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1. Introduction and Notation

Using the concept of aliasing, Snider [6] obtains an. c(nl'k)
estimate of the uniform accuracy of the n-point trigonometric inter-
polants of periodic Ck functions for k > 2, improving the

-l/ 2) estimate for 02 functions presented in Isaacson and Keller

O(n
[2]. Kreiss and Oliger [4] use aliasing to show that if the Fourier
coefficients V(&) of a periodic function v(x) satisfy

v(e) = of |§|'B) with B> 1, then the trigonometric interpolants of
v uniformly approximate v to order O(nl-a). This also gives an
G(nl-k) estimate for C° functions since the largest B we can use
in general is P = k. We use aliasing and a different property of the
Fourier coefficients of Ck functions--the fact that ('Jk is contained

in the Sobolev space H-- to obtain an o(nl/ =

) estimate for
k >1.
In [5], Kreiss and Oliger estimate the L2 accuracy of trigonometric
interpolants and their derivatives for functions in Sobolev spaces.
This paper applies their approach and an extension of a theorem appearing .

/ 2-+‘m-s) estimate of the uniform

in Zygmnd (7] to obtain an o(nr
accuracy of the m-th derivatives of trigonometric interpolants of func-
tions in the Sobolev spaces H® for s> % + me By similar methods
we obtain an o(nm-k) estimatc for functions in C° whose k-th
derivatives have absolutely converging Fourier series if k >m, and
we show that these two estimates are sharp. We also obtain an

o(nl/ 2+m-k-a) estimate for functions in the Hélder space % 4

0<a<1l and k+a>%+m. These results remain valid if we replace

the trigonometric interpolant by its K-th partial sum, replacing n by

.
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K in the estimates.

S All functions considered will be assumed to be defined on ]R and

one-periodic. We use the following notation.

lIivll, denctes sup|v(x)]|.

L2 is the set of complex-valued measurable functions v(x) for

which

1
W5 = v Fax < o

The Fourier series of a function v(x) € o is

T v(t)e

f=-e

2niEx

l | |
where T(e) = r v(x )e'aﬁgxd.x . 3
00)

Dkv denotes dkv/dxk. If we say that Dkv € B for some space

of functions B, we mean that D' Lv is an indefinite integral

of the function Dv in B. C° 4s the set of functions with k

e e —

continuous derivatives.

Wi, = T %]
T

For a real number s > O, H° 1is the set of functions v(x) € L2

such that

uw;=|ﬂmﬁ+ T lene|®®|i(e)|P < .

t=-

. A 1is the set of functions v(x) € L2 with absolutely converging

Fourier series, i.e.,




T ———— R —

T Ve <w

E=c

For 0<ac<1l, 1let

[v]a = sup Mﬁﬂlﬂ.

(0]
X,y€R Ix‘Y|

For an integer k > O, c®® 415 the set of functions v(x) € ck

such that [Dkv] o S @

If veA, then v is equal a.e. to a continuous function. Since
we are interested in interpolation, we will tacitly assume that
Acc® and similarly that B cc® for s > % For an integer
x >1, H is the set of functions v(x) such that Dv € L° and

thus C‘k c Hk. See Agmon [1] for a discussion of L2 derivatives.




2. Trigonometric Interpolation

We state some well known results on trigonometric interpolation.
4 These appear in this form for odd n in Kreiss and Oliger [4]. See

also Isaacson and Keller [2] and Zyemund [7].

A. n 1is odd. Let N > O be an integer and h = and let

ke,
2N+l
X, = vh for v =0,1,2,¢..,2N. There is a unique trigonometric

polynomial INv(x) of order at most N which interpolates v{(x) at

the points x, for 0<v<2N given by

3 ! N
_ (1) Iv(x) = I a(e)e™E
|
where
‘L 2N -2mitx
y (2) a(¢) =h T v(x )e 5
v=0

The effect called aliasing is the fact that

| (3) a(t) = T W&+ a@n) | <w

j=-=

provided that the Fourier series for v(x) converges at the points x,

E for 0<v <N

Following the notation of Zygmund, define for 1 <SK<N
(4) v(x) = g a(g)e” ™
Iy, 5

. where a(t) 4is given by (2). Iy gv 1s the K-th partial sum of Igvs
2

and IN,NV = INV‘ If v(x) is real-valued, so is IN,K Y

P

S ————

e

t
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B. N is even. Let N> O be an integer and kL = §ln' and let

o vh for O < v < 2N-1. There is a unique trigonometric polynomial
va(x) of order at most N which interpolates v(x) at the points
X, for 0 < v <2N-1 given by

2nigx

N
(5) Eyv(x) = §_z:' a(t)e

which also satisfies

a(-N) = a(N) .

The ¥' notation indicates that the first and last terms are multiplied
by 1/2. The coefficients are given by

2N-1 -2nitx
(6) a(¢) =h I v(x e LA

v=0
Provided that the Fourier series for v(x) converges at the points
x, for 0<v<aN-1, we have

(7) a(t) = T V(& + y(aN)) le] < w

j=-=
Define for L <K<N

K
(8) By (%) = T a(e)e”™
’ §=-K
where a(t) is given by (6), and let E’N,Nv = ENV' If v(x) is

real-valued, so is Eg ,v for K<N. If w(x) dis a trigonometric poly-
>

nomial of order at most N and w(N) = w(-N), then Bgv = v
6
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3.  Accuracy Estimation

Define

m

o™ - oy ),

8(v,m,N,K)

&(v,m,N,K) = [ - Dm(EN’Kv)"“

The m =0 case of the following lemma appears in Theorem 5.16 of

Chapter 10 in Zygmund [7].

Lemma 1. Let m> O be an integer, and suppose that u = D" € A.

Then
8(v,mN,K) <2 ¥ |a(e)]
el >k
Proof. Let
(9)  wvi(x) = p ¥(e)ePmEX wlef=. 0 syt
£=-K || >k
(10) W, =Ty vy ¥R = Iy,x"R

Then v = vyt YR and IN’KV‘ =Wy + Vg Since Wy = Vpo

(11) v - IN,KV = Vg - Vg

SO

(12) 8(vymyN,K) < [ID"vell, + [ID™gll, -
By (3),

A

TR i

pppesm—————



4 E & 2niEx
vp(x) = T E vp(& + j(2N+1))e
g=-K j=-w
m K m B ~
[Dgl, < £ [2x€[" = [F5(8 + J(an+1))
€=-K J=~
K © el
SR lon(e + 3(aw+1)) | vp(€ + s(an+1))]
< T leng|"| (8)]
t=-o
So
(13) D%l < T l&ce)]
lel >k
Also
(14) ol 2 5 ia(e)l
lel >k

Combining (12), (13), and (14) gives the lemma.

Lemma 2. Let m> O be an integer, and suppose that u = D™v € A.

Then

€(v,m,N,K) < 2 T |u(e)] for K<N
(el >k

€(v,m,N,N) < 2 T |age)]
lel >

Proof. For K < N, the proof is the same as in Lemma 1.




Using (9) with K =N - 1 and replacing (10) by

B (25) b Yt YR = ByVR
I
" we obtain
(16) €(vym,N,N) < 0™l + Il
By (7),
B i onikx
ve(x) = ' T V(& + y(2M))e
E=-N j=-o
m N s m;
Il < k= lon(e + 3(2m))|7|vp(e + 3(aw))]
= T leMg(o)]

and the lemma follows as in the proof of Lemma 1.

Theorem 1. Let m > O be an integer and v € K° with s> 3 +m.

Then for each K,

(17) sup  §(v,m,N,K) < CRK(V)KJ'/Q+ e f
N > K | 8

where

m=s
En 252:12
s-g-m




Also

(18)

and

(29)

& one |25 1% 2\1/2 :
Re(v) (|§|§K |2ne |77 [w(€)17)

sup €(v,m,N,K) < CRK(V)KJ'/am-S
N >K

€(v,mK,K) < CR,_, (v) (k-1)1/2 + m-s

Note that since v € H°, R(v) =0 as K-

Proof. By Lemma 1, for N > K we have

(v, m,N,K) < 2 z |2“‘vlml‘7(§)l
lel >k

< 2 z lone |22 (5e) 1202 §. Jomg|P(m-s))2/2

T el>k le| >k

te(m-s) 1/2

2(s-m) - 1

< 2 Re(v)(2n)""5(2

and (17) follows. (18) and (19) follow similarly from Lemma 2.

Theorem 2.

for each K,

Let k >m> 0 be integers, and suppose Dkv € A,

Then




R A

=

(20) sup &(v,m,N,K) < CrK(v)Km"'k

N>K
where
gimiofox e
and
i ks
rlv)m B amEllw(ed]
le]>x
Also
(21) sup €(v,m,N,K) < CrK(v)K““k
N>K
and
(22) e(v,mK,K) < ch_l(v)K""k

Note that since D'v € A, rK(v) -0 as K=o

Proof. By Lemma 1, for N > K we have

6(v,m,N,K) < 2 S jam |m|€'(§)|
lel >k

52(2::1()“‘"‘ T lexe|*|9(e)|
[e[>k

and (20) follows. (21) and (22) follow similarly from Lemma 2. 1

Theorem 3. Let m >0 be an integer and v € Ck’a with

k+a>%+m. Then for each K,




\ :
a2 (23) sup &(v,m,N,K) < C[Dkv]al(l/aﬂn " '
E ) N 2 K Y 3
where
12
F e ghl/e ek
| 1.1/ 2Hm-k=a
Also
(2%) sup €(v,m,N,K) < C[Dkv]a K‘l./2-|1n-k-a
N>K
L . Proof. The method of proof is similar to that of Bernstein's theorem
4 that Co’a CA for a> %. See Katznelson [3]. Let u = D™v and

£ = Dv. If t=%‘-2"' and 2¥ < || <2¥*}, then [™P_1| >3,

so since

L l)f(g)eaﬂigx g

Parseval's relation implies that

v O <3 SR« ST

le
2¥< lgfse g% Iefse"ﬂ

<3 lexst) - 2(x)l5

Wi

le(x+t) - 2(x)IE

T

S




By the Schwarz inequality,

oy ey = e % la(e)|2)H2

¥ z
V< lef<2 V<le]

=(2v+l % #(e 2 )1/2
V<lef<2V? o 1221"’”5

< (2 “)m-k 2v(l/2+m-k)( o

¥ |§f< i ) %2

< (ex )™k 2v(l/2-i‘m-k-ot)[f]
= a

Given K, let j satisfy 29 <K <29*l. Then by Lemma 1, for

N>K we have

§(v,mN,K) <2 ¢ |a(e)]
le|>k

™8

<2 lace)|
= w=y2V< lgf< pvtl

52(2“)m-k[f]a ; ov(1/2+m-k=a)
v=J

J\1/2+4m=-k=-Q
=k 2
< 2(2n)"g), f—zlﬂm.a

and (23) follows since §_>_ 2) ana %‘- +m=-k=-a<0. (24) follows
similarly from Lemma 2.




ST

s(v,myN,K) and €(v,m,N,K) are o(Kl/

4. Sharpness of Estimates

Theorem 1 shows that if v € H° and s > % + m, then
2Mm=8), independent of N > K.
Theorem 2 shows that if v € A and k >m, then §(v,m,N,K) and
€(v,m,N,K) are o(Km'k), independent of N > K. We prove in this
section that these estimates are sharp: they cannot be improved for

these two classes of functions.

Theorem 4. Let [7\)} be a sequence of positive numbers converging to
O. Let m>O0 be an integer, and s > % + m. Then there exists a
v € Hs such that

inf

(25) 1lim sup N2K
Koo [2+'m-s
7k Kl

6(v,m,N,K)

Proof. Let po =1 and define a strictly increasing sequence ({p J}
of positive integers inductively such that for j>1, if J 1s odd

pJ = 2p,j-1’ and if J is even pJ is a power of 2 such that

(26) 7, S 2™ for v> pJ/h "

Define the sequence {bv} for v>1 by

o= M2
(27) B (pJ—ﬂ-_—;J') for Py SV <Py

® 2 @® 2 @ -J
Then I b = % T b = F 2K e,
vii ¥V j=0 pJSv<pJ+{ 3=0

14




B e

Note that bv->-bv+l for v>1 since pdzz‘pd_l for J > 0. Let

@
(28) wx) =« T () ey
v=1l (2my)® Vv
¥ BRia 2 % e
Since L [2n¢|°|¥(&)|° = £ v <, ve H°. Define v, v, w.,
e Y L' R L

and wp &s in (9) and (20). By (11),

(29) 8(v,m,N,K) > D"Vl - D™l
Now
D™= | L (2mte)™(6)e™t = T (2v)5p
r2l lel>k | v>K 2
s0
(30) ||Dvau° SE (Bv) %
v> K g
By (3),
K
ve(x) = T a(g)e®™Ex
g=-K
where for |¢]| <K,
a(t) = R va(E + 3(2n41)) = Z V(g + 3(241))

Since 2N + 1 1s odd, this last series is an alternating series of

terms decreasing in absolute value, so

15




la(g)| < |v(& + 28 +1)] .

Hence

K
D%l < = |2ne|™|a(e)]

K g
T len(e +2n + 1)|"|9(¢ + 2N + 1)|
k=-K

IN

2N+1+K Lhe
> (2ny)” Db
v=2N+1-K <

3K+1
T (2m)" %
v=K+1 o

IA

F, since the bv's form a decreasing sequence. Combining this with (29)

and {30) yields ¥

(- -]
E 6(v,m,N,K) > z (2W)m-sb . -
v=3K+2 »

For even j > 4, 1let Ky = pJ/h. Then since p,,; = 2py,

c(v,m,N,KJ)g T (2nv)m'sbv
\3-"'1)3

- s (2rrv)m'°(pd2" e
Py =V <p,j+l

,
> (2,29 /3(20)™" d, oy 1
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2 =1

15 for BFL
cB =

log 2 for B=1

- o1=38_-B
so if clB 2 ™ eg,

ﬁ(v)m;N,KJ) > cs-m Q'J/E(QN)M-SPJ]_/QW_S

=4 .mg‘J/ZK.:Ij./Z*‘m-S

Thus (26) implies that

5(v,m,N,K )

J/e
7 2 S /

KJJ

and the theorem follows.

Theorem 5. Let {7\:} be a sequence of positive numbers convergirg to
O. Let k>m>O0 be integers. Then there exists a v with
Dkv € A such that

inf ¢(v,m,N,K)

(31) s
1 lim sup —
K=o 71( KmT

=® .

Proof. Same as the proof of Theorem L4 with the following alterations.
Replace s by k throughout the proof. Replace (26) by

(26') Tl 2~2J for v> pd/h .

17
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Define b = ——— for < .
V. Pyy TPy Y35 " F Ba .
- . ks B
Then T b <e and T [2nt|°|%(¢)] <® so D € A. We have 3
v=1 Vv f=-m

for even j > 4

s(v,mN,K,) > £ (2nv)"%p
Aifiar v
V=PJ

v

z (2m)"K(p,29)"
PyEVSPin

v

" x 2P
(py2))Hen)"* [ 79
PJ X

Cpop? =J (2n )m-kpm-k

k J

B . =J -k
=5 &n® K?
Thus (26') implies that

6(V:m:N:KJ) 2 1 dk 2.)
Kk < 2 “k-m

and the theorem follows.

The following lemma is geometrically obvious.

Lemma 3. Let {av] be a decreasing sequence of positive numbers

s 2niv/3
converging to O. Then I 5ve . v/ converges and -
v=1l
@ .
|2 8 Y gp
v-

18
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I
i Theorem 6. Let {7\)] be a sequence of positive numbers converging 5
- to O. Let m>O be an integer, and s > % + m. Then there exists
E: a veH such that
inf €(v,m,N,K) ‘
(32) lim sup N2EIAN - o |
Koo y Kl 19
i
|
and H
!i
€(v,m,N,N .
(33) Lin sup SR - o |
N-owo 7 Nl -8 &
N
: If k 1is an integer with k > m, then there exists a v with p¥v € A
§
, such that
: inf &€(v,m,N,K)
! (34) 1lim sup N>K,5fN - = o
Koo 7k K"
: and
(35) lim Supm’lfil—ql=o .
Noe N N
Proof. The proof of (32) is the same as the proof of Theorem 4 with
the following alterations. Replace (28) by
Wx) = ¥ Q2mv/3 __ 1 _b Q2mvx
v= (2nv)” VY
7 For N > K, we have

€(v,m,N,K) > “Dva“. 2 “DI%'R“.




where v_ 1is given by (9) and v = EN,K R Now

R
o= 2\ o ot B9 brig/3, _ o0 YB5p
D vg(3)] llglix( £)N(¢e)e | vEK( w) o
.|l 2mv )" 5p
8o llo R"-z\,fx( ™) "

By (7);

K
wg(x) = T fit(g)e‘?’“lgx
£=-K

where for || <K,

a(e) = T Wt + 3@N) = T+ 3@m) .
J=-e J=1

Suppose 3 I N. Then J(2N) cycles through the equivalence classes
mod 3, so by Lemma 3,
la(e)| < [9(e + an)| .

Hence, as before,

3K+1
ID™glly < Z_(209)" %
v=K+1 ¥

and the rest of the proof goes through, establishing (32).

To prove (33) for this v, imitate the proof of Theorem 4 as atove
with the following changes. Define v; eand vp by (9) with K =N -1,
and define w; and wp by (15). Then

€(v,m,N,N) > “Dva“. - “D%R“. .

20
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As above,

o™l > 2 (200)"% .
By (7),

i 2
vp(x) = B! a(g)e" ™8
g=-N
where
a(g) = T v(& + j(an)) for |e| <N

J=l1
®

a(-N) =a(N) = T N + j(2x))
J=0

For N=K‘1 for even j> 4, 3 ) N, so by Lemma 3,
laCe)| < [¥(e + 2w)| for |e| <N

la(-m)| = la(@)| < 1¥(w)]

Hence
N m
Io%gl, < T l2ne(Ma(e)]
e ma my A
< T len(e +aw)|T|v(e + 2n)| + |omw|™|w(N))
g==N+1
3N-1
=5 (20v)" %
v=N y
So

€(v,mN,N) > T (2nv)" 5y
v=3N o

and (33) follows.

i i




(34) and (35) follow by similar alterations to the proof of

Theorem 5.

Remarks. Theorem 4 shows that the o(l(l/ 2+m-s) estimate of
§(v,m,N,K) given by Theorem 1 is sharp by showing that there is no
function g(K) @oing to O faster than K/2'™® for which
s(v,m,N,K) = ®(g(K)) for all v € H°. Note that we can obtain a

k real-valued function in H° satisfying (25): since the trigonometric

interpolants of real-valued functions are real-valued, at least one

of the real or imaginary parts of the v constructed must also satisfy
(25). sSimilar statements hold for Theorem 5 and 6. Also, many of the
details of the constructions are for convenience, e.g. making the pJ's
powers of 2, and placing the singularities at x =% in the odd case and

at x = §- in the even case.
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5. Corollaries and Summary

Let LA denote the n-point trigonometric interpolant of v.

i.e., if n=2N+l,wn=INv and if n=2N,wn=ENv.

Corollary 1. Let m> O be an integer. If v € H®° with s> % + m,

then

Ir D e A and k>m then

v = w Il = o(a™)

&

Ir ve ™% ana k+a>%+m, then

1/24m=-k-0x
o = vl . =it/ PMmr=ay

B

The m =0 case gives the improved estimate for Ck functions:

Corollary 2. If v € Ck and k > 1, then

These corollaries also hold for the K-th partial sums of L if we replace
n by K in the estimates.

Although we gain an extra half power of n in the estimate for
general ® functions over the recent O(nl'k) estimate, there are
other classes of functions for which Kreiss and Oliger's O(nl'ﬁ)

- -
estimate for functions satisfying v(&) = O(|¢|™) yields better
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results. For example, if Dkv is not necessarily continuous but

l ~k-1 )’ p2

is of bounded variation, then V(&) = o(|¢ s0

Iv = wglly = oa™). or, 12 D7

equivalently if v € Ll), then V(&) = of |§|'k), and Kreiss and

v is absolutely continuous (or .

Oliger's proof shows that |v - wn“” = o(nl'k) if k> 1. See

Katznelson [3] and Zygmund [7] for discussions of the growth of

Fourier coefficients. We conclude with a table of estimates.

k

If Dve then |v - wnllw = for
¥ o(n*"¥) k> 2
i el =k k> 1
(050 o /27Ky krasl
i aal/ =8 k +8> é ;
B.V. o(n¥) k>1 :
A o(n’¥) k>0 .
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