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ABSTRACT

For m[~) 0, we obte-4,~ sharp estimates,~of the uniform accuracy of

the m-th derivative of the n-point trigonometric interpolant of a 
-

function for two classes of periodic functions on IR. As a corollary,

the n-point interpo].ant of a function in 0k uniform ap*S JciJnates

the function to order o( nh/2 1~), i~~roving the recent estimate of

~(~ 1_k ) These results remain valid if we replace the trigonometric

interpolant by its K-th partial sum, replacing n by K in the estimates.
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1. Introduction and Notation

Using the concept of aliasing, Snider (6] obtains an.

estimate of the uniform accuracy of the n-point trigonometric inter-

polants of periodic ck functions for k >  2, improving the

estimate for C2 functions presented in Isaacson and Keller

(2]. Kreiss and Oliger (4] use allasing to show that if the Fourier

coefficients 
~
( ~) of a periodic function v(x) satisfy

( ~) = c~( ~ 
with 3 > 1, then the trigonometric interpolants of

v uniformly approximate v to order ~~~~~~~ This also gives an

~(nl_k ) estimate for functions since the largest ~ we can use

in general is ~ = k. We use aliasing and a different property of the

Fourier coefficients of functions--the fact that is contained

in the Sobolev space 11k __ to obtain an 0(~ 1/2_k ) estimate for

k > 1.

In (5], Kreiss and Oliger estimate the accuracy of trigonometric

interpolants and their derivatives for functions in Sobolev spaces.

This paper applies their approach and an extension of a theorem appearing .

in Zy~ nund (7] to obtain an o(nu/2~~
_8

) estimate of the unif orm

accuracy of the m-th derivatives of trigonometric interpolants of func-

tions in the Sobolev spaces H8 for s > + m. By- similar methods

we obtain an o(nm~~ ) estimat i for functions in whose k-th

derivatives have absolutely converging Fourier series if k > m, and

we show that these two estimates are sharp. We also obtain an

e(nh/2415k(Z ) estimate for functions in the Holder space 01~,a 
if

0 < a  <2 .  and k + a >  + m. These results remain valid if we replace

the trigon~~~tric interpolant by its IC-th partial sum, replacing n by
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K in the estimates.

All functions considered will be assumed to be defined on ~ and

one-periodic . We use the fo].lowing notation.

IIvII~ denotes suplv(x) I.

L2 is the set of complex-valued measurable functions v(x) for

which

IIvII~ = $ I v ( x ) I 2dx <

The Fourier series of a function v(x) € is

A 2gi~x
~~

A 
- l -2~~~xwhere v(~ ) = ~ v(x)e dx
‘0

D’
~
v denotes d1

~v/dx1
~. If we say that Dkv 6 B for some space

P of functions B, we mean that Dk_lv is an indefinite integral

of the function Dkv in B. is the set of functions with k

continuous derivatives.

k
1. = 

~ IID~v1L
Ca

~ j =O

For a real number s >  0, H8 is the set of functions v(x) €

such that

11v112 
I~(0)I

2 
+ E I 2,c~ I

28
I~ (~~) I 2 <

a RB

A is the set of functions v(x) € L2 with absolutely converging

Fourier series, i.e.,

~~~~~~~~~ - ~~~~~~~~~--~~ -
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For 0< a < l , let

[vi = sup jv (x) -v (y ) j
x ,y€ ]R Ix-y l

For an integer k >  0, ~k,a is the set of functions v(x )  €

such that [D’
~v]a < ~~~.

If v € A, then v is equal a.e. to a continuous function. Since

we are interested in interpolation, we will tacitly assume that

A C C° and similarly that RB C C° for s > ~~~. For an integer

k > 1, Hk is the set of functions v( x) such that Dkv € and

thus C Hk. See A~ uon (iJ for a discussion of L2 derivatives.
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2. Trigonometric Interpolation

We state some we].]. known results on trigonometric interpolation.

These appear in this form for odd n in Kreiss and Oliger [4]. See

also Isaacson and Keller (2] and Z~rgmund [7].

A. n is odd. Let N >  0 be an integer and h = and let

x = vh for v = 0,l,2,...,2N. There is a unique trigonometric

polynomial INv(x)  of order at most N which interpolates v(x) at

the points x~, for 0 < v < 2N given by

(i)  ~~v(x)  = 

~=-N 
a(~~)e

2
~~~~

‘where

2N -2~ti~x
(2) a(~~) = h ~ v(x )e V

v=O

The effect called aliasing is the fact that

(3) a(~~) + j(2 N+1)) )~ ) < N
j

provided that the Fourier series for v(x)  converges at the points x~,

for O < v < 2 N .

Following the notation of Z~rgmund, define for 1 < K  < N

(4 )  
~N,K’~ ’~ 

= 

~=—K

where a( ~) is given by (2). I11 v is the K-th partial sum of Isv,

and L~,Nv = I.~v. If v(x) is real-valued, so is

5
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B. N is even. Let N > 0 be an integer and I. = and let

x~ = vh for 0 < v < 2N-1. There is a unique trigonometric polynomial

E1~v(x)  of order at most N which interpolates v(x) at the points

x~, for 0 < v <~~~-1 given by

N
( 5)  E~v(x )  = if a(~~)e

2
~~~~

which also satisfies

a(-N ) = a(N)

The ~~ notation indicates that the first and last terms are multiplied

by 1/2. The coefficients are given by

-2i~i~x
(6) a(~ ) = h ~~ v(x )e V

S 

v 0  S

Provided that the Fourier series for v(x) converges at the points

for 0 < v <~~ I-l, we have

(7) a(~~) = ~ + j (2N ))  ~~~~~ < N

Define for 1 < K < N

(8) F~ v(x) = ~ a(~~)e X
,K

C

where a ( t )  is given by (6), and let EN N v = E~v. If v(x) is

real-valued, so is E~ v for K < N .  If w(x)  is a trigoncmetric poly-

ncinial of order at mos~~N and ~(N) = ~(-N ), then E~v

-- .--~ ,~~~~~~~ ~~~~~~~~~~~~~~~ - - -
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3. Accuracy Estimation

• Define

~(v ,m,N,K) = IID
mV - Dm(IN,Kv) II ~

c(v,m,N,K) = IIDmv - Dm(EN,Kv) lI ~

The in = 0 case of the following lemma appears in Theorem 5.16 of S

Chapter 10 in Zyginund [7].

Lenuna 1. Let m >  0 be an integer, and suppose that u = Dinv € A.

Then
S 

5(v ,m,N,K ) < 2  ~k I > K

Proof . Let

(9) V~~( X )  = ~ ~( e 2~~~~ vR(x)  = 
~~~ ( e 2

~~~~
k I >K

(10) •W
L 

= 1N,K”L ‘W
E 

= IN,KVR 
S

Then V = VL + y
E 

and IN,Kv = ‘wL + WR • Since ‘wL = vL,

S 

(ll) V _ I N,KV = v R _ w R

so
0

(12 ) ~(v,m,N,K) < flD mvR II~ + IID~wR II~

By (3),

_  

_  _
~~~~~~~~S_ S

L — 
____
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K
WR (x)  = 

~~ ~~~~ + j (~~ +1))e2
~~~~

~=—K j= -c~

K
~~ 

~ 
(V ~(~ +

~=-K

K

~ 
i~ I2~(~ + j(2N+1))Imj

~R(
~ 

+ j ( 2 N+1 ) ) I
~=-K j~ —~

~~

So

(i) ) 
~
IDm

’W RJI~~~ ~ki > K

Also

(14 ) 
~DmvR Il c E

> K

Combining (12), (13), and (in )  gives the lemma.

Len~~ 2. Let in> 0 be an integer, and suppose that u = D
inv E A.

Then

c(v ,m,N,K) < 2 ~ lu( ~~) I  for K < N
k I > K

e(v ,m,N,N ) < 2 Z l~(~ ) I
i~ I > N

Proof. For K < N , the proof is the same as in Lenina .1.

8
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Using (9) with K N - 1 and replacing (10 ) by

( is) = E
N

V
L ‘WE 

= E
~
V
R

‘we obtain

(16) € (v,m,N,N) < llD~~ tI~ + ((Din’wR~I

~~ (7),

N
A 2i~i~x

S ‘w R (x )  = 

~~ 
+ J (2N))e  

—
S ~=-N j =-~

N
I~
DmwRJI~~ ~~~

‘ 
~~ J 2it (~ + i (2 N ) ) J  IvR (~ + j ( 2 N ) ) J

~=-N j - c~

~~~ J2 Im I~R(
~~) J

and. the lemma follows as in the proof of Lemma 1.

Theorem 1. Let i n >  0 be an integer and v € RB ‘with s > + in.

Then f or each K,

(17) sup 6(v,m,N,K) < CBK(v)K1/2 + rn-s
N > K

where

c = 
2 (2~ )m_s

9 
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and

~~(v)  = 

d>K 
I2n~ I 26l~~~ )I

2
)1/2

Also

(18) sup € (v ,m,N,K) < c~~(v)K~1~
’2
~~~

5

N > K

and

( 19) € (v ,m,K,K) < C ~~~1(V) (K~1) 1/2+m ~
s

Note that since v € RB, RK( v )  —i 0 as K .-* ~~~.

Proof. By Lemma 1, for N> K we have

6(v,m,N,K) < 2 ~
kI>K

E f2 ~~~25
1~~~ ) ( 2 )V2( ~ 12~~ l

2(m 5) )h/2
kI>K kI>K

KJ.+2(m_ 5 ) 1/2
< 2 Bx(v ) (2 n ) m 5 (2 2(s-m ) - 2)

and (17 ) follows. (18) and (19) follow similarly from Lemma 2.

Theorem 2. Let k 2 in >  0 be integers, and suppose Dkv € A. Then

for each K,

10
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(20 ) sup 8(v,nl,N,K) < Cr K(v)K
~N > K

where

c =

and.

rK(v )  = ~~

Id > K

Also

(21) sup E(v,m,N,K) < Cr K(v)K’
~~~

S 
N > K

and S

(22 ) € (v ,m,K,K) < Cr K l (v)?~~

Note that since Dkv € A, rK(v )  —, 0 as K —, ~~.

Proof. By Lennna 1, f or N 2 K we have

6(v ,m,N,K) < 2 ~
kI>K

~ ~2~~ t
k I;(~~~

kI>K

and. (20 ) follaws. (21) and (22 ) follow similarly from Lemma 2.

- 

Theorem 3. Let in >0 be an integer and v € ~
k,a with

k + a >  + in. Then for each K,

11
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(23) sup 6(v,m,N,K) < C[Dkv]�/2~~~~~
N > K

where
b..

— 
2~~h/2n~~C - 
l_2h/24~~~~

Also S

(24) sup € (v,m,N,K) < C[Dkv)a K
l/2

~~
_k_a

N > K

Proof. The method of proof is similar to that of Bernstein ’ s theorem

that 0
0,a C A for a > ~~. See Katznelson [3]. Let u = Din1, and.

f = Dkv. If t = 2 ” and 2’~ < ki < 2 ~
+1, then Ie

2
~~~

t _ 1 I  >~fi ’,
so since

f(x+t) - f (x)  = ~~~ (e2~~~
t 

- l) 1( ~~)e
2
~~~~

Parseval ’s relation implies that

2V < 2~~’ 
I~~~) I 2 

~ ~ 2v < 1
~~~<2 v÷i Ie 2

~~~
t 

- lI
2
~~(t)l

2

<~~ flr (x~~) -

<~~ llf (x ~ t )  -

2. -2~,a 2
~~

1a

12
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By the Schwarz inequality,

- I.
+2. I~

( ~ 
) I (2’~~ ~ 

j *( 
~ 
) 2)1/2

2” < I ~~~<2” 2”<l~ I<2”

- (2~~~ 
~~(~~~ 2 1/

- 

2v < 1~~1 < 2 v+]. 
,2~~1

20
~
m)

< (2n) m~~ 2V(1/2+m-k )(2 +1 I~~~)I
2)h/2

2”< I ~ l < 2 ”

< (2~t)~~~ 2v(h/ 2~~~~~~~ [f)

Given K, let J satisfy < K  < Then by Lenuna 1, for
- N > K  we have

6(v,m,N,K) < 2 ~ h~
(
~)I

kI 2K

< 2  ~ +1v=i 2~”< kI< 2”

2v(1/24~n-k-a)
v i

S j  1/241u-k-a
2’2 ~l f l k r f )  (2 )

— 
\ / L a 1 2 1f2+m-k-a

and (23 ) follows since > and + in - k - a < o. (24 ) follows S

similarly from Leiim~a 2.

13
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4. Sharpness of Estimates
a 2. 5’

Theorem 1 shows that if v € H and s > + in, then

5(v ,m,N,K) and £(v,m,N,K) are o(Kh/2~~~5), independent of N >  K. 3

Theorem 2 shows that if Dkv C A and k > m, then 6(v,m,N,K) and

E(v,m,N,K) are o(IC~~~ ), independent of N > K. We prove in this
S 

section that these estimates are sharp: they cannot be improved for

these two classes of functions.

Theorem 4. Let f y )  be a sequence of posit ive numbers converging to

0. Let ~ 2 0 be an integer, and. a > + in. Then there exists a

such that

S inf
N >  K 6(v,m,N,K)

(25 ) lim sup —

K - ~~ .1/2+m-s

Proof. Let p0 = 1 and define a strictly increasing sequence fp~ 3
of positive integers inductively such that for j  > 1, if j  is odd.

P j  = 
~~~~~~~ -~~~

‘ 
and if i is even Pj  is a power of 2 such that

(26 ) 
~~~~ 

~ 2~~ for ‘u ? Pj/4

Define the sequenc e f b 3  for v >  1 by

2-J 1/2
(27 ) b

~ 
= (
Pj~]. - Pj ~ 

for Pj ~ V < P j~1

Then Z b2 
= ~ b~ ~~~ <. .  S

v~l ~ i_0 i~~~ v< p~.~~ i=°

14
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~~~~

Not e that b
~ 2 b~+i for v 2 1 since Pj  2 ~~~~~ for i ~ 

0. Let

• (28 ) v(x) = (..1~V 1 b
v l  (2~t~ )8 V

Since E I2~~I
2
~IU )I2 = ~ b~ <~~, v C H8. Define V 

~ 
V~~ ‘wL,

v=]. ~ ‘

and ‘WE as in (9) and (10). By (ii),

(29) 8(V,m,N,K) 2 IID
tmVRIL - lID~wR IL

Now

I Z~. (2nU )m
~~~)e~~~ I = E (2~cvf’ 5bk I > K  v > K  V

so

IIDinvE IL 2 Z (2,cv )in_ SbV

By (3),

K
WR (x) = ~

~ =-K

where for kI  < K ,

a(~~) = ; VR(~ 
+ j( 2N+1)) = 

~~ 
+

j =].

Since 2N + 2. is odd, this last series is an alt ernat ing series of

terms decreasing in absolute value , so

15
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fa(~~)I < I (~ 
+ 2N + 1) 1

Hence
K

IID~
wRIL~ r I2~ InIa(~)I

K
~ I2n(~~ + 2 N + 1 ) ln I~ (~~ + 2 N + 1 f l

2N+l+K
= ~~ (2itv )~~~b

v=2N+l-K V

3K+1
~ (2itv )m 5 b

v=K+1 V

since the b ’ s form a decreasing sequence. Combining this with (29)

and (30 ) yields

8(v,m,N,K) > r (2,~~)m_sb .

v 3K+2 V

For even ~ 2 ~~ let K~ = Pj/4. Then since P j + 1  = 2Pj~

~~~~~~~~~ 2 r (2~~ )m-sb
V Pj 

V

2 (2itv)m 5 (p~2
iYV2

Pj ~~~V

2 (~ 2i )_ 1/2(21~)m_ s 
•1

2Pj  

~~~~

Now J’ ~ = c~p~~~ ‘where
Pj X

5 16

- 
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f l—

2 - 1  for

log 2 for

so if d~ = 213
~,(~c~,

6(v~m~N~K~) 2 c5_~ 2-i/2(2,~)m-s~~1/24m-s

S = d5_~2~~
/2K~

/2
~~~

8

Thus (26 ) implies that

6(v,m,N,K )
— - 3 > d  2~

Kl/2+m-a — s-nt
j

and the theorem follows. S

Theorem 5. Let be a sequence of positive numbers converging to

0. Let k 2 m 2 0 be integers. Then there exists a v with

Dkv C A such that

inf 6(v ,m,N,IC)
n2K

(31) u r n  sup =

K-o

Proof. Same as the proof of Theorem 4 ‘with the following alterat ions.

Replace B by k throughout the proof . Replace (26 ) by

(26’) 7V 
~ 2-2j for v 2 Pj/4

17 
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—j
Define b = 

2 for p < v < p  
~~V Pj+~ — Pj  i — i 5’

Then ~ b <~~ and ~~~~~~~~~~~ <~~ so Dkv C A. We have
V ] .  V

for even

8(v~m~N~K~) >  ~ (2,~v)~~kb
V~Pj

2 (2~~ )m k ( 2 i ) l
Pj SV<P j+ ’

> (p~2i ) 1(2fl) m k  
~~~ ~~L
Pj X

= ck m 2 (21t) Pj  
-

= ~~

Thus (26’) implies that

6(v~nt~N~x~) 
]• j

rn-k 2 ~

and the theor em follows.

The following lem~~ is geometrically obvious.

L 3. Let (
~ 3 be a decreasing sequence of positive numbers

converging to 0. Then r ~ e
2’
~~’3 converges and

V

i~~ ~~e23d1
~ /3 I < ~~iv”3. ~

18
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Theorem 6. Let ( y )  be a sequence of positive numbers converging

to 0. Let m 2 0 be an integer, and a > + in. Then there exists

• a v € H 8 such that

inf C(v,ni,N,K)
(32 ) u r n  sup 5-?K,~~1

1
~~~ =

and

(33 ) l
~

m_,s? 
~~~~~~~~~~ =

If k is an integer with k > in, then there exista a v ‘with Dkv C A

such that

irxf E(v ,m,N,K)
(34) lint sup N > K ,3 I N  

-k =

and

( 35) lint ~~~~~ 
C(v,nl,NflN) 

=

N - ~’cD

Proof. The proof of (32 ) is the same as the proof of Theorem 4 ‘with

the following alterations. Replace (28 ) by

v(x) = e2~~ u/S 1 b e2~ti~X
V 2 -  (2it~ )8 V

For N > K , w e I ~ ve

2 ;IDmvR II. - ,IDmW R II.

19
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I I
where V

R 
is given by ( 9)  and ‘WE = EN,IC~R Now

~ (2gj~ )mA ( 1)~41ti~/3~ = ~~ (2~cv)~~
8b

- 
- kI>K V > I C  V

so llDmv’R IL 2 
V >K

By (7) ,
K

wR(x)  = r

where for

a(~ ) = E V~ (~ + j ( 2N ) )  = ~~~ + j(2N)) .
j=1

Suppose 3 j  N. Then j (2N ) cycles through the equivalence classes

mod 3, so by Lemma 3,

.( I-~
(
~ + 2N)~

Hence, as before,

3K+l
II DmW

R IL < r (2~~ )m 5 b
V 1C+1 V

and the rest of the proof goes through, establishing (32).

To prove (33) for this v, imitate the proof of Theorem 4 as above

‘with the following c)~ nges. Define 
~L and y

E by (9) ‘with K = N - 1,

and define ‘wL ~~ 
‘wR by (15). Then :
€ (v,m,N,N ) 2 IIDmVRII. - I~D’WRI

HI 
_ _  
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- As above ,

*. 
liD v I l  2 E (2l~v)nt_ Sb

v > N  V

‘W
R

( X )  = 
~~~

‘ a(~~)e23t1
~~

where

a(~~) = r + j (2N))  for ~ < N
j  =1

a(-N ) = a(N) = E -
~(N + j(2 ii))

For N = K~ for even 3 2 li , 3 ~ N, so by Lemma 3,

Ia(~)I < I ( ~ + 2N ) I  for 
~ 

< N

• Ia(—N)t = la(N)I ~ I’~(N)l .

Hence

IID~wR tL 
~

~ I2~t(~ + 2N ) Im I ’~~~ + 2 N ) I  +

3N-1
= Z

V N  V

So

£(v,m,N,N)? E
v=3N V

and (33) follows.

_ _ _ _ _ _ _ _ _  
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(34 ) and (35 ) follow by similar alterat ions to the proof of

Theorem 5.

Remarks. Theorem Ii. shows that the o(Kh/2~~~5 ) estimate of

ô(v,m,N,K) given by Theorem 1 is sharp by showing that there is no

function g(K) going to 0 faster than I(~/2~~~~ for which

6(v,m,N,K) = o’(g(K)) for all. V C HB. Note that we can obtain a

real-valued function in H~ satisfying (25): since the trigonometric

interpolants of real-valued functions are real-valued, at least one

of the real or imaginary parts of the v constructed must also satisfy

(25). Similar statements hold for Theorem 5 and 6. Also, many of the

details of the constructions are for convenience, e.g. making the Pj ’S

powers of 2, and placing the singularities at x = in the odd. case and
2at x = in the even case.

6
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5. Corollaries and Summary

S Let denote the n-point trigonometric interpolant of v.

• i.e., if n = 2N + 1, ‘w~ = I~v and if n = 2N, ‘Wn = EL~
v.

Corollary 1. Let m 2 0 be an integer. If V € H5 ‘with $ > + m,

then
5 

l/24in-sv - w  = o (n )n~~ n

If Dkv € A and k 2 m, then

5 
liv - v I I~ = 0(~~Zfl_k

)

If v C ~k,a and k + a >  + in, then

1/2-u n-k-crliv - w i j~ = 0(n )

The m = 0 case gives the improved estimate for functions:

Corollary 2. If v C and. k 2 1, then

1/2-kliv - w~ 11 = o(n )

These corollaries also hold for the K-th partial sans of ‘Wn if we replace

n by K in the estimates.

Although we gain an extra half power of n in the est imate for

• general functions over the recent ~(n11
~) estimate, there are

other classes of functions for ‘which Kreiss and Oliger ’a
Aest inmte for functions satisfying v( ~) = O( I ~ I ) yields better

23
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results. For example, if Dkv is not necessarily continuous t,u-t

is of bounded variation, then ‘ ( ~~) = ° I~l~~~), ~
liv - = ~(n~~). Or, if Dk l v is absolutely continuous (or

equivalently if D’~v € L1), then v( ~
) = o( ~ 

1-k ), and Kreiss and.

Oliger ’s proof shows that liv - w~ Ii = o(n1~~ ) if k >  1. See

Katznelson (3] and Zygmund [7] for discussions of the growth of

Fourier coefficients. We conclude ‘with a table of estimates.

j If Dkv C then liv - ‘w~ ii = for

o(n
l_k ) k >  2

L2 o(nl/2~~ ) k 2 1

~~ 1/2-k-a) k + a >

H5 0( l/2 k-s ) k + $ >

B.V. ~(~
_k ) k > 1

A o( n k ) k > 0 .
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