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1. INTRODUCTION

Aeronautical Research Associates of Princeton, Inc. (A.R.A.P.)
has been developing a program for computing the detailed low-
level atmospheric distributions of velocity, temperature, moisture,
refractive index, and the turbulent variances of these quantities
for marine environments. Our approach to this problem has been
to use the invariant second-order closure model of turbulence
developed by Dr. Coleman duP. Donaldson and his associates at
A.R.A.P. over the past few years. The fundamentals of this ap-
proach are given by Donaldson (1973). A review of the status of
this model as applied to a wide variety of turbulent flow problems
is given by Lewellen (1977). Particular applications of the model
as applied to atmospheric problems, including comparisons with
experimental data, are documented in Refs. 2-6.

Reference 7 is a technical report detailing the model devel-
opment, sample calculations, and verification comparisons made
under our initial NASC contract. It describes the addition of
humidity and the second-order turbulent correlations involving
humidity as variables to our dry atmospheric boundary layer program
previously developed for the Environmental Protection Agency.

Using the predicted distributions of temperature, humidity, and
pressure, a calculation of the modified refractive index, M ,

has been incorporated in the program. Local minimums in the M
distribution with respect to altitude directly indicate the presence
of a radar duct. Since we are predicting the second-order correla-
tions between the turbulent fluctuations in temperature and
humidity as well as the average scale of the turbulence, we have
available the information to also compute the structure of the fluc-
tuations in refractivity.

The second year of the research called for two major modifica-
tions to the model described in Ref. 7. These were to (a) increase
the dimensions of the program to a two-dimensional, unsteady cal-
culation to permit the prediction of shoreline conditions de-
veloping in time, and (b) to incorporate the radiative flux diver-
gence term into the one-dimensional system of equations in a
coupled manner. These developments are detailed in Ref. 3.

The two-dimensional, unsteady version of the model has been
used to calculate the typical variation in the coastal planetary
boundary layer (Ref. 9). The resulting diurnal variation in the
sea breeze induced by the strong stability differences in the
boundary layer response over the land and that over the water
produces a strong asymmetry between the sea-breeze and the land-
breeze circulation patterns. In previous sea-breeze models, it
was necessary to impose eddy viscosities which were a strong
function of time and space to gain this asymmetry. In the present
model, it is achieved without the need to introduce any new em-
pirical information.

The last year's effort has been divided between exercising
10odel for verification purposes, and extending its capability.
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Extensions to the model's capability include: (1) the removal of
the hydrostatic approximation; (2) the incorporation of condensa-
tion and radiation into the two-dimensional, unsteady model;

(3) the incorporation of terrain variation into the surface
boundary conditions; and (4) the ability to determine the influence
of particle size on the turbulent transport of aerosols. These
developments are discussed in Chapter 2. Some of the sample
calculations are detailed in Appendix A, a paper of our modeling
results which has been accepted for publication in the Jourmal of
the Atmospheric Sciences. These sample calculations demonstrated
the strong dynamic interaction between turbulent transport and
thermal radiation. Other sample calculations are discussed in
Chapter 3 and Appendix B. :

We have also investigated, analytically, some of the relation-
ships between parameters governing distinct fronts in the planetary
boundary layer, as an aid toward the detailed computation of the
structure of such fronts. This analysis is discussed in Appendix C.
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2. MODEL EXTENSIONS

Several important modifications to the model have been made
during the last year. We began with the removal of the hydrostatic
approximation from the two~-dimensional program. This was ac~-
complished by eliminating the pressure as a primary variable and
formulating the equations in terms of streamfunction and vorticity.
The numerical implementation of this modification is not described
in the present report, but the results of a computation where the
influence of nonhydrostatics is important is described in Section
3.2. The same two-dimensional calculation includes the effect of
condensation and evaporation. This involved a straightforward
carry-over of the same change of phase model as described in
Appendix A.and applied to the one-dimensional code. Another mod-
ification to the numerics not described in detail herein was to
provide a stronger coupling between the turbulent correlations.
This permitted the simulated time step in our one-dimensional code
to be increased by as much as a factor of 5 . Model extensions
which have been formulated but are not represented in any of the
sample calculations are discussed in the following sections.

2.1 Implementation of Atmospheric Radiation Transport in the Two-
Dimensional Model

The A.R.A.P. atmospheric radiation model described in Lewellen,
et al., 1976 has been implemented with the two-dimensional tur-
bulence models for the situations where vertical radiative trans-
port is dominant. This includes most atmospheric boundary layer
motions including those with clouds consisting of stratus decks,
closely packed cumulus and fog layers. Typically we require
(1) that cloud-cloud horizontal radiative transport be negligible
compared to vertical radiative transport or horizontal advective
and turbulent transport, and (2) that radiation from the sides
of cumulus cells to the ground or to space be negligible compared
to vertical radiative transport in the cumulus. If we denote the
average depth of a cloud as &§ and its characteristic breadth
as L , then a condition for vertical dominance of radiative
transport may be formulated by requiring that radiative cooling
to space through the cloud top be much greater than that through
the sides. 1In terms of the fractional cloudiness R , this con-
dition is

(8/L) § (& - 1)

<< 1 (2.1)
(/L) + 7 (5 - D?

7%
When the clouds are widely spaced (R << 1) this condition just
requires that the '"isolated" cloud have a small aspect ratio

§/L << 1 (2.2)

On the other hand, as the sky is more filled with clouds (R =+ 1)
the aspect ratio condition is relaxed due to the blocking of
radiation to space by adjacent clouds.
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Within this approximation the vertical radiation field at
a local horizontal position is determined by the distribution of
fluid properties in the vertical at that horizontal position.
The horizontal variation of the radiation field thus is a function
of the horizontal variation of fluid absorption, scattering and
emission properties.

It is interesting to note that the condition (2.1) is essen-
tially a requirement that radiative loss (or gain) in the horizontal
direction be small compared to the vertical. As such it is also
the appropriate condition for validity of the vertically struc-
tured direct solar radiation scattering and absorption model in
which only vertical back-scattering of incident solar energy by
water droplets and aerosols is included. The required condition
for validity of the vertical radiation model in a two-dimensional
calculation is then that scattering of solar radiation off the ;
sides of clouds be negligible compared to cloud top scattering. |

2.2 Two-Dimensional Computations with Terrain

We now describe the procedures for the treatment of non-
uniform terrain in the A.R.A.P. two-dimensional atmospheric
boundary layer calculations. We consider a rectangular y-z
domain as shown in Fig. 2.1 in which a rectangular grid of m x n
points exists. A nonuniform terrain boundary 3T cuts through
this grid which we shall, for simplicity, assume passes through
existing grid points as shown in Fig. 2.1. (The extension to
terrain which does not fall exactly on the existing grid points
is straightforward and will not be discussed here.) We let
z = z; be the coordinate of the terrain and we let 2z, be the 3
roughness height measured from 2z, . Let N be the total num-
ber of interior points of the domain which lie on the terrain
boundary 3T .

The fundamental mean variables in two-dimensional calculations
consist of the vorticity n , potential temperature 6_ , and the
streamfunction ¢ describing the mean velocity field."V These
variables are supplemented with the turbulent correlations and
their corresponding equations. The streamfunction and vorticity
are defined on the full rectangular grid but all other variables
are defined on only the grid points where fluid exists outside
the terrain and on the boundary. Our purpose in defining the
streamfunction ¢ and vorticity n on the full grid stems from
the need to rapidly solve the streamfunction equation

A%y = -n (2.3)

at each time step. For this purpose, we utilize a rapid direct
cyclic reduction algorithm which requires a uniform boundary |
domain. Thus, we solve Eq. (2.3) on the full rectangle including
the region lying ''inside" the terrain. This procedure will not
invalidate our solution for the flow outside the terrain because
data inside the terrain will not be utilized and the solution
will be constructed such that the correct terrain surface
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conditions on ¢ in particular and all other variables in gen-
eral will be impressed on the embedded terrain points by the
method we now describe (Roache, 1972).

The boundary conditions on the rectangle are specified in
the usual fashion for all variables except on that portion of
the rectangle lying within the terrain. On that portion, no
boundary values are required except for the streamfunction 1y .
The value to be imposed on ¢ is arbitrary on that boundary
segment and we simply make it a no-flow boundary arbitrarily setting
Yy = constant = Y . Inside the terrain we set arbitrary values
of the vorticity n , typically n =0 .

Let us first consider the method for determining the stream-
function ¢ which satisfies Eq. (2.3) within the domain of the
fluid outside the terrain and the boundary condition of no-flow
through the terrain, i.e.,

Y = constant = wT on aT
We represent the streamfunction wi (i=1,2,... mxn ) as
N
o= . Ca) 3
by = vy + .21 a; Gij (2.4)
J—
where wéO) satisfies
200 s g
aj is an N 1length column vector, and Gij (1 = 1,2,... m x n ;
j5=1,2,... N) is an (m x n) x N matrix which satisfies
7 =
A Gij sij (2.6)
where 4§33 1s the Kronecker delta and the index j ranges over
all the p%ints j=1,2,... N which lie on the terrain boundary.

The matrix function Gij 1is a discrete Green's function for the
boundary and A? 1is a éiscrete difference operator approximating
the Laplacian operator.

Equations (2.5) and (2.6) are solved on the full rectangular
grid with boundary conditions on ¢(0) given by those required
by the physics of the problem outside the -terrain and by

ng) = yp on the portion of the rectangle lying inside the terrain.
The Green's functions Gjj satisfy either Gij =0 or

3Gij/3n = 0 on the rectangular boundary, depending upon whether

v takes a Dirichlet or Neumann condition. N + 1 executions

are required for the cyclic reduction algorithm; One for wio)

and N for the Gij




The constants aj are determined by requiring that yj
take on the specified”value Y7 on 3T . Thus on the ¥ points
lying on 9T we require

N
o ) & =
by =g+ jzl ajGij = Yo (2.7)
A=A 20

where Giji 1is a portion of matrix Gj; only containing contribu-
tions from Gij for i corresponding” to points lying on 23T

The matrix : is thus an N x N matrix. The constants aj

are deternLne& as

mi (0) _ f
ay lzl 6o @i - (2.8) |

We note that the matrices Gj Gij , and G337 may be computed
once for all time since they éepend only upon {ﬁe geometry of
the domain (including, of course, the terrain boundary).

After each time advance in whi 8 an updated n field is
obtained, we solve Eq. (2.5) for Z ) We then determine the
solution ¢4 satisfying the terrain boundary condition and the
remaining boundary conditions on the rectangular region as

N N
R ) 671 w0 _ 4 e 2.9
utilizing the known and stored values of ég% and Gij

The vorticity, temperature and turbulence variables are
solved only in the region outside the terrain utilizing an al-
ternating-direction-implicit technique which does not require
uniform boundaries. Boundary conditions on the rectangular
portion are conventional, but boundary conditions on the terrain
boundary 3T require special treatment. As on other no-slip
boundaries, we do not integrate the equations all the way to the
wall (which would require exceedingly fine and wasteful mesh
spacing). Instead, we require that the variables take on their
constant flux region values. For the vorticity this requirement
results in a linear relationship between the boundary value of
n and P on the first interior point. For the turbulent cor-
relations, the requirements is that their normal gradients
vanish.

Preliminary results demonstrate the feasibility of the Green's
function approach to give the correct streamfunctions throughout
the computational domain. The procedure yields a fairly realistic
contour pattern for the streamfunction at flow separation over a
two-dimensional mountain, as shown in Fig. 2.2. Here the flow
is entering from the left, separating down the slope, and reattaching
further downstream. An added divergence of the flow at the top
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of the calculation domain enhances separation. The separation
point along the slope is fairly well held, but the bubble itself
seems to push the reattachment point slowly downstream. Some
questions must still be answered with regard to the best way to
apply the vorticity and turbulence boundary conditions along the
interior boundary.

2.3 Turbulent Transport of Aerosols

In previous reports (Donaldson, 1973, Lewellen and Teske,
1975) second-order closure has been applied to gaseous diffusion.
The purpose here is to apply the same technique to the diffusion
of finite size aerosol particles, in order to determine what
conditions influence their turbulent diffusion and how the dif-
fusion of such particles may be computed.

Following Marble (1970) the equations of metion for an in-
compressible flow containing a cloud of particles of concentration c¢
may be written as

Bui
B—}Z.—= 0 (2.10)
i
dCUA.
ac S
TE + axi S (2.11)
Ju Ju.u ou,
il o Sk TN TR 1 3 i
+ = = =— (-p8..) + = =— U ===
) 90X . dX . 0X. 9X.
iz xJ P xJ 1] o} xJ xJ
(up. -u;)
+ c G B + By
Tv
dcuy . d(cup.ups) (up, -u;)
i : il - A §
7 axj c T + cF, (2.13)

The characteristic time 71, is the time required by a particle
to reduce its velocity relative to the gas by el “of its
original state, in the unaccelerated state. For a significant
range of particle radii T, may be described by Stokes flow

s A
v 9 °PAq
with oa the density of the aerosol particle, and o 1its radius.

We will follow the same procedure of Donaldson (1973) to
obtain equations for the turbulent transport, uA ¢’ , of the

aerosol. When the variables are decomposed into_én ensemble

mean and a fluctuating contribution, i.e., ¢ =c¢ + S

Uy, =u, t uA , etc., then Eqs. (2.10) to (2.13) may be averaged
r i i




to yield

=t +
3u Ju.u.
i , Iy TTARERS S
ot * ij 0 9X.
c(u, -ug)
4 i
Ty
acuAi +-ac uAi + acuAiuAj = 2 (cul ul +cul u
3t ot 90X . T, A : .
xJ x:J Al 5 Al AJ
+ 8% w, +Feulu ) - = (u. ~a,)
Aj Ai Ai Aj T Ai 1
1 T T " ) e ¢ -
- ?; (c uAi c ui) + cFi ©2.17)

It is also possible to eliminate ¢ from the particle

momentum equation by subtracting U, times Eq. (2.11l) from
Bq. (2.13) i
auAi auAi (uAi-ui)
— + u = « ———— - Su, +F, (2.18)
ot Aj axj Ty Ai i

This momentum equation may be averaged to obtain

auAi 3 auAi (uAi-u ) i
—_ + u = = ———— - Su - STu]
at Aj axj Ty Ai Ai
' auAi ¢
. uAj —a';cj— + Fi (2.19)

Now, by multiplying Eq. (2.15) by and Eq. (2.19) by

u
A,
3 i
¢ and subtracting these two products from Eq. (2.17) the
following equation for c'uA may be obtained.

i




11
s o) et 8 e T
f dc’u, BuA‘c Uy = auA.
: 14 1 (IR, (S ‘?_‘TX 95 oo SR et
(& 9X . Ai 5 axj Aj axj
P (T s SR [T U S R
auA. ac’u, up (c u,-c’u )
B g L L
‘ Aj 9X . 0X e
+ S'uA c (2.20)
! 3
An equation for the correlation uA A appearing in Eq. 5
J
(2.20) may be obtained by manipulating the equation for uA
i
derived by subtracting Eq. (2.19) from Eq. (2.18).
= TEr T Sz (e 1 = =
9, Yy o 9. Iy MWy
¥ S 4 Ay 9%, k %%k
auA AJ auAk "
- + u, u} - — (2u] u; - u, u. '
Bxk 1 &4 CESH i A. Aj i 3J ]
—T'—T' s 3 Qs 37 i, e TR
- ujuy ) - STup o T W T Y
1] 1]
i
- S Uy Uy (2.21)
J J
An equation for the cross correlation uA uj may be obtained
i
from Eqs. (2.12), (2.16), (2.18) and (2.19) to be
a u’ sar u’ S e o i
auA j A J - : ouAi ou,
g ¥ Uy T’_ -(u Ak‘“k)uj 3%, Ak —laxk
au du, u.u, ou,
A, A, %% A,
v = i _ 1 f ' g ' ' 1
i ujuAk EEON ox; (uAk uk)uj EE
REaemmy . >0 /2
- 1 3 L [_T—_T' % = T - 3 g |
uAi 557 + = |us.¢© (u u y* c(u uA uAiuj)
+ c (uAiuAj - uA uJ) + uluJ - J A
4+ v terms (2 22)
]
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An equation for <c'u; can also be generated from Egs. (2.11),
! i

(2.15), (2.12) and (2.19) to be

3c'ui _ et g d e Ll 8z
+ u Z = ~(R -u,) ul =& - ulu, =
ot 1 Tz, A, j i ox, i7A; 9x,
1] J J J 3
3u, sc'uru; —r
e o i S T [ 1 = 1Y qq 0 3L T
¢ Yy 3%, TIx, (uy - uyluy 537 + STy
J J J J
-c' %%— +'$—— (ﬁA - ﬁi)-+$i(c'uA - c'u{)
i v i v i
+ 2 @7 - STTal) + v terms (2.23)
v 3

The extent of the new modeling required to close the system
by carrying the full set of equations for c'uA. . © Wy

l ’
3
uA-uA ; uA uj , along with uiu& may be assessed from Egs.
i™j 1
(2.20) through (2.23). The list is quite extensive:
ou;
A, HTEIN
o - SREL SRR SR Gk T
173 1% 175 %k *i i
du, Ju]
u' u' Ak (u' _ul)u ac u! Ai u’ ulu W
Ai Aj axk Aj j7i9x, ' ] 3xk Ai ek i
i W s —
i ap - 3¢c
(Bl = ul) u! e , U, ==— , ¢'u; u: , ul =
Ai Yk SECER ; 9% Ai J i axj
along with the terms involving S' and v . Rather than undertake

this modeling task, we will take advantage of the fact that
Ty associated with most aerosols of interest is much shorter
than the characteristic time of the atmospheric turbulence,
A/q . We will assume that u, ~may be expanded as
L
7,9 )

uAi My e (uli ) + O(TVq/A) (2.24)
If this expansion is carried through Eqs. (2.20) through (2.23),
the leading order terms reduce to .




e o
3c'ui' aluy © ui) " du ac'ui'u'.
$ e ™ ~TTET 22 - TUT - 1
ot 9X. 1) 9%, j ox. 9X.
J J J J
- %— (cTuy - c’ul) (2.25)
v i
| - - Ju du —_—rT
dusu .z dusu, I A; o A_l £ auiujuk
ot Ak 9Ky juk axk i“k axk 3xk
i - —
o (2Er 4] -0 U -wuy) -58, B
By g Ai h| LAz J TAg
" Ay
- 2§'ul'.uj' - 28 ui'uJ'. - S'ui' uAj (2.26)
duiul Julu; Ju du
;50 SR SRR W5 S o a ok o JTEE ]
52 T Yk Oz, (uA uk)ui X i%k 3x
5 k k k
— BﬁAi dususty  — 557 1 [—r—r(s -~
- U3Uk 3x 3% U o3 v [uA cT(u, - uy)
J k k oy v i i
+ 8@ uy -u; u:) +c'(uy u, -u, u) + u.u.
Al Aj Al ]j Ai Aj Ai j i7j
- uiuy, ]-i- v terms (2.27)
i
dcTu; dcTu; —— -
p A = 1 b b (] 9C S e )
+ u. = -(u - u.,)u) =—@™ - u,u, =T—
ot h| BxJ AJ 3o xj 1] axj
du, dcTusuy —_— D
= 1 L ) e | v 9D & & g -
& uJ axJ 3xJ. o = > Xy . Ty (uA:L ui)
+ T—c- (c'uA' - c'ui') + T—l- (c'zuA - cﬁrui) + v terms
v i v i
(2.28)
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Equations (2.25) through (2.28) must also be consistent with
the equation for uiuj computed from Egs. (2.12) and (2.16).

= S RETIS = = FATTRETILE
é duju, e auiu. . T Ju, TS auy y auiujuk
‘ ot by 9%y ik 3% i Xy 3%y
s e

D 1 AL (2 -
ervad— — -
= = [uic (u ) u

- u! ) + e(ul 4. - 2ulu!
i 'c)x.J A A1 3 Ai Aj Jis
+ uAiuj) + ujc (uA. - ui) + c (uiuA.-Zuiuj+uA.uj)]
1 3 4
+ v terms (2.29)

First, let us consider the case where ¢ << 1 and the fluid
turbulence may be decoupled from the particle motion. 1In this
limit the terms involving c¢ and c¢' may be dropped from_Eq.
(2.29). Let us also assume S = 0 , and note that Uy -y

2 l
Then subtracting Eq. (2.29) from (2.26) ind (2.27)

sO(‘r )
] leadsv%o
0 = u! sp’ _ L (2a, u; = ua; @ =u; u;, )y +e (2.30)
i axj T Ai A.j Ai i Aj
1 — op'
0=— (ajul - arar ) - u! -+ y terms (2.31)
Ty 3L 3 Ai i axj

Also, from Eq. (2.24) it is possible to show that

2u, 4, = Ui Uy -~ UMy = Uz u; - aur + 0(r q/A)? (2.32)
Ai Aj Ai i Aj Ai Aj 15 v
Thus, Eq. (2.30) leads directly to
—_ Y
b e A o ap
uAiuAj ujug + Tv(ui xj + €)

Which with our usual model for ui'.ap'/axj and ¢ gives

0 el - Viga V _‘7_ —Tﬁ'_
Uy Uy uiuj + T (uiuj %— éij) (2.33)

Similarly, from Eqs. (2.25) and (2.23)

e e
T LS = T ) 1 a
ks Wil | * T —Laxi (2.34)

& e TEnl
= cTuy (1 + Arvq/A)

|
f
,E
|
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It is surprising to note from Eqs. (2.33) and (2.34) that
the leading term in qty/A actually adds to both the particle
velocity variance and its mass flux. The correlation c'u
is reduced as qty/A increases but the leading term in this
reduction appears to be O(qu/A)2

Table I gives some values of t1,, for different size par-
ticles to aid in determining when (q1/A) << 1 1is a valid
approximation. Since A grows proportional to 2z mnear the
surface it is possible to estimate the height at which
qtv/A = 1 for a given typical value of q(l m/sec) . At large
distances above this height, the approximation should be wvalid.
Thus, for most aerosols smaller than that associated with a fine
mist (o = 50 pm) the approximation is wvalid at heights greater
than a few meters above the surface.

In the surface layer itself we must consider a more com-
plete analysis. There is also a problem with the extremely
small particles. If the stopping distance qt,, is less than
the Kolmogorov microscale, n , of the turbulence, then the
particle cannot be transferred all the way to the surface by
turbulence. Instead it must be diffused by Brownian motion
across the surface sublayer. From Tennekes and Lumley (1972),
n = (v¥/e)% and from our model € = q3/8A , thus ]

n = 0434 (2.35)

The minimum n occurs when A z n at the edge of the sub-
layer, so that

Mot 2v/q (2.36)
Table I includes values of q?t_/2v which show that for tur-
bulent air with q » 1 m/sec typical particles with diameters
less than approximately 1 um must involve Brownian diffusion
through a portion of the surface layer. Table I also in-
cludes values of D for these particles. When q?1y/2v > 1,
particles will be carried by direct inertial impact to the
surface. For particles below approximately 50 um the approx-
imation of qty/A << 1 will describe this turbulent diffusion
down to the level we would ordinarily apply our surface boundary
condition. For larger particles we must allow qty/A to be
order one or larger in the surface layer.

The time scale of the turbulence in the surface layer is
sufficiently small that it is generally close to equilibrium
conditions with negligible contributions from the left-hand
side of Eqs. (2.23) and (2.28). As long as attention is restricted
to the constant shear stress region, the turbulent diffusion
terms in the correlation equation also contribute little to the
balance. This gives validity to the approximation termed
""Super-Equilibrium" by Donaldson, 1973. The Super-Equilibrium
approximation to Egs. (2.20) and (2.23) for the surface layer is




16

TABLE I

AEROSOL TRANSPORT PROPERTIES
(Spherical particles with Py = 1 gm/cm® in air at 20°C, 1 ATM; and q = 1 m/sec)

Particle Diffusion Relaxation Terminal Height at stopping distance

diameter Coefficient time velocity which microscale
20 pt Tt Ty8 qT_/A=1 q3t_/2v
(um) cm?/sec (sec) (cm/sec) (m) b
0.1 6.7x210° 8.8x10° 8.6z107° 2.9 x 1073
6.5 63210 10x10° 1.0z 1077 3.3 x 1072
1.0 2.8x 107 3.6x10°° 3.5x 1073 0.12
5 49x10° 80x1° TAx10Z 1Axi0 2.7
10 24=z10° 32x10T izt szt 10.6
50 7.7x 1073 7.58 .012 2.6 x 10%
100 3.1x107% 30.3 .048 1.0 x 10°
500 7.7 x 10 757, 1.18 2.6 x 10°

TFriedlander, 1977.
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.z i auAj e uAi-c ug e
-u), W, =—=—=-Cc u - =0 :
Ai A 93z Ai axj Mo
and i
- ¢ Sp— 3- T ym— au].
~(uy -Ug) Wy ogE- - wWy o= - W 2=
1 J J
- f - 1 1] ac' - 1] a i =
(uA uJ)ul o c 357 0 (2.38)
J J % -__-SEX
To keep our approximation simple, the three terms uA 5571
3 = v 9C ) v 98" . % J
(u.Aj uj) us aET and (uA. uj) Ul osee will be dropped

since they all go to zero in both limits of G 0 and

Ty > © . The usual model of the last term in Eq. (2.38) should
be modified to permit it to approach zero as Ty 8, An
appropriate choice appears to be

—_—_— ch'u!
i 8P o i
e axj AL + KquV/A) (2.39)

In the limit of 1ty - 0 , Eq. (2.39) gives the decorrelation
term as inversely proportional to the turbulent time scale,
but when the slip time 1ty , is larger than A/q the term
becomes inversely proportional to Tty .

Rather than attempt to determine sufficient new models to

obtain uA WA and uiwA from Eqs. (2.21) and (2.22), we will
i

approximate both as

Y 3 A YT = TR 2
Tk T SR - /[1 + Ka (g, /1) ] (2.40)
This approximation may be rationalized by noting that

t

w = e't“vfet“v u' &E (2.41)
i v
0

as long as the nonlinear term in Eq. (2.18) is ignored. If we

also approximate u' as an harmonic oscillation, then
Eq. (2.41) leads to

w? = iy - u"/ [1 + (qrv/.’\)z] (2.42)
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Equations (2.37) through (2.42) lead to

c'u, = cu, ~ T W 3¢ //[1 + Kz(th/A)z] (2.43)

i . 2 v 1 z
and
~r—r s s e =
Mie g :\- H o B e B (2.44)

These two equations may be rearranged to give

m—— A—vﬁ-a_é_ 1+K,qt,,/A
cw YV 32 [HK?@%’;WZJ (sad)

W
——r _ _ A ——r 3c | 1+(A+K,)qTy/A
s aq""Y 3z [1+Kz (qQ1,/1)? ki

Equation (2.46) may also be written as

[Vl & alat 1+(A+K1)q‘§z//\ 2.4
il Rl [1+K1qrv/A Sty

which, for qt /A << 1 , agrees to 0(qr_/A) with Eq. (2.34).
This leaves us with two coefficients K V and K, to determine
turbulent transport of particles in the'surface layer when
qr, /A 2 0(1)

In summary, our proposed approximation for turbulent trans-
port of aerosols is based on writing the diffusion equation
for c¢ as

= dcu, % -
82 + : S S [é 7} b L ETEI (l+(A+K1)qu/A)]

3t 9%y Xy %, FKqT /A
(2.48)
with the mass flux equation modified to
R T T TR FPRETRE - e
ac ui-+ﬁ. ac u; S uigi, f 3 —— aui
ot J ij 1+K, (q1,,/A) axj J oxy
dcTu; & U]
3 (qA i) _ Aq i
i Ve ij axj A (1+Klqrv7A) (2.49)
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with the only restriction that ¢ << 1 . Above the surface
layer, qt,/A will be small and only the mean drift term in
Eq. (2.48) will be important. While in the surface layer
where qt,/A can become of O0(l) , Eqs. (2.48) and (2.49) lead
to the same Super-Zquilibrium relations as just given.

In combination with Eqs. (2.48) and (2.49) we must allow
the effective height zo at which the aerosol concentration
reaches the surface valu§ to be a function of qty as well as
a function of surface characteristics. In fact for many at-
mospheric problems it appears that this change in surface
boundary condition will be the major influence of particle size
on turbulent transport of aerosols.

Aerosol surface deposition data is typically presented in
terms of a deposition velocity, vgq , defined by the surface
flux divided by the surface concentration (e.g., Chamberlain,
1967). The actual value of v4q depends on the height chosen
to measure the 'surface' concentration due to the possibility
of strong gradients near the surface. Within the neutral con-
stant flux layer, Eqs. (2.48) and (2.49) reduce to

38 -
K = + T,8C = V4C4 (2.50)
with
_ gqA | 1+(A+K,)qty/A
e %T-[I+KzZQTv;A§2 J
and
A =6.52

The general solution to Eq. (2.50) may be written as

Va4 §
c = T8 + (const)exp[—rvg dz] (2.51)

When the boundary condition that

C=Cd at Z=Zd

is applied to Eq. (2.51) it leads to

(g 151_ o (]_-Zg Yexp| -t K-1ldz (2.52)
d
S T ¢ , K= 0.22 ¢z and
v
. - d
Szt (2.53)

the classical logarithmic concentration variation. For finite

values of Ty Eq. (2.52) can be used to determine 204 when v

at any z, 1s known.

ih-----u--iﬂhunuhﬂm-i;-u-i--u-nnuuuuuuwm
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3. MODEL CALCULATIONS

The general A.R.A.P. atmospheric boundary layer model, which
includes the fluid mechanics of mean flow dynamics and turbulence;
transport, evaporation, and condensation of water; and atmospheric
radiation, has been exercised for a variety of situations. These
exercises have been selected to demonstrate the power of the
model in predicting a variety of archetypal atmospheric flow
situations including fog episodes, diurnal variation of stratus
over the ocean, the general structure of the trade-wind boundary
layer, and an evaporatively cooled gust front. These exercises
were selected with particular attention to corresponding experi-
mental measurements of similar or identical flow situations.

3.1 Marine Boundary Layer Calculations

A major study of the interaction of turbulence with atmo-
spheric radiation in a class of fog and stratus cloud episodes
is described in Appendix A which is a reprint of work to be
published in the Journal of the Atmospheric Sciences. In ad-
dition to the illustration of fog and cloud formation, develop-
ment and dissipation for various situations, we present in
Appendix A a theory of the moist atmospheric surface layer
which provides a quantitative classification of foggy and fog-
free surface layers dominated by turbulence. We further in-
clude, where available, observations of fog and stratus extent,
cooling rates and liquid water content and show favorable com-
parison with the A.R.A.P. model.

A full comparison of the A.R.A.P. predictions of the dynamics
and evolution of the boundary layer would require measurements
of the fluid state at an initial state and at some subsequent
time. Unfortunately, so far, we have been unable to obtain such
sequential measurements. We are thus only able to provide a
verification of the consistency of the A.R.A.P. model in the
sense that the turbulence co-existing with the measured mean
profiles at one time is well represented by the turbulence cor-
relations predicted by the A.R.A.P. model for the same mean
profiles. This is demonstrated in Appendix B where calculations
for a trade-wind boundary layer which has received some experi-
mental study have been carried out. These calculations based
on the data summary and analysis of Lemone and Pennell (1974)
and more recent GATE data also provide some limited comparison
with alternative turbulence models based on direct three-dimen-
sional calculation of the turbulence with modeling of the subgrid
turbulent correlations (Deardorff, 1972; Sommeria, 1976).

As is well known, direct solution of an ensemble of in-
stantaneous Navier-Stokes equations for the turbulent motions
of the atmosphere is not a feasible or practical computation.

A class of turbulent models which attempt direct calculation of
the large-scale turbulence but which do not compute the small
scales (of the order of the grid size and smaller) are known
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as subgrid-scale turbulence models (Deardorff, 1972). 1In
these computations the critical modeling centers on the sub-
grid turbulent correlations which are structured within the
grid length and time scales to lie in the so-called "inertial" !
range of the energy spectrum of the motion being computed. Such
calculations must of necessity be fully three-dimensional and
time-dependent - and hence computationally voluminous - even
when the mean motion is principally one- or two-dimensional or
steady.

The essential predictions of both calculations under these
conditions are the dynamics of evolution to and the final slowly
varying state over a period of several hours following initial-
ization. Some arbitrariness necessarily underlies the com-
parison since the predicted quantities are not conceptually
identical. The A.R.A.P. second-order closure model predicts .
the ensemble-average of the system. The calculation of Sommeria
predicts the temperal average of the horizontal spatial average
of the system. Specifically, for atmospheric scale motions
of the order of 30 minutes, Sommeria calculates at 5 s time
steps, averages the variables over the horizontal spatial co-
ordinate and then averages these quantities over 4 minute periods.
These 4 minute temporal averages are probably the quantities
most closely related to the A.R.A.P. ensemble average.

The basic features of this comparison are as follows.
Below the clouds and in the mixed layer the turbulent momentum
flux, vertical velocity variance, and virtual heat flux compare
very favorably as shown in Figs. 4 to 7 in Appendix B. There
is, however, a sharp difference in the average density of
liquid water in the clouds predicted by the two models which
in turn strongly affects the turbulence structure in the cloud
primarily through the liquid water droplet I.R. radiation inter-
action. The average liquid water content 1s excegdingly low
in the subgrid turbulence calculation (10' - 1079) and perhaps
too high (for zhe scattered cumulus case) in the A.R.A.P. cal-
culation Correspondingly, there is about a factor of
three to flve dlfference in the turbulent humidity fluxes. As
a result of the higher levels of water in the A.R.A.P. simulated
clouds, turbulence production due to cloud-top cooling is en-
hanced over that in the subgrid turbulence model and there are
relative maxima of turbulence in the clouds as well as in the
mixed layer below the clouds. The resolution of these dif-
ferences between the two models remains to be given. We are con-
vinced that the simple A.R.A.P. averaging algorithm for the
liquid water content considering the fluctuations about the
saturated state gives results which agree within approximately
10 percent with those for the more complex Gaussian moment
method used in the subgrid turbulence models (Sommeria and
Deardorff, 1976). We have also shown good agreement between
the A.R.A.P. liquid water predictions and measurements of the
liquid water in fog and stratus events (see Appendix A). The
discrepancy between the two models likely stems from the nature
of averaging in the widely disparate states of scattered
cumulus and continuous stratus.




22

3.2 Gust Front Formed by Evaporative Cooling

As a demonstration calculation, we present the results of
a problem for which both nonhydrostatics and water change of
phase are important. Rain falling through unsaturated air will
cool the air as evaporation takes place. This air with its
negative buoyancy can then form a downdraft which, when it im-
pinges upon the ground spreads out to form the local gust front
often associated with severe thunderstorms. We have made cal-
culations of this phenomena for NASA (Teske and Lewellen, 1977)
to determine the windshear and turbulence distributions present
because of their potential hazard to aircraft operations. In
those calculations the influence of evaporation was simulated
by introducing a cold downdraft of some specified temperature |
defect at a given height 2zmax with vertical velocity Wy . |
The downdraft is then permitted to fall and interact with the
ground to form the outward spreading gust front.

For the present calculation, we introduce a downward jet
at 1.6 km height, as shown in Fig. 3.1, with no virtual poten-
tial temperature defect with respect to its surroundings. We
will show the results of two computations. For case A, the
jet is supersaturated with a relatively large liquid water
content, and for case B the jet is dry. By comparing the
results of the two cases, it is possible to clearly see the role
of evaporation in accelerating the resulting gust front. It
should also be noted that, whereas Teske and Lewellen (1977)
deals with an axisymmetric downdraft, the present calculations
are for two-dimensional downdrafts. Other conditions such as
height of the simulation domain and the boundary conditions on
vorticity and velocity there, boundary conditions at the outer
edge of the domain, and surface roughness are all the same.
Initial conditions are also prescribed in a similar fashion
by taking the boundary values of vorticity and humidity at
Zmax and extrapolating them linearly to their surface values
of no; =0 and H = (0.86)Hg . The turbulence is initialized
as isoﬁropic with qpax(=3 m/sec) sufficiently small that it
can be dominated by turbulent production.

The resulting temperature pattern, as it evolves in time,
is shown in Fig. 3.2. Contours of constant virtual potential
temperature are shown at three times, t = 200, 500, 750 secs,
for case A, At t =0, 6y =0 everywhere as it remains in
case B. The maximum virtual potential temperature defect is
5.6° and occurs 3C0 seconds after the start of the run. The
absolute temperature of the air actually rises as the air moves
down into regions of higher pressure by compression. But in
order to stay saturated at the higher absolute temperature, it
evaporates some of the liquid water present and is cooler than
it would be if it descended along a dry adiabatic curve. At
the later times, the -1 contour line shows that the same shape
front as evidenced in Fig. 3.2 of Teske and Lewellen, 1977
(reproduced here as Fig. 3.3) has developed.
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The mean velocity contours at selected times are shown in
Figs. 3.4 through 3.7 for both case A and B. Case B represents
a stagnating jet without any influence of buoyancy. Whereas
the vertical velocity in the center of the downdraft accelerates
in case A with evaporation, shown in Fig. 3.4, it only decelerates
from its top boundary value in case B, shown in Fig. 3.5. The
difference in horizontal velocities as shown in Figs. 3.6 and
3.7 are even stronger. Evaporative cooling allows the velocity
for case A to reach a value which is approximately 2.5 times
larger than that for neutral downdraft. If the downdraft
velocity at the top of the domain were smaller or the height
of the domain larger, this difference between case A and B
would be further enhanced.

The total velocity variance is shown in Figs. 3.8 and 3.9
for case A and B respectively. Due to the combination of pro-
duction by higher mean velocity gradients and by buoyant pro-
duction, q? is an order of magnitude larger with evaporation
than it is without.

Contours of constant values of liquid water content are
shown in Fig. 3.10 for case A. The smallest value contour shown
would represent the edge of the visible cloud. Such a condensa-
tion cloud appears different from that marked by a tracer,
such as dust within the gust, since some condensation takes
glace in the warm air which is lifted by the advancing gust

ront.

One feature of our evaporatively cooled downdraft which
is not necessarily observed in practice is the cloud reaching
all the way to the surface. Since our model does not currently
permit any rain out of liquid water content, it remains
available for evaporation as the air is heated by descent.

In the real world the liquid water contained in relatively
large rain drops is not available for evaporaticn. The water
drop falls through the air before it has time to completely
evaporate. Thus when precipitation is included it is possible
for H to exceed Hs all the way to the surface without the
cloud reaching the surface. Although this feature may have a
strong influence on the shape of our simulated 'cloud," it
should have a relatively weak influence on the gust front
dynamics.

Figure 3.11 shows a picture of the leading edge of a gust
front as marked by dust (Turner, 1973). When the simulated
front shown in Fig. 3.3 is visualized in terms of temperature
defect intensity, with the vertical and horizontal dimensions
shown to the same scale, then the leading edge appears as shown
in Fig. 3.12. The strong qualitative similarity between Figs.
3.11 and 2.12 is readily apparent. The quantitative predic-
tions also appear consistent with available ohservations.
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