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1. INTRODUCTION

Whenever a simulation problem is to be programmed for hybrid computation , the
first question to be answered is how should the problem be partitioned between
the analogue and digital portions of the hybrid computer? One naturally leans
towards a scheme which is convenient for programming, and which allows easy change
of system parameters and equations durin g a seri es of runs . The complicating
factor is that due to the effects of time delays caused by calculations on the
digital computer , and the sample-and-hold operations of the interfaces between
the two computers, the chosen configuration may not be mathematically stable.
Such time delays are always present in a true hybrid simulation, and it would be
useful to know , in advance of actually programming a configuration, what time
delays (i.e. digital computer step-length) can be tolerated within the proposed
partitioning scheme, if the simulation is to run in real time. A considerable
amount of time and effort may be wasted in partitioning and programming a problem
on a trial and error basis.

Reference 1 provide s a method of analysis which will allow the user to
determine , in advance of programming, the stability or otherwise of a given hybrid
simulation for various step-lengths, provided the user can find a linear approx-
imation to the response of the system under consideration. One of the
recouriendations of reference I, viz, that the stability anaiysis procedure
addressed in the report be implemented as a software package, has now been
completed .

The material in this report is a description of the software package, including
information requi red by a potential user. Section 5 deals with two simulation
prob lems, and shows the method by which the linear representations of the systems
arc defined in a form sui t able for input to the software package. One of these
oxamples is further considered with a much increased speed of response. This
subsequently allows the question of stability of the modi fod system to be settled
by theoretical analysis. This oxample provides a useful test case for the
software package. In addition, one of the applications of Section S has been
checked by hybrid simulation giving good agreement.

2. BRIEF OVERVIEW OF THE HYBRID PROBLEM

Once a user of the hybrid computer has decided upon a partitioning scheme , he
needs to answer two further questions. The first is how long will the digital

: portion of the hybrid computer take to compute those parts of the simulation
• problem assigned to it? The time for computation, h provides a minimum value

for the simulation step-length . The scheme must be stable for at leas t this
step-length, and since there are other delays, such as sample-and-hold delays
associated with hybrid compu tation(ref.2 ) , it is clear that the step-length will
need to be at least

* h + 8 h s

where 3h represents the accumulation, per step, of these additional delays.
The software package provides a quick and flexible means of determining the

answer to the second prob lem , viz , will the proposed partitioning scheme be
• stable for the mini*a allowable step-length h5? In practice , the second

• question is the one to be addres sed first.
Once a system has been linearized it is possible , for little further effort ,

• to examine a nu~~er of di fferent partitioning schemes with repeated use of the
software package . On ly after careful selection of a scheme from the possible
contenders is it time to address the first question posed above , and then usual ly
only by specialists familiar with the particular hybrid installation . It may
turn out that the only way to ach ieve an accurate enough computation time is to
program the equations assigned to the digital computer and rim them on the digital
portion of the hybrid installation . Sample-and-hold delay s must be added to the

-
~ - • 
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computation time, before the user is in a position to establish whether, h5, the
minimum step-length for the hybrid simulation , is within the step-length for
mathematical stability.

The method of determining the stability of a system reduces to determining
the stability, or otherwise, of integration processes. As such, the method is
applicable only for certain classes of systems, namely those which can be linear-
ized about a current state of motion. However, this can be realized for a great
many systems of interest , since it is not required to provide an accurate
simulation of system behaviour, only to approximate the speed of response
sufficiently well for the purposes of stability analysis.

Appendix I, and further analysis given in reference 1, show that the stability
requirements for a given scheme of partitioning can be derived in a straight-
forward manner. The ease with which this can be done, however, belies the care
needed in the selection of an acceptable scheme. For although the stability
analysis procedure described in Appendix I may show that a particular configur-
ation is stable, the stability may be only marginal. Since we are employing a
linear approximation to the real simulation model, the solution for the latter
may therefore turn out to be unstable. In particular, it should be recognized
that the partitioning schemes under consideration allow in principle for the
part of the simulation on the analogue computer to be unstable, even though the
overall simulation is not.

It was shown in reference 1 that relatively poor stability results whenever
integrations are carried out digitally and derivatives are evaluated on the
analogue computer, or dtrivatives are evaluated digitally and the remainder of
the simulation is carried out on the analogue computer. The strong inference
is that because of the relatively poor stability of either division, one should,
wherever possible, integrate derivatives on the same portion of the hybrid
computer as they are calculated. In particular, “fast” loops should be
simulated on the analogue portion or if this is not possible, entirely on the
digital computer.

This does not mean that one should rule out alternative schemes. In fact,
the recommendation is that the stability analysis procedure described in
Appendix ‘ , and implemented in the software package, be used to determine the
stability of partitioning schemes devised on the basis of convenience to the user.
However, if there are no such requirements, the principles described in the last
paragraph should be followed.

3. REQUIREMENTS OF THE SOFTWARE PACKAGE

This Section defines the partitioning problem mathematically, and lists the
procedures required of a software solution for analysing stability of a system.

3.1 Problem definition

Following reference 1 , we consider the problem of solving on the hybrid
computer the set of differential equations

A~, (1)

which are obtained by linearization of the defining equations of the system
to be simulated .

Figure 1 shows the general partitioning scheme for equation (1) , in which
integrations and evaluation of derivatives can be performed digitally or on
the analogue without restriction. The analysis of the scheme is provided in
Appendi x I , with further explanation in reference 1.

The equations can be rewritten as
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t
= A~X~ + A4~ + D~~ +

where )
Further , t is evaluated on the analogue portion and j  is evaluated

digitally, and the vectors A1~ , A2~ , A3Z, A~~ are computed on the analogueportion, while D1~~, D~~, ~~~ and D4~ are determined digitally .
In practice , for all but the most complex partitioning schemes, some of

the matrices A2, A3, A4, D~, D3 and 1)4 will be null , and the others ,
including A1 and D1 will be sparse.

3.2 Four steps required of the software package

The main steps in the procedure for analysing the stability of the general
partitioning problem are(see ref.1):-

(1) Specify the matrices A 1, ... As, D1, ... Di.
(2) Determine a fundamental matrix 4’ for A1 (following procedures described

in Appendix I of reference 1) by two methods, providing a user option
for either, namely

(i) the direct approach using eigenvalue theory, or
(ii) numerical integration over (o h) for a given it.

(3) For a given value , or values of h , determing G(h) and ensure that G(h)
corresponds to a stable analogue simulation , and Q(h) , the latter by
numerical integration over (o,h); 6(h), Q(h) are described in
Appendix I.

(4) Construct D and determine its eigenvalues, for each desired value of
h, where

1G(h) Q(h) (A2 + D2) I
/ h(A3 + D3) IM_K + h

~~~ 
I

D(h) “~~ — —  — —

\
Q(h)DI

hA 4

Some of the procedures in steps (1) to (4) above can be carried out using
standard library subroutines. Further , the process can be repeated to
cover a range of values of step- length , h.
3.2 .1  Two approaches for step (2), and merits of each

Initially, the direct method for calculatin g the fundamental matrix
• of A1,  was chosen as being superior , because it gives an exact
solution , whereas the numerical integration technique gives an
approximate solut ion . However , it was necessary to cater for both

• approaches in the software package , since the properties of the
eigenva lu.s of A, may restrict the use of one or other method. A
method of analysis was derived and is described in Appendix II , which
allows a choice of step-leng th for the numerical integration , based on
stability and accuracy of the solution . In fact , the results for both
methods for obtaining 4’(t) did not diffe r , for the purpose of determining -

I. stability .

— ~~~~~~~~~~~~ 
- — - 
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It appears that neither method has any particular merit over the
other, except when the properties of the eigenvalues of A1 restrict the
use of either method.

it is suggested that the numerical integration method be used as a
first approach. Regardless of the choice of method for computing
4’(t), the software package calculates the eigenvalues of A1

3.2.2 Further comments on step 3

It is possible to devise a partitioning scheme in which the analogue
portion is unstable. This form of partitioning is considered
undesirable and the software package does address this question. In
step (3) the requirement states that G(h), and its stability, be
examinei. G(h) corresponds to the analogue part of the simulation.
This reduces to determining that the eigenvalues of G should not be
greater than unity in modulus. This will be true if and only if
there are no eigenvalues of A1 with positive real part. This
constraint is incorporated into the software package output to inform
the user. However , the package wi l l  continue to determine the
stability of the overall simulation using the direct method to compute
4’(h), but the user is reminded that such stability , if obtained , will
apply only for the linearized system. This is considered to be the
best the software package can do in the circumstances . The problems
inherent in simulating an unstable system on the analogue portion,
e.g. limiting because of particular choices of scaling, are clearly
problems which must be left to the user.

4. DESCRIPTION OF THE SOFTWARE PACKAGE AND ITS USAGE

The purpose of this Section is to provide , with reasonable completeness, the
information required by a potential user of the package.

4.1 Description of the software package

The package is programmed in Fortran for an IBM 370/168 digital computer.
It uses library routines from the Harwell library, for finding the inverse of
a complex matrix , and the I.M.S.L. library for computing the eigenvalues and
associated el genvectors of both real and complex matrices.

The program is best described with the aid of a flowchart, shown in
figure 2. The matrices A , ,  ... D4 and their dimensions are first defined
and printed . The eigenvalues and eigenvectors of Aa are computed , and the
properties of the real part of the eigenvalues are examined. The
eigenvalues are also examined to establish if any are repeated. Next , the
ftmda~nental matrix for A 1, and the matri ces C and Q are computed for a range
of step-lengths , h , chosen by the user. The direct or numerical integration,
(N. I ) ,  method is used for the previous step, depending on user choice, or
whether the eigenvalues of A1 are distinct , (N.I. method), or the real part
of any eigenvalue is positive (direct method) . For each step-length, h, the
partitioned matrix D is computed , and its eigenvalues are examined to
determine the stability of D. The main program prints info rmation at
intervals throughout each stage of program execution.

The Fortran coding and a description of the vari ables used are presented
in Appendix III  and IV. The program uses double precision arithmetic
The matrices A,, ... A,, D,, ... 0., , G(h), Q(h) and D(h) are real, while
the elgenvalues and fundamental matrix for Aa are, in general, complex. As
a result , some of the subroutines are more involved than might otherwise be
expected.

- -~~~~~~- - •- — • •
~~~~~~~~~~

-
~~~~~~~~~~~~~~~~~~~
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4.1. 1 Main program
The main program accepts the input data , cont rols the main branches

of the analysis , namely which method is used to calculate 4), G(h) , and
Q(h) , and prints the results . It makes calls directly to subroutines
EI GEN , FUND, LAMBDA , NUMERI, DMATRX , MODEIG , and OUTPUT , which are
described below.

4.1 .2  Subroutine EIGEN
This routine controls the computation of the eigenvalues , A ., , and

the matrix of ei genvectors , C , for A1 , via subroutine CNVRT .
(C = P~’ in the theory of referen ce 1, Appendix I ) .  EIGEN calls sub-
routine DIST, after which it tests if the numerical integration
technique has beer chosen by the user, and whether A are repeated.

If the latter situation exists , the routine forces the program to use
the N . I .  method . If neither of the above criteria is true the
routine computes the inverse , B , of the matrix of ei genvectors , C , via
subroutine CNVRT , in preparation for computing the fundamental matrix
corresponding to A, by the eigenvalue method. Should the inverse
routine fai l , the N . J .  method is chosen .

4 .1.3 Subroutine DIST
Specifies the real pa~~ of each of the A .,  for determining the

stabil i ty of G(h) ,  and aiso establishes whether the A are repeated ,
i.e., whether A . = A . for i #j .

1 3
4.1.4 Subroutine FUND

The purpose of this routine is to define the fundamental matri x ,
4’(h), by direct calculation , using eigenvalue theory . For each
value of h , the routine computes two complex diagonal matrices

A, h-i ... Ak h-1diag (exp X 1h , ... exp A kh) and diag (exp ~ ‘ exp Ak
using a complex matrix multiplication routine, DCMPY. It is expected
that the imaginary elements of the above matrices will  be less than
i0~~ in magnitude . The matrices are redefined as G(h) and Q(h). A
diagnostic is printed if the imaginary elements of the complex matrices
do not conform to the above requirement , but the program continues to
execute.

4.1.5 Subroutine NUMERI
This routine provides the contro l for the numerical integration

routines. The numerical integration step-length is established by
routines LI~MBDA called from MAIN , and STEP, and the integration , using
the “predictor-corrector” method, is performed in subroutine SINT.
NIJ4ERI increments time up to the required value of h , and computes G or
Q depending on the value assigned to a variable NAN.

4.1.6 Subroutine LAMBDA

In this subroutine the analysis of Appendix II is applied to establish
the numerical integration step-length, chosen for stability and
accuracy of the solution. Values for the N.J. step-length, h, are
computed as a function of the real part of each eigenvalue, A ., and
must also meet a criteria related to the imaginary part of the
eigenvalue X~ (as described in Appendix II).

If this criteria is met for all the eigenvalues, the smallest h is
chosen for the N.I. step-length.

_ _ _ _ _ _ _ _
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if the above criteria is not met for one or more of the eigenvalues,
then h1 is chosen for the respective eigenvalues according to the
analysis of Appendix II , and the N.!. step-length is the minimum over
all the eigenvalues of the h and h1 ‘s respectively. h must also be
at least as small as the minimum interval between the step-lengths
chosen by the software package user for examining the stability of the
hybrid solution.

The subroutine is entered from the MAIN program, and provides the
N.!. step-length, hSTEp, for further refining in subroutine STEP.

4.1.7 Subroutine STEP

Subroutine LAMBDA defines the N .J. step-length purely on the basis
of an accuracy criteria, and the largest eigenvalue. It is necessary
to establish individual NJ. step-lengths for each interval of stability
step-lengths chosen by the user. The numerical integration step-
length, hSTEP. for the interval (h., h1~1) is modified, such that

h = hS STEP

where e is a small quantity, and there are exactly an integral number
of integration steps in the interval (h., h1~1). Subroutine STEP is
called from subroutine NII4ERI whenever a new N.I. step-length is
required. The subroutine returns the integration step-length hs.

4.1.8 Subroutine SINT

The predictor-corrector steps for numerical integration are defined
in subroutine SINT. The calling vector defines 1PASS and NAN, to
control which branch of the routine is to be executed, i.e. the
“predict” or “correct” step, and for identifying which of functions C
or Q is being computed .

4.1.9 Subroutine DMATRX

The partitioned 2M x 214 matrix 1) is defined in this subroutine .
It calls the subroutine Dt’t4PY, to perform multiplication of two real
matrices.

4.1.10 Subroutine MODEIG

The routine controls CNVRT to compute the eigenvalues p1, of D, and

then tests that

I~~I ~~l, i = 1, ... , 214

If this criteria does not hold for all p1, the routine records which

of the eigenvalues are in modulus too large, and their respective
values, for printing by the main program.

4.1.11 Subroutine CNVRT

This subroutine controls all calls to the library routines. It
has three branches , each being def ined by a va lue I, assigned in the
calling subprogram according to whether eigenva]ues and eigenvectors
of a matrix are required (I 1), the inverse of a matrix is required
(I 2), or eigenvalues only are required (I = 3). ETCEN calls CNVRT
for I 1, 2, and MODEIG calls CNVRT for I - 3.



- 7 - WRE-TR-1882 (A)

For I a ~ CNVRT ca l l s  EIG RP from the IMSL library, which computes
— coaplox oigenveluos and complex olgonvoctors of A, , and a performance

index for the mathemati cal accuracy of the technique . EIGRF returns
the performance index and CNVRT prints a diagnostic. It is possible
that if the eigenvalues are not distinct, then the matrix of eigen-
vectors is incorrect. The software package prevents this matrix
being used further , by forcing the program to use the numerical
integration method for computing the fundamental matrix 4’(h) ,
whenever the eigenvalues are repeated . The eigenvalues are not

= normalised by EIGRF.
For I = 2, CNVRT computes the inverse matrix B of the complex

matrix of eigenvectors C , using the function MA23BD of the Harwell
library routine MA23AD . The library routine overwrites the input
matrix, and returns the inverse matrix in the storage provided by it.
It is therefore necessary for the program to remember C before
calling MA23BD.

The routine MA23BD makes no allowance for the size of the matrix
in the dimension or common statement of the calling subprogram to
be bigger than the matrix row dimension in the calling statement .
Therefore it is necessary to define another complex matrix , Y ,
having a variable dimension in the calling subprogram CNVRT . This
branch of CNVRT is only executed with IMETh = 1.

For I = 3 CNVRT call s EIGRF , to compute the complex eigenvalues of
j  • the matrix D. This call to CNVRT is made from subroutine MODE IG

4.1.12 Subroutine DI44PY and DCMPY
Subroutine 0144PY performs matrix multiplication of two real

matrices . The matrices need not be square , but the program tests
that the column dimension of the first matrix equals the row dimension
of the second matrix. The output matrix is 10 x 10, even though the
submatrix containing the solution is P444 x LLL which may be smaller
than 10 x 10. D~MPY is the complex version of EI4MPY.

4.1.13 Subroutine OLFFPUT
This subroutine controls the printing of the input matrices

A , ,  D i ,  ... 1)4 .

4.1.14 Library routines
E IGRF and MA23BD are well documented in the Computing Services Group

Library of W.R. E .  The Harwell and IP4SL libraries are both extensively
used and tested by other computing facilities, and have performed well
in this software package .

4.2 Software package running
This Section covers the data requirements , the program output, and the

method of creating a data file under the 1014 370/168 supplied TSO system.
Operational characteristics are explained , and the identification of the
W.R.E.  Library version of the software package is supplied.
4.2.1 Data input and program output

Table 1 lists the input parameters and the form in which they must
be presented, but further discussion of the parameters is presented
b.~1ow.Matrices Al , Dl , ... A4 must be defined in terms of their si zes
and elements. In most system problems , some at least , of these
matrices will be null, and the others will very likely be sparse.
The user need only define the non-zero elements , and the respective
row and column of each element , for the non-nul l matrices .

I

- - - — - - - —  - -
---
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TABLE 1. DATA REQUIREMENTS FOR SOFTWARE PACKAGE

Data Parameter Constraints on
record Parameter value description parameters

I K ,M IC - Row size of Al matrix K ~ 10 (nominally)
total number of inte- K + 1 ‘~~ P4 ‘~~ 20 (nominally)

grals computed analogue If no integrals are assigned
or digitally to digital computer i.e.

14 = K , then 14 set to K + 1

2 NE~.. Numbers of non-zero
elements in Al

3 J ,J ,Al(I ,J ) , . . .  I = row number I ,J are integers
for NFL J = column number A 1(I ,J) is a floating
elements A1 (I,J) — non zero point value.

element of A l in 1th These values are separated

row and J~ column .

4 NFL Number of non-zero
elements for Dl

This set continues until Al , Dl, .. ., A4 , 1)4 have all been defined. If
NEL is zero for any of these matrices, the next data record contains NEL for the
next matrix in the set . The order of input of the matrices must run Al , Dl , A2,
D2 , A3, D3, A4 , D4. The data , if all these matrices have non-zero elements , are
defined in records 2 to 17. For most problems there will be less records , but
NFL must be defined for each matrix, even if it is assigned the value zero .

18 NT ,EL ,HINT NT number of user The values for EL and HINT,
(or less) defined step-lengths are required if the step-

EL = value of 1st length s are at equal intervals.
required step-length Otherwise EL a 0, HINT a 0.
HINT a time interval If only one step-length is
between successive to be defined HINT 0.
step-lengths .

19 IMETh User option for choos - IMFFH a ~ may be over-
(or less) ing direct method for written in progra m for

computing ~ (h) i .e .  N . I .  method .
IMETH - 1, or NJ .  IMETH 2 is considered to
method i.e. DIEm a 2. be accurate enough , in

general , and is recommended
to user.

20 11(1) 1—I . .  ,NT H(I) are the user This record is optional.
(or less) defined step-lengths . It will not be needed if

NT was defined earlier. 11(1) is fully defined by
data record 18. 

-
. _
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The matrices are ordered implicitly Al , Dl , A2 , D2 , A3, D3, A4 , D4 in
the data.

• A variable NFL defines the number of non-zero elements for each
matri x in turn . If NFL is zero, then the matrix is assumed null , and
NFL for the next matrix of the set is the next data required. When
MEL is non-zero, the next data input defines all the non-zero elements
(NFL of them) for the matrix in question .

Consider the example, in which there are 4 non-zero elements

[1 0 0
Al - ( 0 2 0

~ i i

Assuming the matrix dimension , i.e. 3 x 3, has already been defined ,
then two data records are required to fully define Al. The first
data record contains the value of M EL. The second data record
contains the row, column and value of each non-zero element in that
strict order, although the order in which each element group is
defined is unimportant .

The row and column are defined by integers , and the element value
is defined by a floating point constant. The two data records

• defining Al are :

4
1,1,1.0,2,2,2.0,3,2,1.0,3,3,1.

Following the matri x definition for Al , ... , 1)4 , the user must
def ine a value, or values, of step-length h, for which he wishes to
test his partitioning scheme. The program accepts variables to
define a range of value s, h , at equal intervals , or a series of
values h , or will  read a single value for h. In the last instance,
the software package provides the stability for the single value , h ,
and also for 1.5 times that value. This may give the user a better
idea of where his choice lies relative to stability. If the step-
lengths are at equal intervals , the package computes the array H(fl,
from the value of H(1),  and the time interval between step-length s ,
up to NT values .

The user has a choice as to which method is used to compute G(h) and
Q(h) via the fundamental matrix 4’(h) . The direct calculation, using

• eigenvalue theory, is allocated by the vari able I14ETH 1. The
approximate solution , using numerical integration , is assigned in the
package by INETH a 2. Results from either method have not di ffered
signifi cantly for the purpose of stability analysis , and the user is
advised to use the numeri cal integ ration method , if he has no preference.

Initially, the program print-out defines the input matrices Al , Dl ,
D4 , together with the- values of h for program execut ion . The

• output th en defi nes a perfor mance index for the eigenvalu e routin e,
followed by the eigenvalues of Al , and an error parameter indicating
success (TER a 0) or failure (IE R >0) . The distinctness , or other-
wise, of the .igenvalues is defined . A comment is printed concerning
the stability of the matri x G , which provide s the user a very important
guide to the likely success or failu re of his partitioning scheme.
This stability indication is independent of value s of h. Next , the
method, by which the matrice s G and Q will be computed , is printed.
The prec eding infor mation is printed once for each run .

- 

-

~~~~ — 
-

~~~~~~
-
~~~~~

- .
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The next block of output is repeated for each value of h ascribed
by the user. The step-length, h, in seconds, the N.I. step-length
and accuracy, if applicable, and the matrices , G, Q and D are printed.
The value of the error parameter for computing the eigenvalues of D is
given and the eigenvalues are printed. Finally, there is a statement
concerning the stability of the scheme for the present value of h.

4.2.2 Creating a data file

In order to run the software package under ISO, or via a batch sob,
the user must supply a data file, and link this file with the Fortran
program.

For most user problems, the matrices Al , Dl may be of the order
6 x 6, or bigger. The record length required for specifying the non-
zero elements of such matrices will very likely exceed 80 characters.
This is the default value assigned in the EDIT command or by the JCL
accompanying the data cards, to the record length parameter LRECL (or
LINE). (The 8 characters used to specify the line number are included
in the 80). A record length of 120 characters is considered adequate
for problems likely to be encountered, but in any case the value must
not exceed 255.

The BLKSIZE (or BLOCK) parameter of the EDIT command speci fies the
maximum length (in bytes) for all the records of the data set.
Hence the BLKSIZE parameter must be an integer multiple of the LRECL
parameter. The default parameter is 3120, (also the maximum allowed),
which conveniently is a multiple of 120 , but , in any case , a smaller
number may be specified. For the test data sets, described in this
report, the BLKSIZE parameter has been specified as 2640, allowing for
a maximum of 22 records of 120 characters . The BLKSIZE and LRECL
parameters are only specified when a new data set is created.

The EDIT command for creating the tracking radar simulation data set,
SEEK4, of Section 5 is given as an example.

EDIT SEEK4 DATA NEW BLOCK(2640) LINE(120)

or

EDIT SEEK4 DATA NEW BLKSIZE(2640) LRECL(120)

4.2.3 Operational characteristics

This Section covers the general operating characteristics of
interest to a user .

The W.R.E. Library program identification for the software package
ii 4154 , and a user will be supplied with the data-set name of the
package , and any other JCL routines necessa ry for running the prog ram,
on request from Computing Services Group .

(a) Running time
The prog ram typically compiles and executes , for up to

twelve value s of step-length h , in under ten seconds . Exec-
ut ion time for the same run is less than three seconds .

(b) Diagnostics 
- -

The program terminates in the even t that neither the N . I . ,
nor the direct method for computing~~, can be applied . This
will occur if some of the eigenvalues are repeated, and one or
more have positiv , real part .

Most of the printing is controlled by the MAIN program .
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However , there are severa l instances where other subroutines
may print diagnostics . In sub-routine FUND , if the complex

- - - .  - versions of the matrices C and Q have imaginary elements
larger in magnitude than l0~~, a diagnostic is printed . The
program continues executing.

In subroutines D~4PY and DCMPY , if the matrices supplied
are not compatible for multiplication, then a diagnostic is
printed , and the program terminates.

Whenever subroutine ~NVRT uses the IMSL routine EIGRF to
compute eigenvalues and eigenvectors of A * ,  a performance index
is computed defining how the IMS L routines performed . CNVRT
prints the appropriate diagnostic , and the package continues to
execute. EIGRF also provides an error parameter , IER , and its
value is printed in cNVRT. IER may take the following range
of values,

IER = 0 Routines worked normally.
IER ) 128 The numerical solution failed to converge

for one of the eigenvalues.

IER < 128 One of the parameters in the calling
statement for EIGRF is inconsistent .

The user is advised to regard the program results as incorrect
whenever the error parameter is non-zero . It may then be
necessary for the user to refer to the write-up of the IMSL
routine EIGRF in order to satisfactorily continue with the
problem solution .

(c) Replacing software package routines

Should a user need to modify or replace any of the routines
— of the software package, the point is made that modifications

or new routines must use double precision arithmetic.

5. APPLICATIONS

Any physical system if analysed in great detail is non-linear. Most physical
• systems are also time-varying, but if changes in the system characteristics are

very slow, compared with variations In the input, a linear time-varying system
can be approximated by a linear time-invariant one.

It has been assumed here that a potential software package user has derived a
linearized version for the system , prior to considering a hybrid simulation
model, and that these equations are in the form

as required by the software package .
However, it sometimes occurs , that in neglecting small time constants in the

analogue portion of the mode l certain of the system equations are algebraic
• equation s rather than di fferential equations. This is not covered by the theory

presented here . Rather than extend the theory to cover the genera l case where
equation s y be algebrai c or differential , it is considered easier to reintroduce
smal l time constants for the purpose of stability analysis.

The following sections deal with two linear systems (see reference 3 for a
detailed derivation of the lineari zation process). In fact , the existing
digital simulation model for example 2, represents the contro l fin actuator , for
a missile , as responding instantaneously , to produce a fin deflection, ip. to the
autopilot error signal , ~~~. A lag of 0.001 a is introduced to express the system
in a form suitable for software package implementation .

- ~~- 

— —
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5.1 Tracking radar simulation

The first example describes a (single plane) simulation of a radar guided
weapon homing on a target (figure 3), in which the motion of the missile
(under autopilot control) is simulated on the analogue computer, while the
signal processing functions of the missile radar receiver and the dynamics of
the radar servo and pedestal systems are represented on the digital computer.• The configuration is as shown in figure 4.

The linearized equations which describe the system are

F(S) 
~~~~~~ 

- (2)

7 -3(*~~ + *M) (3)

*1 (4)

= (5)

and

r = G(S)7 (6)

where

- dish-body angle

= missile azimuth

‘1 = required dish rate to maintain track

r - missile angular velocity

(l+T D1 S)F(S) 1 .T  S + T  $~D2 D3

and

K(l • TAI S)(1 • T~~ S)

S

The partitioni ng scheme is such that and P. and hence are evaluated
and integrated digitally, whilst and r are evaluated and int.grated on the •

amalogma computer.
It is n.c.eaary to reduce th. second order equation

- P(S) (*z $w)

- 

1 • •,
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to two first-order equations. Expanding (2), we have

p *1*4 ‘ T~2 •i~,i 
+ T~3 ~~ *1 ~M + TDl ~I 

- T~1 *M (7)

Def ine -

41DM 4’I + *M (8)

Then equation (7) reduces to

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Integrating the above equation, we have

-T T I
IPDM = I DM - + - 

~~ *~4

which , together with equation (8) define equation (2) as two first order
d. e. ’s. We see that (~

I
~~)N+ 1 which is calculated in the interval

tN < t <tN+l on the digital computer is a function of (*ON)N and (*I)N fron
the digital, and from the analogue computer in the interval tN.l <t <tN•

It is also necessary to reduce the third order equation

r = C(S) •~i

to three fi rst order d.e. ’s.
Express equation (6) as

E ( i + T
*1 S )7 r  l + T

*2
S i

1 + T~3 S Li + 1*4 S + T
*5 

s2J (9)

and define

K(l • TAI S)
U — I + T  S (10)

*3

• We can then define

• Z3 l + T A3 S

and hence

— •
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Z2 a 

~~~~
_ 

k 7 - Z 2
T
*3

K I
* ‘T ~ -

A3 A3

Therefore equation (10) becomes

13 — Z2 + 

~~~ 
Z2

Now for equation (9) we have a new expression

1 + T~~ S
r 1 + T

*4
S + T

*5
S2 U

a

r + T ~4~~~+T~5 r = U + T AZ~~

If we put

Z3 — r - u

and substitute for Z3 in the above equation, we obtain

_ _ _  ~~~~~~~

.

TM TM

Integrating, gives

-T T
3

Expressing u in terms of Z and Z3, we derive

- T~~ 
r - Z3 + -j-— [z~ + T

*i ‘i - .,— 23)]

~T*4 i T~~ g 

- TA1 K T
*j 

T~~
T _ r

~~~~
_ z3 +

~
_Ll

~~y Jz2 + TAS TM 
7

• • - ——-—— — — 
— - - - - - - -~~~~~~ r. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~4 — 

— -~ ~~~~~~~~ — __ _•_f~:~’____ _ •_ ~~~~~
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Equation (6) has been redyced to three first order d.e.’s, 1, Z2 and Z3.
We shall assume that Z3 and Z3 are computed on the analogue computer , and can
therefore see that the element 7 is computed digitally in the interval
tN l  < t  < t N) and passed to the analogue portion via the D/A interface at
time tN . for computation of f~, Z3 and Z3 in the interval tN <t  <tN+i.

Equations (2) to (6) can now be expressed by a set of equations defined
in (11).

•M . r

-T T 
~

— I 1  K I T
r - r+ .

~
__ I l-ir---IZi -~~

-— 3 +  f •1~ 
[ y

‘AS ~— A3—J ‘AS . ‘*3 ‘*5

a -~ j~~~ Z3
*3 A3

. 
~~~ 

I —
~ K T ,1

Z3 - r -Ii - 
~~~~~

— 1z2 - TL A3.J A3

• 
= - *J4 

- 

~~~ 
+ 

~~~~~~ *~ 
- Z1

—

- 
~‘P4 + * DM~~~*I (11)

where

= -3L *1*IJ N ~~ *JN~l

— - -
___  -
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N
“4
•~~ 1

~ 
f
~H_

.Ic 
P 1 I~~

I ~ I I

~~~~~~~~~

L_J L_i

+

I— f-
0

~~4 4 ~el ~c

z
“4

~~ +
“4 z z

NI ‘4 z
f-~ 

Z

~1II-
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‘U V
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.
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— 

~~~~~~~~~~~~~ •
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The analogue vector x.~ and the digital vector ~ are defined as

~~~~ y a n d~~ = (

~~~)

It remains to express the set of equations defined in (12) in the form
defined in Appendix I.

0 1  0 0

* 0 E 1 t(1 _
~~) -

~~~~~~~
_

0 0  -
~~~~~~~

— 0

23 0 1  0 Z3

0 0 0 0
- 3K TA1 1A2

1 1’ 0 0 0  r
A3 ’AS

_ ::: ::~~ 
N 1

0 0 0

-3K TM 1*2 *1*4
T I  0 0

+ *3 AS *1 (15)
-3K 0 0

A3 N

3K T
T 0 0

A3

_ _ _ _  ~~~~~~~~~~
-• •;•~
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i .e.

a A1~~ + D , ~~~ 1 + D 2~~

and *2 a null matrix. The equat ion (13) defines the analogue portion of
the partitioning scheme .

The non-zero elements of the matrix D2 are components of r , Z2 -and Z3 ,
and are computed on the digital computer as shown in figure 4. It is
immaterial whether the elements of D2 are computed digitally or on the
analogue portion (then called *2)- since the two matrices occur as a sum
(*3 + D2) in the matrix , D , of the theory. Similarly, it is immaterial

which of the matrices *3 or D3 is defin ed in the expression for i,
Further , expressing (12) in the form of Appendix I for j .

0 0 —~~~~~ ~~~ .L\ 4’DM
= 

1133 r 
+ 

103 T03 1133) 
~‘I (14)

-3 0 0 0 2 0 0 J  Z,
1 0 0 0  Z3 N 1 -1 oJ 

N

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~

w i t h  *3, A4 nu l l  matrices .
Consider as an example under consideration the situation where

TDl = 0.1

1132 = 0.22

= 0.016

— K — 3.52 

- -  
- t  

- -

~~~~~~~~~~~~

-

~~~~~~~~

- _ _



- 19 - WRE-TR-1882(A)

T*i 
- 0.01

1
*2 

= 1.9

T
*3 = 0.023

T
*4 

= 0.54

T
~ 5 = 0.094

Then the data for defining the confi guration for the software package is

J ( = 4

M = 7

M-K = 3

A, , 13, are 4 x 4 matrices

A2, D2 are 4 x 3 matrices

*3 ,  D3 are 3 x 4 matri Ces

and

*4 ,  1)4 are 3 x 3 matri ces

/o 1 0 o\~ 7 o  0 0 0

1 0 -5.8 11.4 -lO.6\  1 -92.8 0 c~ a
~ 0 0 -43.5 0 )‘ D1 

\ -459.1 0 0 0
1 -0.6 o/ \ 4.6 0 0 0

0 0

( _ 92. 8 0 0
A2 - 0 = t~-459. 1 0 0

\ 4.6 0 0

/ -6.3 0 0 0
i 3 =  (- 3  0 0 0

0 0 0

f-13.8 6.3 -62.5\
D4 = ( _ 3  0 0 )

\ i  -i o J

Table 2 presents the data in the form accepted by the package, and

J Appendix yr shows a sample output from the computer run.

— .-. • -•—.--- - - - - - - - .  - - — — — —~~ --- 
~~~~~~~~- - - - - - - - - - - - - - - - -- - - - •
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TABLE 2. INPUT DATA FOR EXAMPLE I

Parameter Data Record
name
K,M 4 ,7
NEL 7

Al 1,2 ,1.0 ,2 ,2 ,— 5.8 ,4 ,2 ,1.0 ,2 ,3,11.4 ,3,3,-43,5 ,
4 ,3, -0.6 , 2 ,4 , - 10.6

NEL 3

Dl 2,1,-92.8,3,l,-459.1,4,1,4.6

NEL (*2 ) 0

NEL 3

D2 2 ,1,— 92.8 ,3 ,1,—459.1 ,4 ,1,4.6
NEL (*3) 0
NEL 3

D3 1, l , -6.3 ,2 ,1,— 3.0 ,3,1, l..0
NEL (A4) 0

NEL 6

D4 1,l,—13.8,2,1,—3.0,3,1,1.0,1,2,6.3,3,2,
-1.0 ,1,3,-62.5

NT , EL , HINT 6 ,0.038 ,0.001
IMETH 2

5.2 Heig ht control system simulation

The second example concerns the simulation of the height control system of
a missile. For the present purposes, the system is assumed to have the
configuration shown in figure 5. In this, the indicated missile height and
velocity are obtained by integration of the missile acceleration, as sensed
by the inertial platform. Drifts and biases are corrected by comparison
with the indicated height and the smoothed output of the missile’s altimeter.
The indicated height , Z , is then compared with the demanded height, 1D’ and ,
with the vertical velocity, v , is used to form the demanded acceleration ,

This is the input to the missile autopilot which controls the missile

aerodynamic response such that the achieved vertical acceleration, a1, closely
follows the demanded input.

One approach to the hybrid solution is to simulate the autopilot and
inertial platform and a portion of the aerodynamics on the analogue computer.
Evaluation of the missile acceleration and the derivative of pitch rate are
computed digitally, since they are functions of several variables, and
integrated on the analogue portion (figure 6). The above configuration is
the “text-book” version of the partitioning problem viz, that algebra should
be solved on the analogue computer.

The analysis of reference I has shown the potential danger of applying this
“text-book” approach , if the resulting scheme evaluates derivatives on one
portion of the computer and integrates them on the other. This “complete . - - -

parti tioning” can result in an even less stable division than evaluating and
integrating derivatives entirely on the digital computer, user Euler
integration . Nevertheless , wi thout the guidance which the analysis provides, 

~~~~~~ I±i T - -
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this partitioning scheme might well appear to be a sensible one , and , as such ,
provides an interesting test case for the theory. The linearized system
equations are defined below.

Z = v

- a1

a
2 

= a,a + a~ 77

4 = a3a + a4 77

a =

KA4 r KA1(l + TA1 S) 
~1? [(l+T ~2 S)(l+T~3 S)

~~~~ kAS 5Z a
DJ

1 —
i + r S 77

a
13 

= KA2(ZD - Z) - K*3 V

For stability analysis we can regard Z13 as zero . Thus

a0 = _ K
22 Z - K *3 v

The closed loop response for missile height and acceleration are,

ZDZ a  ( 1 +  0 85 S ) ( 1 + O  15 S +  039 S2 )

and

3(1 - 0.0035 S)a2 ( 1 + 0.18 S)(l  + 0.016 S) 5D

In the above equations a 1, a2 ,  a3 and a4 are functions of several variables
related to missile incidence , Mach nuther , and air pressure.

aD demanded missile acceleration

Z0 - demanded missile height

u - missile velocity

• gains in pitch autopilot

1A1’1A2 ,1A3 - time constants in body rate feedback of
autopilot 

~~
•_ •
~z~L_:_ 

_ _ _ _
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Thus the linearized equations for stability analysis are

~pIy~ 
= v (15)

- a ,a+a2 77 (16)

4 a3a+a .,17 (17)

(a , a  + 32 77) + q (18)

K (1 + TAI S) 1
a 

~~~ [(1 1A2 S)(1 + TA3 S) q - K~~ (a, a + a277) - K *2 Z - K A3 VJ - ~~(19)

We must reduce the third order d.e. defined by equation (19) to three first
order d.e.’s.

Put

KA1
-

*2

then

a I
A2 1It2

We will assume that ~ is computed on the analogue computer. Equation (19)
now becomes

K*4 1 l + T  S) 1
a 

~~~~~~~
- L

~~
T +  1A3 S) - K

~5 (al a + ai77) - K
*2 

z - KA3 vJ - (20)

Put

( l i T  S)Al
(1 + 1

*3 
S)

Thus

- . + + . o 
. H

-6 
1
*1 

KAI j ..~.r 
TA l l  - 

-
-

- 
TAS T*2 

q + TA3 L’ 

-

_ _ _ _ _ _ _ _ _  - 

- --
~~~~~~~~~~~~~~~

---

~~~~~~~~

--- - - 

-
-
,~~~~~~ -

- 
- I

-,
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Substituting for 6 in equation ( 2o)~ we now have a first order d.c. for 4,
i.e.

K

Thus all the equations of the height control system are now defined as a set
of first order differential equations.

The partitioning scheme is such that there are no integrations performed
digitally. At time, tN . l~ the values for a and ‘7 are passed to the digital
computer for evaluation of and 

~
4
~N 

in the interval tN_ l <t <tN.
These derivatives will  be integrated in the interva l tN < t  < t N+1 on the
analogue computer. We wil l  assume , for the purposes of defining A l , . . . , A4,

K K a~ K K a2
,D., that the coefficients, .~L, 

~
. , !~., 

~
. are computed

digitally in the interval tN l  < t
The equations defining the partitioning scheme are

d = .
~~

(a)N_l ~ q

4 a a3 (a)
N l  

+

K
=

*2 A2
- K

*4 
K~5 a~ 1 KA4K~~

a2 KA4 KA2 K
*4 

KA3 K
*417 = (a) N l  - i ’7 - 

~ ~
‘7
~N-1 

- r ~ - 
T ~

v

a,(a)
~~~ 

+

TA1 KA1 1 / TA1\ 16 a .~. .,. q + 
~~~

— 
~l - - 

~~~ 8‘*3 *2 A3 *2 *3

We have

a
q

~~~~ = fl and~~~ -~~~z
V
a
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In the interval tN < t <tN+1) we have

0 1 0 0 0 0 0 a
r 4 0 0 0 0 0 0 0 q

0 -
~~2

• 0 0 0 0

= ‘ 0 -1 ~~A4
XA2 ~

7CA3 XA4 XA4 77

1 0 0 0 0 0 1 0

: TM ~M ~~~ : ~*3 *2 *3 A2 A3

0 0 0 0 0 a
u

a3 0 0  34 0 0 0  q

0 0 0  0 0 0 0

+ 

_ K
A4 ~~~ a, 

0 0 
-K *4 KAS a2 

0 0 0

(1 0 0  0 0 0 0

a, 
:2 

E N-I

i.e.

=

The matrices *2 ,  D3~ *3,  1)3, A and D~ are all null .
Consider the situation where

a, -1 93.8

a2 a -34~5

a, = -58.4

a -61.6

U —  306

a 39

K
*2 

• 2.17

2 1 7
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KM 
a 0.07

K
M 

a 0.126

1 = 0.001

1
*1 = 0.5

1
*2 

2.0

1
*3 

- 0.01

Thus the data for defining the configuration for the software package is

K = 7

M = 8

M-K = I

A, ,D, are 7 x 7 matrices

A2,.. .,D4 are all null , and

~ k~A, = 0 0 0 -1000 -151.9 -151.9 70

0 0 0 0 0 1 0
0 0 0 0 0 0 0

0 975.0 75.0 0 0 0 - 100.Oj

- - and

-0.6 0 0 -0.1 0 0 0~
-58.4 0 0 -61.6 0 0 0

0 0 0 0 0 0 0
Dl a +1709.3 0 0 +304.3 0 0 0

0 0 0  0 0 0 0
-193.8 0 0 -34.5 0 0 0

0 0 0  0 0 0  o f

Table 3 lists the input data for the software package and Appendix VU
presents computer output for the above example. As is to be expected thepartitioning scheme is shown to be far from ideal • and the results show that
It would be mathematically unstable for a step-length as small as 12 ma ,
even though th. banè,idth of the acceleration and h.ight loops are 0.9 Hz
and 0.2 Hz respectively. The genera l experience is that even the use of
pr.dictia~ will not greatly help in thes i sorts of application which employ
“compists partitioninV .

I —
- - - - --,

- - 
- - +-~~ 

--
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TABLE 3. INPUT DATA FOR EXAMPLE 2

Parameter Data Record
V va lue

K ,M 7 ,8
N E L 11

Al 1,2,1.0,3,2, 19.5,7,2,975.0,3,3,-0.S,
7,3,75.0,4,4,-1000.O,4,5,-ISJ .9,4,6,-151.9,
5,6,1.0 ,4 ,7,70.0 ,7 ,7-, -100.0

NEL 8
Dl 1, 1,-0.6,2, 1,-58.4,4,1,1709.3,6,l ,-193.8,

l,4,-0.1,2,4,-6l.6,4,4,304.3,6,4,-34.5

NEL (*2) 0

NI3 L ( D2) 0
NE L (A3) 0

NEL (1)3) 0
N EL (*4 ) 0
NEL (D4 ) 0
NT , EL, HINT 5,0.009,0.001

IMETH 2
A better partitioning scheme is one for which a

~ 
and 4 are evaluated on

the analogue computer, and the inertial platform is simulated d~gitally .
The software package was used to determine the stability of this partitioning
scheme for the numerical values of the previous example (but with a2 = 0).
It was predicted by the software package that instability would occur for a
digital computing step-length of 113 ms, which is a considerable improvement
over the 12 as of the first scheme. This value was checked against the
hybrid simulation by incorporating a variable delay in the digital computer.
For the same values it was determined experimentally that instability occurred
for a step-length of 110 as, which is in close agreement with that predicted
by the software package. In actual fact the hybrid simulation was inaccurate
at this step-length , even though stable, highlighting the need for future
work to consider the accuracy of hybrid simulation.

Finally , by using a simplified description of the above partitioning
scheme, the question of stability can be settled by direct analysis, as in
Section 5.1 of reference 1. For values of lC~, K2 a 6.6 and T = 0.2, and
following the method of reference I , the maximum value of h for which the
partitioning scheme is stable is 120 as. Thus there is a good measure of
agreement between all approaches.

6. TEST STATUS OF THE SOFTWARE PACKAGE

The package was extensively tested during each stage of its production .
However, testing the complete package posed a problem since a typical system for
analysis is likely to be quite complex, and one can expect the 1) matri x to be of
the order 14 x 14. Finding the eigenvalues of this matrix by hand is quite
intractable.

However , it is possible , by reducing the time constants in the resp onse
functions of the analogue portion , to generate ‘ instantaneous ’ responses for
that part and thus produce a system which can be analysed theoretically. One
can therefore theoretically analyse a partitioning scheme for such a system ,
and hence, produce a value for step-length at which it will become unstable.

-: 
-
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Such modified system equations can be used as the test data for the software
package .

The homing missile simulation of the first example was chosen as a test case.
• The configuration is changed slightly with the dynamics of the radar servo and

pedestal system now being represented on the analogue computer. The configur-
ation is shown in figure 7.

The data defined in Section 5.1 is applied with the time constants of the
transfer functions being increased by an order of 10. The equations for the
instantaneous system are

Digital

= ..3(~s +

Analogue

(l + 0.01 S)(4’ -
~~~~~~~~ )

= 
I H

1)14 1 + 0 .022 S • 0.00016 S2

— 
3.52(1 + 0.001 SI( 1 + 0.19 S) •vr - (1 + 0.0023 S)(l  + 0.054 S + 0.00094 S’)

These equations reduce to seven first order d.c.’s with the analogue vector,
~~~, being üefinod by

r
=

Z2

~ Z3

and the digital vector, ~~, being defined by a single element .

- (*~
)

The partitioned system can now be defined in terms of the matrices suitable
for the softwa re package .

In vector form the system is defined for the interval tN < t  < t N+1

~~~~~~~~~
‘“ “ ‘.“ “.

~~~~ 
- - - - 

: -
~
.-
~~:~~~~

‘
-
~~~~



WRE-TR- 1882(A) - 28 -

-137.5 -62 .5 0 -6250 0 0

4’~4 0 0 1 0 0 0

1 0 0 -57.4 0 114.3 -1064 r

Ii 
— 1 1 0 0 0 0 zi

0 0 0 0 -43.5 0 Z2

0 0 1 0 -0.6 0 Z3

0 o o 0 0 o
0 0 0 0 0 0

-927.5 -927.5 0 0 0 0 r
+

0 0 0 0 0 0 Z~
-4590 -4590 0 0 0 0 Z2

4.6 4.6 0 0 0 0 Z3
N-i

62.5
0
0

0
0

and

= (~~
) = (-3 - 3 0 0 0 0 )  4i~~

r

Z
~

N

In terms of the matr ices A , , . . . , A~ , D i , . . . , Di ,

- A, ~~ .
. D~ ~~~ 

+ A2

with 0, null , and

-

with *3 ,  A s ,  Us null. - -:1
Solving the stability problem theoretically, we have on the digital computer ~~~~~~~~~~~

in the interval t$ < t < t N.l

4,

- :1- 
— 

—
~ 

- —

~~~ 

—
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= 4,~ + 3h(-~~~ -

using Euler integration.
In the same interval the analogue functions are computed so fast as to be

considered instantaneous. We can therefore represent the analogue functions by
the following set of equations .

r — -3.52 x 3(4~J_ 1 
+ ~~

_ 1
)

a r

= -

At time, tN+ i

= 4,1 - 3h(4.~~ + 4,1~) (21)

4,
~+l 

= - 3.52 x 3h(4,~~~ + ~j,
N_ 1
) (22)

= ~~~_ 4 ,,1~+i (23)

from equation (23), we have

= ~,N l ~~~~7I+ l (24)

Thus

= - 3h 4,J~
_ 1 

(25)

and

- - 3h(~
I 4 2 ) (26)

Equations (25) and (26) are recurrence relations , which together define the
• complete system . It is clear that the stability of equation (26) depends on

the stability of equation (25) , i. e. stability is determined from

• 
a - 3h

- -~~~ - 
--
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Clearly a solution to equation (25) is

N N
= a, t3, + a2 t32  (27)

where (3~, and ~~2 are the roots of

Ø’ - f i + 3 h  = 0 (28)

i.e.

1 ± ‘-./ 1 - 12h131 , 2  = 2

If h < fr, the roots are real , with

113 1 ,21 < 1

Hence equation (27) is a stable solution to equation (25).

If h >fr, the roots are complex conjugates, and for stability of equation (27) ,
their product must be in modulus less than unity, i.e. from equation (28) we need

3h < I

which means , for stability we require

h < . ~- s

The software package was run, and predicted the system would go unstable at
exactly

h = 0.33 s

7. CONCLUS IONS

The analysis of reference 1 has shown that the problem of stability of a given
hybrid simulation can be solved in advance of programming, provided one can find
a linear approximation to the response of the system under consideration. For
large-sized problems, however, the steps in~ ‘ved in applying the direct analysis

be intractable .
This report describes a software package which implements the stability

analysis procedure. thus providing hybrid computer users a quick and flexible
means of determining in advance the stability of a proposed partitioning scheme.
In addition, the report attempts to provide guidelines for interpreting results
obtained by the software package. 

~~~~~~~~~
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NOTAT ION

A MXM matrix describing linear system response

A , ,  *2 ,  A3 ,  A. matrices used in partit ioning of A

B matrix used in partitioning of A , also inverse matrix of
cigenvcctors of A,

C m a t r i x  used in  p a r t i t i o n i n g  of A, also mat r ix  of ei~ cn-
vectors of A,

D s tabil i ty matrix

D, ,  0,, 1)3 ,  1), matrices used in partitioning of A

transfer functions used in example

G response matri x for system programmed on analogue portion

H(S) transfe r function used in example

unit mat rix of order K

K K K gains used in examples
*3’ A4 AS- ”

N0 number of integration steps in interval (o h)

P(S) transfer function used in example

Q response of the analogue system to unit step input

TA1 ,TA2, TA3, ’)
TA4J TAS~ ~ time constants used in examples
TDI’1D2’1D3 )
X(t)  unique fundamental matrix

z missile height

demanded missile hei ght

z1, z2, z~ used in example to reduce ~th order d.e. to n firs t
order d.e.’s

a maximum element in matrix A3

81) demanded missile acceleration

missile acceleration

a, , a3, a3, a., functions of several variables related to missile incidence,
Mach numbe r and airpressure

h, h , h hybrid simulation step-length

_ _ _ _  

~~~~~
‘ - 

‘ _ _ _
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hS, h STEP 
numerical integration step-length

q missile pi tch rate

r missile yaw rate

t P tN 
time

u missile velocity

i~(t) system input

v missi le  vertical velocity

vectors used in describing system staLe

I’ error function for fundamental matrix
N

nul l matri x of order K

fundamental  matrix

4’ equivalent to eAt

U pitch incidence in example

13 used in example to reduce nth order to d.e. to n first
order d.e.’s

13, ~ zeros of stability quadratic in example

7 receiver output in example

6 used in example to reduce ~th order d.e. to n first order
d.e. ‘s

e accuracy of numerical integration solution

pitch wing angle in example

11 pitch autopilot error signal in example

A . eigenvalue of partitioning matrix A,

p . eigenvalue of stability matrix 1)

r timc ncrements for numerical integration interval (o,h)

radar dish angle in example

integral of receiver out put in example

missile at t i tude

~~~~~1~~~ 
- -
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APPENDIX I

ANALYSIS OF THE GENERAL PARTITIONING PROBLEM

Consider the problem of solving , by hybrid computation, the system of
different ial  equations

= B~ + Ci~.(t) (1.1)

where ,~~ is a vector of order M , and j1~(t) is a vector function of time . This set
may represent the whole , or only part of the system being simulated, but it is
sufficient in the present context for investigating the stability of integration
processes.

For the purposes of stability analysis, one can disregard the forcing function,
and set

=

in equation ( 1.1) , and henceforth be concerned with the system

j  = B,~. ( 1.2)

The general solution to solving equation ( 1.2) on a hybrid computer is to
allow for integrations and evaluation of derivatives to be performed digitally
or on the analogue computer without restriction . The range of possibilities,
then , is as shown in figure 1.

If K integrations are carried out on the analogue computer and M-K on the
digital portion , then equation ( 1.2) can be re-written in the form

j  = A,~~ + A2~ + D,~~ + 1)

j = A3~ + A4,~, + + (1.3)

where

and the vectors A, 
~~
, ~~~ A3~~, A,,~, are computed on the analogue portion whi le

D,Z, D3~~, D3~ and D4~ are determined digitally . The matrix B as defined in
equation (1.2) is then assumed partitioned such that

B = A + D ,
a

where A, D are matrices comprising those elements of B which are evaluated on
the analogue and digital computers respectively. Further A and D are assumed
partitioned such that

A a t”~~ *2

~ A3 A.,
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and

D (1), D2 ’\
— \D~ D.,j

For the purpose of this analysis , the digital to analogue, and analogue to
digital interfaces are assumed t~ be sampled simultaneously.Assume ~ is sampled by the analogue to digital converter at time, tN~ and the
di gi t a l  computer step-length for each cycle is h seconds . Then at time

t t + hN +l N

the quantity ZN~~ 
is fed through the di gital to analogue interface for determining

~~, in the interval tN+1 < t < t N+2 .
Euler integration on the digital computer gives from (1.3)

ZN+1 = + h(A~~ + ~~~~~ + D3XN D.,~~ ) ( 1.4)

In the same interval , tN < t  < t N l ,  j  can be integrated on the analogue by
solving

j = A,~ , ~ A2L~ + 1)
~~N I  

+ 
~~~~~~~ 

(1.5) 0

In equatiOn (1.5) A,~~ varies wi th  time , w h i l e

A2 + I), X~ - ~ 

+ 
~~2

is constant over the interval t <t <tN N+l
The solution to equation (1.5) is given by (see Appendix V)

= $(h) ~~ (o) ; + f $(~) (f)~J (0) d~ (A2~~ + D
~XN 1  + (1.6)

which reduces to

= G + Q(A 3~~ + + 0,z~) ( 1.7)

where

G ~ •(h) 4~’(o)

Q 
!

G(E)d
~

and +(t) is a fundamental matrix for A,.
- I
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Equations (1.4) and (1.7) can be combined into

• 
= ( G Q(A2 + D2 )\ (X N\ + 

(QDI \
\ (XN _ l

’

\ (1.8)

\~ N +l )  kh (A.3 + D3) 1M-k + hD+)\J~/ \ O~ K*.) \~ -~/
where

O~ is a nul l  matrix of order Kx(M -K)

O~ is a null matrix of order (M-K)xK

Setting

/QDI ø~ \ ~~~= 

~~~ hA.,) 
~\~N-1

equation (1.8) becomes

C Q ( A 2 + D 2 )
= 

t~h(A3 + 0,) T M-K + hE).. ~~ 
+

(1.9)

(
‘QO. ø~ \

= I
\€~3 hA..)~~~

This system can be further transformed by setting

I~ N
\XN

and then equation (1.9) reduces to

/ C Q(A2 + D~)I \
/ 

h (A3 + 0,) ‘M-k + hEl. 
1M \\

~44+l 
- ( — (1.10)

QD, I / —

\
hA.,

— 1) 144  (1.11)

t 
__________________________________________________  

______
_ _ _ _ _ _ _ _  - - - ~~-~~~~~~~~~~~~Ut~
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Thus, the chosen computing scheme will be stable if the zeros of the 2Mt)~ order
polynomial

• f(X ) = ID - A 12?41 (1.12)

are in modulus less than unity.

:

_ _  
- ‘

-

~~~ 

-

~~~~~~~~~~~~~~~~~~~~~~—



- 39 - WRE-TR-1882(A)

APPENDIX II

-~ NIt4ERICAL INTEGRATION STEP-LENGTh FOR DETERMINING ~ (h)

It is requi red to determine the solution to the fundamental matrix equation
using numerical integration over the interval (0,h0), i.e.,

•(h ) - B4’(h0)

where

•(o) I

and

B is a real MXM matrix.

The accuracy and stability of the numerical solution depend on the numerical
integration step-length, h, which will be determined from the eigenvalues of B.

The numerical integration method chosen is the predictor-corrector method .

For the predictor-corrector method at the (N+l) th step we have ,
Predict pass:

= +

If the eigenvalues of B are distinct, then we can find a matrix P, such that

P B ’ P = diag (A,

where A . are the eigenvalues of B.
(If the are not all distinct we need only consider the reduced set of

recurrence relations for which the eigenvalue s are distinct) .
Setting

-

we obtain

i
= ‘4~~+ h diag ( A $ , . . . ,A~)~ i~

P-or the k t~ colume we have for the predict pass

- ~~~+ h A k 1~

— A1~ 4 +1

- 

-
-
~~~~ 

-- 

~ ::
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Correct pass :

= 4~~~~~~~4~~~
”N+1~

= ‘4’N -. hA k ‘
~N + 

h2 A 2
k 4,~

The question of s tabi l i ty  can be determined by analysis of the stability of the
set of recurrence relations

= (i + Ak h + 

X~~h 2) 
‘1~ , k = 1,... ,P4 (11.1)

Putting

we have

A2 h2

13 1 + X ~h + 
k

and require

1131 < 1

for a stable solution. -

Hence the stability boundary is defined by

A2 h2
I f(b)I = Ii + Akh + 

k
2 = 1, k = 1,..., M (11.2)

and is shown in figure 8.
It is necessary for the accuracy and stability required in the present

application for h to be chosen so that Xkh lies well inside the stability boundary
for all k.

Consider the real part of the eigenvalues, i.e.,

u =

Then we have stability if,
a

uh< - 2

In order to achieve uh well inside the stability boundary we choose h so that
we have

uh -0.2 (11.3)

_ _ _ _ _ _ _ _ _  _ _



- 41 - WRE-TR-1882(A)

To further ensure accuracy and stability it is necessary that the above value
of h satisfies

wa(h) < 0 . 2  (11.4)

where

v = Im (Ak )

w5(h) = ~sJCiiii~ (see below)

If equation (11.4) is not satisfi ed , then it is necessary to define a new value
of numerical integration step-length, h,, , such that h, satisfies the accuracy
and stability criteria. We require an h, such that uli, are small , and vh, lie
well inside the stability boundary for all the eigenvalues of B.

Putting

A k = u + i v

in equation (11.2), we have for the stability contour

f(h) = 1 + ~~~ + 
(u2 ; v2) 

h2 + i vh ( l  + uh)

f l 2  = (I + uli ) 2 + 2( 1 + uh)(u 2 
— v2) h

2 (u2_ -_v2)2 h4 + v2h2 (l +

4 4  2 2 4  4 4

= 1 + 2uh + 2u2 h2 + u3h3 + ~~~~
-__ + v 2 uh3 + -9---— +

Since

I f i  = 1,

we have

uh(2 + 2uh + u2h2 + . ! i  + v2 h2 + 
i~2~~~~ 3

) + — 0 (11.5)

For complex eigenvalues we are interested in those for which uh is small.
Thus equation (11.5) reduces to

2uh+ v 2h2 tth+4!!~ — 0

Settin g

a - u b

~
‘
~: ~T
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w~ have

2 a + v2 h2 a + !~~_ 
=

h 2 - 
-4a ± ~/~ à2 - 32a( v )  - 2

= 21 a1 ±~,/5(aI +

vh = ~~IaI ± ~~I ciI + 4&

Hence for uh small , vh is also small , and in equation (11.5) we can ignore the
term in v2h2 , but not the 4th order term since it is independent of uh. Thus
the stability boundary in equation (11.5) can be expressed by the relationship

2uh ~ -v4 h4

Suppose we choose a step-length h,, such that

w = vh,

On the boundary we have

W
B 

4,f-8uh,

We require the step-length to be chosen so that w is well inside the boundary,
thus we choose h, such that

~ < 0 . 2w~ (h 1)

i.e., we have

vh 1 0 24v’- uh,

Hence , h , is chosen by application of the expression

h, — x (0.2)w

~~~ - 1
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APPENDIX III

LISTING OF SOFTWARE PACKAGE
IM P L I C I T  AL ( A — ~4 J , i ~EA L ~~8 ( O - Z ~COMPL E X~~l6 i (lfl),C (LO,lO),i~IlO, 1O ),FI (lO,LO ),PHltiO,lO),GG~~lO,lu),

CLiMMOPi E,C,u,FI,PHI ,GG,WQ,~JF1 ,F
COMMON ALIl0,lu),*2U0,lO),A3110,lO),A4ILO,lO),DLUO,l0),

10,10) ,D .i( tO,  10) ,04 1 10, 10) 20) , QUlIl ~~, l0i,~ D~ ( 10,10)
~,AtlUO ,1U)
COMMON W (2001,ZZ (l0,L01,LI (1U ),ER (LOl,t (LO,LOI,Q ( 10,10)
COMMON O(~~O,2U),TlM~~,i1S,H~ T I.P,Fk’S,U
COMMON PFIU 0,lO ),OFLUO,lO),X1NTA1 (i0,lu),XINTA~~IlO,I~~)

l,YFI (lO,I U),OYFIILO,lU),VLNIA IUO,lO ),YINTA2 (tO,lO)
COMMON K,M,MMK, ItI~~,lN~)EX (L 0),JCUUNT (LU)

L,KCOUNT,IMFTH, NT,MTWu
DI MENSION IIK~ 1O),IK (lU)- ,DUM (l0O),X (1 0,lO)

C kEAD D1MENSIO~ OF MATRICES ~
)1F1NING THE PARTITIONING SCHEME

REAO ( ~
,,C) K,M

MMK=M—K
?4 1WO=M.M

C LERO MATRICES Al,.-..,D4.
00 3 1 1,K
Dli 2
A L~ l ,J )~~0.

2 D1 (l,J)=O.
00 3 J=L,MMK
A 2( L , J l - 0 .
02(I,J):O.
A .~~J,l)aO .

~
flU 4 1z1,MMK
Dli 4 J l,MMa (
A’,4 1,J)= O.

4 0411,J)-zO.
C READ NON —Z E RU tLEMbNTS OF Al,.....,04.

REAu (S,~~) NtL
IFtNEL .EQ.0)C~O TO 5
RE AU(5,*)lIlK (L~~,1K (1),Al(IjK(L),IK(L)),L=1,NEL)

5 R E A O ( 5 , *) ?IEL
IF(NEL.EQ.O)GU TO 6
R~ AO (5,*J (1 (Ic(L),Z$( (L),Uu(I1K(LI,IK(LJJ ,L=l,N (L )

b READIS.*) NEt.
IFINEL.EQ.0)GO TO 7
READ (5,*) I IlkIL),IKIL ),A2( IlK(L),IKI 1) ,L21,NEL )

7 R 1~A U( 5, * )  ME L
I F l N E L . t ~Q .O )& 0 TO 8
REAO ( 5, *) ( I I K U . .  ) ,  1K IL )  I IK IL ), IKI 1) ) ,Lzt
RE AD (5 ,$) NEL
IFINEL.EQ.O)GO TO 9
REAU (5,e)IILKIL),IK (1),A 3111K(L),IKIL)),L=1,NEL )

9 REAI,15,*) NEL
IFINEL.E Q.O)GO TO ii
REA 0I5,*J (IlK (L),1K (L),03 (I1K(L,,IK(L,),L j,N~L)

Li  READ (5 , *) ME L
IF(NEL.tQ .OtGU TO 12
REAOIS,*)IIIKIL ),IKIL),A4 (IIKIL),IK (L)),Lzl,p4E1)

12 R E A O ( 5 , *) ~~~~
tFINEL .E~~.OIGU TO 13
READI5,*)(IIKILI,IKIL),04(IIK(L),II(IL)),Lsl,NLL )

13 REAOI5,*) NT,EL,HINT - - 
~~

- -

R E A U ( 5 , *) IM ~ T)I - -

______________-- — -  - - — - - - n—
~~~~
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C LOMPUTE OR REAO THE RANG E OF H F~)R TLSTING ST Ab ILITY.
DL) 10 1 1,N T

10 P1Il ) EL • D F L O A T I l — l ) ’ ~H l N T
IF (H (NT).E Q.O )REAuI~~,O)(H(1),I 1,NT)

C StT UP STEP LEt’401HS
IF (NT .Nt~.1)G0 TO 1~3
H(2) 1.5D0~

)H( 1)
r4

C ~RITi  OUT iNPUT UA IA
Id  W R I T F ( b , 1 9 )
1’ F~i R M A T ( 4 X , ’j ,~aPU T O A T A ’ ,/ , LX , IO IIH .) ,/ )

WRIT E 16,15)K,M
W R I T E I 6 , 2 l ) P . , K

2 1 FURMAT (2X ,’Al ?IATR IX— I’ ,12,’ X’,12,’)’)
CALL OUTPUT (AL,K,K, X )
W R I T E ( t , 2 ~~) K , K

22 FURMAT (2X, ’DI MATRIX— (’ ,14,’ X ’ , 14, ’ ) ’ )
C A LL OUTPUT ( o l , K , K , X )
WRI  rE (6,23)K,MMK

23 FUR MAT L4X, ’A2 MA TRIX— (’ ,12,’ X ’ ,12, ’ ) ’ )
CALL OUTPUT (A 2 , K , MMK ,X )
WRITE (6,24) K,MM 1~

2’, FUKMAT (2X, ’u2 MA TiU X — ( ’ , I 2 , ’ X ’ ,U , ’ ) ’ )
CALL OUTPUT (02,K,MMK,X)
WRiT E lb,?,)MMK,K

25 FURMAT (2X ,’A3 MATRIX— (’ ,14,’ X’ ,1 2,’)’)
CAL L OUT PUT (A 3 , M M K , K , X )
WRI IEIf ,26)MMK,K

2o F u R MA T I 2X , ’O~~~MA T k I X — ( ’ ,I4, ’ ~ ‘,I4 , ’ ) )
C A L L  OU T P U T  ( 0 3 , M M K , K , X )
W R ITE (6,27)MMK,MMK

27 FURMA T (4X ,’A4 MA TRIX—( ’ ,14,’ X’ ,12,’)’)
CALL OUTPUT 1A4,MMK,MMK ,X )
WRI TE -16,28)MMK,MMK

?d FURMArI2x ,’D4 MA TMIX — l ’ ,1 2,• X’ ,I~~,’)’)
CALL Ou TPUT (o4,MMK ,MMK,X I
WRI IE (6,20)NT, (H ( L )  ,I=l,NTI

iS FORMAT (2X , ’K= ’,14,4X,’M= ’,12)
40 FORMAT (2X, ’T I-W ‘,12,’ STEPLENGTHS AR E—’ ,/,L0(2x,I6.4))

WRI )E 16,102)
W R I T E ( 6 , 1 4 )  LMk TH

14 FO R H A T (4X ,’LMET rI ’, U I
DO lb 1 1,K
00 16 J 1,K

16 Al L  I I ,J) ~A 1 (1, J I
C COMPuTE THE EI4aENVALUE~ ANU MATRIX OF ~ILiENVECTORS FUR Al

WkIT((~~,t 71
17 FU I~MA II1H L

CALL EloFf ,
wRIJI(6 ,102)

104 FLiRMA T I L I I
p,RLTE (t,,105) -

~~~~

105 ~~~~~~~~~~~~~~~~~~~~~~~~~~ OF A L (CO MPLEX ELEME NTS ) ’/ , lOX ,  35 UH— ))  
-

110 ~OhMAT (4 (2~~,’(’,Ll 1.4,’,’,~~IL,4,’)’),/)WRITE (6,l25)
W RIT E(6,102)

C TEST THE Z EROS OF A1 ,IE WHET HER THE E/VALU ES HAVE
C RE AL PART NON—POSITIVE

- — 
-
~~~~ 

-— - — L r-1 -



- 45 - WRE -TR-1882 (A)

IS T O
• IMST O

INST=O
DO 36 1 1,K
lF (JCuUNT (1)— I ) 31,33,35

31 I ST = I S T ’l
GO TO 3b

3~ IMST IMST.1
GO TO 36

35 IN ST I N S T + 1
36 CONTINU E

I f ( I N S T . N E . J I G O  Tu 60
I F ( I M ~ T e N E . O ) G O  TO 50
W R I T E  (6 ,40)

40 FURMAT IIX, 64HZEROS Ou- Al HAVE —yE REAL PART.(, MATRIX WILL bE STAb
LI E  FOR AL L h

WRLTE (o, 102)
GO TO 70

50 WKITE (6,55) IMST
55 F O R M A T ( 2 X , 1 2 , 7 4 H  OF THE ZEROS OF Al HAVE ZERO REAL PA RT.G MATRIX ~

LILL B~ MARGINALLY STAbLE
6, 102)

CU TO 70
60 WRITE (6,65) INST,1M~ T
65 FUkMAT (2X, 9HTHERE AR~~,I3,29H ZEROS WITH •VE REAL PART,AND,13,5oHL

• LEKOS WITH ?LRO REAL PART.THUS C MATRIX WILL RE UNSTABLE

I M E T H = 1
I F I u .G E .O . D O ~~ O Ti) 70
WRITF (6,8~~)STOP

70 CONTINU E
C FUR DISTINC T EI(,Ei~VALU1 S THE FUNDAMENTAL MATR IX
C IS COMPUTED USI IIG THE MA TR IX OF ELGENVECTuR S OF A L ,
C OK USING NUMERICAL INTEGRATION— USER CHOICE.
C FOR REPEATED LIGENVALUE S THE FUNDAMENTAL MATRIX
C IS COMPUTED USIi~G NUM~ R1C A1 INTEGRATION ONLY

IF (IfIb .E Q .OIGU TO 71
wRITE (6,75)

75 FURMAT I2X ,35HT HE EIGENVALUE S OF Al ARE REPEATED
L’G ANt) U WILL RE O BTA INED av NUMERICAL INTEGRAT IO~~’ I

W RIT EI6 ,  tO2 ,
IF( INST.LE.uIbO lu 72
WRITE (6 , 82 )

82 FiJRI4AT I2X , ’BOTH N.! AND DIRECT METHOD FOR COMPUTI NG FUNDAMENTA L’
1, ’ MATRIX WILL FAL L’ )

STOP
71 W RIT E(6 , 7 3 )

73 FUR M A T (2 X , ’IHE E1c,ENVA LUES OF A L ARE O IST INCT ’ )
• WiU T E(6 ,102 )

72 LL=~~T1Ff IMET H.EO.l)GO 10 74
• CALL L AMB UA

74 CONTINUE
IPA SS=O

DO 100 1N 1,LL
TIMESH ( IN)

80 IF (IMETH .EQ.2)GU TO 84
C COMPUTE THE FUNDAMENTAL MATRIX FOR AL,ANã) THE MA TRIC ES

____ -— --- - — -  
- - -

- - 

- —
-- 

- - -—--_— ----— - 
-
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C u ANt ) ~ FOR THL RANG E OF H SPEL IF IED AS INPUT
C A LL FU ND
WRIT E (6, 102)
WRITE (6,1114) TI ME

1114 P ( MAT (3X ,’H’ ,F6.4,/)
Cu TU 86

C CUMPUTE GIH),Q (H) t3Y NUME RICAL 1NIEu .,RATLON
84 CALL t~UME RIUPAS S,IN,i-lINTJ

W R ITE (6, 102
sRITE (b,93) TIML,hS

93 FURMAT (2X ,’u-i = ’,F6.4,’ NUMERICAL INTEGRATIO N STEPIENOTH LS’,1-9.6/ )
86 WRI TE (b,1l5 )
115 FOè (MAT (1OX, ‘i, MA TRIX ’)

Dli 132 11 1,K
r d R I T L ( 6 ,  1 1 1) 1 1  , ( L i (  II,J) ,J i,K)

111 FORMAT (jHO,2X, ‘R OW ‘, 1 2 , 1O (  I X , E L l . 4 ) J
132 CONTINUt

WRITE (b, 125)
wR ITE (6 , 112 )

112 F O R M A T I I O X ,  ‘~I MATR I X’ )
03 133 I I = l , K

W R I T E ( b , 1 1 1 ) I I , h J (  1I,J),J L,K.)
133 L O N T I N U E
125 1-ORMAT (LH ,t20(IH— ))

~R L T E ( 6 , l 2 5 )
C CO M P U T~ THE M AT F~IX 0 OF ORDER 2M

CALL OMATRX
WRITE (6, 130)

130 I ORMAT (IOX,8H1) MATK IX I
00 131 II=1 ,M TWU
W R I  T E ( 6 , 1  13) 1 1 . 10 1 1 1  ,J )  , J I  , M T ~d u )

113 FUR74AT I IHO,2X,’RUW ‘,12 , 1U (  I X , F j l . 4 1 , / , 9 X , I u (  IX , E L L . 4) )
131 C J t E T I N U E

, , R I T E ( 6 ,  12> )

135 FOR MAT( 1I i  ,12-) ( lH~~) )

C TE ST THAT THE EIOENVALUES OF 0 ARE I~1 M000LUS LESS THAN U’IITY
C A L L MOOE I G
~R1TLI 6,14O )

140 FOs MAT (IOX,’EIGENV ALUE S OF 0 (COMPLEX ELEMtNTS )’,/,
LIOX ,351 IH—) I

,dR ITE ( 6, 110) (Fl II) ,Ii=1,tiT WO)
1F (KCOUNT.G1.O)GO TO t17
WRIIE (6,85)TIME

b5 FO RMAT C2X , ‘AL L THE EIGENVALUE S UF 0 HAVE MODULUS LESS THAN OR f j
IUAL TO UNITY FOR )1= ’,I-6.4, • SCHEME IS STABLE FOR CHOICE OF H’)
WRITE (6,135)

TO 100
87 WRITEI6,90)IIME ,KLOI.JNT
90 FURMAT (4X, 6HFOI( H F6.4,IH,13, • 0)- THE L.IGENVALUES (iF 0 HAVE MOO

LULUS GPEATE R THAN UI)lTY.THEKEf~)RE CHOiCE iS UNSTABL E FOR THIS H’)
WRITE 6,110) 1 Fl INUEX ( II)) ,I1- I ,KC UUNT
W .4ITE (~~,i3S )

100 CONTINUE
STOP
END -:
SUBROUT INE EIL ,E N
IMPLIC IT RE AL *8 (A -H ),REA LQBI O—Z)
COMPLEX*16 E (LC~I,C (1O ,1OI,Bl1Q,L 0J,ff(1O,jO),PHi (10,lu),GG (IO,t0 ,

IQUUO,LO),QFI(1O,10),f(20),WW(1~~O)

- -
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CUMMO N £ ,C ,b,Fi  ,PHI ,GG,QQ,QFI,F
• COMMON A l l  1O ,1O ) ,A21 j 0,1 O) ,A 3 1  1O , l0 ) ,A4 ( 1O, 1O) ,D 1(  10,10),

102(10,10) ,G3( 10,10) ,D~
,( 1O , IQ) ,H( 20 ) ,Q u lt  aO ,LJ I,( .~02I 10,10)

Z ,A l 1 ( 1O , IO )
• CuMMON W (2001,ZZIIU,tO),LII1O),Ek (I0),(,(1O,10),QllU,1O)

COMMON D (20,20),TIME,HS,HSTEP,EPS,U
COMMON P F I ( 1 O , t O ) , O F I ( 1 O , 1 0 ) , X I N T A I I  10~~IU)~~X IMTAL ( 10,10)

1,YFI ( 10, LU ) ,DfF Ii 10, Lu ) ,Y IN IALt ~O, 10) ,Y INTA2 ( 10, 10)
COMMON I~,M,MMK, lElu , INOEX ( U )  ,JCIJUNT( 10)
1,KCUUNT,IMETH, NT,MTW (J
CU’iPLE X~~I6  Y C  10, 10)
CALL CNVR I U,Y)
C A LL 01ST
IF (1METH .EQ.2 )RtTURt4

!F ( I E 1G . E U . J h , 0 To 10
IMETH=2
Ri TURN

10 DU 17 !=1,K
DO 17 J 1,K
W ( 1)=DREAL (C ( 1,J)- )
W(2)=UIMA (;(C ( 1,J)
lt- (UA B S (r(1 I ).LT .1.D—14)W(11 0.O0

• IEIDAbS IW(2)).LT .1.o—14)W (2)=O.O0
11 C (I,J )=DCMPLX IW (lhW (4) I

20 CALL CNVR T ( 2 ,Y I
• RE 1 URN

END
SUL’R OUTINE 01ST
IMPLICIT RcAL~~8IA—H ),REAL~ t~lU—Z )
COMPLr.X~~i6 E (1O),C ( 1O,1O),13 (1O,1O),FI ( 1O,1O),PHI (1fl,LO) ,GGI 10,13),

1QU (1O,10),~ t-1l10,t0),F (~~0),,~WlI5O )
COMMON E , C , b , F I , P H I , G G , U Q , Q F I , F
COMMON A 1 ( j 0 , 1 0 ) , A 2 ( j O , I u ) , A 3 ( L 0 , l O ) , A 4 ( 1 O , 1 O ) , D L U O , 1 Q ) ,

L O 2 ( 1 O , I 0 ) , O 3 ( 1 O , 1 O ) , C 4 ( 1 O , 1 O 1 , H ( 2 O ) , Q i 3 1 ( l O , L 0 ) , Q D 4 ~I 1O , 1Q)
2 ,A 1j ( 10 , i U )
COMMON W ( 2 u 0 ) , L Z ( 1 0 , 1 0 ) , L I ( 1 U )  , E R (  1 O ) , C ( l O , l O ) , Q ( l O , j O )
COMMON O (20,20),TIME,t-45,HsTEP,EPS,U

COMMON PFI (1O,1O ),0F1 (1O,1O ),XINTAI (IO ,L0),XINTA2I10,1O )
1,YF I t  10,10) ,DYF I I  10, 10) , Y I N J A I (  10, 10) ,YINTA2ILO , 10)

COMMON K,M,MMK, I t1~~, L N O E A ( 1 0 ) , J C U U N T l i U )
L,KCuUNT,IMLIH, ruT, MTWO
Io=O
101 200
101 sT=0
00 40 != 1, K
JCO UN T ( I I  =0
F 1 (I )=DIMAG IE (I ))
ER (I )- 0REA1 (E (II)

C T E ST ST A B I L I T Y bY CUNSIUFRING ZEROS OF A l .
I F ( E R I I ) . L T . 0 . D O GO To 20
JLOUNT (1) 1
IFIERII).EQ. 0.DOIGO TO 20

• JCOUNT III =2
20 CON TI NU E - - :

C TEST FOR REPEATLD EIGENVALUES OF A l .
IEIG O
LF (K.EQ.1IGO TO 35
KMIzK- 1
flU 30 J=1,KMI

i T
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JPI  J. I

I)u 3(1 I JPL,K

L I I I  i f  J) .F~~.t III )) 11 )1? I
LI- I 1U.i~bJ .LUI  IlilO II LC .I

iO CONTiNUE
35 CONTINUE

RE TURN
END
SUI~~O U T I N E  FU N~)I ’ I P L I C I T  RE A L~ 8 (A—H ),REAL~~kj(O—~. )
C U M P L E X ~~16 LI 10) ,C( 1O , 1 U) , t ~1 1 O , j O ) , F I (  1 O ,L O) ,PH I( lO , Iu)  ,G(~( 10,10),

1L)~~I 1O , 1 0) ,U F I ( 1 0 , 1 0 ) , H 2 O ) , w W ( 1 5 O )
COMMON E,C,b,F1,PHI,GG,QQ,QFI,F
CoMMON A1 ( t0,1OI,A2 ( tO,lOI ,A3 ( jO,10),A4 (lO,1Q),Ojf 10,10),

102 110, 10) ,i)3( 10 , 10) ,D4( 10, 10) ,H( 20) ,00l11O, 10) ~~~~~ 10, 10)
2,A11 ( 10,10)
COMMON W (200hLZUO,1O),LI (10),ER(10),C (1O,lO),Q (1O,1O)
CoMMON D(20,20),TIM [,HS,HSTEP,EPS,U
COMMON PFI( l(J,10I,UFI (j0,l0),XINTAI (1O,1Q),XINTA2UO,10)

1,YFI ( 10,10) ,DYF 11 10,10) ,Yt~~T A II 10, 10) ,Y INTA2I IO ,1O)
COMMON K,M,MMK, I C I U , I N U F X I I O ) , J C O U I ) T ( L O )

1eKCUUNT ,IME flI, ~T,MTWU
C CREATE A UIAGONAL MATRIX

(11(0 0.
DO 20 I=1,K
F Ill , I) =0.00
ZFILR (I).LT .O.09)u!) T O b
IE (LI (I).LT.0.0O)(,O l O b
F i t  1,i )=CUFX PU-(1PT IM F )
CO 10 7

6 t F I C D A B S I L (I )~~TIM €I. L 1 .17 9 .O0 GU TO 5
7 IF (COA BS (ElI)).EU .ZERO)GU TO 1O

QI- I ( i , I )  ( F l  ( 1 , 1 ) — i  . 0 0 1/ E l i )
GO TO 15

10 . ) F I ( L , I ) = T L Mt
1~ 00 20 J 1,K

IF(J .EQ. I IGU TO 20
Fit L,J ) 0.
~ F I  ( 1,0 1= 0 .

20 CONTINUE
CA LL OC MPY(c ,ic ,ic,FI ,K,K,PHI)
CALL OCMPY (PHI,K,K,B,K,K,u,G )

C COM PUTE MATRICES C AN t) ~
CALL DCMPYIC,K,K,~ FI,K,r,PHI)
CALL DCMPY (PHI,k,$,b,K,K,tJQ )
IMu~ 0
L M Q U
00 50 J 1,K
00 50 I L ,~

Oo = UIMA G (  GG( I ,J) )
OU O L M A G ( Q Q ( i , J I I
1F (DABS (OG).GT.1.D—3 ) IMC=IMt,.1
L F I D A B S I D U ) . t , T . l . P — 3 )  I M Q 1MQ.l

SO C O N T I N U E
IFI IMG.GT .O)WRITE (6,60) 1MG
IF (IMQ .GT.UIwRLTE (6, 701 IMO

60 FORMAT (3X,12,’ 0)- THE IMAG iNARY VA LU E S OF C MATRIX HAS A VALUE
1 t ,REAT EK THAN 1E—3’ )
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70 F O R M A T ( 3 X , L 2 , ’ OF T HE IMAGINARY VALU ES Of ~ MATRIX HAS A VALUE
1 GREATER THAN lE—3 ’ )
00 80 J 1,K
Dli 80 i = i , ’c

• G (I,J)= OREALU,C (1,J))
80 Q (1,j) :OREAL (Q0 (I,JI)

RETU RN
E N U

SU!3R(JUTINE UMATRX
IMPLICIT RFAL~ 9lA— ~1) ,RF AL~ 8 (O—Z)
CUMPLLX~~18 L (10),CllO,Iu),PI10,L0),FI (10,10),PHI (10,1U),G (.,(tO,1J),

LQUI 10, 10I,Qf II 10, 10 ) ,F I 20), WW ( 1 50 I
COMMON E,C,b,1-1,PH1,G (,,~~Q,QFI,F
COMMON A ll l0,1O),A~~f 1O,10),A3( 1O,1O),A41 10,1Q),D1110,LO) ,

1021 1O ,L0) ,0~~Ij 0 ,1O) ,C’, (1O , 1 0) ,H(2 O) ,Q0 1( L0 , 1O) ,U 0~~
( 1O,10)

2,A11 ( 10,10)
COM MON W (200),LZ (1O,101,EI (IU),ERI1O),G(10,lO),Q (10,10)
COMMON O (40,201,TIML,HS,HSTEP,FPS,U
COMMON PH ( LO,1OI,DFLIIO,1O),XINTAI (LO,1U),X1NTA4 (1O,10)

1,YF 1110, 10) ,DYF II 10,10) ,YINTAII1 O , 10) ,YLNTA2 ( 10, 10)
COMMON K,M,MMK, 1LII,,INOEA (1O),)CUUUT (1O)
1,KCOUNT,IMETH, NT,MTWU

• MP I M’l
MP 1M •  I
MMK M-K

• K1 K . l
CALL OMMPYIU,K,K,01,K,k,001)
Ut) SO J:j~ j~
00 15 1 1,K
Ut I,JI G (I,J1

iS U (I.M,J) Q01 (I,J)
00 Zu L KL,M

I L— K
DI L,J )=TI ME~ I A3 II ,J I +O~

,( I ,J)
O f L.M,J 1 U.

20 CONTINUE
DO 30 I=1,MMK

30 QDIIJ, [) A2 IJ,I)+021J,I)
0 CON T I N U E

CALL DM~iPYl Q~K,K, u 1~~K,MMK,QD2 )00 70 J 1,M MK
DO 60 !z1,K
L=J .K
DII,L )= 002(1,0)

60 0I1+M,L )=O.
00 70 I- K 1,M

L J,k
11 1—K
D (I,1) IIME*041 11,0)

• DI I,M,L)=TIME~ A4 (II,J)
70 CONTINUE

00 80 1 K1,M
• 0 ( 1, 1) D ( I , I ) . l .

80 CONTiNUE
00 100 Ial,MTWO
00 90 J=MPI,MT WO

90 O(I,J) 0.
LFII.GT.M)GO TO 100
DI 1, I + M ) 2 1 .
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100 C O N T I N U E
RE T OR 14
EN D

SUB ROUT I NE M O D E I G
IM PL ItIT REAL*8(A— PI1,KEAL *8(U— l)
CUMPL E X~~16 E l  I0),Cl 1O,IU),Bl10,t0),FI(10,10),PHI (lO,1O),GG ( 10 , 10) ,
1Qi.)l1O,1O),Qr1 (10,1O),F (40),~~W (15O)
COMMON E,C,b,Fi,PH1,Gl;,QQ,Qf-1,F
COMMON All 10,10) ,A2( 10,10) ,A31 1O,10),A4( 10,10) ,DL( 10,10),
102110,tO),D3(10,10),D4t10,10),H(20),QULl1O,1O),UD2 (10,10)
2,411(10,10)
COMMON W (2001,ZZ (1O,lO),EI (lO),ERIIO ),C (1O,1O),QllQ,lO)
COMMON Dl 20,20) ,TIME,HS,HSTEP,FPS,U
COMMON PFII 10, LO),DFI(1O,1O),XINTA1 (jO,1Q ),XINTA4 ( 10,10)

I , YFII 10, 10) ,DYF LI 10, lu) , YINTAI( 10, 10) ,YINIA2IIO , 10)
COMMON K,M,MMp~, I[I(~,INDE X (1O),JC0UNT (1U)
),KCJUNT,IMETH, NT,MTWO
CCMPLEXC 16 Y (1O,101

- M2 M T WO
K CO UNT O
ONE=1.00
00 10 1 1,M2

10 LNOEX (I ) 0
C A L L  CNV R T ( 3 , Y )
00 20 f = L , M4
I F ( C OA BS ( F ( I ) ) . L E . O NE ) GO 10 20
KCOuNT KCO (JNT.1
INDE X IKLOUNT ) 1

20 CONTINUE
R E T U R N
E Nt)
SUBROUTINE CNVR I l1,V I
I MP L I C I T  RE A L~~$lA— H ),KEALc’8IO—Z)
CUMPLEX$16 El 1~) ) ,C I  UO , 1 Q) , B I l O , 1O ) , F 1( 1 Q, LO ) ,p p4 I ( jO , 1 u) ,G~~l 1O, 1~~),LQ~J (10,tO),QFl (IJ,LOI,I-12O),sQW (1~~O)
COMMON E,C,U,F1,PHI,GC,00,Qf1,F
COMMON All LO,1Q),A4~ 10,1OI,A3 (10,Iu),A4110,1O ),D1(tO,lO),
1D2(1O,1O),D3(10,1O),D41 tO,IO),H (2Q),Q01(1O,IOI,(~02(lO,jO)2,All (l0,1O)
COMMON W1200),ZZ (1U,1O),EIIIO),ER (LO),i (10,10),QllO,1OJ
COMMON D(20,20),TIME,HS,IISTEP,EpS,U
COMMON PF1l1O ,1OJ,DFLIIO,1Q),XINTAI (10,lt ),XINTA2 (1O,1O)

1, YF II 10, 10) ,OYF 1110 , 10) ,Y 1NIAI ( 10, tO ) ,YINTA2( 10, 10)
COMMON K,M,MMK, IEIO,INUEA( LO),JCQUNT (lO)
1,KCOUNT,ZMETH, NT,’ITWO
COMPLEX4 L6 YIK ,K)

IFI 1— 2) 10,20,30
10 CALL ELGRF (A L , K,1U,2,t,C,LO,W,IERI

WR1TEl6 ,1S)I~ F
15 FORMAT 12X ,’ERR IJR PARAM TER Fkt)M E1 (,ENVALUE ROUTINE HAS THE S

1,’V ALUE ‘,13,/I
IFI WII).&E.1.L)O)GU 10 17
WRITE (6,16)

Lb FURMAT (2X ,’THE eICE r4VALUE ROUTINE P~ R)-OkMtD WEIL’,/)
H G0 Y0 40

l i  IFIW(1).GT.100.O0)GU 10 19

~4kTTEl6,lØ)Id FURMATI2X ,’fHt EI(,ENVALU( ROUTINE PERFORMED SATISFACTURLLY’ ,/)

j GO 10 40

_ _  - - 
- - 

-
~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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19 WRITEI6,21)

• 21 FURMAT (2X, ’T HE EICENVALUE ROUTINE PERFORMED POORLY’,/I

0 20 00 2 11 1,K
DO 2 J 1,K

2 Y (I1,J)=C (II,J)
0=1.
CALL MA23BU (Y,K,K,WW,U I
IF(U.GE.O.D0)(,O TO 3
IMET H=?
WRItE (6,80)

80 FIJRMAT I2X ,’MATR IX INVeRSION R O U T I N E  HAS P R ODU CEC UNRELIABLE R E S O L E
1S’,/,2X,’THEREFURE NUM FRICAL INTEGRATION METHOD WILL ~E USEO.’,/)

GO TO 40
3 00 5 I1 1,K

00 5 J 1,K
5 B (II,J )=YlIL, J )

GO TO 40
30 CALL EIt,R F I D, M T W I J,4 0 , O , F, Zj ,j O , W , I ER)

WR ITE (6 , IS)  lEE
40 R E T U R N

c~N 0
• SUbROUTINE DMMPY (DPM 1,MMM,NNNL,DPM2,M NN2,LLL,QPRES)

t C MA T R I X  M U L T I P L I C A TI ON
C DPMI —- INPUT IS AN MMM X NNNI MATRIX
C PUT Is ORL)EREt) B Y THE COM PUTER A S A 10~ 1OC OPM2 —— INPUT Is A NNN2 X LLL MAT RIA
C BUT I~~ uROERFU ~ Y THE COMPUTER AS A 10~~1O
C O P R E S  -- O U T P u T 15 AN L U  X 10 SQUARE MATR IX
C ~. Ft. INPUT MAT RICES OF uRuEI( ~C

iMPLiCIT REAL~~8 ( A — H ) , R E A L 4 R ’ O — Z )
DIMENSION Mit lO,lo),D. M4l1O ,iQ) ,DpR~~S( lO , 1O)

C
C CHtCK THAT OIMtNSIONS UK

IFINNNI.NE.NNN2) Cl) TO ?0
C

Dli 50 K 1,LLL
C OUTSIDE LOOP

00 50 1 1,MMM
C I N SI De LOO P
C
C BUILO EACH ELEMENT OF THE PRUOUCT

CTE I4P=O.
00 ‘.0 J=I,NNMI

C
C COLUMN*RUW

CTEMP=CTEM P • uPMLII ,J )c~DpM 2 (J,K)40 CONTINUE
C

50 OPRES (1,KI CTIEMP
C

RETURN
C
C INPUTS NOT E~IUAL

70 WRTTEI6,2O1IPffiNL,NNP .2
201 FORMATIIX, ’ UMMPY uIME NSIONS FED IN NOT COMPATIRLE FOR ‘ ,

1 /,‘ MULTIPLICATION —— LXECUTIO1~ TE1~MINATED’,/,4X,’NNN1z’,
4 I~~,5X.’NNN 2=’,I3)

r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - .
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S TuP
E N D
SULjKU (JTINE ()CMI’Y((.UMPLI,MMM,NNN1,CUMPL4,NN~ 2,LLL,CMPRF5)

C COMPLEX M A T R I A  MIJLT IPLICA I TON
C CUM PL L -- IN PUT I S  AN MMM X NNNI COMPLEX M A T R IX
C BUT IS tJPDEREU BY THE COMPUTER AS A 1O~ 1O
C CuM PL2 —— INPUT IS A s’&NN2 X LLL COMPLEX MATRI X
C BUT IS ORDERED àY THE COMPUTER AS A 1U~~1O
C CMPXES —— OUTPUT IS AN 10 X 10 SQUARE COMPLEX MATRIX
C N. B. INPUT MATRICES UF UROER 2
C

COMPL IEX*1b CO MPLL( 10,LO) ,CO MPL2 I 1O,10) ,CMPRESI1Q,1O) ,CT EMP,C$ PLA
C
C CHE CK THAT D I M E N S I O N S  OK

LFINNNI.NE .NNN 2) CU TO 70
C

00 50 K=1,LLL
C OUTSIDE LOOP

00 50 L=1 ,MMM
C INSIDE LOOP
C
C BUILO EACH ELEMENT OF THE PR()OULT

C IEMP=CMP LX (0. ,0 .)
DO ‘.0 J 1,NNNI

C
C CULUMN*ROW

C T E M P = C T E M P  • CuMP11(t ,J )~~CUMpL2(J ,Ic )
40 C O N T iN U E

C
SO CMPR ESI I , K) : CT FMP

C
RETURN

C
C INPUTS NOT EQUAL

70 W R I T E I 6 , 2 O 1 I N N N 1 , N N N 2
201 FORMAT IIX, ’ OCMPY OIMENSIOr~S FED IN NOT COMPATIBLE FOR ‘ ,

I / ,‘ MULTI PLICATIOI4 —— EXECUTION TERMINATcD’,/,2X,’NNNI= ’,
2 I3,SX,’NNN2= ’,13)

• ST OP
EN O
SUoROUTINE NUMERII1PASS,IN ,lIIMT)

IMPLICIT REALOS (A— H),REAL~ 8lO—Z )
COMPLEX*16 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
1Q01 10, 10) ,QFIUU, 10 1 ,F 1 20), w Wt 150 1
COMMON E,C,~~,FI,PHI,GO,~~Q,QFI,F
COMMON AI ( 1O,l0),A2 (l0,10),A3 (1O,10),A4110,tQ),Dj (L0,10),
1021 10,10),D3 (LO,L0),O4 (1O,10),H(2OI,QO1 (1O,10),~.~D2(i0,1O)
2,A1 1110,1O)
COMMON W (200),LZI1O,10),ET (1UI,ER( 1O),t110,1O) ,Ql1U,10)
COMMON Dl 20,20) ,TIME,IIS,H$TLP,EPS,U

COMMON P F I I  lU,10),()F1110,1U),XJNTAIIIO,10),X1NTA2I 10,10)
1, YF 1 110 ,lO) ,DYF II 10 , LU) ,YINTAIIIO, 10) ,Y INTA2 ILO, Lu )

COMMON K,M,MMK, IEI(~.INUEXl 1O),JCUUI4TIL0)
1,K C OIJNT , IME T H,  ‘iT ,MTWO

C PERFOR M NUMERICAL INT EGMATION PROCESSES TO
C DETERMINE MATRICES ~ ANO U. ~~ -

DIMENSION UNITIL0,L0)
IF (IPASS.NE.OIGO TO 40

C INITI ALIZE VARIAbLES FOR S1NI.

Li 
_ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

-
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C CALCUL ATE STEP—LeNGTH FOR NUMERICAL INTEGRATION INTERVAL.
LSTEP O
TAU= 0.D0
00 10 I = 1, K
00 S J 1,K

S UNIT (1,J) 0.O0
10 I J N I T ( j , I I = L . O O

Do 15 T-1,K
00 15 J 1 , K
PFI II ,J )=U~4IT ( 1,0)
X IMTA L1I, J )=UNITII ,J)
X1N TA2I 1,01=0.00
OFI II ,J)= A 1L I 1,J)
YFI 11,01=0.00
DYFI( I,J)=UNIT( 1,0)
Y I N T A I -I I,J) 0.DO

15 YIN1A2 (l,J)=O .O (J
40 IFILSTEP.CT.0)GO TO 45

CALL STEP (IP4,HINT,LSTEP)
45 NAM -1

• IPASS~ 1
I AU = I AU • H

50 !PASS=— IPASS
CALL SINT (IPASS,NAM )
IFI NAM )52,52,54

52 CALL OMMPYIAI1,K,K,PFI,K,K, (JFI)
GO T0 60

54 DO 56 I 1,K
flU 56 J 1,K

56 DYFII 1,J) PFI( 1,0)
60 IF (IPASS.LT.O)GO TI) 50

NAM=—NAM
IF (NAM. t~T.O)G0 TO 50
TA U= T AU .H S
IF (TAU.LE.TLME )GO TI) 50
TAU=TAU—H S
DO 70 I-1 ,K
00 70 J 1,K
G1 I,J) PFI( I,J )

70 Q1I,J) YF1l1~~J)RE TURN
END

$UVRUU IINE S T E P I L , H I N T , I S T E P )
I M P L I C I T  R CA L~ 8 l A ~ H ) , k E A L 4 8 ( O _ Z )
COMPLE X*l6 tUO) ,Cl tO,IU),B(1U,10),FII1Q,1O),PHI (10,1Q),GGIIO,Iu),

LQQU0,L0),QFII10,1O).F(20),~~W I150)
CuMMON E,C,b,FI,PHI,G~,,~~0,QFI,F
COMMON Al l L0,1O),A2110,1O),A3( 10,l0),A4UO,l0),D1(j0,10),

L02110,lJ),O,(l0,l0),04110,1O),H*20),001(10,1O),Q021 10,1O)
• 2 ,411( 10 ,10)

• COMMON W (200) ,ZZ I IO, 10) ,EI  I 10) ,ER( 1O),I~ILO,10) ,Q(10,1O)
COMMON 0(20, 20) ,T IME,HS,HST EP,EPS,U

j COMMON PFIIIO,1O),OFI (1O,LO),XIPITAL (lO,lQ),XINTA2 (l0,lO )
1,YFIIIO,l0),OYFIILO,10),YLrITALILO,10),YINTA2I1O,L0)
COMMON K,M,MMK, I~~Ib,I~~uEX (IOl,JCUUNTllO)
1,KCOUNT,IMETH, NT,MTWO

C ESTABL ISH STEP LENGTH FOR NO :ItRLCAL INTEGRAT IuN FOR ~~
- -

C STABILITY AND ACCURACY OF NUMERICAL SOLUTION.
C SUPPLY STEPLEI461H,HS,FOR EACH INTERVAL IH (I.l),hl1)).

.- 
- 

~~~~~~~~~ - -~~~~-w~-____ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — ~~~~

- •-
~~~

- . - 
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I F I I . G I . 2 ) G u i  TO SO
- - 

I F( I .OT .1 ) G U TO 20
HH H (1)
GO TO 2 1

20 HH HII )— H (1-1 )
2 1 XVAL HIt /HSTcP

NSTEP =OI NT (XVAL ).1
HS = 1*1 /UFLOATINSTEP)
GO 10 ~u

50 XFIHINT.LE .O.)GU Tfl 20
LSTLP 1

bO R F T U R ~4
END
SUbROUTI~4E SINT (IPASS,NAM)

IMPLIC IT REAL 481A—H ),REAL~ 8 (O—Z)
COMPLEX#16 El1O),C (10,IO),e1lo,LO ),FI (I0,LO1,PHiUO,1o),G~,(1O,1u),1QU ( 1 O , 1 O ) , ~) i - I I 1 O , 1 0 ) , F I 4 0 ) , W W l 1 S O )
COMMON E,C,b,FI,PHI,Gb,wQ,QFT,F
COMMON A 1 ( 1 O , I O ) , A 2 ( t O , L d ) , A i ( L 0 , I 0 ) , A 4 ( 1 O , I Q ) , O L ( 1 0 , 1 0 ) ,
102 (LO,i0I,03 (LO,iU),D4(L0,lu),H(20),QUI(lO,10I,wD2 l 1O,l0)
2 , A I L (  10, 10)
COMMON W ( 2 0 0 ) , Z Z I 1 O , i O 1 . E I I  1 u) , E R ( 10 1 , u ( 10 , 1 O ) , Q l l O , i O )
COMMON O (2 O ,2 0 ) , T 1M~~,HS,H~ TEP,E PS,U

~ DMMQN X J M I (  1O,1O) ,DAINT I I0,1O),X I~lTA 1I 10,1O) ,XINTA2 ILO ,1O )
I ,Y INT 110, 10 ) ,DY INTl 10, 10) ,YINTA 1I1O , 10) ,YINTA4I1O, 10)

COMMON K,M,MMK, IE IG,INDEX( 10) ,JC3 UNT (t O)
i,pCUUI’IT,IMET r$ , NT ,MTWU

H ON2 III 5/2 • 00
I F I I PA S S ) L , 1 , 3

1 IF (NAM.tT.O)GO TO 15
0(1 4 I=1 ,K
DO 4 J=1,K
XItIT (I,JI X1NTA1 (I,J),HS~ DXIN1 (I,JI

4 XI~~TA2 (I,J) DxlNT (1,J)
Cu TO 10

15 00 16 1 1.K
uD 16 J 1,1(
YINT I I,J ) INT A IlI, J ) .HScZDY TNT II,J I

16 Y I N IA Z ( 1 ,J ) = D Y INT ( I ,J )
r~O 10 10

3 IF INAM.GT .U)Ofl  TO 25
~U 7 1 1,K

uO 7 Ja1,K
XINT (T,J):XINTAI (T,j),HON2’8(XTNTA2II,J)+UXINT (I,J)I

I X I ~~~~ T AL ( I ,J ) = X t N T ( I ,J j

1) TO 10
25 00 18 1 1,K

00 18 J 1,K
Y I ~~T (I,J)= yINTA11I,J).HUN2~~IyINTA2II, J),UYINT (I,J))

18 YINTALII ,J )=Y INT (1,J )
10 CONT 1S~UE

R E T U R N
E N O
SUBROUTINE LAM bDA

IMPLICIT RE AL~ B lA— ~l),REaLOSI0—j )
COMPLEXO1 b El 1C),C( kO,1u),13I10,1O),FI( IO,1O),PHL110,L0),G~~(L 0,1O),

L QQIIO,1O),QFII1u,tO),f(20),.,W (t5O )
COMMON E,C,ó,FI,PHI,G(è,.~Q,QFE,F
COMMON AL (LO,1u),A2( IO,LQ),A3l10,tu),A4(lO,lQ),01110,10), 

_________________
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1O2(10,1O)~~OjlLO ,1~~),U’tl1O ~ 1 J),HI2O),QU1 (1U,1O),wO2 (LO,1U)
l,A11 ( 10,101

COMMON W 12 0 0 )  ,Ll1 Lu, 10) ,eI ItO ) ,ER ( 10) ,u( 10,10) ,QI 10,10 )
COMMON Ul 20 ,2 U) ,1 IME,HS ,HST EP, Ee~S,U
COMMON PHI 10, 1O),uFI I 10,10) ,X INTA II  1O , 10 ) ,X INTA ~~1 10,10)

I, YF 1 (10, 10) ,OYF IIIC, Lu ) ,Y INTALIIO , 1.fl,Y INTA ZIIO, 10)
COMMON K,N,MMK, IEIO,INOEX (IO ),JCOUNT (10I
1,KCUUNT,IMETH, NT,MTWO

DI~4LNSIUM HNOIIO ) ,HNII 10)
NT NT— 1
HU S I R :H l  I)
00 10 1~~L,NTIH S T A B~ HI 1~~l)— H( I)
IF IHSTAIt.LT.HUSER) HUSER HS TAb

10 CONTINUE
WRITE l6,15)iIUSER

15 FOPMAT (2X,’MIN IMUM USER STEPLENGTFI INTERVAL IS ‘,e1.~.o)
EP s 0. LOU

IF( ER( l) .c0 .0 ,00 ) Lpf l  Ti) 16
HM1N I—2~ UO*EPS)/1R I1 )

GO TO 18
16 HM1N 2000.00
18 00 100 I=I,K

IF (ERU).EQ.O.DO)GU TO 20
• NNU( 1) i— 2 . D0 ~ EPS ) / E k ( l )

& 0 T~ 30
20 HNO (11 1u.uO

• 30 IFIEI (I))100,40,5O
40 HNI (i) 10.0O

~,1) T~ 70
SC) If (H’4O (I).Eu~.1O .i~-j)uO TO oO

OMB~~I—8.D0~~ R l 1 )~~H’~Ul 1) 
)~~~0.25

V H :lE1l1 )~~HNO1I ))/flMS
IFl V H.GE.0.~~0O)u,O Tu ofi
HLA M HNOI I)
(0 TO 90

60 OM~~ €R (I I/ (EL ( I )~~~‘tI
PSI- d.UO~~(12.D0~’LPS)~~”t)
cXP N~~1.3U/3.DO
HN L ( LI (QMOPSI )~~:~~XPN

70 rILAM UMINI (HNO (1),HNI (I))
90 iF (HLAM .LT.HMIN )hM1N~ I-lLAM
100 LO~ TL.JUE

r$STE P OPtINL (NM IN, 1IU S E R )
wR ITE I b~~ 105 )HS TEP

105 FORMAT I2X,’N.I. STE?LENGTH FROP~ S/K LAMBOA IS ‘,tl 3.6)
RE TUI~ 1
tNO

SUEtKO UTI NE OUTPUT IX X ,L,N,X)
IMP L I L I T  RL AL *3 ( A—~~) , R E A L ~~8 ( O — Z )
DI MtNSI~~N f)uMMY (20),XXIAO,lu ),XIL,N)
Do 2 1 1,L
DO 2 j 1,N

2 XtI,J) XX (I,J)
• 00 10 I 1,L

WRITEIo,5)(X (1,JI,J=I,N )
S FURMATUH ,1O (F 9.2,2X))
10 C O N T I N U E

, uqNITt(6,15)
15 FOr~MA 1I1A,L0O1IH. )3

RETURN
E N U

_ _ _
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APPENDIX IV

LIST OF VARIABLE S USED IN SOFTWARE PACKAGE

Al ,  D l )  This fami ly of real matrices fo rm the analogue and digital pairs
A2 , D2 I~ which desc ribe the parti t ioning scheme being tested. The row
A3 , D3 ( and column dimensions in the calling program are 10 for each
A4, D4 J matrix. The actual size of each matrix is defined by the user

for his problem.

All Stores Al which could be lost during execution of the IMSL
eigenvalue routine EIGRF .

N Number of first order d.e.’s in the system, .~~ = A~, once reduced.( N >  K 4 l)

K Actual row or column size of Al , Dl (K ~ 10) .

KK K x K; number of elements in Al , Dl.

104K = K x (N-K) number of elements in A2 , D2 , A3, D3 CM- K ~ 10) .

MKMK = CM-K) x CM-K) number of elements in A4 , D4.

t,rrWO 2M

H Real vector of length NT containing the user values of step-
length for testing the partitioning scheme.

NT Length of the vector H.

EL First element of H; defined when the required step-lengths are
at equal time intervals. -

HINT Time interval between successive step-lengths H. and H.~ 1 when

EL is defined.

IMETh = 1 The eigenvalue method is used for computing, 4’, G , Q.
= 2 The numerical integration method is used for 4’, G, Q.
The user defined value for IMETH can be overwritten by the
program depending on the value assigned to IEIG.

E Complex vector of length K containing the eigenvalues X . of Al.

ER Real vector defining the real part of E.

El Real vector defining imaginary part of E.

C Complex matrix of order K x K of elgenvectors of Al .

B Inverse matrix of C. )
W Working space, dimensioned at least (2 + K) x K , used in the

library routine EIGRF .

JCOIJNT Vector, of longth K , wh ich is used to print the results of the
s tab i l i ty  analysis of G. j

_ _ _ _ _  -- ---
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1ST -
~~ Counters for recording whether each eigenvalue of Al has

INST negative , zero or positive real part . The result defines the
INST~ stability of C.

I
IEIG Counter for accumulating the number of repeated eigenvalues A .

IE I G = 0 means the A . are distinct.
1

TIME Set to H. for i = 1.. . ., NT .

Ft Complex matrix defined by (exp(Xlh),...,expO~k
h)).

(A 1h) - l  
______QFI Complex matrix defined by (exp 

~ 
,. ..,exp 

~ )
PHI Complex matrix defining (i) CxFI when computing G(h) and

(ii) CxQFI when computing Q(h).

GG PHI x B for (i) above.

QQ PHI x B for (ii) above .
GG and QQ are complex matrices. It is expected the imaginary
part of these matrices wil l  be less than i0~~ .

NOTES FI,QFI,PHI,GG and QQ are all defined in subroutine FUND for a
range of step-lengths defined by H. The order of each metrix
is K , while the row and column dimension in the calling program
is lO.

C Real mat rix of order K; = CC for IMETH = 1
= $(h) for IMETH = 2

Q Real matrix of order K; = QQ for I METH = 1
h

= f O(r )dr for IMETH = 2
J o

Both G and Q are defined for a range of step- lengths H.

NAM = -1; G being computed in numerical integration routines.
= +1; Q being computed in numerical integration routines.

IPASS = 0 Set in Main for initialisation in integration routine SINT.
= -1 Set in subroutine NUttIER! for operation of the “predict”

step of SINT.
= +1 Set in S/R NUttIER! for operation of the “correct” step in

S INT.

TAU Keeps tally of time from 0 to H1 for numerical integration.

EPS Describes the accuracy of the numerical solution for 4’(h).

HNO 1 Real vectors of length K, defining values of N.! step-length as
HNIJ functions of A~, for j 1, ..., K.

HUSER Minimum step-length interval between elements of the vector H.

II4IN Mi nimum of HNO(J), IINI (J) over the j  eigenvalue s, A~ .

— -- - -• — - -
~~~~~~ ‘.-~ ——,——~~~~~~ •.•~~~~~~~

- --— - - — -—-=‘A ~~~~~~~



WRF-TR - 1 882(A) - 58 -

)IS Iiir MLnt m u n i  of IIU ~ER , IlM~N , and defined as the numer ica l  integration
step-length In subroutine LAMRDA .

HS N.! step-length based on HSTEP , but modified to suit the interval
(H1, H~+1) for i = 1, .. . , (NT—i).

NSTEP Integral number of steps of length HS in the interval
(H1, H.~ 1).

XINT Variable x(t~~ 1) ,  computed in numerical integration routine SINT ,
where

x(t~~ 1) = x (tn) + h k (t~) for “predict” step

and

x(t n+i ) x (t~ ) + h/2(i(t~) + k( t~~ 1)) for “correct” step .

Used for computing G(h) .

Y INT Analagous to XINT , but used for computing Q(h).

Define k(t n ) in SINT , for G(h) , Q(h) respectively.

XINTA2~ Hold previously computed values for DXINT, and DYINT
YINTA 2 ~

— respectively from the “predict” step in SINT.

XINTA1 1 Hold previous ly computed values for XINT and YINT
YINTA IJ respectively from the “correct” step of SINT .

PFI Defined in NU4ERI as 4’(t~~ 1)~ and is equivalent to XINT from
SINT.

YFI Defined in  NUM ERI as G(t ~~ 1) ,  and is equivalent to YTN I f rom
SINT.

OFI Defined in NUttI ER! as 4~(t~ ) = Al.  4)(t~ )~ and is equivalent to
DX INT.

DYFI Defined in NUt4ERI as Q(tn) = G(tn)~ 
and is equivalent to DYINT.

ZZ K x K working matrix

QDI Real K x K matrix defined by Q x D l .

QD2 Real K x CM-K) matrix defined by Q x (A2 + 02).

O Real 2M x 2M matrix which is a function of matrices G, Q, QD1,
QD2, A3, 03, A4, D4. Defined in Section 3.2.

F Complex vector defining 2t4 eigenvalues, g’~ , of matrix 0.

— — — - - .— ~— - - -. 
- - - _ ___._ —

— — — -
~~~ 

- -- 
- —



- 59 - WRE-TR-l882(A)

KCOUNT Counter defining the number of ~L , with modulus greater

than uni ty .
• INDEX Vector for storing the value of those M~ , wi th modulus

greater than unity.

aa
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APPENDIX V

SOLUTI ON TO THE EQUATION ~ (t) = B~ (t) + Cjj~(t)

Consider the general equation

= B~ (t) + CM(t) (V.1)

and let X ( t )  be a fundamental matrix of the n x n system

j(t)  =

i.e. x is a matrix such that its n columns consist of n linearly independen t
solutions to the system. Then , by defini t ion , X(t) satisfies the matrix
diffe rential  equation

dX(t) 
= BX(t)  (V.2)

A fundamental matrix is always non-singular (by definition), and is uniquely
determined for a given set of initial conditions(ref.4).

We must prove tha t the solu tion for (V . 1) is

t
= X(t) x ’ (O) 

~ 

X( t) X ’(~) Cj~ (~) d.E

0

X (t) X ’ (0) ~~, ~ ~~( t)  , say

complementary par t icular
solution solution

with

=

To establish this , we need only prove that the particular solution , £(t) , satisfies
equation (v.1), since the complementary solution is well established(ref.4).

That is , we have to show

cb~(t) 
= B ~ ( t )  + CJ,!(t) (V.3)

Put

v( t )  = X( t )  Z(t)
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Then

=

= BXZ + XZ from equation (V.2)

= B~~~ + X Z

We have from equation (V .3)

=

.
~
. we mus t have

XZ = Cj.~,

i .e.

2 = X ’ (t) Cj.1(t)

t
Z ( t )  = 

f 

x~ (~
) Cj~(~) d~

0

and

t
= f X( t) X ‘ (E) Cj~(~ ) d~

Jo

Q~oose X(t) such that X(0) = I. By definition , since X(t )  is unique,

X(t) = e
Bt

Also , by defi nit ion ,

X~ (~) 
= ~~~ = X( -E )

and hence

X( t )  X ’ (~ ) = e~~
t
~~ x(t - E)

Thus

t

f  
X(t - 

~~~) 
CM(S ) d~

_ _  

o~~~~~~~~~~

_ __
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and

t
= X(t) 

~ 
+f X(t  - 

~) 
Cj~(E) d~

0

If 
~~~~~~~~~ 

= = constan t , say , and t = h

h
~(h) = X(h)  ~~, + X(h - E) d~

Replacing h -
~~ by r , it can be shown that

I-’
~~h) = X(h) + f X(r) dr Cp~

J o

However , any fundamental matrix , ct ’(t), for tI’~ sys tem , can be written as the
product of the unique matrix X (t) and a non-singular constant matrix C.

i.e. ~b(t) = X(t)C

Thus

C = ‘V’  (0)

and

X ( t )  = 4’(t) 4’ (0)

giving

= ~1’(h) 
(D 1 (0) 

~~

, 
+f 

4’(r) 4’iO) dr Cp~

—- - -.-- -
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APPENDIX VI

RESULTS OF APPLICATION 5.1
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APPENDIX VU

RESULTS OF APPLICATION 5.2
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Figure 1. Partitioning scheme for general solution
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Figures 3 ~ 4
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Figures 7 ~ 8
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Figure 7. Partioning scheme for tracking radar simu lation
with instantaneous analogue response
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