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.‘l’developed by Wood , Wi ngersky 6 Lord , was selected for the three—parameter

model. The two procedures were t hen compared on their suitability for
use wi th multivariate item pools , the sample size required for calibration ,
the effects of item quality, and the cost of calibration. Sixteen data—
sets were used for these evaluations; eight live testing data—sets , and
eight simulation data—sets generated to match specified factor structures.
The one— and three—parameter models were found to estimate different
components when the tests measured several independent factors. The
three—parameter model estimated parameters from one of the factors,
ignoring the others, while the one—parameter model estimated the sum of
the factors.~ When a dominant first factor was present in the test, the
two calibrati~n procedures calibrated the items and estimated ability on
the first fac4or. Although the three—parameter model fit the test data
significantly ~better than the one—parameter model, there was no difference
for the two procedures in predicting outside criterion measures. The
sample size analysis showed that the one—parameter model required
substantially fewer cases for item calibration than the three—parameter
model. Some general sample size recommendations were made. Item
quality, as determined by guessing and discrimination parameter estimates ,
was found to affect the fit of the two models to the data. However,
the probability of fit statistic given by the one—parameter logistic
program was affected only by guessing. In terms of cost, the three—
parameter procedure was found to be substantially more expensive
than the one parameter procedure. Although the three—parameter model
was found to fit the data better than the one—parameter model, the
ability estimates from the two procedures were highly correlated when
a dominant first  factor was present ; and the correlations with outside
criterion measures were not significantly d i f ferent .  Since the one—
parameter model costs less to use, it is the recommended procedure
for calibration of 50 item, group administered , multiple—choice exams.
This recommendation does not generalize to tailored testing administration ,
but only to item calibration for group tests.
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ABILITY ESTIMATION AND ITEM CALIBRATION

UsING THE ONE AND THREE PARAMETER LOGiSTIC MODELS:

A COMPARATIVE STUDY

Latent trait measurement models have slowly made inroads into the
applied areas of testing. informa tion fun ctions based on latent trait
theory have been used to construct aptitude tests (Marco, 1976) and the
simple logistic model has been used to scale an achievement test (Woodcock ,
1973), while major use of the models has been made in the area of tailored
testing (Jensema , 1974; Lord , 1970; Reckase , 1974; Samejima, 1975).
Despite the acceptance of the models, debate still exists concerning the
relative value of the various types of models being used. The major facet
of the debate is the number of parameters required to adequately descr ibe
empirical itei~ enaracteristic curves. One point of view specifies that
three parameters are required to describe the interaction of a person and
an item: difficulty, discrimination, and guessing. The opposite position
is that only one parameter , diff icul ty, is required.

Until a point was reached that the latent trait models were regularly
applied to live testing situations, it was sufficient to let the debate
continue on theoretical grounds with the clear edge to three parameter
models when multiple choice items were being considered. However, with
the increasing use of these model8 in applied settings, and with the lack
of comparative studies, the need for direct empirical comparisons is
clearly indicated. An evaluation is of special importance considering the
needs of tailored testing, where speed of convergence to an ability
estimate and computational efficiency are of great importance. Because
of these added constraints, the simplicity of the one parameter latent
trait models tends to balance the theoretical completeness of the three
parameter models.

The general orientation of the research program guiding this study
is to apply tailored testing to achievement measurement . This fact places
a number of other constraints on the type of comparison required among
the latent trait test models . Achievement tests typically are constructed
based on different  criteria than aptitude tests. Content validity is the
desired goal , rather than the measurement of some set of unidimensional
traits. Construction methods f i t  items to a table of specifications
yielding tests that may be of substantial factorial complexity . Thus ,
sensitivity of the models to multifactor data is a major consideration .

A second factor that will, influence the use of latent trait models
for achievement testing is the size of sample required for item
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calibration. If tailored tests are to be used in educational programs that
have some modicum of flexibility, large samples of students respond ing to
the items may not be attainable before modifications in the instruction
make the test obsolete. Thus procedures that yield stable calibration
results with relatively small samples ~~ll have an edge in terms of appli-
cability. The fluiuity of educational programs has a further effect on the
qualities desired in the latent trait models. Often , because of the
short time available for the construction of tests , the items in a test
may not be of highest quality. Therefore, a good model for achievement
testing should be able to function using mediocre items.

The purpose of the research reported here is to evaluate the one and
three parameter logistic models for use in calibrating achievement tests
for use in tailored testing. Toward that end the factors mentioned
above (computational efficiency, robustness to multidimensionality,
effects of sample size, effects of item quality) will be manipulated in
comparing the models. However, the relevan t literature will be rev iewed
before describing the research design in detail.

Review of the Literature

The literature on latent trait theory has mushroomed over the last
several years . A count of references since 1974 has yielded well over
one hundred entries. Since other good reviews of the general area are
already available (i.e. Hambleton , Swaminatnan, Cook, Eignor , and Gil ford ,
1977) this paper will not at tempt to summarize the total research e f fo r t ,
but: will be limited to the areas directly related to applying latent
trait models to achievement tests. More specifically, the review will
concentrate on the available item calibration procedures, the e f fec ts  of
violating the assumptions of tne models, and the types of tests and sample
sizes appropriate for analysis.

Item Calibration Procedures

Numerous methods have been developed to estimate the item and ability
parameters of tne latent trait models. These vary in sophistication
and computational complexity from the early graphic methods used by Rascn
(1960) to the conditional (Andersen, 1973) and unconditional (Wright &
Panchapakesan, 1969) maximum likelihood , least squares (Brooks , 1964),
and empirical Bayes point estimates (Meredith & Kearns, 1973) curren tly
being used. Many approximation techniques have also been developed to
reduce the complexity of computation and computer time required.

Of the many metnod3 available, only those appropriate to the simple
logistic and three parameter logistic models applied to dichotomously
scored item s will be presented here. Multivariate models, and those
appropriate for nominal, graded , and continuous response data, will be
included only when they apply to the specific models of interest.
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Simple Logistic Procedures

A procedure for estimating the par ameters of the simple logistic
• model was first presented in Gsorg Reach ’s original exposition of the

model (Reach, 1960) . His procedure takes advan tage of the local indepen-
dence and sufficient statistic properties of the model to independently
estimate the ability and easiness parameters. The basic procedure
follows.

The simple logistic model as presented by Reach (1960) is given by

A E
P{x — 1) —

ii 1 + A1E1 
(1)

and P{x~~ — 0) — 1 + A
1E~

where xjj  is the score on the item, Aj is the ability of Person i and
Ej is the easiness of Item j. The logarithm of the ratio of the prob—
ability of a correct response to the probability of an incorrect
response is called the logit and is given by

P{x~ 1)
]
ii 

— lfl
~i~~ 1,~ cj~ 

— lnA~ + lnE~ . (2)

If a second item, k, is given to Person i, the logit is

‘ik — lnA
1 + 1nE,~. (3)

The difference between Equations 2 and 3 gives

— 11,k lnAi + lnE~ — lnA~ — lnEk — lnE~ — lnEk

which does not contain the ability parameter. The average logit for
Person i over all of the items on the test is given by

n
El~ E(lnA1 + LnE ) ElnE

N 
— 

~‘i. 
— 

N 
— I

~
Ai + N 

— lnA~ + lnE • . (4)
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Subtracting Equation 4 from Equation 2 gives the basic estimation equation
for the procedure

— 

~~~ 
lnE ,~ — m E .  (5)

If the average log easiness is set equal to zero , this equation simplifies
to

l
ii 

— li. — lnEj . (6)

Thus , the easiness parameters can be estimated from the difference between
the logit for an ability level and an item, and the average logit over items.
The estimated easiness parameter should be the same regardless of the
ability level used for the procedure.

In order to Improve the estimates obtained , Reach takes advantage
of the fact  that Equation 6 is a linear equation of slope 1.0 between the
two logit variables. Therefore, he plots the lij value against 1j. across
ability levels and then fits a slope 1.0 line to the resulting scatter
plot using an “eyeball” technique. The intercept of the plotted line Is
used as the easiness estimate for the item. A similar procedure is used
for  the abil i ty parameter , except that the average logit over ability
levels is used .

This procedure obviously yields only rough approximations to the true
parameter values and , since much of the results are based on a subjective
fit to a scatter plot , a fully computerized procedure is not possible.
For tnese reasons, Rasch ’s procedure was used only in early exploratory
studies of the model.

[n 1964 , Brooks modified Rasch ’s proc edure to increase its
objectivity.  Instead of visually f i t t ing  a slope 1.0 line to the plot
of specific ability group logits against average logits, he used linear
regression procedures to fit a line using least squares methodology . This
allowed a quasi—statistical test for goodness of fit of the model to the
test data by testing the empirically obtained slope against the theoretical
value of 1.0. Brooks admitted that this significance test was not precise
because the sampling distribution of the slope obtained under these
circumstances was unknown , but he felt it was better than the visual
check of the slope that Rasch used. As in the previous technique, the
intercept of the fitted line was used to obtain the parameter estimate.

Although Brooks’ procedure was an improvement over Rasch’s
original demonstration technique, neither it , nor the simple logistic
model itself gained much prominence until later in the decade. By that
time however , a more sophisticated maximum likelihood procedure had been
derived by Wright and Panchepakesan (1969). This procedure has subse—
quently been labeled an unconditional maximum likelihood procedure (UCON)

—~ — — -~~~~~~~ —— — ~~~ -~~~~ —~~~—.— — - — — - ~~
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and is the most widely used calibration technique currently available.
Although the original article presents the technique in considerable
detail , a more recent article (Wrigh t & Douglas , l977a) gives a clearer
exposition.

The unconditional maximum likelihood procedure can best be
summarized using the exponential form of the simple logistic model:

— b~)

P{x
11
} — 

e 
~ — b ) (7)

l + e

where O
j — lnAj  and bj — —lnE 1. Using this equation , the likelihood of

the entire matrix of responses of N persons to L items is given by

NL
LEx (0 — b )
ii ii i j

A —  e (8)
NL (0 k

_ b )
Illi ( l + e
ii

Taking the logarithm of this equation simplifies matters substanitally,
yielding

N L NL (01 — b )
A — m A  = Erj0i

_ Es4b4 — EE 1n(l + e ) (9)
i I ~ ~ ii

where ri is the raw score for Person I z~nd Si is the number of times Item
j is answered correctly.

The first and second derivatives of Equation 9 are then computed
with respect to 0 and b. These derivatives are used , along with a sorting
of the data into raw score groups to take advantage of the model’ s
sufficient statistic properties to arrive at equations for finding the
maximum of A. A Newton—Raphson technique is used for this purpose ,
with iterations continuing until successive estimates become stable. A
detailed description of this procedure can be x .u n d  in Wright & Douglas
(l977a).

Although the UCON procedure is the most widely used estimation
technique for the simple logistic model, Andersen (1970) has shown that the
unconditional approach yields inconsistent estimates. That is, as the
sample size increases , the estimates do not approach the parameter
values. Wright & Douglas (l977a, 1977b) have recently discussed this
pr ob lem, and have shown that any bias induced is small and that it can
easily be removed with a simple correction factor. The procedure does
have the advantages of estimating ability and item parameters
simultaneously and of being usable with lengthy tests and large samples.

~ 

~~~~~~~~. ________  ~~~~~~~~~



_ _ _ _  - -  -

- 
--- -- - -‘- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - - - - - -~~~~ - - -~~~~ - - -  —-

~~~

---

~~~~ I

—6—

A procedure that does produce consistent estimates of the parameters,
the fully conditional procedures , has been developed by Andersen (1973)
(FcON) . This procedure uses the probability of a person ’s response string
conditional on his raw score. The conditional probability is free of the
ability parameter since the raw score is a sufficient statistic for ability.
The actual procedure begins with the same exponential form for the simple
logistic model as does the UCON procedure (Equation 7).

Since the responses to the items are assumed to be independent of one
another , the probability of the response string for a person is given by

r 0~ — Ex~ 4 b
L i

P {L x . . ] )  RP {x
11

} — L (O
~ 

— b ) (10)

rI (l+e I)
I

where [x
11
) denotes the vector of responses for person i.

The probability of a raw score r is the sum of the probabilities
of the vectors of responses that yield that raw score.

r
r e

P {r} = E P{(x~1J } 
— 

L (0. — b )(X jj ) f l ( l + e  1 
~

I

L
—Ex b .r . ij j

where y — ~ e is the elementary syninetric function .
r 

~~~~~. •~~1)

The conditional probability of the response string given the raw ‘

score is then

L
—Ex b

P {[ x I r } = 

P{(x~1
J }  

— 
e1 ~~ H

ii P{r}

which does not contain the ability parameter 0.

- —— —— - •——~~~~~- -~~ - ~--~-~-- ———~~— _ . — ..—~- •-— -~~——- ---— — ‘—.
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The likelihood of the entire items—by—persons matrix can now be
found , each person ’s vector conditional on his raw score

L
—Es b

e
A L—ln (11)

r

where Sj is the number of correct responses to Item j and nr is the
numóer of times raw score r was obtained. The logarithm of this value is
used to simplify further computation

L L-l
A — log A — Esj b1 — E 0r log y r . ’ (12)

j  r

Once this likelihood equation is obtained , solution for the item
parameter follows much the same as for the UCON procedure. The first
and second derivatives of Equation 12 are determined with respect to bj
and the Newton—Raphson iterative procedure is used to find the maximum
value of A.

Although FCON y ie lds bette r estimates from a statistical point
of view, the procedure suffers from computational difficulties due to

• the necessity of computing the elementary symmetric function. If a
fifty item test were being calibrated using this procedure, computation
of the elementary symmetric functio~ 3for a raw score of twenty would
require the sum of approximately 10 terms. Even the fastest computer
will be taxed by these computations. Therefore, the FCON procedure has
been limited to application where the test being calibrated has less
than fifteen items.

Wright and Douglas (l977a) have proposed a modification of one
FCON procedure that attempts to solve the problem caused by the
computation of the elementary symmetric functions. This procedure,
called the incomplete conditional procedure (ICON) , ignores selected
symmetric functions, thereby improving computational efficiency. The
resulting parameter estimates obtained using the ICON procedure are
virtually the same as the FCON procedure, indicating that the revisions
did not affect the accuracy of the method . However, despite the elim-
ination of some of the symmetric functions, the procedure still becomes
inaccurate if more than twenty to thirty items are used beacuse of
accumulated roundoff errors. Thus the modifications to FCON only put off

• the point at which the procedure becomes unusable, and do not totally
solve the problem.

------ —--—- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~ ---- --
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Along with these five methods for  estimating the parameter of
the simple logistic model , two other more specialized methods should be
mentioned. The first of these is a method labeled PROX by Wright and
Douglas (1977b). This method was derived in an attempt to speed up the
estimation process over the UCON method . The procedure start S with the
initial, estimates used by the UCON procedure , and then , using the
assumption that the ability parameters are normally distributed , proceeds
with a simplified iteration process to arrive at estimates. The simplified
method shortens computation time by a [actor of 40 for SO to 60 item teSts ,
but it is less accurate than UCON when t~xtreme abilities are present or
when the distr ibut iog .f abi lit ies  is markedly skewed.

The second specialized method for estimation was developed by
Meredith and Kearn s (1973) and is called empirical Bayes point estimation.
This procedure uses the expected value oi the posterior distribution of
the parameter of interest based on the raw score distribution to estimate
the parameter. The procedure has been shown to be asymptotically optimal in
the sense of having smaller average error variance and higher reliability
than any other ability estimate when the sample approaches infinity.
However, for sample less than 5000, the estimates tend to be unstable
(Kearns and Meredith , 1975). This technique has not been extensively
applied .

Three—Parameter Logistic Procedures

Due to the greater complexity of the three—parameter logistic model,
the development of estimation procedures has taken longer than those for
the simple logistic model. Fortunately, the logistic item characteristic
curve closely approximates the normal ogive item characteristic curve
(Birnbaum, 1968) dlowing the adaptation of the previously developed
normal ogive methodology to this mathematically more convenient model.

The first presentation of an estimation technique for the three
parameter model was given in an appendix to an article by Lord (1968)
concerning the analysis of the Verbal Scholastic Test. Except for the
problems caused by the inclusion of a guessing parameter in the model , the
method is similar to that used to obtain maximum likelihood estimates of
the two—parameter normal ogive model (Lord, 1953).

The method begins with the three—parameter logistic equation for
the probability of a correct response to an item

Da1(01 
— b1)

= P(x .~ = 1) c
1 + (1 — c

i) 
e 

Da1
0 — b1) 

(13)

l + e
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whe re Cj  is the guessing parameter fot Item i, aj is the discrimination
parameter , and bi is the difficulty parameter; 0~ is the Libility parameter
for person j; and D is a constant equal to 1.7 included to maximize the
si.~ila r ity  of the model to the corresponding norma l ogive model. Qij is
defined as the probaLili ty of an incotrect response and is defined byI —

The first step in the estimation procedure is to determine the
likelihood of the mat r ix  of responses of the N persons to n items. This
l ikel ihood is g iven by

n N x l—x
L — 11 Ii P 14 

ii Q (14)
i—i i— i J I

The logari thm of the likelihood is used for  convenience .

n S
lnL L 

~ 
(x i lnPi + (1 — x~ )l nQ

i 3 (15)
i— l j=1

To determine the maximum of Equation 15 , the derivative of the equation
is determined relative to aj, b~ , and 0j. The guessing parameter , cj,
is not estimated using maximum likelihood at this point because the
estimation procedure was found to be too unstable. Instead , the lower
asymptote  of tne i t em characteristic value is used in the estimation
equations for the other parameters. A sample of 100,000 cases was used
in the original application study.

The three derivatives cannot be solved directly for zero because
the individual parameters cannot be isolated as they could be in the simple
logistic model. Instead , rough estimates of the item parameter are obtained
using them. The resulting ability estimates are then used with the likeli-
hood equations to obtain new item parameter estimates. The new item
parameter estimates are then used to get new ability estimates, and so
on. The two steps required to get estimates of the item and ability
parameters are called a stage, and required about 15 minutes of computer
time for the SAT analysis. Twenty stages were required for convergence
to satisfactory values for that analysis.

Although the technique developed by Lord does yield usable results,
several difficulties were encountered in its initial application. First ,
as mentioned above , the computer time required for the program is
excessive. Approximately five hours of computer time were required for
application to the Scholastic Aptitude Test data. The computer used
(IA3M 7044) was very slow compared to the current generation of computer ,
however, indicating that a substantial reduction would be obtained if it
were run now. Second , tests used for calibration by this procedure
should have at least 50 items and data should be available on at least
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1,000 cases. If enough data is not available , the discrimination parameter
may increase towards positive infinity. Third , occasionally ability
parameters may go toward positive or negative infinity. Lord (1968) is
not too disturbed by this fact because the result is expected whenever
a perfect or zero score is obtained on the test. Fourth, despite large
samples, the procedure may fail to converge in some circumstances. Lack
of convergence may be caused by a single item and the procedure may
converge when the item is removed. Sometimes, the item can be replaced
after convergence has been achieved and a stable estimate can be obtained .
Finally, the necessity of estimating the guessing parameter graphically
from large samples makes the procedure impractical for many applications.
Clearly, a more convenient procedure was needed to make the three—
parameter logistic model more generally applicable.

In order to overcome many of these problems, an extended version
of the procedure was made available in 1973 (Wingersky and Lord , 1973).
This new version extended the maximum likelihood procedure to the guessing
parameter, eliminating the need for extremely large samples to graphically
estimate the lower asymptote of the item characteristic curve. However ,
Christoffersson (1975) has pointed out that estimating all of the item
parameters and the ability parameters simultaneously is impossible unless
constraints are placed on the parameters. He states that

Intuitively, this seems impossible because the approach is
equivalent to estimating factor loadings, factor scores
and residual variance simultaneously in the case of interval
measurement. This is not possible with the maximum likelihood
method (Anderson and Rubin , 1956) unless some further conditions
are imposed , such as assuming that the residual variances are
pairwise the same.

To overcome this difficulty, numerous constraints have been built
into the estii~iation program. Along with separating the estimation of
ability and item parameters within a stage as was done in the 1968 version
(Lord , 1968), the amount each parameter can change in each stage is
restricted . This is done to reduce wild fluctuations in the estimates.
Further, if a discrimination paramoter exceeds a preset maximum value, the
item is automatically removed from the analysis. Changes in the guessing
paramete--s are severly restricted by the program since, in many cases,
these parameters are poorly determined . Also , limits are placed on the
minimum and maximum values allowed for the discrimination and guessing
parameters. —

With all of the constraints placed on the parameters , the procedure
will converge on stable estimates if sufficient cases and test length are
available. The number of items recommended has been reduced to 40 with
this version , but the suggested minimum number of cases is still 1,000.
Computation time has been reduced considerably. Time per stage on an

• - - - ---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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IBM 360/65 compute r ranges f r om 70 to 180 seconds , with 30 to 40 stages
required for  convergence. Thus the computation time ranges from a half
hour to two hours as compared to about five hours for the earlier version.

Along with lwproving the basic computational procedure of tne
maximum likelihood method , Lord also modified the procedure to recognize
three modes of response: correct, incorrect, and omit (Lord , 1974). This
was accompl ished by allowing three Item scores, 1 for a correct response ,
0 for an incorrect response, and C for an omit response. The value of C
used here Is the reciprocal of the number of alternatives to the multiple
choice item. The rationale for this scoring is that a person will only
omit if he cannot guess at better than the chance level. Under those
circumstances , the proportion of correct responses that would be expected
if a person guessed would be equal to C, making this a reasonable level to
use. The likelihood equation (Equation 14) is modified to reflect  the
scoring change yielding

n N v i—v
L* 11 il Pi 

11
~ i ~i (15)

ial j —l I I

where v~ j = 1, 0 , or C and the asterisk indicates the modified likelihood
value. Lord (1974) points out that Equation 15 is not really a likelihood
equation because of tne change in scoring, but that it tends toward the
same limit when the number of items is large. Also, Equation 15 yields
smaller asymptotic sampling error than the maximum likelihood technique
when the omitted responses are replaced by random responses. Thus, the
modified equation was used in the 1973 version of the procedure
(Wingersky and Lord , 1973).

The current step in the development of a procedure for estimation
of the three—parameter logistic parameters is a revised edition of the
1973 program for Increased efficiency. The revision, called LOGIST (Wood,
Wingersky and Lord , 1976) , has reduced the number of .stages needed to
reach convergence to 10 to 15. The greater efficiency was achieved by
putting added constraints on the parameters. The ability parameters are
restrained , where previously they were allowed to migrate anywhere
oetween positive and negative infinity. Also, limits have been imposed
on the discrimination and guessing parameters. The LOCIST program In
its current and 1973 version is the most commonly used procedures for
estimating the parameters of the three—parameter logistic model.

t~ecause of the lengthy and expensive computation required by the
maximum likelihood procedure, three other techniques have been developed
to try to make parameter estimation more cost effective . The first , a
graphic approximation method developed by Urry (1974), was originally
designed for screening items. In using this method , the lower asymptote
of the item characteristic curve must first be estimated from the item
by total—score—i dnus—the—item regression. The c1 value found in this way

________________ . j-~ -~~
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is used to select the proper nomograph for estimating the discrimination
and difficulty parameters. The nomographs were generated from the
theoretical relationship between the traditional population difficulty
and discrimination values and the corresponding latent trait parameters.
To use them, estimates of the population point biserial correlation and
proportion correct are needed. These statistics are computed using
traditional item analysis techniques. Once they are determined , they
are en tered into the ordinate and absissa of the noinographs, and the
parameter estimates are read off a separate set of axes.

Urry (1974) has stated that estimates of the traditional item
statistics based on a minimum of 2,000 cases are needed for good results,
and the test should have at least 80 items and a KR—20 reliability of at
least 0.90. When these conditions are met, the maximum likelihood and
nomographic es imates are fairly comparable. In one study the aj values
were found to correlate 0.89 and bi values 0.97. Urry was so impressed
with these results that he feels the procedure may be used for final
calibration of an item pool rather than as a mere screening device. He
states that “It might well be that the heuristic estimates obtained
through the present approximation method are to be preferred to maximum
likelihood estimates where distortion of the estimates is artificially
induced by the nature of the analysis (when low ability cases are dropped
to improve LOGIST convergence] .“

The second procedure developed to reduce the cost of estimating the
latent trait parameters is called the ancillary estimation procedure
(Urry, 1975). Although it is based on the normal ogive model, it is
included here because the parameter estimates are very close to logistic
values. This procedure is based on minimum chi—square estimation rather
than the maximum likelihood used by most of the other procedures. The
procedure involves two stages: the first stage uses raw scores as estimates
of ability and the second stage uses Bayesian modal estimates of ability.
The entire procedure can be summarized as follows.

First, initial parameter estimates are obtained for the item parameters
by firLding the minimum of a x2 variable given by

m—l (r — n P (j))2
2 = ~ (16)X 

~ ~~~~~ 
n
1

P~ ( i)Q 1(i)

where X 2j  is the result for Item i, rj is the number of correct responses
to Item I for those with raw score J, nj is the number of cases obtaining
a score of j, 

~
i(j) is the probability of getting Item i correct for

ability j based on the latent trait model, and Qi(i) = 1 — Pj(j). An
iterative procedure is used to find the parameters aj, b1, and ci, that
are converted to ancillary estimates by correcting them using the Item i
information functions (Lord & Novick, 1968). In effect, this correction
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is an inverse weighting by the error of estimate. The purpose of tue
correc tion is to In crease the eff iciency of the estimates and to reduce
the intercoz-relations between the three parameters.

The ancillary item parameter estimates are then used to obtain
Bayesian modal estimates of the ability parameters (Samejima , 1969). These
estimates are obtained by f inding the values of the ability parameters that
maximize the following expression

B (O)  — f(O) II P (~) 
(17)

i i

where f(O) is the normal density function and Pj(O) is the probabil ity of
a correct response to Item I. as defined by the latent trait model. Once
the new ability estimates are available, they are .used to derive new minimum
chi—square estimates of the item parameters. These new e8tilnates are then
again corrected using the information functions to get the final ancillary
estimates .

The estimates obtained In this way were evaluated by Schmidt and
Gugel (1975) to determine their effectiveness. They foun d that “Given at
least 2,000 cases and 100 items of good but not unrealistically high quality,
the procedure produces estimates that correlate highly with true parameter,
show low root mean squares , and perform about as well when used in tailored
testing as the true item parameter values.” When the sample size drops as
low as 500, the method may fail to converge.

By far the simplest of the procedures for calibrating items
using the three parameter logistic model was presented by Jensema (1976).
This procedure is designed mainly for screening items for further analysis
and is not a substitute for maximum likelihood procedures. Jensen’a’s
procedure is based on the theoretical relationships that exist between the
logistic parameters and traditional item analysis values as presented in
Lord and Novick (1968).

In order to use this technique, the guessing parameter , e1, must
first be estimated from the lower asymptote of a plot of the item
characteristic curve for the item. This value is used to adjust the
proportion correct for the item using the formula

P1 — c

1 —  (18)

where P1 is the estimated proportion correct for Item i and Pj is the
corrected value. From the corrected value, the cutting point on the
logistic distribution with that proportion above it can be obtained from

1 — P .

~i * I ~ ~
, 

1 (19)
i
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where D 1.7. This value, along with an estimate of the point-biserial
correlation corrected for guessing, p10, is used to obtain the parameter
estimate using the following formulas

~ieai (20)
/ l — P 10~

and

Ii

~ie

where ai is the discrimination parameter and bj is the difficulty parameter.

Jensema has stated that reasonable estimates will be obtained using
this method if three assumptions are met:

(a) reasonably good estimates of c1 are available,

(b) the proportio~ of the population passing Item I is an
estimate of P

~
, and

(c) the item—excluded total test score Is a measure of true
ability, 0.

The quality of the estimates obtained under these circumstances was checked
using 48 simulatIon data—sets. The correlation between the true values and
the estimates of discrimination and difficulty parameters for the procedure
were found to be 0.798 and 0.963 respectively. The corresponding values
for the maximum likelihood procedure were 0.863 and 0.971. Thus Jer.senia
(1976) concludes that. the estimates “which were inexpensive to calculate
were surprisingly accurate.” Sample sizes from 250 to 2,000 using 25 to
100 items were used for the study.

S u a ~y All told, seven simple logistic and six three—parameter
logistic procedures were identif led for calibrating items. Other procedures
available f or two parameter models and normal ogive models are not included
in the review. The seven simple logistic procedures Include (a) Rasch ’s
(1960) original graphic method for estimating parameters , (b) Brooks ’ (1964)
mo.ification of Rasch ’s method based on regression techniques, (c) the
unconditional maximum likelihood procedure developed by Wright and Pancha—
pakesan (1.969), (d) the fully cor&dlticnal maximum likelihood procedure
developed by Andersen (1973), (e) the incomplete conditional developed by

- ~~.- ~~--
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Wright and Douglas (l977a), (f) the approximation procedure developed by
Wright and Douglas (l977b), and (g) the empirical Bayes point estimation
developed by Meredith and Kearns (1973).

Of these seven procedures, only three need be given serious consider-
ation for use in calibrating items for tailored testing. The procedures
developed by Rasch and Brooks have been largely supplanted by the newer
procedures and are only of interest historically. The approximation
procedure is designed for applications where limited computer resources
are available, and therefore, should not be in consideration for the
calibration studies considered here. The fully conditional procedure is
too limiting in the small size of item pools and long computation time
required . After eliminating these procedures from consideration , the
unconditional procedure, incomplete conditional, and empirical Bayes
procedure are left.

Of these three, the unconditional procedure seems to be the technique
of choice for Item calibration. Its only drawback is the slight
inconsistency of its estimates, which can easily be corrected . The
incomplete conditional procedure is limited by Its constraints on test
length, and no results are available on applications of the empirical
Bayes procedure. Also, the empirical Bayes procedure is mainly concerned
with ability estimation. Thus, for the purposes of the research reported
here, the unconditional maximum likelihood procedure will be used.

The six three parameter logistic procedures include (a) thru (c)
the three versions of the maximum likelihood procedure developed by
Lord (1968) , Wingersky & Lord (1973) ,  and Wood , Wingersky & Lord (1976),
(d) the nomographic procedure developed by lJrry (1974), (e) the ancillary
procedure developed by Urry (1975), and (f) the approximation procedure
presented by Jensema (1976). Of these six procedures-,- the choice clearly
falls between two. The early versions of the maximum likelihood procedure
have been supplanted by an improved version making their use undesirable.
Also, the nomographic and approximation techniques are clearly of lesser
accuracy, leaving only the LOGIST procedure and Urry’s ancillary estimation
procedure. Of these two, the LOGIST procedure has been chosen for use
here to avoid the assumption of a normal distribution of ability for the
Bayesian modal estimates in the ancillary procedure. Although this
assumption does not carry serious Implications, the more generalizable
procedure is preferred for the comparison to be conducted here.

Factors Affecting Item Calibration

Although the two calibration procedures selected for the research
reported here were chosen because of their capabilities for arriving
at accurate parameter estimates, neither of them will operate properly
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under all circumstances. Both assume that the test being analyzed is
unidimensional and that an adequate sample of observations is available.
The simple logistic model also assumes that discrimination is constant
for all items, and that guessing does not have an effec t on the item
responses. The research into the effects of these variables will now
be summarized , with the goal of developing recommendations for the
application of the methods.

Effects of Multivariate Test Data Despite the fact that the unidimen—
sionality of the complete latent space is one of the basic assumptions
of the latent trait models (Lord & Novick, 1968) and that the multi—
dimensionality of tests is commonly used as an explanation for lack
of f it (ie. Keifer & Bramble, 1974) , only four studies could be
identified that researched the effects of the factorial complexity of
tests on item calibration. The lack of research is probably due to the
common use of latent trait models with aptitude tests which can easily
be constructed to contain a dominant first factor. When the first factor
accounts for a moderate amount of the test variance, the latent trait
models are felt to operate fairly well (Hambleton & Traub, 1973).
However, with the application of the latent trait models to achievement
tests, multidimensionality may become more of an issue.

The four studies that have been found in the literature search
all deal with the robustness of the simple logistic model to violations
of the unidimensional assumption. Only the study by Hambleton (1969)
includes the two and three parameter models, and there they are
secondary to the major thrust of the research. The first of the studies
looking into the effects of violating the assumption was done by
Hambleton (1969). In the study, he embedded either one or five items
measuring a second factor in 15 or 30 item simulated unifactor tests.
That is, if a 15 item test were used , one item would measure a second
factor while the other 14 would measure the first factor. Goodness of
fit of the simulated tests was then determined using a chi—square test
and the number of rejected items was noted.

The results of this study showed that in all four cases the overall
tests were rejected as fitting the simple logistic model on the basis of
the chi—square tests. Also, with the increase in the number of items
from the second factor, the chi—square values increased , and the number
of items rejected by the model also increased. The conclusion drawn on
the basis of these results was “ . . . that the Rasch model is extremely
sensitive to deviations from the assumption that the items of a test
measure only one latent ability (Hambleton, 1969).”

In a second part to Hambleton’s study , the one and two—parameter
logistic models were applied to the Verbal and Mathematics Sections of
the Ontario Scholastic Aptitude Test and the Verbal Section of the

~~—
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Scholastic Aptitude Test. These tests were subjected to a principal factor
analysis before the latent trait analyses and were found to have first
factors accounting for 22.1%, 31.7% and 20.5% of the total variance
respectively. Each of the tests was considered to have more than one
factor, but the first factors were dominant.

Fit of the models to these tests was determined by generating
theoretical frequency distributions from the item calibration results
and comparing these distributions to the distributions obtained from the
administration of the tests. A chi—square statistic was computed
comparing each of the theoretical distributions with the actual distri-
butions. In no case was the fit between the pairs of distributions good,
a fact that was explained by the lack of unidimensional tests. The test
with the largest first factor was found to have the smallest chi—square
value, indicating the best fit. Also, the more general two—and three—
parameter models yielded distributions that fit better than the one
parameter model.

The second study that deals with robustness of the simple logistic
model to violations of the univariate assumption was done by Reckase (1972).
In this study one— , two— and three—factor simulated data—sets and one—
and four—factor multiple—choice tests were analyzed using the model.
As opposed to Hamb ].eton ’s (1969) simulated tests which had one or five
items from another factor embedded in them, the tests used by Reckase
had equal numbers of items from each factor in the two—and three—factor
simulated tests. The simulated tests were thirty items long and 1,000
cases were generated for each test.

The f it of the model to the tests and to each item was evaluated
in the study using the chi—square test presented in Wright & Panchapakesan
(1969) . The results show that the one—factor data f i t  the model perfectly ,
the two—factor data did not fit at all, and the three—factor data fit
moderately well. The same pattern occurred in terms of the number of
items rejected; one item was rejected from the one—factor test, ten from
the two—factor test, and five from the three—factor test. The loadings
of the items on the factors were 0.90 in all cases and no guessing was
present in the data indicating that all results were due to the factor
structure of the test.

The results of the analysis on the three multiple—choice tests
showed that none of the three tests fit the model wel . However, the
four—factor test had the poorest overall fit and had the greatest number
of items rejected. The general lack of fit of these tests was probably
due to the presence of guessing and unequal discrimination not Included
in the simulation data. The results of the two analyses show that
multidimensionality does affect the fit of the simple—logistic model,
but the fact that the three—factor simulation data fit reasonably well
Indicated that some robustness to multivariate effects may be present.

L~~~~~~~ . - - ~~~~~~~~~~~~~~~~~~~
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The other two studies that are related to the multidimensionality
of test data do not control the factor structure of the tests as precisely
as the first two. The study by Forbes & Ingebo (1975) Initially
calibrated a seventh grade mathematics test and then subjectively divided
the test into three subtests labeled computations, problem application ,
and concepts. These subtests were then calibrated separately and the
results compared to the overall calibration. In analyzing the data,
it was argued that if the difficulty parameters differed only by a
cons tant, there is no need to separate the items into homogeneous
subtests for analysis. The results show that the items are ordered in
the same way in the subtests and the total test, and that the calibrations
yielded almost identical results. The authors concluded that the simple
logistic model is sufficiently tolerant of violations of the “content
homogeneity” assumption that the subtest breakdown is not necessary.

The final study to be described relating the factor structure of
a test to the latent trait models was done by Ryan & Hamm (1976). This
study attacked the problem from another direction by determining
whether items selected to fit the simple logistic model would contain
only one factor. Eight tests from a graduate research methods course
were used for the study. Each of the tests was analyzed using the
simple logistic model and the principal components factor analytic
method. Items were selected from the tests which (a) were not rejected
as fitting the simple logistic model, or (b) loaded highly on the f irst
principal component. The selected items were again factor analyzed
and size of the first factor was compared. The results showed that the
size of the first factor was only slightly increased over the original
test when items were selected using the simple logistic model, while
factor analysis selected items had a substantially stronger first
factor. Thus a simple logistic model cannot be looked on as a means
of selecting homogeneous subtests. Checking the fit of at least the
simple model to items is not a substitute for factor analysis.

The results of these studies yield few general conclusions.
Clearly the Hambleton (1969) and Reckase (1972) studies show that the
factor structure of tests affect the fit of the simple logistic model,
but the effects on more complex models are lacking. The fact that
the simple logistic model fit the three—factor test better than the
two—factor test (Reckase, 1972) also suggests that the relation between
factor structure and fit is not a direct one. Finally, the Ryan & Hanin
(1976) study suggests that checking the fit of the models is not a
substitute for factor analysis. Little about the effects of the
violation of the unidimensional assumption is clarified by this literature
review and some areas have not even been mentioned (i.e. the value of
ability estimates obtained from multidimensional tests).

Effects of Sample Size Some information concerning the sample sizes
required for stable calibration has already been presented under the
review of calibration procedures. Wingersky and Lord (1973) suggest
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a minimum of 1,000 cases for use with the LOGIST program. No controlled
studies on the effects  of sample size on calibration using the three
parameter logistic model have been found.

Several studies have been done on the effects of sample size on
the stability of the unconditional maximum likelihood estimates for the
simple logistic model. Cypress (1972) calibrated a 90 item mathematics
test using 1,200 normally distributed cases for use as a standard for
comparison. She then calibrated the same test using independent samples
of 1,200, 600, 300, 150, and 75 which also varied on seven levels of
skewness. Thirty data—sets In all were used. The difficulty and
ability parameter estimates were then compared to the estimates from
the standard distribution.

In general , the study gave the expected results. As the sample
size decreased , the standard error of the estimates increased. However,
there is an interaction between the shape of the distribution and the
similarity of the calibration to the standard distribution. The general
conclusion of the study was that

“If . . . intact groups reflect raw score distributions which
are close to normal , results of the study indicate that groups
as small as 75 may provide good ability estimates. Four groups
consisting of 75 and 150 subjects ranked in the upper six when
compared to the criterion group of 1,200 normally distributed
tests scores. In fact , these four groups provided better
estimates . . . than the group of 1,200 with low positive skew
which ranked ninth.”

A similar study by Forster U976) compared calibration results
from samples of 300, 200 100, and 50 to calibration data from total
samples of 1,478 and 1,808. Two tests were used for the study; an 81
item fourth grade mathematics test, and an 100 item eighth grade reading
test. Correlations between the full sample and reduced sample parameter
estimates were used as a basis for comparison. The largest drop in
correlation was found between the samples of 100 and 50. On the basis
of the results, the author concluded “ . . . these results give us
confidence in field testing with sample sizes of 150 to 200 to determine
item difficulty calibrations with reasonable accuracy.”

A third study (Tinsley & Davis, 1975) compared the item and ability
calibration- results for ten pairs of intact groups ranging in size from
89 to 630 . Four different tests with from 25 to 60 items were used for
the study . The results show that if samples of over one—hundred are used,
correlations in the high 80’s or 90’ s can be expected between the i~eni
parameter estimates. With less than one—hundred, very low correlations
were obtained. However , the correlations between ability estimates
were found to be uniformly high , regardless of sample size.
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The results of these three studies indicate that samples of a
minimum of 100—150 are adequate for use of the simple logistic model.
If a minimum of 1,000 is required for maximum likelihood estimates of
the three—parameter model , the simple logistic model will have a clear
advantage in cases where only small samples are available. A second
implication of this research is that item parameters require more cases
for accurate estimation than are required by ability parameters.

The Effects of Item Quality Item quality, for the purposes of this
research, is defined in terms of the discrimination and guessing
characteristics of the items. Poor quality items are those that are
low in discriminating power or high in guessing. High quality items
have the opposite characteristics. Classroom achievement testing
often uses mediocre quality items for initial tests because of the
short time allocated to test construction, and because the tests are
often modified as the instructional process changes. Thus an important
consideration in the evaluation of calibration procedures to be used
for achievement tests is the degree to which the procedures are affected
by this mediocre quality.

Three major studies have been found in the review of the literature
that deal with the effects of discrimination and guessing on item
calibration. This is not a complete list, since any study reporting
the calibration of actual test data bears on the generalizability of the
results, but the major findings present in the literature are presented
in these studies. The first of the r~udies was done by Panchapakesan
(1969). In the study, f ive, ten, and twenty item tests containing
various numbers of “bad” items were analyzed using the simple logistic
model. Bad items were items that were lower in discrimination than
the majority of the items on the test. Simulated data with samples
ranging from 100 to 2,000 were used.

The results of the study showed that items with discrimination
values more than 0.2 below the average for the test can readily be
detected as causing lack of fit. However, the model could be used
adequately when the variation in the discrimination parameters of the
Items was not too extreme. Extreme in this case is defined as items with
discrimination parameters deviating more than 0.2 from the average f or
the test.

Panchapakesan (1969) also looked into the effects of guessing on
the simple logistic model, but not to the same extent as discrimination.
Twenty item simulated tests using a sample of 5,000 cases were used for
the study. Guessing levels of 0.5 and 0.2 were used to generate the
simulation data. The results of the study indicated that guessing caused
substantial errors in the calibration of hard items and in the ability
estimates of low ability examinees. However, the effects on the easier
items and on high ability estimates were negligible. 
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Panchapakesan recommended eliminating the hardest 25% of the items for
calibration purposes when guessing is a factor and only accepting the
ability estimates from the brighter individuals as being reasonably
accurate.

The second study concerning item quality was done by Hambleton &
Traub (1971). In the study , fifteen item tests with four ranges of
discrimination parameters (0.0, 0.20, 0.40, 0.80) and three levels of
guessing parameters (0.00, 0.10, 0.20) were compared on the basis of
information level and relative efficienty using the one—, two— , and three—
parameter logistic models. In general, the results came out as one would
expect; the three—parameter model was found to be most informative , the
two—parameter model next most informative, and the one—parameter model
least informative. However, when guessing was present, the one—parameter
model was better than the two—parameter model for low ability levels.
When no guessing was assumed, the simple logistic model maintained high
relative efficiency until the range of discrimination became large (0.80).
On the basis of these results, the three—parameter model seems to be the
recommended procedure , although sample size considerations did not enter
!nto this study.

In the third study , Dinero & Haertel (1976) manipulated the variance
of the discrimination parameters of 30 item simulated tests and compared
the ability estimates from the simple logistic model with those from the
two—parameter logistic model. Six different variances were used (0.0,
0.05, 0.10, 0.15, 0.20, 0.25) along with three different shapes for the
discrimination parameter distributions (normal, uniform, and positively
skewed). The uniform distribution was found to give the worst results
overall. However, the lowest correlation between ability estimates was
0.8069 prompting the authors to conclude that the simple logistic model
was robust to variations in discrimination.

In summary, the presence of guessing and excessive variation in the
discrimination parameters affect the calibration of the one—parameter
model to some extent, leading to recommendations to exclude low scoring
cases and to select items on discrimination. The two parameter model
seems to be affected more by guessing than the one—parameter model.
Robustness to these factors is not a consideration with the three—
parameter model since each of the parameters is estimated. Therefore,
it has assumed the position of the standard by which the other techniques
are judged.

—- -—— .. • — - - - — ~- - • ... .. _ - 
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Research Des tg~

The research presented in this report is organized into three major
components: (a) effects of multivariate test data, (b) effects of sample
size , and (c) effects of item quality. Within each of these research
components the two latent trait models1 one—parameter and three—parameter
logistic , are compared on their ability to estimate item and abi l i ty
parameters. In addition , the two procedures are compared on the basis of
cost and computer time required. However , before describing the specific
analyses used to compare the procedures on these criteria , information
concerning the data—sets  and computer programs used in this research
effort will be presented .

Data—Sets

The data—sets used for the research reported here are briefly described
in Taole 1 and the abbreviations used for them th roughout this paper are
presented . The data—sets are of three major types: (a) the results of
the administration of standardized ability tests, (b) the results of the
administration of college course final examinations, and (c) data generated
to simulate tests with various factor structures. The standardized test
results were acquired through the cooperation of the Missouri Statewide
Testing Program. Results on the Missouri School and College Ability Tests
were obtained for two school years , 1974—75 and 1975—76. The samples
obtained were very large (57,800 in one case and 65,600 in the other),
necessitating sampling from the total number to reduce the cost of the
analyses. A sample size of 3,000 was selected since it was the maximum
sample usable with the LOGIST program without modifications. This number
was selected from the full sample using a systematic sampling procedure
as there was no pattern to the original data. Both the Verbal and
Quantitative subtests of each form were obtained from each sampling unit.

The final examinations from the undergraduate measurement course
were obtained from five sections of A140: Introduction to Educational
Measurement and Evaluation. This course covers basic measurement theory
and practice for prospective teachers at the University of Missouri-
Columbia. The data were collected from Fall 1975 to Spring 1977 from
regular course examinations. Each of these examinations was constructed
independently from a large item pool according to content specifications .
All of the examinations , both the classroom and standardized tests, contained
fifty multiple—choice items with four and five options respectively.

In order to gain greater control over the characteristics of the data,
eight simulated test data—sets were produced. These were generated to match
various factor loading matrices using the usual linear factor analysis
model. The simulation procedure generated z—scores using a weighted sum
of normal random numbers and then dichotomized them to yield the proportion 
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Table 1

Description of Data_Sets*

Sample
• Test Name Abbreviation Size Description

1. Missouri School and MSCATV5 3,087 Systematic sample from
College Ability Tests 57,800 cases from
Verbal/l975 Missouri Statewide

Testing Program 1974—
1975. SCAT Series II
Form 2B.

2. Missouri School and MSCATQ5 3,087 Systematic sample from
College Ability Tests 57,800 cases from
Quantitative/l975 Missouri Statewide 

- -

Testing Program 1974—
1975. SCAT Series II
Form 2B.

3. Missouri School and MSCATV6 3,126 Systematic sample from
College Ability Tests 65,600 cases from
Verbal/1976 Missouri Statewide

Testing Program 1975—
1976. SCAT Series II
Form 2B.

4. Missouri School and MSCATQ6 3,126 Systematic sample from
• College Ability Tests 65,600 cases from

Quantitative/1976 Missouri Statewide
Testing Program 1975—
1976. SCAT Series II
Form 23.

5. Exam on Standardized ST1O75 208 Undergraduate course
Testing final exam administered

in October 1975.

6. Exam on Standardized ST0576 181 Undergraduate course
Testing. final exam administered

in May 1976.

7. Exam on Standardized ST1O76 176 Undergraduate course
Testing final exam administered

• in October 1976.

• *All tests are 50 items in length.
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Table 1 (Continued)

Description of Data—Sets

Sample
Test Name Abbreviation Size Description

8. Exam on Standardized ST3—577 312 Undergraduate course
Testing final exam administered

to two sections of the
course in March and May
1976.

9. One factor rectangular 15OAR 1,000 One factor with loadings
simulation data. of .9, rectangular

distribution of diffi-
culties.

10. Two factor normal 250AN 1,000 Loadings of .9 and .0
simulation data. randomly distributed on

two factors, normal
distribution of diffi-
culties.

11. Two factor rectangular 250AR 1,000 Loadings of .9 and .0
simulation data, randomly distributed on

two factors, rectangular
distribution of diffi-
culties.

12. Two factor .5 250A5 1,000 Loadings of .9 and .0
simulation data. randomly distributed on

two factors. All items
.5 difficulty

13. ~4ine factor Spearinan 9SOANS 1,000 One factor .7 loadings
simulation data, for all items. Eight

factors .6 loadings
randomly distributed
over items. Normal dis—
ribution of difficulties

14. Nine factor independent 950AN9 1,000 Items randomly distri—
.9 loading simulation buted to nine factors
data. with .9 loadings. Normal

distribution of
difficulties.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Table 1 (Continued)

Description of Data—Sets

Sample
Test Name Abbreviation Size Description

15. Nine factor independent 950AN3 1,000 Items randomly distri—
.3 loading simulation buted to nine factors
data. with .3 loadings. Normal

distribution of
difficulties.

16. Five factor iiidependent 550AN7 1,000 Items randomly distri—
.7 loading simulation buted to five factors
data. with .7 loadings. Normal

distribution of
difficulties.

of correct and incorrect responses specified by difficulty indices. These
data—sets were produced without a guessing component, allowing a smaller
sample size than the live testing data—sets. A sample of 1,000 cases, the
minimum suggested by Wingersky and Lord (1973) for calibration, was generated
for each of the eight simulated tests.

Four levels of factorial complexity were used in generating these data—sets:
one—factor , two—factor , five—factor, and nine—factor. Of the eight data—sets,
three were generated to have nine factors to match the empirically determined
factor structure for the classroom tests. The size of the factor loadings and
distribution of difficulties were also varied for the simulated tests. Normal,
rectangular and constant distributions of difficulties were used , although no
attempt was made to include all possible combinations. The distribution of
difficulties referred to here is based on the proportion correct index.

Along with these data—sets , seven other samples were obtained for MSCATV6
to determine sample size effects. Systematic sampling was used , yielding
samples of 2,929 , 2,146 , 1,494 , 1,090, 748 , 375 , and 149. Care was taken to
insure that no case occurred in more than one sample.

Computer Programs

Two computer programs are of major importance to this study. They are the
maximum likelihood estimation procedures for the item and ability parameters
for the one and three parameter logistic models. Since the comparisons
between the two models are dependent upon the programs used for calibration,
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it is important that the best available procedures be used . The programs
were selected for this research on the basis ‘i the review of the literature
reported in the first part of this report. O.~ that basis the unconditional—
maximum likelihood procedure developed by Wright & Panchapakesan (1969)
was selected for the one—parameter logistic model , and the quasi—maximum
likelihood procedure for use with omitted responses developed Dy Wood ,
Wingersky , and Lord (1976) was selected for the three—parameter model.
The actual program used for the one—parameter model was obtained from Jerry
Durovic of the New York Civil Service Commission. The program was
extensively modified by the author for greater efficiency and to correct
some minor errors. The three parameter program was obtained from Marilyn
Wingersky at the Educational Testing Service.

The program that generates the multivariate simulation data was written
by the author for an earlier study usin; the random number generators from
the International Mathematical & Statistical Libraries Package (1975). All
otner analyses were performed using the SPSS (Nie, Hull , Jenkins, Steinbrunner
& sent , 1975) and SAS (Barr, Goodnight , Sall , & Helwig, 1976) packages.

Effects of tiultivariate Test Data

The purpose of the research reported here is to evaluate the one— and
three—parameter logistic models for use in tailored achievement testing.
Since the first step in setting up a tailored testing procedure is item
calibration , this study first concentrates on that facet of the models —

that is, determining item parameters. A complication in this matter is
the fact tnat achievement tests tend to be multidimensional , violating tue
assumptions of both models. The evaluation of the item calibration
procedures was therefore performed on the full set of 16 data—sets described
earlier so that the effects of various factor structures could be ascertained .

Tue major quality desired in a calibration procedure is the ability
to accurately estimate the item parameters so that the interaction of a
person with the test is described with a minimum of error. The ability
of eacL of the models to explain the interaction of the persons and the
items was determined by comparing the predicted item response for a person
with the actual item response. The predicted response is given by the
prooability of a correct response to the item for the ability level and is
obtained from the appropriate model, The actual statistic used was obtained
from the mean squared deviation of the obtained response from the expected
respons.~. The formula for the statistic is given by

N
— ~~

j=l
~-ISD1 N 

(21)

• J
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where Ujj is the response to Item I by Person j, P jj  is the probability
of a correct response to Item i by Person j, and N Is the number of
people. The values of this statistic vary from zero for perfect
prediction with a perfectly discriminating item; to .25 for an item with
zero discrimination ; to 1.0 for an item that predicts wrong responses
when they are in fact correct. This statistic is used instead of the
common comparison between theoretical and obtained item characteristic
curves, because the latter fit statistic differs depending on the
interval size used to approximate the empirical item characteristic
curves.

Comparisons between the models were performed on the MSD statistic
- 

- using an ANOVA since the obtained values were approximately normally
distributed . Thus, although the sampling distribution of this statistic
was unknown, hypotheses could still be tested because only comparative
information was of interest.

Along with the comparative information on item calibration from the
two models, Information on the factors controlling item calibration was
desired. One statistic hypothesized to have some effect on the calibration
procedures was the magnitude of the first eigenvalue of the tests. To
determine if a relationship existed, the mean discrimination estimates
from the 3PL model, the standard deviation of the difficulty estimates
from the 3PL model, the standard deviation of easiness estimates from
the 1PL model, the 1PL mean probability of fit, and the MSD statistic
were plotted against the first eigenvalue. Correlations were also
computed between the eigenvalues and these statistics across data—sets
and the corresponding regression lines were obtained .

The interrelationships between the item parameters and the factor
loadings used to generate the simulation data also yielded information
about the test characteristics controlling the item calibration. To
discover the relationships, the parameters were intercorrelated and later
factor analyzed for summary purposes and to identify explanatory constructs.
The live testing data and the simulated tests were analyzed separately
using this procedure to determine if the simulated data findings were
reproducible.

Once the quality of the item calibration data has been determined,
the ability estimates based on the calibrated item pool become of
interest. The questions of major importance concern the relationship
of the ability estimates to the item responses, the relationship to
outside criteria, and the relationship to factor scores. The relation-
ships discovered among these variables will, in effect, define the
construct being estimated by the latent trait models. Simple correlational
techniques were used to determine the relationships between the various
types of ability estimates. As with the study of item parameter
estimates, all sixteen data—sets were used for these analyses. To
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evaluate the relationship between the item responses and the ability
estimates , the multiple correlations between the full set of item scores
and the ability estimates for each of the two models were computed.
The correlations were then compared using a t—test to determine which
model explained more of the variance of the responses. Another analysis
correlated the ability estimates from the two models with outside criterion
measures available for the students from the undergraduate measurement
courses. The available criterion included grades on other course exams.
These correlations were also compared to determine which model gave
ability estimates that were better predictors. Only three of the live
testing data—sets could be included for this part of the study.

Effects of sample size

Another important question that has only been touched upon in the
research literature is the sample size required for accurate estimation
of parameters. To further explore the sample size limitations of the
models, the seven subsamples of the MSCATV6 data—set were used. Parameter
estimates were obta aed from each of these samples and the results compared
to the calibration based on 2,939 cases, using a squared deviation
statistic. That is, for each of the item and ability parameters from
the two models, the smaller sample estimates were subtracted from the
large sample values, the difference squared, and the results sunnned.
These estimates of squared deviations from the large sample estimates
were then plotted against sample size in an attempt to identify the
minimum sample size that yields adequate parameter estimates. Analysis
of variance techniques were used to analyze the data.

Effect of item ~uality

Analyses were also perf ormed on the data to determine what factors
contributed to lack of fit of the models, To do this the MSD statistic
presented earlier was correlated with the parameter estimates, traditional
item analysis statistics, and factor analysis loadings. The purpose of
the analysis was to discover what types of item should be eliminated from
calibration studies. A similar analysis was done on the probability of
fit obtained from the chi—square goodness of fit test used with the simple
logistic model, These correlations were then factor anlayzed to summarize
the results.

The final analysis performed on the two models was a comparison of
computation cost and computer time. Although the results obtained from
this analysis are computer specific, the proportions between the obtained
values should generalize to other computer systems. These data will be
required in future cost effectiveness studies of tailored testing.
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Resul ts

Summary statistics on the sixteen data—sets used in this study are
presented in Table 2. Included for each test are: (a) the mean , (b) the
standard deviation, (c) the KR—20 reliability, (d) the number of factors
used to generate the data for the simulation data—sets, (e) the number of
factors from the principal components analysis on phi—coefficients , ( f )  the
first eigenvalue from the principal components analysis, (g) the number of
factors from the principal factor analysis on phi—coefficients , (h) the
first eigenvalue from the principal factor analysis, (I) the number of
factors from the principal component analysis of tetrachoric correlations,
(j) the first eigenvalue from the principal component analysis , (k) the
sample size, (1) the CPU time for the simple logistic analysis, and (m) the
CPU time for the three parameter logistic analysis. The three types of
factor analysis were included in the study since the analysis of
tetrachoric correlations sometimes yield non—Grammian matrices, and the
analysis of phi—coefficients often yield difficulty factors. By using
all three methods, it was hoped that the results of this study would be
more generalizable.

Note that the principal factor analysis technique on phi—coefficients
gave a fairly close approximation to the number of factors used to
generate the data. Also, surprisingly , the KR—20 reliabilities are fairly
high for all except the 950AN3 simulation data—set despite the fact that
most of them are multidimensional. Other points of interest are that the
classroom tests are easier than all of the others, and the three—parameter
logistic program required substantially more computer time than the simple
logistic program. The data reported in Table 1 will be used in many of
the subsequent analyses.

Effects of Multivariate Test Data

To evaluate the effects of multivariate data on the two latent trait
models, six analyses were performed: (a) the fit of the models to the
data was determined , (b) the relationships between the first eigenvalue of
the tests and various parameters of the tests were determined , (c) the
relations between the item parameters and the item factor loadings were
determined , (d) the relationships between the ability estimates and the
factor scores were determined , (e) the relations between the item responses
and ability estimates were determined , and (f) the relations between ability
estimates and criterion measures were determined. The two procedures
were compared in five of the six analyses. The sixth gives descriptive
data only.

Goodness of fit of the models Deviations of the expected response derived
from the models and the obtained response made by a person to an item were
determined using Equation 21 given earlier. Using this equation, deviations

LI 
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from fit for the models were determined for each item on each test. Thus
1,600 statistics were computed overall (16 tests X 2 models X 50 items) .
These were then used as the dependent measures in an analysis of variance
to determine if the one—parameter or the three—parameter model fit the
data better. The mean squared deviation from fit for the two models for
the sixteen data—sets is given in Table 3 along with the analysis of
variance summary table for the two way analysis design with repeated
measures on one dimension.

The results show that the three—parameter model fits significantly
better than the one—parameter model, although the differen ce in the overall
means is only .004. However, for every data—set the average deviation
from fit was sualler for the three—parameter model than for the one—
parameter model, The deviations from fit were also found to be significantly
different across tests. The 15OAR data—set was fit best by the models as
would be expected and the 950AN3 had the worst fit , also as expected. No
interaction effect was found in the data.

To further rank the tests in terms of the fit of the models, the
Newman—Keuls post hoc comparison procedure was used to determine if
there were significant differences in the individual test means. The
results of this analysis are presented at the bottom of Table 3. As can
be seen from the results presented there, the 15OAR data—set is fit by the
models significantly better than any of the other tests. This is the one
simulated test that meets all of the assumptions of both models. It
contains only one factor , all of the items are equally discriminating,
and no guessing is present.

The 250AR data—set has the next best fit for the models. It has two
factors, a wide range of item difficulties, and no guessing. Although the
fit for this test is significantly worse than L5OAR, it is significantly
better than all but one of the other tests. The majority of the other data—
sets are fit about equally well by the two models. The best of these is
ST1O75 , one of the classroom tests, and the worst is ST3—577, also one of
the classroom tests. The standardized tests and the other two factor data—
sets are included in this group.

At the poor fitting end of the continuum are three sets of simulation
data: 550AN7, 950AN9 , and 950AN3. All of these tests have a relatively
large number of independent factors. Data—set 950AN3 is the worst fitting
of the tests, having a MSD statistic very close to the value of .25 expected
when all items have zero discrimination . This test has low loadings (.3)
on the nine independent factors.

The trend of this analysis suggests that the multiditnensionality of
tests is a definite factor in the fit of the two models. The three—parameter
logistic model handles this deviation from the assumptions significantly
better than the one—parameter model, but the ordering of the effect is the
same, as is shown by the lack of a significant interaction.
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Table 3

Squared Deviations from the Two Models
for the Sixteen Data—Sets

One Parameter Three Parameter
Test Logistic Logistic Test Means

1. MSCATV5 .169 .166 .167
2. MSCATQ5 .164 .160 .162
3. MSCATV6 .169 .166 .167
4. MSCATQ6 .166 .161 .163
5. ST1075 .144 .138 .141
6. ST0576 .167 .165 .166
7. ST1076 .159 .154 .156
8. ST3—577 .184 .182 .183
9. 15OAR .068 .067 .068
10. 250AN .162 .153 .158
11. 250AR .122 .115 .118
12. 250A5 .185 .176 .180
13. 95OANS .156 .156 .156
14. 950AN9 .211 .204 .208
15. 950AN3 .223 .222 .222
16. 550AN7 .210 .206 .208

Model Means .166 .162 .164

Anova Table

Source Sum of Squares d.f. Mean Square F Significance

Tests 1.995 15 .133 31.667 .001
Items within
tests 3.301 784 .004

Models .007 1 .007 14.684 .001
Tests X Models .003 15 .0002 .414
Mociels X Items
within tests .355 784 .0005

Post Hoc Comparisons Using Newman-Keuls Test

Poor FIT Test Good FIT

15. 14. 16. 8. 12. 1. 3. 6. 4. 2. 10. 7. 13. 5. 11. 9.

F- H

I H
I I

I I
Note : Those tests that are not underlined by the same line are significantly

different from each other 

_ _ _ _
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Relationshi p to ei~enva1ues To further study the relationship between
factorial coiiip lexitv ~tnd goodness of fit , the first tetrachoric eigenvalue
from the principal component analysis was plotted against the MSD statistic
for each tcst. Figure 1 shows this relationship along with the regression
line and correlation. The correlation between these two variables Is
—0.791 which is significant at the p < .0005 level, indicating that about
63% of the variation in fit can be accounted for by variation in the size
of the first factor of a test.

An analysis of the scatter plot shown in Figure 1 shows that the three
points that are below the regression line at the le f t of the graph are
from three of the classroom tests . These tests were easier than the rest,
suggesting that the dif f iculty of the tests might be a second variable
explaining variation in the fit of the models to the test. To check this
liy~~ thesis , the multiple correlation among the average difficulty of the
tests, the first cigenvalues , and the MSD statistic was computed , yielding
a value of .935, a significant increase over the .791 obtained above.
Figure 2 gives the scatter plot of the predicted MSD statistic , obtained
from the average difficulty and the elgenvalue, and the actual MSD statistic.
The three easy classroom tests have now moved closer to the expected
regression line.

Figure 2

Relationship of the MSD Value
Figure 1

Predicted from the First Eigenvalue
Relationship of the Average MSD and the Average Proportion Correct
Values to the First Eigenvalues to the Obtained MSD Value
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A second indication of the effects of multivariate data on the fit
of the one—parameter logistic model is given by the relationship between
the probability of fit obtained from the chi—square test in the Wright &
Panchapakesan (1969) calibration program and the first eigenvalue. The
plot of the probability of fit against the eigenvalue is given in Figure 3
along with the regression line. The relationship yields a correlation
of .40, which is not significant at the .05 level. Further discussions of
the usefulness of this probability of fit measure will be given later.

The effect of the size of the first eigenvalue on the operations of
these two models was further analyzed to determine its relationship with
several other statistics that define characteristics of the models.
These statistics include the average 3PL discrimination parameter
estimates , the standard deviation of the 3PL difficulty parameter
estimates, and the standard deviation of the 1PL easiness parameter
estimates.

The plot of the average discrimination parameter from the three—
parameter logistic model against the first tetrachoric eigenvalue is
given in Figure 4 along with the least squares regression line. Also
included on the graph is the expected relationship between the elgenvalues
and the average discrimination when all items have the same loading on
the first factor. This relationship is given by the formula

/ E
- v~ N
a 

_ _ _ _ _  
(22)

‘1 ~/ N

where E is the first eigenvalue, N is the number of items on the test ,
and a is the average discrimination parameter. This formula can be derived
directly from that given in Lord & Novick (1968, Equation 16.10.7) by

setting Pg = / E  . This substitution assumes the normal ogive model
/ N

rather than the logistic , as is used here, But since the two models yield
very similar results , this equation should give approximation.

As can be seen from Figure 4, the first eigenvalues and the average
discrimination have a strong relationship, yielding a correlation of .97.
There is also a fairly close correspondence between the theoretical curve
and the obtained data. None of these results are particularly exciting —

they merely confirm theoretical expectations. However , they do give
guidelines as to the required strength of the first factor required to
obtain a particular average discrimination . For example, if an average
discrimination of .8 is desired , Equation 22 yields a necessary first
eigenvalue of 19.51 for a fifty item test , i.e. the first factor should
account for 39% of the variance.
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Figure 3 Figure 4

Relationship of the Chi Square Relationship of the Average 3PL
Probability of Fit to the Discrimination to the First
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The plot of the first eigenvalues against the standard deviation of
the difficulty parameters for the three—parameter logistic model is given
in Figure 5. The standard deviation of the fit statistic is an indication
of the stability of parameter estimates obtained by the calibration
program. ~Then convergence on estimates is poor , extreme values of the
difficulty parameters generally appear in the calibration results, inflating
the standard deviation . The correlation between the elgenvalues and the
standard deviations is — .47 which is significant at the .05 level. The
results generally show that when the eigenvalues are small , the results of
the calibration tend to be unstable , giving larger values for the standard
deviation of the difficulty parameters. The high variability in the
lower eigenvalue range, however , indicates that caution is required In
specifying any general rule. Several curvilinear functions were also
checked for fit on this data , but none improved upon the simple linear
regression line.

The scatter plot and regression line for the first eigenvalue against
the standard deviation of the easiness parameters from the one—parameter
logistic model are given in Figure 6. The standard deviation of the
easiness values gives an indication of change of the ability scale of the
model , usually brought about by differences in the average discrimination
of the items (Baker, 1977). The correlation between the two variables
is .62, indicating that as the size of the first eigenvalue increases ,
the spread of the parameter estimates increases. Thus , when the first
eigenvalue is large , indicating high discrimination for the items, the
items are widely spread or the ability scale shrinks . This is true even
if the proportion correct for each Item remains th~ same indicating that
the size of the ability scale units has changed.

Relationship between item parameters The analysis up to this point has
shown that there is a relationship between the factorial complexity of
the data and the operation of the two latent trait models. These data
do not show specifically what is being measured by the models under
multivariate conditions. Therefore , several other analyses were done
to determine the specific factor being evaluited by each of the models.
These include a comparison bets. i the fact~’r loadings and the item
statistics for the two models , and a comparisun between the factor scores
and the ability estimates.

The first data—set analyzed in this way is 250AN . This data—set was
chosen for initial analysis since it is the simplest multifactor data—set
available , allowing a clear Indication ot the relationship among the
various parameters. Table 4 shows the loadings used to generate this
dat~i—set along with the 3PL discrimination parameter estimates , the IPL
probability of fit , the 1PL and 3PL MSD statistics , and the results of
the factor analysis of this data. Table S gives the correlations between
the variables presented in Table 4.
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Table 4

item Statistics for the 250AN Data—Set

Theoretical Varimax Principal
Loadings 3PL 1PL Factors Component

item I II a MSD Fit MSD I II Factor I
1 9 0 02 111 00 096 95 02 76
2 0 9 66 102 00 152 —07 90 50
3 0 9 133 90 01 155 00 88 54
4 9 0 08 191 17 145 89 08 75
5 9 0 11 204 02 155 92 03 74
6 0 9 186 84 48 148 10 90 64
7 0 9 10 89 42 160 03 91 59
8 9 0 10 218 22 165 91 02 73
9 9 0 192 224 00 173 91 —03 70

lu 0 9 176 87 57 165 02 91 58
11 0 9 10 92 54 167 03 90 58
12 9 0 183 228 04 172 90 00 71
13 0 9 08 92 29 166 04 91 59
14 9 0 12 232 21 173 91 —01 71
15 9 0 165 234 52 168 92 02 73
16 0 9 178 99 92 176 —01 90 55
17 0 9 13 94 83 167 04 91 59
18 9 0 13 233 89 170 90 05 74
19 0 9 190 91 78 167 03 92 59
20 9 0 14 236 97 172 92 01 73
21 9 0 15 233 94 169 92 03 74
22 0 9 186 95 22 169 03 91 59
23 0 9 184 97 35 176 —01 91 55
24 9 0 14 235 67 173 90 02 72
25 0 9 197 93 25 173 —01 92 56
26 9 0 13 237 29 174 91 —01 71
27 9 0 12 238 20 175 92 —02 71
28 0 9 183 95 92 168 04 91 59
29 9 0 14 234 98 168 91 04 75
30 0 9 210 89 40 170 01 92 57
31 0 9 179 97 61 162 08 90 62
32 9 0 14 234 37 169 93 01 74
33 9 0 12 235 84 173 92 —01 72
34 0 9 210 91 93 169 02 91 58
35 9 0 15 230 22 164 91 05 75
36 0 9 186 95 70 173 —01 91 55
37 0 9 210 81 11 159 05 92 61
38 9 0 13 228 12 170 92 —00 73
39 0 9 210 84 15 163 00 93 58
40 9 0 12 226 12 174 91 —01 71
41 9 0 15 223 19 167 91 04 74
1-? 0 9 180 104 37 166 03 89 57
43 0 9 210 89 09 165 00 91 56
44 9 0 15 213 64 159 90 06 74
45 0 9 210 92 12 163 —02 90 54
46 9 0 15 199 21 157 92 01 73
47 9 0 14 191 20 151 90 03 73
48 0 9 193 78 26 140 04 89 58
49 0 9 210 81 01 143 —01 89 54
50 9 0 14 102 00 096 96 04 78

Note: All  values presented w i t h o u t  d e c i r 3 l  po in t s .
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Table 5

Correlations between Factor Loadings,
1PL Fit , MSD Statistics, and 3PL Discrimination for 250AN

Variable 1 2 3 4 5 6 7 8 9

1. Factor 1
a 

—100 —97 93 — — 100 —100 96

2. Factor 2a 97 —93 — — —100 100 —96

3. 3PL Disc —90 — — —96 97 —90

4. 3PL MSD — 29 91 —93 84

5. lPL Fit 39 — — —

6. IPL MSD — — —

7. Varimax 1 —100 97

8. Varimax 2 —95

9. Principal
Component 1

Note: All correlations are presented without decimal points. Only
significant correlations are presented.

a
These factors are based on theoretical loadings.

In looking at Table 4, notice first the relationship between the
3PL discrimination parameter estimates and the theoretical loadings on
Factor II. Without exception, the low discrimination esdmates correspond
to the zero loadings and the high discrimination values correspond to
the high loadings. The correlation between these values is .97, confirming
the subjective evaluation of the relationship. This relationship indicates
that the 3PL model is differentiating among cases on the second factor
of this simulated data—set. The empirically obtained loadings also yield
this same result. Both verify the properties of the simulated data—set
and reinforce the above findings.

The fit statistics also c onfirm the relationship between the 3PL
model and the theoretical factor structure . The MSD statistic is
consistently smaller for the items loading on the second factor than for
those loading on the first factor. The correlation between the factor
loadings and the MSD statistic for the 3PL model is —0.93, indicating the
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strength of this relationship. Interestingly,  neither the 1PL MSD nor
the fit statistic are significantly correlated with the factor loadings.
This indicates that the ability scale of the 1PL model does not seem to
be related to any of the theoretical factors.

To further test this last hypothesis, the factor scores corresponding
to the varimax factors and the first principal component were estimated
and correlated with the ability estimates from the two latent trait models.
These results are given in Table 6. The results presented here are some-
what of a surprise. Although the 3PL ability estimates are clearly more
closely related to the second rotated factor than to the first, the
correlation with the second factor is surprisingly low (.56). It is about
the same size as the correlation with the first principal component and
the raw scores. The 1PL ability estimates, on the other hand, correlate
highly with the raw scores (the raw scores being a sufficient statistic
for the ability estimates) and the first factor scores, and equally well
with the two sets of rotated factor scores. The results are exactly what
would be expected if the 1PL estimates were based on the sum of the scores
on the two factors. On the basis of these results, it seems that the 3PL
model is estimating the second factor, though rather poorly, while the 1PL
model is estimating the sum of the two factors.

To confirm or deny that the 3PL model estimates one factor and the
1PL model estimates the sum of the factors , two other data—sets were
analyzed: the 550AN7 data—set , and the 950AN9 data—set. The loadings,
3PL discrimination , and the fit statistics are given in Table 7 for the
550AN7 data—set and in Table 9 for the 950AN 9 data—set .  The correlations
between the variables in these tables are presented in Tables 8 and 10
respectively . - The correlations between the ability estimates and the
factor scores are presented in Table 6 along with those from all of the
other data—sets.

Notice first that , similar to the 2SOAN data—set , the items with high
discrimination parameters correspond very closely to the items with .7
loadings on theoretical factor II. The first item is the only exception,
probably due to the extreme difficulty of that item, making estimation
of the parameters difficult. A similar relationship can be seen between
the discrimination parameters and the second varimax factor loadings
derived from tetrachoric correlations.

The correlations between the variables given in Table 8, reflect these
subiective evaluations. The 3PL discrimination parameters correlate .91
with the second theoretical factor loadings and .92 with the second
va rimax fac tor .  A sL~1al1er correlation is present with the first
principal component , indicating that the first component is to some extent
estimating the second varimax factor. The 3PL MSD statistic has a — .54
correlation with the second theoretical factor , supporting the overall
conclusion . 
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Table 6

Correlation between Ability Estimates,
Raw Scores , and Factors for the Sixteen Data—Sets

Variable
Phi Tet Tet

Ability Raw 3PL Principal Principal Varimax
Data—set Estimate Score Ability Component Component 1 2

MSCATVS 3PL 97 98 98
1PL 99 96 97 97

MSCATQ5 3PL 97 98 98
1PL 99 97 97 97

~~CATV6 3PL 98 99 99
— 1PL 99 97 98 98

MSCATQ6 3PL 97 98 98
1PL 99 96 97 97

ST1075 3PL 83 89 32
1PL 99 85 89 29

ST0576 3PL 88 91 87
1PL 99 90 93 88

ST1O76 3PL 89 94 91
1PL 98 90 88 86

ST3577 3PL 95 98 98
1PL 99 95 97 97

15OAR 3PL 97 97 98
1PL 95 99 95 97

250AN 3PL 59 59 56 29 56
1PL 98 66 98 97 71 71

250AR 3PL 71 69 92
1PL 99 73 99 74

250A5 3PL 82 56 62
1PL 98 83 76 83

95OAN S 3PL 93 93 94
1PL 98 96 98 98

950AN9 3PL 62 82 67 74
1PL 99 62 72 72 44

950AN 3 3PL 71 36 41
1PL 100 71 25 33

550AN 7 3PL 70 46 36 64
1PL 100 70 32 27 47

Note: All values presented without decimal points.
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Table 7

Item Statistics for the 550AN7 Data—Set

Theoretical Varimax Principal
Loadings 3PL 1PL Factor Component

Item It a MSD Fit MSD II Factor I
1 0 213 093 13 092 05 23
2 0 22 164 57 153 06 33
3 0 18 191 79 178 02 24
4 0 30 201 62 193 —02 —14
5 0 12 207 94 192 —01 32
6 0 35 212 26 199 —01 —08
7 0 18 223 34 212 05 31
8 0 09 227 49 209 —04 —48
9 7 162 161 08 214 77 48
10 7 213 149 14 213 75 46
11 7 196 159 95 222 75 43
12 7 195 149 47 215 75 49
13 0 11 242 90 220 01 30
14 0 05 241 08 227 —07 —52
15 0 09 241 24 224 08 —40
16 0 36 224 97 219 03 —06
17 0 04 239 50 224 —05 —52
18 0 32 229 24 225 00 —09
19 7 213 163 10 221 74 48
20 7 213 152 45 220 76 49
21 0 32 228 25 222 00 —11
22 0 13 246 12 229 04 35
23 7 164 168 07 230 74 44
24 0 08 248 88 230 01 —47
25 7 188 161 57 226 73 5].
26 0 07 247 02 235 02 21
27 0 07 249 16 232 05 27
28 0 06 249 61 236 —02 —46
29 0 10 247 07 228 00 33
30 0 05 249 16 236 —02 19
31 0 34 221 51 221 01 —08
32 0 27 231 44 230 —05 —19
33 0 07 248 95 231 04 27
34 0 05 246 54 233 —05 23
35 7 166 175 36 22 9 74 49
36 7 169 172 70 224 74 47
37 0 05 243 10 231 —04 —49
38 0 03 240 68 223 —06 —49
39 0 03 241 10 226 —07 18
40 0 02 235 81 223 —03 17
41 0 34 194 42 201 01 —09
42 0 06 239 56 224 00 —46
43 0 09 228 24 215 —07 31
44 0 10 230 95 211 04 25
45 0 11 209 89 199 03 31
46 0 12 207 19 197 02 36
47 0 40 159 77 177 08 —02
48 0 36 150 69 167 04 —07
49 0 08 169 58 156 —01 31
50 0 10 096 92 093 —03 

— 
—48

Note: All values presented without decimal points. 
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Table 8

Correlations between Factor Loadings,
1PL Fit , MSD Statistics, and 3PL Discrimination for 550AN7

Variable 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1. Factor 1a 32 —  — — -29  99 —29 —83
2. Factor 11a — —  91 —54  — — 99  —28 — 56
3. Factor 111a — 99 —
4. Factor 1~

a — — —

5. Factor ~
a  — — —

6. 3PL Disc —71  — — 92  —33 — 55
7. 3PL MSD  70 — —57  — — —36
8. lPL Fit — — —  — — —
9. 1PL MSD - - - — - —
10. Varimax I -  — — —30
11. Varimax II  —32 — 60
12. Var imax III — — 37

13. Varimax IV —31 -86
14. Varimax V —

15. Principal
Component I

Note: All values presented without decimals points. Only significant
correlations are presented.

aThese factors are based on theoretical loadings.

As with the 25OM~ data, the 1PL Fit for the 550AN7 data is not
significantly related to any of the other statistics, suggesting that
variations in discrimination or factor loadings are not a factor in lack
of fit with this statistic. The only significant correlation witn the
1PL MSD statistic is .70 with the 3PL MSD statistic , indicating that some
of the error sources are the same, but that the common ones are not related
to the factor structure , or to variation in discrimination.

The 950AN9 data further confirm these results. The high 3PL
discrimination values correspond to the .9 loadings on Factor 9, except
for the very difficult items. This observation also holds true for the
first varimax factor. The correlational data in Table 10 gives similar
results , yielding high positive correlations between 3PL discrimination
and Theoretical Loadings IX and Varimax Factor I, and negative correlations
between the 3PL MSD statistic and the same sets of loadings. The 1PL Fit
has a barely significant correlation (.29) with Theoretical Factor I and
a correlation of — .31 with the 1PL MSD statistic , again showing the lack
of relationship between lPL Fit and discrimination and factor structure.

____________ 
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Table 9

Item Statistics for the 950AN9 Data—Sets

Theoretical Varimax Principal
Loading 3PL 1PL Factor Component

Item 9 a MSD Fit MSD I Factor I
1 0 05 113 52 109 00 20
2 0 193 141 92 155 00 54
3 0 16 195 72 185 —01 51
4 0 01 1—8 21 191 00 —28
5 0 03 214 71 206 —04 05
6 0 193 197 70 201 01 58
7 0 193 192 70 200 —02 56
8 9 193 082 99 210 91 40
9 0 03 237 40 223 00 14

10 0 03 242 89 229 00 14
11 0 04 242 02 232 04 14
12 9 193 081 33 214 93 45
13 0 03 244 20 234 —05 01
14 0 06 242 64 229 —03 25
15 0 01 243 73 228 —01 —21
16 0 13 240 64 225 —01 15
17 0 24 232 43 225 05 53
18 0 05 247 08 234 —03 07
19 0 04 247 28 236 —02 03
20 9 193 086 29 217 92 47
21 0 06 248 25 236 02 05
22 0 24 233 24 223 06 52
23 0 06 248 99 232 —02 27
24 9 193 083 85 223 94 40
25 0 13 244 82 231 00 14
26 0 12 244 55 228 —02 19
27 9 193 087 43 222 93 42
28 0 15 242 08 227 01 57
29 0 04 247 40 234 —01 02
30 0 13 243 63 227 05 16
31 0 01 249 56 235 00 —21 - -

, 

-

32 0 08 243 39 229 02 29
33 0 13 244 96 226 —02 59
34 0 26 222 61 219 03 50
35 0 01 245 05 229 00 —21
36 0 02 239 19 228 00 12
37 0 07 243 24 231 04 04
38 0 15 237 31 224 06 59
39 0 09 233 86 215 04 32
40 0 15 230 62 217 01 17
41 0 23 217 18 212 02 51
42 0 06 233 58 220 04 09
43 0 01 229 37 213 02 —17
44 9 193 073 77 201 93 45
45 0 05 207 19 195 00 02
46 0 04 212 71 196 07 —14
47 0 22 187 60 186 01 45
48 0 06 179 88 171 07 03
49 0 10 166 74 155 02 31
50 0 07 095 81 091 00 28
Note: All values presented without decimal points.
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The correlations between the ability estimates and the factor scores
presented in Table 6 show relationships similar to those for the 250AN
data—set. The correlations between the 3PL ability estimates and the
factor scores, corresponding to the various factor analytic solutions,
confirm what was expected based on the previous analyses.

For the 550AN7 data—set, the correlation with the factor scores from
the second varimax factor and the 3PL ability estimates is substantially
higher than the correlation with the first principal component factor
scores and the corresponding correlation with the 1PL ability estimates
(.47). This latter correlation accounts for 22% of the variance while
20% would be expected if the 1PL ability estimates are based on the sum
of the factors. A surprising finding for this data set is the .70
correlation between the raw scores and the 3PL estimates. No obvious 

V

explanation is available for this result.

The 950M~9 data—set gives similar results. The correlation of
the 3PL estimates with the factor scores from the first varimax factor
is much greater than that obtained using the 1PL estimates. The principal
component factor scores have a slightly higher correlation with the 3PL
ability estimates. This is probably due to the fact that these factor
scores are based on several of the theoretical factors, as were the 3PL
discrimination parameters (Factors 3 and 9). The varimax factor is a pure
indication of theoretical factor 1.

In general, these simulation results indicate that when the data—sets
are made up of equally weighted, independent factors, the 1PL model
estimates the sum of the factors, while the 3PL model tends to estimate
only one of the factors. This conclusion is a reasonable one based on
the sufficient statistic properties of the 1PL estimates, and the factor
analysis interpretations of the 3PL model (Christoffersen, 1975).
However, most tests are not composed of equally weighted independent
factors — instead they have a dominant factor with several smaller specific
factors.

The 95OANS data—set simulates this type of test. Its first factor
is large, and the other eight are relatively minor. In this case it does
not make sense to correlate the item parameters with the theoretical
loadings, since there is no variation in the loadings of the dominant
factor. Therefore, the correlation with the factor scores was the only
analysis performed in this case. Table 6 contains these correlations
which are uniformly high for both models, indicating that both are
estimating the first principal component.

The eight live testing data—sets also contain dominant first factors,
although they are relatively small for the ST series, and therefore
they also yield data bearing on this issue. In most of the cases (6 out
of 8), the 3PL estimates correlate slightly higher than the 1PL estimates
with the factor scores, while the 1PL estimates correlate higher with the
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raw scores. In all cases, the correlations are substantial, the differences
are small, and the estimates from the two models are highly related.
These facts yield further evidence that the models are estimating the
dominant factor when one is present.

Relationship to criterion measures Along with the above analyses that
deal with what is being measured using the two latent trait models, two
other analyses were performed that evaluate the two models relative
to empirical criteria. The first analysis evaluates the relationship of
the full set of test items to the ability estimates obtained from the
models. This was done to determine the amount of variance in the items
explained by the ability estimates. In order to determine this relation-
ship, the multiple correlation between each of the ability estimates and
the fifty items on each test was computed. These values are presented
in Table 11 for the ability estimates from the two models correlated with
the items from the sixteen data—sets. Note that all of the correlations
with the 1PL ability estimates are extremely high, as they must be
because of the sufficient statistic properties of that model. The multiple
correlations are high for the 3PL ability estimates when a dominant factor
is present, but drop when independent, equally weighted factors are present.
This fact again supports the hypothesis that the 3PL model estimates a
single factor since the correlation is reduced when items loading on other
factors are present.

Table 11

Multiple Correlations Among
Ability Estimates and Test Items

Ability Estimate

Test 1PL 3PL 1PL—3PL
MSCATV5 .991 .983 .008
MSCATQ5 .998 .985 .003
MSCATV6 .993 .988 .005
MSCATQ6 .991 .983 .008
ST1O75 .994 .944 .050
ST0576 .993 .952 .041
ST1O76 .985 .967 .018
ST3—577 .996 .985 .011
15OAR .990 .997 — .007
250AN .981 .677 .304
250AR .991 .948 .043
250A5 .978 .839 .139
25OANS .983 .949 .034
950AN9 .998 .852 .146
950AN3 .9998 .890 .1098 V

550AN7 .998 .866 .132

Mean .9906 .9253 .07149

t 3.705 p < .005
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A related t—test was performed on the mean multiple correlations for
the two ability estimates to determine if the observed differences are
significant. The difference in the mean correlations of .07 is
significant at beyond the .005 level indicating that the 3PL correlations
are significantly lower.

The second analysis based on empirical data was a determination of
the relationship between the ability estimates and outside criterion
measures. This analysis showed which of the two models gave ability
estimates with greater predictive power. The criteria used for this
analysis were the first and second exam scores in an undergraduate
measurement course. The correlations between the ability estimates and
the two criterion measures are presented in Table 12. In all but one
case, the 1PL ability estimates have higher correlations with the criteria
than the 3PL estimates. However, in no case were th~ differences in
correlations for the two models significant. One reab~n for the slightly
lower correlations for the 3PL model could be the small sample size used
in this analysis which would affect the 3PL model more than the 1PL model ,
causing unstable estimates.

Table 12

Correlations between Ability Estimates
and Two Classroom Tests

Data Ability Test
Set Estimate Exam 1 Exam 2

ST1076 1PL .555 .661 V

3PL .492 .599

ST0576 1PL .409 .477
3PL .364 .483 - 1

ST1O75 1PL .558 .576
3PL .498 .535

Summary A total of six analyses was run on the sixteen data—sets to
evaluate the effects of multivariate data on the two logistic latent
trait models. These analyses dealt with the goodness of fit of the V

models to the data , the relationship of the parameter estimates to the
size of the first factor of the test, the relationship of ability
estimates to the factor scores, the relationship of ability estimates to
iten responses, and the relationship of ability estimates to outside
criterion variables. 
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The MSD statistic, which was used as a measure of goodness of fit ,
showed that the 3PL model fit the data significantly better than the 1PL
model. As the factorial complexity and unreliability of the ~e8ts
increased, the fit decreased. This hypothesis was checked further by
correlating the MSD statistic with the eigenvalues. The results
indicated a strong negative relationship between the eigenvalues and the
average MSD statistic. A follow up analysis indicated that the average
difficulty of the test was a second major factor in the deviation of the
model from fit. The 1PL probability of fit statistic was not significantly
related to the size of the first eigenvalues.

Other variables that were found to be related to the size of the
first eigenvalues were the average 3PL difficulty parameters (a measure
of stability of estimation), and the standard deviation of the 1PL
easiness parameters (an indication of change of scale). None of these
relationships indicate new findings, but rather confirm theoretical
expectations.

To determine what components in the tests were being estimated by
the two models, the item parameter estimates were correlated with the
theoretical and empirically obtained factor loadings. These analyses
indicate that a single factor is estimated by the 3PL model while the
1PL model estimates the sum of the factor scores. The correlations of
the factor scores with the ability estimates tend to confirm this
finding and also show that when there is a dominant first factor, the
two models estimate the same largest factor. If a number of equally
powerful factors are present, there is no way to predict which factor
will be estimated by the 3PL model.

The multiple correlations of the item response with the ability
estimates show that the 1PL model has a significantly stronger relationship
to the full set of items than the 3PL model. This finding is consistent
with the contention that the 1PL model estimates the sum of the factors,
therefore being affected by every item, and the 3PL model estimates a
single factor, therefore only being affected by the ~ems from that
factor.

The two models did not differ significantly in their correlations
with the outside criterion measures, although the 1PL model did have
slightly larger values. Overall, the 3PL model fits the data better
than the 1PL model, but this difference is not reflected in correlations
with the outside variables. On the basis of these analyses, there is
little to indicate the selection of one model over the other for the
calibration of items for ability estimation when fifty item group tests
are being used.

_ _ _ _ _  V~~5-~ - V - _ _ _ _ _
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Effects of Sample Size

The effects of sample size on item calibration were determined by
selecting systematic samples of various sizes from the Missouri Statewide
Testing Data from the 1975—76 school year and then obtaining 1PL and 3PL
item parameter estimates for - r ’.i sample. Estimates of Item parameters
from each of the two calIbrat~- )fl procedures were compared by computing
the squared difference of eac~ par~~eter estimate with the estimate from
the largest sample. A one—way rt~peated measures analysis of variance was
then performed using the squared difference values for the fifty items
as the dependent measure with sample size as the independent variable to
determine if the parameter estimates changed with sample size. The mean
squared differences for each of the parameter estimates for the three
3PL item parameters and the one 1PL item parameter are given in Table 13
along with the analysis of variance results for the parameters.

The means of three of the four sets of item parameters give a
similar pattern of results. The 2,997 sample has the smallest mean
squared deviation , while the deviations tend to get larger with
decreasing sample size. This relationship is strong for the 1PL easiness
parameter and the 3PL discrimination parameter while the 3PL difficulty
and guessing parameters show considerable variation . The analysis of
variance results show significant differences in all cases except the
3PL difficulty parameters. In that case, although there are large
differences in the means, the instability of the difficulty parameters
causes large variation in the estimates resulting in a failure to reject.

The analysis of the variances of the squared deviations of the
difficulty parameters showed extremely large differences. The ratio of
the variances of the 1,090 sample to the 2,997 sample was 2,527 , easily
rejecting the hypothesis of homogeniety of variance using the F—max
statistic (F max > 3.02 needed for rejection). To compensate for this
heterogeniety, a second ANOVA was performed on the 3PL difficulty parameter
squared deviations after a logarithmic transformation was used
(Y = log(x+l) (see Winer (1971), page 400). The ANOVA table for this
second analysis is also given in Table 13. The revised analysis gave a
significant F value indicating the presence of differences in the trans-
formed mean squared deviation values for 3PL difficulty .

The purpose of this set of analyses was to determine at what point a
decrease in sample size would adversely affect the results of item
calibration. This question was addressed directly in a post hoc analysis
performed using the ANOVA results. Using the mean squared deviation values
for each sample size, the Newman—Keuls post hoc procedure was used to
determine the largest sample that was significantly different from the
mean squared deviation for the 2,997 sample. The results of these analyses
are presented in Table 13. Samples that are not significantly different
are underlined . Those that are different do not share the same underline.

V -- _ _
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Table 13

Comparison of Parameter Squared
Deviations for the Two Models by Sample Size

Parameter

Sample 1PL 3PL 3PL 3PL
Size Easiness Difficulty Discrimination Guessing

150 .0483 1811( 1326)a .2187 .0014
382 .0196 .14l3(.0847) .0973 .0009
763 .0063 .0272(.0258) b .0615 .0020
1090 .00631.00641

1) .1930(.082l) (.02601 05851 03951
b 00091 00111b

1525 .0055 .0299(.0263) .0589 .0012
2197 .0047 .0l38(.0l35) .0335 .0011
2997 .0041 .0l66(.0162) .0241 .0008

a
Transformed means using log(x+l).

b
Results from second sample.

ANOVA 1PL Easiness

Source d.f. SS MS F P

Samples 6 .0791 .0132 18.17 < .0001
Error 294 .2133 .0007

ANOVA 3PL Difficulty

Source d.f. SS MS F P

Samples 6 2.009 .335 1.50 N.S .
Error 294 65.643 .223

ANOVA 3PL Discrimination

Source d.f. SS MS F P

Samples 6 1.303 .217 7.30 <.0001
Error 294 8.743 0.030

ANOVA 3PL Guessing

Source d.f. SS ~IS F P

Samples 6 0.000055 .000009 3.44 ‘.003
Error 294 0.000787 .000003

VV
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Table 13(cont)

ANOVA Transformed 3PL Difficultl

Source d.f. SS MS F P

Samples 6 0.627 .104 3.61 < .002
Error 294 8.506 0.029

ANOVA Second Sample 3PL Difficulty

Source d.f. SS MS F P

Samples 6 1.420 0.237 3.22 < .005
Error 294 21.630 0.074

Post Hoc Comparisons

1PL Easiness

2997 2197 1525 1190 763 382 150

I- I

3PL Difficulty

2997 2197 763 1525 1190 382 150

I I

3PL Discrimination
2997 2197 1190 1525 763 382 150

3PL Guessing

2— 97 1190 382 2197 1525 150 763

I -
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The results of this analysis for the 1PL Easiness parameter are most
easily interpreted . The largest sample significantly different from the
2,997 sample is the 382 sample while the 150 sample results are signifi-
cantly greater than all of the others. These results suggest that there
is little loss in calibration precision for the IPL model until less than
763 cases are used. Although some loss is present for the 382 sample,
the 150 sample is clearly inferior to all of the rest.

The analysis of the 3PL difficulty parameter estimates was more
difficult to interpret. The order of the mean squared—deviations did not
follow the sample sizes. The 1,090 sample had the largest squared
deviations from the largest sample, followed by the 150 sample , the 382
sample, and the 1,525 sample. The 2,197 sample had the smalles. squared
deviation, followed closely by the 2,997 sample. The 763 sample had a
much smaller squared deviation than was expected . Much of the surprising
variation in this data was due to a few extreme estimates of the difficulty
parameters. These occurred in cases where the items were very difficult
or the discrimination was extremely high or low. The extreme values
inflate the variance of the squared deviations causing the heterogeniety
of variance mentioned above. The logarithmic transformation reduced the

V 

heterogeniety somewhat and also re—ordered the means slightly.

The results of the post hoc comparisons on the transformed 3PL
difficulty data indicate that the 150 sample clearly deviates more than
any other from the largest sample. None of the other mean squared
deviations differ significantly from each other, even though some of the
means are much larger than others. This can be attributed to the large
difference in variances even after the logarithmic transformation. It
should be noted that the smallest deviation for the 3PL difficulty
parameter was about the same size as the 382 sample for the 1PL easiness
parameter. Also , the asymptote on the mean squared deviation does not
yet seem to have been reached for this parameter. Possibly , even larger
samples are needed for stable calibration.

The 3PL discrimination parameter yielded fairly clear results. As
the sample size decreased , the squared deviations Lncreased. The 150
sample was significantly different from all of the other samples, while
all of the others were not significantly different from each other.
Samples of 382 or over, therefore, seem to estimate the discrimination
parameters well, while samples of smaller size seem to result in inaccurate
estimates. On the basis of this data, good estimates of discrimination
parameters can be attained from much smaller samples than are required
for the difficulty parameters.

The analysis of the guessing parameter squared deviations was
less meaningful than the others because of the constraints placed on the
parameter by the LOGIST program (Wood, Wingersky, & Lord , 1976). When
‘very small samples were used , the guessing parameter estimates were not
allowed to change at all , giving very small squared deviations. As the

— — —  V —- V V - - ~~~~V - V
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sample sizes increased there were fewer constraints on the guessing
parameter as the other parameter estimates became more stable. This
resulted in greater squared deviations for the moderate samples. These
deviations further decreased as the sample sizes increased . The ordering
of the mean—squared deviations for the guessing parameter reflected this
pattern. The 763 sample gave significantly larger deviations than the
largest sample while the rest were not significantly different. Another
interesting observation was that the squared deviations for this parameter
were smaller than for all of the other parameters , showing the effect of
the constraints.

Because the large squared deviations for the 1,090 sample were caused
by a few extreme difficulty parameter estimates, a follow—up analysis
was performed on a second sample of 1,088 to verify the results. The
extreme values were not present in the analysis of this data, supporting
a point of view that the extreme values were chance outliers. The squared
deviations from this second sample are given in Table 13 along with the
additional ANOVA results.

The mean squared deviation for this second sample for the 3PL
difficulty was substantially lower than for the first sample (.0260
versus .1930) indicating the extreme variability of the sampling
distribution of the squared deviations for the 3PL difficulty values and
the possibility that the earlier sample contained several outliers. A
second Newman—Keuls post hoc analysis gave the same results as the initial
analysis. Also, heterogeniety of variance was still present in the
analysis of the seven samples with the new data included. The re—analysis
of the data after using the log—transformation resulted in no change in
the results. -

Due to the great variation in the 3PL difficulty values, the results
of this study were not easily interpreted , indicating the need for further
research. However, some general conclusions can be drawn from the data.
The 1PL easiness parameters seem to have stabilized when the sample
size is greater than 382. A sample somewhere between 382 and 763 is
probably the lower limit required when using this model. The 3PL data are
harder to interpret. The 3PL discrimination parameters seem to be
moderately stable above the 150 sample, but the mean square deviations
for the 3PL difficulty values are far from stable , with values for the
2,997 sample of about the same size as squared deviations for the 1PL
easiness parameter for the 382 sample. Although these values are not on
precisely the same scale , the values should be somewhat comparable. This
result suggests that the 3PL difficulty parameters are just starting to
stabilize. The heterogeniety of variance In the analysis of the difficulty
parameters reduces its usefulness. However , the 150 sample is clearly
worse than the rest. Overall the results suggest that substantially
larger samples are required for the 3PL model. The guessing parameter
does not enter into this discussion because of the numerous restrictions
placed upon it.

_ _ _  - - --5--.- - -  _5-~~~— V .  : , _ V _ _ _ _ _
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Effects of item quality

The quality of items used in a test is indicated by the values of
two parameters: the discrimination and guessing levels of the items.
Items ~--“ th high discrimination and low guessing parameters are items of
high quality . To determine the effects of item quality on the calibration,
the mean discrimination and guessing estimates for the eight live testing
data—sets were computed and compared to mean values of other statistics
available on the tests. The simulation data were not included in this
analysis because no guessing component was included in the generation
of the data, making It incompatible with the other data-sets.

The mean values of the parameters for the eight data—sets and the
correlations of the means with the mean values for seven other test
statistics are given in Tables 14 and 15 respectively . The mean 3PL
discrimination statistics were found to be significantly related to three
statistics; the 1PL Fit, the traditional difficulty (p), and the
traditional discrimination (rpt bis). The correlation of the mean 3PL
discrimination and the mean l1’L Fit statistic was — .86, indicating that
tests with low 3PL discrimination tended to fit the 1PL model better than
tests with high discrimination. This result was confounded by sample
size, although sample size did not enter into the computation of fit.
The MSCAT tests have high discrimination, low fit and have large samples;
the ST series tests have lower discriminations, smaller samples, and fit
the 1PL model better . The results tend to imply that mediocre tests fit
the 1PL model better than highly discriminating tests, but caution must
be used in generalizing this interpretation. Neither MSD f it measure was
significantly related to mean 3PL discrimination.

Table 14 V

Means and Standard Deviations of the Guessing
and Discrimination Parameter Estimates for Eight Data—Sets

Test Name X S X S
c C a a

MSCATV5 .186 .036 .905 .410
MSCATQ5 .155 .043 .978 .484
MSCATV6 .153 .028 .840 .360
MSCATQ6 .155 .038 .959 .460
ST1075 .214 .052 .719 .682
ST0576 .158 .013 .466 .417
ST1O76 .218 .02? .683 .630
ST3577 .160 .014 .447 .376

V -- V - - -5 - - - —
V -
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Table 15

Correlations Between Mean Discrimination
and Guessing Parameters and Seven Other Variables

1PL FIT 1PL MSD 3PL MSD p S S rE b pt.bis

X — .86** — .28 — .30 _ .81** — .60 — .33 .84**a

.42 — .66* — .67* .54 — .12 .62* — .51

*p < .05
< .01

The second significant correlation with the mean discrimination
estimates was with the mean traditional difficulty of the tests (—.81). As
the tests became more discriminating, they tended to become more difficult.
The average difficulty of the more discriminating tests was about .58
wuile those poorer in discrimination had an average difficulty of about
.69. Again , these results were confounded by sample size, making the
interpretation of the results unclear.

The third significant correlation with the mean 3PL discrimination
occurred with the traditional discrimination index. This result was
expected and showed the relationship between traditional and latent trait
discrimination estimates.

Three variables were also significantly correlated with the mean
3PL guessing parameter: the 1PL MSD statistic , the 3PL MSD statistic ,
and the standard deviation of the 3PL difficulty estimates. The first
two correlations imply that as guessing increases , fit to both models
improves. This is the opposite of what was expected and it may be
explained as an artifact of the 3PL calibration program. The estimates
of the 3PL guessing parameter are only allowed to change from a pre—set
value when good estimates are available for the difficulty and
discrimination parameters. Good estimates are only likely to be available
when the model closely fits the items . Thus high guessing values are
on ly possible when the models closely fit the data.

The third correl.ition , between the ~nean 3PL guessing values and the
standard deviation of the 3PL difficulty estimates , yielded the expected
results. As guessing increased , the standard deviation of the difficulty

:1 estimates increased . As discussed earlier in this paper , the standard
deviation of the difficulty indices is a measure of the stability of
the calibration . Thus , as the amount of guessing on the items increased ,
the stability of the calibration tended to decrease (i.e. the standard
deviation of the 3PL difficulty values increased).

- -~ 
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Due to the many confounding variables in the above analysis, the
results obtained were not easily interpreted . Iherefore , a second analysis
was performed within the test types to remove the confounding. This
analysis intercorrelated the item statistics separately for the ST series
tests and the MSCAT tests. Two hundred sets of item statistics were
available for these two analyses. The obtained correlation matrices were
then factor analyzed using the principal components technique and rotated
to the varimax criterion . The factor analysis and rotation were done
to summarize the relationship present between the item statistics and to
determine what statistics were related to item quality. The rotated
factor loading matrices for the MSCAT and ST series tests are presented
in Table 16.

Although the MSCAT tests are of higher quality and the statistics
are based on a larger sample than the ST series tests, the factor analysis
of the ST series is easier to interpret because of greater variation in
the item statistics , resulting in higher correlations and a clearer factor
structure. Therefore , the results of the ST analysis will be discussed
first and the MSCAT analysis will be used to reinforce the findings.

The principal components analysis of the ST series tests yielded
four factors with eigenvalues greater than 1.0. These factors were
rotated , yielding the factor loadings presented in Table 16. The first
rotated factor has been labeled a discrimination factor with every
discrimination statistic having a significant loading. The 1st Principal
Factor and Component Loadings had the highest relationship to this
factor and the 3PL d iscrimination values had the smallest significant
loading. The magnitude of this latter loading was probably caused by
instabilities due to the small sample size.

The second rotated factor was labeled a difficulty factor with
high loadings from traditional difficulty and 1PL easiness. The 3PL
difficulty statistic had a lower, but significant, negative loading.
The negative sign was a result of the opposite scaling of the difficulty
parameters. Three other statistics also loaded significantly on the
factor ; 3PL discrimination , 3PL guessing , and 1PL MSD. The presence
of the discrimination parameter reflected the relationship between
difficulty and discrimination discussed by Lord (1975). The guessing
loading showed that as the easiness of the item increased , the size of
the guessing parameter also increased . The 1PL MSD values tended to
decrease with easier items , showing better fit.

The third factor was labeled a MSD fit factor. Both the 1PL
and 3PL MSD fit statistics loaded highly along with 3PL discrimination .
The loadings showed that with low discrimination the MSD statistic was
large , as it should be, based on the discussion following Equation 22.
Factor four was labeled a guessing factor , having high loadings on 3PL
guessing and 1PL fit. The two loadings showed that when guessing was
high 1PL Fit was low. This was the only factor with a significant
loading for 1PL Fit leading to the conjecture that guessing was a major
component in lack of fit using this statistic.

V - -
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Table 16

Rotated Factor Loading Matrices
for the Item Statistics from the ST and MSCAT Data—Sets

Factor

Data—Sets Variable I II III IV

1st PrIncipal Factor Loadings .96 — .07 .14 .07
1st Principal Component Loadings .96 — .05 .14 .07
1st Tetrachoric Principal Component
Loadings .94 — .20 .17 .04

Traditional Discrimination .69 — .10 .18 .32
3PL Discrimination .04 -- .11 — .91 — .28

MSCAT Traditional Difficulty .58 — .13 .67 — .22
1PL Easiness .58 — .21 .74 — .04
3PL Difficulty — .52 .18 — .01 .17
1PL Fit .14 .13 .12 .75
1PL MSD — .27 .92 — .07 .13
3PL liSi) — .27 .92 — .04 .15
3PL Guessing .17 .64 .09 — .51

1st Principal Factor Loadings .97 .04 — .11 — .01
1st Principal Component Loadings .97 .04 — .09 — .01
1st Tetrachoric Principal Component V

Loadings .72 .05 .10 .23
Traditional Discrimination .95 — .06 .09 — .07

ST Series 3PL Discrimination .45 — .57 — .59 — .22
Traditional Difficulty .09 .91 — .30 — .05
1PL Easiness .09 .93 — .24 — .02
3PL Difficulty .29 — .35 — .30 — .05
1PL Fit .26 .22 — .16 .64
1PL MSD .07 — .35 .88 — .22
3PL MSD .00 — .28 .93 -.13
3PL Guessing .17 .34 .07 — .76

~ote” : Significant values are underlined .

LV 
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The MSCAT factor analysis yielded somewhat similar results,
but with some confusion between the difficulty and discrimination
factors. The discrimination indices had the highest loadings on the
factor, with the exception of the 3PL discrimination , but the three
difficulty indices also had significant loadings. It seemed that on
this test, the easier items were more discriminating.

The second factor had high loadings with the lPL and 3PL MSD
statistics and with the 3PL guessing parameter. These loadings indicated
a tendency toward poor fit when the items had high guessing parameters.
This result was not found with the ST series tests.

The third factor was another mixture of difficulty and discrimination
statistics. Traditional difficulty and the 1PL easiness statistics
had moderate loadings on this factor , and 3PL disc:rimination had a
large negative loading. The 3PL difficulty parameter, however , did not
load on this factor. These results indicated that easy items were low
in 3PL discrimination ; a result that was directly opposite to those from
Factor I. This indicated that the traditional and 1PL discrimination
indices were not operating on the same component as the 3PL discrimination
index.

The fourth factor showed the same pattern as the loadings for the
ST series tests. The 3PL guessing parameter and 1PL Fit statistics
gave the only significant loadings to this factor. Again, items with
low guessing values had a high probability of fit on the 1PL model.

The effects of item quality shown by this analysis are threefold.
First, guessing is the major factor in the lack of fit statistic for
the 1PL model while discrimination seems to be unrelated to it. Second ,
guessing also seems to be related to the MSD statistics, but the results
are not consistent across the tests. Third , the 3PL discrimination
parameters are related to lack of fit in the ST series tests, but not
for the NSCAT tests.

Calibration Costs

Since the earlier analyses in this report showed that the ability
estimates were highly correlated when a dominant first factor was
present in a test, there is little of a technical nature to use in
selecting between these procedures when using them for ability estimation.
Therefore , practical considerations become of importance in selecting
a calibration procedure.

The major practical considerations of concern here are the cost
of the calibrations and the storage requirements of the programs. The
cost and CPU time for the GO—step of the two programs are given in
Table 17 for the different data—set sizes used. The overall CPU time

V required for each data—set is given in Table 2. No significance tests
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were required to determine that the LOGIST program costs substantially
more, both in time and money, than the IPL calibration program. On
the average, the 3PL program cost 7.34 times as much and used 15.49 times
as much CPU time for computation. The actual figures will probably not
transfer directly to other computer systems, but the proportions should
remain about the same. These figures were obtained from an IBM 370/168
computer system.

In terms of storage required , the 1PL program required 128K of core
storage, and one scratch unit for temporary storage. The 3PL program
required 200K of core storage and two scratch units for temporary storage.
Thus, the 3PL procedure was not only more expensive to run , but it also
required more computer facilities.

One final note concerning the two procedures deals with the increase
in cost as sample size increases. The cost of the 3PL procedure increased
much faster than the 1PL procedure because ability estimates were obtained
for each person. The 1PL procedure only obtained ability estimates for
each score group. The increase in cost is reflected in the data presented
in Table 17.

Table 17

Cost and Computer Time Required
for the UCON and LOGIST Procedures

for Various Sample Sizes

Sample Seconds
Procedure Size Cost Minutes CPU Go—Step CPU

300 4.14 .15 3.59
1PL 1000 4.57 .21 7.52

3000 6.23 .36 16.89

300 15.36 1.23 38.33
3PL 1000 37.31 3.30 162.72

3000 48.91 4.68 245.19

Note: Sample sizes rounded to the nearest hundred.

Suranary and Conclusions

The purpose of the research reported in this document was to evaluate
the one— and three—parameter logistic models for use in calibrating items
for tailored testing applications. However , several estimation 
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procedures have been developed for each of these models and specific
procedures had to be selected before any comparisons could be made. To
facilitate the selection process, a detailed review of the literature
concerned with latent trait model calibration procedures was performed .
Seven one—parameter and six three—parameter calibration procedures
were identified and evaluated on the basis of statistical and practical
characteristics. From the techniques reviewed , the procedure developed
by Wright & Panchapakesan (1969) was selected for the one—parameter
model , and the procedure developed by Wingersky , Wood , and Lord (1976)
was selected for the three—parameter model. These procedures were
felt to give the best combination of precision and practicality of those
available.

The models, and their corresponding estimation procedures , were
then compared on their ability to calibrate multivariate data , the
sample size needed for calibration , the effects of item quality on
the calibration , and the operational costs. Since the use of tailored
testing with achievement tests is a long range goal of this research ,
the effects of multivariate data are of special importance. From the
theoretical literature , it can be predicted that the three—parameter
model would extract one factor from a set of items while the one—
parameter model would be related to all of the factors present
(Christofferson , 1975; Rasch, 1960). The analyses of the multivariate
data—sets supported this point of view, showing that the three—parameter
model computed item discrimination parameter estimates related to one
factor , while the one—parameter estimates were related to the sum of the
factors. However , when a relatively large first factor was present in
the data, both procedures gave amazingly similar results. This finding
was reflected mainly in the analyses of the ability estimates and the
correlations of ability scores with outside criterion measures.

Despite the similarities found in the results of the procedures
for ability estimates , the goodness of fit of the models to the data
definitely showed the three—parameter model to be superior. A squared
deviation statistic devised for this study was used for the goodness
of fit analyses. This statistic gave a much better description of the
operations of the procedures than the one—parameter probability of
fit measure. This latter measure seemed to be unaffected by the multi—
variate nature of the data, or variations in discrimination , but was
affected by guessing. These results indicate that the one—parameter
pronability of fit statistic is relatively uninformative concerning the
fit of the model.

To further clarify the relation between the factorial complex-tty
of tests and the calibration of item pools , a number of descriptive
statistics were compared to the size of the first eigenvalue from the
eighteen data—sets. The results showed that a strong relationship was
present between the size of the eigenvalue and the average discrimination
of the tests, the standard deviation of the difficulty and easiness
parameters , and the squared deviation fit statistic . From the relationships,
minimum recommendations can be made concerning the size of cigenvalue
needed for a stable analysis.
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If all other factors were equal, either of the two procedures would
serve equally well for use with group administered tests. The three— -

~ 
-

parameter model accounted for more of the response variance with its
item calibration procedure than did the one—parameter model, but the
dii~ferences were small. No significant differences were found for ability
estimates. However , all other factors were not found to be equal. The
sample size required for stable calibration seemed to be much greater
for the three parameter model , although the results were not totally
conclusive. Also, ti-ie computation costs and the computer facilities
required for the three—parameter procedure were substantially larger
than those for the one—parameter model.

The research reported here deals with the use of calibration
programs on data obtained from a group testing setting. Since item
calibration is a necessary component of the tailored testing procedures
based upon latent trait models , the evaluation is an important first
step in the selection of a tailored testing procedure to be used for
achievement measurement. However , the group nature of this data
collection limits the generalizability of the results for individualized
tailored testing. The one—parameter calibration procedure has been
shown to give equivalent ability estimates at a lower cost than the
three parameter procedure when basically unifactor group tests are used .
however , the three—parameter procedure gives better fit to the item
response data , a fact that may imply more usable item parameter
estimates for tailored testing. Whether the better fit to the item
responses will outweigh the higher cost of calibration can only be
determined by a comparison of the usefulness of the ability estimates
obtained from the procedures in live tailored testing. This comparison
will be reported in the next technical report in this series. 
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