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On papa 14, the integrand of the intopral J should be n~ilti p1 ied by

~9~i
the product of’ the scale factors h1 (~ ,q) and h.) (~ ~~~ Equat ion 8.1

now reads:

= 

~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

The integral Smn(~
)dY
~ 

in Eqs. ~.2 and ~.3 is now replaced by the

inte gral:

(d)
2 (~2~1)~f 

J 
s~~(~)d~

ji (~~2 t’rl ..,

It is seen that the product of’ the two integrals / and / ~~canJ rj .1

now be written explicitly -is Follows, after subst i wtion of Eq. 6.4:
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BAD I .
~~~ IUh I~iPL DA~CL FU~ TFE LLL~E ‘ iTS uF A

CYL INDR IC.~L TF U~~DLUTK I~ \L IZEI) AS A~ OI3LAT[ SPHE ROID

1. lntrpduc t ion

~—T he tr~nsducer in question has the form of a ripht circular
cy linder ; the radiatin g elements of’ the transducer correspond to the curved

surface of’ the cy linder , and the plane surfaces of’ the cylinder correspond
to the top and bottom of the transducer , which are covered by ri~ id plates
and are assumed to have no motion. The transducer elements have square ,
plane faces and form a mosaic; the tota l radiatinc ’ surface compr i ses several
hundred elements. Each -ilemont can be driven separatel y, and the problem
is to calculate the vutua l radiation impedance between any two elortvants,
situated at arbitrary positions. From this information the impedance when

more than one element’ is drive n can be found easily by superposition. ‘f ~—~The problem is one of’ a larpe group of’ problems which consist of’
calculatine the mutual impedance of’ two sources placed in various environ-
ments1 For example, the sources may be (a) in i free field ,1 (h) in the
half—space above a ri gid reflecting piano, (c) on the surface of such a

plane,2’3’4 (d) on tho surface of’ a ri g id sphere,5 (e) on the surFace of a
. 6,7ri g id infinite cyl i nder.

The sources may be of’ monopola, dipole , piston or other type, and

thus the number of’ problems involved is quite large; the references cited

give some results for these problems that have appeared in the literature.

The present problem involves calculating the near sound field of’
the cyl i ndrical transducer when any one element is driven. However~ there

exist no exact solutions for the near sound field of’ a fi nite cyl inder , and

the approximate solutions6’8 involve mathematical forms whose computation

would require a very large effort.

1 Rayloiph, Collected Papers (Cambridge Universit y Press, London, 1912),
Vol 5, p. 1~72 S. J0 Klapma n, J. Acoust. Soc . Am. fl , 289, 1940

3 B. L. Pr itchard, Tech. ~. emo. Jo. 21, A ppendix C, Acoust ics Research
Laboratory, Harvard Universit y, ~R—U 14—903 (Jan. 15, 1951)
4 R. V. Waterhouse, J. Acoust. Sec. Am. ~~, 4, (1958)5 C. H. Sherman, i. Acoust. Soc. Am. ~j,, 947, (1959)6 D. T. Laird and H. Cohen, J. Acoust. Soc. Am. 24 46, 1952

t 7 D. H. Robey, i. Acoust. Soc. Am. ~j, 706, (195~T
’

8 ~t • E. Williams , Proc. Camb . Phil. Soc. ~ Part 2, 322, 1956
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It is th~ref’ ore cons idered m ore expedient to represent the
cyl indrica l transduce r as in ohl.at ’3 sphero id, in wh ich coordinate system
an exact solution for the near ui~~ld is available , a]thounh the funct i ons

i nvolved are ~ot well tabu 1at- ’:~. T i I~ representation by a spheroid is ex-

pected to ‘lye more accurite re~.u1t~ than ~he representation by a s~here
which has been studied 

~‘y 
~~~~~~~ at the U. S. ~avy Underwater Sound

Laboratory at ow London, Connecticut.

Thus the prab em to be solved is the boundary value one of a
quasi—rectangular source situated on the surface of’ a ri gid oblate spheroid;

as f’ r as is known this problem has not been treated before. The source

confi”uraUon is described as quasi—rectangular as it is the portion of

sur face of’ the spheroid bounded by the orthogona l coordinate lines; this

surface approxin~ate.’~, 5ut is not identica l to , a plane rectanc ie as discusse d
furthe r in Section 2.

2. Compir ison of l’.r~insducer E ]emenLand Sur face [lemenLQf Soheroid

The transducer is shown schematically in Fig. 1. Its height is
3.9X ~nd its diameter 11.4X; there are 7x6~~476 mosaic clenients, each of
which aas a V2 square radiating face.

A surface element on the spheroid , ~~Aø, is bounded equatoriall y

by the parallel , curved, coordirnte line s rl.1,~(.2, where 1i1~
’
~i2 = ~~~‘ 

and

verticall y by the nonparallel , curved , coordinate line s 0i1’0i2’ where

~ i1~~ i2 
= L~ø. The surface element is not plane. Such an element will be

used to represent the plane, square surface of’ a transducer element , see Fi g. 5.
There are seven row.- of’ elements comprisin g the transducer;

howeve r, by syrri~etry onl y the four elements numbered 1 to 4 in FI C. 1 are

needed to characterize the pressure field. The pressure field over the

spheroid will be calculated for each of the four elements driven sep rately.
There are three main differences between the spheroid elements

and the transducer elements they resresent, and these will be discussed

in turn. These differences ~re greatest for the top row of elements, con—

• tai nirv” element 1 in Fig . 1.

a. The spheroid elements exceed the transducer elements in

surface area, the largest diffe rence belne in the top row where f’or~ . O.60

the areas are in the ratio of approximately J .3 :1; for~~=O.30 the rat io is

, . I~ :.:Tz~~~ ~~~~~~~
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Fig. I Schematic diagram showing cr~~ ~ ct ion of’

transducer (rectangular) with squire mosaic elements ,
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approximately 1.4 to 1. This area difference wi l l  affec t the results in
which the pressure is inteprated over the surface lenient, as in 8.1~ It
would b~ possible to comper’s~te for this area difference by tak i ng the

spheroid surface for position 1 to ~~e less than the projected area of the

transducer element, i.e., tak i ng the angular coordin iter~11 correspond i ng

to the transducer edge to be slightl y closer to the ~quator of’ the sDh”roid

than before. However, this change would also make the element less square,

and more elongated, and would affect the boundary condition (6.1). Thus it

is probabl y better not to make th is correction.

b. The nonparallel coordinate lines 0j1’012 represent the vertical ,
parallel boundaries of’ the transducer element, and the nonpcirallelism is

greatest for the top row of’ olemont~ .

c. The coordinates lines i~~’ ~~2 
representing the longi tudinal

edges of’ the transducer clement are unequal in length. The difference is

greatest for the top row of’ elements, where it is approximatel y 13 °k for
= 0.60.

The above differences between the element of spheroid surfice and

the transducer element ~t represents will cause the results to deviate

sli ghtl y from those .applyinr to a cvi indr ic~l transducer. However, th is
is the price paid for the relative convenience of usi ng this coordinate

system for which exact solutions to the wave equat i on can be written down.

3. Choice of Sphoroid to Represent Iran~ducer..

In choosi ng the spheroid that will best represent the circular

cylin der, a compromise has to be made. Fi gs. 1 and 2 show the elli pses and

roctanel~ which are the cross sections of the spheroi~aand cylinder;

rotit ion about the z axis gives the 3—dimensiona l figures. The equator ial

portion of the spheroid correspond i ng to the vibratin g surface of’ the

transducer is that con tained viithin the two long sides of the rectangle.

If the spheroid chosen has a polar dian-~tor nearl y equal to the height of
the transducer, the portion of’ the spheroid correspond ing to the radiating

surface of the transducer is too large and ~~ry curved, and the norma l

motion of th~ spheroid element will not represent closely the norma l motion

of the cylinder element.
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Fig. 2 Cross acti on of transducer and three oblate spheroids. 
I
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• However , if the polar diameter of the spheroid is made large, so
that the part correspond i ng to the radiatinc ’ surface is more nearl y parallel
to the latter , the discrepancy between polar diameter and cylinder hei ght
becomes larger; also in this case the suheroid anproaches a sphere, for wh ich

5the corresponding results are alread y known. Thus a compromise must be made
between the fit at the vibr ating surface and the fit at the ends of’ the
transducer.

A factor boarini- or the degree of non~~r-ill e li sm tolerable between

the vit .r tine surface of’ the cylinder and the correspond i ng surface of the
spheroid , is the direction al pattern of the transducer element. In the

oresent case the element is V2 square, and +hus its far field radiation is

not hi ghl y directiona l ,9 as shown iii Fi g. 3. This implies that the results
w ill not be sensitive ~o this nonpa ral lelism, is they would be If’ the

elements were hic’hly dir ect i onal.

In the light of all those f ctors, ~hn sehc’roid whose proportions
are specified by the value .6 is considered a satisfactory comprom i se,
and this value is used in 4he followinc’ discussion . However , another value

of’ ,3~ could be chosen without causini any sienific ant channies in the rnathe—
• mat ical approach in this reaort . The sph roid corresoond i ng to ~~=0~6 is

shown in Fig . 1; its major/minor axes are in the ratio 1.9to 1. It thus

differs aopreciably from ~a sphere. The minor axis of the spheroid = 1 .61 x the

height of the transducer, and the normals to the spheroid surface at the

points corresponding to the edges of the transducer are inclined at~~ 570 to

the x axis, see Fi g. 4.

The length of the rectangle was taken as 0.935 of the long axis ~ 
-

of’ the spheroid; this was considered to g ive a better match at the vibrating
surface than taking it the same length as the long axis. This value tends

to minimize the average difference between the separation of’ two elements

on the transducer and on the spheroid. The values of the relevant parameters

for spheroids of various proportions are given in lable 1 , and Fi g. 2 shows

sections of’ sphoroids corresponding to ~~~~~ 
and 0.8. If’ the problem is

of’ sufficient interest to justif’y the computinp t ime needed, results could

be computed for more than one spheroid.

~9 H. Olson, Elements of Acoustical Eng ineering (Van Nostrand Co0, N. V.,
2nd edition) p.32

—
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TABLE 1

I Frequency Incl ination to
~ parameter LJ~q1ar diameter ( axis of norma l at

I c transducer height edge of transducer

.4 35.6 ~.16 78°

.5 34.2 1.39

.6 32.8 1.61 57 3

.7 31.3 1.79 50°

.8 29.9 1.95 44’

.9 28.4 2.OR 390

1.0 27.1 2.21 1 350

- I 1 -

Pararno[ rs of various oblat~
- spheroids •.hich

could be used to represent the cylind rica l Lransducor

4. Oblate ~phero ida1 Coor~jp~Iq.~
These coordinates are obtained from ellipt ical coordinates by

rotttinp them about the minor axis of the elli pse. They are obta ined from
rectangular coordinates by the transf’- r r sat ion

x =.
~~ 
[(1—i

2
)(S2+1)]~ cos 0 (4.1)

y ~ [(1_ ~
2)(~2+1)]2 sin 0 (4.2)

z ~~~~~~~~~~~~ (4,3)
• . 

~
• - -— .~~• - ~~• - 

~~~~
.

_ _
~~

___ _____ — - -. 
0 

-~~ 
•

- r.t.r.~~ 

The coordinate system is represented in Fi g. 5; the symbols are

defined in the li~~ of’ symbols , and the notation follows that of’ Flamer.10

The surface ~~ constant is the surface of an oblate spheroid; the surface
I~~~= constant is a rectangular hyporboloid of’ two sheets; the surface

0 constant is a p1 kne con tainin g the z axi s, see Fi g. 5.

10 C. Flammer, “Sphcraidal Dave Functions,” Stanford IJniversit y Press,
stanford, Cal. (19~7

_________________ _______ 

_________ 
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= 1 /r\= cosTr/12

—C 

~~~cos~ r/4

~~ constant

—~~ 
_ cos 57r/12

-

= —cos 5TT/12

—cos ff/ 4

y ‘ 1=_ i
‘~~~—cos TT/12

Fi g. 5 Oblate spheroidal coordinate system
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• 5. Solution of Da~ve Equation in Sohorojdgl Coordinates

Oblate spheroidal coordinates ir.~ one of’ the eleven coordinate
sys tems in which the wave equat ion is se p .cWle .  -hen sinu~aida1 time —
dependence is assumed, the wave equat ion reduces to the Helmholtz equation,
whose solution in oblate spheroidal coordinates for diverg in&~ waves is

~
(
~~~0) = a~~~ R~~~(—ic ,i!) S (—j ~ ,~ ) ~~~ m 0 (5.1)

m, n

The symbols are defined in ~ho li st of symbols; ~h-~ not ition
fol lows that of Flar~iier.~

0 S~~(—ic ,1) is an anpular funct i on; and
is a radial function . -‘se can neglect the an ’ular functions of’ the

kind , ~~~~ which tend to infinit y at the poles,~~~ ± 1, where we
• require \~ to be finite. All the~ angular functions of~~ used here w i l l  be

of’ the first k ind, and w ill be wr i t ten 
~~m~i~’ 

w ithout suoerscr ipt. In this
problem the frequency parameter c is fixed, so we wi ll drop it from the
exhibited variables ~~~~~ on which the radial and angular functions depend.

The coeff icients amni in 5.1 must now be calculated Iron the main
• boundary cond ition.

6. Boundary Con dition

The m ain boundary condition is the Neumann one in which the
norma l derivative of the dependent variable in the wave equation is
specified over an interior surface; I.e., the particle velocit y is specified
all over the sphero id.

Thus on 1he spheroid surface the given or prescribed normal
velocity is

~ ~1i1 ‘~
<
~L~~

1tj2

‘~L.
V (

~~V) =
~~ 

S

g~ 0 elsewhere

This corresponds to the i tr esducer eloment, at the angular position - -

~~~~~~~~~~~~~~~ 
be ing dr iven with ve locit y u wh ile the r c ’ ~t of ~he

sur face remains motionless. The element has anpular dimensions in -II -

long itude, ~~~~~~ in l~ titude , where I 1  to 4 specifies which of’ the
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four transducer element’, is exc ited.
ithout loss of’ generalit y the element can be taken as centered

on the coordinate line 0=0 on the spheroid. T hen since ~he boundary con—
dition re~!uires non—zero velocit y at 0=0, the solutions in 5.1 containing
sin mO are eliminated.

From 5.1 the velocit y norma l to the soheroid is

v~ 
(‘~j ,O) h~~~) (6.2)

h~C~) :~:. 
amni R

~~~
’ ) 5mn~~))C05 m 0 (6.3)

• rn, n

In 6.2, h.(e )  is the scale factor apply ing to the coord inate system and is
given by

h~~~) = ~~ 
~~~~~~~~~~~ 

(6.4)

where d is the interfocal distance of’ the spheroid.

‘ - e need an expans ion for the g iven velocity (~ .i) in a series to
match 6.3. However , a complication ar i ses because the scale factor hS(1)
in 6.3 is a function of~~. If’ the given velocit y is expanded in a series
of’ spheroidal harmonics

v0
(p

~,O) = 
~~~~ 

S~~(~) cos m 0 (6.4a)
m, n

the coeff’iciontsLmni cannot be matched w i th  the a~~ 1 in 6.3, since the
la tter contains hg(’~). An expansion of the given velocity in terms of’ the
spheroidal harmon ics 6.4a div ided by h,~

(
1) is unfruitful, as the resulting

func t ions do not form an orthogona l set .
The d ifficult y can be circumvented by expanding the product

h~(’1) Vg~~~~O) = 
~~~~mni S~~~~) cos m 0 (6.5)

and d ividing out the scale factor later , (see 6.9)~ The coefficients~~~~ 1
are then obtained as usual by mult iply inc~ (6.5) by 

~~~ 
cos m 0 and

integrating. -ie define an inte~iral

:T~~~~~~~L E TETT
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• 

= 

~~~ f h~(~ ) v ( ~,0)S (~) cos m 0 d d V (6.6)

~4 5 
S (

~) d
1J~~~ cos

2m V d O  (6.7)

N iT (6.8)ci me

where N is the norm of S
• mn 

Substituti ng for.~~~ . Prom 6.8 into 6.5 m d  rearranp,ing,

V 
ç

(
~~V) = 

h~~~) 
S~~ cos m 0 (6.9)

which must equal 6.3; the coefficients in 6~3 and 
(
~.9 can now be equated

with out di fficult y, giving

(6~10)
me me

;hen +h~”s~ coeff icients are ‘.v iluaked and inserted in (5~1)
the ores~ure t any field—point can be calcu l.r* r~d. Vie note that since the
drivre, element occu~ ies only some ~O out of’ the 1HO° range, many terms in
the ~xpannion 6.9 will be needed to r”orosent it accurately.

Ins~rtinp the boundary condition 6.1 in 6.8,
f I~~~~~

= u J h~(1) ~~~~ 
d~ J 2 cos m O d  0 (6.11)

•p,li
l C

and 0, w i l l  vary wi th the pos ition of the source element. The

integration with respect to 0 can be performed directly, yielding

1j?

‘mni ~~~Sin (m0 1 ) 5 h~(
1) Smn

(a
~
) d~ (6.12)

~ ii
• The computttion of j~~~

. from this expression, and hence of amei
in 6.10,is di~ c~j~ srd in Section 1Oc~

T _ _ _ _  •~~~~~~.• •~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ 1•~~
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7o Ne ar— f ie~j~~Presj1~~
The pressure at any f ie ld—point is given by

• (~~~_ ~ \ -  •__L_ii.Pi’’~ v~.i’1 —

= i p 
~~~~ 

a~~ S~~ (
~) R ( j ~) cos m 0 (7.2)

m, n
from 5.1, since the time deDendence is g iven by exp(—io~t). Now on the
surface of’ the spheroid ~~~ , and p, o~ c, are constants for this problem,
R (i3 ~) is fixed for each mode mn and the coef’f’icients are calculable
as shown in Section l0c. Thus

~~~~~~ ~~~~~~ = i p amni R~~~(ij) Sme (
~) cos m

m,n m,n
This gives the pressure as a function of position ( , 0) on the spheroid
surface, cue to the exc i ta t ion of’ the i tr lnsducer element0 The
calculation of’ the pressure field from 7.3 is discussed in Section 1C.

6. ~utia1 Impedance Between Two E lem~r~~
The pressure field due to the 1

th element, g iven by 7.3, is now
integrated over the surf’ace of’ another c lement j, to give the n~itual
impedance Z~ between the two elements.

~~2 ~~2
z~ i = 

~ f f

J 
p .  (‘~, V) d d 0 (8.1)

øj 1

Substit uting for 

~~ 
~~~ from 7.3, and performing the integration

wi th respect to 0, 81 becomes

(3) !j ~aZ = ~~~~ 

~~~~~~~~~~~~ (8.2)

Substitutin g for amni Prom 6.10 and 6.1~ , we obtain

Z~~ ~~~~~~~~~~~ ~~~~ ~~~ 
•.•. S M~~ ) ~

j
~~~~

) 

~~~~~~~~~~~~ 
) d~7 ?(s,3)

‘5 - 
(
~ ~ 

‘fl-’

- ~~~~~~~~~~~~
-

~~~~~~~~~~~~~~~~~~~~~~~~ - • -- - - •
~~~
-- 

-~~-•--—-— ---— —-— -—---- -•-•- • - -—---• - - - -- __________
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This gives the mutua l impedance between the ~
th and J

th e lement s
of’ the trarsd~cer. The calculation of these mutual impedances is discussed
In Section 10. The number of’ different values of’ nsedsd to specify this
quantit y for every element of’ the transducer is 544, as discussed in Section 9.

The tota l radiation impedance imposed on the J
th element when an

arbitrary number N of’ other elements are being dr iven is found by superposition

to be 

.th 

= ~~~ 

- 

(8.4)

where the i source is driven ~ItII ve l ocity u~

9. Degeneracy c’f’

The transducer consists of’ 7 rows and 68 columns of elements,
comprising 476 elements in all. The question arises as to how many different

values are needed to specify the mutual impedance between every pair of’

elements i and j.

Firs t we note that by reci procity
zj i (9.1)

Th is reduces the number of’ diff’rrent values of’ but even so if’ the trans—

ducer possessed no spatial synvnetry of’ any kind , the numher of’ different

values would be 476 (1 + 476/2) = 113 ,764, a large number.
I n fact the transducer has rotational sytm~etry about its axis and

mirror symetry about its equatorial plane, and the different values of’

for the four source elements and any colurrv~ of (7) elements are given in
Table 2.

TABLE 2

211 . . . . .
21 2 22 •
213 223 Z33 . . . S

• 214 224 Z 34 244 .

Z~~ Z~~ 235 5 5

z . . . S S

217 5 S S S

-

~ 

_ _ _ _ _ _ _ _
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I n this Table the first di g it of each subscript specifies the
position of the saute’ alement , nd has the range 1 to 4, see Fi g. 1. The

second di g it specifies the row of the other element, and has the ranpe

1 to 7. From considerations of’ synmetry, it is found that for the four
source pos itions and any one column of’ nioments, there exist 16 differen t
values of Z~~. Each dot in Table 2 represents a value of 2.. equal to one

of the va lues written in , as ~‘ivon in Table 3.

TABLE 3

z44
= 255 Zn = Z71

Z 22 = Z 35 = 253

ii 
Z .~,.7 Z 26

212 = = 267 = 276
Z13 = 257 = Z 75
214 — Z4l = 247 = 274

= 251 = Z37 = Z13
2 16 = 261 2 27 = Z?2
Z23 = z 32 = Z 56 = z 65
Z24 = Z42 = Z46 = Z64
225 252 = Z36 = ZE3
Z34 Z43 = 254 = Z45

There are 68 columns of’ elements in the transducer, of which
34 will y i eld different values of by synrIlotry. The total number of

different value’; of existinr for the transducer is therefore 16x34 544. -

In the general case of a transducer of’ this shape and symetry
hav ing N rows and M columns, (~1,~~2) the number is the product of’

(1+3s 5+...i~) or (24-4+6+...N) for N odd or even respectively, and (M—1 )/2
or ~72 for odd or oven, re~pectively . It eit y he noted that and N are

not interchangeable’ in those exPressions; that is because the vertica l



_ _ _ _  I1T~: _________________________

syr~retry (mirror) and the horizont al syn~uetry (circular) ~ro Jifferer~t.

For tha transducer shown in Fj~v. 1, in addit ion to the 544
different values of 2. . there ~~ al’;o four dirf~r”n+. vo Les of sel f—

im~)edance 2 ., one for each of the four dist inct source positions.

10. ~~mputitjon ~taQ ’ I i r - ) d

I t  is desired t~ calculate value’; of p ., -and 2. . for the
m n  rnri i U

various transducer elements. This requires both ‘ calcu~ itjon of’ the
spheroidal functioas, which are not ~aoulatod in ~ho r~rige required , as well
as the numerica l ov:~luatior~ of’ certain i ntegrals. A discussion of’ the scope
of thic work is pivon in the f’ollow inp sections.

l0a. An~u1ar Functi~~~
In the present case the transducer is 11.4X in diameter, and the

correspond i ng frequency parameter c for the spheroid has the relativel y
large value of’ 32.8. None of the exist i ng tables of’ sphoroidal functions ‘

extend to such hi-- c h values of c, and thus the required angular and radial

funct i ons must be cariputed.

Flame r g ives an asymptotic expansion for the angular functions

that is valid when c~ is large, as in the present Case where c~ = 19.68;
see Ref. 10, pp 62—7, equations (8.2.5) to (8.2.42). The expansion is in
terms of’ the associated Laguerre pol ynomials, and should give an easier

computing task than the usual, non—asymptotic expansion.
We requ ire Smn(_32.8i,r~) for ~ going from 0 to ~0.65; for the

lower modes, only a ford values of wi ll be required to define the function
accurately over the range; for the hi gher modes more values of-i will be
needed. The resulting values of ~~~~~ will be used first in 6.12 to

evaluate the expansion coefficients specifying the boundary condition and

then again in 7.3 to obtain the pressure at a field point.

It is not known at present how many modes v:ill be required to

fit to the boundary conditions with reasonable accuracy; however, since

the transducer element has an anpular width of some 5.4° which is ~ 1/33
of’ the 1800 range frnm pole to pole of the spheroid , it seems probable by
considering the corraspond i nr Fourier expansion that not less than 30

harmonics would be needed to prov ide accuracy of the order of’ 10 ~/0 .

11 J. \. Stritton , P. . ~or’;e, L. J. ‘hu in~ N. A. Hutner çJ4jptic
Cylinder and ~~h~roidaJJ~ye Fuc~ctiens. John ~iley and Sons h941).

12 J. \ . ~,tr~3tton, P. M. Morse~ L. i. Chu, J. D. C. L ittle , F. U.
Cor b-itb, S.~h~roid~i1 Livo Functions. John -.il ey and Sons (1956).

_ _ _ _ _  
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The norm of’ the aneular functions is required in 6.10. On

p. 67 of’ Ref. 10 an asymptotic expression 
~me for this quantity is discussed.

lOb. Radial Function~ I -

The pressure is needed only on the surface of the soheroid, thus
onl y one v~ lue of’ the radial function , and one of its derivative need be

calculated for each mode. Since~~ ~0.6, and c 32.8, cI 19.68, and the

latter value is large enough for the following asymptotic expression to

be used:

R,~~~
(—ic ,i

~
) 
c~~9~~ 

~~ exp i ~c~~— ’~ (r*1) TT] (10.1)

The real part of this ra cial function corresponds to the pressure component

in phase with th.? velocity, and the i maginary part to that out of’ phase.
The asymptotic expression for the derivative of’ the radial

function can be obtained directl y from 9.1 by differentiatin g:

~icf)~~~ exp I [c~ — ~<n+1) Tr] (10.2)
c~

Thus from 10.1 and 10.2 the ratio of the radial f’unction to its
deriv Itiv e , as required in 8.3 is

~~~ 
= J/(ic!— 1) (10.3)

me

lOc. ~xiansion Coofficient~

In 6.10 the expansion coefficients amel for a mode mn and position
I of the transducer element are pjven in terms of an intepral defined

in 6.12. L~,1 may be calculated as foll~ vs:

1) From 6.4 h~(1) is calculated over the range’~~0 to~~~711, where111
corresponds to the half—he i ght of’ the transducer. The same function h~(Y~)

will be used for all modes.

2) 
~~~~~ 

is obtained as discussed in lOa.

3) From (1) and (2) the product h~(U~) Sme(~) is then formed for each
mode mn.

4) The i ntegral in (.12 is required, and this is obtained numerically

for each mode me over the ranr~es1,— 2, I 1 to 4; thi s yiel ds 4 mc values.

5) Each of the values obta inod in (4 is mu ltipl ied byj sin m 
~~
, -

‘

13 Flievner in Ref. 10 gives 10.1 incorrectl y on p. 67, Eq. (8.2.4~3) as the
limit -as~~--’o~ but correctly on p. 32, Eq. (4.1.17) as limit when c~ —~ cx~

_ _ _ _ _ _ _ _ _ _ _ _ _  T



y ielding 4mn va lues of’ ~~~ The factor u can 1~ carried through as a

symbol; it will go out when the express ion for Z . .  (8.2) is calculated.

Having found those values of ~~~~ ame i is obta ined from 6.10,

~~~ (~~~ ) hav ing been obtained as in Section lOb, and Nm as in Section lOa.

There are 4mn values of’

lOd. ~~lculation of’ P~e~~jre ~t Transducer Surfaco

Foll owing the scheme of c3lculation given in lOa, b and C, —

p .(i,E as given in 7.3 is now calculable as a funct i on of’ anpular
me mn~ -

~
position (‘i,ø) on the spheroid , using as nany modes as are needed. Z1j is
then calculated from 8.1, evaluating the i ntegral numer i cally.

I

I 
-

L~ - —~1~~~~~~~~~~~~~~~~~~~~~~~ 
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- List of Symbols

a . = numerica l coefficient for mn mode, in expansion of SOUnd field

produced by drivi n~’ the i transducer el~iac”nt

= frequency parameter, = kd/2

= sound velocit y

d = inbrf’ocal distance of spheroid

h~~\) = coordinate scale factor

i,j transducer elements

= integra l defined in (6.6)

k = wave number, ay’c0

= numerical coefficient in expansion of boundary condition

m,n = numbers specifyinr~ the vibrational mode

M,N = integers > 2 -

N norm of’S (~~)me mn
p1 pressure field radiated by 1th element

= pressure of me mode radiated 
~~ 

1th element

R~~~(—ic,i3) radial function of the 3’~ ki nd, of order rn arid degree n

derivative of’ R~~~(—ic ,i~) with respect to ~.

S
me

(1) = angular function of the 1st kind, of order m and degree n

t timo

u = velocity amol i tude of driven transducer element

th .th
— velocity of i and j  elements ‘

~~~

= velocity normal to spheroid surface

= given velocity nor mal to spheroid surface

x,y,z = rectangula r coordinates

= mutual impedance between elements i and j

= radiation impedance of’ ~
th element

_ _ _ _ _  ~~~IIT



~~~~~~TT I ITI~~~~~ TI~ ITII1I”JTI1I ~IIIII ’~~~~ Ii7

—21

“1 = angular coordinate

‘
~41’~ i2 angular coor:ii natos definin g the uppe r and lower side s of’

the I element

angular coordin-ato defin ina upper side of’ element in position 1,
Fip . 1

X wavolenp’th

= radial coord i nate

P = fluid densit y

0 = angular coordinate

angular coordinates definIn~- the vertical sides of’ the ~
th element

—0 +0. = angular coordinates definina the vertical sides of’ the‘th 
-

~~i element when 1 l  to 4, Fig. 1
= velocit y potential

- - • = velocit y potential caused by radiation of’ 1 th element

27rxfrequency
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