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Abstract

In this work, the station keeping parameters at the

earth-moon libration point, 1.11., were studied. First, the

equations of motion for a three-dimensional, four body system

with elliptical orbits were derived. These equations were

then linearized about the IA point; and optimal control theory

was applied to obtain a linear feedback controller.

The major computations of the controller were associated

with the gain matrix , which is the solution to the time vary-

ing Riccati equation. Because of the periodic nature of the

time varying gains, it was felt that a modified (fixed gain)

control could be used. The modified controller was found

by computing the steady-state average of the time varying
¶ 

gains.

• Several observations were made in studying the perform-

ance of the satellite in the vicinity of the L11. point. First,

it was found that the modified controller was computationally

much simpler than the optimum controller while providing near

optimal performance. Second, there is approximately a linear

relationship, up to a point , between stationkeeping cost and

distance from the 1.11. point. Third, there are initial solar

system configurations which minimize station keeping costs.

ix
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STATION KEEPING AT THE 1.4. LIBRATION

POINT : A THREE-DIMENSIONAL STUDY

I. Introduction

The lunar li bration points are equilibrium positions

where a particle , if given the proper initial velocity, will

remain fixed relative to the other two masses in a restricted

three body system (see Figure 1). The collinear libration

points, L1, L2, L3, lie along the earth-moon line and have

been shown to be unstable equilibrium points. The equilateral

triangle points , L4.~ L5, have sides equal to the instanta-

neous earth-moon distance and are stable equilibrium points

for mass ratios of less than approximately .011. While L4. is

the primary point studied in this work, the results could be

easily applied to L
5 
by symmetry.

In- the solar system there are forces acting upon the

satellite other than just the earth and moon. The libration

points are no longer equilibrium positions. It is, however ,

convenient to think about the positions in space that corres-

pond to the libration points. Stability and station keeping

can be studied with reference to this point.

The lunar libration points, and L4. in particular , have

potential value as the• exploration of space is expanded . In

an Air War College report, Lt Col Berge (Ref 2: Ll.5-65 ) con-

firmed that the L1~ point has value as a communications link

for interplanetary missions , back-side lunar missions , and a

3.
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variety of scientific missions.

The object of this thesis is to continue the work of

previous APIT theses (Ref 6; 7; 8; 10). The equations of

motion with respect to the Lk libration point will be derived

based upon a three-dimensional four body system (earth-moon-

sun-satellite) with elliptical orbits. And station keeping

parameters will be examined relative to this model .

Formulation of the Equations of Motion

Considering the system of four bodies of Figure 2, the

equations of motion referenced to the inertial, sun-centered

coordinate system (I,J,K) can be written as

(1)

where m~ is the mass of the satellite

is the vector from the sun to the satellite

~E’ FM, 
~~ 

are the gravitational forces of the earth,

moon and sun referenced to the inertial frame

The equations of motion can be written in terms of a

rotating coordinate system (x,y,z) centered at the earth-moon

barycenter (Ref Figure 2) by using the transformation matrix

(Ref 13:4.32—4.35)

CoS ~ CoS( 9 + %) CoS ~ Sin(9 + 0) Sin ~
A = -Sin (9 + 0) CoS (9 + 0) 0

-Sin ~ C0S(9 + 0) -Sin ~ Sin(9 + %) CoS ~
where

d is the inclination of the earth-moon plane to the

ecliptic

3



e is the true anomaly of the earth-lunar orbit about

the sun

0 is the sun direction relative to rotating frame

In terms of the rotating coordinate system , the equations of

motion are

Mp~~
•1
~ p

=
~~e

+ Fm +
~~s 

(2)

where the gravitational forces referenced to the rotating

coordinate system are

- - 
MeMp - 

k2MmMp — - k2M M —

e - r2 ep m 
- 

r3 rmp ; - - 8 r r5~,
ep mp

and ( Ref Figure 3)

~~~ = (r
e + E)2 + ~2 

+ ~~2 re 
= ae (1 - e Cos 

~~ )

~~~ = (rm - €) 2 
+ ~2 

+ p 2 ; r~ am (1 - e Co~ ~~ )

where

re is the earth - barycenter distance

r is the moon - barycenter distance

rep is the earth - satellite distance

• rmp is the moon - satellite distance
• I ae is the semi-major axis of the earth orbit

• a~ is the semi-major axis of the lunar orbit

e lunar eccentricity

- lunar eccentric anomaly

~~~~~~ are the components of the vector from earth-

moon barycenter to satellite , R , in the x,y,z-frame

4.
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S - sun; E earth; M - moon 

E

I,J,K - inertial axis , sun centered

i,j,k - inertial axis; barycenter centered

x,y,z - rotating axis; barycenter centered

a - initial sun direction relative to I,J,K-frame

• ci - angular velocity of rotating frame relative to inertial
frame

9 - angular velocity of rotating frame

• 0 - direction of sun relative to i,j,k - frame

• Figure 2

Four Body System Representation
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But, from Figure 2

r8~ rSb + r
- ;  Differentiating

2 .

~~

-. =~~~~~~~+~~~ + r
where the cross-product matrices and are def ined as

(Ref 13:20) 
• 1

0—9 0 0-9 0

~x ~ O 
~~ ~~~O 0

• 0 0 0  0 0 0

• where

- vector from sun to satellite

u 
Rab 

- vector from sun to earth-moon barycenter

referenced to rotating coordinate system (x,y, z)

t’sb 
- vector from sun to earth-moon barycenter, refer-

• enced to inertial coordinate system (I,J,K)

R - vector from earth-moon barycenter to satellite,

referenced to x,y,z-fraxne

- vector from earth-moon barycenter to satellite,

referenced to I,J,K-frame

Substituting the above expressions into equation (2), the

equations of motion can be written as

2 . . .. k2M 1C2M ‘I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~6



— -~ - 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
~~~

•
~~

— __n—_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- .  —

- - Defining the following quantities

P ..
6F — A

V = - ~- + - ~rep rmp

and (Ref Figure 3)

€

~~~~
= 41

p

where

6~ Solar perturbative force on satellite

V Gravitational potential function

Me~ 
Mm - Mass of earth , moon

equation (3) can be expressed as
I ,

.. •~~ •~~ a .2
€ - 2G41 - 941 = ~~~~~~~+ 9 E + 6F5€

41 + 29E + GE = + Q2
4~ + 6F

341 
(4.) 

‘

sp

For convenience of notation , a potential function can

be written as (Ref 12:9)

M M .

ep nip

Using this notation the equations of motion are

.. .. •~~ a€ - 2941 - 9I4 ~~~ + 6F5e

+ 29E + GE = + 6F5~ 
• 

( 5)•

“~~=~~~~+ 6 ~( p  - op sq

7 
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tions include the following assumptions . First , the center

of mass of the sun is the center of mass of the four body

solar system . Second , the earth and moon are assumed to

move in perfect elliptical orbits about their barycenter;

and the earth-moon barycenter moves in an elliptical orbit

about the sun . Third , all masses are assumed to be point
masses .

One can also note that equations (5) represent the super-

position of the differential solar force, ~~~ and the three

body equations of motion. Thus, the derivation can be com-

pleted in two steps. First, the three body equations can be
linearized about the 14. point. Next, the differential solar

force can be linearized about 1.4.. Once these expressions

are obtained , they can be substituted into equation (5) to
• give the linearized four body equations with respect to the

L4. point .

- 

I 
Three Body Ecuations of Motion

The three body equations can be obtained from equation

(5) by letting the differential solar force, 6~3,be zero
-

• 
• (Ref 12:1). This gives

E - 2 9 4 1 - 941 =~~~

4 1 +  29€ + 9E 

= 
• 

(6)

9 

—~-••- -l--•~.
•

— ~~~~— ~~~~~~~~~~~~~~~~~~~~ • ~~~~ ~~~~~~~~ ~~~~~~~~~~~ ~~ ‘~~‘ ‘~~~~~



The units can be non-dimensionalized by choosing the mass

unit to be the total mass of the earth and moon (M e + Mm =

and the distance unit to be the earth-moon distance at closest

approach . Taking epoch (t 0 = 0) to be the time of closest

approach , Kepler’s law gives

_ _ _ _ _ _ _ _  — 2
a3 

-N

where

N - mean angular rate , 2T~/Period

a - semi-major axis of satellite orbit

Ic2 
- gravitational constant

Choosing the time scale such that k2 and the lunar

period are unity results in a time unit equal to 11.384

mean solar days ; thus N2 = —
~~~~ . But from Fig. 4., D = 1 =

2 a~a L-e) and thus N = f l -  e~
3. The non-dimensional equations

• can then be written as

I. I I

• 
• 2 0€N

~~+ 29E + 9 E =i~~~~

P
~~~~~~~aQ

where
9 is the true anomaly of the lunar orbit

9 is the speed of the rotating frame relative to the

inertial frame

Using Kepler ’s law, the angular velocity of the rotating

4 
coordinate system , 9, can be reduced to (Ref 12:3-4)

2

(l-e Cos 
~~~~ )

10 •

- - -
~

•— • • — - - 
— - -- •- - 
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L i Differentiating gives (Ref 12:3-4.)

— —2e Sinu /l-e2
— 

(l-eCos ~ &)
4

when

e is the lunar eccentricity

~i is the lunar eccentric anomaly

For small perturbations (x,y,z) about the 1.4 point

(x0, y
~
, 0), the coordinates of the satellite can be ex-

pressed as x0 + x, y0 + y, z (see Figure 4.). The right hand

side of equation (7) can be expanded about the equilibrium

point (x0, y0 , 0) in a Taylor series as

= 

~ 
+ ;~ { ‘

~~~ 

x + OE + 
a 2p~~ 

~ + ...]
A
! ~~~~ 

= 
A! 

~~~ 

2

~~~~Lx 
+ ~

-_
~~~~

y + 
4~~~~~I 

z + ..] (8)

~~~~ 
op — 1 OP 3, f a2p 02p a2p

N2

~~~~~~
N
~~~

’

~~~
, N2 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• where

p = z

x,,~ = short hand notation for coordinates of the 1.11.

point (x0, y0, o)

It is assumed that the perturbations (x,y,z) from the
L4 point will be small compared to the distance from L4

- 

4 (x0, y0, o) to the earth-moon barycenter. Also , the terms

x2, y2 , z2 , xy, xz , yz, will be much smaller than x , y , or z

• 11

- - _____ 
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Figure 4.

-~ 1 Satellite Position Relative to IA
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and can be neglected . Only the zero and first order terms

of equation (8) will be retained .

Making use of the following relationships (Ref 12:4-8)

• . l - e C o s ii _ m ( l - e C o a u)rm — (l - e) ; r e
_ 

(1 - e)

it can be shown (Ref 12:6-8) that at the equilibrium point

(x0, y0 , 0) the distances are:

.., (l— 2mL (l—eCos u) ,,, ... .ñ ( l — e ç o s j ,~)
— X

0 2 ( 3. - e) ‘ ~o 2 (l-e)

N2 
= (1 - e) 3

where

p~ is the eccentric anomaly of the lunar orbit

e is the eccentricity of the lunar orbit

m is the mass of the moon (non-dimensionalized)

the partial derivatives of equation (8) can be evaluated at

the equilibrium point (x0, y0, 0) as (Ref 12:7 - 8)

L O 2P — 1 
+ 

( l - e2 )
N2 0E2 Ll . (l_ eCos~~)

3 (l-eCos u)4.

2 2~1 
~-i — ~~~~+ 

( l — e j  If4.(l—eCos~~)~ ( l —e C o s ~~)

-

~~~~~~ ~~-~~~~~~~~~~~~~~~~- _ _ _

N2 0p2 
‘ ‘ ( l-eCos~~)

3

3, 02P _ l 02P — (l-2m)

-o

1 02P — 1 02P 1 02p — 3. 02P —
4 ~~~

oE 0p N2 a p OE
~~~~~~~~O41

ap N2 0
~~

041 x-o -o ~o -o
~~~~ 

-

~

• 
33

~~~~~~~~~~~ ~~~~~~~ —~~~
_______
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where

~o
= ~o

After evaluating the partial derivatives and noting that

(x0, y0, 0) is a solution to equation (7) , the lineari zed

equations of motion about the L4 point are

x - [ 2./l-e2 F2] y + [2e Sin ~./l-e
2 F4.] Y =C (1_e 2)Fk 

- *F3]
X

y ~ 
[ 2./l-e2 F2] x - [2e Sin ~ /l-e2 F4 ] x = [~~ QF3]X +

[(l_e 2)F4. 
+ ~ F

3] y (9)

z = - F 3z

where

M
~~

= 1_2m; Me
+ M

m l ; m =
~~~ 

; F=1/ (l-e Cos~ t)

Restricted Three Body Equations of Motion. It should

be noted that the linearized equations of motion for the re-

stricted three body problem can be easily obtained from

equation (9) by letting the eccentricity, e, approach zero.

The linearized restricted three body equations are (Ref 5:

• 22-23)

x 2y~~~~~x +~~~~~(l 2m)y

y + 2 x =~~~~~~x + ~~~ y

~~~~~~~~~~. L1ITT __________ _ 
_ _ _ _
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Four Body Equations of Motion

To complete the derivation of the four body equations

of motion linearized about the L4 point , an expression for

the differential solar force , ~~~~ lineari zed about the L4.
point is needed . represents the difference between the

solar gravitational attraction of the sun on the satellite

and the solar gravitational attraction on the earth-moon

barycenter . The derivation and lineari zation are presented

in detail in Appendix A .  The linearized expression for 6F5
is summari zed here as

— 
(x +x)

6F5 = N x + x + 3N (3, + Cos 2~ ) - Sin 2~
y + y

y0 + y  0
2

-(x +x)
z Sin 2~~+~~~(l - Cog 2~

(~~~
, + Cos 2%) +

+ ~~ 
y) 

Cos ~ (3N Sin 2%)

• -(x + x )
0 Cos~~~~+ t Sin

~~

(y + y )
2 Sin e

N x:Y 
~~S%+~~~~cos 2~~sjn Ø

1Cos~ Cos %

.
~~Sin 2~ Sin %

15

— • ~~- - - - r—-__ —•• --•-•_—-—•— -•—•—— —• •—•—••~_-—•••-—• _—_-• ---_•.• •~•—•-• ~~I~~~~— •-— •~_~-_ 
~~~~~~~~~~~~~ ~~~~~~ ~~~~~ — —



- - -  _-_•----—•—•—l._••

~ x~ (Cos ~ — 5 Cos 3P) - 2y~ Cos ~ Cos 0
• 

+
~~~~~~~9~~~ ~~ x~~ ( l + 5 C o s 2~ ) + y ~ Sin %

(~ x~ + 2y0) Sin ~ Cos %

~ x0 ( Cos $ - 5 Cos 3$) Cos % + ~y (1 + 5 CoB 2$) Sin ~

+ 
~~~~ ~ x (1 + 5 Cos 2$) Sin % - 4. y~, Cos $ Cos 0 (10)

sb 

;x :Sin $ C o 8 O _
~~~~ Yo Sin 2$ Sin O

x0 
(1 + 5 Cos 2$) Sin % - 4. ~~ Cos $ Cos 0

+ -4. x Cos $ Cos % + 2 y Sin %

• 
- x0 Sin 2$ Sin % + 4. y0 Sin $ Cos %

x4, Sin $ Cos % - y~, Sin 2$ Sin 0

+ 
~~~~~ 

- x0 
Sin 2$ Sin % + 4 y0 Sin $ Cos %

-~~~x0 Cos $ Cos%+~~~y0 Sin %

where
= a

~ 
(1 - e1 Cos 

~l~’~am (1 - e))

N

x0 = (l - 2m) (l - e C o s ~ x)/ (l - e) 2

y0 = ( l - e C o s p.)/(2(l - e))

e - lunar orbit eccentricity

e1 
- earth-moon barycenter orbit eccentricity

- lunar orbit eccentric anomaly

- earth-moon barycenter orbit eccentric anomaly

16
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Table I

Coefficients of the Equations of Motion

Term Expression

C1 24A-e2 F2

C2 (l_e 2)F4. -*F3 + (3 008 2$ - 1)

C
3 ~~~QF~ -2e sin ~,i /l-e

2 F4

C4. ~~~ sin 2$

C
5 

x~ (3 cos 2$ - 1)

C6 ~ Nx~, (1 + cos 2$)

C
7 ~~ny0 cos

C8 
- 

8 ~~ x
2 (C$ - 5C3$ ) - 2y2 C$1

C
9 

~~~~~— x0y0 (~~~~ 
+ cos 2$)

C10 N (1 + cos 2$)

C11 ~~n cos $

- 
. _ j  C12 ~~~~~— €x0 (cos $ - 5 008 3$) 1

C
13 ?— y0 (1 + 5 cos 2$)

C14. ~~~~~‘— x 0 ( l + 5 c o s 2$ )

C15 2 R $b 0 ~~~~ ~

18
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• Table I - continued

Term Expression

C16 8 R sb 
x0 Sin $

C ~~~~r1L y Sin 2$

C18 ~~~ QF3 + 2e sin ~ ~/l-e
2 F4.

C19 
(l_e2)F4. + F3 +

c N
20 2~~ o

C. 21 2

C22 ?xo oos $

- C
23 2 R sb ~O ~~O ~~~

- 

- C24. 8R sb 
(~~~~ 

x~ (1 + 5e 2$) + y~)

• C25 2

C26 y0 008 $

- : C
27 2 R sb 

X
0 

003 $

9nC28

29 if x0 Sin 2$

C O 2 R  ~ Sin 2$

C31 f sin~

19
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Table I - continued

Term Expression

C32 —F3 
—

~~~ 
(1 + 3 cos 2$)

C33 ~~ 
x0 Sin 2$

C,4 ~~ y0 Sin 2$

C35 ? Sin $

C36 ? ( 1+ c o s 2$

C37 8R ab 
(~ x~ + 2 y~) Sin $

C38 if R$b 
x0y0 Sin 2$

C39 Cl6

L
~ Rgb 

y0 Sin 2$

C4.1 X
0 

008 $

C42 4R sb
YO

• 
Q ( l - e c o s ~~ )

2 (l-e)

~~~( 1 - e c o s u)
2 (1 - e)

Q l - 2 m
ab ( 1 e1 cos

• Rab am (l-e m)

F 1/ ( 1 — e c os ~~~)

N MJR~b

20
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A further simplification of the equations of motion,

equations (11) - (13) , can be made. Looking at Table I one

can see a number of coefficients where the factor l/Rab

appears explicitly . For example, typical values of C2 and

C3,4 are .0037 and .000027, respectively . The resultant

equations neglecting these terms are

- (C
2 + C10 Cos 2%)~ 

- (C
3 

- C11 Sin 2%)~ - (-C4

-C4. Cos 2%)z = C
5 
+ C6 Cos 2% 

- C
7 
Sin 2% (iM )

+ C1 ± - (C18 - C11 Sin 2%)~ 
- (C

19 
- C25 

Cos 2%)~
- (C

31 
Sin 2%)

~ 
= C20 

- C21 Cos 2% - C22 Sin 2% (15)

- 
- 

z — (-C4 -C4. Cos 2O)~ 
- (C35 Sin 2%)y 

- (C
32 

+ C36 Cos 2%)~

= -C33 —C33 Cos 2% + C34. Sin 2% (16)

where the coefficients are as listed in Table I.

Very Restricted Four Body Problem

Just as the linearized equations of motion for the re-

stricted three body case could be obtained from the three

• 
- body case, the very restricted four body equations can be ob-

tam ed from the equations of motion for the four body case

• (Eqn 14-16). The very restricted four body problem implies

• that the orbits of the earth and moon about their barycenter

and the earth-moon barycenter about the sun are circular

(i.e., e= e1 0). Another restriction is that all orbits are

4 coplaner (i.e., ~ = 0). When these conditions of the very

restricted four body problem are imposed , the equations re-

duce to those developed by deVries (Ref 4:18-19) who started

21
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with the very restricted four body model . Figures 5 and 6

provide a comparison between the trajectory and control

determined by the very restricted four body equations (Ref 8)

and the trajectory and control as determined by the four body

equations (Eqn 14-16) with the lunar and barycenter eccentric-

ity zero (e = e1 = 0) and the inclination of the ecliptic

zero (P = 0) .  The similarity of the two verifies the four

body derivation.

Assumptions

The following is a summari zation of the assumptions used

in the derivation of the linearized equations of motion about

the L4 point for the four body system of Figure 2.

1. All masses are point masses. The center of mass of

the sun is assumed to be the center of mass of the

four body solar system .

2. The orbits of the earth, moon and earth-moon bary-

center are assumed to be elliptical .

3. The fourth body (satellite) is small enough that it

does not affect the motion of the other three massive

bodies.
• 

4. The perturbation of the satellite from L4 is small

compared to the distance from I~4. to the earth-moon

-
• 

• barycenter.

I- • ! Nprmalized Units

Unless otherwise noted all quantities are expressed in

normalized units . The astronomical constants upon which the

normalizations are based are

22
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VE LOCITY

* 

_

—0.10 0.00 0.10
VX i10 ’

I U, TRAJECTOR Y
0..

- 

• -0.05 0.00 0.05
X *10 ’

Figure S

Trajectory - Very Restricted Four Body Equations (Ref 8:38)
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-0.10 0.00 0. 10
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X M1O ’

Figure 6

Trajectory - Four Body Equations (e= e1 = P = 0)
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1/rn = 82.301

m = 328905.2

t1 = .0748

(:) = 1

k2 = 1

The conversion from normalized units to physical units

can be made through the following relationships (Ref 1:4.29)
1 time unit = 4..384. mean solar days

1 distance unit = 384.4.00 kilometers

1 velocit y unit = 1023 meters/second

1 acceleration unit = .002724. meters/second2

Known Station Keeping Costs

In the previous works where the planer problem has been

considered, the cost of station keeping has varied from zero

( for the uncontrolled satellite (Ref 11:84) ) to .008567 nor-

malized acceleration units ( for the perfectly controlled

satellite (Ref 8:6-7, 2 9— 3 1)) .  -

The cost for perfect station keeping can be found by

using a control which exactly cancels the forcing terms of’

the equations of motion, (Equations (14) - (16)) i.e.,

U
~~
= _ (C

5
+ C 6 cos 2 %_ C

7
sin 2%)

U~,, 
= -( C20 — C~ 3, cos 2% — C22 sin 20’) (17)

U = —(—C33 -C~~ cos 20’ + C34 sin 2%)
The average magnitude of the thrust acceleration is

4 Uav = ( 1/2 rr ) J ~J ~~ (U ~ + U~ + U~ ) d% (18)

25 -
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But for the case at hand the coef ficients of the forcing

terms of equation (18) are time varying. Considering a

constant w and C~ as in the very restricted four body case

the variable of integration can be transformed to dt by

the relations

% = a + (c ~~- L))t ; dØ (w - j7) dt

Thus, equation (18) becomes

= ~ J~Q~ (u~ + U~ + U~ ) dt (19)

Using the computer to integrate the equation, the
average thrust acceleration for zero drift is .008697 norm-

alized acceleration units. (Note that the limits of 0’ from

O-2n ’ correspond to time limits of 0-6 .82 normalized time

units).

• 

• Perform ance Index

It is useful to define a quantity that will given an

indicatton of the cost of controlling the satellite in-

dependent of the vehicle weight or rocket performance.

Looking at the rocket equation

[Fuel weight] = [Final weight] [exp (1~V/(g0I5~)-l)] (20 )

one can see that minimizing the total velocity increment,
• 

~V , will minimize the fuel required for a given specific

impulse (i~~ ) and no staging. So, ~V seems to be an apt

quantity to use as a performance index. The total velocity
increment, ~V, can be calculated by

26



= J’~ I U ( t ) I dt (21)

where U( t )  is the control specified by the quadratic

cost function, equation (28) .

~

•

~

1

C )  
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II. Analysis

Optimal Control Problem

For a linear system , the optimal control with respect

to a quadratic cost function can be obtained as a linear

combination of the states (Ref 3: 148-151) .

Given the linear, time varying system

~(t) = A (t )  ~(t) + B(t) j~(t) (22)

and the quadratic cost

J = ~ ~~~~~~ K~ ~ (T) + 
~~ 

(~~(t )~ q(t )  ~ (t )  + U( t ) T R (t )  u(t)) dt

(23)

where K~ and Q(t) are positive semidefinite matrices and

R(t)  is a positive definite matrix.

The optimal control is given by

- :~ 3~(t) = _R(t)~~B(t) TK(t) x (t )  ( 24)
• 

where K ( t )  is the unique solution to the matrix Riccati

equation

K(t)  = -K ( t )  A ( t )  - A ( t ) T K (t )  + K(t )  B(t)  R ( t ) ~~ B(t) T K(t)

- 
-Q(t)  (25)

• I subject to the boundary condition K(T) = Kf .
Figure 7 gives the form of the optimal tystem . The state

• equations (Eq 21) can be written as

X(t )  = [A(t )  -B(t )  R ( t Y ~ B (t ) T K ( t ) ]  X (t) (26) 
-

•

For this system the matrices R( t) and B (t )  are specified

as constants. Thus, the matrix K(t) determines the gain of

1 - 28
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f of the feedback path and the behavior of the system. K(t)

will be referred to as the “gain” matrix. As seen from

equation (25), it is independent of the states. Once the

matrices A (t ) , B( t ) , R( t ) , Q( t ) , Kf and the final time are

specified equation (25) is solved backwards in time to give

the time varying gain schedule.

State Equations

The four body equations of motion for the satellite with

respect to the LLf point were derived in chapter I and are

restated here ‘for convenience -as

x =  C1 
y + (C2 + C

3 CO B 2%) x + (C 4 - C5 sin 2%)y

+ (-C
15 

-C
15 

Cos 2%)z + C6 + C
7 
Cos 2% - C8 Sin 2% (14.)

y =  -C1 ± + (C
9 

-C
5 
Sin 2%)x + (C 10 -C11 Cos 2%)y + (C19 Sin 2%)z

+C12 - C13 Cos 2% - C14 Sin 2% (15)

z =  ( -C 15 -C15 Cos 2%) x + (C 16 Sin 2%)y + (C 20 + C21 Cos 2%) z

-C17 -C17 Cos 2% + C18 Sin 2% (16)

• where the coefficients have been renumbered and are listed

- 
g in Table II. The equations of motion can be put in the form

of equation (25) by choosing the following states

x1 = x; x2 = x
3 

y
~ x4 = y ; x5 

= 1; x6 = z; x
7

x8 cos 2%; x9
= sin 2Ø

The state equations are

30

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
•
• - ~~~~~~~~~ ~~~~~~~~~~~~~~~ - ~•• 

-



-~~ ~~~~~~~~~~ -,-•~~_-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Table II

I

Coefficients of the State Equations

Term Expression

C1 2/1-e2 F2

C2 
(1_e 2)Fk - IF3 + ~ (3 cos 2$ - 1)

C
3 ~-N (1 + cos 2$)

C4. 
3~~~~~ QF3 - 2e Sin L./1-e2 0

C
5 ~~N cos P

C6 x0 (3 cos 2$ - 1)

C7 
N x0 (1 + 008 2$)

C8 ~~N y 0 cos $

C
9 ~~~ QF

3 + 2e sin ~./l-e
2 F4.

C10 (l-e2)F4. + ~F3 +

C11 
I

NC12

C13

4 C14 ~~~x0 cos $

31
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Table II - continued
I

Term Expression

C15 ~~N Sin 2$

C16 ~~N Sin P

C17 ~~N x 0 Sin 2P

C18 ~~N y
0 Sin 2$

C19 ~-NSin P

C20 
- 

~~ (1 + 3 cos 2$)

C21 ~~ (1 + 1 008 2$)

Q ( 1- e cç s ix)
2 (1-e)

~~ (1 - e cos
2 ( l—e)

Q l - 2 m

R b 
ab (1 - eb 008

a~~ ( l — e)

1 .  F l / ( l -e c o s u)

N MJR~b

4 
•

( I

L 32
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= (C
2 + C

3 
cos 2%) x1 + (C4. -C5 sin 2%)x3 

+ C1x4. 
+ C6x5

+ (-C
15 

-C15 cos 2%)x6 + C7x8 - C8x9

X3
= x 4

= (C~ - C
5 
Sin 2%)x1 -C2x2 + (C10 - C11 008 2%)x3

+ C12 x5 + C
1~ 

Sin 2% x6 
- C13

x8 - C14.~~
• j

~ = o  (27)

j
6 = x

7

X7 
= (-C

15 -C15 
008 2%)x1 + C16 Sin 2% x3 

- C17 x5

+ (C 20 + C21 008 2%)x6 
- C17x8 

+ C12x9

X
9

= 2()x8

The object is to minimize drift and fuel used; thus, the

unconstrained quadratic cost function used is

J =
~~~

J1
~

t [q (x~~+ x ~~+ x ~) + (U~~+ U~~+ U ~)]dt (28)

This is in the form of’ equation (23), where

- 1  Kf = Lo] (a 9x9 zero matrix)

:

1 
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q 0 0 0 0 0 0 0 0

A 
•

~~~~~~~~~~ 0 0 0 0 0 0

o o q 0 0 0 0 0 0

0 0 0 0 0 0 0

O 0 0 0 0 0 0 0 0

O 0 0 0 0 q 0 0 0

0 0 0 0 0 0 0 0 0

O 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

Note that the states, x1, x3, x7, are weighted by q.

1 0 0  U1
R(t )  = 0 1 0 U (t )  = U2

- 

• 

0 0 1  U
3

0 0 0

1 0 0

.0 0 0

0 1 0

B(t) = 0 0 0  t0 0

0 0 0

0 0 1

0 0 0

0 0 0

311.
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14  r4U C C) 0 C) 0 0 C) N 0
r I

0 C) 0 C) 0 0 0 0 N

- 0 0 0 0 0 i—I 0 0 0

o 0
O No 0 0 0 0 0

‘-4
.14 N

C) 0
I +01.

i-I 0
• r I  C) No o

N
‘0 1-4o 0 0 0 0 0 C) 0 0

I-I -

o 0 i-I 0 0 0 0 0 0

N

0
— 0

* .14o fD 0 ,-I 0 0 0 0
1-I ‘0

‘ I  0 1-4
0 I C)

• 0
-~~~ 1-4

• 0 0

1-I
— 0 0 0 0 0 0 0 0

0I ;  0
0 ..-4

r . 0 C) 0 0 . 0  ~~ 0 0
‘-4I .  C’.-. C)

0 0 I
- 

- + I
‘-I

N 0
0 0

H
4 

-~~
4~)
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Using the matrices given above and performing the in-

dicated operations, Eqn (24.) and (22) can be simplified to

k21 k22 k23 k24 k25 k26 k27 k28 k29

~(t) = - ic4.1 ic4.2 ic4.3 k~~ ic4.5 k46 ic4.7 ic4.8 k4.9 ~(t) (29)

ic71 ic,,,2 k73 ic74 k75 Ic76 k77 ic~8 k79

0 0 0 0 0 0 0 0 - 0  —

ic21 k~2 k23 Ic24 Ic25 Ic26 Ic27 k2~ Ic29

- 0 0 0 0 0 0 0 • 0 0

ic4.1 
k4~ k43 k~~ ic

4.5 
Ic46 ic

4.7 
ic
4.8 ic

4.9

0 0 0 0 0 0 0 0 X(t)(3o)

0 0 0 0 0 0 0 0 0

k71 Ic72 Ic73 Ic74. Ic75 Ic76 Ic77 Ic78 Ic79 
-

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

~

36
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III. Gain Matrix Computations

0~tima1 Gains

The gain matrix , K(t), is computed by solving the matrix

Riccati equation (Eq 25) backwards from the final time (T).

The solution is optimal gain schedule based upon the spec-

ified final time. This gain schedule would then be used

to control the satellite as specified by the control equation

= -R(tY1 B(t ) T K (t )  ~ (t )  (24)

Figures 8 - 10 present plots of’ typical gain elements

versus time for a variety of weights, q, (Ref Equation (28)).

As -seen in the plots all exhibit common factors . Each has

a transitory phase and a steady-state phase that is periodic

4 with approximately the lunar period. As the weighting, q,

is increased , the transitory phase shortens , and the peak

amplitude in the transient phase decreases. The period re- -

- 
• 

mains unchanged for the particular gain element.

In the matrix of coefficients of the states, the “A”

matrix, there is a dependance upon the eccentric anomalies

of the earth-moon barycenter and the moon. This leads to

the question of what effect the relative positions of the

earth, moon and sun have upon the computations. Figures 11-

13 depict gain elements computed for q = 1 for a variety of

initial conditions. The changes from one plot to another are

quite small, but the effects on system performance are signif-

icant. Chapter IV will examine the effects of initial con-

ditioning in detail.
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Constant Gain Elements

• While the varying gain schedule above gives the optimum

path and control for the satellite , it is a very costly method

in terms of computation and storage requirements and so , there

is motivation to derive a less cumbersome gain schedule. Since

the gains are periodic in the steady-state, averaging the

gain over the steady-state interval should provide a near

optimal constant gain. The use of ~~. constant gain has several

advantages. First , there is no requirement for a complete

solution to the Riccati equation . It is only necessary for

-the Riccati equation to be solved for a short period so that

the constant gain can be computed ; thus, there is no depend-

ence on final time as there is for the optimal gain. Second,

the only storage required is for a single gain matrix rather

• than an entire gain history. It must be noted, however, that

the price for the simplicity of the constant gain is sub-

optimal station keeping. Table III lists the constant gains

computed for a variety of weights with ~ = 0. As the weight-

ing, q, increases the values of the gain increase. In terms

of performance it will be shown in Chapter IV that this in-

crease in gain values will result in a smaller variance from

the L14. position and an increase in cost. Table IV shows the

variance of’ the gains as the initial sun direction, a, is
• varied.

The computer programs used to compute the fixed and vary-

ing gains are listed in Appendix B.
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Table III

Fixed Gains

K21 K22 K2,
• .01 -6.6937E-Ol 5.5528E-Ol -1.1335E+00

.02 -7.3003E-Ol 6.o598E-o1 -1.246 3E+00

.03 _ 7 . L4.1l6E_Ol 6.319oE—ol -1.295i1.E+00

.10 -7.074.6E-Ol 7.1021E-Ol -l.~ 585E+00

.30 -4 .9936E-ol 8.2o81E..-o1 -l .3173E+o0
1.00 3.24.40E-02 1.0738E+00 -l.266lE+00
3.00 9.2753E-Ol l.4897E+00 -1.2288E+00

10.00 2.5732E+00 2.l9l8E-I-00 -1.5l71E+00
100.00 9.6678E+00 4.31o5E+oo -3.2773E+00
l.E+04 9.974.9E+0]. l.L1.ll2E+0l -1.2855E+Ol

q K4.1 K4.2 K4.3

.01 8.2675E-ol -LI. .5763E_ol 1.274 7E+00

.02 1.0583E+00 -5.1332E-Ol 1.59l2E+00

.03 l.2093E+00 -5.4.028E-Ol l.7877E+00

.10 1.72 .51E+00 -5.484.7E-Ol 2.3828E+00

.30 2.2759E+00 -4..6732E-Ol 2.9463E+00
1.00 2.9310E+00 -2.8703E-01 3.5581E+O0
3.00 3.5645E+00 -8 .7659E-02 4.l924E+oo

• 10.00 4.2697E+oo 8.6078E-02 5.3132E+00
10~ .00 6.o692E-i-oo l.7286E-Ol l.1592E+01
l.E+0L~. l.543L1.E+Ol 8.1LI.88E_02 1.0130E+02

- • q K71 K72 K7,

.0]. 2.0049E-0l1. -2.3693E-0ii. 4.l878E-OLI.

.02 1.639oE-oLl. -2.33l8E-0k 3.9702E-011.

.03 1.244.2E-04 -2.2747E-OLI. 3.6286E-04.

.10 -4.77o5E-o5 -2.lOl9E-04 2.1300E-oLi.

.30 -2.l4.86E-04. —2.07l7E-OLI. 8.lLl.73E-o5
- • 1.00 —3 .8574.E-014. -2.1272E—014. 2.2487E-06

3.00 -4..94.25E-OLI. -2.0856E-OLI. 1.24.45E-05- - 

10.00 -5.5786E-0i4. -l.8841E-0i4. 1.7092E-06
100.00 -5.9674E-04 -l.2623E-oLI. 2.7829E-05

• 
• 

1.E+04 -6.3627E-oll. -4.4.773E-o5 4.8Lf17E_05

Li.5



Table III

1 continued

q K24. K25 K26

.01 -4.5763E-Ol -1.1087E-03 —2 , 342lE-04

.02 -5.1332E-Ol -l.2109E-03 -2.3417E-04

.03 -5.4.028E-0l -1.2509E-03 -2.3291E-04
• .10 -5.4847E-Ol -l.26l9E-03 -2 .2460E-04

.30 -4..6732E-o]. — 1.0937E—03 -2.3l02E-04.
1.00 -2.8703E-0l -6.5882E—04 -2.6752E—04
3.00 -8.7659E-02 —7.3255E-05 -3.494lE—04
10.00 8.6o78E-o2 6.0977E-04. -4..4524.E-o4
100.00 1 .7786E-01 1 .22l8E-03 -5.5599E-04
1.E+04. 8.l488E-o2 l.2301E-o3 -6.3265E-o4

q K~~ K4.5 K4.6

.01 6.833oE-ol l.2680E-03 2.7l18E-04

.02 9.04.43E-01 1 5905E-03 3.0631E-0I1.

.03 1.04.66E+oo l.7927E-03 3.3044.E-OLI.

.10 l.4.969E+00 2.433].E-03 3.0784E-04

.30 l.94.46E+00 3.O3llE-03 2.Ol2lE-0k
1.00 2.4.173E+00 3.6008E-03 5.5842E-05
3.00 2.8255E+00 3.88l4E-03 -4.6689E-o5
10.00 3.3068E+00 3.7539E-03 -9.5309E-05

100.00 4..8853E-s-oo 2.87Lf3E~ 03 -7.4269E—0 5
l.E+04 1.4246E+01 2.2575E 03 1.0638E 05

q K74 K75 K76
.01 8.2222E—0 5 -5. 7368E-06 3.8978E—03 -

.02 7.3497E—05 -7.8280E-06 8.L1.l4.8E—o3

.03 5.5020E—05 —9 .4330E—06 1.3322E-02

.10 -3.237L4.E-05 -l.8953E-O5 4.5687E-o2

.30 -l.0709E-o4. -4.26loE-05 1.34.55E-ol
1.00 -l.3931E-OLI. -9.6705E-05 4.040L1.E-01
3.00 —l .2L1.73E-04 -l.6350E—OLI. 9.9080E-Ol
10.00 -8.875lE-05 -2.2822E—OLI. 2.3027E+00
100.00 -3.2923E-05 -2.9453E-0J4. 9.0302E+00

r
’ -

~~~ l.E+o4 -1.6929E-o6 -3.27l0E-04. 9.8997E+01

14.6
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Table III

continued

- 

- 
q K27 K28 K29

.01 -2.3693E-014 -6.2699E-04 -3 .7076E-03

.02 -2.3318E_OLI. —4..9653E-04 -4..232oE-03

.03 -2.2747E-04 —4.364.9E—o4 -4..5232E-03

.10 -2. lOl9E-04 -3. 34.~5E-04 -5 .4.612E-o3

.30 -2.0717E-04. -l .7917E-04 •

1.00 -2.l272E-04 7.6501E-04 -8.1930E—03
3.00 -2. 0856E-OLI. 2.4.14.3E—03 -8.6o67E-o3

10.00 -1.884.lE-04 3.261L1.E-03 -7.8685E-03
100 .00 -l.2623E-04 3.64.3lE-03 -6.54.o6E-o3
1.E+04 -4 .4.773E-o5 3.6056E-03 -6.5789E-o3

q K4.7 K4.8 K4.9
F 

.01 6.2222E-05 -1.7533E-03 11..133lE-03

.02 7.3497E-05 -2.911.06E-03 4..8988E-03

.03 5.5020E-05 -3.8l5lE—03 5.2554.E-03
~~~~~ .10 -3.2374.E-05 -7.0729E-03 5.4280E-03

.30 -1.0709E-OLI. -1.0074.E-02 3.8353E—03
1.00 -1.3931E-0LI. -l.1522E-02 5.8308E-04
3.00 -l.24.73E-OLi. -l.0809E-02 -1.7835E-03

• 10.00 -8.875lE-05 -9 .6166E-03 -2.8655E-03
100.00 -3.2923E-05 -8 .1452E-o3 -3.8ll6E-03
l.E+04 -l.6929E-06 -6.7ol2E-o3 -3.8187E-03

q K77 K78 K79
.01 8.2225E-02 3.6651.i.E-05 2.3998E-05
.02 l.2755E-Ol 5.6728E-05 3.7283E—05
.03 1.6180E-Ol 6.979oE-o5 4.7900E-o5
.10 3.0906E-01 l.2434.E-OLI. 9.7997E—0
.30 5.2615E-01 l.90l6E-014. 1.8605E-0
1.00 9.OLI.87E-0l 2.5037E-04. 3.64.40E-04
3.00 l.4076E+00 2.l7llE-04. 6.9ollE—o4
10.00 2.1458E+00 3.3l114E-05 7.7265E-04
100.00 Lf.2497E+00 -2.7223E—04 7.3097E—04
‘1.E+04 l.Ll.O7lE+0l -3.34.42E-04 6.o479E-o4.
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IV. System Performance

• - Optimum versus Modified Control

To make the station keeping costs of value to the user,

system performance must be evaluated in terms of cost versus

distance from the L4 point . In chapter III both constant and

time varying gains were computed. These lead to two types

of controllers: the optimum controller, using the varying

gain schedule; arid the modified controller, using the constant

gain. Table V gives a comparison of the optimum versus mod-

ified controller for q = 1. (Note: Quadratic and ~V costs

are computed by equations (20) and (21) respectively)

Table V

System Comparison

Final Time System Peak Drift AV Cost Quadratic Cost

- 

• 15 Optimal .0046075 .064284 .00093150
15 Modified .0050679 .066905 .00092397
25 Optimal .0046075 .103100 .00154.83

- 
! 25 Modified .0050679 .10589 .001544.5

45 Optimal .004.6075 .17738 .0026726
4.5 Modified .0050679 .17635 .0027804.

• If ~V cost were the only consideration, the optimal con-

troller would be the choice. However, when one considers

‘ 1  computational requirements, the modified controller is better

in that it provides near optimal performance with a fraction

• 1 of the computational requirements of the optimal controller.

Table V shows that as time increases the actual costs of the

two systems become nearly equal while the difference in peak

50
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drift is constant. Figures 14. and 15 present graphically

- I the satellite path versus time for the optimal and modified
• control systems respectively.

One can note from the figures that both controllers

exhibit a transient period starting at x y= z=O . The optimal

controller drives the satellite to the steady state in approx-

imately 25 time units; the modified controller takes approx-

imately 5 time units to reach steady state.

Constant Gain Performance -

For the remainder of this study , the constant gain

(modified) controller will be examined . The results will

hold for the optimal controller as well . Appendix C lists

the computer program used for either constant gain or optimal

gain schedules.

In chapter II it was noted that there were two extremes

of cost: perfect station keeping and no control. But what -

of the region between the two extremes? Figure 16 depicts

• the path of the satellite for an approximate one-year mission

when no control is used. The resultant path is unstable.

Figures 17 - 19 depict the path for an approximate one-year

mission when various weights, q, are used . In all cases,

after a brief transient period the satellite enters roughly

• a steady-state path and remains locked in that path as long

as the controller is operational. Several characteristics

can be noted from the figures. First, as q is increased the

duration of the transient phase is shortened. Second, the

steady-state path becomes tighter with increasing q. Fig- 
-

•
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ure 20 gives a typical plot of the velocity. It exhibits

the same characteristics as the trajectory . As can be noted

from equation (24.) the control is formed by a combination

of states , thus in the steady-state the control is periodic

with a nearly constant magnitude.

The performance of the modified control can be summarized

by Figure 21. The cost varies almost linearly from perfect

control down to q = .1 and then asymptotically approaches

zero as q is decreased. While perfect station keeping is the

most costly option, controlling with q less than .1 is not

desired because of the large increase in peak radius with

minimal reduction in cost. Figure 21 will enable the user

to choose the best option for his situation by evaluating

cost versus tolerable distance from L4..

Effects of Initial. Conditions

• In chapter III it was shown that the gains vary with

initial configuration of the earth, moon and sun. In this

section, system performance will be studied in response to
- 

! 
initial planet configurations as well as initial position

• I and velocity conditions for the satellite. Figure 22 depicts

the range of average thrust as a is varied while initial

satellite position and velocity are zero. One can see that

there are initial conditions that will minimize the cost for

• J a given q. Figures 23 - 24 give an indication of why the cost

varies. For the smaller a the tr ansient interval is longer ,

i.e., the controller is scheduling a smaller thrust for a

longer period of time . Thus, the cost is smaller. Note
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that for a given q, the steady-state path remains unchanged

— as a is varied. By proper selection of initia l, position
- and velocity, the transient phase can be eliminated; but,

the total cost is higher. This is because the controller is

— initially scheduling higher thrust levels than it is in the

corresponding transient time period. From Figure 22 one can

also observe that as q is increased the dependance on initial
• conditions is decreased. This is a direct result of the

shorter transient interval associated with the higher values

of q. Note , that for q = 1, average thrust varies 9% and
for q = 10 thrust varies 2.8% (Ref Figure 22).

(3 
-
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V. Discussion

• Model Deficiencies

The three-dimensional model used for the four body

system is restricted by the following assumptionsz

1. Only the gravitational perturbations from the sun ,

earth and moon were considered. Perturbative effects

such as solar wind, gravitational pu.Ll from other

planets, etc. were neglected .

2. All masses were considered point masses. The earth

and sun were considered to be the centers of mass

for their respective system.

3. The nonlinear equations were linearized about the

L4 point. -

Since the controller used is formed by a combination of the

states, it is felt that model deficiencies were minor.

System Realizability

Thrust Requirements. The thrust requirements for station

keeping are quite small. As an example, (Ref Fig. 21), a

1000-lb satellite would require .0017-lb thrust to confine
- 

I I 
its peak drift to a 500 nautical mile radius. So, for

continuous, low thrust requirements an- ion or monopropellant

engine would be the moat likely choice. Since the thrust

- 
• 

vector is periodic, higher thrust engines which would fire

a specified discrete times might provide a thrust which would
-- 

approximate the continuous thrust provided by the modified

controller.
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Sensor Requirements. The control use~ requires con-

tinuous knowledge of the position and velocity states and

the sun direction, 0. Laser ranging might be one method of

providing the control system with this information. The

sensor requirements should not be a serious problem. The

constant feedback gains would have to be calculated ~
— Driori based on the desired launch date (defining initial

solar system configuration) and the best estimate of the

astronomical constants over the mission duration.

H u
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VI. Summary and Recommendations

Summary

The linearized equations of motion for a satellite

stationed at or near the L4 lunar libration point were de-

rived for the three-dimensional, four body case • A control

system was then obtained by employing optimal control theory

to this system of equations. Modification of the optimal

controller using fixed gains resulted in a control system

that was more computationally attractive while providing per-

fortnance near the optimal.

Several observations can be made from the three-dimen-

sional study of the controlled satellite. First, both

trajectory and control become periodic after a brief transi-

tory phase. This allows the definition of average thrust

as the average magnitude of the control over one period.

Second,- initial conditions were shown to affect only the

transient performance. Third, as q is increased the effects

of initial solar configuration are reduced , i.e. smaller peak

drift but longer thrust. Fourth, initial conditions which

eliminate the transient phase result in a more costly tra-

jectory than the trajectory with a transient phase. And

finally, the range of station keeping costs is bounded . There

is both an upper limit and a lower practical limit. This

enables the user to make the tradeoff between maximum thrust

he can afford and peak drift from the L4 point.
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Recommendations

To finally validate the results of this study and pre-

vious ones, the control system should be tested using the

nonlinear equations of motion. Using actual ephemeris data

and comparing the results with this and previous studies will

given an indication of the accuracy required for the astro-

nomical constants.

Another area requiring further study is the effects

of initial conditions. It would be useful to determine a

method to predict the optimal initial conditions for a given

weighting, q.

Additionally, a sensitivity analysis to determine the

accuracy required in determination of the states by the

sensors is necessary.

;~j

J 68

-_- ---- —- -•---~--••- _____________- ~~~~~~~~~~~ t~~~~-~~~~~~~~= -~-~~~~-~~--.- —



ri~ 
~~ -r-~~-*’ 

7~~~~~ ” 
- - - - • -

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~ ~~~ -~

Bibliography

1. Bate, R.B., et ~~~~~. Fundamentals of Astrodynainios. New
York: Dover Publications, Inc., 1971.

2. Berge, T.K. Lunar Libration Points: Their Potential
3~~,efu1ness. Air War College Report No. 3292. Maxwell

— Air Force Base , Alabama: Air War College, April, 1967.

3. Bryson, A.E., and Y. Ho. Applied Optimal Control. Watham ,
Mass: Blaisdell Publishing Co., 1969.

4. deVries, J.P., and W.M. Pauson. A Study of Motion Near
Libration Points ~~ ~~~ Earth-Moon System. Space
Sciences Technical Information Series R62SD5. Phila-
delphia: General Electric, January 1962.

5. Farquhar, R.W. The Control and Use of Libration-Point
satellites. SUDAAR No. 350. Stanford: Stanford
University, July 1968.

6. Guffey, H.F., and M.L. McKinley. Libration Point Studies
~~ Numerical Methods. Thesis. Wright-Patterson Air Force
Base, Ohio: Air Force Institute of Technology, March,
1962.

7. Rudolph, G.T. An ~palog Computer Study of LibrationPoint Station Keeping. Thesis. Wright-Patterson Air
Force Base , Ohio : Air Force Institute of Technology,
August 1963.

8. Steinberg, IR. Optimal Station Keeping at the LLI. Libra-
tion Point. Thesis. Wright-Patterson Air- Force Base,
Ohio: Air Force Institute of Technology, June 1967.

9. Szebehely , V .G.  Theory of Orbits. New York: Academic
Press, 1967.

10. Ulshafer, P.M. Libration Point Studies - ~~~~~ Analytical
Approach. Thesis. Wright-Patterson Air Force Base,
Ohio: Air Force Institute of Technology, June 1963.

11. Wolaver, L.E. “Effects of Initial Configurations on
Libration Point Motion.” Progress in Astronautics, j~~:
75-99. (1966) -

• 12. . Critical Mass ~~ Elliptical Orbits. Unpublished
Notes. Wright-Patterson Air Force Base, Ohio : Aero-

- 
-

- nautical Research Labs.

13. Wrigley, W., et al. Gyroscopjc Theory, Design and Instru-
mentation. Cambridge, Mass: The M.I.T. Press, 1969.

69

Li . 
~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~‘ ~~~~~~~~~~~~~~~~~~~



_____________________________________
I

:1 

Appendix A

Solar Perturbative Force

The solar perturbative force is given by (See glossary

page ~~j for list of symbols used)

but 

oF
5 — -1 - (31)

rsb = M = - 3 r8~rsb

where m3 is the mass of the sun and M is the mass of the earth

and moon. Substituting this expression into equation (31),

the force becomes

= 

R2 ~ T’ 
‘tsp - 

~
‘sb~ 

(32)
sb

It can be shown that (Ref 7:84-89) -

• r b 3 2i b
_ i  2 -3/2

(f—) = (1 + 2 + (33)
sp rsb rsb

• Using the expansion

(1 + z)~~ = 1 - 
~~ + 

n(n + l)
~
2 

- 
n(n • + l) (n + 2)

~
3 +

the right side of equation (33) becomes

(~~~)3 — 
( - 

r sb 
- 

3 r
2 

+ ~~ ~~sb 
~)2

rsb 2 rSb 
2 r$b -

‘ r b 
...) ( 34) -
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Equation (31) then becomes

- 
I 

IC~M8 
C’sb ~~~~‘ 

- 

3rSb.r 
- 
3r2 + 

15(~ sb .~ )
2 

+ 
~~~

Z
~ b 

rab rsb rsb rSb

+ 
~~~~ ~“sb 

+ r)) (35)

Equation (3 5)  is a vector equation with all vectors

taken with respect ~o the rotating x,y,z-frame (see Figure 2).

To transform the vectors from the I,J,K-frame to the rotating

frame the followin€ relations are used:

Cos ~ Cos (9 + 0) Cos ~ Sin (9 + 0) Sin ~

A - Sin (G+Ø ) + Qoa (9+Ø ) 0

- Sin~~~Cos (9+Ø ) - 5jn~~~sjn (9+Ø ) Cos~~

rSb = A~ ~~b 
= Rsb Cos ~ Cos 0 ; = E

- Sin Ø

- Sin~~~Cos Ø p

where

0 is the initial sun direction relative to the x,y z-

frame

~ is the inclination of the ecliptic plane

To evaluate the vector relationships of Equation (35)
-

. the following are useful

rsb . = Rab (E cos cos 0 - i~s sin 0 — p sin ~ cos 0
’) 

—
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CrSb ~ rst Rab CE cos ~ cos 0’ 

- 4’ sin 0 — p sin ~ cos 0’)
cos~~~cos Ø

-sin 0’
-sin e cos %

~~sb’ 
i) ~ = Rab (E cos ~ cos 0’ — 4’ sin 0’ — p sin $ cos 0’)

E

4’

p

Using the above expressions, Eqn (35) is

= N - E + 3(E cos e cos 0’ - * sin 0 — p sin ~ cos Ø)

4’ cos~~ cos Ø
p - Bin %

— sin~~~cos %

005 ~ cos - tLr sin 0 — 0 sin ~ COS 0’) ~
sb

p

2 2 cos~~~cos Ø
+ 

3(E + ~ 
- sin 02Rsb — sin e cos Ø

— 15(E cos ~ cos 0’ — 4’ sin 0’ - p sin ~ cpa 0)
2

2Rsb

coa~~~cos %
- sin 0’ (36)

— sin e oos %
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A ppendix B

U FORTRAN Program for Gain ComDutations

The program listed in this appendix is used for the

time varying gain computations. To use the program, the
user must attach and library the IMSL package , CC660o .~ 

-

This provides access to the integration routine , ODE . -

The output is both printed arid on tape. Tape 6 con-

tains the time varying gain schedule used for the optimal 
-

performance and used as input to compute the constant gain. 
-

The input data is listed and explained in the program

listing.
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Appendix C

FORTRAN Pr ogram for Performance Computati on

The program listed is used for both constant gain and

varying gain inputs for perfo rmance comput ations . The

modification listed must be made for the program to work

properly. For fixed gain calculations, only one set of

dat a is read in; for varying gain calculations the entire

gain schedule must be read into the program .

Both the input data and the forms of output are listed

in the program.

4 .
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was found by computing the steady—state average of the time varying

<~ Several observations were made in studying the performance of’ the
satellite in the vicinity of the 14 point . First , it was fo~~d thatthe modified controller was computationa]ly much simpler than the
optimum controller while providing near optimal performance. Second ,
there is approximately a linear relationship, up to a point, between
station keeping cost and distance from the 14 point . Third , there are
initial solar configurations which minimize station keeping costs.
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