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UNSTEADY TRANSONIC FLOW COMPUTATIONS

by

A. R. Seebass, N. 3. Yu, and K—Y. Fung

Department of Aerospace and Mechanical Engineering
Universi ty of Arizona
Tucson, Arizona 85721

SUMMARY

We investigate the effects of unsteady modes of motion on

two—dimensional transonic flows; wo do so in the context of the

inviscid small perturbation approximation. The study is a numeri—

cal one and draws upon the alternating—direction implicit procedure

developed for such calculations by Balihaus and his coworkers at

the NASA Ames Research Center. Our numerical algorithm treats

shock waves as moving discontinuities. Results of nonlinear and

time—linearized calculations of the transonic flow past an MACA

64A006 airfoil experiencing harmonic motions in several of its

modes are presented and discussed. _ —- -—
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1. INTRODUCTION

In unsteady transonic flows, relatively small periodic changes in the

boundary conditions can lead to substantial changes in the loads and moments

with marked phase lags. These are of major concern in the aerodynamic de-

sign of aircraft that operate in the transonic regime. A short, but

timely, review of various aspects of unsteady transonic flow may be found

in Reference 1. Of particular concern are aero—elastic behavior, and flutter

and buffet boundaries. Here the unsteady perturbations may sometimes be

small enough that linearization about a nonlinear steady flow, as suggested

by Landahi (2) long ago, is possible.

In such flows the behavior of the boundary layer, especially as it is

affected by the pressure rise caused by any shock waves in the flow, is

clearly of major importance. Additionally, in the neighborhood of the

leading edge the flow perturbations are large; consequently, highly accurate

inviscid results require the use of the full potential equation. It seems

likely that eventually the computational algorithms used in routine studies

of unsteady transonic flows will use the Reynolds averaged Navier—Stokes

equations now used in research studies. However, such algorithms (3) cur-

rently require substantial computer time and are too inefficient for explora-

tory studies such as this one. The ability of these algorithms to model

complex unsteady transonic flow phenomena, such as buffet, has recently been

demonstrated (4).

An important consideration in constructing an algorithm for unsteady

transonic flows is the treatment of moving shock waves. The experimental

observations of Tijdeinan (5—7) indicate that even for simple airfoil motions

shock wave motions can be complicated, and that they can strongly affect

aerodynamic force and moment variations. Time—linearized methods, i.e.,
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methods that assume the unsteady perturbations are small compared to the

basic steady disturbance, have not usually considered shock motions (8, 9),

although they can be modif ied to do so for small shock excursions (10).

Time—integration methods (11—18) treat shock waves by “capturing” them, a

procedure that can present a number of difficulties.

Unsteady experiments (5—7) , analysis (10) and numerical studies (10) all

indicate that the amplitude of the shock wave motions increases inversely

with reduced frequency. Thus some of the most important effects occur with

low—frequency motions. This is not surprising; nonlinear behavior is sup-

pressed at higher frequencies, with the small perturbation equation becoming

linear for frequencies higher than the two—thirds power of the airfoil’s

thickness—to—chord ratio. Explicit finite—difference schemes are not eff i—

d ent when applied to low—frequency cases because the stability restriction

on the time step is substantially more severe than that required for accuracy.

As a result, efficient semi—implicit methods (13) and even more efficient

fully implicit methods (11, 12, 17, 18) have been developed. Caradonna and

Isom (17) use an iterative impJJ,~cit procedure, i.e., the nonlinear implicit

finite—difference equations must be solved iteratively at a given time level.

In an earlier, unpublished, study we also used such a procedure. Ballhaus

and Steger (U) and Beam and Warming (18) constructed more efficient algor-

ithms that solve the nonlinear equations directly by the solution of simple

matrix equations generated by an alternating—direction implicit (ADI) proce-

dure. This method has proven to be so efficient that it is now used as an

alternative to successive line over—relaxation (SLOR) for steady flow calcu-

lations (Reference 19 and Yu and Seebass, unpublished).

As mentioned above, these implicit schemes “capture” shock waves, i.e.,

shock waves evolve automatically as part of the numerical solution. Shock
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capturing produces shock profiles that are distorted in a manner than de-

pends on the truncation errors in the finite—difference scheme. The use of

mixed—difference schemes (11, 18) can improve the situation for cases in

which the flow changes from supersonic to subsonic across the shock. How-

ever, when this condition is not satisfied the differencing cannot be

switched across the shock and shock resolution is poor. In any case, shock

capturing requires spatial grid spacings, in regions where shock waves are

anticipated, that are sufficiently small to resolve the shock waves. The

grid spacing required to do this is usually much smaller than that required

to resolve flow variable gradients in most of the rest of the flow field.

Shock fitting removes the large gradients from the finite difference solution

and permits equivalent flow field resolution with fever grid points, both in

space and time (20, 21). If shock waves are not treated as discontinuities,

but are to be captured correctly, the difference equations must be solved in

conservation form. This imposes an additional constraint on the construction

of finite—difference schemes that can be difficult to satisfy.

A need for shock fitting also arises in computing time—linearized solu-

tions for very small unsteady perturbations. Time—linearized solutions for

indicial motions can be used to determine force and moment coefficient vari-

ations at various reduced frequencies, obviating the need for a numerical

solution at each reduced frequency (see, e.g., Reference 22).

Traci, et al., (8, 23, 24) have developed relaxation methods for solving

the resulting time—linearized equations of motion for harmonic disturbances.

Less complete, but comparable, studies have been made by Weatherill et al.

(9); these derive from an earlier study by Ehiers (25). In both of these

studies shock motions, which contribute substantially to the time—varying

loads and moments, are neglected. Difficulties also arise in the convergence
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of the iterative numerical scheme. Unsteady small amplitude motions have

shock wave excursions that are the order of the amplitude of the motion

divided by the reduced frequency of the motion. Consequently, these shock

motions dominate other low frequency contributions to the lift and moment

coefficients. Such time—linearized shock motions can be computed in a

rational way, but the accuracy of the results depends critically on an

accurate resolution of the steady flow field in the vicinity of the shock

wave (10); this is best accomplished by shock fitting.

This paper briefly reviews the numerical procedures we have developed

for computing nonlinear and time—linearized small perturbation unsteady

transonic flows. We use an ADI scheme and treat shock waves as discontinu—

ities in the flow. Calculations of the transonic flow past an MACA 64A006

airfoil experiencing harmonic or indicial pitching and flap oscillations are

discussed.

2. FORMULATION

We write the unsteady small disturbance equation for low frequency

transonic flows in the co nonly used form

+ {l — M,~ — (y + 1)M~+ } $  + — 0. (1)

The spatial coordinates, the time, and the velocity potential in (1) have

been non—dimeneionalized by the chord, the reciprocal of the angular fre—

quancy , and the free stream velocity times the chord, respectively. Other,

perhaps more useful and suitable, forms are given in References 21 and 26.

This equation results from a systematic expansion of the velocity potential

in the thickness ratio r and applies for reduced frequencies I( — 0(T2”3)

_ _ _ _ _ _ _
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where IC — ~c/U, i.e., the angular frequency multiplied by the time it

takes the flow to traverse the airfoil chord. Lin, Reisner and Tsien (27)

showed that, with restriction to small perturbations throughout the flow,

this is the only nonlinear equation that arises. For moderate frequencies

the equation

_K2
+tt — 2K$~~ + (1 — — (1 + l)M~(~~ + ~ :~ 

K+~ J }~~~ + ~ — 0

is frequent ly used , with or without the term , and may provide results

that apply at higher frequencies than those obtained from (1).

The boundary condition on the body takes the simple form

•
y

(X i0~~
t) - r [Y +~~ (Y + KY~) ] ,  - x (2)

where Y(x,t), the instantaneous body shape, has been decomposed into a

steady part, Y°, and an unsteady part, Y’~. Here 6 is the amplitude of

the unsteady oscillation. Because K — Q(~2I~3), the last term in (2) is

dropped unless 0 or is small. For this reason, the time—linearized

perturbation velocity potential for plunging motions (yea 
— 0) is just R

times that for the analogous pitching motion, where Y’1(x ,t)  — (x — x0)sin t.

Numerical studies conducted by Magnus (15) show that erroneous boundary

data on a finite domain can lead to significant errors. The low frequency

approximation implies that any changes in the circulation are co~~ znicated

instantly downstream to infinity. Consequ.ntly~ ehe simplest boundary con-

ditions are — 0 on the downstream boundary and • • 0 on the other

boundaries. Ballhaus and Goorjian (12) used these boundary conditions in

their study and obtained satisfactory resu lts. The validity of such far—

- - -—-
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field boundary conditions can only be justified by numerical experiments;

i.e., near the boundary the disturbance quantities $,~, and $ ,  must be

much smaller than the values at the airfoil surfaces. For the lifting case,

$ depends on the instantaneous circulation, r. This dependence can be

derived theoretically by assuming that in the far field all the perturbations

are small compared to the basic steady state (see, e.g., Reference 26). Here

we use a stretched coordinate system that maps the doubly infinite domain

into ki ~~~ 1, m l  < 1, and set 
~x — 0 on the downstream boundary E — 1

and I • 0 elsewhere on the boundary of this domain . As a numerical test

for this procedure we have computed the steady state circulation about an

MACA 64A006 airfoil for various flap deflection angles , using the ADI method

with appropriate far—field values of $, corrected for the usual steady state

circulation contribution. These results have been compared with the results

obtained by the ADI calculations with the boundary conditions employed here

for an unsteady flap deflection to the correct angle. These results are

identical within the accuracy with which we have computed the solutions.

Any shock wave that exists in the flow field must satisfy the jump rela-

tion derived from the conservative form of the governing equat ion (1) , namely

_2ZM
2
J$

~
i
2(dx/d t)

. — {l — — Cr + l)M~$~}t$~1
2 
+ I+y1

2 
— 0 (3)

together with the condition derived from the assumption of irrotationality,

(dy/d x) 5 — — I + JiI s~1. (4)

Here $ refers to the mean value of • evaluated on each side of thex x
discontinuity, and t$~

j indicates the jump in $~ across the discontinuity;

the subscript “s” denotes the quantity evaluated at the shock surface. 

-.- —----~~

- ~~~~~~~~~~~ k~~ ~~~~~~~~~~~~~~~~
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The pressure coefficient, defined so that it vanishes at sonic condi-

tions , takes the form

M2 - l
C — — 2  2~~~ 

(5)
p (i+l)~ç 

X

In the small disturbance approximation, the Kutta condition is imposed by

requiring that C~ be continuous at y — 0 for x > 1/2.

2.1 Time—Linearized Equations

We now assume that the unsteady disturbances, characterized by 6, are

small enough that we may write

$(x,y,t) — $°(x ,y) + dqi (x ,y, t) + o(6) (6)

and neglect higher—order terms in 6. The restriction imposed on 6 for

this to be true will depend on the other parameters of the problem, viz.,

(1 — M~) / ( ( y  + l)M~t]
2’13 and K. This gives

(1— — Cr + l)n~s;}.° + — 0 , •;(x .o) — rY°’(x), — 4 < x < 4  ; (7)

+ ((1 - - (y + 1)M
~
$°]

~~
}
~ 
+ - 0,

(8)

*(x ,O,t) — y’~ + ICY~, - 4 < x < 4
The solution to (7) must satisfy the steady version of the shock relations

(4) and (5). The shock relations for (8) are discussed in Section 2.2.

We avoid writing

— ,- - _ _
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gs(x,y,t) — Re{*(x,y)e~~
t} (9)

as this restricts the study to harmonic motions. Because indicial motions

can be superimposed to obtain the resu3ts for any frequency, they seem more

important. Equation (9) results in an equation for a complex—valued *

which may be solved by line relaxation. Our experience with unsteady ADI

techniques has been that they are at least as effective as line relaxation

for problems of this type, and hence there is no advantage to the decomposi-

tion (9).

The numerical algorithm developed in Reference 21 and described briefly

in Section 3 can be used to solve the basic equation (1) subject to the

boundary conditions (2), the shock conditions, (3) and (4), the far—field

boundary conditions and the Kutta condition. Steady state solutions,

~°(x,y), may be obtained rapidly by subjecting a basic steady state, such

as undisturbed flow, to rapidly changing boundary data until a new steady

configuration is prescribed. This, then, determines the steady state result

for (7) needed to solve (8).

2.2 Shock Fitting

The basic algorithm for shock fitting in mixed flows was developed in a

previous study of steady transonic flows (20). A different approach to shock

fitting has also been used by Hafez and Cheng (28) in their study of steady

transonic flow problems. Their procedure essentially replaced the shock—

point operator of Murman (29) by an analogous difference statement derived

from the shock jump conditions. Subsequently, the velocity potential on each

side of the shock wave is extrapolated to locate the shock wave. 

. _ _ , ----~~- -  - -~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ — --- — -
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To understand the shock—fitting procedure for unsteady transonic flow

calculations it is necessary to recall how shock waves form in an unsteady

field . Shock waves are generated when the local flow becomes supersonic

and compressive . While the initial, shock formation may not be predicted

exactly by the numerical solution when shock fitting is used in the early

stages of shock wave formation, it eliminates spurious oscillations in the

numerical solution and does provide the correct development of the shock

wave in later stages of the calculations (30). The criteria that we set

for the initial shock formation is that the local flow become sonic (relative

to the airfoil) and compressive . In the body—fixed coordinate system, a

shock wave can exist both in the usual supersonic—supersonic and supersonic-

subsonic transitions, but also in a purely subsonic flow f ield , sometimes

referred to as a “subsonic—subsonic” shock. In any case, the flow ahead of

the shock relative to a coordinate system fixed on the shock must be always

supersonic. Consequently, the correc t judgment for the existence of a shock

wave in the unsteady field is to evaluate the local flow velocity ahead of a

prospective shock with respect to the coordinate system fixed on it; i.e.,

if the local flow is supersonic a shock may exist, if the local flow becomes

sonic the shock strength diminishes, and if it is subsonic a shock cannot

exist.

Any shock wave that exists in the flow field must satisfy the jump rela-

tions (3) and (4). In two—dimensional small perturbation transonic flows

the shock waves that usually occur are nearly normal to the flow direction.

While it is not necessary to do so, in the numerical calculations reported

here we have assumed that if the basic steady flow has a shock wave , then this

shock may be approximated by a shock wave normal to the free stream flow. To

be consistent with this approximation we must also assume that the motion of
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any shock wave that arises from unsteady changes in the flow, as well as the

motion of existing shock waves , is also calculated by this normal shock

approximation. For this simplified model , (3) and (4) reduce to

_ _ _  

M2 _ 1
($1 0 on (dx/dt) 

~~~~~~~ 

1 
2 + + (10)

S S (y + l)M x

which gives the speed of the normal shock in the flow field. For steady flows

is a function of x alone ; this, of course, still permits ($

~

J to vary

with y. For unsteady flows , while x is a f unction of t alone, the

strength of the shock will, still vary with y.

For time—linearized flows the steady state result for + with normal

shock fitting will give a steady state shock position x°, 0 < I~l < y~

We now determine the shock wave ’s mot ion by writing the perturbed shock posi—

tion as x5 
— x + 6x (t )  and using the time—linearized version of (10); we

note that an expression of the form x° + 6~~( t )/K would probably be more

appropriate. From (10), we conclude that the shock motion is governed by

- 
2K 

1 $(x,O,t) with ($1 - ($ °1 + 6R1 - 0 (11)

on the shock. Linearizing the expression in (11) for the velocity potential

about the steady shock position we find

$(x ,y, t) — $(x ,y, t) +

— +°(x ,y) + •;(x;~y)6dx + 6*(x ° ,y, t) + 0(6 2).

Because we have treated the shock as a normal one, y appears here simply as

a parameter. Now ($(x ,y,t)J and I$°(x°,y)1 are both zero; consequently

—j
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we have

V t *(x° ,y, t) 1 — — ( Y K  1) 
I$0(x0,y)1J* (x

o,0,t)dt (12)

which must be integrated in time in conjunction with the solution to (8).

3. NUMERICAL PROCEDURE S
V 

In a preliminary study of the unsteady transonic flows a normal shock-

fitting procedure was implemented in an implicit—iterative scheme. Satis-

factory results were obtained, but the procedure was time—consuming because

of the iterative process required at each time step. The recent studies of

Ballhaus and Steger (11) and Ballhaus and Goorjian (22) show that an ADI

scheme is more efficient than the implicit—iterative scheme in treating the

low frequency transonic flows. The shock—fitting algorithm was modified

and implemented with an ADI scheme. In this section the ADI procedure and

the method used for unsteady shock fitting are briefly reviewed.

I

3.1 Coordinate Stretching

To minimize the far—field boundary effects on the numerical results a

relatively large computational region is usually required. For some of the

cases studied in this paper the shock excursions are large and the unsteady

disturbances carried several chord lengths away from the airfoil; thus, the

use of a relatively large computational domain seems desirable. A simple

and straightforward way of computing the solution in a large computational

domain is to use nonuniform mesh distributions with most of the mesh points

concentrated in the region of interest. An alternative is to introduce

analytical coordinate stretchings. In the present study, we use the following

coord inate stretchings: 

~~~ -
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— ±(i — exp ( a 1x)} for x 0 and n — ±{l — exp( a2y)} for y ~ 0,

where a1 and a2 are constants that control the mesh distributions. The

infinite physical domain is transformed into the finite computational domain

bounded by J~J < 1, and J n J < 1. The transformat ion provides a concen-

trated mesh distribution near the airfoil which is suitable for the present

study. While this scaling is not consistent with the known algebraic decay

of the perturbations, calculations made with an algebraic scaling, viz.,

— x/(jxl + a1) etc., gave essentially identical results. The exponential

variation used here seems more desirable near the airfoil.

The governing equation (1), written in the stretched coordinate system,

is

-2KM~ (y + l)M~ r ~~~~~ 
- 2

a~(l - m l )  
- 

2a~(1 - )‘~ ) 
[~~~~~ 

+ l)M~ 

+ 
1 

- J~J).~j

+ a1~
i _

~?~~~ 
$~~ - 0. (13)

Because (13) is in divergence—free form, a conservative difference approxima-

tion can be constructed if the shock wave is to be “captured” rather than

“fitted.”

The normal shock j ump relation follows directly from (13); this relation

and the boundary condition on the airfoil surface are now

a (1 — k l ) C r  + 1) N2 —
(d~ /dt)  — 

1 
2K 2 + 51(1 — kl)• (14)

(? + l)M,,

and

I
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- (1 - ki) 
aY(~ , t) + K aY~~ ,t )

—1 + e~p(a1/2) < ~~ 1 — exp (—a
1
/2).

V Equations analogous to (13) and (14) for the time—linearized results are

given in Reference 10.

3 2  Alternating—Direction Implicit (AD I) Method

The low frequency equation in the stretched coordinate system is

solved by the alternating—direction implicit scheme developed by Ballhaua

and Steger (11). To simplify this discussion, equation (13) is rewritten in

the form

+ F~ + C — 0, (15)

where the function V , F and C may be determined by comparing equations

(13) and (15). The solution is advanced from time level “n” to level

“n+l” by the following two—step procedure:

f- (!~ - ‘V~) + D~F~ + 6
fl

G5 
- 0; - ~~) + 4 6~(G~~1 - G~) — 0. (16)

Here “+“ refers to an intermediate value of Y, D~ is the type—dependent

dif ference operator for c—derivatives and 6~ the central—difference approx—

imation for n—derivative. The backward difference approximation for can

be either a first—order or a second—order difference approximation, with the

latter giving improved results. The nonlinear term F is evaluated, using a

linearization somewhat different from the two—time level averaging procedure
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of Ballhaus and Steger. The difference approximations described above pro—

L vide first— or second—order accuracy for ‘V , second—order accuracy for

V 
- F~ and in subsonic regions , and first—order accuracy for F~ in

supersonic regions. A local analysis shows that the procedure is uncondi-

tionally stable.

In the first step a quadradiagonal system is generated and can be easily

solved by direct elimination. For lifting calculations two grid lines are

used to represent the lower and upper surfaces of the airfoil. The circula—

U Ltion, 1’, is calculated by r — •ITE 
— 

~ITE 
through each sweep. Here

“ITE” denotes the upper and lower values at the first grid point behind the

trailing edge. This circulation is incorporated into the construction of

the a—der ivatives behind the airfoil for n — 0,

In the second step a tridiagona]. system is generated by the body. Ahead

of the leading edge and behind the trailing edge the double grid notation for

n — 0 destroys the tridiagonal system. However, ahead of the leading edge,

and behind the trailing edge, +
U 

— •
L 
+ r; thus, the difference

equations can be reordered to give a tridiagonal system. On the airfoil sur-

face, the matrix equations above and below the airfoil are decoupled; they

can either be solved separately or simultaneously by packing the matrix equa—

tione together.

Again, analogous but somewhat simpler equations and procedures are used

for the time-linearized calculations. In these calculations the type depen-

dent operator, D~, changes at the steady state sonic line and shock wave.

The coefficient, f(~,n), that appears in (8) in the form

depends on the steady state results $°(~,n) and must be stored. On the

other hand , the matrices used do not depend on the solution ~4~’ and, conse-

quently, need only be inverted once. In its present form our algorithm does

not take advantage of this feature.

V 
~~~~~~~~~~~~~~~~~~~~~~ - -~~~~-~~~~~~~~~~ - ~~~~~~~~~~~~~~~~ --
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3.3 Shock Fitting

We start the unsteady nonlinear flow calculations by using an ADI

scheme. When the local flow becomes sonic and compressive, we introduce

the shock—fitting algorithm described in detail in Reference 21. Sonic,

compressive points are treated as shock points where differentiation in t

and ~ across discontinuities is avoided. Initially, the shock has zero

strength and is stationary. The flow properties ahead of and behind the

shock can be easily extrapolated from neighboring points. The shock wave

can either increase or decrease in strength during the unsteady process.

This results in three possibilities for shock motion that have to be con-

sidered separately in the fitting procedure: The shock moves upstream and

crosses grid points; the shock remains stationary or moves within a grid

spacing ; the shock moves downstream and crosses grid points. At each new

time level the shock position is determined by applying (10). The formula-

tions of the difference approximations for each case are quite similar.

For time—linearized calculations the solution is advanced in time using

the time-linearized analogues of (16) coupled with (12) in the form

1*1” — —C(n)~t;~ + (q,~~fl (~~1
fl”~ — _C(n)

~t*r’ 
+

Here

C(~) — 
1 a~ (1 —

and denotes the steady state position of the shock wave. This procedure

corrects the * values for shock mot ions as the solution progresses. The

shock motion is easily determined simultaneously by using (11) and (12) in

the form
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x”~~ (0 , t) -

Further details are given in Reference 10.

4. RESULTS AND DISCUSSION

Both the nonlinear and time—linearized algorithms have been used to

compute the flow past an NACA 64A006 airfoil subjected to judicial, i.e.,

step, changes and harmonic motions in pitch and flap oscillation. The lat-

ter calculations have included a range of Mach numbers, amplitudes for the

nonlinear algorithm, and reduced frequencies for the harmonic changes. The

nonlinear algorithm has also been used to compute the flow past a pulsating

parabolic arc airfoil. In this latter flow, at M~, — 0.85, as the airfoil

thickens a shock wave forms and moves downstream until shortly after mid—

cycle. As the airfoil thins, the shock wave moves upstream with increasing

speed, eventually leaving the airfoil. A comparison of the results, with

and without shock fitting (21), indicates that shock fitting predicts the

formation of the shock wave more accurately. It also properly defines the

shock wave when it becomes “subsonic—subsonic” in the fixed grid system. The

shock wave decays slowly as it propagates into the free stream after passing

the location of the leading edge when the airfoil’s thickness has just become

zero.

4.1 NACA 64A006 Airfoil, Nonlinear Calculations

Steady state solutions were computed as discussed in Section 2.1 for an

NACA 64A006 airfoil for various values of the freestreaui Mach number by using.

the ADI scheme with shock fitting outlined in Section 3. The free stream

Mach number was varied between 0.8 and 0.9. The mesh system had 101 by 82

- - - - - , ~~~
V
~~~~~~~~~~~~~~~~~~ -V V S ~~~~~~~~~~~~ V~ V_ ~~~~~~~ ~~~~ —- -~~~~-- - -
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grid points in the x— and y—directions respectively. About 250 to 450

time steps were required for the solution to converge 
‘~~ ‘max ~

These steady state solutions are used as initial data for the nonlinear and

time—linearized unsteady flow calculations.

Results were computed for the airfoil with quarter—chord flap for

various values of the reduced frequency, the free stream Mach number, and

the oscillation amplitude, in order to simulate the shock motions observed

by Tijdeman (5, 6). These motions were classified by him as: type A — small

shock oscillation; type B — the shock becomes very weak or disappears during

part of a cycle; type C — the shock leaves the airfoil. Results for type A

motions are not given, as they are easy to treat computationally. For all

cases studied it took three to six cycles for the flow field to become pen —

odic. Stability seems to require that the time step be small enough that

~t(in degrees)/K < 10.

Figure 1 illustrates the pressure coefficients on the airfoil surface

at various times for N, — 0.854 , K — 0.358 and 6 — 10. For these condi-

tions Ballhaus and 000nj ian (12) were able to simulate type B motion where

the shock disappears during some part of the cycle. Here the shock does not

disappear during the cycle; rather, it becomes quite weak during a smaL l

portion of the cycle. This difference is probably due in part to the assump-

tion of a normal shock, which results in a stronger shock than would normally

occur, and to the use of shock fitting, which is able to resolve very weak

shock waves.

Figure 2 depicts the pressure coefficient on the airfoil surfaces for

— 0.822, K — 0.496 and 6 — 20 , simulating type C shock motion. Because

we have used less spatial resolution and have not scaled the equation and

boundary conditions with various powers of the Mach number, a slightly larger

1._V - - - -~~~~~~.-~~~



- -- V~~~~• V V~ ________________

V 
19

deflection angle seems to be needed in order to generate the type C shock

motion; that is, we need a 2° deflection angle rather than the 1.5° of

Reference 12 to obtain analogous behavior. In this case the flow field is

subcritical during most of the cycle, where the shock wave is barely “cap-

tured” in the non—shock—fitting procedure. During the unsteady process the

shock moves toward the leading edge. However, the strong singular behavior

in pressure at the leading edge prevents the shock from propagating off the

airfoil. The perturbation velocity becomes large and is negative; thus, the

flow used to calculate the relative velocity ahead of the shock can no longer

support a shock wave. Normal shock—fitting calculations determine the shock

speed from the pressure jump across the shock at the airfoil surface. This

eliminates the possibility that a portion of the shock may propagate off the

leading edge in the computations. But this does not imply it cannot occur;

rather this is a limitation of the normal shock fitting.

Magnus and Yoshihara (15) have solved the Euler equations using an

explicit procedure for the conditions of Figure 1. Their results are compared

with our calculation in Figure 3 for two angular times chosen to represent the

least and the largest discrepancies. These discrepancies are thought to be

mainly due to the inaccuracy of the small perturbation solution near the

leading edge. Small errors there change the size and shape of the sonic line

and influence the shock’s position. For the conditions considered , the shock

is nearly normal and the normal shock approximation should be a good one.

Rather good agreement is obtained.

Additional nonlinear calculations have been carried out for N,, — 0.880

and K — 0.48 . Both pitching and flap motions have been calculated for m di—

cia]. and harmonic changes. For these conditions very small unsteady changes

lead to very small shock motions and the shock wave remains betweed grid

V ~ VV ~~_ -~ V_~VVV__.V T 1
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points. Because of the extrapolation procedure used in the shock—fitting,

the ~ mesh distribution used here can introduce errors, albeit small ones,

in the shock’s position when a grid line is crossed. We wished to eliminate

these errors in order to use the nonlinear calculations to judge the accuracy

of time-linearized calculations. These results indicate that for pitching

about mid—chord, nonlinear, amplitude dependent, behavior occurs for

6/’r > 0.1 for K — 0.48. Because the amplitude of the shock motions in-

creases with decreasing K, nonlinear effects occur at smaller values of

6ft at lower reduced frequencies.

V Indicial motions require about eight hundred time steps of varying size

to resolve the response. For harmonic motions , initiated from rest , three to

ten cycles are required for the solution to become harmonic, with large values

of K and N,, requiring more cycles. The pitching mod e requires more cycles

than the flap mode. The amplitude of the positive and negative phases of the

motion could be varied from cycle to cycle to reduce the number of cycles

required. Each cycle requires 60 to 180 time steps to compute, with more

steps required for smaller values of K. Each time step takes about 5 seconds

of CPU time on a CDC 6400, or about 0.25 seconds of CPU time on a CDC 7600.

4.2 MACA 64A006 Airfoil, Time—Linearized Calculations

Time—linearized results have been computed for an MACA 64A006 airfoil

experiencing harmonic and indicial pitching and flap motions. A noted earlier,

in the low frequency approximation made here pitching and plunging motions

lead to the same result except that the time—linearized perturbations are

proportional to the maximum pitch angle for the former, and K times the

maximum amplitude for the latter.  Harmonic motions initiated from a steady

state become nearly periodic in three to ten cycles, with the changes induced

- -~~~~ - - 
V 
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by flap oscillations becoming periodic more rapidly than those resulting

from pitching oscillations. More cycles were required for larger reduced

frequencies and, to a lesser degree, higher Mach numbers.
V 

In order to confirm the validity of the time—linearized calculations,

both the time-linearized and nonlinear algorithms were used to compute the

response to a step change in angle of attack and the harmonic response to

pitching motions. Figure 4 compares the nonlinear and time—linearized re-

sults for the normalized circulation and shock position for harmonic

pitching motions at N,, — 0.88 and K — 0.48. Results are given for the

fifth cycle; note that the nonlinear results are not yet periodic. Figure

5 compares the nonlinear and time—linearized pressure deviation from steady

state at six angular times for the same conditions. Good agreement between

the results is obtained for 6/i less than 0.1.

Time—linearized pressure distributions at six angular positions for an

oscillating quarter—chord flap with K — 0.06 and N,, — 0.875 are shown in

Figure 6. The flap deflection is downward during the first half of the

cycle. The results for the second half of the period , for the sytmuetrical

problem shown here, are just the results shown with the lower and upper

surface pressures interchanged . Thus the results for 0° are not given as

they are just above those for 180° with the lower and upper surface pres-

sures reversed. Because the flap hinge occurs very close to the steady

state shock location, the pressure singularity due to the change in flow

direction at the hinge is missed. The circulation and shock excursion obey

the following relations:

r(t)16 — 9.26 sin (t — 59°),

x(t) — 12 sin (t — 51°).

—~~~~~~~~~~~~~ --~~~~-
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Note the substant ial phase lag in the circulation and the shock’ s position.

Time—linearized pressure distributions at six angular positions for an

oscillating airfoil with K — 0.12 and N,, — 0.875 are depicted in Figure

7. If these results are multiplied by K, then they represent the pressure

perturbations for a plunging airfoil. As in the previous case of an oscil-

lating flap, changes in forces and moments of 0(6/K) occur due to shock

wave motion. In this case

r(t)/6 — 5.48 sin (t — 700) ,

x(t) — 5.62 sin (t — 87°).

Analogous computations have been carried out for K — 0.12, 0.24, 0.36,

and 0.48. Figure 8 depicts the shock wave’s exucrsion and maximum circula-

tion as a function of 11. The nearly linear variation of the shock

excursion substantiates an observation made in a one—dimensional model where

the shock wave excursion is directly proportional to 1/K (see Reference 10).

In these calculations the circulation gives an immediate evaluation of

the lift coefficient as a function of time; the moment coefficient must be

evaluated by integrating the moment of the pressure coefficient. This is

done by integrating the moment of pressure perturbations with the shock wave

in its steady—state position and then correcting these results for the moment

due to the shock wave motion, assuming that the shock’s strength is defined

by the steady—state pressure field. This makes an error in the shock strength

of 0(6), but the effect on the moment is 0(6 1K); because we have neglec-

ted other higher—order terms it is consistent to neglect this change in the

strength of the shock wave.

_ _  - 
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Figure 9 depicts the absolute value and phase angle of the normalized

lift and moment coefficients, as a function of the inverse reduced frequency

K 1
, for harmonic flap and pitching motions at N,, — 0.875.

The time—linearized algorithm used here is a derivative of that used

for the nonlinear calculations. Consequently, computational times are not

greatly reduced from those required for the nonlinear calculations. The

linearity of these computations may make it possible to greatly reduce the

computational effort required . A local stability analysis shows that the

computations should be unconditionally stable, but numerical experience has

shown some difficulties for At(in degrees)/K > 50. Each time step requires

about two seconds of CPU time on a CDC 6400, or about 0.1 seconds on a CDC

7600. The number of time steps required for a given computation is somewhat

less than those required for the nonlinear computations at small values of

K, and comparable at larger values of K.

5. CONCLUSION

Eff icient and accurate methods for computing low frequency, unsteady

behavior in transonic flows have been developed . They utilize the ADI pro-

cedure developed at NASA Ames for the small perturbation equation, but treat

shock waves as discontinuities. The time—linearized calculations allow

shock wave motions, which are shown to be 0(6/K) and often dominate changes

in the force and moment coefficients. Comparison of the time—linearized

results with fully nonlinear calculations delineates their range of appli—

cability. The unsteady behavior due to harmonic pitching and flap oscilla-

tions of an MACA 64A006 airfoil is discussed. 

_ _~~~~ _
_
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