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POSITIVE DEFINITE SPECTRAL ESTIMATE AND STABLE
CORRELATION RECURSION FOR MULTIVARIATE LINEAR

• PREDICT IVE SPECT RA L ANALYSIS

INTRODU CTION

A generalization of Burg ’s algorithm for spectral analysis to the
mult ivariate case was the subject of an earl ier  report .1 All the desir-
able properties of the univariate case were shown to hold t rue, except
that it was not proven that the residual matrix was positive definite ,
nor that the correlation recursion was stable. Both of these asswnp-
tions can be affirmed by drawing on the results in Strand 2 and Burg .3

In addition to affirming these two assumptions, this report contains
a modified and updated FORTRAN program that supersedes the program pre-
viously reported .’ The modified program incorporates some more-explana-
tory format statements , the calculation of the (normalized) correlation
matrices via recursion , and the aliased (normalized) correlation matrices
by means of a Fast Fourier Transform (FFT) .

This report is a sequel to an earlier report .l In order to elimi-
nate duplication, that report is referenced for back ground information ,
a list of symbols used , and processing technique . We shal l draw freely
on that report ; for example , equation (5) of the earlier report wi l l  be
denoted by (5) .l

POSITIVE DEFINITE RESIDUAL MATRIX

The (p-1)-th orde r forward residual matri x , LJ0_ 1,  was de fined in
equation (95 )~~l We wish to show that 14 is positi~te definite ; the
following proof is based on refe rence 2 , equations (3.25-3.32) .

F rom equation (H-S) ,l we have , using the Hermitian prope rty of
• 14 and Vp ,

~~~
ur~~A rV~ A ;

and from equation (137),l eliminating B~P)H ,

Ar Vr~ Ur, S~~(z s~ — ~ s~~)
1
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Notice that we have made specific use of the inverse weighting in
equation (l36) .1 Substituting equation (2) into equation ( 1), we find

up up~i 
- Url 5 (2S~!?- A~ s~ )Ar ; (3)

therefore,

=5~~
-25

~ (4A~s~~Ar. (4)

Taking the conjugate transpose of both sides of equation (4) and
using equations (106) 1 and (114) 1 yields

~ U~ S~ -~A~ Sr~?i
e)H 

~ A~ 
~~~ Ar. (5)

Adding equations (4) and (5) together and multiplying by -1, there
follows

(- 5~~ u~) U, + u, (- u~ s
-2 - Ar 5~~ 

- S~? Ar ~~
- A~ S~ ~ 

= - 2Er ; 
(6)

the last identity was deri ved from equation (ll3) .l

Define -,
=—  (4_i ~~3-I (7)

Then equation (6) becomes simply

M~ 1~~~4~4M,1~~~ 2Er. (8)

Now , E~ is He rmitian and positive definite* (see equation (112)1) ;

also , SJ~2~ is He rmi tian and positive definite (see equation (ll4A) ’) .

We assume that U~,_ 1 is positive definite . Then , ~~~~ is positive

de finite , and so U;’1 s~%
) must have all its ei genvalues positive

*Al 1 of the positive definite statements should be qualified with
the proviso “with probability 1.”

2
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(see appendix A). As a result , M~ .i has all its eigenvalues negative ,
making it a stable matrix (reference 4, page 270). Therefore, the
solution of equation (8) exists and is unique (reference 5, equation 3).

• According to reference 4, page 278, proble m 3, there exists a posi-
tive definite solution of equation (8) for 14. Therefore, there is a
unique positive definite solution of equation (8) for Ui,. Since

U0~~R0 = -

~~~~ ~c~cH 
(9)

(from equations (95 ) 1 and (82)~~) is positive definite , the assumption
above, that ~~~ is positive definite, can be justified by induct~.on.

In sununary, the residual matrix U,,, calculated by means of equa-
tion (105)1 or (181),l is positive deTinite. The quantity ~~ is also
positive definite; the equation analogous to equation (6) is

(- ~~v,Z’~)v~ +v~(-v~ 5~~) = -2F~, (10)

and all the comments above apply directly. It is worth repeating that
the positive definite conclusion on 14 and V holds for the specific
inverse weighting indicated in equation (l36~l ; whether it also holds
for other weightings is unknown.

STABLE CORRELATION RECURSION

The correlation recursion is given in equation (164)1 according to

i i )  r~
1

(11)

where superscript p has been added to the correlation matrices to indi-
cate specifically their dependence on the p.th order predictive filter;
and starting values have been defined , as in equation (D-3) ,1 namely,

L.  ~~~~~~~~ ..~~~
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1~ R~ ,I~’kp (12)

The latter quantities in equation (12) are , according to equation (78A) ,l
solutions of

p
~~~~~~

(13)

Combining equations (11) through (13), we have

= (14)

We will show that recurs ion (11) is stable; that is , we wi l l  show
that (the elements of) matrix R~

P) does not tend to infinity as m tends
to infinity, with p fixed. The proof is an extension of reference 3,
section III.C.2 (which was for known correlation), to fit the unknown
correlation case .

We have , from equations (82) 1 and (80A), 1 respectively,

= 

~~~~~~ 4~Or 
~~ 

(15)

For a given value of p, define the (m + 1) x (m + 1) block Toeplitz
matrix

‘ 0 (16)
v~1I~

4
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If m ~ p . the entries in equation (16) are according to equation
(12), whereas if in > p , the entries are those generated by equation (11).
It follows immediately, from equations (16) and (12), that

• ~‘~~j~’ 
~~~~~ 

(17)

The s , t - th  block 0f ~~~P) in equation (16) is

= T~”~ cor ~~~~~~~~~~ (18)

Also , define a (m + 1) x (in + 1) block matrix

I 0

r o--
-Ar 0

o 0 •

QM . 

•.
‘
: 

(19)

where we require in > p > 1 for this def in i t ion . Then, using the nota-
tion established in equation (18) ,

I — 40r 0 ~ ~ (20)

where 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1~i
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r~~
)

(p)A (21)
0 , ~Ef:~wrw ;5e

Also ,

~~ ~~yO A~ 1r  o~ ç s < ~ ‘. (22)

Then, the r,u-th block of the product q~P) ~~~ is

3Q~ ~~~ ~~~ ru ~~~ o ~
9
~~~rs ~~~~~~~~~~~ tt ~1 °~~~~L

= I i - ~ )]~~ [
~ ~~~~ 

- 
~~~~~

.

0

- 

~~ 
- 

~ 
i~l

t’
~ A~’~

”
ç ~~‘LQ t~

) ~~~~
~~ 

0iIO ‘1s ~~~~~ r4

(2 3)

R~ . - Sb,~ 
- ~~~~~~ A~ + L ~~~ ~~

~ro ~~~~~~~~ 
R~ A~ + iA~~ A .

In the last line , above, we have used equation (21) to simplify equation (23).

At this point , we consider four subcases :

(a) for 1 < r, u c m , equation (23) reduces to

(b) for r = 0, u = 0 , equation (23) becomes

6

_ _ _  _ _  ~~~~~~~~~~~ -~~~~~~~~~~~~~~~---~~ 
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~~~~~~~~
- IA - .~T~~ A ? ÷  A~ R~~A~~; (24)

but ,by use of equation (14) , the sum on s in the last term of equation
(24) is i4P) , in which case the last two terms of equation (24) cancel.
We are left with

~r- iA’:~R~ — S R ~5 ur ,  (25)

using equations (12) and (95)1
;

(c) for r = 0 , 1 u in , equation (23) yields

— = 0, (26)

using equation (14) ; and

(d) for u = 0 , 1 < r < m , equation (23) yields

- ~~~~ A~ 0, (27)

since this is the conjugate transpose of equation ~26). Thert~fore, we
have

0~~~~ o

0 ~~ u 1 ~ .. .

0 R.~ ~~ 
— ‘I — — — —

~~~~~~ 

= 

... 
= 

~~~~~ 
(r) . 

(28)

• I
0~

7

~ 
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This relation holds for in p > 1 , as noted under equation (19) (some
relations for determinants are noted in appendix B).

Now , let ~‘Vkl be arbitrary nonzero complex M x 1 column matrices .
Then , using equation (28) ,

~~ O~~~ Q~~
] 

~~ 
+ 

~~~
.. 
~

“] 
~~~~ ~~~~

j .  
(29)

We recall that U~ is positive definite , by the previous section .
Therefore , if is positive definite, then Q~P)

~~~~
P) QJ~

P) is posi-

tive definite , which , in turn , implies that is positive definite.
That is, for m > p > 1,

~f~ jl’) is positive de finite , then~~~~~ is positive definite . (30)

In particular , letting in = p, we see that ~~~~~~ is positive defi-

nite , then is positive definite. But ~~~~ = 4Z~P1) , by equation
(17) . Hence , ~~~~~~~~~ is positive definite, then~~~P) is positive
definite. But ~~~~ = R0 is positive definite (see equation (15)).Therefore , we concl ude by induction that

is positive definite for all p. (31)

This statement is used as a priori info rmation in Burg’s derivation in
the known correlation case (see reference 3, page 85).

Now , we return to equation (30) with this information and can draw
the conclusion that ~ (P) is positive definite for all in > p. Finally,
using equation (17) , We can state

is pos itive definite for all in and p. (32)

For fixed p, since is positive definite for all m , (the ele-
ments of) ~~~ cannot tend to infinity as in tends to infinity, since
R~

P) = R0 is fixed. Therefore, recursion (11) is stable. This implies
(using equation (23) 1) that

8
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de+ (i — ~I i’ A~) ~e+ ~~~~~~~~~~~~ (33)

• possesses all its zeros inside the unit circle in the z-p lane ; that is ,
predictive error fil ter ’~~P) (z) is minimum phase .

• The proof above hinges critically on the positive definiteness of
U , which was demonstrated in the previous section. In particular , this
cgndjtion is employed in equation (29) to guarantee that the right-hand
side be positive .

A word of caution about an apparent alternative proof is worth
mentioning here. Having shown that U~, is positive definite, one mightbe tempted to de fine R

J~
P) by the inve~se of equation (165) ,l

= 
~ (y)~~~

1 

~~ 

H

according to

~ ~rO 2ir~~~) G~ (f~, ~)t P~ . (35)

It is obvious that  G~P~ ( f )  in equation (34) is positive definite for
any f; and it is now easy to demonstrate that &,~P) is positive definite:

• . . 

~~~~

0 ~ ~~~~~~~• p 
-~~~!~ (36)

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ °~

since G~~~(f) is positive definite for any f .

9

-

~

—— —

~

—••_ _.—

~

- . - -. . •-— ~~~~~~~~ ~~~~~~~~~~~~~~~~~



-- . -• • • , ..-

~~~~

TR 5729

However , the problem is that we now would have to show that
as generated by equation (35), satisfies the recurrence (11). An example
in appendix C show s that for an unstable sequence , the values returned
by equation (35) are not the same sequence; thus, equation (35) should
not be used until after the stability of {R~P)) has been ascertained .

AL1ASED CORRELATIONS VIA FF1

Based upon the prev ious results , we know tha t we can express

~(ç)~ ~~~~~~~~~~~~~~ , ‘ (37)

and

~~~df (38)

We have dropped the superscript p above , since the results to follow
will hold for any correlation-spectrum pair satisfying equations (37)
and (38).

I f  spectrum G( f )  is calculated onl y at a discrete set of N + 1

points on (- 
~~~~

-, (which is a typical practical situation for plot-

ting purposes , for example) , a discrete approximation is afforded to
the integral in equation (38). It is , for trapezoidal weights {w~}

I Yiw, ~~~ 
2,r~~ he;) ~

-(-
~~~) 

= 1~, . (39)

That is , the discrete approximation to integral (38) yields aliased sam-
ples of correlation sequence {R~

} at separations of NF; this is easily -
proven by substituting equation (37) into the left-hand side of equation
(39) and interchanging summations.

The aliased sequence {R~
} has period NF. Therefore , ~~ is a good

approximation to R
~ for m l  < NF/ 2 if IRmI is suff icient ly small for

10
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l in t  > N~/2. (Generally, NF >> PEST in the linear predictive approach,
and this is true.) The reason for considering this approach to the
approximate evaluation of correlation sequence (R~

) follows .

The left-han d side of equation (39) can be accomplished by me an s of
an N -point FFT (one FFT for each element of the M x M matrices involved).

For trapezoidal weights , using the fact that G (_ 
~~

-) = G (f .), equat ion
• (39) is expressible as

-
~~‘ = _i -

~~~~~~~~
- 

~~~~~~~~~~~~“ s” N,~ 
)c--?~,/1

(40)

~~~~~~~~~~~~~2~ kr/NF)G

where we have def ined

(41)

Letting n = NF + in in the first sum of equation (40), and n = in in
the second sum, we obtain

= .~~ ~~~~ 2lr Iin,/NF) Yp, , (42)

where M x M matrix

~~~~~~~~~~~~~~ ~
)

• 
~~1c~

) ~~~~~~~~~~~~~~~~ 

(43)

But equation (42) is recognized as an Np_point FFT of the matrices

11
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~
o) 

~~~~~~~~~~ 
, , •. ., ~~~~~, 

; (44)

thus , we ob tain t~o’ ~,, - . - ,  by means of tiis NF
_point FF1, one

FFT for each element of the M x M matrices. (The quantities 
~~~ 

for
l in t < NF/2 are available by use of the periodic nature of sequence
{~~~} .) This use of an NF

_point FF1 to obtain (good) estimates of
correlation sequence {R } circumvents the use of recursion (11), which
would yield the exact c~rrelation sequence {R

~
} . It can save time in

some cases and uses already available quantities {Gk) , if they have
been computed previously for plotting or observation purposes.

REAL PROCESSES

The preceding results for complex multivariate processes can be
specialized to real processes . We have , from equations (171) 1 and (39),

‘

~~~~~~~ re~*l . (45)

Therefore, equation (39) becomes

Np/a

~~ e (46)

where

~-

t , o~ k ~ Is.I,/ 2 
- (47)

Now , let the elements of matrices Gk and ~~ be expressed as

~~~~~~~~~
= 

[
~~
‘
~] ~~ =~ R~ ] ~ ~ 

(48)

Then , Gk~
t) 

is real for all 9.; and from equation (46),

= ~~ cos(2~~~/!~)G~~ (49)

12
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In addition, since

= , = , (SO)

- (9.9. )
the fundamental range of in 15 [0, NF/21 for sequence {Rm 1

• REAL BIVARIATE PROCESSES

We can specialize further to the bivariate case, M = 2 , and make
use of some of the properties previously discussed. (The goal of these

manipulations will not be clear until the final result.) Define the

comp lex scalar sequence (Uk
) such that

( G ~ #~~~~, o~~~~~ -’ 
_
)

• (51)

I 
P4,~ ~ ~~‘ ~ P4-k ~~~ 

� k ~ f4-
Then,

(52)

+~~~~-~ ~~~~~~~~~~~~~~~~~~~~

If , on the right-hand side of equation (52) , we let n = k in the

fi rst sum, and n = NF 
- k in the second sum, we get

13
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~~~~~~

+ -N ~
. .

~
- , G~, ] ex~~ (~~ ~~ ,wi /S~4)

+ ~1 [cr~ G~] 2 c~ (2~ / N~

= 

N 
[
~ ~ ~ ~~~ (~~

-
~~ /~~

) (53)

A
ç~,)

= + i

the last step by equation (49); that is, using equation (52) again,

= 
- 

(54)

Thus , one NF-point FFT of scalar sequence {uk}, defined in equation
will give both (aliased) real scalar autocorre~~tiQns ~ ,~~1)} and

{L,~ ~)}; and by the statement under equation (50),( R~~t)} need be
printed out only for 0 < m < NF/2.

For the crosscorrelation, equation (46) yields

14
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Re ~‘r (~ 2ir~pup /N~
’) ~~~

NPL2
r(- 2wk4t

~~~~0 (55)

~~ F F T~ ~~~~~~~~~ 

-

~~~~~~~~ 

-

This NF-point FF1 of ~!. + 1 nonzero numbers would yield {~~
12)J~~~~;

and from equation (39) , since

= (for general complex M x M matrices), (56)

it follows (using the periodicity of{~~ that for the ?resent case

~~~~~~~z) (57)
M -wi ~4-i’i -

Thus, print out of ~~12) and i(~ (21) for 0 < in suffices to give
complete information about the aliased crosscorrelation. Furthermore,
all this information is available from the single NF.point FF1 of equa-
tion (55) -

In summa ry , only the two FFfl indicated in equations (54) and (55)
need be conducted to obtain complete information about the aliased
correlation sequence {P ~}, for M = 2. These relations , in addition to
the exact correlation recursion (11), have been incorporated in the
FORTRAN program listed in appendix D. The comments in appendix K of
the earl ier report 1 are relevant here also.

15 
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a

SUt44ARY

It has been shown above that, for the weighting introduced in
equation (l 36), l

= 
, 

= 
, ~~~~~~ 2, (58)

14 and V1, are guaranteed positive definite, and the correlation recur-
sion (11) is stable. Therefore, equation (58) is a suff icient cond it ion
for the desired properties to hold true. It is not known whether this is
a necessary condition , that is, whether equation (58) is the only choice
that results in the desired properties of positive definiteness and
stability.

However , for M = 1, since , by equation (l29),l fl = V~,_1 , it ispossible to show that

= Pr.., (i.~= ~) 
(59)

is the only choice that guarantees the desired properties (see refer-
ence 1, page 32). Namely, equations (124) ,l (l30) , l and (114) 1 yield
scalar

4 r  N = !‘i= I. (60)

~~~) N-i ~~
- N

In addition , if the data samples happen to take on values such that*

/ Viz
~P4 f J % . -j - ,  \ (61)

~r )
then

i~~ i [(*~ 
(
~:T], (

~ 
i) , (62)

*If the sample mean of the original data is (made) zero, th4 choice
is not possible for p = 1. For p ~ 1 , the sample mean s of {y~P 1 )} and{~~P l)} are not necessarily zero.

16
•1 
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which is alway s larger than 1 (unless A~ ..1 = rn.. ); then,U is negative
and an unstable correlation recursion results. +hus, equa~ion (59) is
the only cho ice that guarantees posit ive 

~~D and a stable correla tion
recurs ion , regardless of the data set, for P4 = 1.

It should be noticed that the absolute level of the weights is not
specified by equation (59). Thus, for M > 2, freedom in equation (58),
at least to the extent of a common scale fac tor , must he allowed.
Whether thi s is the only degree of freedom allowed to the cho ice of
A
p~ 1 and rp...1 

is unknown for M ~ 2.

I
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Appendix A

SOME PROPERTI ES OF COMPLEX MATRICES

An arbitrary comp lex square matrix A is called real defin ite if

= r (.r~~t) ~~ ~~~ 9/ (A- i)

where V is a complex column matrix.

I t then follows that

A real definite 4 AH = A , {X
k

} real , (A-2)

where ( A
k

) are the eigenvalues of A.

For proof , first take the conjugate transpose of equation (A-i),

r ~~~
v- aiiy ‘~V. (A- 3)

Subtracting equations (A-i) and (A-3) gives

‘yM (A ~-A )~/ = o  fDr h,j “V (A-4)

Therefore ,

A~— A =  0 , o~-

Also , if (V k) are the eigenvec tors of A , then

A \1~=\V k ,
(A-6)

V~~Vk =\ ,V V ~.
Since the left-hand side and V

~
Vk 

are real , Ak is real .

If r in equation (A-l) is positive for any ‘t~o,then A is said to be
positive definite. It follows that

A positive definite ~ A
H 

A , {A k} > 0. (A-7)

A- 1

_ _ _ _ _ _ _ _ _ _ _  • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



The proof is the same as the proof above, except tha t now V
~

AVk > 0 in
equation (A-6).

Now , we are in position to prove that

A positive defini te Eigenva iues of AB (A 8)
are all positive.

B positive definite

For proof , let {A k} and {V k} be the eigenvalues and eigenvectors of AB ;
then, we have

• ~~~~~ v~~~
- \ A V ~ (A-9)

= \, V A~’ \/ 
= \ (

~ 

I
\/

~ H A (k’v~),
where we have used AH = A (equation (A-7)). Since A and B are positive
definite, the left-hand side arid the factor multiplying Ak are positive .Therefore , Ak is positive .

It should be noted that AR need not be Herinitian or positive defi-
nite. For example , if

~~~~~~ 

~ r~ot,
0(>O , ~~~~~

(A-b )

•
~~= fY  

~
] y reat, r~° ~~~~~~~

then ,

1 I (A-il)
.<p 4-~~

) j .

Since the main diagonal terms of AR need not be real , AB is not
necessarily Hermitian . Also, if we assume that AB is pos itive def ini te,
equation (A-7) says that AR is Herinitian, which is contradictory.

A numerical example follows :

A-2

~

. - .- - --- - - .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- .—~~~~---.- 
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A
J2 I-u ~~~~[2 

~
ii

ft#~ 
2 j  ‘ ~~ 2 J .  . (A-12)

A and B are positive definite and Hermitian . The eigenvalues of both
are {A

k} = 2 0. Their product is

r4...,2 4 1
A B= 1  - (A-13)

~~4 41- 2

with eigenvalues 4 ± ~~~~ > 0, as predicted. But AB is not Herinitian
nor posi tive def inite because , for instance ,

~ 
4-j 2. (A-14)

The matrix AB in equation (A-i3) points out that specifying a
ma trix to have pos itive eigenvalues does not make that matrix pos itive
definite. However, if the matrix is also Herniitiari , we have the genera-
lization of equation (A-7) to

• A positive definite ~~ A
U 

= A , (A k) > 0. (A-lS)

A- 3/A-4
Reverse Blank
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Append ix B

RELATIONS OF DETERMINANTS

Since det QJ~
1~ = 1 (see equation (19)), equation (28) yields

- d~t U,~ ~kF ~~~ 
~ 2 (B-I)

Setting in = p in equation (B-i) and employing equation (17), there fol-
lows

= ~~e{ 

~~ 
¶
~ + 04. . (B-2)

Since = R~ = U0 (see equation (95)
1), this recursion may be

written in closed form as

‘3 (B-3)

This relation is given in Burg ,3 page 86.

By letting in = p + 1 , p + 2,. - .,  in equation (B-I), it fol lows
immediately that

ck{ ~~ = (cl e+ \J
~~~ * 

(B-4)

In addition , for in < p , using equations (17) and (B-3),

d~tcR~ ~~ Ll~, (B- 5)

Comb ining equations (B-4) and (B-5), we have

= 

~
( 

0 
- (B-6)

LM~
J
~
r 1t1~~ -~,~~r j

k

B-l/B-2
Reverse Blank 

-— - ---~~~~- . --- ~~ -••--~~~-.- - .— .--



_ _  _ _ _ _

--__ ~~~~—-- .- - .~~~~~ . _ _ _ _ _ _ _ _

TR 5729

Appendix C

EXAMPLE OF IINSTARLE CORRELATION RECURSION

Consider the univariate (M 1) correlation values,

= r~~ , al l  m , r real and positive . (C-i)

The value of r can be greater or less than unity. The z-transform of

equation (C-i) is

~~~~~~ 
1+ r1- I~~~r ~~~~~~ (C-2)

Now,

s I— ;ç ~~~~~~

(C-3)

But, if r > 1 , there is no common reg ion of convergence ; also ,
sequence {R

~
) is unstable if r > 1. Nevertheless, if we blithely add

terms in equation (C-2), we get

(C- 4)

Then , con tinuing on , setting z = exp(i2iTf~) and mul tiply ing by t~,

(C-5)

[ex?(j 2~ ca~— ] [~~~(i~i~ a) ....]

wh ich is real , and

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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•1~

~~~~~~ 
(C-6)

WI,.’

In the following, let r ~ 1, cx = min(r,1), and ~ = max (r4). Then,

= (r--~ ~~ an b~1. (C-7)

This is a stable sequence for any r. But , notice that if

r c  I , o( r) ) r fir all hi; (C-8)

whereas , if

r>~, 
r1 ~~~~~~~~~~~~~_ (~~~~~j  ~rall 

~
‘. (C-9)

The former sequence is correct; the latter is not . Yet both are
stable. So, although equation (C-6) always generates a stable sequence ,
it is not necessarily the original sequence.

C- 2

-,---

~
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Appendix D

FORT RAN PROGRAM FOR SPECT RA L ANALYS IS

A FORTRAN listing of the spectral analysis technique is given in
this appendix, in addition to a sample printout of an application. The

notation and scaling adopted is identical to that given in reference 1 ,

appendix K. The equation numbers referenced are those in the earlier

report ,’ except in Subroutine ACM, where they correspond to the equa-

tions in this report .

D.-l
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