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HARMONIC REGRESSION*

F. J. Anscombe, Yale University
[Invited address, October 26, 1977, to the Third ERDA Statistical Symposium,

at Battelle Pacific Northwest Laboratories, Richland, WA]

The calculations of ordinary regression analysis -- linear regres-
sion by the method of least squares -- have been correctly doable for a
century and a half. There have been changes in computational methods
used. There is plenty to discuss about regression -- is it appropriate
for the data, what do the results mean? No doubt the calculations are
sometimes of little value, but sometimes they are appropriate and lead
to new understanding.

Regression analysis of time series has a much shorter history.

There is a good deal of literature about it, but the literature often

has the air of arm-chair meditation by a non-participant. My concern

has been to implement principles that are in the literature, and devise

a working procedure. Various practical difficulties have been encountered
that do not seem to be discussed in the literature.

Does anyone need to do regression analysis of time series? Con-
flicting opinions are heard. Huge amounts of time-series material are
being collected and stored relating to the environment (weather, pollution),
the observations being made daily or even more frequently. Many economic
series are developed for monthly or weekly or daily activities. I have
worked with annual series, which are probably the least satisfactory

material for this kind of study.

*Prepared in connection with research supported by the Army, Navy, Air

Force and NASA under a contract administered by the Office of Naval Research.
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Some broad generalities are presented below, and an example is shown.
The details are vital, but as they have been fully described elsewhere
they are not given here. (See the references; the detailed presentation

is referred to as Chap. 10.)

Formulation

We consider regression of one 'dependent'" variable on just one
"independent'" or predictor variable. (Methods extend, of course, but
not without some difficulties, to several predictor variables.) All
means will be supposed zero. Then ordinary linear regression can be
formulated thus. We are given observations on pairs of variables,

(x ) for i=1, 2, ..., m . We suppose that for all 1

55

y, =Bx +e (1
where the errors {ei} are considered to be (in some sense) independent
of each other and of the predictor variable {xi} . The method of least
squares can be equated to the method of maximum likelihood when we sup-
pose that the {ei} are independent random variables identically dis-
tributed N(O, 02)

How should regression of time series be formulated? We are given
series {xt} ’ {yt} , Where t=1, 2, ..., n . We shall not suppose
these series, nor the error series {et} when we introduce it, to con-
sist of independent elements. We shall instead suppose the series to
be stationary, that is, realizations of some kind of stationary stochastic
process. (In practice the appearance of stationarity with zero mean is

encouraged by subtracting a linear or other trend, usually after taking

logarithms.) To correspond to (1), one might suggest
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But if the series are related, the relation may be not simultaneous perpmurio/tiAii™ il ‘
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One might have

l l
Yt'th-j+Et’ n\ '}

for some integer lag j . But then one might as well postulate i

¥p Zj By Bpoy ® 8 s (2)

where j runs over some suitable set of integer values. This seems to
be the appropriate formulation for stationary processes, to correspond
to (1) for independent processes. The first member of the right side
of (2) represents a linear filtering of {xt}

There are two main approaches to trying to estimate the parameters
{Bj} of the filter in (2).

Time-domain methods

One can try direct multiple regression of (yt} on {xt} and on
lagged versions of it, {xc-j} for various j . There is a difficulty
about deciding how many lags should be considered. If {xt} is strongly
autocorrelated, conditioning will be poor. An accurate representation
of the relation between two stationary stochastic processes could easily \
involve a large number of nonzero coefficients {Bj} &

If our reason for trying to fit a relation like (2) is to be able
to forecast y, from past values of {xt} , possibly a very crude esti-
mate of the (BJ} will be good enough. The precision of a forecast is

limited by the variance of the error term. The greater precision that -

would be attained if the {Bj} were known exactly may be only negligibly

greater (Cleveland, 1967). Box and Jenkins (1970, 1976) have presented
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a set of practical procedures for estimating the structures of time series {
well enough for forecasting. If our purpose is not forecasting, but under-
standing as well as we can the relation between the series, the Box-
Jenkins methods may be less satisfactory.

It will be argued that some of these difficulties are mitigated or
avoided by frequency-domain methods. However, we must usually be alert

to temporal instability or change in a relation like (2), and that will

be detected by time-domain methods.

Frequency~domain methods

The idea is to Fourier~transform the relation (2), and estimate the

transform of {Bj}. It will be suggested that (i) this procedure is

easier to carry out than multiple regression in the time domain, and
that (i1) the results are easier to understand. Claim (i) derives from
the fact that the first member on the right side of (2), the filtering
of {xt}, is a convolution of {B8,} and {xt}, and transforms to the

3

product of the separate transforms of {8,} and {x_} . Thus (2)

3 t |

becomes

Fi{y,} = (FT(8,})"(FT(x.}) + FT{c }

3

These Fourier transforms are complex-valued functions of a real ‘
variable ) representing frequency. Consider a narrow frequency band
(interval for \). Suppose that in this interval the transform of {BJ}
were (near enough) constant. Then in this interval the relation between
FT{yt} and FT{xt} would be exactly like relation (1) above between

{yi} and {xi}, with the exception that the variables and the regres-

sion coefficient are complex-valued. 1In real terms, FT{R,} 1s con-

3
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veniently expressed as an amplitude, the gain function G(A) , and an
angle, the phase-shift function ¢(A) . Thus 1f G(A) and ¢(})
could be regarded as constant over the frequency band, they could be

estimated from the transforms of {yt} and {xt} by a slight modifica-

tion of the usual procedure for the linear regression relation (l) --
expressed in real terms it lcoks a bit different, but the procedure is
really ordinary linear least squares with two real coefficients to be
estimated. The least-squares procedure is particularly appropriate if
the error process {et} is a stationary Gaussian process whose spectral
density 1is nearly constant over the band.

However, it has been generally recognized (Akaike and Yamanouchi,
1962, Cleveland and Parzen, 1975, and other writers) that treating
¢()) as constant is not satisfactory when its derivative is much dif-
ferent from O, and that it is better to approximate the behavior of the
transform of {BJ} in the narrow frequency band by three real parameters,
the average values of G(A) , ¢(A) and ¢'(A) in the band -- that is,
treat G(A) as constant and ¢(A) as linear in A . Now the regression
procedure 1is further modified, becoming in fact nonlinear and requiring
an iterative solution, but still computationally rather easy.

Thus the complete procedure involves examining the frequency range
of X 1in bands, using a moving "window', and in each band doing a small
computation to determine three real parameters, representing average
values of G(A) , ¢(A) , ¢'(A) . Upon putting the solutions together
we see the whole behavior of G(A) and ¢(A) . With G(A) and ¢(N)

estimated, {B,} could be inferred by making the inverse Fourier trans-

3

form.
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; Intelligibility ?

I Claim (11) is that G(A) and ¢(A) are what we need, in order to %
f understand the relation between {yt} and {xt} , rather than the
{BJ} . If the latter were given, we should have to Fourier-transform |
them to see qualitatively the effect of the filter. Compare with the |

usual commercial description of performance of an amplifier in a sound-

reproduction system.

Example

As an example of methods, we try interrelating an annual series of
total copper-mine output for the U.S. and two economic annual series,
one giving the New York price of copper, the other the total dollar
value of imports of merchandise into the U.S. The copper price series
is thought to reflect the world supply and demand for copper. Changes
in price might be expected to lead to similar changes in production,

l possibly a little later. The imports series is taken as an indicator
of the U.S. economy. The copper production series is N235, and the

price series is N241, in Historical Statistics of the United States (1975);

the production figures run from 1845 to 1970, the prices from 1850 to

1970. The figures have been taken exactly as published, except that to

T e ke

smooth a change in price definition in 1968 the average of two defini-
tions has been used for 1967. The price figures for 1850-1859 are of
uncertain meaning, and the production figures for before 1860 show a
more rapid proportional rate of growth than later. For present purposes

it has seemed wise to ignore the pre-1860 data. Continuation of the

series from 1970 to 1975 has been obtained from the Statistical Abstract

of the United States (editions for 1975 and 1976). The two series are
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reproduced in Figure 1, except that the last two digits of the production
entries have been dropped for ease of reading. The imports series has
been given in Chap. 10 and is not reproduced here; only the portion from
1860 to 1975 1is used.

Figure 2 shows a plot against the date of the logarithm of the pro-
duction series, with linear regression on date subtracted. Figure 3 is
a similar plot for the price series. A plot for the imports series has
been given in Chap. 10.

The three given series have each 116 entries (for 1860-1975). To
prepare them for Fourier analysis they have been prewhitened by the
steps: (i) take logarithms, (ii) subtract the linear regression on
date, (i1ii) filter by the two-point fiiter with weights (-0.9, 1). The
last operation reduces the length of each series to 115. Then the series
have been circularized (tapered) by linearly splicing the first 7 and
the last 7 entries, so that the length of each series becomes 108. The
Fourier transform is made at frequencies (0, 1, 2, ..., 54)/108 cycles
per year; the transform is expressed as a set of (real) coefficients of
cosine and sine terms, or alternatively as a set of squared amplitudes
and phase angles. The frequencies are referred to as harmonics, num-
bered 0 through 54.

The first step to perceiving an interrelation between any pair of
series is to plot the difference of phase angles at each harmonic against
the harmonic number. Figure 4 shows this for the production and price
series, and Figure 5 for the production and imports series. At each
harmonic, the product of the amplitudes is classified by size into one

of six categories and represented by one of the plotting symbols:

. o 0 e [0 ®
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Each phase difference is plotted with this symbol twice over in the
interval from O to 8 rightangles. In looking for trends, the viewer's
eye should be guided by the heavier symbols.

Figure 5 shows a fairly strong relation between production and
imports, especially at the higher frequencies -- the phase differences
are mostly rather close to 4 (or O or 8) rightangles, and show no trend
with frequency. A simultaneous positive correlation between these two
series 1s indicated. Figure 4 shows a less clear relation between pro-
duction and price. At lower frequencies there is some suggestion of
trend in the phase differences, implying that production follows price,
possibly by two years, possibly by four. At higher frequencies the
phase differences seem very scattered. Not reproduced is a phase dif-
ference plot for the price and imports series, suggesting quite a strong
simultaneous correlation at the lower frequencies, and not much at higher
frequencies.

Now the regression calculation in frequency bands, to estimate
G(A) , ¢(A) and ¢'(A) , can be performed. The window chosen is 23
harmonics wide, and sine weights have been used. The results are tabu-
lated in Figure 6. The first column lists the harmonic number of the
central frequency in the band; we have stepped the central harmonic
number from the lowest possible value, 11, by unit steps to the greatest
possible value, 43. (Had there been many more harmonics and a greater
bandwidth, greater steps would have been convenient.) The next three
columns list estimates of spectral density for, respectively, copper pro-
duction, copper price and imports (prewhitened as explained above),
obtained from the raw line spectra by the 23-point sine-weighted moving

average. The next four columns refer to regression of copper production
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on copper price. They list average values in the band of G(X) , ¢(A)
and ¢'()) , and (in the fourth of these columns) multiple R2 (the
coherency). The behavior of ¢(A) and of R2 gives a numerical measure
of the trend seen in Figure 4. The last four columns of Figure 6 give
similar informaticn for regression of copper production on imports, and
relate to Figure 5. (Simultaneous regression of copper production on
both copper price and imports is not considered at this point.)

To test a null hypothesis of no association between series, 5%, 1%
and 0.17% values for R2 for any given frequency band are estimated (by
a crude argument) at 0.19, 0.27 and 0.36, respectively -- these values
probably err in being a little too low. The tabulated values are very
highly correlated, as one reads down the column. So for regression of
production on price,‘it seems reasonable to claim a substantial correla-
tion at low frequencies, in the bands centered between the llth and
19th harmonics. For regression of production on imports, the correla-
tion is substantial in bands centered between the 23rd and 43rd har-
monics -- R2 is close to 0.5 in mény of these bands.

Of our two predictor variables, copper price and general imports,
the latter has on the whole the greater correlation with copper produc-
tion. But the two predictor series have some correlation with each
other. How useful is the price series as a predictor in conjunction
with the imports series? Residual Fourier transforms of the production
series and of the price series, after regression on the imports series,
can be obtained, and a phase-difference plot can be made, analogous to
Figure 4 for the original Fourier transforms. This is shown in Figure 7.
The phase trend seems rather similar to that in Figure 4 at lower fre-

quencies, and weaker at higher frequencies.
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Figure 8 shows a calculation like that in Figure 6, but relating

to simultaneous regression of production on both price and imports,
instead of to separate regressions. The R2 in the final column is
always greater than either value of R2 (for the same frequency band)
given in Figure 6. The most striking increase over the RZ for regres-~
sion on imports only occurs for bands centered between the 25th and 28th
hafmonics -~ 0.479 instead of 0.332 at the 25th harmonic, 0.511 instead
of 0.359 at the 26th harmonic, etc. The same sort of crude argument as
before indicates that these four increases (but none of the others) can
be regarded as significant at the 5% level. The increases, on the
whole, are larger at lower frequencies than at higher frequencies.

The two phase-shift functions estimated in Figure 8 can be fairly
well approximated at most frequencies by saying that production is
correlated positively with imports of the same year and negatively with
prices of four years before.

Figures 9 and 10 are time-domain plots intended to show whether the
relations between the series perceived in the harmonic analysis pervade
the whole series or are special to particular epochs. For both plots,
the original series have been transformed to logarithms and a linear
trend has been subtracted. Then for Figure 9, low frequencies have
been suppressed by taking the second difference of the series, and the
resulting production values are plotted against the imports values. The
correlation coefficient is 0.60. The decade of each plotted point is
shown by the letters appearing on the right side of Figure 1; a star
means that two or more points have coincided. For Figure 10, the spectra
have been roughly whitened by taking the first difference of each

series, and then high frequencies have been suppressed by three simple

o D - '
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2-point averagings. The first 4 values of the resulting production series
and imports series have been dropped, and the last 4 values of the result-
ing price series; and then the production values are plotted against the
linear combination of the imports values (for the same year) minus 0.8
times the price values (for four years earlier). The correlation coef-
ficient is 0.53. The decade of the production values is shown as before.
The pronounced correlation in both Figures 9 and 10 is due to a few
extreme points labeled G or H , representing the two decades from
1920 to 1939. 1If all points for these decades were omitted, the correla-
tion would become 0.04 for Figure 9 and -0.08 for Figure 10. That is,

the correlation would disappear.

Discussion

Harmonic regression 1is a systematic way of looking for association
between series in all parts of the frequency range. It is unlikely to
reveal anything that cannot be found by careful visual comparison of
plots such as those in Figures 2 and 3, at least when only two or three
series are under consideration. (A similar remark can be made about
ordinary regression.)

We have found clear evidence of association between copper produc-
tion and general imports, at higher frequencies, and some suggestion of
predictive value for copper price also, at middle-to-low frequencies.
What associations there are seem to inhere in the economically turbulent
years of the 20's and 30's. We do not see similar associations in the
other decades. Possibly relations between these series are changing,

possibly the phenomena are highly nonlinear.
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* 0 1 2 3 L 5 6 7 8 9

U.S. COPPER PRODUCTION (MINE OUTPUT, HUNDREDS OF SHORT TONS)

1860 | 81 84 106 95 90 95190 142 130 140 A
1870 | 141 146 140 174 196 202 213 235 241 258 B
1880 | 302 358 453 578 725 829 789 907 1132 1134 y d
1890| 1299 1421 1725 1647 1771 1903 2300 2470 2633 28u3 D
|
1900/ 3031 3010 3298 3490 4063 yLuly 4585 4236 4784 5633 E
1910 b5u41 5574 6245 6178 5742 7440 10028 9477 9550 6062 F
1920 6123 2331 4823 7389 8031 8391 8626 8250 9049 9976 G
1930| 7051 5289 2381 1906 237k 3865 6145 8420 5578 7283 H
1940| 8781 9581 10801 10908 9725 7729 6087 8476 8348 7528 I
[
1950| 9093 9283 9254 9264 8355 9986 11042 10869 9793 g2u8 J
1960 | 10802 11652 12284 12132 12468 13517 14292 9541 12046 15446 K
1970] 17197 15220 16650 17180 15970 14110 L
PRICE OF REFINED COPPER AT NEW YORK (CENTS PER POUND)
1860| 22.88 22,25 21,88 33,88 47.00 39.25 34.25 25.38 23.00 24.25 A
1870} 21.19 24,12 35.56 28.00 22.00 22.69 21.00 19.00 16.56 18.62 B
1880 21.50 18,25 18,50 15.88 18,75 2110 11.00° 2129 16,80 13.75 -
1890/ 15.75 1288 14,50 1065 943 10570 10.92 11.30 12,01 17.75 D
|
1900} 16.54 16,40 11,96 13,62 13.11 15,98 19,77 20.86 13.39 13.11 E
1910| 12.88 12,55 16,48 15:52 13,31 17.47 28.46 29.19 29,19 18,90 F
1920} 17.50 12,65 13.56 14,61 13,16 14,16 13.95 13.05 14.68 18,23 G
1930| 13.11 8.2y 5.67 7.15 8.53 876 9.58 1327 10,10 1107 H ¢
1940 11,40 11,87 11.87 11,87 11.87 11.87 18.92 21.18 22.20 19.36 £ ,}
|
1950| 21,46 24,37 24,37 28,92 29.82 37.39 41.88 29.99 26,13 30.82 J
1960( 32,16 30.14 30.82 30.82 32.17 35.19 35.82 38.01 u41.17 u47.u43 X
1970) 58.07 52,00 51.20 59.50 77.30 64.20 L

FIGURE 1
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COMMON LOGARITHM OF COPPER PRODUCTION--RESIDUALS FROM FITTED LINE
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COMMON LOGARITHM OF COPPER PRICE--RESIDUALS FROM FITTED LINE
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Smoothed spectral | Regression coefficients of copper prodn, with R#2,

estimates | (1) on copper price (ii) on imports
11 1274 853 583 | .635 6,10 15.1 .270 | J625 L 65.96- .1 478
12 1272 860 566 | .666 .01 12.2 .299 | 687 6.26 2.0 210
13 1252 861 542 | 695 15 9.8 .332 | .756 6.26 2.4 ,2u8
14 1259 868 519 | 892 " a8 cgUE Y0 8T 09 1.0 255
15 1258 879 503 | .686 .36 10.6 .328 | .796 .03 +3 253
16 1240 883 486 | 670 b6 101 w323 | L8004 03 | W& .253
17 1213 880 u72 | 665 57 11,3 821 .795 JaZh e | L ohs
18 1166 867 455 | .652 .69 11.9 .316 | iy il RS i
19 1109 852 439 | 4621 .79 115 .296 | L7268 6,268 - 8 233
20 1058 824 u27 | .580 .86 10.5 .262 | L7686 6u2l 1.8 237
21 1014 805 427 | 525 .84 7.5 219 | J762 8,18 3.3 J2ub
9%  97% J97 437 | DR RN o SRS 0 R = (o T .769 6.15 ~3.8 .259
23 936 745 425 | 73 60 1.8 .178 | 790 6.1k 4.8 284
24 893 719 427 | M5F .56 3.0 .168 | .801 6.12 "4.9 .307
25 842 706 439 | 441 .51 8.3 <163 | .798 6.08 4,6 .332
26 782 694 446 | Lo - e IR (e o .793 6.04 ~3.9 ,359
‘ 97 716 872 w1 | .M M8 N2 Gl ] 781 6.02 3.a .98
; 20 646 681 491 | . 3MO 42 5.7 WAL | L7868 5,99 T2.0 412
: 29 617 620 507 | «355 42 "10.5 127 | AT 5,97 5.3 422
I 30 614 597 517 | .391 L4 T14,9  ,149 | el - L O o S T |
31 620 589 525 | <400 .36 16.4 ,152 | .729 5,90 4.9 .u450
32 634 589 531 | s G R S (S ,158 | .743 5,93 6.0 .u63
33 641 582 537 | .430 07 18.7 .168 | .753 5.98 6.7 475
34 44 567 536 | L50 6:22 12,3 178 | .766 6,04 7.2 .u488
35 642 545 533 | 7T Bd1 108 198 | WIhe 6R10 | T8 Su9y
36 637 515 526 | +513" 8400 8.7 213 | +T75 6,15 6.7 496
37 627 486 512 | «550 5.90 °5.7 .234 | .775 6.19 5.9 491
38 625 U458 492 | <578 65,83 5.5 .zu5 | 81 Be2h 5.5 480
39 630 438 471 | +600 5.79 “h.8 250 | .795 6.28 5,1 ,u73
40 640 432 450 | 633 5,77 T3.8 .270 | .810 ,00 3.8 .462
41 659 425 428 | 641 5.78 2.4 ,266 | J834 .01 2.6 452
1 42 669 421 402 | 645 §.77 1.6 262 | 4861 02 1.4 446
43 675 417 375 | 652 5,76 1.2 .262 | .895 .04 .0 445
FIGURE 6




PHODUCTION RESIDUALS AND PRICE RESIDUALS

PHASE DIFFERENCE (RIGHTANGLES):
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