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THESIS ABSTRACT
AIRCRAFT COMPENSATOR DESIGN METHODS
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/ In this paper methods using linear analysis are presented for the

design of longitudinal flight compensators. The compensators employ

I state feedback to force the aircraft to respond in the desired manner.
The design process involves analysis of the uncompensated aircraft,

construction of a model which has the desired response, and two algo-

rithms for designing the compensator.

T - e

; A method is presented for contriving the desired model from handling
qualities performance criteria. The method is straightforward and

results in the exact desired short period response: however, the phugoid

i | (long period) response is less predictable.

The compensator design algorithms are easily implemented into
computer programs. The algorithms require a minimum of human/computer
interaction and solutions are assured for controllable systems.

Compensators for two aircraft are designed to show the techniques

i presented. In both examples the compensated system response is exactly

the same as the model response.
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I. INTRODUCTION

The modern aircraft is capable of flight over a wide range of
velocities and altitudes. This increased capability has resulted in a

deterioration in airplane stability manifested by an increase in the

airframe natural frequencies and a decrease in the airframe damping [1].

In order to improve the stability of the modern aircraft, automatic
control devices have been devised. These control devices, often called
Stability Augmentation Systems (SAS), operate almost universally by
sensing the airframe motions and then moving a control surface to
oppose the airframe motion.

The problem of designing an SAS is complex. The equations which
represent the mathematical model of the airframe are nonlinear differ-
ential equations. For reasons of comfort, safety and mission perform-
ance, it is desirable that the airplane fly along a smooth path. It
is reasonable to consider departures from the path as small perturba-
tions. This assumption permits considerable simplification of the
airframe equations of motion by reducing the model to two independent
linear differential systems, one representing longitudinal flight and
the other representing lateral flight.

The design problem has now been broken down into two independent
problems, one for longitudinal flight and the other for lateral flight.
Although the problem has been simplified greatly, the design of the
SAS for the two flight configurations is by no means trivial. For

1
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instance, the small disturbance mathematical model for longitudinal
flight is a 5th order linear differential system with multiple inputs

and outputs. In order to design an SAS for longitudinal flight, the

system open loop transfer function and the desired transfer function |
must be known. Then using some algorithm the compensator is designed
such that the compensated system transfer function is the same as the

desired transfer function.

b One method for designing the SAS is by determining the transfer
function for a particular state with respect to some input and design-
ing a compensator that places the poles and zeroes of the transfer
} function at some desired location. However this method is impractical
for even moderate size systems because of coupling between states.

A more practical method is to generate a model, normally of the

same dimension as the plant and often of the same structure as the
plant, that has the overall desired response for the system. The
problem now reduces to determining a compensator that will force the
states of the plant to equal the states of the model. The bulk of the
work in attempting to solve this problem has used optimal control
theory. To do this requires the generation of a cost function. Most
papers written in this area specify a quadratic performance measure

as given in Equation (1-1).

7 =/° [, = )00, = x) + u"Ruldt (1-1)
0

l
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where

xp = states of the plant

*m

states of the model

u control applied

and Q and R are nxn and mxm weighting matrices respectively. This
problem has been solved by Ryanski, Reynolds, and Shed [2] and Windsor
and Roy [3] among others. However the key difficulty in all of these

solutions is the lack of definition of the matrices Q and R.

R. T. Curran [4] developed an algorithmic approach to the design
of the compensator. By performing transformations on the plant and
model systems he transforms the system to a special canonical form
which allows him to easily determine the compensator which equates the
transfer functions of the model and compensated plant. Since the
transfer function for a given system is not dependent on the coordinate
system of the state equations, a solution to the problem is assured.
Once the compensator is determined it is transformed back to the
original coordinate system.

The aircraft control problem Tends itseif to Curran’s method
because of the form of the aircraft system matrices. In this paper,
Curran's method is fully developed in relation to the aircraft longi-
tudinal control problem. Curran's algorithm is simplified and extended
to include a wider range of systems. This paper shows that a solution

to the aircraft longitudinal control problem via Curran's method is
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always assured if care is taken in constructing the model. Also a

method is developed for generating the state equations for the model

based on desired performance criteria [5].




II. DEVELOPMENT OF AIRCRAFT LONGITUDINAL EQUATIONS
AND PERFORMANCE CRITERIA

Aerodynamic forces are, in general, roughly proportional to
ovzn2 where p is the density of air, V is the velocity relative to the
local environment, and & is a characteristic linear dimension. It is
therefore universal practice to obtain nondimensional force coefficients
by dividing the aerodynamic forces by a factor proportional to the
above quantity. For example, the weight coefficient is given by
ey ™ 2mg/szS where mg is the weight of the aircraft and S is usually
the wing surface area. Table 2-1 1ists the aerodynamic forces related
to longitudinal flight, the small disturbance divisor and the resul-
tant nondimensional quantity [6]. The constants in Table 2-1 are

defined below.

Ve = constant reference velocity

pe = constant reference density

¢ = longitudinal reference length (wing mean chord)
S = reference wing plan area

Using the nondimensional quantities of Table 2-1, a set of Ist
order linear nondimensional dynamic equations can be written which will
describe the aircraft's longitudinal motion. The equations were taken

from Etkin's Dynamics of Atmospheric Flight [6] and are given by

Equations (2-1) through (2-5).




Table 2-1. Dimensional and Nondimensional
Aerodynamic Forces.

Dimensional Symbo1 ‘| Small Disturbance | Nondimensional
Quantity Divisor Quantity
Thrust, Drag, Lift | T, D, L 150V%s Cos B, Oy
Weight mg %pVZS Cw
3
Moment M '/szZS?:' Cn
Pitch Rate q 2Ve/E' q
Mass m '/zpeSE u
Inertia I o S(c/2)3 I
y e y
Density o Pe o
Velocity v Ve v
Altitude i /2 i
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2u(DV) = [C. cos(ar) - Cn + 2C. sin(y.)JaV
Tv T Dv We e

- [Ch + C; sin(ay)]aa - [C . cosy_Jay
S M e W 'e
b W ¢ s 5
+ [CTzcos(aT) CDz + - Cwesln(ve)]AZ
+ AC, cos(ar) - AC (2-1)
Tc T DC

~(2u¢ )(Da) = [Cy sintup) + ¢ + zcwecos(ye)]m‘/

+ [C +C. cos(ar)]aa + [C, - 2ulq
La Ts T Lq

+ [C,, sin(y,)lay
e

. 3% -
+ [CLz + CTZs1n(aT) + " Cwecos(ye)]AZ

+ ACT sin(ar) + ACL (2-2)

C Cc

I Dq - Cm.Da = cm AV + cm Ao + Cm q+ cm AZ + ACm (2-3)

y & v o q z c
Da + Dy = q (2-4)
DZ = - sin(ye)AV - cdé(ye)Ay - sinye (2-5)

The symbols in the Equations (2-1) through (2-5) are defined below.

e = reference state

De = C-de . C ; (2-6)




aC. = nondimensionalized command input e

ar = angle between the thrust vector and the longitudinal
body axis
Ye = steady state angle of climb

Often to simplify the equations, a new angle, 6, is defined such

that
8 =a+y (2-7)

Figure 2-1 illustrates the angles of longitudinal flight. For simu-
lation purposes it is assumed that at time t=0 the aircraft is in
equilibrium and is flying straight and level. Equilibrium of the
reference state connects the thrust, drag, 1ift, and weight coefficients

by the following relations

Cr cosar - Cp = C, sin 2-8
T,S0seT - Cp, = Gy STMve (2-8)

CTesinaT + CLe = Cwec05ye (2-9)

Level flight is defined as
i A (2-10)

If the thrust, drag, 1ift, and moment all vary with the air density

when the speed is constant then, it is a good assumption [6] that




HORIZON / :
o

Figure 2-1. Angles of Longitudinal Flight.




C; =Cy =C, =C, =0 (2-11)

Substituting Equations (2-6) through (2-11) and the definitions for
v, &, and Z into Equations (2-1) through (2-5), the longitudinal
equations become

. Vel
AV = ;_E_ (CTVCOSO.T - CDV)AV + p—E (CLe = CDG)AG

Ve2 ve2

+ = (-C, )6 + — (ACy cosar -AC 2-12
uf( we) e ( TC aT DC) ( )

a3 2 CTvSinuT + CLV + che\ 2Ve cLa + CDe
Ax = - = ( AV - — ( )Aa
C 2u + C, C 2u+C, ‘
o a

2u - CLq (4Ve)(35) cWe

+ q - — V4
2u + CL- c2 J\oz 2u + CL'

& o

2V_ 1 AC; sinar + AC

_ —? T; Z Lc (2-13)
C 1O =

Ls
6 =q ‘ (2-14)
c Iy mV m('l 2u + CL&
2

2v 141 Cma(cta + Cp,)

+ j—| —|C. - Ao
C Iy mu 2].1 + CL&
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In the longitudinal flight configuration for an aircraft, there
are two distinct characteristic response modes. The first is a short
period mode which usually has a natural frequency of approximately 3
radians/sec in comparison to the second, called the phugoid mode, which
has a rather long period (usually between 50 and 150 seconds). These
response modes are, of course, related to the eigenvalues of the system
which in turn are dependent on the aerodynamic coefficients of the
aircraft.

The eigenvalues are solutions to the characteristic equation

which is given by
C.E. = [AI-A| =0 (2-18)

where

a eigenvalue

|

Ié Identity matrix

A = A matrix in Equation (2-17)

The characteristic equation is an nth order polynomial where n is the
dimension of the A matrix.

For the fifth order aircraft model there will be five eigenvalues,
which may be real or complex. There are three possibilities that must
be examined.

1. All eigenvalues are real.

2. Three eigenvalues are real and two are complex conjugates.

3. One eigenvalue is real and four are complex (two pairs of
complex conjugates).
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The third case is by far the most common with aircraft although 2 and 1
do occur. If the eigenvalues for the system fit the third case, the

characteristic equation can be written
(» + c])(xz + bo) + cz)(xz + b3x + c3)=0 (2-19)

The second order factors of the characteristic equation can be

represented by
12 ¢ ¢ 2 i
A€ + ZCwn)\ % wo (2-20)

where
¢ = damping ratio

Wy = undamped natural frequency

One second order factor determines the response of the short period
mode and the other provides the phugoid mode response.

An inspection of the generalized A matrix (Figure 2-2) reveals
that the elements vary under different flight conditions, e.g. velocity
and altitude. Simply knowing the aerodynamic coefficients for 2 given
aircraft under given flight conditions and being able to plug in the
numbers to compute the elements of the A matrix to calculate the
eigenvalues for one situation leaves much to be desired with respect
to the general aircraft control problem. In the design of the com-
pensator it is important to know which elements of the A matrix
dominate the response modes of the system.

In order to analyze the aircraft longitudinal response, schemes

based on empirical results have been devised to approximate the short




period and phugoid modes.
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almost universal practice to neglect the AZ state.

Since the z derivatives are small, it is

Experimental

results reveal the short period oscillation occurs at virtually con-

stant speed (therefore AV=0 in the short period mode) while the phugoid

takes place at virtually constant angle of attack (therefore 4a=0 in

the phugoid mode) [6].

Short Period Approximation

The short period approximation neglects the AV and AZ states,

reducing the model to a third order system.

reduced homogeneous equations in state variable form.

Da
De

Clearly, the reduced matrix is singular and has rank = 2, therefore one
of its eigenvalues is equal to zero and of little interest.

approximation it is clear that the values of the a

(CLa + CDe)
2u + CL&

0

1 . Cn. (CL, + Cpy)

Iy o 2u + CL&

Equation (2-21) gives the

1
—[Cn *+
m

Aa

0>

Cm.(2u - CL ]
a q

2p + CL& 4

-

(2-21)

22° a24, a42, and a44

elements of the A matrix determine the short period response. There-

fore the equations which determine the short period response are

From this
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- .
h (CLQ + CDe) 2y - CL;
Ba 2u + CL. 2u + Cp. Aa
) a a
Dg ] q
l_-cm i Cm&(CLOl + CDe) :—-Cm . Cm&(Zu - CLE)
Ryl - 2+ G, Iyl @ (2u+C..)
L a a

(2-22)

The Phugoid Approximation

The phugoid approximation is not as clear-cut as the short period
approximation. Unfortunately, one cannot break the A matrix down into
a submatrix that will give obvious results as with the short period
approximation. Therefore it is not possible to calculate the phugoid
component of the characteristic equation directly from any given
elements of the A matrix. However, the phugoid can be predicted
fairly accurately from the aerodynamic coefficients of the aircraft.

Recalling that in the phugoid mode the angle of attack, a, is
virtually a constant, hence, Aa=0. This implies zero pitching moment,
so that pitch equilibrium is always maintained. This suggests that
the pitching moment equation should be dropped. The reduced equations

are given by Equation (2-23).

Cry - Cpy : ; cw_g
. 2y 2u .
DV AV
=|- 0 (2-23)
Do 2y + C | 2u + C AQ
o a
L 1 0
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Since usually,

2p>>CL.

a

2Cw >>C

Al

v

Then

CL-’ CL s CL » and CD will be neglected.
a v q v

The second of the three equations is an algebraic relation, i.e. with

the preceding approximations

% EYQ-AG +q=0 (2-24)
M

Using the approximations and Equation (2-24) to eliminate q, Equation

(2-23) can be shown to be

r‘ -
c 5
» T W <
DV — - —=£| [ av
= | ou 2u (2-25)
De AB
Eﬁs 0
L M A

Recalling that

a
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2 = &Y
Ve
D’v = _E_g:.
2Ve dt
_ T de
2V, dt
Equation (2-25) can be written
> G
VeCr, V%G,
AV uc ‘He AV
o (2-26)
AB A©
ZCwe 0
L T )
From Equation (2-26) w, and zp can be determined.
P
J2 v
w, = __9&_ (2-27)
P uce
1 Cr
S -V (2-28)
2/2 ¢
Y

With the knowledge of how z_ and wy vary with the aerodynamic

p
coefficients, the elements of the A matrix which are dominantly depen-
dent on these coefficients can be determined by inspection. An exam-

ination of the A matrix reveals ajz and apy are dominated by C, and u;
e
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therefore they effect w"p' The 2y, element is dominated by CTv and
us therefore it effects %

Knowledge of which elements of the A matrix effect the short
period and phugoid response modes enables one to construct a model
which will respond to some desired performance criteria. Because of

the indefiniteness of the dominate phugoid elements, a trial and error

technique will be required to get the exact desired phugoid response.

Performance Criteria

Much research has been done in the area of aircraft handling
qualities to ascertain which vehicle parameters influence pilot
acceptance. In investigating the handling qualities related to longi-
tudinal dynamics the problem is usually separated into two parts,
associated with the short period response and the phugoid response.
Attempts are then made to correlate pilot opinion with various para-
meters.

First consider the phugoid response. For conventional fixed wing
airplanes the phugoid period is very long and not a significant factor
in pilot rating, however the phugoid damping is important [6]. As the
damping decreases, the pilot must devote more attention to controlling
the Tow frequency motion. One study by F. 0'Hara using simulators
showed that a damping ratio of .2 was rated acceptable and one of .6
was rated good by the pilots participating in the study [6].

The parameters that effect the pilot ratings of the short period
response are more complex than the phugoid response. Substantial

disagreement among results based on simply correlating pilot ratings




21

with short period damping and natural frequency has resulted in a search

for more meaningful parameters. One such parameter was derived by
noting that the pilot's opinion of an aircraft's handling qualities is
influenced by the vehicle's response to control inputs. This depends
on both the poles and zeroes of the system transfer function. An
important transfer function is the approximate one relating pitch rate
response to elevator angle input [6]. This transfer function in the s

domain is given by Equation (2-29)

L
als] e )

(2-29)

psg(s) Iy (s?+ Zespung s * “’"sg)

To obtain the impulse response of Equation (2-29) let Aée(s) = 1 and

take the inverse Laplace transform as given by Equation (2-30)

Mse T 2¢T
a(t) = 2 -2l sin(ut-¢) (2-30)
Iy 1-C2 wnz W
where
1 - ;2
¢ = tan 1 =
L = —
Wn
1 and
T = b—
mV

Equation (2-30) shows that the phase and magnitude of the response is

determined by ¢ and La/men. These coefficients have been identified
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&. import t parameters in the longitudinal handling qualities
criteria [8].

Shomber and Gertsen noted the importance of La/mv in “heir study
[5]. They argued that when the aircraft's normal acceleration change
per unit angle of attack (Na = %%) is less than 15 g/rad, the pilot is
concerned with controlling the aircraft's flight path. The magnitude
of the flight path curvature due to elevator deflection is approximately
(La/mV)Aa. However when N> 15 g/rad, the stress experienced by the
pilot due to normal acceleration forces causes the pilot to be more
concerned with controlling the normal acceleration than controlling the
flight path. Therefore Shomber & Gertsen derived two sets of parameters.
The first (for Na < 15) is a function of La/mv, w"sp’ and Zsp and the

second (for N, > 15) is a function of Ny wy and T

n p’

Figures 2-4 and 2-5 show iso-opinion czaves based on the use of
these parameters. The data used to form these curves is based on pilot
ratings from experiments using simulators and variable stability air-
craft. The solid lines represent curves of constant pilot rating as

the values of La/mvN » as the case may be, and z__ are

sp & Pgp <
varied. The regions of satisfactory, acceptable, and unacceptable

n

handling qualities are indicated.
From Figures 2-4 and 2-5 it is evident that ideally La/wn’ and

¢ should be constant for all flight conditions. Since

]/ZQVZSCL = KoV?
o

-
[}

and L
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then the compensated system would have to meet the following conditions:

1. ¢ is not function of p or V.
2. For N <15 '
Q
w. = kpV (2-31)

3. For N_>15
o = koV® (2-32)

However, from a practical viewpoint, the previous three rigid conditions
do not have to be met as long as ;he compensated system response remains
in the satisfactory region.

If it is assumed that the compensated system will employ state

feedback of the form
x = [A + BKIx + Bu (2-33)

where the K matrix is a constant feedback matrix, then the characteristic
response of the compensated system will be determined by the matrix

[A + BK]. Since the elements of both the A and B matrices are depen-
dent on the aerodynamic coefficients for the system, the compensated
system response will be a function of the A and B matrices. Recalling
that the short period response of the open loop (uncompensated) system

is dependent mainly on the Ao and q states, it will be assumed that

the compensated system's short period response is also dependent only

on these states. Using Equation (2-22), the second and fourth rows of

the B matrix (Figure 2-3) and the definition for D&, DG, and q,

Equations (2-34) and (2-35) are determined.




e . =
2V + 2y -
e|CL, * Cno g
T T lautg. 2u + (.
.—u La - L(l
A= :
2_
ave Cmg (CL + cDe)" 2Ve Cin; (20 - chil
™ e+, | Ig|™  a+c, |
(2-34)
Klve Klve
c(2u + C.) c(2u + C.)
a
BK = (2-35)
2 2
v [ K K,V K
K? e |1 4+ 5 } ﬁ e |17+ 5
c 2u + c +
Lch | (2 CL&) Ic 2u CL'J
where Kg = Cm(;l sin(uT)+ 1

and K], K2, K3, and K4 are constants that are functions of the kij

elements of the feedback matrix. Making the following assumptions,

2u>>C
Ls
2u>>C
L
I
y Pe
K
u o= v
Pe

Ch,¢, C ,C ,C ,C areall constants then Equations (2-34) and
De m m- L

m
o q a
(2-35) become




"6
KgPe'e 1
s : (2-36)
2 2
KepeVe * Kiofe Ve K11PeVe
Ky2fe' Ky3reVe
BK = (2-37)
2 2. 2 2 2. 2
KigPeVe * KigPe Ve KigPele * Ki7Pe Ve

where K8 through K]7 are determined by K] through K7 and the constant
aerodynamic coefficients. Adding Equations (2-36) and (2-37),

KigPeVe 1+ KyzeaVe
[A+BK] =
2 2, 2 2 2. 2
KigPeVe *Koofe Ve Ki1reVetKiePeVe tKizPe Ve
(2-38)
where K]8 = K8 + K12
Kjg = Kg * Kyy

K20 = K10 * Ki5

Since Pa 1, then pez << pg and if it is also assumed that K]Q and
K20 and K]], K]6’ and K]7 are of approximately the same magnitude, then
Equation (2-38) reduces to

KigPeVe 1+ Kyge Ve
[A+BK] = (2-39)
2 2
KioreVe KigeeVe
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From Equation (2-39), the manner in which W and Csp vary with

Sp
Pe and Ve can be determined. Since zcsp“n is equal to the negative
s
trace of Equation (2-39) and . 2 is equal to the determinant of the
sp

matrix, then

i

2Csp“’nSp = -[Kig + KiglegVe = -KyppeVe (2-40) ;

2 2. 3 2
“ng, - K16k = KizKrglee Voo - Krgeele ek
If [K16K18 - K]3K]9]peve><< Kig then Equation (2-41) reduces to
1 :
ay = Koglog (2-42)

nsp

where K22 = -K]g

Substituting Equation (2-42) into Equation (2-40) gives

= 5 [
tp = Kpalog) (2-43) :
K
21
where Knqy = = 50—
23 K22

Although Equations (2-42) and (2-43) do not quite meet the con-
ditions for the ideal system, if the compensator is designed so that
at a median velocity and altitude the compensated system's response is
well within the satisfactory region, then for a certain limit of flight
conditions the system response will remain in the satisfactory region.
Since the location of the zero, La/mv, in Equation (2-29) is an
important parameter in the performance of the aircraft, it will be

useful to determine which elements of the A matrix determine the zero ;»
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location. Using the short period approximation matrices, the transfer

function can be determined by

—a(s) = ¢c[s1-A7""8 (2-44)
Aée(s)
where
c=[0 1] (2-45)
899 3
A= (2-46)
42 A4

Kbz * Konaz b]'l
(2-47)

K3bgz + Kqbg3 bz'J

From Equations (2-45), (2-46), and (2-47), Equation (2-44) can be shown i

to be {l
R (248) |
= - i
Azg(s) 2 + 2cwps + wy? |
i
If b2’>>b]‘, then Equation (2-48) reduces to
q(s) by*(s - ass)
& " 2 22 " (2-49)
bte(s)  s© + 2zu st v,

Equation (2-49) shows the zero location is determined by the a5 element.
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The a22 element can be expressed as

2V (C + CDe)
2T T THTO b

If it is assumed that

ZU>>CL'

a

C, >>C
La De

then Equation (2-50) becomes

VCLQ
* - 2-51
422 e (2-51)
Since,
2L
C =
Ly oV%s
and
pSc
then
. La
%22 " (2-52)

Therefore the zero is located at s = La/mv which is the same result as
given in Equation (2-29).
With the knowledge of how the elements of the A matrix effect the

system response, a method for developing a satisfactory model can now

be formulated.
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10.
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Through simulation or other means choose s median flight
condition for which the compensator will be designed.

Pick a desired ¢ and w_ for the phugoid and adjust the 8140
350 and a elements for the desired response.

Determine Na at the chosen velocity and altitude from the

L
aerodynamic coefficients using N = -2,
o mg
If N < 15, then determine L /mv and calculate an w and
a a nsp
a csp which place the intersection of La/mv(nn and Csp in

sp
the center of the satisfactory region in Figure 2-4.

It Na > 15, then determine an G and zgp which will place
the intersection of Na/“n and Csp in the center of the

sp
satisfactory region in Figure 2-5.

Using the desired values of Z and . , calculate the short

p n
sp
period characteristic equation of the model
CE.=sluap o s+a ?
P sp sp
Set Ay = 1

m
Do not change LIV Therefore a22m =y, - This is done so

the zero location in Equation (2-29) is not changed.

)

Determine a by a = - (a 7
44m 44m 22, sp

sp“n
i = =2

Determine a42m by a42m (a22ma44m) 6y

Simulate the model to insure that the model has the desired

response.

With the knowledge of how to design a model that will perform as

per the performance criteria, the task at hand is to design a compen-

sator which will cause the aircraft to have the same response as the




IIT. DEVELOPMENT OF COMPENSATOR DESIGN ALGORITHMS

Once a model is designed that will perform as per the specified
performance criteria, the problem at hand is the design of a compen-
sator that will force the plant to respond in the same manner as the
model. There are certain physical restraints with the aircraft problem
that must be kept in mind. Consider the block diagram for the mathe-
matical aircraft model as given in Figure 3-1.  First, it is assumed
that nothing within the dotted outline of Figure 3-1 is accessible.
In other words, the A and B matrices cannot be altered directly since
they are determined by the configuration of the aircraft and its
environment. Second, it is assumed that the states of the aircraft
(x vector) are available which means that there are devices that can
accurately measure the velocity, angle of attack, pitch angle, pitch
rate, and altitude. Since the only available information in the
system are the inputs and the states, the compensator C(s) must be of
the form given in Figure 3-2.

R. T. Curran developed an algorithmic approach for the design of

the compensator utilizing his concept of "equicontrollability" [4].

Definition: Given the system

x = Ax + Bu (3-1)

where A has dimension n x n and rank n

B has dimension n x m and rank m
31
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Figure 2-2. System Block Diagram of Proposed Form of
Compensation.
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the system is controllable if and only if there is a p<n such

that
¢, = [, AB,...AP"1BY (3-2)

has full rank n = dimension of A and furthermore the pair (A,B)
has controllability index p if p is the smallest integer that

satisfies Equation (3-2).

Definition: The pair (A,B) is equicontrollable if n = pm where
p is the controllability index of (A,B), A is n x n,

and © is n x m.

Note, the definition of equicontrollability implies that the first
n = pm columns of Cp are independent.

Based on Luenberger's work on canonical forms for multivariable
systems [7], Curran showed that if a system is equicontrollable then

there exists a similarity transformation T such that

m n-m

7T = [".-l-_l.] i (3-3)

and
g s b= (3-4)

The restriction, that for a system to be equicontrollable, (n=pm)

seems to be severe and therefore of little practical usefulness. Indeed,
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most systems will not meet this structural constraint. To overcome
this problem, Curran proposes to add states to the system that will
alter the structure of the system but not it's transfer function. Such
states will have to be controllable but not observable. Curran proves

the following:

Given the system (A,B) with controllability index p, A is n x n,

B is nxm Then if n < pm, there exists matrices J and L and a number

N such that the N-dimensional system

A : 8 B
PSS S
)
!

J L )

-
[l
P
>
-
o>
N

is equicontrollable if and only if N = m(p + k) for some integer k > 0.

The manner in which the additional k states are connected to the
original system will determine the J matrix and the pole-placement of
the additional states will determine the L matrix.

Before pursuing the determination of the J and L matrices it will
prove useful to examine the structure of an equicontrollable system in

canonical form. Consider the following example.

Example 3.1

Given the equicontrollable canonical system (A,B) with control-

lability index p, A isnx n, Bisnxm
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|
e | I (p'] )m
oS
X m
) (p=1)m
I m

let n=6,m=3 then p =2 and

g0l
6. & 9
o 0 0
1 0 o0
¢ 1 9
U T
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).(4 = f] (Z‘_s}l)
is f,(x,u)

>
o
n
-”
w
—
|
-
|=
~

From the state equation a system block diagram can be readily drawn as
shown in Figure 3-3.

There are 3 strings of integrators, each consisting of two
integrators. In general, for an equicontrollable system in canonical
form there will be m strings of integrators of length p. In other
words, each of the inputs controls an equal number of states.

Curran shows that given the system matrices (A,B), where A is n x n

and B is n x m and full rank, then there exists a similarity transfor-

mation T such that

= m : n-m
2 6 1 I n-m
i i R (3-5)
X m
:
6 n-m
8= f-- (3-6)
W m
i

if and only if the last n columns of the controllability matrix

¢ = [a™ 8, A™%,...AB,B]

are linearly independent.




RS

£, (x,u) /. Xg X Ef X

fa(x,u) X X X
By el L

Figure 3-3. Block Diagram Representation of State Equations for
the Equicontrollable System Given in Example 3.1.
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Once the system has been transformed into the form of equatic.:s :-5)
and (3-6) the states can easily be added so the system is in equicon-

trollable form. Example 3.2 illustrates this process.

Example 3.2
Given the system matrices (F,G) in the form of Equations (3-5)

and (3-6) where F is 5x5, G is 5x3

(0 0 0 1 0] [0 0 o]
000 01 0 0 0
i o —_—y—
Seen. ek | — 93— | |
then
X) = x4
Xa = Xg

’23 = f] (x) + Q]v(_li)

= fa(x) + gp(u)

X e
=
I

Xg = f3(x) + 95(u)
and the system block diagram will be the form as shown in Figure 3-4.
From the block diagram it is obvious that the addition of one integrator

will make the system equicontrollable. The state (xg) should be added

such that

is = X3 + aXg (3-7)
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fo(x) + gq(u) X
1\ 1—‘/' 3

f2(1)+92(g)’ f X, X, f X,

fa(x) + g,(u) X X X
3 3 )f 5 2 ‘/"2

Figure 3-4. Block Diagram Representation of State Equations for
the System Given in Example 3.2.
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where o is the pole location of the added state. The augmented system

matrices (E,é) are now in the form

1 |
|
,0
F= F i 0 and G = G (3-8)
]
, 0
]
______ o L gy
18 @ 1 0 0o 0 0 0
Hence,
J=[0 0 1 0 0] (3-9)
and
L = [a] (3-10)

Once the system is expanded such that it is equicontrollable then
the system can once again be transformed so the final system matrices
are in equicontrollable canonical form.

So far it has only been shown that there exists a similarity
transformation matrix T that will transform the system matrices into the
desired form. The process for generating this transformation matrix T

is straightforward and is outlined in the following steps.

1. Given the system matrices (A,B) with controllability index p,
where A is nxn and B is nxm, generate the matrix P from the

last n columns* of the partial controllability matrix C where

*(the last n columns must be taken so the transformed system will
be of the form given in Equation (3-5).)




M
¢ = [ s, AP 28,...,AB,B] (3-11)

2. Compute the matrix Q such that
(3-12)

3. Take the first m rows of Q to form the mxn matrix E and par-

tition it such that

n
E] r .
E = a4 (3-13)
E2 m-r

where r = n - (p-1)m

4. Form the matrix S such that

~ .

E

EA
3=] . (3-14)

EAP-2

E.AP-!
R

5. Determine the transformation matrix T where
= &=l
T=S (3-15)

Note that the above algorithm works for all systems that meet the require-

ment that the last n columns of the controllability matrix are linearly
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independent. For an equicontrollable system n = pm and m-r in Equation
(3-13) would equal zero.

The purpose of augmenting.the system to achieve equicontrollability
and then transforming it to a canonical form is that the structure of
the transformed system can be utilized to easily find a state feedback
matrix K that will alter the pole and zero locations of the original
system. The problem is outlined below.

Given the plant and model state equations

gp = Ax, + Bu (3-16)
X, = Ax +BU (3-17)
where
dimension of Ap and Am = nxn
= nxm 1

dimension of Bp and Bm

determine the feaedback matrix K such that the transfer function of the
compensated plant equals the transfer function of the model as given by

Equation (3-18).

g (3-18)

-1 o
[sT - (A +B )8 = [sI-AT8

The process for determining the matrix K involves parallel
operations on the plant and model state equations beginning with the
original systems given by Equations (3-16) and (3-17). An overview of

the algorithm is given on the following page.
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1. Transform the plant and model to a canonical forin as given by
Equations (3-5) and (3-6).
2. Add states to the plant Sﬁd\model as outlined in Example 3-2.
3. Transform the augmented plantbéha*mQle systems to equicon-
trollable form. :
4. If the plant and model similarity transformations uged in
1 and 3 are equal, then solve directly for the feedback
matrix K.
5. Transform the compensated plant back to the original

coordinates.

-
¥

Note from 4, the feedback matrix K can be solved directly if the
plant and model similarity transformations are equal. It will be shown
later that for aircraft longitudinal equations the similarity trans-
formations will always be the same if care is taken in constructing the
model. For systems that do not meet this requirement, Curran's algorithm

completes the procedure for developing the compensator.

The Algorithm in Detail

Given the state equations for the plant

¥ = + -
5p Apﬁp Bpg . (3-19)

transform the system to a canonical form so the additional states can

be added. Let

'>-(P=TP]

1>

p (3-20)

Substituting Equation (3-20) into Equation (3-19) gives
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: = A 5 + -
Tpllp pr]5p Bpg (3-21)
x=T W1 5 47 Yy (3-22)
Popy Teeyte ey Pt
2 = A - + R -
%o = okp * Bpt o
where
m  (n-m)
9 : I (n-m)
“ S -1 2 SR |
% Tp] Apr, (3-24)
X m
and
B n-m
a -1
B =T t . (3-25)
p P Bp =
Wwo|m

Augment the above equations such that the new system is equicontrollable

(N=pm) as shown in Figure 3-5 and given by Equation (3-26). Let

lp n
M= = (3-26)
1

then the state equations become




‘wa3sAs eutbLap ay3z o3 sajeis
pappy 3y3 but3dsuuo) 40 poyiIsW °Y3 fuimoys weabeirq 3201g G- 34nbL4
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n r =
- , ;

A | 8 B
Feg o0 D ollEl A b (3-27)

J :L_ 0
R :
Xp = Fp¥p * Gpu (3-28)

where

(n+r)=N=pm

The J and L matrices are determined by the method given in Example 3.2.
Next transform the augmented system to the equicontrollable

canonical form via similarity transformation T_ . Now the system

P2
equations are
ke e R
= + -
-)Sp Fp X5 Gp u (3-29)
where

- — — %
Xp = szﬁp (3-30)
= =
F =1 T -31

P Py FP Py .
a3 _'l_
G. =T -32

P Py GP i

m (p-1)m
8 : I (p=1)m

T

Py = -—d - - (3-33)

p

X m
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p ki (3-34)

Once the plant has been augmented and transformed to equicontrol-
lable canonical form, repeat the same process with the model. Once the

system model has been augmented and transformed it will be of the form

* —_ k— % —_ %

4, * Fm Zm +6,u (3-35)
m (p=1)m
B I
A 6 i o1 (p-1)m
Fm* FORN SHPRIE S I (3-36)
Xrn m
= ] 8 (p-1)m
Gm e (3‘37)
I m
If Tp] = Tm] and sz = T"‘z’ then the K matrix can be determined directly

as shown in the following paragraph.

Given the equicontrollable canonical system

B S
E, *F R * 8 (3-38)
let
- —k_ %
- + -
u=u+K X, (3-39)
Substituting Equation (3-39) into Equation (3-38) gives
X = (R + 6 KNE," + 6,0 (3-40)
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The goal up to now has been to make the *ransfer function of the

compensated plant equal to the transfer function of model such that
P~ G 2B B TS~ AT R : 3-41)
S - = - -
p Y p > m m (

Utilizing the fact that the similarity transformations used for the
plant and model are the same and Eb* = Em* (it will be shown that this
implies Bm=Bp), the problem is now to find a K* matrix such that

*

=% ke o] = o]
[s1 - (F° + €K7 = [s1 - "] (3-42)

resulting in

* — k% —_ %
+ = -
By # B L = F (3-43)
Because of the structure of Eb*
K -% -} (3-44)

where Xp and Xm are the mxpm submatrices given in Equations (3-33) and
(3-36) respectively. Once R? is determined then the system is returned
to the original coordinates. The process for returning the original
coordinates is tedious but straightforward. Since the plant and model
transformation matrices were equal, for convenience the subscripts will
be dropped. In order to separate the added states from the states of

the original system, Tz'] is partitioned such that

(3-45)

]
-

1
—

1
—




g A P (3-46)

The state equations for the —ompensator in the original coordinates are
2=z 40T x (3-47)

~ —* - - —* -
u= @+ KTy I e+ R, 12 (3-48)

The block diagram for the compensator is given in Figure 3-6 and the
compensated system is shown in Figure 3-2. The following exampie

demonstrates the algorithm in detail.

Example 3.3

Given the plant and model matrices.

P 2 o] 0 o]
Aoska 3 A By = |1 1
=12 s o 2]
[<1 2 0] [0 0]
A=l 2 B =[1 1
[ 1 =1 <2 02

The controllability index p = 2. This means that N = pm = 4;
therefore one state will have to be added so that the system is equi-
controllable.

First the system will be transformed to a canonical form using a

similarity transformation matrix Tp in order to determine how to
1
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connect the additional state. Transformation matrix Tp is generated
1
using Equations (3-11) through (3-15). From Equation (3-11)

2 Za0e 4
c =[3 5 1
. 1
2 6. 0 2

From Equation (3-12)

A
Q=pPl=(25 1 -.5
B 0. 5

From Equation (3-13)

and

From Equation (3-14)
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5 0 0
S=1-2.5 1 =.5
-.5 1 0
From Equation (3-15)
2 0 0
Al
Tp] 1 0 1
-8 -2 2
Using Tp the original plant is transformed to the new coordinate
1
system X _ wh
ystem 5p where
%p = Tp %p

Using Equation (3-24)

0 0 1
~ s _] = o - "
Ap = Tp,| Apr] 5 3 0 (3-49)
3 =2 8
Using Equation (3-25)
0 0
B = -] = -
o Sl T b P (3-50)
1 1

Using the process as demonstrated in Example 3.2 and the state equations

from Equations (3-49) and (3-50) the block diagram for the system can

—
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be drawn as shown in Figure 3-7. From the block diagram it is obvious

that the added state z will have to satisfy

~

i] = X2 i (3-5])

The pole of this added state is placed at s = -10. Therefore

o
]

[0 1 0] (3-52)

and

-
n

[-10] (3-53)

The augmented system is now

Xp = FpXp + Gpu (3-54)

.-.A - p— ’ -— »—A - 2 L

X 5 <3 o'l %y 1 0
B ™ by 2 ! R u  (3-55)
P X =3 W2 ar ok V-9

3 3

R S e S JEEE Sy,

z, i g 1 0:40_.}]- |0 0]

Next, the equicontrollable system is transformed to the equicon-

trollable canonical form via similarity transformation matrix Tp -

2
Matrix Tp is generated by the same algorithm as matrix Tp .
2 1
B o i
| 1 B R R
T, = (3-56)
P2 6 0 1. 1
L1 ¢ 0 0




>0
w
>
w
p_<
—
>
—

s fie e

i Figure 3-7. Block Diagram Representation of State Equations for the
System in Canonical Form in Example 3.3.
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0 0 1 0

F*=T “IFT didy il (3-57)
= 3 ] ..7
P Pa PPy 198 -5 -13 0

12 2 15 4

t*=1 -Tg - (3-58)

The same process is now performed on the model. Since the solution is

dependent on the necessity that T = Tm , let Tm = T, and perform

oy T
the transformation.
2 0 O
Tm] = Tp] =11 0 1 (3-59)
-8 -2 2

If the transformed model is of the desired form, the algorithm is
satisfied. If the transformed model is not of the desired form, then
there is no solution and the algorithm should be terminated. The model

is then transformed using T_ =T
L

0 | S 0
A =1 - s 1« . c B et Mg e
Ay Tm] Ame] 20.5 -4 -2.5| ; Bm Tm] Bm 1
=1e =2 -1 1
(3-60)
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The model is now augmented so the system is equicontrollabie. It is
important that the pole location of tne added state for the model is

the same as that of the plant to insure that the similarity transfor-

mation matrix Tm equals Tp . The augmented system is now
2 2

Zﬁ = Fﬁgm + Eﬁg (3-61) ]
| [0 0 1 0] [0 0]
o k206 o4 2.8 @f _ 1 0
ol g o ™ L )" ik
| 0 1 o -0 0 0

Tm is determined and the augmented model is transformed to equicon-
7

trollable canonical form.

T st 80 &S T
1 & 1 ©
Yy = (3-63)
2 o S gt T
e g
0 0 1 0 |
i i 0 0 0 1
| S (3-64)
§ i -60.5 -20.5 -16.5 -2.5
| | 28.5 8.5 185 1.5




57
(’o 0]
0 0
B * = (3-65)
L :
L0 1]

2 E % ) :
Since Tp] = Tm] and sz Tm2 the feedback matrix K  can be determined
directly. From Equation (3-57)

-35 -5 -13 0
X = (3-66)
P 12 2. A8 a

From Equation (3-64)

x =

m

-60.5 -20.5 -16.5 -2.5
(3-67)

28.5 8.5 13.5 b5

Using Equation (3-44)

~25.5 =15.5 =3.5 =2.5
=R = (3-68)
16.5 6.5 =-1.5 =25

To transform the compensator back to the original coordinates the
matrices L, JT]'], K*T21'1T]”], K*Tzz'] must be determined. First

TZ'] is partitioned as per Equation (3-45) to determine T “Tand 1,71,

21 22
[0 0 o : 3
. 1 0 0 :-1
B , : (3-69)
8 7 @ 410
[
Lo =1 3t e

Ty Sedeini <okt NPT OV SR S
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From Equation (3-69)

g o o]
Sy T
21 0o 1 0
T ey
-
T
22 5
L 10 |

Performing the required matrix operations the results are:

L = [-10]

L S

il =GB b
L A
kG

The compensator in matrix form is

i] = [-]0]21 + [-2.5 1 -.5]_)_(p

(3-70)

(3-71)

(3-72)

(3-73)

(3-74)

(3-75)

(3-76)
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1 01 -4 -35 .5]Jul [o
u = : -l zy (3-77)
g ¥ i 1 -}.5 =5 Xy 0
Note from Equation (3-77) that the output of the compensator u is not
a function of the additional state Z7» but only of the input and the
system states. Therefore there is no need to generate Z, and the
system can be compensated by pure state feedback. The final form of

the compensated system is shown in Figure 3-8 and the state equations

for the compensated system are

X, = [Ay + BKIx, + Bpu (3-78)
where
-1 2 0
Ap + BpK =| -1 -2 1|= Am
1 -1 -2
Since
A +BK=A
p p m
and
Bp = Bm
then

[sI - (A, + BpK)]-]Bp = [sI - Am]-1Bm (3-79)
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Example 3.3 was a contrived problem, however it illustrates a
fundamental flaw in Curran's algorithm. If Tm had been generated using
the method given by Equations (3-11) through (3-15), Tm] would not have
equaled Tp] which would have created considerably more work in solving the

problem. An alternate method which will preclude the possibility of

this happening is proposed below.

Proposition 1

Consider the system pair (A,B) such that
X = Ax + Bu

where A has dimension n x n and B has dimension n x m and both (A,B)
are full rank and the system is controllable with controllability index
p. If n # pm then add r states to the system such that N =n + r = pm

and the augmented system is controllable with controllability index p.

Proposition 1 removes the need for transformation matrix T]. However,

2

‘ there is still the possibility that Tp2 will not equal Tm . The
as was done in Example 3.3

designer of course could simply let Tm2 = sz

with Tm . However, it would be nice if there were some criteria for
1

insuring that Tm2 = sz. An examination of the similarity transformation

and the expected results will be useful for this purpose.

Curran showed that given the equicontrollable system

X = Ax + Bu
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with controllability index p then the transformation matrix T must

transform the system such that

and

TT 'B = TB
e
T]TZ"‘Tm

SO
FHE

i .
O Oee

.él

(3-80)

(3-81)

(3-82)

(3-83)

therefore from (3-83), the last m columns of T must equal the columns

of B.

(3-84)
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Using the results from Equation (3-84) and Equation (3-80)

-1 *
TT AT = TA (3-85)
[ 1 1 Ho~011 o 0]
" A
R I
| % 2
a]az an t-l tn_m b'lo- bm = t'l tn_m b] bmh_- -.LO—' _-]—
(3-86)

Equation (3-84) shows that for the plant and model transformations to
be equal, the input matrices of the two systems must be equal. Hence

a necessary but not sufficient criterion for Tp = Tm is
2 2

(3-87)

Equation (3-86) shows that the remaining terms of the similarity trans-
formation depend on the elements of the A and B matrices.

If the system is of a particular form, Equation (3-86) will be
useful in showing which elements of the A matrix determine the trans-

formation matrix.

THEOREM I

Given the equicontrollable system (A,B) with controllability
index p = 2 where A is dimension n x n and B is dimension n x m and
full rark.

If B has n - m zero rows then the similarity transformation

matrix T that transforms the system to equicontrollable canonical form

e e O i b heiianachitiboe e o caad
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will depend only on the B matrix and the row elements of the homogenec.s

states in the A matrix.

Proof
Given
m : m m
A LAy m 9 m
%3 SRR R e and B =1 ___ (3-88)
A3 : Ay m By |m

then as shown in Equation (3-84)

: m m
|
T] | 0 m
A IS S (3-89)
|
Since T']AT = A* where A* is the A matrix in equicontrollable canonical

form, then AT = TA® as given in Equation (3-90).

B [ ES T [ 5 7 | Sl I 7]
| ! n
fe e e ] - - — — — ] = e e e = e oy
| | 3 | 7 r
| ! | |
L A3 | A4 L_TZ | B] L TZ | B] L X] | XZ
(3-90)
From Equation (3-90), Equations (3-91) and (3-92) are obtained
A-IT'I + A2T2 =0, (3‘9])
%
: AZB] = T] (3-92)
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Writing Equations (3-91) and (3-92) in matrix form,

m
T'I m (¢} m
U0 R S A (3-93)
T2 m AZBI m
where
m m
A A m
my=| ' ?
I ] m

In order for a unique solution to exist for T] and T2 in Equation (3-93),
the matrix D must have an inverse. By inspection the matrix D will
have an inverse if and only if A2 has rank = m. Since the controllability

matrix C where

m m
|
' AZB] | 0 m
c=[}a:s]= RIS
[
A4Bll B] m

has rank = n and B, has rank = m then A2 must have rank = m. Since A2
will always have rank = m for the system to be equicontrollable with
controllability index p = 2, then a solution to Equation (3-93) will
always exist. Therefore the transformation matrix depends only on the
B matrix and the row elements of the homogeneous states. The signifi-
cance of Theorem I is that the designer now cam change m rows (of the

non-homogeneous states) in the system's A matrix without effecting the

similarity transformation matrix. For a system with controllability
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index p = 2 this means t"- designer has control of half the elements

of his system matrix At  ne use of state feedback. Example 3.4
utilizes Proposition 1 an< Theorem I to solve the problem presented in

Example 3.3.

Example 3.4

: Given the plant and model matrices

<. 2. [0 0]
Asl-l -2 L
LV - -2 o 2

First, from Proposition 1, one state is added to the system such that

the augmented system is controllable with controllability index p = 2.

st 2 9o @
. 2 3t %
R = (3-94)
-} 2 <1 @
0 0 1 -0
[0 0
5 | B :
be. = (3-95)
P 0 2
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Using Curran's algorithm for generating the transformation matrix T or

by solving for it directly by the method used in Theorem I, the matrix T is

—

0
1

2
Oﬁ

(3-96)

Using the transformation matrix T, the plant is transformed to the

equicontrollable canonical coordinates.

0

Now the model

>

[0
0
7

0

0
0
37
-10

o o Ol

0]
1
14

-10

(3-97)

(3-98)

(3-99)
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[0 0]
5 1 ; :
B = 3-100
w leg 2 )
7%
0 0] -

Since the rows of the homogeneous states qi/izz plant and model are
equal, then by Theorem I the transformation matrix for the mode] will be

the same as the one for the plant. ‘%he transformed model is

[0 0 10

e 0 0 1

- / (3-101)
F g
A -4.5 35.5 -2.5 11.5

| .5 -19.5 -5 -12.5

0 07
B*- g (3-102)
i 1 0

0 1

The K* is determined in the same manner as in Example 3.3

<11.5 <«1.5 <35 2,51
R*-[ J (3-103)

5 -9.5 -1.5 -2.5

Transforming the system back to the original coordinates gives the

same solution as in Example 3.3.
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-4 -3.5 .5
K = (3-104)
I el =F

A1l of the algorithms “or transforming the system equations to
new coordinates have imposec 1e restriction that the input matrix B
have full rank. If the number of inputs m is less than the order of
the system, then this means the input matrix B is made up of m indepen-
dent column vectors. Many systems, including the aircraft dynamics
system, do not meet this restriction. Fortunately, the process can be
extended to systems that do not have input matrices of full rank.

Proposition 2 extends the algorithm.

Proposition 2

Giver the system matrices (A,B) where A has dimension n x n and

B has dime:r »n n x r and rank m where m < r then the matrix B can be

partitioned such that

(3-105)

nxr ~ | “nxm

where the submatrix B” has rank m. The input vector u will be

correspondingly partitioned

=
n
]
) IS

I<

such that

Bu = B“u” + Rv




70
And if the system matrices (A,B”) meet the criteria for equicontrol-

lability then a feedback matrix K can be determined such that
AT T | -1
[sI - (Ap + Bp K)] Bp = [sI - Am] B, (3-106)

To summarize what has been developed so far,

1. A system is or can be made equicontrollable if the last n
columns of its controllability matrix are independent.

2. If the similarity transformations that transform two systems

k to equicontrollable canonical form are equal then a feedback

matrix can be determined directly so that one system

transfer function can be made to equal the other.

* 3. A necessary but not sufficient condition for the similarity
transformations to be equal is that the systems' input
matrices must be equal. ;
4. If a system is equicontrollable with a controllability index
E p=2 and its input matrix has n-m zero rows, then the simi-

larity transformation matrix that will transform it to
equicontrollable canonical form is dependent only on the

input matrix and the row elements of the homogeneous states.

An Alternate Method

As stated previously, the problem is to find a matrix K such that
“ln . " -1
[sI (Ap + BpK)] Bp [sI Am] By

If it is assumed that Bp = Bm’ then the problem reduces to finding a K

matrix such that
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Ap t BpK = Ap (3-107)
Then,
BpK = [Am - ApJ . (3-108)

Multiplying both sides of Equation (3-108) by BpT

T g 4 £
[Bp Bp]K = Bp [Am Ap] (3-109)

If Bp has dimension n x m and rank m then [BpTBp] has rank m and

dimension m x m, therefore [BpTBp] has an inverse,
= Tp 1-1, T )
K= [B, By B, [Ay - Al (3-110)

On the surface Equation (3-110) looks fantastic since the only

obvious restriction for determining the K matrix is that the matrix Bp

have full rank. Unfortunately, however, there are more obscure restric-

tions. First from Equation (3-108), the rank of BpK is less than or

equal to the rank of B_, therefore the rank of [Am-Ap] must be less than

p

or equal to the rank of Bp. There are other structural restraints on Am

b’
(3-107) gives the following necessary condition for a solution to the

which are dependent on B Substituting Equation (3-110) into Equation

problem. For a particular model Am, there is a feedback matrix K such

that
A +BK]-=
[A; + BK1 = A,
if and only if
A, +B.[B.'B,]71B.T[A - AT]=A (3-111)
p * BplBp Bpl "Bp'lAn - Ayl = Ay

Example 3.5 reworks Example 3.3 using Equation (3-110).




Example 3.5

Given

Tg 1187 =
B, 8,178y ‘:o

Using Equation (3-111)

0

72

5

T, -1, T
+ -
A Bp[Bp BpJ Bp [A A

- o

w—
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Equation (3-112) shows that Equation (3-111) is satisfied, therefore

there is a solution. This solution is

K=[87878T[A -A]JS= [-4 ik '5]
il Rk 1 =15 =5
Again the solution is the same as that found in Examples 3.3 and 3.4.
It should be restated that there is not always a solution to the
problem via Equation (3-110) and to insure that a solution does exist
Equation (3-111) should be checked.

This process can be extended to systems where the input matrix

of the model does not equal that of the plant.

Proposition 3

Given
Xp = ApXp *+ Bpu
and
Xy = Ankn * Bpu

where Ap and Am have dimension n x n, Bp and Bm have dimension m x m,

and Bp has full rank then there is a K matrix and a Q matrix such that

ESE = (A5 + BpK)]']BpQ = [sI - Am]-]Bm (3-114)

if and only if

A +B[B™IBTA -A]=A 3-115
P P[ P PJ p : m p] m ( )




If Equations (3-115) and (3-116) are satisfied then,
= Tg 7-1g T = 3
K [Bp Bp] Bp [Am Ap] (3-117)

and

Q= [8,'8,17'8, ", (3-118)

The block diagram for the compensated system is given in Figure 3-9.
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IV. APPLICATION OF COMPENSATOR CESIGN ALGORITHMS TO THE
ATRCRAFT LONGITUDINAL CONTROL PROBLEM

As shown in Equation (2-17) the aircraft longitudinal system in
state space form has an A matrix with dimension 5 x 5 and a B matrix
with dimension 5 x 4 where the matrices are given in Figures 2-2 and
2-3 respectively. Since the B matrix has two rows of zeroes it has
rank less than or equal to 3 and is not of full rank. An inspection of
the B matrix reveals that the firét, second, and third columns are
linearly independent; therefore the B matrix has rank = 3. Since it is
necessary for the input matrix to have full rank, as shown in Propo-
sition 2, one input will be neglected so that the modified B matrix
will have full rank. After the compensator is designed, the neglected
input will be added back into the system. Since the first three
columns of the B matrix are Tinearly independent, Uy = ACDC will be

neglected. The modified system now is of the form
X = Ax + Bu

where
A has dimension 5 x 5

B has dimension 5 x 3

The x and u vectors are now

76
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Av
Aa
x=| o : (4-1)
q
LAZ

ACT
us=1ac (4-2)

Afmc

. -

and the new B matrix will be the first three columns of the original B
matrix.

If the system is controllable with controllability index p = 2,
then one state will have to be added to the system to make it equicon-
trollable (N=n+1=pm). The dimension of the augmented system will be
N=6.

The augmented system input matrix has N-m = 3 zero rows, two from
the original system and one from the additional state. Theorem I showed
that if the system had a controllability index p = 2 and n - m rows of
zeroes in the B matrix, then the similarity transformation matrix T is
dependent only on the B matrix and the row elements of the homogeneous
states. Therefore the model must have the same row elements as the
plant in the third and fifth rows of its A matrix and the additional

state must be added in the same manner for both systems. This is no

! problem since it was shown in Chapter II that the desired response could
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be obtained by adjusting the elements of the first, second, and fourth

rows of the A matrix.

Thus far it has been shown that the modified system

1. has a B matrix with full rank = 3 and n - m zero rows.

2. can be altered to obtain the desired response without
effecting the similarity transformation matrix.

3. will have to be augmented with one additional state to make

it equicontrollable.

Now the only criterion remaining to be fulfilled to insure a
solution to the problem is that the system must be controllable with
controllability index p = 2. Controllability will be dependent on the
values of the A and B matrix elements or more precisely on the aircraft
and its aerodynamic coefficients.

Examples 4.1 and 4.2 illustrate the algorithms that have been
presented using data on two different aircraft. A computer program
was written to compute the A and B matrices from the general longitu-
dinal aircraft equations and the aerodynamic coefficients of the air-
craft in question. The program computes the system transfer function,
the roots of the characteristic equation, and the short period and
phugoid damping ratios and natural frequencies. The program was
written in FORTRAN IV and run on the IBM-370 system using double pre-

cision arithmetic.
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Example 4.1

Using data on a business jet aircraft, the A and B matrices were

determined. They are

[-7.54(10)"3  8.47  -32.2 0 0 N
-2.08(10)"%  -.669 0 .996 -4.96(10)
Ay = 0 0 0 1 0
9.47010)"%  -7.18 0 ~1.35 2.02(10)78
L 675  -675 0 0 3
(4-3)
[76.89 0 0 -76.98]
-5.36(10)"%  -.114 0 0
.=l @ 0 0 0 (4-4)
2.18(10)"3  .o046  11.64 0
e 0 0 9

The characteristic equation for the system is

5

C.E. = 2° + 2.022%

+ 8.07x3 + .090122 + .0935)1 + 2.57(10)7% = 0
(4-5)

The roots of the characteristic equation are

Ay = -2.75(10)"3
-2.77(10)73 + (. 108)

Xz,k3
Agorg = =1.01 + i(2.65)

From the characteristic roots the phugoid and short period damping
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ratios and natural frequencies were determined. They are
Zp = .026 wp = .108 (4-6)
p s "p‘

tsp = 355 . en = 2.835 (4-7)

Na and LQ/mV were computed using

Ly/mv = ]/2pVZSCL /mV (4-8)
a
and
1

N, = L,/mg (4-9)
! They are
§ L,/mV = .666 !
1

N, = 13.9

‘ Since Na < 15, the performance criteria given in Figure 2-4 will be

used to evaluate the short response of the open loop plant and to

: determine the desired 0n and Zsp: Figure 4-1 shows the location of

_ sp

% the response characteristics of the uncompensated system and the desired

system on the performance criteria plot. i

E———

From the desired location on the performance plot given in Figure

4-1, w“sp and ¢gp for the model can be determined to be

w s 1.6 (4-10)

Zsp = .7 (4-11)




|
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nsp
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Now the desirec response for the phugoid mode must be determined.
From Equation (4-6) . is noted that the phugoid period is approximately
60 seconds with very little phygoid damping. From the performance
criteria it was shown that a minimum damping of .2 is desired. In the

model (" will be decreased and ¢

p will be increased to approximately
p
&

To develop the model 302 Apps Y05 and 3y, Were selected in the
manner given in Chapter II. Using the values of Zsp and w, given in
sp
Equations (4-10) and (4-11) the desired short period characteristic

equation was determined. It is

C.E.gp = 22+ 2.1 + 2.25 (4-12)

First ay, 1is set equal to ayp and apy is set equal to 1. Therefore
m P

= .669

Using the value of a22m and the fact that a24m = 1y a42mand a44mare

determined by

n

gy, = -(ag, * Ztgpony ) = 669 - 2.1 = - 1.43

m

and

a2 (azzm)(a44m) - wnss = .96 - 2.25 = - 1.29
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Adjusting the phugoid roots is considerably more difficult than adjusting
the short period roots as shown in Chapter II. As a general rule of
thumb, increasing the magnitude of the a9 element increases the phugoid
damping and decreasing the magnitude of the 3195 ay3s OF 3y, element
decreases the phugoid natural frequency. The phugoid approximation
given in Chapter II seems to break down as the phugoid damping becomes
large.

After several trys, a satisfactory model was determined. The

model A matrix is given in Equation (4-13),

ol 8.47  -20.0 0 T
-(10)7% -.669 0 1 -4.96(10)°

Ay = 0 0 0 1 0
9.4700)™%  -1.29 0 -1.43  2.02(10)°8
b 675 =675 0 g
(4-13)

The model characteristic equation is

C.E. = 25+ 2.22% + 2.46:3 + 24222 + L0211 + 5.6(10)™% = 0

and its pole locations are

}\'I = -.037
Apsdg = -.031 + i(-.076)
= -1.05 + i(1.07)

>
S
-

>
o
]
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and the damping ratios and natural frequencies are
= .38 = ,0825
=.7 5 wy  =1.499

By, was made the same as B_. to insure tne similarity transformations were

P
the same between the plant and model.

Now that a satisfactory model has been constructed, a compensator
which will cause the aircraft to respond in the same manner as the
model will be designed. First the compensator will be designed using
Curran's method. The compensator was designed on the HP-2000 timeshare
computer using Curran's algorithm as outlined in Chapter III.

First the plant was augmented and placed in equicontrollable
canonical form. One state was added to the system to make it equicon-

trollable by the process given in Proposition 1. The additional state

equation is
Xg = X3 = 10xg (4-14)

The augmented system is now of the form

X = Ax + Bu (4-15)
where e L5
| 0
0
x
0
0
et otk
1 0 0 0 0 -10]

il ot Ml it sl
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and

B = B (4-17)

In order to transform the system to equicontrollable canonical form,

transformation matrix T, was generated. It is

P
[768.9 0 0 76.9 0 0 |
2.2000°3 046 11.64  -5.4010)"3 -.114 0
2.2(10)°3  .086  11.64 0 0 0
= =
P 0 0 0 2.2(10)3 .046  11.64
-3.62 -76.9 0 0 0 0
| 76.9 0 0 0 0 0
(4-18)
The plant matrices in equicontrollable canonical form are
[ o 0 0 1 0 0
S 0 C 1 0
AS = 0 0 0 0 0 1
-.076 -.014 -3.60 -10.0 -.013 0
1.42 .270  68.5 .58 -.66  .419
-7.45 .009 .068  -1.35]
(4-19)
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Bp =

o o

o -~ 0 O O O
l-‘°°°°°!

o O -

(4-20)

Next the model was augmented and transformed to equicontrollable

canonical form.

The state was added to the model in the same manner

as the plant to insure the transformation matrices would be equal.

The program compares the similarity transformations for equality and

exits with an error message if they are not equal.

The model matrices

in equicontrollable canonical form are given by Equations (4-21) and
(4-22).

o - O O O ©

'OO—‘OOOI

-.007
.269
-.006

|—‘OOO°°I

0O O - 0O O

-1.43

(4-21)

(4-22)
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Using the method given in Chapter III the compensator was designed
and returned to the original coordinates. The compensator output was
not a function of the additional state therefore it consisted of pure

state feedback. The feedback matrix is

-1.2(10)73 0 .159 0 0

K = |-8.93(10)"% 0o -7.470000°  -.03 0

3.78(10)°%  .505 0 -7.2000072 o
(4-23)

After designing the compensator, the neglected input is added
back into the system so that the compensated system is of the form
given in Equation (4-24).

x = [A+BK]x + Bu (4-24)
where
K- = K
00000

and A and B are the original system matrices.
The feedback matrix was also determined by the alternate method

given in Chapter III by Proposition 3. Using the matrices given in

Equations (4-3), (4-4), and (4-13) the feedback matrix was determined by

K = [BpTBp]“BpT[Am - A)] (4-25)
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As show: Proposition 3, Equation (4-25) gives a valid solution if

and only 1
Ta ¥ Tra - - -
Ap . Bp[Bp E Bp [Am Ap] Am (4-26)
For this system

1.8

© O O

Bp[sstp]"apT . (8-27)

-

o 0 O O O

¢
0
0
0
0_‘

0
0
0
| 0

o O O

From Equation (4-27) it is obvious that the third and fifth rows of
the plant and model must be equal for Equation (4-26) to be satisfied.
This is the same criterion for the similarity transformation matrices
to be equal.

The K matrix using the alternate method is

-1.2(10)°3 0 .159 0 0

K =| -8.93(10)"% 0 -7.49(10)"3  -.036 0

3.78(10)°% 505 0 -7.2000073 o
(4-28)

Note that Equations (4-28) and (4-23) are identical. This is not

surprising since the solution is unique regardless of the method used

to obtain the soiution.
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Using CSMP (Continuous System Modeling Program), the uncompensated
plant, model, and compensated plant impulse time response curves were
plotted and compared. The systems were perturbed by a delta function
on inputs ACLC and ACmc at t = .5 seconds. Figures 4-2 through 4-11
give the results of the simultaneous simulation. Figures 4-2 through
4-6 terminate at t = 15 seconds to compare the short period response
of the system states. Figures 4-7 through 4-11 terminate at t = 250
seconds to show the phugoid response. Note that the model response
and the compensated plant response are the same. This is not surprising
since the purpose of the feedback matrix in the compensated system is
to equate the model and compensated system transfer functions.

Example 4.2 illustrates that once a compensator is designed which
will cause the aircraft response to be well within the satisfactory
regions of the performance criteria at a median velocity and altitude,
then it will remain within that satisfactory region over a range of
flight conditions. Wind tunnel data of the various aerodynamic
coefficients for a jet fighter type aircraft were used to construct the
system matrices over a range of velocities and altitudes. From the
aerodynamic data, interpolating polynomials that were a function of
velocity and altitude were written for each of the aerodynamic coeffi-
cients. The interpolating polynomials were accurate for velocities
ranging from 330 fps to 880 fps and altitudes ranging from sea 1eve1
to 30,000 ft. The system was simulated only in these ranges of flight
conditions. A modified version of the program used in Example 4.1

was used for this program. Using the interpolating polynomials, the
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program calculated the aerodynamic coefficients and then the system
matrices for a range of velocities and altitudes. The program tabu-
, and the phugoid roots for velocities ranging from

lated Na. gpe @

p° sp
330 fps to 880 fps in 110 fps increments and altitudes from 0 feet to

30,000 ft. in 5000 ft. increments at each velocity.

Example 4.2
The velocity and altitude at which this aircraft compensator was

designed was V = 660 fps and Z = 0 ft. The system matrices at these

flight conditions are

-.016 16.45  -32.15 0 0 B
-1.850100°% <119 0 988  -1.26(10)°®
A 0 0 0 1 0
5.75(10)">  -8.10 0 .22 s5(10)77
b 660  -660 0 o |
(4-29)
(257.94 0 0 -259. 03]
-.036  -.392 0 0
By=| O 0 0 0 (4-30)
.014 155 34.29 0
0 0 0 0

The characteristic equation for the system is

C.E. = A° + 2.43)

4 3 2

+.0a7% + 1.14010)°% = 0
(4-31)

+ 9,500 + .156)
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and the roots are located at
A\ = -2.44(10)"3

Apedy = -6.38(1073) + i(.07)

Agsdg = -1.21 + i(2.83)

The short period and phugoid damping ratios and natural frequencies

are
t..=.39 ., w = 3.08
sp nSp
z. = .09 w = .07
p "p

and
N = 24.27
a

Figure 4-12 shows the intersection of Na/“ and g for the

n p

sp
uncompensated plant and the proposed compensated plant.

From Figure 4-12 it can be seen that the model short period z

and w will have to be

Lsp ot (4-32)

o, = 2.427 (4-33)
sp
The phugoid damping for the model must also be increased for a satis-

factory response. Again a phugoid damping of approximately .4 will be

satisfactory.
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The model was designed in the same manner as the model in Example

4.1. The model A matrix is

[ -.0625 3.30  -32.15 0 0
-1.83010)°% 1.9 0 1 -1.26(10)78
A = 0 0 0 1 0
5.75(10)7°  -3.27 0 2.21  s(0)”’
L 660  -660 0 o | '
(4-34)

The model characteristic equation is
C.E. = 2° + 3.460% + 6.1003 + 37322 + 0251 + 1.95(10)™% = 0

and the model characteristic roots are

A = -8.91(10)~3

Apshg = -.026 + i(.055)
A4’A5 = -.In7 i 1‘(]-73“)

The model short period and phugoid damping ratios and natural frequen-

cies are

2.427

(al
"
~

-
£
n

sp

g, = .43 w = ,061
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The feedback matrix was determined by both Curran's method ard the

alternate method with the same result. The solution is

|
-1.80(10)™%  -.051 0 0 0
|
k= 1.140000% 46601002 o -.032 o] (4-35)
-4.4401077 @ 0 -.029 0 ;

The uncompensated, model, and compensated system were simulated !

using CSMP as in Example 4.1. Figures 4-13 through 4-22 give the

results of the simulation. Again note that the compensated system and
the model time response are identical, indicating their transfer
functions are equal.

From the tabulated values of Nu, W the compensated

nsp’ and Csp
aircraft peformance was plotted on graphs corresponding to Shomber
and Gertsen's performance criteria. Figures 4-23 through 4-30 show

the results. Each plot is at a fixed velocity while the altitude is

varied. The plots indicate that the aircraft performs satisfactorily

for all flight conditions plotted.
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Figure 4-24. Handling Qualities of Compensated System In
Example 4.2 for Velocity = 880 fps and Altitude
Ranging From Sea Level to 30,000 ft.
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Figure 4-25. Handling Qualities of Compensated System In

E Example 4.2 for Velocity =440 fps and Altitude
Ranging From Sea Level To 30,000 ft.
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Figure 4-26. Handling Qualities of Compensated System In
Example 4.2 For Velocity = 770 fps and Altitude

Ranging From Sea Level To 30,000 ft.
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Figure 4-27. Handling Qualities of Compensated System In
Example 4.2 for Velocity = 550 fps and Altitude
Ranging From 10,000 ft. to 30,000 ft.
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Figure 4-28. Handling Qualities of Compensated System in
Example 4.2 For Velocity = 550 fps and Altitude
Ranging From Sea Level to 5,000 ft.
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Figure 4-29. Handling Qualities of Compensated System in
Example 4.2 for Velocity = 660 fps and Altitude
Ranging From 20,000 ft. to 30,000 ft.
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Figure 4-30. Handling Qualities of Compensated System in
Example 4.2 for Velocity = 660 fps and Altitude
Ranging from Sea Level to 15,000 t.
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V. SUMMARY AND CONCLUSIONS

The longitudinal aircraft equations were investigated to determine
which elements of the A matrix dominate the response of the aircraft.

A method for contriving a model that has a desired response based on
performance criteria was developed. Two methods for designing a

§ compensator which forces the aircraft to respond in the same manner as
the desired model were presented.

The method for designing the model is straightforward. The
system's short period response is easily and exactly adjusted by altering
three elements of the A matrix. The phugoid response was harder t
adjust precisely because of the indefiniteness of the dominant phugoid
elements in the A matrix. This resulted in a trial and error method
for obtaining the exact desired phugoid response. However, it should
be noted that this difficulty in adjusting the phugoid response is not
a major problem since the phugoid criterion is not precise.

A special case based on equality of the plant and model similarity
transformations in Curran's algorithm was presented. The criteria for
equality of the similarity transformations were derived and it was

shown that the aircraft equations in state space form met the criteria

if the systems are controllable. The advantage of Curran's algorithm
over other methods using optimal control theory is the directness of

solution. The algorithm was easily implemented in a computer program
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and a solution to the program involved a minimum of human/computer
interaction.

The second method for designing the compensator was more direct
than Curran's method since it did not employ any similarity transforma-
tions nor was it necessary to augment the system as in Curran's method.
The alternate method imposed the same restrictions on the system
matrices as Curran's method, e.g. the B matrix must have full rank and
the model must be structurally similar to the plant. It was shown that
a necessary condition for the similarity transformations to be equal
in Curran's method was that the model and plant input matrices had to
be equal. The alternate method did not impose this restriction.

There were restrictions on the alternate method involving the structure
of the model matrices and t ~ plant input matrix. They are presented
in Proposition 3 in Chapter III.

The restriction that the input matrix have full rank was shown
to be no limitation for the compensator design for any controllable
system. In Proposition 2, it was shown that the input matrix can be
made full rank by not utilizing all of the control inputs.

In Chapter IV, compensators were designed for two aircraft using
both Curran's method and the alternate method. The results were more
than satisfactory. Simulation results verified that the compensated
system response was equal to the model response. It was also shown
in Example 4.2 that, once the aircraft is compensated so that its
response at some arbitrary median flight condition is well within the

satisfactory region of the performance criteria plots, then the system
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response will be satisfactory over a range of flight conditions.

Example 4.2 verified the derivation given in Equations (2-34) through
(2-43) for determining how the compensated system Csp and w"sp varied
with velocity and altitude. The fact that the compensated system
response is satisfactory for a range of flight conditions suggests that,
for aircraft that have a large flight envelope such as supersonic or
high altitude aircraft, several compensators could be designed, each

for overlapping flight regimes. This would involve some sort of

sensing and switching control circuitry to select the proper ccmpensator

for the corresponding flight regime.
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