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1. INTRODUCTION

Aeronautical Research Associates of Princeton, Inc. (A.R.A.P.)
has been developing a program for computing the detailed low-
level atmospheric distributions of velocity , temperature , moisture ,
refractive index, and the turbulent variances of these quantities
for marine environments . Our approach to this problem has been
to use the invariant second-order closure model of turbulence
developed by Dr. Coleman duP . Donaldson and his associates at
A.R.A.P. over the past few years . The fundamentals of this ap-
proach are given by Donaldson (1973). A review of the status of
this model as applied to a wide variety of turbulent flow problems
is given by Lewellen (1977). Particular applications of the model
as applied to atmospheric problems , including comparisons with
experimental data , are documented in Refs . 2-6.

Reference 7 is a technical report detailing the model devel-
opment, sample calculations , and verification comparisons made
under our initial NASC contract. It describes the addition of
humidity and the second-order turbulent correlations involving
humidity as variables to our dry atmospheric boundary layer program
previously developed for the Environmental Protection Agency .
Using the predicted distributions of temperature, humidity , and
pressure , a calculation of the modified refractive index, M
has been incorporated in the program . Local minimums in the M
distribution with respect to altitude directly indicate the presence
of a radar duct. Since we are predicting the second-order correla-
tions between the turbulent fluctuations in temperature and
humidity as well as the average scale of the turbulence, we have
available the information to also compute the structure of the fluc-
tuations in refractivity .

The second year of the research called for two major modifica-
tions to the model described in Ref. 7. These were to (a) increase
the dimensions of the program to a two-dimensional, unsteady cal-
culation to permit the prediction of shoreline conditions de-
veloping in time, and (b) to incorporate the radiative flux diver-
gence term into the one-dimensional system of equations in a
coupled manner. These developments are detailed in Ref. 3.

The two-dimensional , unsteady version of the model has been
used to calculate the typical variation in the coastal planetary
boundary layer (Ref. 9). The resulting diurnal variation in the
sea breeze induced by the strong stability differences in the
boundary layer response over the land and that over the water
produces a strong asymmetry between the sea-breeze and the land-
breeze circulation patterns . In previous sea-breeze models , it
was necessary to impose eddy viscosities which were a strong
function of time and space to gain this asymmetry . In the present
model, it is achieved without the need to introduce any new em-
pirical information .

The last year ’s effort has been divided between exercising
~iodel for verification purposes , and extending its capability .
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Extensions to the model’s capability include : (1) the removal of
the hydrostatic approximation; (2) the incorporation of condensa-
tion and radiation into the two-dimensional, unsteady model;
(3) the incorporation of terrain variation into the surface
boundary conditions ; and (4) the ability to determine the influence
of particle size on the turbulent transport of aerosols. These
developments are discussed in Chapter 2. Some of the sample
calculations are detailed in Appendix A , a paper of our modeling
results which has been accepted for publication in the Journal of
the Atmospheric Sciences. These sample calculations demonstrated
the strong dynamic interaction between turbulent transport and
thermal radiation. Other sample calculations are discussed in
Chapter 3 and Appendix B.

We have also investigated, analytically, some of the relation-
ships between parameters governing distinct fronts in the planetary
boundary layer, as an aid toward the detailed computation of the
structure of such fronts. This analysis is discussed in Appendix C.
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2. MODEL EXTENSIONS

Several important modifications to the model have been made
during the last year. We began with the removal of the hydrostatic
approximation from the two-dimensional program. This was ac-
complished by eliminating the pressure as a primary variable and
formulating the equations in terms of streamfunction and vorticity .
The numerical implementation of this modification is not described
in the present report , but the results of a computation where the
influence of nonhydrostatics is important is described in Section
3.2. The same two-dimensional calculation includes the effect of
condensation and evaporation . This involved a straightforward
carry-over of the same change of phase model as described in
Appendix A.and applied to the one-dimensional code . Another mo e-
ification to the numerics not described in detail herein was to
provide a stronger coupling between the turbulent correlations .
This permitted the simulated time step in our one-dimensional code
to be increased by as much as a factor of 5 . Model extensions
which have been formulated but are not represented in any of the
sample calculations are discussed in the following sections .

2.1 Implementation of Atmospheric Radiation Transport in the Two-
Dimensional Model

The A.R.A.P. atmospheric radiation model described in Lewellen,
et al., 1976 has been implemented with the two-dimensional tur-
bulence models for the situations where vertical radiative trans-
port is dominant. This includes most atmospheric boundary layer
motions including those with clouds consisting of stratus decks ,
closely packed cumulus and fog layers. Typically we require
(1) that cloud-cloud horizontal radiative transport be negligible
compared to vertical radiative transport or horizontal advective
and turbulent transport, and (2) that radiation from the sides
of cumulus cells to the ground or to space be negligible compared
to vertical radiative transport in the cumulus. If we denote the
average depth of a cloud as S and its characteristic breadth
as L , then a condition for vertical dominance of radiative
transport may be formulated by requiring that radiative cooling
to space through the cloud top be much greater than that through
the sides. In terms of the fractional cloudiness R , this con-
dition is

‘T (  - )
‘. R

(6/L) +~~ (-
~~~~~~

— 1)
T
~~en the clouds are widely spaced (R << 1) this condition just
requires that the “isolated” cloud have a small aspect ratio

6/L << 1 (2.2)

On the other hand , as the sky is more filled with clouds (R -
~
. 1)

the aspect ratio condition is relaxed due to the blocking of
radiation to space by adjacent clouds.

~~~~~~~~~~~ ~~~~~~~~~~~~~~ -“
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Within this approximation the vertical radiation field at
a local horizontal position is determined by the distribution of
fluid properties in the vertical at that horizontal position.
The horizontal variation of the radiation field thus is a function
of the horizontal variation of fluid absorption, scattering and
emission properties .

It is interesting to note that the condition (2.1) is essen-
tially a requirement that radiative loss (or gain) in the horizontal
direction be small compared to the vertical. As such it is also
the appropriate condition for validity of the vertically struc-
tured direct solar radiation scattering and absorption model in
which only vertical back-scattering of incident solar energy by
water droplets and aerosols is included. The required condition
for validity of the vertical radiation model in a two-dimensional
calculation is then that scattering of solar radiation off the
sides of clouds be negligible compared to cloud top scattering .

2.2 Two-Dimensional Computations with Terrain

We now describe the procedures for the treatment of non-
uniform terrain in the A.R.A.P. two-dimensional atmospheric
boundary layer calculations. We consider a rectangular y-z
domain as shown in Fig. 2.1 in which a rectangular grid of m x n
points exists. A nonuniform terrain boundary ~T cuts through
this grid which we shall , for simplicity , assume passes through
existing grid points as shown in Fig. 2.1. (The extension to
terrain which does not fall exactly on the existing grid points
is straightforward and will not be discussed here.) We let
z — be the coordinate of the terrain and we let z0 be the
roughness height measured from Zm . Let N be the total num-
ber of interior points of the domain which lie on the terrain
boundary 3T

The fundamental mean variables in two-dimensional calculations
consist of the vorticity n , potential temperature 8v and the
streamfunction ~i describing the mean velocity field. These
variables are supplemented with the turbulent correlations and
their corresponding equations . The streamfunction and vorticity
are defined on the full rectangular grid but all other variables
are defined on only the grid points where fluid exists outside
the terrain and on the boundary. Our purpose in defining the
streainfunction ~

p and vorticity r~ on the full grid stems fromthe need to rapidly solve the streamfunction equation

= —n (2.3)

at each time step . For this purpose, we utilize a rapid direct
cyclic reduction algorithm which requires a uniform boundary
domain. Thus, we solve Eq. (2.3) on the full rectangle including
the region lying “inside” the terrain. This procedure will not
invalidate our solution for the flow outside the terrain because
data inside the terrain will not be utilized and the solution
will be constructed such that the correct terrain surface

_________________________ 
j
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conditions on ~ in particular and all other variables in gen-
eral will be impressed on the embedded terrain points by the
method we now describe (Roache, 1972) .

The boundary conditions on the rectangle are specified in
the usual fashion for all variables e ccept on that portion of
the rectangle lying within the terrain. On that portion, no
boundary values are required except for the streamfunction ‘p .

The value to be imposed on ‘p is arbitrary on that boundary
segment and we simply make it a no-flow boundary arbitrarily setting
‘4’ = constant = . Inside the terrain we set arbitrary values
of the vorticity r~ , typically ri = 0

Let us first consider the method for determining the stream-
function ‘p which satisfies Eq. (2.3) within the domain of the
fluid outside the terrain and the boundary condition of no-flow
through the terrain, i.e.,

‘P = constant = 
‘PT 3T

We represent the streamfunction 
~~ (i = 1,2,... m x n ) as

N
p. — ‘4,

(O) + ~ a. G.. (2.4)2. j=l ~

where ,~,(O) satisfies

= -i~~ (2.5)

aj is an N length column vector , and ~~ (i = 1,2,... m x  n ;
j = 1,2,... N) is an (mx n) x N matrix which satisfies

= 

~ij 
(2.6)

where ój.~ is the Kronecker delta and the index j ranges over
all the points j = 1,2,... N which lie on the terrain boundary .
The matrix function G~1 is a discrete Green ’s function for the
boundary and i~~ is a aiscrete difference operator approximating
the Laplacian operator .

Equations (2.5) and (2.6) are solved on the full rectangular
grid with boundary conditions on ~(0) given by those required
by the physics of the problem outside the -terrain and by

= ‘PR on the portion of the rectangle lying inside the terrain.
The Green’s functions G~j satisfy either ~~ = 0 or
aG~~/3n 0 on the rectangular boundary, depending upon whether

‘P takes a Dirichiet or Neumann condition. N + 1 executions
are required for the cyclic reduction algorithm; One for
and N for the ~~ .-

~~~~~~~~~~~~~ - —~~-~~~~~~ - -~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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The constants aj are determined by requiring that

take on the specified value ‘PT on ~T . Thus on the N points
lying on ~T we require

= ~~O) 
+ 
j~ l 

~~~~ ‘PT (2.7)

- . . 
= 1,2,.. •.~I

where ~~ is a portion of matrix ~~ only containing contribu-
tions from Gjj for i corresponding to points lying on ~TThe matrix G1~ is thus an N x N matrix. The constants aj
are determined as

a~ = -j 1 ~~~~~~~ (‘P ’
~~ 

- ‘PT) (2.8)

We note that the matrices G11 , G~j , and may be computed
once for all time since they aepend only upon ~3ie geometry ofthe domain (including, of course , the terrain boundary).

After each time advance in whiç~ an updated ii field is
obtained , we solve Eq. (2.5) for ~4 ) . We then determine the
solution ‘Pj satisfying the terrain boundary condition ~~~~~~~ , the
remaining boundary conditions on the rectangular region as

N N
- ~ G~~ (~

ç0) - IPT)G. . (2.9)
1 j=l i=l ~ 

1 13

utilizing the known and stored values of and G..
31 13

The vorticity , temperature and turbulence variables are
solved only in the region outside the terrain utilizing an al-
ternating-direction-implicit technique which does not require
uniform boundaries. Boundary conditions on the rectangular
portion are conventional , but boundary conditions on the terrain
boundary 3T require special treatment . As on other no-slip
boundaries , we do not integrate the equations all the way to the
wall (which would require exceedingly fine and wasteful mesh
spacing). Instead , we require that the variables take on their
constant flux region values. For the vorticity this requirement
results in a linear relationship between the boundary value of
ri and ‘P on the first interior point. For the turbulent cor-
relations , the requirements is that their normal gradients
vanish.

Preliminary results demonstrate the feasibility of the Green ’s
function approach to give the correct streamfunctions throughout
the computational domain . The procedure yields a fairly realistic
contour pattern for the streamfunctiori at flow separation over a
two-dimensional mountain , as shown in Fig. 2.2. Here the flow
is entering from the left, separating down the slope , and reattaching
further downstream . An added divergence of the flow at the top

~~~~~~ - .- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .-
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of the calculation domain enhances separation . The separation
point along the slope is fairly well held , but the bubble itself
seems to push the reattachment point slowly downstream . Some
questions must still be answered with regard to the best way to
apply the vorticity and turbulence boundary conditions along the
interior boundary .

2.3 Turbulent Transport of Aerosols

In previous reports (Donaldson , 1973 , Lewellen and Teske ,
1975) 5econd-order closure has been applied to gaseous diffusion.
The purpose here is to apply the same technique to the diffusion
of finite size aerosol particles , in order to determine what
conditions influence their turbulent diffusion and how the dif-
fusion of such particles may be computed.

Following Marble (1970) the equations of motion for an in-
compressible flow containing a cloud of particles of concentration c
may be written as

~~~~~~ 
(2.10)

3cuA .
+ 

~~~ 
= s (2.11)

~u. ~u.u. au.
+ 1 -3 = 1 _.i_ ( - p S . . )  + ~~ —~---- jl

~ ~~~ 13 c ~~~ ~~~

+ c 
(uA .-u)~~ +

~CUA . ~(cuA .uA .j) (uA .-u.)1 + 1 = -c 1 1 + cF. (2.13)
ax

i 
‘C
v 

1

The characteristic time 
~~ 

is the time required by a particle
to reduce its velocity relative to the gas by e~~- of its
original state , in the unaccelerated state. For a significant
range of particle radii T

~ 
may be described by Stokes flow
2 a2

‘C = 

~ ~A ~~
with 

~A 
the density of the aerosol particle , and a its radius .

We will follow the same procedure of Donaldson_ (1973) to
obtain equations for the turbulent transport , uA c ’ , of the

aerosol. When the variables are decomposed into_ in ensemble
mean and a fluctuating contribution , i.e., c = c + C ’
UA UA + u~ , etc., then Eqs. (2.10) to (2.13) may be averaged

J
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to yield
3u.

= 0 (2.14)

- 
3CU

A 
3c ’uA

+ 
aX j

i = - ~~
.
1 (2.15)

aü. 9ü.ü. . 3uu
1 3 . ]  1 3  — 3 /  i~ _ _ _

aX
i 

= - 

P ~ ij 3x~ ~~ 3x~) 3X
j

~(ü -ü.)
+ + c ~~~~ 

- c’u~) + (2.16)

3&,i 3c ’u’
1. + + = - 

~~~ 
(Eu~~u~ + C ‘u~ UA

+ c ‘ ui~ 
t1A~ 

+ ~ ‘u~~u~ ) - 
~~

- :~
_
~ 
(c ’u~ - C ’Uj) + 

~~ i (2.17)

It is also possible to eliminate c from the particle
momentum equation by subtracting U

A 
times Eq. (2.11) from

Eq. (2.13) i

3U
A 

(UA . ‘-‘~~~~
+ U

A 
= - — - SuA + F

~ 
(2.18)

This momentum equation may be averaged to obtain

3UA 3U
A (ÜA 

.. t i~~~) 
____

+ “A
J 

3x~ 
= - 

‘C 
- SU~ - S U

3u~
- UA 3x + (2.19)

Now , by multiplying Eq. (2.15) by aA and Eq.  (2 .19)  by

~ and subtracting these two products from Eq. (2.17) the
following equation for c ’uA may be obtained.

1

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -  ~~~~~~~~~~~ ~~.
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auA C
’Uj 

____ 
-

_ _ _ _  3 
~~= - i fu ’ ~-~— - cu ’

at ax~ A~ A~ ax~ A~ ax~

_____  

ac ’uA uA (c’uj_c’uj)
_ m~~ 

1 _ 1 J~~_ 1
A. ax. ax. ‘C.3 3 .3

+ S’u~ ~ (2.20)
1

A~ equation for the correlation uA ~~ appearing in Eq.
i i

( 2 . 2 0) may be obtained by manipulating the equation for uj

derived by subtracting Eq. (2.19) from Eq. (2.18).

auj uA au
A
u
A 

_ _ _ _  

3U
A 

_ _ _ _1 1 
~~~~~~~~~ ‘ u’ 1 - u ’ u’at A~ axk 

U
A Ak axk A~ Ak axk

9u ’ u’ u’ au ’
- 

Ai
a~~ 

Ak + UjUA ax~~ 
- ~~ (2uA uA~~ 

u~~ u~

- ujuA ) - S’UA UA~ 
- 2S’u’ u’ - 2

~
u
~~ uA

- S’u~ ÜÁ 
(2.21)

An equation for the cross correlation uA u .j may be obtained

from Eqs . (2.12), (2.16), (2.18) and (2.19) to be

+ ~~~~ ax~ 
= Ak 1~~~

j  axk
1 

-

_ _ _  

au A u~ul~ 
au A

- U
j Uj 3x 

- 

3x 
- (u~ 

- u~ )u~ axk

- uA ~~~~~
-. + ~L 

[uA cT (ÜA
-ü
j
) + 

~(uA uA - u~~u~)

÷ c ’ (u
~~uA 

- ujuj) + uj~u~j — u
~üZ. I

+ v terms (2.22) 

~~~ —‘_ - “_
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An equation for c ’uj  can also be generated from Eqs . (2.11) ,
(2. 15), (2 .12) and (2.19) to be

ac ’u: ac ’u: 
_____

at 
1 + 

~~ 
ax~ 

= - (UA 
- Üj) Uj ~~~~~~~~~ 

- 
Uj~ U~~~ 

~
f’

____  
aü. 3c ’u~u 

—

- c’uj ~~~ ax~ 
- (uj - U~)Uj ~~~~~~

— + S’u~

+ ~ - (c ’’u~ - C ’’Uj) + v terms (2.23)

The extent of the new modeling required_to close_the system
by carrying the fuil set of equations for c ’u~ , C~Uj

ujuj , along with uju~ may be assessed from Eqs .

(2.20) through (2.23) . The list is quite extensive:

au~ 
_ _ _ _ _ _  _ _ _ _ _  _ _ _ _ _ _ _  

_ _ _ _ _

u~ ~~ 
c ‘u~~u~ C UjUj U~~U~ U~ c ’ • c ’

A au~ 
_ _ _ _ _ _  

_ _ _ _

A A  axk 
(uA _u.puj~~

._
~ ~~ 3xk 

‘ u~~u~uj~ , cIzu~j

3UA 
______

(uA - u~) u~ 3xk
i 

A ~~ 

C U U  , U:

along with the terms involving S’ and u . Rather than undertake
this modeling task, we will take advantage of the fact that
~~ associated with most aerosols of interest is much shorter
than the characteristic time of the atmospheric turbulence,
A/ q . We will assume that UA may be expanded as

. r q
UA = u~ + —

~~
— (u1 ) + O ( T ~ q / A ) 2  (2 .24)

If this expansion is carried through Eqs . (2.20) through (2.23),
the leading order terms reduce to
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3c ’u’ ~A. c’ui) 
____  

- 
____  

a~~.
_ _ _  3 ~~~~~~~~~~~~~~~~~~~~~~at ax~ i j ax~ j ax~

- ~1-. (c ’u~ 
- C ’Uj ) (2 .25)

au:u: auu 
_ _ _  

auA 
_ _ _  

auA 3u u u T

~ + 
- 3. ‘ = -u’ 1 

- 
, 

____ - 
1 3

at Ak a xk j k axk i k a xk 3Xk

• 

- 

~- (2u~~u~ - U A Ü~ 
- UjUA) - S’u~ ~~~

- 2S’u~u~ 
- 2~ uju~ - S’u~ ~~~ 

(2.26 )

au’. 
___  

3ü.
+ 
~ic 

= 

~~
ÜAk 

- ~~~~~ ~~~~~ 
- Uj U~~ ~%

]~

- 

J k 9x - _ _ _ _ _ _  - UA .2 + ~~ [uj e’ (UA~ 
- ii.)

+ ~(u~~u~ - uA uP + c’ (UA uA - uL~~
U
~
) + UjU~

- 

~~~~~~~ 
v terms (2.27)

ac ’u: ac ’u: _____

at 
1 + ~~~ ax~ 

= -(U A 
- ü~)uj }~

— - UjU3 ~~-

____  
a~. ac ’u:uT 

____  
,

- c’u~ ..2. - a4 ~ 
+ S U~ - C~ + _ _ (UA 

- iii)

+ ~~_ (c ’u~ 
- c ’Uj) + ~1-. (c~

zuj - c ’~ uj) + v terms

( 2 . 2 8 )
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Equations (2.25) through (2.28) must also be consistent with
the equation for uju~j computed from Eqs. (2.12) and (2.16).

auu 
- 

a u:u: 
_ _ _ _  

aü. 
___  aü j  au~u~u~3. 3 + ~ ~ = -u’u’ ~~~ - u’u’ — - ______

at k 9Xk i. k axk ,~~ 
k 3Xk axk

- uj ~~~~ + ~
_
[ujc ’ (uA - Üj) + ~(u~~u~ - 2UjU~j

+ u~~ uj ) + u
~
c’(

~A 
- ü~) + c ’(uju~~-2uju~+u~~u]~~~

• + v terms (2.29)

First, let us consider the case where c << I and the fluid
turbulence may be decoupled from the particle motion. In this
limit the terms involving c and c’ may be dropped from _ Eq.
(2.29). Let us also assume S — 0 , and note that u - u.

O(’C~~) Then subtracting Eq. (2.29) from (2.26) &nd (2.27)
leads Eo

0 uj 
~~

-- - ~i- (2u~~u~ - u~~u~ - u~ uA ) + ~ (2 .30)

0 = ~~~~~~ (u~u~j - u.juA .) 
- uj~ ~~~~~~~~~

- + v terms (2 .31)

Also , from Eq. (2.24) it is possible to show that

2u~~u~ - u~~u~ - UjU~ = uA u~ 
- Uj U~ + 0 

~~~~ 
A)2 (2.32)

Thus, Eq. (2.30) leads directly to

UA uA UjU~ + T
~~(uj  + ~)

Which with our usual model for u~3~ ’/ax~ and c gives

UjUj = Uj U~ + 
~~~~~ 

(uj u~ - 
~~~

-
~
- 6~~ ) (2.33)

Similarly, from Eqs. (2.25) and (2.28)

c ’u’ = c1
uj + 

~~~~~~~~~~~ ~~T (2.34)
= C’Üj (1 + Ar~ q/ A )  

~~~~~~~ ~~~~~~~ -



It is surprising to note from Eqs. (2.33) and (2.34) that
the leading term in qt~ /A actually adds to both the particle
velocity variance and its mass flux. The correlation c~uj~is reduced as qr ~ /A increases but the leading term in this
reduction appears to be O(qt~/A)2

Table I gives some values of ‘Cv for different size par-
ticles to aid in determining when (qt~/A )  << 1 is a valid
approximation . Since A grows proportional to z near the

• surface it is possible to estimate the height at which
• q~ v/A = 1 for a given typical value of q(1 m/sec) . At large

distances above this height, the approximation should be valid.
Thus, for most aerosols smaller than that associated with a fine
mist (a 50 inn) the approximation is valid at heights greater
than a few meters above the surface.

In the surface layer itself we must consider a more corn-
plete analysis. There is also a problem with the extremely
small particles. If the stopping distance ~~~ is less than
the Kolmogorov microscale, ri , of the turbulence, then the
particle cannot be transferred all the way to the surface by
turbulence . Instead it must be diffused by Brownian motion
across the~surface sublayer . From Tennekes and Luinley (1972),

= (v2/c)’ and from our model c = q3/8A , thus

n = (8A)~~
4(v/q)314 (2 .35)

The minimum ri occurs when A z rj at the edge of the sub-
layer , so that

11min 
= 2v /q (2 .36)

F Table I includes values of q2r~/2v which show that for tur-bulent air with q 1 rn/sec typical particles with diameters
less than approximately 1 ‘tim must involve Brownian diffusion
through a portion of the surface layer . Table I also in-
cludes values of D for these particles. When q 2 ’C~ /2v > 1
par ticles will be carried by direct inertial impact to the
surface. For particles below approximately 50 ~irn the approx-
imation of q’Cv/A << 1 will describe this turbulent diffusion
down to the level we would ordinarily apply our surface boundary
condition . For larger particles we must allow qr~/A to be
order one or larger in the surface layer.

The time scale of the turbulence in the surface layer is
sufficiently small that it is generally close to equilibrium
conditions with negligible contributions from the left-hand
side of Eqs. (2.23) and (2.28). As long as attention is restricted
to the constant shear stress region, the turbulent diffusion
terms in the correlation equation also contribute little to the
balance. This gives validity to the approximation termed
“Super-Equilibrium” by Donaldson , 1973. The Super-Equilibrium
approximation to Eqs. (2.20) and (2.23) for the surface layer is
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TABLE I

AEROSOL TRANSPORT PROPERTIES

(Spherical particles with 1 gm/cin~ in air at 20°C, 1 ATM; and q 1 m/sec)

Particle Diffusion Relaxation Terininal Height at stopping distance
diameter Coefficient time velocity vhi~h inicroscale

2a Dt ‘C
~~ ~~ q.r~/A=i q2t /2v

(1.Iln) cin2/sec (sec) (cm/sec) (in) V

0.1 6.7 x io
_6 

8.8 x io
_8 

8.6 x 
• 

2.9 x l0~~
0.5 6.3 x 10~ 1.0 x io

_6 
1.0 x 1O~~ 3.3 x io 2

• 1.0 2.8 x 10~ 3.6 x 3.5 x 10~~ 0.12

5 4.9 x io
_8 

8.0 x 10~ 7.8 x 1O
_2 

12.3 x 10~ 2.7

10 2.4 x io 8 3.2 x 10~ 3.1 x 10
_i 

5 x lO~~ 10.6

50 7.7 x 10~ 7.58 .012 2.6 x io2

100 3.1 x io
_2 

30.3 .048 1.0 x io3

500 7.7 x 10~~ 757. 1.18 2.6 x 106

ilriedlander, 1977.

11
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au ’ c ’u’ -c ’u
U~~Wj ~~~~~~~~~~~~~~~~~ ~~ 

- - o  (2.37)

and

-(üA.~
üj ) uj .

~f 
- ujw~ }~

— - c ’w’

- (uj -u~)uj ~~~
-- - c ’ = 0 (2.38)

To keep our approximation simple, the three terms uj 
~~~

(UA.
_U
j) u~ ~~~ and (uk -u.j ) uj  ~~~~~~

_ will be dropped

• 
. since they all go to zero in both limits of ‘Cv -~ 0 and

‘Cv -
~ 

. The usual model of the last term in Eq. (2.38) should
be modified to permit it to approach zero as ‘Cv ~ ~ 

. An
appropriate choice appears to be

a , Aqc ’u
c ’ ~

_2_ = 
1 (2 39)

ax
1 

A(l + K i q ’C~ /A)

In the limit of ‘Cv -~
. 0 , Eq. (2.39) gives the decorrelation

term as inversely proportional to the turbulent time scale ,
but when the slip time is larger than A/ q the term
becomes inversely proportional to ‘Cv

Rather than attempt to determine sufficient new models to
obtain uA wA and ujw~ from Eqs . (2.21) and (2.22), we will

approximate both as

uA w~ 
= ujw~ + K z (qT~~/ A ) 2 ]  (2 .40)

This approximation may be rationalized by noting that

= e
_t /t

vfe
t/’Cv U’ (2.41)

as long as the nonlinear term in Eq. (2.18) is ignored. If we
also approximate u’ as an harmonic oscillation , then
Eq. (2.41) leads to

= u’uA = tr’~/ [i + (qr~~/ A ) 2 ]  (2 .42)
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Equations (2.37) through (2.42) lead to

= c ’uj - ~~ Uj W~ 
~4 /[~. + Kz (q’C~ / A ) 2  ] (2.43)

and

A ‘ S 1 1

~qc U
j  1 U

j
W

A ~1+K i q’C~/Aj 
- 

[l+K2 (qr~ /A)2] ~~~~~~~ 

- c1w~ ~~~~~~
— (2.44)

These two equations may be rearranged to give

= - 
~~~~~~~~~~ 

~4 [~~~~~.~
‘
~Kyz] (2.45)

C ’W~ = - ~~ ~l+(A+K 1 )q’C~ /A~ (2 46)A Aq 3z Ll+K2 (q’C~ /A)
Z J

Equation (2.46) may also be written as

= ~w~
- ~l ÷ (A÷Kz) qT v1A~ (2.47)A Ll+Kiq’C~/A J

which, for q-r /i’t c< 1 , agrees to O(qr~/ A)  with Eq. (2.34).
This leaves us’~with two coefficients K and K

~ to determine
turbulent transport of particles in the1 surface iayer when
q’C~/A ~ 0(1)

In summary, our proposed approximation for turbulent trans-
por t of aerosols is based on writing the diffusion equation
for c as

~~ 
3CU~ 

= - ..... ~~.... L~ ~.L .~ ~~~~~~~~~~~ 
(1+(A+K1)q’C~ /A ITE ax~ 3x~ L 3x~ 1. \l+Kiq’C~ /A

(2.48)

with the mass flux equation modified to

- ac ’u~ u u~ -

at +U
1 3x1

1 = - 

l+Kz(qt~/A)2 ~iT - ~~~ ~~~~~

÷ a(qA a c u ~) 
- 

1 (2 49)C 3x~ 3x
1 A (l+Kxqr~/A)
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with the only restriction that c << 1 . Above the surface
layer , qt~ /A will be small and on l y the mean drift term in
Eq. (2.48) will be important . While in the surface layer
where qt~ /A can become of 0(1) , Eqs. (2.1+8) and (2.49) lead
to the same Super-Equilibrium relations as just given.

In combination with Eqs . (2.48) and (2.49) we must allow
the effective height z0 at which the aerosol concentration
reaches the surface value to be a function of q’C~ as well as
a function of surface characteristics. In fact for many at-
rnospheric problems it appears that this change in surface
boundary condition will be the major influence of particle size
on turbulent transport of aerosols.

Aerosol surface deposition data is typically presented in
terms of a deposition velocity , vd , defined by the surface
flux divided by the surface concentration (e.g., Chamberlain,
1967). The actual value of vd depends on the height chosen
to measure the ‘surface ’ concentration due to the possibility
of strong gradients near the surface. Within the neutral con-
stant flux layer, Eqs. (2.48) and (2.49) reduce to

K }
~
. + = vdcd (2 .5 0)

with

K = ~~~r1+(A+Ki)q’Cv,A

~ L’~~ 
(qr~ /A )

and

A = 6 .5 z

The general solution to Eq. (2.50) may be written as

c = + (const)exP [_ ’Cv~fK_
1
dz] (2.51)

When the boundary condition that

c — c d at Z Z d

is applied to Eq. (2.51) it leads to

= + ~~~~~~~~~~~~~~~~ 
K_ 1

dz] (2.52)

As T
~~

+ O  , K~~~0.22 qz and

-~ 9..n z/z,4 + 1 , (2 .~ 3)Cd .~~.q U

the classical logarithmic concentration variation . For finite
values of r.,, Eq. (2.52) can be used to determine z0 when 11

dat any Zd is known. C
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3. NODEL CALCULATIONS

The general A .R.A.P. atmospheric boundary layer model , which
includes the fluid mechanics of mean flow dynamics and turbulence ;
transport, evaporation , and condensation of water ; and atmospheric
radiation , has been exercised for a variety of situations . These
exercises have been selected to demonstrate the power of the
model in predicting a variety of archetypal atmospheric flow
situations including fog episodes , diurnal variation of stratus
over the ocean , the general structure of the trade-wind boundary
layer, and an evaporatively cooled gust front. These exercises
were selected with particular attention to corresponding experi-
mental measurements of similar or identical flow situations.

3.1 Marine Boundary Layer Calculations

A major study of the interaction of turbulence with atmo-
spheric radiation in a class of fog and stratus cloud episodes
is described in Appendix A which is a reprint of work to be
published in the Journal of the Atmospheric Sciences. In ad-
dition to the illustration o!Tog and cloud formation , develop-
meat and dissipation for various situations , we presen t in
Appendix A a theory of the moist atmospheric surface layer
which provides a quantitative classification of foggy and fog-
free surface layers dominated by turbulence . We further in-
clude , where available , observations of fog and stratus extent ,
cooling rates and liquid water content and show favorable corn-
parison with the A.R.A.P. model .

A full comparison of the A.R .A.P. predictions of the dynamics
and evolution of the boundary layer would require measurements
of the fluid state at an initial state and at some subsequent
time. Unfortunately , so far, we have been unable to obtain such
sequential measurements. We are thus only able to provide a
verification of the consistency of the A.R.A .P. model in the
sense that the turbulence co-existing with the measured mean
profiles at one time is well represented by the turbulence cor-
relations predicted by the A.R.A.P. model for the same mean
profiles . This is demonstrated in Appendix B where calculations
for a trade-wind boundary layer which has received some experi-
mental study have been carried out. These calculations based
on the data summary and analysis of Lemone and Pennell (1974)
and more recent GATE data also provide some limited comparison
with alternative turbulence models based on direct three-dimen-
sional calculation of the turbulence with modeling of the subgrid
turbulent correlations (Deardorff , 1972; Sommeria, 1976).

As is well known , direct solution of an ensemble of in-
stantaneous Navier-Stokes tquations for the turbulent motions
of the atmosphere is not a feasible or practical computation .
A class of turbulent models which attempt direct calculation of
the large-scale turbulence but which do not compute the small
scales (of the order of the grid size and smaller) are known
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as subgrid-scale turbulence models (Deardorff , 1972). In
these computations the critical modeling centers on the sub-
grid turbulent correlations which are structured within the
grid length and time scales to lie in the so-called “inertial”
range of the energy spectrum of the motion being computed. Such
calculations must of necessity be fully three-dimensional and
time-dependent - and hence computationally voluminous - even
when the mean motion is principally one- or two-dimensional or
steady.

The essential predictions of both calculations under these
conditions are the dynamics of evolution to and the final slowly
varying state over a period of several hours following initial-
ization. Some arbitrariness necessarily underlies the com-
parison since the predicted quantities are not conceptually
identical . The A.R.A.P. second-order closure model predicts
the ensemble-average of the system . The calculation of Sommeria
predicts the temperal average of the horizontal s~~tLa1 average
of the system. Specifically , for atmospheric scale motions
of the order of 30 minutes , Sommeria calculates at 5 s time
steps , averages the variables over the horizontal spatial co-
ordinate and then averages these quantities over 4 minute periods .
These 4 minute temporal averages are probably the quantities
most closely related to the A.R.A.P. ensemble average .

The basic features of this comparison are as follows .
Be low the clouds and in the mixed layer the turbulent momentum
flux, vertical velocity variance , and virtual heat flux compare
very favorably as shown in Figs. 4 to 7 in Appendix B. There
is , however , a sharp difference in the average density of
liquid water in the clouds predicted by the two models which
in turn strongly affects the turbulence structure in the cloud
primarily through the liquid water droplet I.R. radiation inter-
action . The average liquid water content is exce~ding1y lowin the subgrid turbulence calculation (10-5 - 10 °) and perhaps
too high (for ~he scattered cumulus case) in the A.R.A.P. cal-culation ( l0~~) .  Correspondingly, there is about a factor of
three to five difference in the turbulent humidity fluxes . As
a result of the higher levels of water in the A .R.A.P. simulated
clouds , turbulence production due to cloud-top cooling is en-
hanced over that in the subgrid turbulence model and there are
relative maxima of turbulence in the clouds as well as in the
mixed layer below the clouds . The resolution of these dif-
ferences between the two models remains to be given . We are con-
vinced that the simple A.R.A.P. averaging algorithm for the
liquid water content considering the fluctuations about the
saturated state gives results which agree within approximately
10 percent with those for the more complex Gaussian moment
method used in the subgrid turbulence models (Somineria and
Deardorff, 1976). We have also shown good agreement between
the A.R.A .P. liquid water predictions and measurements of the
liquid water in fog and stratus events (see Appendix A). The
discrepancy between the two models likely stems from the nature
of averaging in the widely disparate states of scattered
cumulus and Continuous stratus .
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3.2 Gus t Front Formed by Evaporative Cooling

As a demonstration calculation , we present the results of
a problem for which both nonhydrostatics and water change of
phase are important . Rain falling through unsaturated air will
cool the air as evaporation takes place. This air with its
negative buoyancy can then form a downdraft which , when it im-
pinges upon the ground spreads out to form the local gust front
often associated with severe thunderstorms. We have made cal-
culations of this phenomena for NASA (Teske and Lewellen , 1977)
to determine the windshear and turbulence distributions present
because of their potential hazard to aircraft operations . In
those calculations the influence of evaporation was simulated
by introducing a cold downdraft of some specified temperature
defect at a given height zmax with vertical velocity Wd
The downdraft is then permitted to fall and interact with the
ground to form the outward spreading gust front.

For the present calculation , we introduce a downward jet
at 1.6 km height , as shown in Fig. 3.1, with no virtual poten-
tial temperature defect with respect to its surroundings. We
will show the results of two computations . For case A , the
jet is supersaturated with a relatively large liquid water
content , and for case B the jet is dry . By comparing the
results of the two cases , it is possible to clearly see the role
of evaporation in accelerating the resulting gust front. It
should also be noted that, whereas Teske and Lewellen (1977)
deals with an axisymrnetric downdraft , the present calculations
are for two-dimensional downdrafts. Other conditions such as
height of the simulation domain and the boundary conditions on
vorticity and velocity there, boundary conditions at the outer
edge of the domain , and surface roughness are all the same.
Initial conditions are also prescribed in a similar fashion
by taking the boundary values of vorticity and humidity at
Zmax and extrapolating them linearly to their surface values
of 

~o• 
= 0 and H = (O.86)H5 . The turbulence is initialized

as iso~ropic with q~~~(=3 m/sec) sufficiently small that it
can be dominated by turbulent production .

The resulting temperature pattern , as it evolves in time ,
is shown in Fig. 3.2. Contours of constant virtual potential
temperature are shown at three times , t 200 , 500 , 750 secs ,
for case A. At t 0 , ev = 0 everywhere as it remains in
case B. The maximum virtual potential temperature defect is
5.6°, and occurs 300 seconds after the start of the run. The
absolute temperature of the air actually rises as the air moves
down into regions of higher pressure by compression . But in
order to stay saturated at the higher absolute temperature , it
evaporates some of the liquid water present and is cooler than
it would be if it descended along a dry adiabatic curve. At
the later times , the -l contour line shows that the s ame shape
front as evidenced in Fig. 3.2 of Teske and Lewellen , 1977
(reproduced here as Fig . 3.3) has developed .
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The mean velocity contours at selected times are shown in
Figs . 3.4 through 3.7 for both case A and B. Case B represents

• a stagnating jet without any influence of buoyancy . Whereas
the vertical velocity in the center of the downdraft accelerates
in case A wi th evaporation , shown in Fig. 3.4, it only decelerates
from its top boundary value in case B , shown in Fig . 3.5. The
difference in horizontal velocities as shown in Figs. 3.6 and
3.7 are even stronger. Evaporative cooling allows the velocity
for case A to reach a value which is approximately 2.5 times
larger than that for neutral downdraft. If the downdraft
velocity at the top of the domain were smaller or the height
of the domain larger, this difference between case A and B
would be further enhanced.

The total velocity variance is shown in Figs . 3.8 and 3.9
for case A and B respectively. Due to the combination of pro-
duction by higher mean velocity gradients and by buoyant pro-• duction, q2 is an order of magnitude larger with evaporation
than it is without.

Contours of constant values of liquid water content are
shown in Fig. 3.10 for case A. The smallest value contour shown
would represent the edge of the visible cloud . Such a condensa-
tion cloud appears different from that marked by a tracer,
such as dust within the gust, since some condensation takes• place in the warm air which is lifted by the advancing gust
front.

One feature of our evaporatively cooled downdraft which
is not necessarily observed in practice is the cloud reaching
all the way to the surface . Since our model does not currently
permit any rain out of liquid water content , it remains
available for evaporation as the air is heated by descent .
In the real world the liquid water contained in relatively
large rain drops is not available for evaporation . The water
drop falls through the air before it has time to completely
evaporate. Thus when precipitation is included it is possible
for H to exceed H~ all the way to the surface without the
cloud reaching the surface . Although this feature may have a
strong influence on the shape of our simulated “cloud ,” it
should have a relatively weak influence on the gus t front
dynamics .

Figure 3.11 shows a picture of the leading edge of a gust
front as marked by dust (Turner , 1973). When the simulated
front shown in Fig . 3.3 is visualized in terms of temperature
defect intensity , with the vertical and horizontal dimensions
shown to the same scale , then the leading edge appears as shown
in Fig . 3.12. The strong qualitative similarity between Figs .
3.11 and 2.12 is readily apparent . The quantitative predic-
tions also appear consistent with available observations .

~~~ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- .
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4. CONCLUSIONS AND RECOMMENDATIONS

We believe that substantial progress has been made during
the last year toward the goal of providing the Navy with the
capability of making detailed predictions of the low-level
distributions of pertinent atmospheric variables . Although
verification tests have not been adequate to provide detailed
assessment of the accuracy of our model , the one-dimensional
version of our model should be capable of making useful predic-
tions over regions with strong spatial homogeneity . A copy
of this program has been delivered to the Naval Environmental
Prediction Research Facility .

During the current year , we have significantly extended
the two-dimensional , unsteady model. However, additional work
is required to make these features completely operational when
all the other features of the program , such as density gradients ,
condensation , terrain variation and thermal radiation are being
computed simultaneously. This consolidation of the model ’s
capability w.ill provide a unique research tool for simulating
much of the physics which occurs in the atmospheric boundary
layer in the vicinity of coast lines.

As demonstrated in Appendix A , we have been able to use
our one-dimensional , unsteady model to simulate , quite realis-
tically, many of the features observed in the evolution of
coastal fog and low-level stratus . More features should be
amenable to simulation with the extended two-dimensional version
of our model. Ideally , by calculating model predictions for
situations that have been carefully observed , it should be pos-
sible to both make model verification comparisons and suggest
causal relationships between different physical features to aid
in parameterizaticnfor larger scale models. We will continue
to search for available data to be used for our model comparisons .

Under certain conditions , the large eddies in the marine
boundary layer become highly organized. Such boundary-layer
roll vortices have been the subject of several experimental
measurement programs (e.g., LeMone, 1976). By fixing our com-
putational coordinate system with respect to the axis of an
individual roll vortex, we should be able to compute the large
eddy velocities as a part of the ensemble-averaged mean velocity .
The numerical results may then be compared with the aircraft
observations published by LeMone . In addition to being a basic
flow structure of interest in its own right, such a comparison
between model results and field observations would provide a
further verification test of the model. The only model develop-
ment required for this calculation is the application of periodic
boundary conditions to the two-dimensional , unsteady program .

We propose to continue our investigation of the structure
and movements of sharp horizontal temperature gradients , i.e.,
fronts , in marine boundary layer. By combining an analytical
investigation of the relationships between the basic parameters

k..- ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~
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in a highly simplified model of the front as an internal wave ,
with detailed calculations usi. g our sophisticated two-dimensional
numerical model , we should be able to increase our understanding
of this phenomenon . We will look for frontal situations with
characteristics which may be anticipated to have an impact on
naval operations .

Our program ’s usefulness can be increased by decreasing the
computational time required . We have taken several steps in
this direction over the last year by changing the structure of
the numerical convective operator , by adding a quasi-coupling
between some of the equations , and by structuring the surface
boundary conditions to permit larger grid spacing . We expect
to continue this process of improving the program ’s efficiency.
We are particularly interested in achieving a sufficiently
significant decrease in computational requirements to make the
extension to a three-dimensional model attractive .

The current analysis of aerosol transport lays the founda-
tion for incorporating more cloud physics into our model. We
would like to pursue this far enough to at least include a
simple model of precipitation in our program . This will re-
quire carrying additional information about particle size and
growth.

~
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APPENDI X A

THE INTERACTION BETWEEN TURBULENT AND
RADIATIVE TRANSPORT

IN THE DEVELOPMENT OF FOG
AND LOW—LE VEL STRATUS *

by

D.  A.  Oliver , W. S. Lewellen , and G.  G.  Wi11~ amson

Aeronautical  Research Associa tes
of Princeton , Inc .

June 1977

ABSTRACT

A t urbulent—radia t ive  descr ip t ion  of the low level atmo-

sphere incorporating stratus cloud and fog is developed based

on the methodology of second—order c losure.  Exis tence criteria

for sur face layer fog are developed on the basis of the tur-

bulent description . Illustrative appl~caticr. is made to the

formation and structure of several fog and cloud episodes in-

cluding advective—radiative fcc, subsidence capped stratus

over the  ocean , and sur face fog resul ting  from the nocturnal

lowering of s t ra tus .

*To be published in the Journal of the Atmospheric Sciences ,
Feb. 1978.
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1. Introduction

In this study we examine the mutual interaction of

turbulence , radiation , and water condensat ion in the forma-

tion , s t ructure , and evolution of the atmospheric boundary

layer with  fog or clouds . We formulate a turbulent—radiat ive

theory of the atmospheric boundary layer based upon a second—

order closure description of turbulence which includes the

condensation , evaporation , and transport of water both as

vapor and liquid . The methodology of second—order closure

consists of extending the variables which describe the fluid

beyond the mean velocity ,  humid i ty ,  and temperature fields

to include the second—order turbulent correlations of these

variables.  This extended set of correlations is governed by

an extended set of conservation laws obtained by taking

exact second-.~order moments of the instantaneous Navier—Stokes

system . Closure is obtained by modeling the unknown correla-

tions which appear in the moment equaticns in terms of the

describing field of second—order correlations (Donaldson , 1973;

Mellor and Yamada , 1974; Lumley and Khaj eh-Nouri , 1973;

Wyngaard , et al., 19714).

The second—order closure model we apply has previously

been used to obtain accurate prediction of the Monin—Obukhov

s imilar i ty  func t ions  for the sur face layer (Lewellen and

Teske , 1973) as well as a detailed representa t ion  of the

diurnal variation of the atmospheric boundary layer over land

(Lewellen , Teske, and Donaldson , 19714), and the sea—breeze—land breeze

~
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cycle in the coastal planetary boundary layer (Lewelleri and

Teske, 1976). A similar second—order closure model has been

applied to the moist boundary layer (but neglecting the presence

of condensed water and radiative transport) by Burk , 1977 .

From such a turbulent—radiative theory, we obtain a

description of the dynamics of a cloudy or foggy boundary

layer. At the scale of the cloud itself we describe its

internal dynamical and thermal structure including the

distributions of turbulent heat and water fluxes and radiative

heating and cooling . Of particular interest at this scale

is the detailed behavior of cloud top mixing in which rad!at~ve

cooling and turbulence production are strongly linked. We

show that because of the unique radiative properties of the

water molecule , stratus cloud and thick fog layer tops are

not “burned away” by the sun ’s direct radiation; rather the

tops of such clouds and fog are evaporated away by turbulent

t ransfer  of solar energy captured in the cloud or fo~
inter ior .

At the  scale of the overall boundary layer , we descri be

the dynamics of formation and dissipatIon of cloud and fog

events subject  to diurnal or rnesoscale boundary and initial

condi t Ions .  In par t icular , we formulate  in sor ~e detai l  the

condi tIons  for exis tence of’ sur face fog In a turbulent surface

layer as well as th e  condi t ions  for d iurna l  lower Ing of

s t r a tus  to the sur ~’ace.

At oreseri t we carry out this  oro gra r ~. of ’ desc r ip t ion  and

i l l u s t ra t ion  ~.:Ith a one — di r ens lonal  ur.steady ar~ two—dime nsional

stead:.’ s ta te  vers ion  of ’ t u r b u l e n t — r a d i a t i v e  t heor y . ~!e t hus 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - . -- 5-- -- — - - -.-
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restrict attentIon to layer fog and stratus cloud . We expect

such a turbulent—radiative theory based upon second—order

closure to be instructive in the development and evaluation of

simple heat and moisture exchange models between the surface

and the general circulation (Lilly, 1968; Schubert , 1976;

Randall, 1976). Such a theory should also be complementary

to alternative approaches to detailed models of atmospheric

turbulence employing sub—grid turbulence modeling (Sommer~a.,

1976).

In Parts 2 and 3 we formulate the theoretical model.

We then illustrate its descriptive and predictive power in

application to surface fog existence criteria and the struc-

ture of fog in the turbulent surface layer (Part 14), advective—

radIative fog (Part 5), stratus cloud in the boundary layer

(Part 6), and diurnal lowering of stratus to the surface as fog

(P art 7).
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2. Turbulent description of the atmospheric boundary layer

The moist planetary boundary layer can be described by

Its instantaneous velocity field u1 , potentia l  temperature

, total water mixing ratIo q , and pressure p . These

variables are quite accurately governed by the instantaneous

Navier—Stokes equations in the Boussinesq approximation in

a coordinate system x1 = x1(x,y,z) rotating with angular

velocity in time t

~ u1
~— =  0 (la)

+ I .~L.. = g. ~~ 
_ 2E lJk ~~ uk (ib )

DO
. = S  (ic)

( id )

The gravitational acceleration Is g1 and Tr~ 
p are the

reference temperature and density of the undisturbed atmosphere

about which the Boussinesq approximation is made. The

source term for radiant energy is S and may be expressed

in terms of the total (direct solar and terrestial) radiant

heat flux vector q rad as

rad
1 ~q1

p p j

_ _ _ _ _ _ _ _ _  _____ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Our description is restricted to ncnprecipltating boundary

layers so that there is no source term for moisture In Eq.

(id). Consistent with this approximation , we will restrict

this analysis to equilibrium condensatIon so that the vapor

mixing ratio and the liquid mixing ratio are given by

= q + (q
3—q )H (q—q5

) 3a

= ( q — q 5 ) H ( q — q 5 ) (3 b )

where H(.) Is the Heaviside functIon and q5(p,T) is the 
•

saturation mixing ratio .

The conserved potential temperature e~ is related to

the absolute temperature T as

e 5 = T _ T ~~ + r z +~~_ q ~ ( 1 4 )

where r = ~‘C~ is the adiabatic lapse rate , L is the

latent heat of vaporizat ion , and z iS the coordinate along

which the gravitational vector gj  lies. The virtual poten-

tial temperature 0v is the act ive temperature in the

buoyancy force defined as

= T — T r + rz + (O.6l~~ — q~ ) T~ (5)

The potential  temperatures and are necessari ly equal

In a water—fr ee  atmosphere but not In a water—laden boundary

layer.  If all water IS in vapor for ~. so that  = q then

the energy equations expressed e i ther  in terms cf ’ 8 or O s

~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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are identical . Wi th  condensed l iquid  present  th is  is not so

and o~, and 8~ are related by
DO 5

= s 
~
(C
~
Tr 

— 1.61) Tr ~~~

showing that the condensation of water acts as a source of

virtual energy but not of potential  energy . Because of the

extensive role 8~ will play in the t urbulent moment equa-

tions , we represent the energy equat Ion , Eq. (l c) , in terms

of 0v and eliminate 8~ from the system :

DO
S + K

g~~
1 ( 6)

The vertical  velocity is w and K~~ and K
g are

coef f I cien t s generated from the vapor sa tura t ion  fur .ct ion

f l \  / 0  \

K 
~~ ) K~~ = j 

~ (7)S 
~~~

I-I

The parameters u , , , ~~ are

C
U = 1 + 1.61 YT = 1 + 1. 11

2 R
~~ 

(8)
= 1 + 

C 
= 1 + ~~~~~ q3~2

p m

Th e upp er values of K
3 

K
g 

apply away frort saturatIon

c ond i t ions ;  lower values aoply at s a t u r a t i o n .  ~~ and R~ are

gas cons tan t s  for  wa te r  vapor and air resteot l- :e y .  The oar a—

meter  is the 1o~ ar ith r t to  de ri .-a t I :e  of’ t~te saturation

rti:.:in~ r a t i o  wi t h respect  tc t er t oe ra tu re

_____________________________ -- - —~~~~~ ‘ -~~~~~~~~~~~~~~ -- .. - -- .- -—- . --
~~~---
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I
I (9)-

p

If the saturation function is given in the Clapeyrori representa—

t ion

q5 (p, T) = q5~ (~~~~~) 
exp [

~ 
(~~~~~ 

- 

~)] 
(10)

where 
~~~ 

, p , T~ are reference values at some state

then 
~T is given by

• 8T (11)

Equations (la ,b ,d) and ( 1 4 )  form the basis of the turbulent

descr ip t ion.  We now consider ‘ their  turbulent  ensemble average .

Denote the ensemble average wi th  an overbar and let a prime

denote the deviation from the average . The mean fluid equations

for 
~~ ~ ~~~~~~~~~~ 

q , are then

.~_ !=o (12a)

+ 1 .~2_ = — ~-L. (u’u )  + - (12b )

= — ~ (u 3 e~ ) + K~ S + K I ’ W (l2c)

= — .
~~-~~--- (ujq ’)  ( 12d)

in Eqs. (12) It is understood that the s~bstantia1 derivative

Is based upon the mean ve loc ity  u ., . In the ensemble

averaging,  we neglect  f l u ct u a t i o n s  in the coeff’Icients K , K .

I
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We now augment the fundamental set of mean f l ow  variables

to include the following second—order correlations:

ujuj (Reynolds stresses)

u~O~ (heat flux )

uj q ’ (mo isture f lux )

‘ O ’
(temperature—humidity

o,2 correlations and
_ _ _ _  

variances)

q ’~2~

These second—order correlations are governed by an exact set

of moment equations generated from the instantaneous Navier —

Stokes system (la—d ) (Donaldson , 1973; Lewellen , 1977).

Unknown second—order correlations and th i rd—order  correlat ions

which appear in the exact moment equations are modeled in

terms of second—order correlations leading to the following

closed system (Lewelleri and Teske , 1975)

D _ _ _ _  
eu ,, g.  

_ _ _ _  
g .  ____

~~~~- uj Uj  = -U~ U~ .

~~~~
— - + T~ 

u~ O~ + ~~~~
- ~~~~

— 2c Ik~
c?k u~u , — 2C

jZk~~ 
u~u~

‘ U 
r

: 
~~ 

~~~ (aA 
~
Xk) 

- 
~~ 

(
~~~J - 

~1~
q 2/3)

Ij  12i\ (h a)

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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5.-5•——•5.-_;-5~~~~~• 
-~~

..-~~- -- —- -5--.—- - 5.~•~
_
~-5_ _

~~~~~
—

~~~~~~~~~~ _~~~~~~~~~ 
•

A-iO

D’ ‘8’ = -~~~~
‘
~~~~~

‘ — 
, ‘

~~~~~ ~~~~~~ + ~-~ - ~~~~~~~~~ ~~ I .1 -
~~ V ~~X

j ~r

____ . / ~~; e ,’
— 2Cijk~

2j u~O~ + 0.3 

~

-

~

— ~qA— ~-ç——

— 0.75 ~~
- ~~~~ + K r  u~~w ’ (l3b )

~~ Ujq ’ ~~UjUj 
~

-

~~

-- - U~ q ’ ~~~~ + 
~~~~~ q ’ O ,’

~ 
/ ~ujq ’

— 2C ijk~
7j u~.q ’ + 0.3 ~~-~~— ~cA 3X

j

— 0 .75 ~ ( l3c)

D (
~~ v g1 \

~~~
. q ‘8~ = —u~j q ’ 

~~~
-
~~~

- — K
g 
r 
~ij ~~~~ 

— t t
~ ~~ 

ax~

~ ‘0’ ____

+ 0.3 ~~~~
_ (~ ~x j )~~~ 

- 0.145 ~ q ’O~ (l3d )

~~~
. O.~ = —2u~ G~ ~~~~~~~ + 0.3 -

~
-
~~~~

- 
(q~ 

~~— Q • 145 a ~ + 2K r w ’8’ (l3e)A v  v

= -2u~ q’ 
~~~~

— + 0.3 
~~~~

— 

(
~A 
)
~— 0.145 . q ’ 2  

- (13f)

In the development of Eqs . (13) correlations of the type

s ‘u~ , ~~ 
‘O~ , and S ‘ q ’ appear . These r ad Ia t ive  correla-

t io ns arise mainly  because of f l u c t u a t i o n s  in the r ad ia t ion

absorpt I on  c o e f f i c i e n t  for water  dr~ p1ets which in turn arise

~~~~~~~~~~ - . - —- -‘ —-- ~~~~~~~~~~~~~~~~~~~~~~ - -~~~~~~ -— — -‘- -—-~~~~~~ . - . 5- - -  ~~~~~~~~~~—-~~~~~ - —5.--.-~~~~~~- -—-
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because of the fluctuations in . ~le observe that these

correlations may modify the coeffici~~ ts of t he tur bulent

decay terms in Eqs. (13b ,d , and e); but their structure is

not likely to be modified. In the present calculation ,

we do not modify the coefficients of the model ifl Eqs. (13)

to ac count for poss ib le di f fe rences  in ra dia tive and molecular

di f f u s ion in small edd y destruc tion , since such e f f e c t s

re quire separate empirical conf irma tion an d we do not expec t

the modifications to be large .

The variable q appearing in all correlation equations

is the rms turbulence velocity. We note that each of the cor—

relation Eqs. (13) is a balance equation involving production/

destruction , diffusion , and turbulent decay . Three distinct

product ion/destruct ion mec han isms are opera tive in t he planetary

atmosphere corresponding to the first terms on the right—hand

side of the correlation equations . These three mechanisms

are mean variable gradients , buoyancy, and rotation (Coriolis

forc es ) .

Central to all turbulent decay and diffusion processes in

the correlation equations is the turbul ent scale A . This

scale function must also be deterrtined to conpiete closure .

The forrc of the scale equation is sirtilar whether one begins

w i t o  the two point velocity cooreiatitn to define an inte~ ra1

scal e , the dissipation function c = , or the vorticity

f u n c t i o n q/ . . In all cases one coefficients of the indi-~~dua1

terns nust be determined empirically. The forn of the scale

equa tio n use d In the presen t wcr~ is (Le’~el1en , l-9T7)

- — ---.5 -5.---  — -- I - 
-
~~~~~~~ •---‘----- -~----——‘ —•~ ..~~~
- —.~ ~~~ ~

—‘—
~~ ~~-—
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= 0.35 ~~~~
- u~ u~ 

~~~~~~ 
+ O •7Sq~ 0.3 

~~~~~~~ (~~~~ 
}~~

— )

- 
0.375 

(
~~~~
)

2 
+ 0 .8 u~ O~ ( 114)

The, correlat ions , q~~q~ , and q t q ’ (w hich do not

appear explicitly in the moment equations) are also useful.

/ q~ \For small f luc tua t ions  ( 1  << 1 these may be represented
\

q s/
in terms of the basic set as

= 
~ T + ~~~~ ~ q q ‘ + y ~ q~ 2~ (15 )

0 + 1
q 

q ’O~ ] (16 )

q~~~ = 
~T~s[~~ q ’e; + 1q ~T~] ( 17)

wher e
‘
5.

i 1 i’— . ol

~0 = ( H  1 (18)

\U/

and upper and lower values apply to nonsaturated and saturated

case s, respectively .

We now turn to the specification of the ensemble average

liquid water content which is given by

= tq—q 5
)H(q—q

5
) (19)

This average is not equal to the simple form

= 
~~~~~~~~~ 

(20)

This is because the liquid water content q~ is a ohysically

positive definite quantity. It may ~e seen that the contrib~~- ions

~ 

‘—-- - 5.-- Au
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made when ~+q ’ > ~5+q~ cannot  be ba lanced  by c o n t r i b u t i o n s

made when ~+q ’ < ~5
+q~ . Thus , the  form Eq . ( 20) is correct

only when the flow Is sufficiently saturated that no local

unsa tura ted  region is contained  w i t h i n  an eddy .

The exact specification of the average lIquid water ratio

may be calculated by takIng the moment implied by Eq. (19)

over the jo in t  probability distribution function f(q,q 5)

for  q and . Since the sta tist ical deta il of second—order

closure is l imited to second—order moments , the distribution

func t ion  f ( q , q 5 ) Is not known or desc r ibab le .  Only the

second moments of f may be elements  of the theory . The

liquid water  moment may be carrIed out by assuming the form

of f ( q , q 5 ) e . g . ,  a j o i n t  Gaussian distribution about the

mean (Somrneria and Dear dorff , 1977; :.:ellor , 1977) ,  however

it is possible  that  qu i t e  a r b i t r a ry  a r t i f i cI a l i t y  may be in—

jec t ed  into the theory at s i g n i f i c a n t  forma l expense by such

assumed d i s t r i b ut I o n  f u n c t i o n s . We adopt an equally a rb i t r a ry

but  much s impler  p rocedure  fo r  the  de t e rm ina t i on  of

which requires  assumptions about the nature of the averages

r a t h e r  than the  na ture of the d i s t r i b u t i o n  f u n c t i o n .

To account  for the f ac t  tha t  eddies may conta in  both

sa tu ra t ed  and un s a t u r a t e d  fluid , we d e f i ne a transItion regime

which separates c o mp l e t e l y  u n s a t u r a t e d  and comple te ly

sa tura ted  reg imes .  This  occurs  when the  m a j o r i t y  of the

fluctuations in q and give  q—q ~ and

opposite senses. This transItion regime may be defined as

oc cu rr ing whenever

- r - - - ~~
.5 5. ~~~~- —-—55— -5.
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~ > l~—~~l (21)

where ~ is a characteristic measure of the size of fluctua-

tion which may contain both saturated and unsaturated eddies :

= + ..ILJ~
T (22)

We then approximate the average liquid water content as

~ < t~ —~s l
= j  — — 

(23)

I~ ~~~~~~~~~~ ~ ~ k-q
5 1

Equations (2 3 )  have the correct l imi ts  of zero and q— q 5
when equality holds in Eq. (21). Further , if q ’ and q~
are each symmetrically distributed about their means , Eq. (23)

indIcates that when q = q 5 and q ’ (or q~ ) vanishes , only

negative q~ (or positive q ’) will lead to condensation .,

Th e coe f f i c i en t s  K 5 ~ K
g 

also require modif icat ion

in the t ransit ion regime . We s t ruc ture  these coeff ic ient s

In the t ransi t ion regime to vary lInearly between theIr

saturated and unsaturated values in direc t proportion to the

liquid water content . Thus , in the t rans i t ion  re gime defIne d

by the inequality (21) 
-

( 2 1 4 )

~ 
=(

~ 
- 

~~ 

(2 5 )

otherwise , K
5 

and K
g 

are given by Eqs. (7).

~.-~
‘e now remark on boundary condItions appropriate to the

system consisting of Eqs. (12) and (13). The boundary con—

dition on the mean velocity at the surface is given in terms 

— — 55— —-
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of the e f f e c t i v e  aerodynamic roughness  z 0 . Over water ,

the  e f f e c t i v e  roughness  heIght  z~ is ~iven by F’roude

s imi la r i ty  scaling (Charnock , 1955) .  We use the Froude

number based on u~ determined empirIcally by Wu (1969)

U~~ : 8 ( 2 6 )
I

~~~c 

-

Surface boundary conditions are applied at a reference

height z = Zr which is greater than z0 but suff iciently small

that two conditions are satisfied . First the characteristic

t ime of the dynamics of t u rbu lence , A/q , is small enough

so that the turbulent  quantities are in a local equilIbrium

balance between production and decay and , second , tha t Z
r

falls well within the constant flux region where the turbulent

flux of momentum , heat , or spec ies rema ins constant w ith

height. The boundary conditions applicable at Z
r 

are that

the gradients of mean flow var iab les are related to the

surface fluxes

u~ = ~u ’w ’~~0 , 8 = w ’8~~ 0/u~ , q~ =

through the ycnin—Obukhov similarIty functions (Lewelien and

Teske , 1973) :

aü U~~= i~~
— ‘~~~~

) (2()

0 ..
V — v~— ~e~~ )

= ~ ( c )  (2°~az i-~ 
-q

~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~— --_,-~~~~~~~~~~~~~~~~~~~- • , ~~~~~--- - - .5 - 
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In the above, k is the von Kàrmàn constant , Lm is the Monin—

Obukhov length
2u~ TLm = — 

~~~~~ 
(3 0)

and ~ is the height z nondimensional ized by The Monin —

Obukhov length. The similarity functions 
~u 

and f0 have

been determined empirically (Businger , et al., 1970) and

theoretically (Lewellen and Teske, 1973; Mellor , 1973).

Over the ocean surface , values for H and are

more likely to be known than the surface fluxes w ’q ’ L
w ’O ’ . In this case , Eqs . (27)— (29) are analytically

V
0

integrated between Zr and z0 and the surface  values

~~ 
applied.

At the upper boundary of the computa t ional  domain (which

lies outs ide the boundary l ayer )  we specify the lapse rate ,

geostrophic wind , and upper air water  mIxing rat io.  All

tu rbu lence  quant i t ies  are made to vanish at the upper boundary

for stable atmos pheres. Not ice tha t t he lap se ra te spec if ica-

tion allows the boundary temperature to be computed in the

course of the dynamics of evolution of the boundary layer .

This is particularly important because a diurnal radiative

cooling/heating in general exists on the boundary as well as

in the interior of the fluid.

Sample calculations using this system of equations and

boundary condi t ions  were repor ted ear lier (L ewel len and

_______________________________ _______ J
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Teske , 1975) without including the i n f l u e n c e  of coupl ing

to thermal radiation.

•

~
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3. Radiant heat transfer description

We separate the direct solar (short wavelength) from

the terrestial (long wavelength) fields. Each of these

fields is descrIbed in terms of the one—dimensional (z)

upward and downward frequency and angular averaged radiation

intensities F+ , . These intensities are governed by

the upward and downward transport equations in integral

form (Goody, 1964).

F~(z) = [F~~(z 0 ) — o’(z0)JT(z0,z) + o ( z )

t(z’,z) 
}~

-
~
- dZ ’ (31)

F (z) = [F (h)  - ~(h)Jt(h ,z) + ~ (z )

— T(Z ’,Z) ~~~ dz ’ (32)

The boundary values at the surface z = and boundary

layer “top ” z = h are F+(z0) and (h) respectively .

The radiative heat flux q rad is given in terms of ~~ F

for either radiation field as

q~r~~ F~ - F (33)

and the total radiant heat flux is the sum of the direct solar

heat flux and the terrestial heat flux . -

The absorption , scattering, and eroisslve p :operties of

the atmosphere are embedded in the source functicn c(z) and

I - 

~~~~~~~-- —• —- -•  —~~ - - • 5 . - - ---~~~~ -
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the transmission function t(z1,z2) between two levels z1, z2

We neglect scattering in the present analysIs. For direct

solar radiation , emission Is neglected and a(z) 0 . The

boundary intensity F (h) is set equal to the incident solar

flux at h while F~ (z 0) is determined by the surface

reflectivity. The transmission function T is modeled after

that of Manabe and Strickler (1964) for water vapor and CO2.

To account for liquid wa ter , we include a transmiss ion

t
~~i q l~ Z2) as a factor in the total transmission r of the form

T~ jq(Z1~
Z
2
) = exp (~~~~S ) (34 )

where m is the absorbing mass
z2

m = 

J 
p~ dz (35)

Z
i

~ is the diffusivity factor , and a5 is the specific absorp-

tion coefficient for direct solar radiation by water droplets.

Feigel’son (1964) notes that solar absorption is not sensitIve

to droplet size for wavelengths less than 2~i . Integrating

the spectral liquid water absorption coefficient tabulated by

Feigei’son over the direc t solar spec trum , we find

a
S 

= 16 cm 2/gm

For the terrest ial f ield , the source function a is set

equal to the integrated Planck function . For boundary condi-

t ions , we set F+(z
0

) equal to t he surface Fianck funct ion

and F ( H )  equal to the  t e r res t~~ai downward flux emitted by

t he  upper a tmosphere . The t r a n sm i s s i o n  f u n c t i o n  for water vapor

and CO 2 follows that of F’elgel’son (1970) with the lIquid

water transmission included as a factor in the transmission r

of th e form

- -  ~Ir~~~_ _ ,I -~~~~~~~- - -  
- - ~~~~~ 5.5.-~~
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4iq = exp (_~a
Tm) (35)

Here aT is the averaged liquid water absorption coefficient

for terrestial radiation which depends strongly upon the

droplet size distribution ranging in value from 200—1700 cm2/gm

(Feigel’ son, 1970) for spectra with average drop size radii

ranging from 14.~ to 7 u. We maintain the droplet size effect

on radiative absorption as a parameter through aT . Detailed

Inclusion of variation with droplet size requires prediction of the

droplet number density within a cloud or fog as well as the 
- -

liquid water content . Experimental evidence (Mack, et al.,

1974) does not validate the simplifying assumption of uniform

droplet density in space. Their observations indicate an

order of magnItude variation In drop let number density through the

boundary layer while mean droplet size varies by about 30

percent . A characteristic value of a T for fog and stratus

(mean drop radius approximately 6 ~ ) is 600 crn2/gm .

The sIgn i f ican t  d i f f e rence  be tween the absorp t ion  co—

efflcients cz~ and aT is noteworthy . The absorptIon co—

efflclents may be represented In terms of absorption lengths as

Lrad = 

aTp<q~~ ~rad 
= ______

and exhibited in Table I for various (spatial) average liquid water

contents . These values Indicate that water Is radiatively

more active with the terrestial spectrum then the direct solar

spectrum for drops in the 4—10 u range typical of fog and

c loud . This shar p di f ference in radiative emission/absorption 
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in the terrestlal and solar spectrum will influence strongly

the structure of cloud/fog cooling and the mechanism by

which direct solar radiation evaporates away clouds or fog.

We discuss these implications in Parts 6, 7, and 8.

Boundary conditions for terrestial radiative transport
+are F = 0 at the upper boundary and F = Bo (B~ is the

black—body flux) at the surface. For direct solar radiation ,

F is specified as the incident downward solar flux at the

upper boundary and F+ = tF at the surface where t is the

surface reflectance. The upper boundary for radiative transport

is set at the atmospheric scale height and the average liquid

water content and average water vapor content of the atmosphere

contained within the radiative boundary and the fluid upper

boundary is specified.

Table I.
Radiative absorption depths for fogs & stratus

~s,T . 1
rad

Average Direct Solar Terrestial
Liquid Water Radiation Radiation

Contents
<q~ > (g/kg) 

~rad
(m) irad (m)

Tenuous .025 - 20,000 600

.1 5,500 167

.2 2 ,700 ~3

.4 1,350 141

Dense .8 700 21
Stratus 1.0 500 16Top

IL- 5.— 5.5._s -—.5--— ---- 5. —-- -— - - -- ---5. - - - ----5.---- ----—- - . 5 - - - -
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4 .  Fog in turbulent dominated surface layers

We now take up the first of several Illustrative cases

based upon the turbulent—radiative model we have ‘ust developed .

We first consider the case in which turbulent transport

dominates radiative transport In a surface fog. This represents

a simple application of the turbulence theory and also allows

a useful extension of the M onin— Obukhov analysis of the surface

layer to include fog. The surface layer of the boundary

layer is that region in which the turbulent fluxes of water ,

momentum , and heat may be taken as constant .

In the absence of radiation and for fog layers within

the surface layer, the turbulent correlatIons for and q

are identical to one another (although dissimIlar to the

correlation equat~ions for u1). The distrIbutions of q— q 0

and e —O as well as their turbulent correlatIons must there-
S 50

fore be similar to one another and a function of z/L~ and

z/z0 only . Surface sImilarity leads to the formation of

the following theorem

I

L~~ . ..::1 T~~L~
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as essent ially noted by 0 . I. Taylor (1917):

All fluid states in a surface layer in turbulent
interaction must map onto a straight lIne in the
q— 6 5 plane which passes through the surface
state (q 0, O~~ ) and has a slope determIned by
the surface humidity to heat flux ratio q~/O~~ .

Thus, surface layer similarity provides the basis for existence

criteria of turbulent dominated surface fogs . In the q_0 5
plane of Figure 1, the surface state is denoted by “0” and

the straight lIne OCDE represents the distribution of q and

in the surface layer . The saturation function q 5 (p , T)

may be represented in q— O~ coordinates and is also shown

In Figure 1. [Over the range of the surface layer (z << Trr
’)

we neglect the variation of q5 with pressure.] The tangent

to the saturation curve at the surface is denoted and

is the thermodynamIc derivative with respect to temperature

in q 5—e 5 coordinates:

f a q \
= (38)

The slope O~ is simply related to the logarithmic temperature

derivatIve as

Bo = 
~~ W9~~

The Clapeyror . saturation function in q 5—0 3 coor dinates

become s asymctotic to a straight line with slope 
~÷ 

=
so

for large O~

— - —-7.--

~~~~~- 5..- —5.—— - - -----5.-—-- —-~~~~~~~~—- -~~- ---~~—~~~~~~ - -5.- .-
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For saturated conditions at the surface , any fluid

trajectory will be a straight ray emanating from the surface

point 
~~ ~~~ . Such a fluid trajectory entering the

region below the lIne with slope B..~ will be a fog—free

surface trajectory . This region is determined by the

saturation conditions which determine and the

turbulent surface layer condi tions which determine e
5~ ,

Thus , surface fog is not possible for

e~ < o , -~ —---— < B0
(140)

0 > 0  — > B
5* ‘ 0

s* 
0

In the region between the lines with slopes B+ and

surface fog exists adjacent to a cold surface and at a

finite depth as shown by the typical surface trajec tory

O—C—D-E , the top of fog being at D arid the maximum liquId

content at C . Above the line with slope B~ and

the q ax is , cold surface fo g agaIn ex ists , but it cannot

be bounded withiri the surface layer.

In the region of O~~ > 0 , warm surface fo g ex is t s . Suc h I
a fog may be bounded within the surface layer with a trajectory

completely analogous to 0—C— D— for cold surface fog or it may

be unbounded within the surface layer.

a 

--~ - _ __ 5._____  - 
-
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We observe that the ex 1
~~t~~ice or n on e x i st e n c e  of sur face

fog may be assessed directly in terms of the surface flux

ratio q~ /0 5~ and that the critical value of q~/05~ is

equal to the tangent of the saturation curve at the surface:

(q ~ \ = B
0

\ s*/ crit

Since most of our descr ip t ion  is cast in q—0 variab les ,
fq \ /q \ V

the relationship between 1~~—. ) and ( —
~~ 

is useful .
\ s*J cr i t  \ 0 v*J cri t

From the definitions of Eqs. (3) and (4), the relationship

between the fluxes , 0 and 0 ma-.’ be written as
s* v* -

= 
~~~ 

8
s* 

— (4 1)

where

X e = 

(~) 

A q = ~~~
Tr~~ 

.6l~

and lower values :~~~~y at saturation conditions. It thus

follows that /
I ~~*t o

f q~ — 
S~~

A _~~~~~~ m f ~~~~~~ \
V

~~~
/ it 0

For a cold surface fo g (e s. .  < 0)  a lar ge h u mi d I t y  f l ux

and small  heat flux promote fo~ f orn a t i o n .  Thus dry

-- ~~~~~~~~~~~~~~

_ - - - - --- - 

~~~~~~~
-5 .- ---- - -_ -- - - - -

~~~
- - - -- --- - .

~~~~~~~ -5.— 5. 
j
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nearly adlaoat ic air over—running a cold water surface fogs

easily . - On the other hand , for a warm surface fog (0
~~ 

> 0),

the flux rat io mus t be smaller in ma~n~ tude than the cr it ical

value . Hence , cold air with high relative humidity over-

running a warm surface will tend to fog. Further , for flui d

trajectories with q
~/0 . in the fo g regime the liquid water

distribution is determined by the dIfference between the

straight fluid trajectory OECD and the  sa tura t ion curve . In

partIcular, the maximum li quid water occurs at C and the

tota l height of the fo g layer occurs at D in FIgure 1.

An illus trative family of fog distr ibut ions as given by

Integrating the similarity functions from Eqs. (28) and (29)

is shown in FIgur e 2. Of part icular interest , is the structure

of the liquid water prof iles in the fo g layer for stable

> 0) and unstab le (~~ < 0) regimes. Stable fog layers

have maxImum q~ close to the surface and drop off sharply

in liquid water content up to their maximum depth. Unstable

layers are well—m ixed and do not show a pronounced maximum

- exce pt for very thin layers ~
/Lm << 1 . Ecth famIlIes

of fogs deepen and their maximum liquid water contents increase

as their flux ratios q~ /0 3 depart more from. the crItical

value .

Let us now determine under what conditions the sur face

fog layer may be dominat ed by t u r b u l e n t  r a the r  than rad~ative

transport . The sur face turbulent heat flux will be determ ined

by the temperature gradIent in the surface layer; but this

gradient will also determine the maximum liquid water developed

in the fog layer and hence the radIative emission from the

layer.

__________________________ -5.— - —5.- -—
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For a radiatively thin fog layer (5/t raä << 1) it is

possible to estimate the radiative to turbulent heat flux

for the fog layer as

grad 
4(aT~)~~~ _)(B0 -

t urb
q u~

/ q
For the nominal condition of a 300°K surface , 

(~
3~ — .~

!_
,
) 

.00002,

and a 500 cm /gm ,

qrad ~ ~ £n(~ /z)~~ (44)
qturb 2000 u~

a result which depend s only upon the strength of the wind

and the depth of the fog. We see that it takes a relatively

strong wind to make qrad negligible compared to qturb

For ~ = 10 m , = 1O~~ m , a surface shear velocity of

u~ = 0.6 rn/sec (corresponding to a neu t ral  wind at 10 meters

of l1~ m/sec) or greater is required to make qrad less than

10 percent of qtur b 
. We conclude that radiat ion p lays a

significant role in most surface  fogs of depths greater than

a few me ters .

nr cT~~~1~
U 

~~

_ _ _ _ _ _  - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - --~~~~~~~ - - - — -
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5. The boundary layer wIth advective—radlatlve fog

We return to the full turbulent—radiative description

[Eqs. (12), (13), (31), (32)] to Illustrate the more general

case of fog formation with both radIant and turbulent trans-

port . We wish to utilize that description to predict the

formatIon and structure of a commonly observed class of

coastal fogs over water in which convection and radiation

play equally important roles. Fogs are frequently found to

occur in coastal regions subject to strong upwelling and non—

uniform surface temperatures where winds bring the surface

air from a region of cold water onto a region of warmer water

(warm surface fog). Such fogs have been reported and documented

by Mack , Flu e ’, and Koc1~tond (1973), and Leipper (1948). As an

example of such advective—radiative fogs predicted by the

present model we consider the following archetypal situation .

A stable , steady boundary layer running over constant temperature

water is incident on a region of linearly Increasing surface

temperature. As a result , an unstable mixed layer will be

initiated and fog may form in the newly developing layer.

The incident profiles for this illustration are characterized

by an q~/e~ 
= .00015 under conditions where

/q~ \( — 1  = .0006
\0v*J crit

The full profiles are determined by wind ve loc i ty  of 2 . 8  rn/sec

and an absolute temperature difference of +1°C at z = 20 m

elevation above the sea surface of T = 13°C . Thus , the 
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incident flow Is In the cold surface fog—free regime (Fig. 1).

Direct solar radiation was suppressed (simulating nighttime

conditions). The surface humidity was maintaIned at its

saturation value at the surface temperature . Surface tempera-

ture linearly increases from the origIn by 0.5°C in 3 kin. The

response of this layer is shown in Fig. 3. The combined action of

Increasing surface temperature and radiative cooling generates

a fog layer which grows as the air is convected over the warmer

water. Near the origin of the change in surface temperature

(x = 100 m) a thin fog layer of about 18 m depth exists with

maximum liquid water content just above the surface. At 1000 in

the fog layer has grown to about 40 rn and at 5000 in the layer

is 100 in deep . At this dept h the liquId water content has

developed two relative maxima : one near the surface and one

near the fog top . ThIs is because the 100 m deep fog bank

IS no longer radiatively thin (Table I) and fog—top radiatIve

cooling is beginning to dominate over surface radiative cooling .

The early stages of a temperature inversion formation at the top

of the fog bank are also In evidence.

After the change from stable to unstable conditions

and the onset of radIative cooling , the local

shifts to a value of 0.0008. Such a flux ratio places a turbulent

dominated layer In the warm surface fog—free regime of Figure 1.

Fog nevertheless exists in such a layer because of the radiative

cooling present. A convenient measure of the effect of radiation

in a fog layer of thIckness 6 Is an effective radIative flux

~r~d defined as 
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Figure 3a. Temperature and liquid water content profiles in an
advective-radiative fog at x = 100 m
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Figure 3b. Temperature and liquid water content profiles in an
advective-radiative fog at x = 1000 in
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Figure 3c. Temperature and liquid water content profiles in an

advective-radiative fog at x = 3000 in

I 

---~~~~~~~~~~~~ -~~~~~~ - -- --~~- - — -~~~~~~ - - - ~~~~



_____ --- 5. - -5.-- - - -5.-- -,

A-35

u*e*
r~~ = 

1 
J 

~~qra
d)

Direct comparison of 0~ad with 0 provIdes an assessment

of the strength of radIation transport compared to turbulent

transport in the fog layer . For this warm surface advection

fog, 0 ~~~~~ is approximately 0.5 . The role of radiation

is therefore pivotal in its evolution .

The structure of radiative cooling in the fog is shown

in Fig. 4. In the first 1000 in , max imum , radiative cooling

is concentrated at the surface but then begIns to shift up—

ward into the center and top of the cloud bank as it becomes

radiatively thick to terrestial radiation . The turbulence

level depicted in Fig. 5 shows a steady increase in x as

the unstable mixed layer grows with the maximum t urbulence

levels concentrated in the center of the cloud bank.
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ISOPLETHS OF
RADiATIVE COOLING

I -..rad
125.. — ,~ V q

Max cool ing= 1.33 °C/hr

100..

Z~:

SO. . 

~~~~~~~~~~~
25~~~~~~~

(7 
—

0
0 1000 2000 3000 4000 ~ 000

X , M

Figure 4. Radiative cooling distribution in advective-radiative
fog. Note shift of maximum cooling rate away from sur-
face to top of cloud bank as fog bank becomes radiatively
thick (6 3 ~T ~rad
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TURBULENCE LEVEL
ISOPLETHS (q2)

125 . . .357 m 2/sec~

~~~~ ____________
0. t

2_ 
I ~~~~~ I

0 1000 2000 3000 4000 ~ 0O0

X ,M

Figure 5. Turbulence (q2) distribution in advective-radiative fog. 
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6. Boundary layer w ith  s t ratus cloud

A boundary layer over a large expanse  of wa te r  capped by

a subsidence inversion will turbulently ingest moisture from

the surface. Long wavelength cooling of’ the water vapor

laden air may then lead to condensation somewhere wIthin the

layer. Stratus formation brought about by such a sequence

represents one of the simplest and most basic cloud episodes

possIble In the atmospheric boundary layer. In an expans ive

basIn or region influenced only by advectlon in the form of a

steady subsIdence , a periodic steady state may form in which

a solar driven diurnal cycle exists about a mean boundary layer

state with a steady mean Inversion heIght controlled by the

ra diat ive con dItions (season an d latitu de) , surface tem pera ture ,

and upper conditions (wind , water con tent and sub sidence) set

by t he lar ger c irculat ion. We proceed next to Illustrate such

an episode and to  relate that illustration to occurrences  of

expansive stratus layers (where the one—dimensional unsteady

versicn of turbulent—radiative theory would be app lI cab le )

such as the summer stratus layer alon~ and o f f  the coas t of

California.

The conditions for this illustration are selecbed to

generally conform to the conditions for summer s t r a t u s  aion ~

the California coast as descrIbed by ~:eiberger (l9-4~~) an d

more recently observed by ~ack et al. (197~ ) .  S ur f o ~~e bour i ~~-~ ”

conditions are established for a fixed temoer~~ure sea ~~~~

of 17°C , surface wate r  m i x i r i~ r a tI o  a~ sat u r ~ t i n , a — ;  -

~‘~ u~ hness determined by ~ rcude  s ca l i ng  ‘ .

L~ 
_____________5.-— - .  -— .- --
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conditions are for latitude 40°N at summer solstice. Geostrophic

conditions set an upper level wind of 10 rn/sec and a subsidence

whose characteristic value is .5x10
_6

sec
_1 

(Neiberger, 1961;

Lilly, 1968). Initial conditions (which will be lost after

several days of simulation) were selected to correspond to a

mildly stable temperature profile of lapse ~O~/~z = .003°C/rn

and clear sky with an initial relative humidity of 0.9. The

calculation is begun shortly before sunset the first day and

runs for six days. Behavior during day-light hours must be

considered somewhat approximate in the present illustration

because droplet scattering of direct solar radiation would

reduce solar penetration into the cloud interior.

The quasi—periodic evolution of cloudiness in the boundary

layer is shown in Fig. 6. The stratus grows both downward and

upward during nocturnal periods and thIckens until sunrise when

the solar heating begins to disperse the stratus. Radiative

cooling is dominant at the cloud top as shown .iri Fig. 7, and

produces an unstable lapse rate within the cloud and a corres-

pondingly enhanced turbulence production which Is also maximum

in nocturnal periods and in the upper portion of the cloud

(Fig. 8). The radiation cooling at the cloud top strengthens

the capping inversion which oscillates up and down over the

period of the diurnal cycle (Fig. 9).
a

We note that the predicted cloud base in these diurnal

cycles is highest in late afternoon and lowest in early morning

(Fig. 9) while cloud top is highest in early morning and lowest

in late afternoon. Correspondingly the inversion height is

highest in early morning and lowest in later afternoon——a
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LIQUID WATER ISOPLETHS , ~

Max liquid contenf = .561 g/kg

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
fr Night —’~- Day ~— Night —’~

12 1$ 24 6HR 12 1$ 24 6HR 12
Time, (day, hour)

Figure 6. Diurnal variation of liquid water in stratus cloud formed
in a subsidence capped boundary layer .
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ISOPLETHS OF RADIATIVE COOLING
I

Max cooling:5.3 °C/hr
800 _ _ _ _ _ _

‘5 °“

400

aoo
~~~~~~~~~~~~~~~~~~r

15 %~~~~~~~~~1’ 
~~~~~~~~~~~~~~~~~~ ~~ 

6D
12 18 24 6HR 12 18 24 6HR 12

Time (day, hour)

Figure 7. Distribution of radiative cooling/heating in stratus cloud .
Note net heating occurs deep within the cloud interior .
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TURBULENCE LEVEL ISOPLETHS (q2)

Max turbu lence 1.21 m 2/sec2
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12 18 24 6 H R  12 1 8 24 6 H R  12
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Figure 8. Distribution of turbulence in diurnally varying stratus cloud .

_ _ _ _ _ _ _ _ _ _ _ _ _ _  -- .“- ~~~~~~~ -- -  -- .- - -~~~~~- - - ~~~ - -  -



- - -
~~~~~~~

—
~

-
~~~~~~~~ ~~~~

—
~~

-—--- —---- -
~ 

—
~ 

- = - --—-•
~~~
-

~
——- —-—.

A-43

w
C)

4-4

3 H ‘do4 JO 3 q ‘ asoq ~~f lOj 3

o o 0 0o 0 0 0
x N 0

I i i i i • i i

o z — II— I
~~~~~~ 

—TN
I

( “N

~~~

z ~~

. ~ O~~ ~~
o~~ - - —

j ~~

;

Cfl~~~~~ 

j
V C)

4-4
0

I COo 0 0 0— 0
N N — — 0 I r4o 0 0 0 0 0 4J

3~~S/W 3~ 
‘ 0(~~9, M)

Cd
I I I I
o 0 0 0

N N — — 0o 0

~es ,ww ‘ O(, b, M)
-‘-I

a)

~~~~~~~~~~ -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~-- --.



- -_-~ ‘~ -~~~_-~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-.
~
--- 

~~~~~~~~~ 
- —.---—--—-----—- - --

A-44

result which is opposite to that for inversion height cycles

driven by solar heating In the cloud-free bo’undary layer

(Lewellen , et al. ,  197k). This predicted result is in accord

with the stratus observations of Neiberger (19h’4 ) as well as

those of Mack et al. (197k) in which they detected a diurnal J
variation of inversion height In the presence of California

coastal stratus which regularly showed maxima in the early ‘i~
morning. It is, of course, the radiative—turbulent drive of

cloud top cooling which allows the radiating layer to propagate

condensation upward during the night while turbulence cools the

cloud interior below.

Some summary aspects of this il1ustra1~ion in comparison

with the observations of Mack et al. (197k) which guided the

choice of boundary conditions are as follows . The typical

liquid water content of the theoretically generated stratus

was 0.1—0.2 g/kg compared to 0.1—0.3 g/kg observed. The

average height of stratus base was 50—200 m (theoretical)

compared to 0—200 m (observed). The average height of stratus

tops at maximum Inversion were 600—800 m both predicted and

observed . The theoretically predicted cooling rate 100 in

below cloud top between 1 a.m. and 3 a.m. local time for the

last two days of the simulation was 0.023°C/hr compared to

values of 0.025°C/hr between 1 a.m. and 5 a.m. observed by Mack,

et al. The amplitude of the vertical diurnal motion of the cloud

base was 100—150 in predicted compared to observations of

50—150 in .
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7. Surface fog resulting from the lowering cf stratus

We have seen that radiative-turbulent coupling of sub-

sidence capped stratus layers propagates the base downward

during nocturnal cooling . If the base is propagated corn—

pletely to the ground, a fog is formed at the surface. This

class of fog event is common in coastal California during

periods of strong subsidence and has been described by

Leipper (1948) and Mack, et al. (1974). Several atmospheric

fluid mechanisms have been postulated to explain this class

of fog event including vertical convection driven by the

sea breeze—land breeze cycle (Neiberger, 1944), and radiative

cooling of stratus during the night (Mack, et al., 1974).

The single necessary condition all observers note for this

class of fog is the existence of the late afternoon or early

evening Inversion height at about 400 m or lower . The

typical clear summer afternoon temperature profile is as

Indicated in Fig . 10, as measured by Mack et al.,(1974).

A strong upper inversion eiclsts above the inversion height

z1 with lapse rate F1~ typically about .04°C/rn . A transi-

tion region of thickness ~z = 40 in exists above z1 with

a lapse rate of .01°C/rn while below the inversion the lapse

rate is — .015°C/rn . We begin our prediction with such an

initial profile over a fixed sea surface state utilizing

the r~ode1 of Parts 1 and 2 In the vertical one—dimensional

(z) unsteady version . Initial relative humidity is .97 in

the regIon up to the Inversion falling off to a value
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corresponding to a mixing ratio of q = .001 over the region

of the transition zone. The calculation is done for solar

inclination at solstice and begun at 7 p.m. in the evening.

Several calculations were carried out with the height Z
i

as a parameter. For z1 = 300 m , the atmosphere begins to

cool after sunset through long wavelength radiation brought

about by the water vapor in the air. At about 1 a.m. the

following morning, stratus forms extending from 230 m to

300 m . After condensation begins the stratus grows both

downward and upward . The cloud propagates downward to within

about 140 m of the surface at which time (5 a.m.) the cloud

top propagating upward exists at 450 rn . From this time on,

the cloud base continues to lift and both base and top

propagate upward .

For z1 = 200 in the same dynamic occurs . In thIs case,

however , the downward propagating stratus reaches the surface

by 5 a.m. and remains until 7 a.m. when the cloud base lifts

off the surface (Fig. 11). It can be seen from Fig. 11

that there is an indication that surface fog forms just

before the stratus base reaches the ground and propagates

upward to reach the downward propagating base, the two

coalescing together at about 10 m elevatIon. During this

period the stratus top grows from 230 in to 350 in . Through the

remainder of the day the cloud top moves upward and the cloud

base lifts until by mid—afternoon the top exists at 400 in while

the base exists at 225 in

As can be seen in Fig. 12, the afternoon (3 p.m.)

cloud has thinned (approximately 200 m deep) compared to the
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STRATUS FORMATION AND LOWERING

LIQUID WATER ISOPLETHS

so0.

~max 
.47 g/kg

400 .

100,.

0. 
~ 0

SUNRISE TIME , HRS

Figure 11. Evolution of fog resulting from the lowering of stratus .
Fog shows some tendency to form at surface just before
downward propagating stratus reaches the surface. 
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STRATUS LOWER ING CASE

LIQUID CONTENT PROFILE

500 .

3 P M
400.

300 . 
_ _  _ _  5 A M
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7 7
200 . ,ç [3OAM

7

100 ,

0.~~~~
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.

~~~

L IQUID , G / K G

Figure 12. Variation of the liquid water profile in a stratus lowering
fog. Stratus forms at about 1 am, is lowered to ground
at 5 am, and lifted at 3 pin in the following afternoon . 
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early morning (5 a.m.) cloud (approximately 350 in thick) and

the average liquid water content is reduced about 50 percent .

This is due to evaporation brought about by direct solar

v.a~1at~ on during the daytime .

The measurements of Mack et al., (1975) ~-f liquid water

content in stratus lowered to the surface and for conditions

typical of the present calculation indicate liquid water content

ranging from 0.1 to 0.2 g/kg and increasing from the sur-

face upward into the cloud . This trend Is consistent with the

calculated results although the calculated water content is

less than measured most likely due to the presence of drizzle

in the measured case.

In Figs . 13 and 14 the corresponding distribution of radiant

heating/cooling is shown. Here we see a manifestation of

the large difference between direct solar and terrestial ’

absorption lengths . Because of the strong terrestial absorp-

tion and emission of the water droplets the cloud top is in

strong radiative cooling which dominates over solar heating

even In daylight hours. Direct solar radiation Is absorbed

much deeper within the cloud Interior and this deposited

energy transferred as heat by turbulence to the surface.

Evaporation by solar heating occurs rather uniformly through-

out the cloud because of the long absorption length for

solar radiat ion. Strong cloud top cooling brought about 
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STRATUS FORMATION AND LOWERING

ISOPLETHS OF RA DIATIVE HEATING/COOLING

°C/ H OUR
8 .72
6 

- 

.54
I ....rad 0 .36

~ p c~~~
C1 T — .828

2 —1.656
soo 3 —2.484

4 —3.312
5 —4.14

400. .

100

0_
c

SUNR(S E~~ TIME, HRS

Figure 13. Radiative cooling/heating distribution in a stratus
lowering fog. Maximum cooling is concentrated at cloud
top . After sunrise, net heating occurs , but deep
within the cloud .
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STRATUS LOWERING CASE

RADIA TIVE HEATING/COOLING PROFILES

_____  

radQRA D — V qp Cp

500. 

~~~~~~~~~~~~ — —
400 —6.14°C/hr

C loud
300. . 5 A M — / 3 P M

- -

Z,M —6.84°C/hr

200. . 

C I o u d
I~30 AM 5AM

100 . . /

0. I I 4

—1 .44 —1.08 -.72 — .36 0 .36

QR A D , °C/hr

Figure 14. Profiles of radiative cooling/heating at 1:30 am (stratus
just forming), 5 am (stratus on the surface), and 3 pm
(stratus base lifted). 
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A-53 BEST ‘AVAI LAB LE COPY
by the short terrestial absorption length provides the

instabIlity and turbulence production machinery for the cloud

to t urbulently transport the heat deposited by the sun in

its interior . The details of this turbulent transfer can

be seen in Figure 15 where the turbulent heat flux is shown

directed from cloud base to cloud top . It should also be

noted that heat flows turbulently downward above the cloud

top to the strong radiatively cooling surface. This heat

flux Is supported by the turbulence which has d i f fused  a

few tens of meters above the cloud top into the strongly

stable region above the cloud . -

It is noteworthy that the corresponding turbulent

moisture flux shown in Figure 16 is always positive representing

a continuous flow of water from the sea surface upward into

the cloud . At no time (after stratus formation) durIng the

course of lowering and raising was the water flux negative

indicating a diffusion of water downward from the cloud

to the region below the base . Hence , the relative downward

flow of water from a radiatively cooling cloud could- only

take place by precipitation which is not included in the

present calculation.

PrecIpitation transport of water down to the subcloud

region will enhance the liquid water level in that region . The

measured liquid water content shown iii Fig. 12 is greater than

predicted most likely because of the drizzle present in the mea-

sured case. The present theory does provide some insight as to

the appropriateness of the entraininent hypotheses upon which

simple cloud top mixing models are based (~~~ll y ,  196€ ; Schubert ,



_ _ _ _  - - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -- -_ - ~~~~~~~~~~~~~~ -- -  ‘ -  _ - - - -~~~~~~ -U ’

A-54

STRATUS LOWERING CASE

500 -

400 ~~~ 

~ Jo U d
3PM

200 -

5 AM/
/ Cloud
/ 5AM

100 - I~30 AM

_ _ _ _  I I I -

-.01 0 .01 .02 .03

w ’6,’, m °C/sec
Figure 15. Turbulent virtual heat flux for a stratus lowering fog

at time of stratus formation (1:30 am), lowering to sur-
face (5 am) , and l i f ted state (3 pm) .
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STRATUS LOWERING

MOISTUR E FLUX
500 -

E 3pm 
— —

.. 400 -
ci)
>a)

— Cloud
~ ~~~~~~~~~ — -  

3PM

1:30am
-g 200 -

C
o Cloud

5AM
> 100 -ci)
U

0 1 _ _

0 .0! .02 .03 .04

w ’q ’, mm/sec

Figure 16. Turbulent moisture flux corresponding to the times and
conditions of Fig. 15.
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1976). In Figure 15 the dis t r ibut ion of the turbulent  heat

flux In diurnally varying stratus indicates that the virtual

heat flux is positive throughout the mixed layer and has a

positive definite average over the layer and through the

cloud top where a small region of negative flux exists. Thus,

Ball ’s hypothesis that the average should vanish (Ball , 1961)

and the corresponding maximum entrainment condition which

follows from it is not descriptive of a cloudy layer. The

present turbulent- radiative theory Indicates that although

the virtual heat flux undergoes significant diurnal variation

(nearly vanishing when the sun is at its maximum radiance), it is

always directed upward from sea to cloud In the sub—cloud

region. Further, the long wavelength radiative heat flux

is about 10 to 20 percent of the turbulent virtual flux

in the night and much greater than the turbulent flux during

sunlight hours in the sub—cloud region . Hence , on average

radiative transport is as important as turbulent transport

in the sub—cloud region.

The overall turbulence levels are shown in Figure 17.

In the early morning when stratus covers only a small portion

of the initial mixed layer the turbulence levels have a typical

dry mixed layer structure . After  the cloud base rIses , the

confinement of radiative cooling to the cloud top and the

presence of heating in the cloud interior skews the dlstribu—

tion to concentrate and locate the maxlr.um turbulence levels

near the cloud top .

The evolution of the temperature profiles shown in

Figure 18 indicate a steadily intensifying cloud—top inver—

~~~~~~~~~--‘- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~_
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STRATUS LOWERING CASE

TURBULENCE PROFILE

500.

400 . 
—

3QQ ~~~ 3PM

Z, M

q 2 , M 2/SEC 2

Figure 17. Turbulence levels in a stratus lowering fog.
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STRATUS LOWERING CASE

TEMPERATURE PROFILE

500. , 
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300. .
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Figure 18. Temperature profile evolution in a stratus lowering fog.
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slon compared to the weaker inversion characteristic of the

clear sky initia3 state. An inversion of approximately

0.15°C/rn in the early morning before sunrise is con

sistent with  the measurements of Mack et al . ( 1974 ) .

It is of interest to follow the evolution of q,/9

for a stratus lowering fog as shown in Figure 19. Since

the atmosphere cools over a fixed temperature surface, this

fog falls into the warm surface class. It can be seen that

the surface is initially far form critical . During the night ,

falls rapidly towards the crItical value but never

- quite reaches i t ;  yet surface fog does exist . Turbulent

existence criteria do not apply fully here because of the

radiation cooling present . If’ we define an effect ive  as

(0 ~,) byV eff.

(0 ) = ~ + 0rad
v* eff. v*

and calculate over a region 6 where the heat flux
*

is approximately constant , we obtain a 15 percent effect of

radiation In the surface layer which tends to elevate

( q */ e ~~
) . This adjusted value is denoted (~~/0~ )crit. * eff.

It can be seen that such a radiative adjustment brings the

actual q~/e~~ into the surface fog regime during most

of the period for which the cloud base was at the surface.

This calculation indicates that radiation cooling, and

the corresponding turbulence production it effects at a

stratus top, cools the atmosphere and propagates the cloud top

upward and cloud base downward . The effective region over
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STRATUS LOW ERING CASE
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Figure 19. The evolution of q~ / e~~ for a stratus lowering f og.
Correction of (q~ / O~~) for radiation leads to (q*/Ov*)~ fflocating the lowered stratus in the warm-surface fog
regime of Fig. 1.
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which the cloud base may be propagated away from the top by

t urbulence production at the top during the nocturnal period

is determined by the long wavelength radiation absorption

length and by the turbulent scale length over which turbulence

may be diffused downward from the top to the base. For

these typical stratus conditions used as the basis of the

calculation, we find the region to be 350 m (Figure 13).

The empirical observation that the downward propagating

stratus base can reach the ground during nocturnal cooling if

the cloud top is at 400 rn or lower is quite consistent with

this result .
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8. Concluding Remarks

The interaction between turbulent and radiative trans-.

port in the development of low level cloud and fog has been - 
-

explored using a second—order closure model of turbulence .

We find that existence criteria for turbulent dominated sur—

face fog may be established on the basis of a critical tur—

bulent huznitity to heat flux ratio. Thermal radiation is shown

to play a significant role in such atmospheric fog and stratus

cloud events. Illustrations of the dynamics of a turbulent ,

radiatively coupled low level atmosphere for warm water fog

and subsidence capped stratus show consistent quantitative

features found in observations of such fog and cloud . Inversion

heights with cloud in the boundary layer are predicted to have

maxima In early morning and minima in late afternoon in

contrast to the diurnal behavior of inversion heights in a

dry boundary layer. Stratus is shown to propagate both down-

ward and upward during nocturnal cooling periods under the in-

fluence of the radiant/turbulent driving mechanism located in

the cloud top. If the late afternoon Inversion height is

low enough, the stratus is predicted to reach the surface.

The Important effect of the large difference between solar

and terrestial radiative absorption coefficients for liquid

drops on the turbulent behavior of cloud and fog is made mani-

fest in these Illustrations. That disparity in radiative

interaction is one of those small but vital differences

characteristic of the planet . It is somewhat akin to the

L. , . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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density maximum of’ water at 4°C whIch allows ice to float and

thus has enormous implications for bodies of’ water on the earth ’s

surface. If the solar arid terrestial radiation absorption

lengths bore the opposite relationship to one another, cloud

tops would be heated by the sun while the cloud interiors

cooled to space leading to stabilization and the cessation of’

turbulence production by the cloud top cooling mechanism.

Evaporation of the cloud interior down to the base would be

delayed until radiative “burning away” of the stratus progressed

downward devoid of the mixing influence of turbulent transport .

Cloud structure and cloud dynamics would be significantly

altered arid, we imagine, so too would our atmosphere .
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APPENDIX B

CO~~ARISON OF THE A .R.A.P. SECOND-ORDER CLOSURE MODELWITH MEASUREMENTS IN A MARINE BOUNDARY LAYERt

We now compare the predictions of the A .R.A.P. second-order
closure model with measurements of the fluid dynamic behavior of
a marine boundary layer.  A carefully studied data case to be used
as the basis of the comparison is that of Pennell and LeMone for
the trade-wind boundary layer (Pennell and LeMone , 1974) . These
measurements were taken for the mean profiles of velocity , tempera-
ture and water mixing ratio and the corresponding turbulent stress ,
heat flux and moisture flux fields. A full comparison of the
A.R.A.P . predictions of the dynamics and evolution of the boundary
layer would require measurements of the fluid state at art initial
time and at some subsequent time . Unfortunately such sequential
measurements are not presently available. We are thus only able to
provide a verification of the consistency of the A .R.A .P. model
in the sense that the turbulence co-existing with the measured
mean profiles is well-represented by the turbulence correlations
predicted by the A.R.A.P. model and based upon the measured mean
profiles.  A more comp lete verification of the A . R . A . P .  model
must await the availability of turbulence and mean profile data
taken over several different  time levels.

In Figs. 1 to 3 we indicate the mean profiles of velocity ,
temperature , and total water mixing ratio taken from Pennell and
LeMone (1974) and Sommeria-Klein and Lel4one (1977) for the NCAR ,
Puerto Rico experiment. The data points were used as initial con-
ditions for the A .R.A .P. predictions . The sea surface temperature
was held fixed at 25.9°C. The reference time of 1200 hours denotes
that the solar radiation input corresponds to starting the calcula-
tion at noon. The mean profiles evolve relatively slowly until
significant cloudiness sets in after approximately four hours.
The consistency of the model predictions can be checked by com-
paring the turbulent flux profiles during this slow evolution of
the mean profiles with those measured concurrently with the mean
profiles . Figure 4 shows the variation in the shear stress over
a five hour simulation period. In the mixed layer the predictions
agree quite well with the measurements. Note , in particular , that
the model has no adjustable input at the surface. The effective
surface roughness depends internally upon the predicted uw
Thus the agreement of the surface value with the data is an im-
portant achievement for the model. There is some discrepancy
between the observations and predictions at the top of the mixed
layer where an undershoot is predicted but not observed. The
undershoot intensifies when clouds develop .

In Fig. 5 we show the same shear stress profiles but also
include a predicted result for this case based on the NCAR subgrid
TThese comparisons were made by Owen Coté while on leave from
Staff  Meteorology , Air Force Systems Command , Hamscom A}B, Bedford ,
Mass. 
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turbulence model (Sommeria-Klein and LeMone , 1 9 7 7 ) .  It  can be
seen that their model also predic ts  an undershoot  which increases
with cloud activity .

In Fig. 6 the vertical velocity variance is shown . There
is general agreement between both model predi ctions and the data
in the mixed layer below 600 m altitude . ‘;he character  of the
A.R.A.P. prediction and the NCAR prediction above the mixed layer
is similar in that both show a strong increase in o ,~,, as clouds
develop .

The virtual potential temperature f lux is shown in Fig. 7.
Again , there is quantitative agreement between both predictions
and the data in the mixed layer and qualitative agreement between
the two predictions above the mixed layer .

As discussed in Section 3.1 the biggest discrepancy between
the ITCAR model results and the A .R.A .P. results is the prediction
of liquid water content after the clouds develop . There is from
1 to 2 orders of magni tude difference in the predicted value of
average liquid water content . This difference remains to be
resolved.

Similar calculations for comparison with data from GATE day
September 15 (LeMone , 1977) have also been made . The results
of this comparison were quite similar to the ones shown here for
the Puerto Rico case but with somewhat more scatter in the data .
We show the fluxes of momentum , temperature and water vapor in
Figs . 8 and 9.

We reiterate tha t these comparisons can only be used to show
a general consistency of the model. The comparisons cannot be
used to make a careful assessment of the accuracy of the model.
This will necessitate a more detailed specification of the experi-
mentally-observed boundary conditions .
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APPENDIX C

ANALYSIS OF A FRONT MOV ING IN THE
PLANETARY BOUNDARY LAYER

by
H. Segur

The occurrence of atmospheric fronts in the mid-latitudes
is a common meteorological event. These fronts , which carry
with them relatively sharp temperature discontinuities , exist
both on a synoptic scale (e.g., polar fronts) and on much
smaller scales (e.g., thunderstorm gust fronts and sea breeze
f ronts) .  During the period of the present contract, we have
begun to study the detailed local structure of an atmospheric
front, using a combination of analytical and computational
methods . In this section , we present some of our preliminary
results.

On a cyclonic scale , the development of warm and cold
fronts was studied numerically by Kasahara, Isaacson and Stoker
(1965), using a two-layer model of an incompressible atmosphere
on a rotating earth, with a ~-p1ane approximation . Their model
had two (horizontal) space dimensions , and they assumed hydro-
static pressure in the vertical direction. Further , they ignored
the dynamics of the upper layer . The result was a credible
description of the horizontal motion of these fronts , on a
cyclonic scale . They did not discuss the local structure of
the surface front , which requires a separate analysis . Some
of the motivation for the present study is to provide a descrip-
tion of this local structure, to complement their description
of the Large-scale dynamics.

A numerical study of the fronts associated with a thunder-
storm gust front (Teske and Lewellen, 1977) is described in
Section 3.2 of this report . A major difference between these
two kinds of fronts is that Coriolis forces , which have a
dominant effect on the cycionic scale , are relatively unimportant
for this application . In either case , there is a need for a
local description near the surface front.

A. A Simplified Analytical Model (without Coriolis forces)

We consider the two-dimensional motion of two layers of
incompressible fluid , moving under gravity on a horizontal
surface, as shown in Fig . 1. Here h(y,t) is taken as the
height of the front and H(y , t) may be taken as the height of
the tropopause. To make this first model as simple as possible ,
we neglect Coriolis forces. This creates no problems for the
thunderstorm gust front, but does limit the range validity of
the analysis when applied to a cold front. We return to this 

~~ J
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Figure 1. Coordinate system for a cold front.
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r-int below , and discuss the circumstances in which these
esults may be applied to the motion of a cold front. The
relevant equations of motion are (in Fluid I)

(1)

(2)
3t ay ~z p ~y ~z ay

(in Fluid II):

+ 0 (3)

+ ~~~~, ~v’ 
+ ~~~~

, 3v ’ 
+ 1 ~~~ ‘ = ...J . + (4)

3t ~y p( l— 6 )  ~y ~z ~y

where refers to the shear stress , including both laminar
and turbulent terms . A fundamental assumption of this analysis
is that the pressure is purely hydrostatic . Thus, we assume
the pressure is constant above z = H(y,t) ; in fluid II,

= gp (1-6) (H(y,t) - z) + p0 ; (5)

and in Fluid I,

p = gp (1-5) (H(y,t) - h(y,t))+ gp (h(y,t) - z) + p0 .(6)

The validity of this assumption is discussed at relevant points
below .

The vertical velocity vanishes at the ground (z = 0). At
the interface (z = h) and free surface (z = H) there are
kinematic conditions ,

+ v ’ = w ’ , on z = H(y,t) , (7)

+ v ’ = w ’
( on z = h(y,t) . (8)

Dt

We anticipate that the shear stress will be negligible out-
side of this boundary layer along the ground and near the inter-
face , and neglect (t2 , t~~~~). If we integrate Eqs. (1) and (2)
in the z-direction , making use of the other equations , the final
result may be written as 

_~~~~~~_ _ _ _ __ _ __ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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+ ~~_J vdz = 0

~~~
f

vdz + 4J v
2dz + gh [(1~o)~~~ + = - tg

(9)

(H-h) + ~~fv ’dz = 0

~~fv
1dz + (v’)2dz + g(H-h) = -t~~~

where t. is the stress at the interface , and t is that at
the grou~d. The only approximations made to ~~~~~~~~~ are the
hydrostatic approximation and the neglect of (~t/3y).

We consider first the case in which we may neglect shear
stress a1togethe~. Then the only force is the hydrostatic pres-
sure , which introduces no z-variation in v (from (2) , (4)).
Thus , ~v/ 3z vanishes if it did initially. Equations (9) then
reduce to

+ v + g(1-~ ) + g~ = 0

(10)

~(H h) 
+ (v ’ (H-h)) = 0

~ I ‘

~~~~~~~~~~~~~~ — = 03t 3)’ 3)7

For atmospheric app lications , ~5 is relatively small (typically
less than about 0 . 0 7 ) .—

~ 

~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~
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The steady-state version of this model was used by Yih and
Guha (1955) in a theoretical-experimental study of internal
hydraulic jumps. They found good agreement when (S was
moderately large (~ O .2O ) . For (S = 0.05 , the jump s predicted
were about 30 percent larger than those observed; no more than
10 percent of this discrepancy could be attributed to scatter
in their experimental data. It appear s that this discrepancy
is a measure of the validity of the hydrostatic pressure ap-
proximat ion .

The system of Eqs.  (10) is hyperbolic , having four real
characteristics. Two of these correspond to motion in which
the whole system responds like a homogeneous fluid. In an
atmosphere without shear (v = v ’) ,  for small IS , these speeds
are given by

~~~~~ v ±  I~~ (11)

Further , in these two modes , disturbances satisfy

~ (v ’ -v) = 0 , ~(h - 
~~~~~~

. H) = 0 (12)

so that the density discontinuity at z = h has no effect  to
leading order in 6 . If we take the height of the tropopause
as 9 kin , propagation speeds for this mode are on the order of
200 rn/ sec , much faster than observed speeds of atmospheric
fronts .

The other two modes of the system (10) correspond to waves
traveling along z = h , and these are of more interest in the
present study. To leading order in (S (with v = v ’) ,  the
characteristics are defined by

= v ± .~~ g~h(H-h) (13)

and disturbances in this mode satisf y

~H = O  (14)

Thus , to leading order , the tropopause does not feel the motion
of the front, and the upper fluid plays a relatively passive
role. In a stationary atmosphere (v = v ’ = 0) with a relative
density (or temperature) discontinuity of 0.05 at a height of
500 m , wave propagation speeds in this mode are on the order
of 15 m/sec , which is in rough agreement with observed propaga-
tion speeds of fronts . Thus, our primary interest is on these
internal modes .

The model of Kasahara, et al., 1965, i.~ consistent with(10) except that they also included (and were primarily in-
terested in) Coriolis effects. We will see below that (10) is

_ _ _ _  -- 
-
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a valid approximation to their model for phenomena that occur
over a few minutes (i.e., for times very much shorter than a
rotation period of the earth). They also assumed that the
dynamics of the upper fluid could be neglected . Some justifi-
cation for this assumption can be inferred from the fact that
the tropopause responds only weakly to motion of the front,
according to (14). This additional assumption reduces (10) to

1
J (15)

which can be solved by characteristics , and which corresponds
exactly to the equations of nonlinear shallow water waves , with
a reduced gravity (g6).

Moreover , in this simplified model , the motion of a cold
front corresponds to the motion of a wave of water advancing on
a dry bed after a dam-break (cf., Fig. 2). This problem has
a simple solution, given by Ritter (1892); for -v’g6ho < y/t
< 2igcSho

v = 2/ 3(~g~ho + y/t)

= l/3(21g(Sho - y/t) , (16)

w = - 2 / 3 z/t

Dressler (1952)_ noted that the velocity of the tip of the for-
ward wave, 2/gISho , exceeded the observed velocities by as
much as 40 percent (in water-air experiments , where (S ~ 1 ) .
He argued that even though shear stress is negligible outside
a “thin” boundary layer, that layer engulfs the fluid region
near the tip , where h vanishes . Thus, the shear stress at
the ground , which was dropped after (9), must be retained to
model the motion of the front accurately. Dressier (1952)
and Whitham (1955) used

tg = K V 2 (17)

where K is an empirical constant, so that (15) is replaced by

+ ~~~~
- (vh) = 0

2 (18)
3v 3v ah Ky 

-

~E 
V~~~~~~~ g ~~

For K << 1 , this additional term has little effect except
near the tip (i.e., the surface front) where it is dominant .

~~: ~~~~~~~~~~~~~~~~~ - ~~~~ . -_— . -. 
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(a )  Init ia l  Condit i ons , t : 0

z

~ —~/~
8hoF— 2~J~ 8h 0 

y/t

(b)  Invisci d solution , t > 0

Figure 2. Idealized solution of the motion of a cold front
after  sudden release , without dissipation or
Coriolis forces.
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Dressier and t~J1~jtham each solved (18), by somewhat different
methods ; their final results are nearly identical . The de-
velopment below follows closely that of Whitham (1955).

First, we find the local shape of the surface front, as
predicted by (18)~ Let y = a(t) denote the position of the
tip obtained_by solving (18); (recall that if K = 0
a(t) 2fg6tto’ t). Near the tip ,

y+a (t) , v- ’~ a(t) , h- ’~ 0

If the particle acceleration, 9v/3t + v 3v/3y , remains
finite, then the dominant balance near the tip must be

gIS + ~~~ 0 . (19)

Thus, near y = a(t)

h(y,t) ‘~‘ ~~~~~~ (~)
2(a(t) - y)1/2 (20)

The characteristic length in this region is the radius of
curvature at the tip :

~ K(~)
2 

(21)

This may be taken as a measure of the height of the front near
the tip.

Dressier (1952) had previously observed from available
experimental evidence (for the dam-break problem) that the slope
of the front becomes vertical at the tip . Equation (20) con-
firms this result and parameterizes the local shape in terms
of the density (or temperature) differeç~ce, IS , the surface
resistance, K , and the front speed , a(t) . This prediction
of the shape of the surface front is one of the major results
of this model .

It might be appropriate to remind the reader at this point
that (18), as well as whatever results may be derived from (18),
are based on a hydrostatic pressure approximation, and that
the results of Yih and Guha (1955) suggest that this approxima-
tion loses its validity as IS + 0 . It follows that the current
model should be more reliable when the temperature jump is
stronger (provided that the Coriolis effects can still be
neglected).

Even for strong fronts, however , vertical accelerations
must be important wherever the slope of the front becomes
vertical, as predicted at the tip by (20). Thus, the hydro-
static pressure approximation (obtained by neglecting vertical
accelerations) must break down near the tip of the front, for
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any IS . However , this objection applies with equal validity
to the dam-break problem (IS = 1). The success of the theory
in that application suggests that the effect of this breakdown
may not be too severe.

Next, we need to determine the tip velocity , ~ (t)  .

Whithain (1955) argued that (16) applies except in a region near
the tip, where Ii is too small to neglect the resistance term - :
in (18), (cf., Fig. 3). Within this dissipative region,
(~ (t) < y < a(t)), the velocity is assumed to be constant (in y).
The mass flux into this region is

where h1(t) is the height of the front at y = ~ (t)  , where
we will match to (16). From (16),

~~=~~~V(t) - Fg5ho

= V - /g6ho + (23)
I v \2

h ( t)  = h (1 - ____1 O\  2/ gISho

After substituting (23) into (22) and integrating , one obtains
the total mass in the dissipative region:

M(t) = h lgôho ( i - 
V(t) 
)
3 
~ . (24)

21~6ho

The momentum flux across y = ~(t) being pVh1(V-~ )
the rate of change of momentum in this region is given by

= pVh1(V-~ ) + forces . (25)

a) Since we are neglecting the dynamics of the warm air
mass , the net horizontal pressure gradient acting on this
region is 2 2r ph1 p (l-IS)h1

2

(The caveats noted above about the hydrostatic pressure approxi-
mation apply here as well.)

b) The drag force along the ground is
a
(2 2PK

J 
v dy = pKV (a-c) 

_
~~~~~~~~~~~ 

___________

~~~

--

~

—

~~

-

~~~~~~~~~
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Figure 3. Coordinate system for the local analysis of the
surface front.
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c) We have

d) At the tip , V = , and this must apply throughout
this region. Substituting all of these into (25) and rearranging
yields

( __4 \3 
_ 

i f  
_

~l - 

2/g(Sho) ~ v’g(Sho 
— 2~ 

- 

2v’g(Sho)

_ _ _ _ _  ____\2r a (3 
____

- 

ho ~¼IgIShoI Lii~
i
~~~ 

- 
~~~~~~~~~~~ i/gISho 

- (26)

We note that the inviscid solution,

a(t) = 2/gISh0 t
satisfies (26) if K = 0 . For K ~ 0 , it determines how the
motion of the surface front is modified by shear stress at the
ground . The equation may be put in dimensionless form by de-
fining a dimensionless time,

v’gISh K
t , (27)

and a dimensionless lag of the tip behind its inviscid position ,

(2I~~h t - a ) K
(28)

Then (26) becomes

4(&)~ T~~~ + = l6(2-~)
2(3&’r-2ct) , (29)

and the position of the tip is given by

_ _  
h

a = 2v’gISh0 t - ..
~~~~

. ct (t) . (30)

We are primarily interested in the solution of (29) for
relatively short times (on the T-scale). Whitham (1955) showed
that

a( t ) = 2.58916 ~
4/3 

[1 + 0 .81917  ~ 1/3 
+ Q ( T 2/3

)] 
. (31)

In terms of our original variables , the position and velocity
of the surface front are given by
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2/3  K 1/3 3/4a(t) 2/jISh0 t - 2.5816 (gIS h0) (E—) *

[i + 0.81917 ~~~ K~)~~~ + . . .  
] 

(32)

____ 
1/3

a(t) 2/gISh0 [
i - 1.72611 (~I~?L 1(t)

/ — ~ \2/3 1
- 1.76747 ~,

i~
/
~

-_ 1(t) + . . .  J (33)

while the position of the rear of the dissipative region is
given by

___ r f —s.
~(t) = /gISh0 t [2 - 5.1783 ~~ Kt )

- 5.3024 (.~/~~ 1(t) + . . .  
] 

(34)

These trajectories are plotted in Fig. 4 for a set of typical
parameter values .

This completes the development of this (simplest) model.
Next, we consider some of its consequences . First, we note that,
according to this simple theory, the motion of a cold front
moving under a stationary warm air mass in the absence of
Coriolis forces is essentially unsteady . As shown in Fig. 4,
the surface front continually decelerates from its initial
velocity . Whithaxn (1955) noted that

a “ t1’2 , “.. t 1
~
”2 as t (35)

so that the front neither comes to rest nor attains a steady
velocity . Apparently the dynamic effects of the warm air
mass (including Coriolis effects) are required to obtain a
stationary front (or a warm front), as we show below.

Second, let us consider the effects of Coriolis forces ,
which we have neglected to this point. If we still retain
3/3x = 0 , which is legitimate near the center of a cold or
warm front, (18) should be replaced by

2 (36)
3v 3v 3h Ky 

-+ v gIS + - - j~ U , 

--- 
_ _ _ _
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where u is the velocity component parallel to the front.
(There is an additional equation for 3u/3t , which we omit
here. Moreover , if

u > > v

the resistance term also should be modified to act on the total
kinetic energy.) Under what circumstances can the Coriolis
term in (36) be neglected?

The time-scale of the inviscid rotation-free solution
(K = 0 , £ = 0 in (36)) is

“ v’Ei~ / gIS (37)

The time-scale of the resistance term in (36) is

t2~~~h/Kv

which depends on the local values of v and h . Near the
tip, 

2
v = ~~~’~~/g6h0 ,

from (21) . Thus ,

‘
~‘ /l~~/gâ (38)

It should not be surprising that these time-scales align , since
the resistance term exactly balances the pressure gradient near
the tip. The relevant time-scale for the Coriolis term in (36)
is

~ jfu/v~ (39)

To neglect this term, it is necessary that

t~~ ’~~t2 << t 3 . (40)

For a fairly weak front,

I S ” .O1

and under any reasonable circumstances ,

h0 < 9x l O 3 m .

Thus ,

t 2 < 300 seconds (41)

in the worst case , and 100 seconds is probably more typical .
Taking 

--. --.-_—-—.-- - -- - -
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1/f ~ seconds

we see that (40) requires that

lu /vi < < 30 . (42)

The numerical results of Kasahara, et al. certainly satisfy
(42), and it appears that (42) may be satisfied by many cold
fronts.

These estimates should not be interpreted to mean that the
current model can be applied directly to cold fronts generated
by Coriolis forces. Rather, they suggest that the dynamics
predicted by this model near the tip typically occur much faster
than the time-scale on which Coriolis forces act. Thus, the
behavior near the tip should be relatively insensitive to
Coriolis effects , provided hydrostatic forces dominate Coriolis
forces away from the tip.

B. Stationary Fronts

We noted above that our simplest model (without Coriolis
forces) produced only cold fronts , in which the cold air con-
tinually advanced beneath the warm air. Moreover, the surface
front was always blunt-nosed, as shown in Fig. 5. If Coriolis
forces are included , warm fronts , cold fronts and stationary
fronts are all possible , as demonstrated by Kasahara, et al.
(1965). In this section , we analyze the structure at the sur-
face of a stationary front, for comparison with that in a cold
front. We will see that the blunt-nosed shape that occurred
above cannot occur in a stationary fron t, but that the surface
front may either be needle-nosed or have a finite slope.

If we include Coriolis forces (with a 8-plane approximation),
Eqs. (10) become

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(43)
3v ’

÷ ‘~~~.!
‘

+ 
,3w + ~~~+ f ’ - 0

~E ~~~~ax v~~~~~ ~~3y

3u ’ 
+ , i!~

’ + 3u ’+ ~~ - fv’ = 0u 3x v ,

(H-h) + ~~~ (u’(H-h)) + (v’(H-h)) 0 
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y

(a ) Moving cold f ront  without Coriolis forces

(b )  S ta t io n a r y  front wi th  Corio lis forces. Warm
air at res t

(c )  S ta t ionary  front w i th  Cor io l i s  fo rces .  Wa rm
air in motion

Figure 5. Possible shapes of surface fronts .
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where f = 2 w sin ~ is the (constant) Coriolis parameter .
These equations have an exact solution :

v = v ’ = O

u ’ = const.

U const.
(44)

fu’
3y g

= - -
~~~~~ [u - (l-6)u ’]

If x is in the east-west direction , this solution represents
a stationary polar front. [It is known to be unstable to
cyclonic perturbations , which grow on a time-scale of hours .
However , our primary interest is with the structure of the
surface front;  we have seen that the relevant time-scale there
is on the order of a few minutes. Therefore , we may ignore
phenomena that take much longer to occur.]

The solution, (44), is subject to the same criticism that
applied to (16): near the surface front, where h -

~~ 0 , the
stress at the ground must affect the dynamics significantly.
Thus , the first two equations should be replaced by

+ u + v + g(l-(S) + g(S + fu = )T Z 1  
- 

yz,g

(45) -

+ u + v + g(1-(S) ~~ + g6 - fv = 
Tx z j 

- 

Tx z g

Our objective here is to find a suitable modification of (44)
which approximately satisfies (45) , even as h ~ 0 .

An immediate generalization of (44) is obtained by letting
(u,u’) depend on y . Thus , there is a family of solutions
of (43), defined by

v = v ’ = O  ,

u’ = u’ (y) ,

u = u(y) ‘ (46)
3H . Lu’

= - [u - (1-5)u ’] .

~~~~~~~~~~~ ~ ii~~~
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The previous solution , (44), is a member of this family .  We
want to choose u(y) and u’(y) so that (46) remains a valid
approximate solution of (45), even as h + 0

Because v ’ = V E 0 in (46), we must have

(47)

For consistency with (17), we define

txzg = Kg IuIu ~~~~~~~~~~~~~~~~ = -K~ I u+u’I(u-u ’) . (48)

Ordinar ily , Kg >

We consider first the case in which the warm fluid is at
rest:

u’ (y) = 0 , = 0 . (49)

In order for the stress terms on the right side of (45b) to
remain bounded as h vanishes , we require that as h -

~~ 0

u ~~ ih~ , p > 1/2 . (50)

Substituting this into (46) yields

dh fct p
- — hy g6

We obtain a valid solution only if

1/2 < p < 1

1
h “~ C(y-y0)~~P , H = const.,  (51)

u “ .‘ D(y-y0)~~~ , u’ = 0

In this case, the slope of the surface front is balanced by
the (vanishing) velocity difference across the front.

To this order of approximation , the exponent p is
restricted only to a finite range . For any p in this range ,
however, the surface front has an elongated “needle-nose ,”
as shown in Fig. 5. This shape contrasts sharp ly with the
blunt-nosed shape obtained above when Coriolis forces were
neglected (also shown in Fig. 5).

Next , suppose that , in the vicinity (in y) of the surface
front,

u ’ (y) ‘~‘ Ci’ ~ 0 . (52)

~ 

~ -.::~ i-i-ii~~~~ ~~~~~~~~~~~~ 
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Now the stress terms in (45b) are bounded only if

1K. \1/2
U ~~~ U

’ (
~ +K 

as h -
~~ 0 . (53)

\ i g/

Here the local solution is

— f -
‘ Th f - f (S 

( Ki \
~1/2.]_ , 54- - u - i~ [

C - - 

\Ki+Kg J j

U ( )

This configuration is shown in Fig. 5, as well. Again , the
slope of the surface front is balanced by the velocity dif-
ference across the jump . In this case , the velocity difference
does not vanish near the surface front, and the slope of the
front remains finite . The slope away from the surface front
can be either larger or smaller than that given by (54),
depending on the local velocity difference. For sufficiently
small 5 , the slope of the surface front is opposed to and
much larger than the slope of the tropopause above it. This
feature seems to be frequently observed in atmospheric fronts .

We may summarize our results about the possible shapes of
surface fronts as follows :

(a) Fronts accompanying events whose duration is sig-
nificantly less than an hour or so can be analyzed without
considering Coriolis effects. These fronts are always cold
fronts . The shape of the surface front is blunt-nosed , as
determined by a balance between the hydrostatic pressure
gradient and the resistance of the ground to the motion of the
front itself.

(b) For events which last for several hours, Coriolis
forces can p lay an important role. Warm fronts , cold fronts
and stationary fronts are all possible.

(c) The slope of a stationary front at the surface is
balanced by the local velocity difference across the front,
subject to the constraint that there be no unbalanced shear
stress from motion parallel to the front. The slope of the
front at the surface is proportional to the vertically-averaged
velocity in the warm air . This is also true at the tropopause.
If the velocity parallel to the front in the warm air does not
vanish, the slope of the surface front is opposed to and usually
larger than that of the tropopause above it. If it does
vanish, so that the warm air is at rest , the slope of the sur-
face front vanishes, yielding a needle-nosed shape. The sur-
face front cannot be blunt-nosed , because there is no shear
stress norma l to the front . 

~~~~
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C. Comparison with Observations

In light of the preliminary and somewhat restricted nature
of these results , an exhaustive comparison of the predictions
of these models with the observed behavior of surface fronts
is thought to be premature at this time . Nevertheless , it may
be worthwhile to show that some of the qualitative features
predicted by these models are observed , even when our somewhat
restrictive assumptions (either no Coriolis forces or stationary
fronts) are not satisfied . This qualitative agreement, in
circumstances beyond the range of the present model , suggests
that the models can be generalized to a wider class of problems
without affecting the qualitative features discussed above .

Figure 6 shows three vertical cross-sections of the at-
mosphere over the United States , taken from an analysis of
Hurricane Hazel by Palmén (1958). These figures each were taken
at a fixed latitude (either 40°N or 45°N), with east to the
right of the figure. The vertical scale is given on the figure
but the horizontal scale is not; consequently it is difficult
to measure frontal slopes for any quantitative comparisons .
As noted in the captions , the heavy solid lines denote fronts
or tropopauses , and these are our main concern. In Figs . 6a
and 6b , the cold air mass is in the center of the figure , with
warm air on either side ; in Fig. 6c, the cold air is to the
left. Temperature differences across the front were on the
order of 5°C - 10°C (6 ‘~ .02 - .03). Five surface fronts are
seen in these figures; each is moving to the east (as inferred
from the wind indicators). Thus, none of the fronts are ac-
tually stationary ; moreover , Coriolis forces are important in
determining the overall motion shown. Thus, neither of the
models developed above can be expected to apply precisely .
Even so, some of the qualitative features of the fronts are
predicted by the models , as we now show.

Because the fronts are alimoving eastward (i.e., to the
right), the fronts to the right in Figs. 6a and 6b are cold
fronts , while those to the left are warm fronts. The front
in Fig. 6c is a cold front. It is easily seen that the cold
front in Fi3. 6a is blunt-nosed , and that neither of the warm
fronts in Figs . 6a and b are. (In the figures, all of the cold
fronts are drawn blunt-nosed very close to the ground . However ,
the data is avai1~b1e only along the vertical lines shown, and
it is not clear that the shapes of the cold fronts at the ground ,
as shown in Figs . 6b and 6c, actually were observed.) In our
model , this shape is a consequence of the shear stress at the
ground , which slows the motion of the cold front. The cold
front in Fig. 6b is almost stationary so that this shear
stress is relatively small, and its blunt nose should be ex-
pected to be small as well. Similarly, the speed of the cold
front in Fig . 6a is larger, and its blunt nose ought to be
larger as well. Thus, there is some evidence that the observed
shapes of the cold fronts at the surface (blunt-nosed) are

~ 
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consistent with the model, as is the dependence of the nose
size with front speed. No attempt at quantitative comparisons
is made here.

The model predicts that the slope of a stationary sur-
face front, the slope of the tropopause above it, and the
vertically-averaged velocity (parallel to the front) of the
warm air between are all related. In particular , the slope
of the surface front is opposed to the slope of the tropopause,
and typically larger than it. If the slope of the tropopause
vanishes, the slope of the (stationary) surface front beneath
it also vanishes, giving the surface front an elongated nose.
The opposing slopes of the front and the tropopause are evident
for the fronts in Fig. 6, even though the fronts are not station-
ary ; (the point is questionable for the cold front in Fig. 6a,
where the slope of the tropopause is changing rapidly). The
tropopause becomes nearly horizontal west of the warm front
in Fig. 6b; the warm front beneath it is seen to have a rather
elongated tip, as predicted by the model. Thus, the qualitative
behavior of these fronts is in agreement with the model of
stationary fronts.

This comparison of model predictions with observed atmos-
perhic fronts seems to be favorable, at least in terms of
predicting qualitative behavior. Certainly it does not “prove”
the model. It does suggest that the model has some predictive
power , and should be able to provide some guidance to the
detailed computation of the structure of fronts in the planetary
boundary layer.
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