4_1.5
(h 058 7 xtfhx sX)]o

TP T S B T B

h 03 3

end(i.li<o
This means that a zero will occur on [0,h] when ( % - 3'5 n) < 0, or
h> J 10 =~ 3,1623, The actual zero occurs at X = W~ 3,1416,
Example 2,2. The function f(x) = P, (x) is the Legendre polynomial

which is a solution to the differential equation

(1ex?) £"(x) «2x £'(x) + n(n+1) £(x) = [(A=x2) £'x)] ¢ n(ne1) £(x) = 0
(2.10)

Now A(x) = 1 = x2 > 0 for all |x| < 1, and C(x) = n(nel). The trial

function u(x) = xh = x2 and Eq (2.5) are used to determine the value h

tor which J [u] < 0.




h
J(ulef [Q=x2)h - 2x)? = (a% n)xh e x)?] &
-]
h
e | [ 1%« thx ¢ Gx®~ hPx%e Ghx3- &x®)(nZe n) (hPx%e 2hx3- x%) ] ax
o

 (2x - 2nx2¢ % x3. D22ned 12,3, D2ene2 pyt. B2ensd 45y T
3 3 2 S (]

.gi.;_:[xomzonox)- lS(nzonoz)oo(nzonob)]

3
-ga[m-hz @2en e 4)] <0

Therefore, a sero will occuron[O,h] vhen h > (Tl-‘)—‘)§mdh< 1.
n“ene

Tadble I compares the smallest positive sero otv Pn(x) to the value h for
several integer values n > 3, with the true sero being approximated from

the generalized Rodrigues' formula (Ref 4:852)

Bax) = b 40 2 )° @.11)
2" n! gx

Table X .
Approximation of Zeros of Legendre Polynomials Pj,(x)

n Actual Zeros Approximate Zeros
3 0.7746 0.7906
'8 0,3400 0,6433
b ] 0,3383 0.3423
9 0.3243 0,3262




It is often of interest to find seros of f(x) on intervals not
containing the origin. More generally, the interval (h,kh], h > 0 and
k > 1, may be considered. By changing the limits of integration and
adjusting the trial function so that u(h) = u(kh) = 0, the following
corollary may be established in the same manner as Theorem 2.1l.

Cogollary. If £(x) is a function which satisfies Eq (2.1), and if

u(x) is an admissible trial function on [h,kh] such that J [u] < O for
- 2
Jlule J {am [we)] - cx) vix) } ax
h
then £(x) has at least one zero on [h,kh],
In this case, a convenient trial function is

ux) ® (X = h)(kh = x) = (k ¢ 1) hx = x2 = kh? (2.12)

Other trial functions may also be constructed.
Example 2,3. The function f(x) = J,(x) is the Bessel function of
order n of the first kind, which is a solution to the differential

equation
x2 £"x) ¢ x £'(x) ¢ x2 = n?) £(x) = O (2.13)
For x > 0, Eq (2.13) may be rewritten to match the form of Eq (2.1):

e 2
xt"@ e t'@ e x-F)tm = [xe'@] +x-L) =0
(2.14)

1
)




Thus, Au)-xmcu)-x-}z-;mlngu(x) from Eq (2.12)..1[..] is
calculateds

kh 2
sledef {x[oo0nonl - ol Yo bx -2 -] } &
h
@.15)
kh 2.2
o) { x[@x? -4 (kel) hx ¢ (ke1)*h*]
h

- (x - 2?. )[x"- 2(ke1)hx> + (k2 Gkel)nix?

- 202 ¢ k) % » k2h%] } &

- (x‘-§(kot) lnc’o%(kzouox)nzxz-%x‘.%(gﬂ) hx?
-%(kzolokOI) h’k‘o%&zok) hss-%kzh‘xz
o 02 [32° 2 (onnx® o § 020 axon?s?

kh
e 2 &%¢ k)0 ¢ K2h® 1n x ])]
h

= (b @81) - § (o) 1* 63-1) # 3 (2o 2001) HEG2D)
- 318 @b o 3 o) 18 0o - 1 oPeamennbadon)
* % 6200 18 (3-1) - L e?n® Pen)
o 02 [} 0% abe1) - 3 (eo1) 1% G3-1) @ § e akeldn®0Pe1)

=20 &) B8k-1) ¢ KW® Ink ])< O




Combining and simplifying the above expression for J [u] gives

L

n> (s | 1202 62 1n k o 2-1) [@m?) (kPe1) ~ (4 @ 8a2)x]
(k=1)%(x2-1)

(2.16)
This inequality cannot easily be solved for k if h is given first,
Choosing k first, however, makes it relatively easy to solve Eq (2.16)

for he Thus, to determine a specific h, for an interval [ho.kohoj.

several k values must be chosen experimentally until the k, is found
which produces h, in Eq (2.16).

It is interesting to examine the size S(h,k) of the interval [h,kh]
in the instances vhere k decreases to 1 (and h becomes very large) and
vhere k becomes very large (and h decreases to 0). Eq (2.16) may be

rewritten to express S(h,k), the size of [h.kh]:

S(h,k) = kheti ® (ol > | 3 1202k21n k ¢ (k2-1)] (2en2) (k2#1)- (4#8n2)k ‘)“
(k=1)2 (k2-1)
.17)
As k approaches 1, both the numerator and denominator of the right side
of Eq (2.17) approach sero. Applying L'Hospital's Rule three times to
the expression within the braces in Eq (2.17) produces the following i

limit for S(h,k):

1im S(h,k) « 1lim (kheh) = /10 (2.18)
kol | 22
(hpw) (h>=)

Thus, for any n, as h gets very large (and k decreases toward 1), the

sise of the interval containing a sero of f(x) = Jp(x) will become

10




close to m. This is expressed more exactly by the following corollarys

Corollary. For any n > 0 and € > 0 there exists a p > 0 such that,
for all real values x > p, there is at least one zero of J,(x) on the
interval [x,(x ¢/ 10) « €].

These results closely f:orrospm to the fact that the distance be-
tween seros of Jn(x) approaches T from below for n < 4 and approaches T
from above for n > 4 as x grows very large (Ref 5 :49).

Next, by allowing k in Eq (2.17) to grow infinitely large, the limit

of the right-hand side again becomes fixed for a given n:

k-»pe k-

(h-» 0) (h-+0)

This means that, as k grows very large and h approaches 0, the smallest
positive sero of J,(x) lies in the interval [0,(!0 ¢ 5n2) ¢ E] for an
arbitrarily small €. Tables II and III list several intervals containe
ing seros of Jn(x) obtained by varying the value k in Eq (2.16) and
computing the corresponding h. For comparison, the first 10 seros of
Jn(x) for several values of n are assembled in the same tables
(Refs 6-10),

McCann proves that J, ,p(x). the ptM gero of Ja(x), has the lower
bound

In,px) > [ - %’2 ®e nz]" (Ref 113102) (2.20)

An algorithm for calculating an upper bound for Jn.p(x) can be derived
using Eqs (2.19) and (2.16):
(1) Calculate an upper bound kyhy of Jp,1(x) using either Eq (2.19)

or a k‘ which provides an even smaller bound;

1

e o e . i s




Table II
Comparison of Intervals Containing Zeros to Actual Zeros
of Bessel Functions J,(x), n=0,1,2,3

Intervals [h,kh] = hekh

k ne 0 ne} ne 2 n=3
- 0~ 3.163 "0~ 3,873 0 - 5.478 0= 7,617
50 .066 = 3,227 ,077 - 3.882| .107 - 5,390| .144 - 7.234
20 .166 = 3,329] ,195 - 3,916] .264 - 5.300| .351 - 7.025
L .790 - 3.953] .862 -~ 4.315] 1,050 - 5,252 | 1.306 - 6,521
3 |1.581 - 4,764] 1,661 - 4,984) 1.881 = 5,644 | 2,199 = 6.599
2 |3.162 - 6,325 3.232 -~ 6.466] 3.436 =« 6.873| 3.750 - 7,501
1.5] 6.326 = 9.487| 6.375 = 9.563]| 6,524 - 9,788 | 6.767 - 10,151
1.1|31.622 - 34,785]31.637 ~ 34.801]31.680 - 34,849 | 31.751 - 34,927
Actual Zeros Jn.p(x)
n pel | ps2 | p=3 | pet | p=5 | p=6 | pm=7 | p=8 | p=9| p=10
0 | 2.405]5.520] 8.654|11.792]14,.931]18,071]21.212{24,352{27.49{30.63
1 | 3.832]7.016]10.173|13.324}16.471|19.616] 22.760{25.90 |29,05]32.19
2 ] 5.1368.417|11.620(14.796]17.960]21.117}|24.270{27.42 |30,57]33.71
3 | 6.380]9.761[13.015(16.223]19.409(22.583{25.75 28,91 |32.06(35.22
12

T




Table 111

Comparison of Intervals Containing Zeros to Actual Zeros
of Bessel Functions J,(x), n=4,5,10,50

Intervals [h,kh] = hekh

k ne b4 nes5 ne 10 ne 50

© 0« 9,487 0« 11,619 0 - 22,584 0 - 111,849
50 184 -« 9,216 «225 = 11,263 436 - 21,822 | 2,159 - 107,955
20 Jbbh - 8,895 «541 - 10,834 | 1.044 - 20,887 | 5.157 = 103,152
3 J1.592 « 7,964 | 1,900 = 9,504 | 3.546 - 17,731 |17.301 - 86,510
3 |2,5719 « 7,740 | 2,999 - 8,998 | 5.336 - 16,010 |25.532 « 76.599
2 14,150 - 8,302 | 4,626 - 9,230} 7,428 - 14,857 |33.755 « 67.512
1.3 7,092 - 10,639 | 7,489 - 11.235 | 10,216 « 15,325 | 40,611 = 60,917
1.43,.851 - 35,037 |31.979 - 35,177 | 33.026 - 36.329 {57,169 -« 62,887

Actual Zeros Jp p(x)

n p=1 p=2 p=3 pmé p=5 p=6 | pu7 | p=8 | p=9 | p=10

A 7.58811.065(14,373{17.616}20,827{24.019{27,20§30.37}33.54{36.70

S 8.771112,.339|15.700]18.980]22,218125.43 |28,63]31.81|34.99{38.16
10 |14.476|18.433122.047)25,51 |28.89 |32,21 |35.50{38.76 62.00“5.23
30 |57.12 |62.81 }67.70 72,19 |76.44 80,51 |84,46(88,32]92,09]95.80

13
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(2} Choose another smaller k, and calculate the corresponding

value hy using Eq (2.16). Adjust this k, and recalculate hj
until hy is greater than but close to the upper bound "lhl of :
the previous interval. Thus, the new interval [hz,kzhﬂ will
contain at least one zero of J,(x) and will be disjoint from
the previous interval.

(3) Repeat step (2) until p disjoint intervals have been created.
Since each interval contains at least one sero of J,(x), the
upper limit of the pt! interval [hp,kphp] will be an upper
bound of J, ,(x).

Example 2,4, The above algorithm will be used to calculate an
upper bound for J3 5(x), the fifth zero of J3(x). Eq (2.19) may be used
to determine that at least one positive zero exists in the interval
I) = [hy,kyhy] = [0,(10 + Snz)”] = [0,7.417]. Howaver, using k; = 4.1
in Eq (2.16) produces the interval I, = [1.583,6.494] which has a much
smaller upper bound for J3,1(x). Next, by successively experimenting
with Eq (2.16) to get kg such that h; > Kg.ghg.ys the following values

of ky with the associated intervals [h,,kih‘] are obtained:

kp = 1,523 : I, = [6.499, 9,900] J
k3 = 1,330 s I3 = [9.923,13.199]
kg = 1,264 t 1, =[13.233,16,463]
ks = 1.19 t 15 = [16.528,19,735]

Each of the intervals Ij_5 contains at least one gzero. Therefore, the
upper limit of Ig, 19,735, is an upper bound for J3,5(x). McCann's lower
bound in Eq (2.20) for J3 s5(x) is 15.221. Therefore




15.221 < Jy 5(x) < 19.735 (2.21)

The exact zero from Table II, J3 5(x) = 19,409, is much closer to the
upper bound than the lower. However, considerable calculation is ine
volved in determining téis upper bound. Even greater precision may be
achieved for the upper bound by using more precise k,'s to reduce the
distance (hy = ky_,h,_ ,) between the intervals Iy and I, ;. Since the
true distance between zeros for J3(x) approaches M~ 3,14 for large x
while this algorithm produces a distance of, at best, JFT3=~ 3.16, there
will always be an error of at least af%% no matter how precise k; is
chosen.

Second order differential equations which do not match the form of

EqQ (2.1) may often be converted to that form by using an integrating

factor. For the differential equation
p(x) £"(x) » q(x) £'(x) ¢ r(x) f(x) = 0, p(x) ¢ O (2.22)
multiplying both sides of the equation by the integrating factor

Ll [ax)/p (x)]ax

I(x) = = p(x) (2.23)

yields the equation

f(x) = 0

[e ! EQ(x)/p(x)]dx t'(x)]' . EX) e i) EQ(X)/p(x)]dx
p(x)
(2.24)

Thus, the integrating factor can be used to convert Eq (2.22) to the
self-adjoint form, Eq (2.24), from which expressions for A(x) and C(x)

may be obtained and used in the functional J [u] in Eq (2.5). The

15




expressions A(x) and C(x) may be too complicated to integrate easily,

however, and thus be too unwieldy to use effectively in J [u].
2,2 Zeros of More Complicated Second Order Differential Equations
The introduction of two nonelinear functions of w(x), a(w) and f(w),

into Eq (2.1) produces the differential equation
Liv] = LA a [we)] E T+ c) £ [wx)] = 0 (2.25)

whose solutions have been treated in some detail (Refs 12:377; 13:26-28).
The addition of another function B(x) to this equation produces the

following more general abbreviated form
d dw dw =
L(v]= A at) F T+ 2 Bx) F ¢ Ckx) £(w) = 0 (2.26)

Methods to establish the existence of real zeros of the function w(x)
which satisfies Eq (2.26) are similar to but more involved than those
used previously in this chapter.

Theorem 2,2, If the following conditions are true:

(1) the functions, A(x), a(w), and f(w), are differentiable with
respect to the variables x and w, where A(x) > 0 and w(x)
satisfies Eq (2,26), and B(x) and C(x) are continuous on the
interval [a,b];

(2) for an admissible trial function u(x) on [a,b], there exists

an associated differentiable function G [u] such that G [u(a)]

@ G[u(®d)] = 0 and G [u(x)] > 0 for a < x < b;

(3) f(w) ¢ 0 if w(x) ¢ 03

RO ST—— ,,J‘




%) &) aw) <6 6 [u] % and g(u) a(w) = 2 (G [u])". where

g(u) = -:G-“-; and

(5) J [u,6] < 0, with

J [u,6] = ?{A(x)l’_u'(x)]z- 2860 (6 [u])¥ u’ )+ [@@)-c0)] G [u] } ax i

(2.27)
vhere the function Q(x) makes the matrix
A(x) «B(x)
M(x) = (2.28)
«B(x) Q(x)

positive semi-definite on [a,b], which means that, for all

real vectors ¢ = (24,3,),

2
s Mx) sT = A(x) T 2B(x) 2,2, * Q(x) s: 20 (2.29)

then the function w(x) has at least one zero on [a,b].

Broof. For a proof by contradiction, it is assumed that J [u] < 0

but that w(x) ¢ O (and thus f(w) ¢ 0) on some interval [a,b]. If the

u) a(w) v'
2£ (w)

in Eq (2.29), and it is observed that G [u(n)] -G [u(b)] = 0 implies

values s, = u'(x) - and z, = (G [u])“ are substituted

that ?{;—:— G [u(x)] } dx = G [u(x)] ]b = 0, then the following
a a

inequality may be produced:

. (2.30)
b
0 s{ ( {i. [A(X) a(:tvc)z_iul" (x) ] } * { Ax) [“o x)e g(‘l%fdéw!v' SE 2]2

- 28(x) [u’ (x)- ﬂ‘-"-%ﬁ%"—'ﬂ] @ [uD % a&x) 6 [u] | ) ax
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Using a shorthand form derived by dropping the variables, Eq (2.30) may

be reduced as follows:

052 ({*[utﬁ_ﬂ]} ’ {*E“"%ﬂ]'zﬂ[u'-&z-%ic“oqc”a
ST Ta vl naw £LFT 0 - aw 2P
¢ A Cz "2-25u'6%03‘!!.0&0%}&
4t £

Y
-f {% (=2B w'= Cf) 4+ AQ w' ('—l—"%!-!ﬁ) P Aoy g
a

o“_ﬂizﬂi-zsu' c”-nl-%—"'-c“oqc}u
%

b
.J[u,o]..{ {%(-Zav')ouaw'%"—'-ﬂ.‘!’.'_lél)

2
SR Y Y- Nl NP XD 'z)onu-L'c“}dx
£2 o2 £

b 2 '
« J[u,6] ¢ [ {é-‘"—;:T&(gza-ac:')oﬁ:-c" (ga-zc")}ax<o
3

This contradiction is based on assumptions (4) and (5) and on w(x) ¢ O
on [a,b]; 1f (4) and (5) can be satisfied, the assumption that w(x) ¢ O
must be false. Thus, w(x) has at least one sero on [a,b].

~ The uﬁhr of restrictions placed on the various functions in this

theorem does limit the range of applications. Several types of problems

18




do exist, however, which fit the form of L [w] in Eq (2.25).

Example 2,5. The Laguerre polynomials defined by
@ = & 42 [n %) 2.32)
In n! gx(n N

satisfy the second order differential equation

X Ln(x) ¢ (1ox) L ) # n L (x) = 0 (2.33)
This may be rewritten

[x L] - x L&) +n o) = 0 2.34)

to match Eq (2.25), with A(x) = x, B(x) = -§ » C(x) @ n, w(x) = L (x),
aw) = 1, and £(w) = w(x) = Iy(x). Q(x) = Z will make the matrix M(x)
in Eq (2.28) positive semi-definite. Finally, if u(x) = (xe-a)(bex) and
G [u] = u?, then g(u) = g& = 2u and conditions (l=4) of Theorem 2.2 are
satisfied. The above information is then substituted into Eq (2.27) to

satisfy condition (5):
. 2
J[us6] = [ {x (aeb=2x)® = 2 (- ;-) (x=a) (b=x) (aeb=2x)
a
(x 2
¢ G -n)[x-a)>x)]" } ax < 0 (2.33)
To find an interval containing the first positive sero of l.n(x),
the value of a in Eq (2.35) is made to approach zero. It can be seen
that, as a decreases toward sero, the value of the integrand in Eq (2.35)

evaluated at a will also approach sero, Therefore, with a approaching

sero and b = h, the limiting value of Eq (2.35) becomes

19
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h
J [u.G] - [ {x(h-Zx)z ® x(xh-xz)(h-2x) * (f- en) (xh-xz)z } dx (2.36)
°

h
o [ { xeamx?e ax3) ¢ (h%x%- 3mxPe 2%
o

2
0(" 3 ; " l ’ nhzxzo Znhx3

- nx*) } ax

- (% hzxzo g- hx’v x“o % hzx:’- % hx"o % x’o %6' hzx"‘- ll'U hx’

1 6.n.23 n, 4 a5
onxoshzxozhx-;x)]o

-h(z--ol)vhs(- 0')0!:(16 1 oiz)

Peed-b

.y.‘(- .Q._'Jz).h,m nd) <o

Since h > 0, J [u,G] < O implies that

(40 -4(1e2n) hen?]<o (2.37)
or
@edn) oV 5 u? - 40<h<Qetn) e/ 2 ¢ un)l- 40
(2.38)
or
h> (2 e6n) =/ 2 o tn)- 40 (2.39)

which gives a real value h for integer n > 2, Table IV compares the

first and second zeros of several Laguerre polynomials for n > 2 with




the h from Eq (2.39). It can be seen from the table that, although the
h occurs well above the first gsero, it does fall between the first and

second seros in the examples shown.

Table IV
Zeros of Laguerre Polynomials

Interval First | Second
n Polynomial L, (x) with Zero | Zero Zero
2 %xz e2x el (o, 2.254] | 0.586 | 3.414
3] - %x:’o .1?- x2- 3x ¢ 1 [o, 1.510] | 0.416 | 2.294
4 'zL:. x%- %x:’o 3x2e 4x o 1 (o, 1.148] | 0.323 | 1.746

(Ref 4 3853)

mum Values of Certain Second Order Differential Equations

In addition to the proof of existence of a zero on an interval, it
may be useful to determine the existence of a minimum value of a function
v(x) on an interval [a,b], where v(x) either comes "close" to or crosses
the x axis. If the interval [a,b] contains no seros of v(x), that is,
efther v(x) > 0 or v(x) < 0 for a < x < b, then the interval [a,b] is
said to be zero-free. Komkov derived the following theorem concorning
sero=-free intervals of a function v(x) which satisfies a certain class
of differential equations.

ITheorem 2,3 - Komkov (Ref 13326-28)., If a function v(x) satisfies

the differential equation

L(v] e [AG) v* )]’ # cx) £ [vx)] = © (2.40)




subject to the following conditions:
W £ (ve)]=[ve)]" ,n>1;
(2) A(x) > 0 is differentiable and C(x) is continuous on [a,b];
(3) an admissible trial function u(x) on [a,b] has ean associated
differentiable function G [u] such that G [u(a)] = G [u(b)] = 0
and G [u(x)] > 0 for a < x < b; and

) J[u,G] < 0 with
J [u,G] = }’ { AG) [u* (x)]2 «Ccx) 6[u] } & (2.41)

then there exists a valuem = max (u) >0, g(u) = %ﬁ', such that

x€[a,b] 4 G|lu

=r

vx) < (P 2.42)

on some subinterval of [a,b].

Proof. If v(x) = O at some point in [a,b], then the theorem is
immediately true. Therefors, if it is assumed that [a,b] is zero-free,
then £(v) = [v(x)]n % 0 on [a,b] and the following inequality may be

derived:

0g j:([A(u' - ﬁi)z ‘s (“,"—g) ])dx (2.63)

|
[ B

([A(u')z-Au'%.-oAM]

422

£ [(Av")' Go Av' gu'] = Av? c(-f-,% v')
[ o)) -

o2




|

b ' 2 2
- {{A(u')z -Au'zf-u\&‘-fi'u—

] ’ ' -1 ¢
3 E'S“)G:"J"_.A" G%v“ ) v 1 } 5

b o
5l {[mo)’. ccle ‘f,%" @ - 46 ™) « AYL (urgegu’) } s
a

- J[u.G]o]b' I-A"%lz-(gz-acm“”‘)] ax
a ! of

Since J [u,G] < 0, this implies that (g2 = 4G av®"1) > 0 for Eq (2.43)

to be positive. This is equivalent to saying that, for some x in [a,b],

- oftel u — (u a
L]« 4G [u(!’)l n S xé[a,b] 4G [u]m  n iz

or ;!r

vx) < @
In the specific case vhere n is an odd integer, [v(x)]n.l > 0 and
Eq (2.42) becomes
1
v | < &7 2.43)

Ixample 2,6, Emden's equation, which occurs in astrophysics, may

be written as

) ‘[xzv'(x)]' ex? [vex) = 0 (2.46)




S e

Whereas the full solution to this equation is unknown, Theorem 2.3 may
be used to determine how close the function v(x) will come to zero on
[n,b]. For h > 0, a value p will be used to minimize h, where

G[n]-puz,u-x(h-x), AndJ[u,G]<Ot
- 2 : - 2 2
Hu,6)le [ [A@WD* -CG] ax = [ {xz(h-lohxolsx)
° o

- xz[xzp (hz- 2hx ¢ xz)] } dx

h
- I[hzxz-ld\xa#bxl’-p(hzx“-thsoxG)] dx
°
0’3 . 4_4.5_ph2 5 _ph 6 7
- (F emegx’ - S-x og;x -;x)]

5 2 _pn?
i1’ <®

This implies that p > :-:- s and the value m becomes

2 2
2
=  max A. =  max -L-'—!)— - p (2.47)
x€ [0,n] %¢  xe [0,n] 4pu
Thus, in the specific case vhere n = 5 and h = 2, for any p > -!'-’i‘- = 3,5,
2

v(x) will attain a bound

;h - (E)%

v < & (2.48)

on the interval [0,2]. For a p = 3,31, the result Iv(x)l < ,916 is

t — -




slightly better than Komkov's result |v(x)| < .945 for the same example
(Ref 12:380-381). This slightly lower minimum value of v(x) arises from
the use of a variable coefficient p with the functional G [u].

Another minimum value theorem may be derived from Theorem 2.2 by
introducing an intermediate term 2B(x) v’(x) into Eq (2.40). The same
conditions (1-5) are used from Theorem 2.2, except that a(w) = 1 and the
expression (32(0) - 4G [u] %‘; ) 1s not restricted to negative values.

Theorem 2,4, If the function v(x) satisfies the differential

equation

L{v] = [ac) v'x)]" » 2B(x) v'(x) » C(x) £ [vix)] = O (2.49)
and 1f conditions (1-5) of Theorem 2,2 hold on an interval [a,b], except
that ;z(u) - 4G [u] :—f; = K [u,t] may be positive and that a(v) = 1,

df
then for some x.,€ [a,b] either (1) £' [v(xo)] = weD <1 or (11) v(xy)

- 0,
Proof. The proof parallels that of Theorem 2.2; assuming v(x) ¢ 0

yields the following inequality:

b 2
0g J(uc]+/ [M‘-'-;-)- @ - ot00) |
e L oat

*

[L!._; B & zc“)] ax (2.50)

» -

Since (g = 2G¥%) = 0 by condition (4),

}’[“Y-'J-z-(gz-at' c)]dxgo
&

s e e i i b i dOTT



leads to a contradiction; this implies that v(x,) = O for some

x,€ [a,b]. However, if

?[“ﬁﬁ(gzou'c)]dx>o

then (gz = 4£' G) > O for some x.€ [a,b], implying that £*' < é -1,
This completes the proof.

Example 2,7. A form of Duffing's equation,

vepv e (qzv *rvd) = 0 (2.51)

which arises in mechanics in the study of hard springs (r > 0) and
soft springs (r < 0), may be investigated using Theorem 2.4 (Ref 14:16-18),
With Q(x) -l;ﬁ s Am 1, 8-%, Cel, and Ga= uz, and the trial function

u(x) =X(hex) on the interval [0,h], J [u,G] from Eq (2.27) becomes

h 2 X
3[ue]=f faw)? - 286 e @-0) G } ax 2.52)
o
h 2 2 2 2
=] [10 - 20? - perdYhe2x) & (B - Do)’ | &
o

h
-/ [hz-lnlm-vaxz-phzxohhxz-szs
o
o (B 02 e e x®) ] &
2

e h?x = 2hx o§x3-§h2xzophx3-§x“

2. 2 3_h .4 sy
0(‘ l)(g—x - 0'}3)]0
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cm3emdeFnd) e Bt et B
2 1.5 1.5 1.3
s G- G -7+ 200
2 2
- ha[%t%(g—-.l)]<0

This isrlies that, for |p| <2, h> [(—,::T)' 7% ttis coatttotent p
determines the size of the interval [ O,h] under consideration. If

|p| 2 2, the differential equation Eq (2.51) may be muitiplied by a
constant € to make |€p| < O. This will change the coefficients A, B,
and C in L [v] in Eq (2.49).

After the size of the interval [O,h] is determined, the derivative

£ W= d (q2v¢rv3)-q2¢3rv2 (2,53)
dv dv

is examined to determine if v(x) = O or if v(x) comes close to zero.
FPor example, if p= 1, then h > ('{’:";')')lj 2 3.652 and the interval under
examination 1s [0, 3.652). Ifq=r=l, thent' e} P <
implies that v2(x) < -,} s or |v(x)| < .7071 for some x€ [0, 3.652].
However, if q = r = 1 in Eq (2.51), then it is alwvays the case that

£' « 1 # v2(x) > 1 since v2(x) > 0. This means that g2 = 4£'G < O In
Eq (2,50), which implies that v(x) = O for some x€ [0, 3.652]. Thus,
Theorem 2.4 can provide a bounded value, and in some cases a sero, of a

function v(x) vhich satisfies the differential equation L [v] e 0 in
Eq (2.49).
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The above theorem is also applicable to the equation
u"(t) ¢ (u = ku?) = 0 (2.564)

which is used in the theory of equatorial satellite orbits of an oblate

spheroid, vhere u represents the variation in the radius of orbit and 1

t represents the angular variable (Ref 14:23-24).




111. Zeros of Real-Valued Functions of Two Real Variables

In this chapter sufficient conditions are established for the
existence of a real zero (or a real minimum value) of a continuous reale-
valued function f(xl,xz) with two real variables within a region R. The
theorems are presented for only two variables; however, they can be exe
tended to apply to functions of several variables.

The real seros of f£(xy,x;) will be considered within the region R
defined by the rectangle R = {(xy,X5)s 0 <xy <h, 0<xy, <k} ; for
other regions, basic transformations may be applied as in the previous
chapter.

The function f£(xjy,X7) is required to be a solution of the differen=-

tial equation

2 2
L(f]- ¢ = % [agy 0%y x5 %fq] v Clxyxp)[£(x,%2)12% = 0

fel jul @3.1)

vhere s is an integer, s> 1, c(xl,xz) is continuous on R, and the
elements ay; (x14X7) are differentiable on R and form a symmetric, posi-
tive semi-definite matrix

a3 (xy9%x9) a5 (x4,%9)
A Gy xy) 11 ¥1e%2 - i (3.2)

1 (yexp) 8y (xy4%))

Admissible trial functions u(xl,xz) will be used which are differentiable

on R, sero on the boundary of R, and positive in the interior of R.




Two such trial functions for the R defined above are

u(xyex2) = xp (hexy) x7 (k=xj) 3.3)
and
ulryyx) = sin (=) stn (=2) (3.4)

These trial functions vanish on the boundary of R and are positive withe
in R,

Associated with £(x;,x;) and the differential equation L [f] = 0
will be the functional J [u] which is defined, in its most basic form,

by

] I 2 2 u du
J - z z
(u RI {s ok ayy(xy%7) ( L-axi ) ( 5‘-; )
2s
- c(xl,xz) u (xl,xz)} dx dx, 3.5)

As vith J [u] in the single variable case, whenever J [u] < 0, there
exists at least one zero of f(xl,xz) within the closed region R for
s = 1, or there exists under certain conditions a minimum value of
“"1"‘2) within R for s> 1,

The following lemma, which will be used to prove theorems later in

this chapter, establishes the equality
E[ut] = a@fuld (3.6)

wvhere d(J[u]) is defined to be the integrand of J[u] in Eq (3.5) and
(n,t] is an energy functional defined below on a region R in which
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lemma. If, within a given region R, f(x;,X;) is a function which
satisfies Eq (3.1) and does not vanish, u(x;,X,) is an admissible trial
function, the integer s > 1, and the coefficients a“(xl,xz) form the
positive semi-definite matrix shown in Eq (3.2), then the following

identity holds:

qu-z

g28=4

d@[u]) = Hu,e] = s [ JH (%) e -1 $)% 0 (0

es[1- (% )2'.2] H (u)

is(ne [“2' af (3.7)
L J e —— 3.
l.l J.l axi £28-1 ij axj

where d(J[u]) represents the integrand of J[u] in Eq (3.5) and H(*) is

defined by
2 2
a* Y
H*) =« Z I ag, (=) (=) (3.8)
fml jul 13 * axy 3x,

Broof. Using the fact that aj; = a,, In the symmetric matrix A,
the expansion of E[u,t] and cancellation of terms produces the desired
identity:

28=2
Hu,t] = s :2—._-,;] HOE) + (s=1)( § 22 uee) « o1 - ()77 new

2 2 28
T D [ %—,,, & .9
0'1-1 jm1 Wl[ g2s-1 "1y ox, ] i
3n




2g8-2
% {s[l-(%).
jol j=l

o) L35 Cayy g

)]

e 2
e« T L (au“J)[axi(ﬂzr)]}

i=] j=l

BTN @ oy & (B Rl 1
[ du at |1 [ 3
2oz o [ I tune | [ ed il
*+sa, [ L] b DR
12 23.4 tz J fz
3 ar_ | s af
2oz [eBr- o] [e3n-0it
oo a [ B S 2_
2t 2 €2 ! £2
2
[ 2 af
28-2 . (P57 " v 55
0..22[!:5'_‘] = <3
2
e (@D L 7 (!l) ) ()
{ fel jul axl 9x

2 3
5
] 5 ¢ au(ax’)(a—%)}




- sa C :5;;5
0..12[':!—.-:][

o | 2@ G ur G @) eur @) Q)2 @) @)
SR b el e el

2 2
2.2 t%%;:-l) - 2uf( ga,ii)(%) e u2(3§-)

(o

2 d 2
et [ @3-t G G wue Q) Qo By B

f" i

.
2 d 2, 3¢ +2
282 cz(sﬂ-a ) - 2ue( 8- )( 35 ) + u?(3L)
e D:T:J] e S =2

+

*

+

*

2 2 2s 3
ot gat (:!'_‘T)Eg"_i“”&%)]

2 2 2s
L I (a8 )[&_(u )
el ju=l i3 ij [ axy ,!..l 1}

2 2
y,e 2,2
(e 2 ZcH) (ax‘)(s,‘;;)}

2s-2, 2 2 du du
{sf1-(}§) ]’flﬁlmtsx—‘xg,qn
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282 2 2s8=1 2 2
- {I ll1(¥) ¥ @:—‘) «2s .11(*) o (g-g;)(%%)‘ ..11(¥) .(g.‘Ll)

2s8-2 28«
ceap® GOGE - s ap® R

2 -
-sap@ l‘gﬁ;’% i 'u‘%’z.‘g'ﬁ?‘%x‘;’

282 2 9 |
vo @ QLG - 5 0@ DG

u)28-1 3u , 3f u)28 3f ) 3f
-5 8@ (:"1)(3"2) + s ay Q) (3"1)(:"2)

2g- 2 2s=1
*s .22(%) = 2(§§;) -2s ‘22("!") : %)(%)t:;)

2
s m(%)"@%) }

2s 2 2 2s-1 £
e~ - (201 g-%)] * 2P @GOG

2 2s~
- (28=1) .n(-‘é) .(g-,%)z + 2s alz(%) > l(g-g;)(%}z')

u,2s 2g-1
- (28-1) .12(?) (gi;)(%}z') + 2 nu(%) (gi;)(g'%z')

u 28 u . 28=1
- (28-1) .21(?) %)%) ¢ 2s .22(?) ‘z)(g"Lz)
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2' 4 2 2s 2
(28-1) ay, (.‘.f'.) (:Tz) } * {(s-1) cn(%) (%,‘q)

u,2s u 28
* (s-1) '12(?) (g—fq)(%%) * (s-1) '21(g) (%"‘I)(g xgz)
2 2 2
v D@Ly o (e Dok ded)

1=l ju1 Oy 3%

u,28-2 3y 2 uy28-2 3y, du_
s 'u(f) (gfq) - s '12(?) (ax,’(axz)

282 u.2s<2 2
s @ AL - aayd g-:z) }

2s 2 2
k L
e ,f,[axi (a, g.ij)]

2 2
*s T I [a (g-gz)@;)] + (0]

jel jml
2s 2 2
By £ $ (el
¢ F ,.1[5"1 (ay, g-ij )]

*s izl g[nu(l“—)(“-)] » [(:;:—_l-) c £25°1 | 28 c]

jo]l jel

ax‘ éxj



» :2"1) { :Ex js:l [337 (ag; _L)] e C £28°1,

* (s 8 2 E‘U( )(QL)]-Cuz'
t=l jul

- (ﬂ%) L(t] » a0 [u]) = a@uD)

Thus E [u,f] = d({ul).

If a region R can be found for which a trial function u(xj,x3)
Bakes J[u] < 0, then f(xy,x3) will either vanish somevhere in R or attain
some minimum value on R, depending on the value of s. For s = 1, the

integration of Eq (3.7) gives

Su] = Ilf Eu,f] axyax, = ) (€2 B } ax ax,

§ IxI {1-2-1 jfn oxy [L 1 ‘%"’] s i
The result of the first integration is non-negative, since the positive
semiedefinite matrix A makes H(*) in Eq (3.8) non-negative. The result
of the second integration is sero, since the trial function “("10"2) -0
on the boundary of R. This leads to the following theorem:
Iheorem 3.1. If f£(x3,x2) is a function which satisfies the differen-

tial equation l(t] = 0 in Eq (3.1) with s = 1, and i{f for some region R

2 2
ALu] =14 {:fx :l ayy (%)@{-j-) «Cu} dxyaxy < 0 (3.11)

then f£(x;,X;) = O in some subregion of R,

‘
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Broof. If it is assumed that f(x,,x;) ¥ O on R, then E [u,f] is
welledefined on R. The comdbination of Eqs (3.10) and (3.11) gives rise

to the contradiction
0< Igf E [u,f] axyax, = Ju]<o0

Therefore, the assumption that £(xy,x2) 4 O on R is false, and the proof

is complete.
Example 3,1. A Laplace equation of the form

fex ¢ £y ¢ £0xyy) = O (3.12)

matches Eq (3.1), with ajy = a), = 1 and a;; = ay; = O making the
matrix A positive semiedefinite and with C= 1 and s = 1, The trial
function u(x,y) = x(hex) y (key) fits a rectangular region R =
{(x,)8 0<x<h, 0Sy<k}. To determine values for h and k such
that the region R contains a zero, h and k are expanded until the

functional Ju] < O, Thus

X h
Julef ) {1 (g-})zol(g-?)z-l w?} axdy
o0

2 2 2
{ [ he2x) Gyey>)]" # [ (hxex?) (ke2y)]" = [ (hx=x?) (ky=y2)]" } axdy

[ ]
QK
) 2

k h
[ { (ky-yz)z J % - 4hx ¢ 4x® - nox® o 2!!83 - xl;) dx
o o

h
* og.zy)z { (hzx2 - 2hx3 + x") dx } dy
o
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k 2 "
I { Geyy®’? (2x - 2mx? o 200 03 o Boyb o 25T
o

2 h
¢ (k-z,)z (sL x3 - !‘- x‘ s l ts)] } dy
2 5 o

k 2
[ {yy?)” @3 -2n3 23 L1p5,1p5 1,9
. 3 3 2 5

o Ge2y)® dn® 2w ein)} o

k
(-g- W - é‘U hs) { (kzyz - 2ky3 ey dy

k
0(3‘6115)! &2 - 4ky ¢ 4y?) dy
-]

(%hs-*hs)-sLoks * (315115)%&3

nﬂs’

2 2,2 2
10h® « h“k® ¢ 1k“) < 0
900( X )

Therefore, for positive h and k values, (1(1\2 - hzkz * m:z) < 0; this

implies that for a fixed value h

2 x
k> ( :%To ) (3.13)

For real solutions, h must be greater than J_l_ ; also, the symmetry of
the functional L [t] implies that k > J-l_5. In the instance vhere h = k,
& square region R results, and the solution of Eq (3.13) gives

h> 7./_5"- 4,472, Thus, every solution to the Laplace equation (3.11)

must have a sero on R = { (X,y)s 0 < x < 4,472, 0< y < 4,472} .




Next, Eq (3.1) is investigated for integer values of s > 1, and a
minimum value is determined for a region R,

Iheorem 3,2. If f(x;,X,) is a function which satisfies L (e]=0
in Eq (3.1) with the integer s > 1, and if, for some region R, the
functional J [u] in Eq (3.5) is negative, them

£Gy,x)| < max  ux,,x,)
| porprer 172
for some point (x,,x,) €R.

Proof. If f(xy,x;) = O somewhere in R, the proof is trivial, since
the trial function u(x,,X,) > 0 in the interior of R. If £(xy,x5) ¢ 0

in R, then E [u,f] is vell-defined in R, and integration of Eq (3.7)

produces the inequality

2 u
0>J[u]= J“I E [u,£] axyax; =[S of —:;::‘ JHE axyex,
2s
¢ ] (=) H(E) ax ax,

u. 282
ol o1- @] B axpex,

2 2 2s
efI[ T = ( agy &8 )] axydx (3.14)
R 1-13-189‘7 ﬁm”“j il

The first and second integrals in Eq (3.14) are non-negative since the
integrands are non-negative. The fourth integral is zero since u= 0 on
the boundaries of R. Thus, for J [u] to be negative, the third integral
sust be negative; this implies that [1 = ‘%)23-2] < 0 in some subregion




Therefore,

2.-2 - e
& >1 and £(X,4X,)| € max u(xy,x,)
£ I 1% (x,y)€R 192

for some point (;1,;2) €R, and the proof is complete,

} Example 3.2. A non-linear Laplace equation

3
fxx + fyy ¢ [(tx,y)] = 0 (3.15)

fits the differential equation L [f] = 0 in Eq (3.1) with 8, =8y =Cu1
and a;7 = a, = 0 but with s « 2, Eq (3.5) and the calculations of

Example 3.1 are used to determine an R for which J u] < 0z

k h
Hu] =s [3‘5 3% « hskz)] -] @ u®S)axay
o o

el X3 ¢ 03 -
45

(- Bt

h 4
§ [ (hx=x?) (ky=y?)] " dxdy
o

K h
- A3S + 13K3) « [ (yey?)’] [ (n%x%-an3x5 e6n2x0-thx ox8)ax ]dy
B [} o

k 4 h
- -,-‘.-5 @3%> + 1K) - { (ky=y?) { (%hl‘xs-%h3x60%h2x7- %hxa#%x9)]° } ay

3 7

9k
- i; (h3k5 + hska) -y (k"y“ - 4k ys + 6k2y6 - 4y’ + y®) dy

630

9 9 3.3
o L 035 ¢ n3k3) - Lo « hok3 (882002 - hOk® « 8820k2) < O
45 ( ) 630 3§'G 396900 ( )

If h = k, a square region R results, and (8820:2 - hOk%e 8820k2)<0

becomes hl® > 17640 or h > (1.71.‘»60)1/10 ~ 2,66, In this square region

40




Re {(x,y)t 0<x< 2,66, 0<y<2.66}, the maximum value of u(x,y)
will occur at the central point (1.33,1.33), where u(1.33,1.33) ~ 3,13,

Thus, for some point (x,y)€R, |£(x,y)| < max u(x,yks3.13,
(x,y)€R

These results are achieved using only the trial function
u(x,y) = (xh=x2) (yk-yz). In both the one-variable case presented in
Chapter II and in the twoevariable case in this chapter, the use of
different trial functions may yield smaller regions containing zeros or
minimms. However, the added complexity of the calculations often offsets

the added accuracy that may occur.

41

AT




IV. Zeros of Real Vector-Valued Functions

In optimization theory, a knowledge of zeros of the derivatives of
vectore=valued functions is needed in order to maximize or minimize those
functions subject to constraints. In this chapter, sufficient conditions
are established for the existence of a real zero of a vector-valued

function

= vy (t)
V(t) - . - ('l 'vz 90ce ,vn)r (60 1)

\'vn(t)

in a finite-dimensional vector space. For the simplification of notation
the letters u, v, w, and y will represent vectors u(t), v(t), w(t) and
y(t) of a single real variable t, A and C will represent continuous funce
tions A(t) and C(t), R will represent a constant symmetric positive~
definite n-by-n matrix, and other letters will represent constants.,

The notion of an inner product will be used extensively in this
chapter. The inner product of two real n-dimensional column vectors

v and w shall be defined by

< VoW > = <('1’v2’000.'n)r’ ('l.wz’o.o"n)r >

T 6.2)
® VW =ViV] $ V2W2 % co0 ® VU,

Using this definition, three basic properties for inner products follow

(Ref 15:6-7):




(1) <vyw> =< wv>; .3)

@) < vecyv,y>=mcy<vyy>ec,; <wy>; and

3) <vyv> >0ifveéd 0, and<v,v>e Oonly if ve O,

The following lemmas eatablish basic inner product identities to
be used later. d 14

Lemma 4.1. For two differentiable vector-valued functions v and w,
<v,'>'-:&-(<v,w>)-<v,v'>o<v',v> (6.6)
Proof. This is easily established by using the definition of an
inner product from Eq (4.2):
< VoW >. - (vlwl L 4 Vz'z ® co0 ¢ Vn'n)' J
( . L} L ’ * L] L )
- 71'1 * Vl 'l * Vz"z * '2 '2 cee ® Vn'n * Vn Vn
’ ’ .
L] (71'1 L J VoW ® o0 ¥ Va¥n )
L J ]
*(vpwvpevyw e .0V, W)
a < v,v' >+ < v',v>

Jemma 4,2. If R is a constant symmetric matrix and v is a vector
function, then < v,Rv >' = 2 < v,Rv' >,
Proof. Since R is constant and symmetric and the properties in

Eq (4.3) apply, the following identity holds:

<v',iv>e (v)T &) = [(v')rk]v - [Rr(v')]tv - [R(v')]rv

© SRV',w> e <virv' > (4.9)
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< vtv > @ < v,Rv'> ¢ < v' RV >
- < v,Rv'> ¢ < v,Rv' >

2 <v,Rv> (4.6)

To locate the zeros of a vector-valued function v(t), it will be
required that v satisfies the ianer product differential equation L [v]

of the type
Lvl]e[A<v,ev>'] o C<v,Rv> = 0 (6.7)

where A(t) is differentiable, A(t) > 0, and C(t) is continuous on an
interval [a.b]. A vector-valued admissible trial function u(t) will be
used, in a mammer similar to the trial functions of previous chapters,
with the conditions that u(t) is differentiable on [a,b], u(a) = u(b) = 0,
and u(t) > O for t€(a,b). Associated with the vector u will be a funce

tional J [u], vhere
- "2 2
J [u] - [ [A( < u,Ru > )® « C( < u,Ru >) ] dt (6.8)
2

The following theorem demonstrates that, whenever J [u] in Eq (4.8)
can be made negative by varying the limits of integration a and b, v has
at least one zero on [a,b].

Theorem 4,1. If v(t) is a vector which satisfies Eq (4.7), and
{f u(t) is a vectorevalued admissible trial function on [a,b] such that
J [u] < 0 tor the J [u] defined in Eq (4.8), then v(t) has at least one

sero on [a,b].




Proof. The proof by contradiction is done in much the same way as

is the proof of Theorem 2.1. Since R is a positivee-definite matrix,
< v,iv> > 0 by definition. If it is assumed that < v,Rv > ¢ 0 on

[n,b]. then the above lemmas may be used to produce the following

contradiction: ]
b 2 ' '
< u,Ru > < v,Rv > ’ 4
0 dt 4.9 ]
- j.'[( o ) ] %.9)
D <ugRu>> A<vRv> < uda > (P2 2
a < V,Rv > < VyRv >

[(< uyRu >2 < VoRv >' )'
< vokv >

[}
» -

’A(-<v,lv>'<u.ku>0<u,Ru>'<vJLv>)2]dt
<V'Rv>

}’[(<u.ku>2<nav>' 3 5 A(<V.Rv>.<ugku> 2
a < V,Rv > < VvoRv >

L] L
-u(<u.nu><u.mé> <!.§v><v.kv> )
<v,Rv>2

oA (<uru>)? ] ae

}’[(<u,5u >2 A < vv > ) o A ( SYaBY >' < ugku > )2
a < VyRv > < VyRv >

» [} L 2
c2a (SUaBU><uRu>' <VRVO' )L\ (cypu>)? ] e
< VoRv >

& ?[(<u.ku>2A<v,Rv>' )' ’A(<v.lv>' < u,Ru > )2
P < V,Rv > < VoRv >

v '
.‘(L<|I.Ru><ulkll> < VoRv > )oA(<u.l.u>')2]dt
< veRv >
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b 2 '
< > < v,Rv >
I[( u,Ru A < V. Rv

)' ¢ A (<u,Ru >')2

a < V4Rv >

2 < ugRu > < ugRu > < V,Rv > = < u,Ru >2 < v,Rv > sTae
< VeRv >

.A(v,&v>(

< u,Ru >2

< voRv >

+

b
[ [A (< u,Ru =%y A<v,ry >

<uRu>
#
(<v,Rv> ) A< v,Rv > Jat

( < u,Ru >2

! [A ( < u,Ru >')2 ) (A< v,Rv >')' Jae

- L
a < VvoRv >
L 02 < u,Ru >? .
o [[A(<uRu>) 0(2—""-”—))(A<v.kv>)
s

2
2 u,Ru >
C< u,Ru> ¢ (<—l——"’R = ) C < v,Rv >Jde

b
[ A C<uru>D? o c<upru>? .(<°:;; ) L[v] Jec
L]

b 0.2 2
» [[A(<uRu>) « C<u,Ru>]dt
8

- JE\I](O

Thus, & contradiction arises from the assumption that < v,Rv > ¢ 0,
This means that < v,Rv > = O somewhere on [a,b], which implies that
v(t) = O for some t€ [a,b].
Specific examples of v(t) which satisfy L [v] in Eq (4.7) are diffi-
cult to find. However, differential equations already in the form of

Eq (4.7) may be examined.




Example 4,1. In the case vhere v(t) is a scalar function of t,

Re 1, u(t) = t(het) on the interval [O,h]. and A(t) = 1 = tz and C(t) =

n(nel) are coefficients from the Legendre polynomial examined in
Chapter 1I, Eq (4.7) becomes

L(v] = [(1-:2) < v(t), v(t) >']' * n(nel) < v(t), v(t) > =« 0 (4,10)

In order for v(t) to have a sero on [0,h], J [u] defined in Eq (4.8) i

must be negative. Thus

h
J[u]l = f[(1et?)( < u,u >')2 = n(nel) < u,u >2 Jae
°

§ [(1=t®)(2 < u,u’ >)° = n(nel) < u,u >2 Jae
°

h 2 0,2 2
e [ [(1t?) 4(uu')" = n(nel) 2)° Jat
(]

h
{ [(1.‘g2) 4(ht - tz)z(h - Zc)2 - (nzv n)(ht - tz)‘i Jae
o

h
[ [(eett?) (W%2- 6n3es 13n2¢%- 12nes 4e8)
o

6

- (% n) (%% andede 6h2t5- the’e cs)]dc

h
! [en%2« 24n3¢3s 52n2tb. aoneds 16¢5)
(-]

- (lch“t“- 26033« 52n2¢8- 4sne’e 16¢8)

= (n%¢ n) (%% an3eSe 6n2eb- ancle ta)]dt

&7 |




-h(3-605 807) h(s l.o-,- 609)

-h’(nzvn)('}-%v%-%o%)

Z 7
- Wl - 0" Gl e Bt ) - B 12 - ¥ e n v @] <0

Therefore, a zero of v(t) will occur on [O,h] vhen h > (;2:-:2’—6)“

and h< 1, When n = 3, a zero lies in [0, .866]; wvhen n = 4, a zero
1ies in [0, .707].

It may be difficult to find vector functions which satisfy
L [v] » 0 in Eq (4.7). However, it is possible to substitute the
differential inequality L [v] < O into Eq (4.7) and still derive
Theorem 4.1 without altering the proof substantially. This allows a
wider range of vector=vaiued functions v(x) to satisfy the resulting
inequality.

Other results by Jones have been established using different
conditions on the vectore-valued function v(t) and the vector-valued

trial functions u(t) (Ref 16:86).




V. Conclusion

There are several computer applications of iterative techniques
which will iterate toward zeros of a function, but the initial starting
value for these schemes often must be chosen carefully. If the initial
point is not close to an actual zero, the iterative techniques often
diverge.

The theorems and examples presented in this work can be used to
locate intervals on which a function has a zero. If the given function
f can be paired with one of the differential equations L [£] = 0, and
if a trial function u is found which makes the corresponding functional
J [u] negative on a certain interval, then a sero of f does exist on
that interval.

Examples of common differential equations from different engineer-
ing sciences were chosen to demonstrate the breadth of applications
possible. Perhaps this method can be applied to indicate the existence
of seros of other differential equations before valuable computer time
is wasted in hit-or-miss searches to find these zeros. In fact, the
algorithms obtained can themselves be implemented using numerical tech-

niques en a computer of reasonable sise.

49

BT — i ; it i e




1.

2,

3.

b,

3.

6.

1.

9.

10,

11.

12,

13.

Bibliography

Farrell, Orin J. and Bertram Ross. Solved Problems in Analysis.
New Yorks Dover Publications, Inc., 1971.

Cohen, Alan M. Numerical Analysis. New York: John Wiley and
Sons, 1973,

Leighton, Walter. "A Substitute for the Picone Formula,” Bulletin
of the American Mathematical Society, 558 325-328 (1949).

Korn, Granino A. and Theresa M. Korn. Mathematical Handbook for
st Engineers (Second Edition). New York: McGraw=Hill
Book Company, 1968.

Relton, F. E. Applied Bessel Functions. London: Blackie and Son
Limited, 1946,

Alken, Howard H., et al, Tables of the Bessel Functions of the

First Kind of Orders Zero and One, Volume III. Cambridge,
Massachusetts: Harvard University Press, 1947,

eeees, Tables of the Bessel Functions of the First Kind of
Two _and Three, Volume IV, Cambridge, Massachusetts:

Harvard University Press, 1947.

esesse, Tables of the Bessel n s of the First Kin

Opders Four Five Six, Volume V. Cambridge, Massachusetts: Harvard
University Press, 1947,

=eeee, Tables of the Bessel Functions of the First Kind of Orders

Jen Eleven Twelve, Volume VII, Cambridge, Massachusetts: Harvard
University Press, 1947,

ewess, Tables of the Bessel ctions of the First Kind of Orde

Forty through Fifty-One, Volume XI. Cambridge, Massachusetts:
Harvard University Press, 1948.

McCann, Roger C. "Lower Bounds for the Zeros of Bessel Functions,”

Broceedings of the American Mathematical Socjety, 64: 101-103
(May 1977).

Komkov, Vadim. "A Generalization of Leighton's Variational
Theorea," Journal of Applicable Analysis, J: 377-383 (1972).

sesss, '""Certain Estimates for Solutions of Nonlinear Elliptic
Differential Equations Applicable to the Theory of Thin Plates,”

SIAM Journal on Applied Mathewatics, 28: 24-33 (January 1975).
50




14,

13.

16.

17,

18.

R

Struble, Raimond A. Nonlinear Differential Equations. New York:
McGraw=-Hill Book Comnany, 1962,

Friedman, Bernard. Principles and Techniques of Applied Mathe-
matics (Eighth Edition). New York: John Wiley and Sons, Inc.,
1966,

Jones, John, Jr, "On the Zeros of Functions with Values in

Hilbert Space," Resumes Des Communicatjons, International Congress
of Mathematicians : 86 (August 1974).

Jones, John, Jr., John W, Lukes, and Kevin Dolan. "“On Kinematic
Similarity of Systems of Differential Equations,” Notices of the
Aperican Mathematical Societv, 24: A=-474 (August 1977).

Lukes, John W. "Approximation of Zeros of Functions in Optimiza-

tion Theory," Presentation to the IEEE Technical Symposium, AFIT,
Wright-Patterson AFB, Ohio, 7 November 1977,

n




VITA

Captain John W. Lukes was born in Manitowoc, Wisconsin, in 1947,
He attended Lincoln High School there and graduated from the University
of Wisconsin in Madison with a B. S. degree in Mathematics in 1969.
After receiving his commission through Officer Training School in 1970,
he attended pilot training at Laredo AFB, Texas, and flew KC-135's at
Grissom AFB, Indiana, with extended temporary duty tours in Thailand,
Spain, England, and Alaska, until his assignment to the AFIT School of

Engineering in June 1976,

Permanent address: Route 2, Box 392
Manitowoc, Wisconsin 54220




UNCLASSIFIED
SECURITY CLASS'FICATION OF THIS PAGE (Whan Date Entered) & .
.- : ATl S : READ INSTRUCTIONS
|. REPORT NUMBER > ]2. GOVY ACCESSION NO| 3. PECI';'T'-NT"'» CATALOG NUMBER
GCS/MA/77D=3 »1
4. TITLE (and Subtitle) ;.Tr:;—c-.;r REPORT & PERIOO COVERED
APPROXIMATION OF ZEROS OF FUNCTIONS . MS Thesis

ARISING IN THE ENGINEERING SCIENCES

6. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(s) 8. CONTRACT OR GRANT NUMBER(s)
John W. Lukes
Captain
.
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PPOGﬁ; FLEMENT, PROJECT, TASK

AREA & WORK UNIT NUMBERS

Alr Force Institute of Technology (AFIT=EN) .
Wrighte-Patterson AFB, Ohio 45433

11.. CONTRQLLING OFF AME AND, A 2. REPORT DATE

Flfgﬁt: ontrol bBiviston (ARFUL/FG)

Alr Force Flight Dynamics Laboratory December 1977 RS
Alr Force Wright Aeronautical Laboratories 13. NJUMBER OF PAGES
Wright-Patterson AFd, Ohio 45433 87

4. MONITORING AGENCY NAME & ADDRESS(if ditterent from Controlling Office) 15. SECURITY CLASS. (of this report)

T e e

UNCLASSIFIED

1Sa. DECLASSIFICATION/DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of thie Report)

Approved feor public release; distribution unlimited

17. DISTRIBUTION STATEMENT (of the abatract entered in Block 20, il diiferent from Report)

'8 SUPPLEMENTARY NOTES  __ApProved fer public release; IAW AFR 190-17
\.\\&\&X ~

\)5.‘)!5
JERRAL F. GUESS, Captain, USAF

Director of Information :
19. KEY WORDS (Continue on reversas side if necessary and identify by block number) |

Optimization Theory Duffing's Equation

Second Order Differential Equations Bessel Functions

Legendre Polynomials Linear Differential Equations
Laguerre Polynomials Nonlinear Differential Equations
Emden'’s Equation Vector Differential Equations

&0. ABSTRACT (Continue on reverase side if nocoaw...dvmm‘y.tyw number).. o

This thesis extends wo! of Morse, leighton, and Joned which take a funce
tion defined by a second order differential equation and determine an interval
on which that function either has a zero or attains a minimum, bounded value.
Theorems for locating zeros are proved for functions of a single real variable,
functions of two real variables, and real vector-valued functions. Algorithms
suitable for computer adaptation are presented in examples ©?ich locate seros
of such functions occurring in the engineering sciences as Legendre polynomials,
Laguerre polynomials, Emden's equation, and Duffing's equation; special emphasis

1

DD ,%on'7s 1473  eoimion oF 1 wov 3 (s OBSOLETE AIICCIASS!FH:D C:'::

SECURITY CLASSIFICATION OF THIS PAGE (When Date Entered)

FANERTRS: PN - S ‘ TR LY P




SECURITY CLASSIFICATION OF THIS PAGE(When Dete Entered)

_Continuation of Block 20, ABSTRACT

1s given to the zeros of Bessel functions Jg;(x). The methods developed in this
work are useful in optimization theory; they also can be used to obtain good

initial approximations of zeros for starting iterative algorithms, such as the
Newton=Raphson method, which give more exact sero values. 1

\

UNCLASSIFIED
SECURITY CLASSIFICATION OF THIS FAGE(When Dete Entered)




