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I Reports published and accented for publication

The research projects supported entirely or in part by

this grant are described in forty—seven research papers and

books. These are summarized below by area of application.

A. Electromagnetic phenomena.

1. Electromagnetic wave propagation.

ARO—lO , “Perturbation Theory of Nonlinear Electromagnetic

Wave Propagation ” by Joseph B. Keller and Martin H. Miliman,

The Physical Review, 181, 5, 1730—1747 (1969).

A perturbation method, previously employed to treat nonlinear boundary-value problems involving
partial differential equations, is used to study nonlinear electromagnetic wave propagation. The problems
considered are I. electromagnetic wave propagation in a wavegu de containing a nonlinear botropic inc.
dium; 11. electromagnetic oscillations in a cavity containing a nonlinear dispersive anisotropic medium;
111. propagation and interaction of electromagnetic waves in a nonlinear dispersive anisotropic medium;
IV. reflection of an electromagnetic wave from a nonlinear dispersive ur,iasial medium. The method avoids
secuiar terms, which arise in some perturbation treatments. The results sh ow how the wave number, propa-
gation velocity, and angle of refraction of a wave depend upon its amplitude.

ARO-47, “Dynamics of the Josephson Junction” by

Frank C. Hoppensteadt, Willard L. Miranker and Mark Levi, Quart.

Jour . on Appi. Math., in press.

V
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2. Nonlinear circuit theo.~~~

ARO—35, “Asymptotic Stability in Networks with Parasites ”

by Frank Hoppensteadt , Proceed. 11th Annual Allerton Conf. on

Circuit and System Theory, 703—707 (1973).

An iil~portant question is bow th~ presence of parasitics can influence
the lrrge—time stability of an electrical network. Many invc~tigaticrts of
this problem have been based on the construction of Liapunov fu~tc , ions, amethod which can become quite tedious. However, frequcntly r~uch ~~rn in-
form ation can be obtained under the same conditions by using a well known
perturbation method to construct approximate solutions of the prcblein.
These lead to useful approximations to the domain of stability, to the
large--time state of the system , and in asymptotically steady problems, tothe system ’s steady state.

ARO-36, “Numerical Solution of Differential Equations with

Rapidly Changing Solutions ” by Frank Hoppensteadt and
I

Willard L. Miranker , IBM Tech. Report RC4792, 1-39 (1974).

Initial value problems for weakly nonlinear systems of ordinary
differential equations are studied here. First a perturbation result is
obtained which is shown to give a valid approximation to the solution.
The leading term in the approximation expansion is determined by solving
two associated problems. This approximation is particularly relevant to
problems which have rapidly oscillating and rapidly decaying solutions.
Next, a numerical procedure, based on the asymptotic approximation, is
formulated. The procedure bypasses a major technical problem in the
construction of the approximation, and it provides an attractive method
for computing the solution.

ARO-45, “Frequency Entrainment of a Forced Van der Pol

Oscillator” by J. E. Flaherty and F. C. Hoppensteadt, Studies

in Appl. Math., in press.

A van der Pol relaxation oscillator that is subjected to external
sinusoidal forcing can exhibit stable and unstable periodic and almost
periodic responses. For some forcing amplitudes it even happens that
two stable subbarmonic having different periods may coexist. We in-
vestigate here the stable responses of such forced oscillators. By
numerically computing the rotation number of stable oscillations for
various values of the forcing amplitude and oscillator tuning, we
obtain descriptions of regions of phase locking, successive bifurcation
of stable subharmonic and almost periodic oscillations, and overlap
regions where two distinct stable oscillations can coexist. J

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
—



3. Propagation in random media. •1
ARO—18, “Stochastic Differential Equations with Applica-

tions to Random Harmonic Oscillators and Wave Propagation in

Random Media” by George Papanicolaou and Joseph B. Keller,

SIAM J. Appl. Math., 21, 2, 287—305 (1971).

The two-t u ne method is used to obtain an expansion. ~alid fur s. small ~nd r L,r~w. of
th~ ‘evtot s~’!utiou ~a,_ ~p o~ ,in ~ibs~rj ct urdinar) different ial equation insolsin~ Tl;c toe nt.~thod is
used to eet ~\pansIons of functions ~1 u. The results are slioss n to .tpp!v to the solutions s.f 5ts ~ Ii.i .li~cqu~~si!m. 1 h tire used to find the ti;~t tss o riiomcnts and the transition prohal’ihity of the dk:slac~-r):nt 01 a harmonic oscillator v.~I;t sprias conattini a random function of i. Ihe rcaidi cuiit .i i ii~ the
ccntl ition for mean square stab ility due to Stratonovkh. The rc~ults are also applied t o ~sn:-diiitensio ,ti
wase r.roi t.t,,t~s’n thinuith a layer ~sit h reiract ise irdes a random function of position. Th~ are u~est
to find t i,.- nie.tr c~tuare amplitude retlectioti and tran niiotion co~tlic,~nt~. ss hich are lust th~ rican
pow er r e lice tion ansi t ransm is sion co~llicients. A graph of the mean square tra,tsmicsiu:, coedieten,
a (unction of layer thickness is prc eiiicsi. 11w resultsare al~ocoinpared nith, thuscohtainahk h~ other
methods.

I 
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~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~ i~~_j : T ;~~::~ ±J~



4

B. Acoustics.

1. Sound propagation in wave guides.

ARO-13, “Finite-Amplitude Sound-Wave Propagation in a

Waveguide” b~ Joseph B. Keller and Martin H. Miliman , J. Acoust.

Soc. Am., 49 , 1 (Part 2), 329—333 (1971).
A sound wave with angular frequency w and finite amplit ude e, propagating in a rigid waveguid e of any non-
rectangular cross section , is considered. The pressure and velocity potential of the wave , corresponding to
each mode of the linear theory, are determined as power series in ~ . The leading term is just the mode given
by the linear theory and further terms are finite-amplitude corrections to it. The wavenum ber or propagation
Constant k , of the ~st h mode is found to depend upon and is also determined as a power series, The fact that
k, depends upon ., and the expression for k,.(i,), is the moSt interesting consequence of the analysis. This
shows that t he propagation velocity re/k, depends upon s . The results are specialized to a waveguide of
circular cross section. Then numerical values of k..( ) are given for a circular guide filled with air for a — I, 2,
3, 4, and S. The lowest mode (n~~O) is not considered because shocks occur in it. The method of analysis
is a perturbation expansion adapted to eliminate secu lar terms. It has been used before to treat periodic
fi nite-amplitude sound waves in a closed container and periodic finite-am plitude vibrations of strings and
beam s by J. B. Keller and L. Ting EComm. Pure AppI. Math. 19,371 (1966)], and to trea t nonlinear electro-
magnetic wave propagation [Phys . Rev. 181, 1730 (1969)] and other nonlin ear boundary-value prob lems by
t he authors ~J. Math. Phys. 10, 342 (1969)].

ARO-32, “Nonlinear Forced and Free Vibrations in Acoustic

Waveguides” by Joseph B. Keller, J. Acoust. Soc. Am., 55, 3,

524-527 (1974)

Nonlinear acoustic theory is used to show that the cutoff frequencies and the resonant frequencies of Imodes in acoustic waveguides of finite length depend upon the mode amplitude. The amplit ude e, ofmode a >0. produced by a periodic piston motio n of amplitude 6., is also determined. It is found
t hat at and near a resonant frequency, , ~~~~~~~~ while at and near the cutoff frequency e~Away from these frequencies ~~~~~ as linear theory predicts. Thus the infinite amplitude , which
linear theory yields at cutoff and resonance, is avoided. The results are obtained simply by using the I

result for the propagation constant as a fun ction of mode amplitude given by 3. B. Kdler and M.
H. Millman (I. Acousi. Soc. Am. 49, 329—333 (1971)).

- -~~~~~~~~~~~~ -~~~~~~~~-~- -  -
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2. Acoustic vibrations in tubes.

ARO-28, “Nonlinear Resonant Oscillations in Open Tubes” P
by Brian R. Seymour and Michael P. Mortell, J. Fluid Mech.,

60 , 4, 733—749 (1973).

A gas in a tube, one end of which is open, is driven by a periodic applied velocity
or pressure at or near a resonant frequency. Damping is introduced into the
system by radiation of energy through the open end. It is shown that shocks are
possible at an open end and that there is a critical level of damping which
ensures a continuous gas response for all frequencies. At the critical level the
amplitude of the response is O(eI), where e is the amplitude of the input, and
it is bounded by the amplitude predicted by linear theory. There is agreement
with the qualitative experimental results available.

ARO-30, “Standing Waves in an Open Pipe: A Nonlinear

Initial-Boundary Value Problem” by Michael P. Mortell,

3. Appl. Math, and Phys., 24 , 473—487 (1973).

ARO-33, “Nonlinear Geometrical Acoustics” by Brian S.

Seymour, in Mechanics Today, Vol. 2, ed. by S. Nemat-Nasser,

1975.

ARO-16, “Self-Excited Thermo-Acoustjc Vibrations in the

Rijke Tube by J. B. Keller and M. H. Miliman, submitted.
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C. Perturbation theory.

1. Nonlinear oscillations.

a. Nonlinear wave equation.

ARO-12, “Asymptotic Solutions of Initial Value Problems

for Nonlinear Partial Differential Equations ” by Joseph B.

Keller and Stanley Kogelman, SINI J. Appi. Math., 18, 4, 748-758

(1970).

ARO-39, “Periodic Solutions of Nonlinear Wave Equations in

N-Dimensional Space” by L. Ting, SIAM 3. Appl. Math., in press.

The solvability conditions for a linear inhomogeneous wave

equation with solutions periodic in space and time are established

as integral conditions. These conditions are incorporated in a

systematic perturbation theory for the determination of the

periodic solutions of the nonlinear wave equation u~~ 
- t~u

= cf (u) with ~ as the small parameter. Applications to boundary

value problems are presented.

ARO—44, “Slowly Modulated Oscillations in Nonlinear Diffusion

Processes ” by Donald S. Cohen, Frank C. Hoppensteadt and

Robert M. Miura, SIAM 3. Appi. Math., 33, 2, 217—229 (1977).

It is shown here that certain sys tems of nonlinear (parabo lic) react ion -dj ff usjonequat ions have solutions whi ch are approximated by osc illatory functions in the form R(( — cT)P( t”Jwhere P(, ) repre sents a sin uso idal oscillation on a fast time scale t and R(~ —cr ) represents aslowl y-varytng modulating amplitude on slow space (() and slow time (r) scales. Such solution sdescnbe phenomena in chemi cal reactors , chemical and biological reactions , and in other media wherea stabk osc illat ion at each point (or site) undergoes a slow amplitude change due to diffusion.

~~TT ~~~~~~~ -~~~~~~~~~~~~ __________ _ _ _ _ _  _ _  _ _ _ _ _
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b. Nonlinear ordinary differential equations.

ARO-l, “Periodic Vibrations of Systems Governed by Non-

linear Partial Differential Equations” by Joseph B. Keller

and Lu Ting , Comm. Pure Appi . Math., 19, 4, 371—420 (1966).

ARO-41, “Iterated Averaging Methods for Systems of Ordinary

Differential Equations with a Small Parameter” by S. Persek and

F. C. Hoppensteadt, Comm. Pure Appi. Math., in press. Exten-

sions of Bogoliuboff ’s averaging methods are derived by multi-

time perturbation procedures. These procedures are shown to

provide accurate approximate solutions in cases where the

averaged system has stationary and decaying modes. Estimates of

the approximations are found on large 0(1/c 2) and infinite time

intervals, depending on stabili ty properties of certain second

order averaged systems. Problems not amenable to Bogoliuboff ’s

methods, such as the construction of periodic solutions and

their transients near Hopf bifurcations in quadratic systems,

can be solved by this iterated averaging method.



_ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _
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c, Thermal convection.

ARO-2, “Periodic Oscillations in a Model of Thermal

Convection” by Joseph B. Keller, J. Fluid Mech., 26 , 3, 599-606

(1966)

Periodic ost,i1I~I ioit~ ~ t ’  Iound iii o. (I e— d; i et i ~ Iol .t! mod. l i~ft!ieiinal crIn%-e(tic ,;~.

The mud& l (~Ott. — t . ~ ..t a 1li,td— fi llcd tube le i i t  intO Ice t t t _~t I hir .’~h(t pC end .t)tl(1ilI~!
in a ~-crtkal i’laiw. ‘J’he fluid is heated at. the centre of the hiwc&~ hcii..t~nt:~l

~vgmcut atl(1 eoob ’cl at. the centre of the tipp er lio: ’i;~~;t t ~~ ~egmcnl . \Vhen a
certain parameter exceeds unity , a periodic motion of thc Il i thi  i~ found i 11 ~v~ kh
the h o w  1’; t:ltvav~ ii~ the same dirc~t ion bt~t i i i  wh ich I t o ~; t i ’d var c~ . 1 t i . ~~ t ~~
is uttim uortatit 1or thi~I c~ei Uat io ’i , wh~~li d j .,~’tq 1.~ ii ia~n i la i~ tcrp l~v k’tv;i~ it
fricli’)nal ~i.cl l)UOVItI1t’ V h~rees .

1

_________________________________________ 
______ ____________________________ ___________

~~~~~~~~~ —— _ _ _ _ _ _ _ _ _ _ _ _  _ _ _
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1.

d. Nonlinear difference and integral equations.

ARO-40, “A Nonlinear Renewal Equation with Periodic and P
Chaotic Solutions” by Frank C. Hoppensteadt, SIAM-AMS Proceedings,

10, 51—60 (1976).

A nonlinear renewal equation which arises in reveral  areas of mathe-

matical population theory is studied by a ccnl~iiiation of rrathcnatical and

numerical analysis. The model is characteri—~ by tuc~ parar.eters: jn , 0

measure of the population ’s viability and fertil.tv , and ~~ , th e (norp al ized ’

length of the population ’s reproductive windcw. Solutions .~re described for

all values of these parame ters, 0 < is 4 , C < ~. < I , by a ccr.bination of

multi—time perturbation analysis and numerical solution . in v~ricus ye-

gions, the solutions are shown to be described by Eurgers ’ ~C~~i a ti~~!i , a

t (orteweg—deVries equation and by a nonlinear di f ’erence e q uat i o n .  Num er ic -a l

methods are used to investigate the rersaininy regions.

~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _
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2. Nonlinear wave propagation.

ARO-lO , “Perturbation Theory of Nonlinear Electromagnetic

Wave Propagation” by Joseph B. Keller and Martin H. Miliman,

The Physical Review , 181, 5, 1730—1747 (1969).

A perturbation method, previously employed to treat nonlinear boundary-value problems involving
partial different ial equations , is used to study nonlinear electromagnetic wave propagation. The problems
cons idered are I. electromagnetic wave propagation in a waveguide containing a nonlinear isotropic me-
dium; Il. electromagnetic osci llations in a cav ity conta ining a nonlinear dispersive anisotropic medium;
III. propagation and interaction of electromagnetic w-’ves in a nonlinear dispersive anisotrop ic medium;
IV. reflection of an electromagnetic wave from a nonlinear dhpersive uniaxial medium. The method avoids
secular terms , which arise in some perturbation treatments. The results show how the wave number, propa-
gation selocity, and angle of refraction of a wave depend upon its amplitude.

ARO-24, “Asymptotic Theory of Nonlinear Wave Propagation”

by Stanley Kogelman and Joseph B. Keller, SIAM J. Appi. Math.,

24, 3, 352—361 (1973).

By extending the asymptotic method oIG. E. Kuzmak . iC.  Luke has shown how G. B.
W hitham’s theory of nonlinear wave propagation can be derived directly From the partial differential
equation without using the variational princi ple, in special cases. We apply the same method to a
more genera l class of nonlinear second order partial differential equations or systems of first order
equations con taining a small parameter r and obtain asymptotic expansions of the solutions.

ARO-3, “A Modified Stationary Principle for Nonlinear Waves ”

by Frederic Bisshopp, J. Diff. Eqns., 5, 3 , 592—605 (1969) .

Two theorems related to propagation of modulated , nonlinear wave s which are
governed by stat ionarity of the integral of a Lagrangian densit>- are derived. They
are then used in the analysis of asymptotic approximati ons which represent nearly
uniform wave trains. A relatively detailed treatment of a simple case is follo wed by
a summary of some results which apply to the propagation of capillary-gravity waves
in a liquid.

i

~

-

~

::ij ::. -
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3. Nonlinear stability theor.~~

ARO—6 , “Finite Amplitude Effect on the Stability of a Jet

of Circular Cross-Section ” by D. P. Wang , J. Fluid Mech., 34 ,

2, 299—313 (1968)

The effect of finite amplitude on the stable and unstable states of a column of
an ideal fluid of circular cross-section under the action of surface tension is
studied. The method of solution is a formal extension of the linearized theory ;
it consists of assuming that the exact solution may be expanded in a power
series of a small parameter characterizing the amplitude. The calculation is
carried out to the point where the first non-trivial term of the finite amplitude
effect is obtained. For the stable states , the result shows that the characteristic
wavelength of a disturbance which appears to be stationary with respect to an
observer is decreased by the finite amplitude effect. For the unstable states, it
reveals that the growth rate depends not only on the wavelength and the magni-
tude but also on the type of disturbance imposed initi all y. The last result is a
direct consequence of the fact that two independent types of initial disturbance,
the disturbance of the velocity field and the disturbance of the free surface, m a y
be imposed simultaneously on t.he jet.

ARO-25, “Multiple Scaling Techniques for Nonlinear

Stability Problems” by S. Kogelman, Proc. Conf. on Stability

Theory , Washington State Univ., 179-194 (1972).

We consider a model equation which preserves the basic features~

of sane typical nonlinear hydrodynamic stability problems. By in-

troducing two time scales we are able to obtain asymptotic solutions

to the initial value problem . Furthermore , introduction of an

additional spatial variable enables us to account for modes whose

wave numbers are very near the critical wave number predicted by

linear theory.

—i--i- —

~~~~~



ARO—14, “Transient Behavior of Unstable Nonlinear Systems

with Applications to the Benard and Taylor Problems” by

Stanley Kogelman and Joseph B. Keller, SIAN J. Appl . Math.,

20 , 4, 619—637 (1971) .

A nonlinear initial value problem containine isso parameters. r. and A. is considered for a
function :,(z). For each :, u(t) is a sec tor in a Hilbert space. W hen 0 the problem has a steady
state solution u0 for any value of .. This solution is assumed to be linearly stable for . < A, and linearl y
unstable for A > A, for sonic value A.,. This means that the linear problem for the deriv at ive u~ z g at

= 0 has exponentiall y growing solutions for A. > A, but not for A < ,.,. The solution u(i) is found for
a small and A slig htly larger than ,. It is fou nd that ii contains one unstable mode which initi ally in-
creases exponentially but ultimately approaches a constant. ss hile all other modes decay. up to terms of
order a . To this order u(r) approaches a steady state solution u( a~. ) difi’cren t from u0. as : increases.
The meth od of analysis is the two-time perturbation method. The method and results are illustrated by
applying them to the B~nard problem of convective heat tr ans fer t hrough a hori lontal layer of vi~eous
fluid heated from bclow, and the Taylor problem of the ins!;~hihty of the Co~etce glow ofa siacouS tluid
between coaxial rotating circular cylinders.

ARO-27, “Nonlinear Stability Theory” by Joseph B. Keller,

Proceed. Conference on Stability Theory , Washington State

University, 85—98 (1972).

ARO—37, “Nonlinear Stability Analysis of Static States

which Arise Through Bifurcation” by F. Hoppenstead and N. Gordon,

Comm. Pure Appi . Math., 28, 355-373 (1975) .

Multi-time expansion solutions are constructed for systems of non-
linear partial differential equations near bifurcated states. The class
of problems studied includes several problems of interest in stability
of fluid flow, such as the Benard and Taylor problems, problems of non-
linear diffusion, as well as many initial value problems for systems of
ordinary differential equations. The main result gives a rigorous
derivation of an expansion for the solution as a sum of expansions for
the bi,...~ .ced state and one each for slow and fast time transients to
that state. The expansion for the transient gives an approximation to the
dcstains of attraction of stable bifurcated states. Also, as a consequence
of the method , we give a rigorous derivation of the Landau equation for
these systems.

L 
_  _  _ _

_ 
_ _ _  _ _ _  

_ _ _ _ _ _  — 

_ _  

-
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4. Perturbation theory.

ARO-29, “On the Asymptotic Solution of a Two-Parameter

Boundary Value Problem of Chemical Reactor Theory ” by Jye Chen

and R. E. O’Malley, Jr., SIAN J. Appl. Math., 26, 4, 717—729

(1974)

The paper provides an asymptotic solution to boundary value problems of the 1 ’ ’.

s ,y + a(x)y’ = ftx ,y, z). a,a,f + b(x):’ = g(x ,y, z).

y’(0)~~ z’(O)=O, a,y’(l)+~~l)= A , e,E~z’(l) ÷ z(l) = B.

where £~ and a~ are small positive parameters simultaneously tending to zero , a and b are strictly
positive, and a. b,f, and g are infinitely differentiable in their arguments.

ARO—34, “Asymptotic Stability in Singular Perturbation

Problems. II: Problems Having Matched Asymptotic Expansion

Solutions” by Frank Hoppensteadt, 13. Diff. Eqs., 15, 3,

510—521 (1974) .

The stability of systems of ordinary differential equations of the form

dx/dt f(t, x, y, s) e dy/dt = g(t, x, y, c~,

where ci a a real parameter near zero, is studied. It is shown that if the reduced
problem

dx/dt = f(t , x, y, 0), 0 g(1, x, y, 0),

is stable, and certain other conditions which ensure that the method of matched
asymptotic expansions can be used to construct solutions are satisfied, then the
full problem is asymptot ically stable as t —. ~ • and a domain of stability is
determined which is independent of a, Moreover, under Certain additional
conditions, it is shown that the solutions of the perturbed problem have limits
as ro. In this case, it is shown how these limits can be calculated directly
from the equations

f(ro,x,y, c) =0  g(m,x,y, c) 0

as expansions in powers of a, I



_ _ _
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ARO-5, “A Non-Linear Singular Perturbation Problem Arising

in the Study of Chemical Flow Reactors ” by R. E. O’Malley, Jr.,

¶ J. Inst. Maths. Applics., 6, 12—20 (1969).

This paper presents a method of obtaining the complete asymptotic solution of boundary
value problems of the form

ey —b(x)y ’—g(.v ,y) = 0

ey’(O) y(0)— a
y’(l) fi

for xe [0,11 where b(x) is strictly positive and f or e small arid positive. Physically, the
problem arises in determining the steady-state concentration of a substance in a chemical
flow reactor. A “ two-variable ” expansion procedure is used.

ARO-9, “Perturbation Theory of Nonlinear Boundary-Value

Problems ” by Martin H. Miliman and Joseph B. Keller, J. Math.

Phys., 10, 2, 342—361.

A systematic perturbation theory is prcsentcd fo, the analysis of non linear problems. The lowest-order
resu lt is just that obtain ed by lincariiing the problem. and the higher-order terms are t hc solutions of
inhomogeneous linear problems. The essential feature of the method is the procedure for avoiding secular
terms, which is based on the Lindstedt—Poincar~ technique crnploycst in celestial mechanics, The method
is applied to the following nonlinear boundary value problems: (I) temperature distribution due to a
nonlinear heat source or sink; ~2 self-sustained oscillations of a system ss ith infinitely nuns’ dc~rccs of
freedom; (3) forced v ibrations ofa ‘string’ w ith a nonlinear restoring force; (4) stipcrconiduetisfty in a
body of arbitrary shape with external magnetic field; (5 supercondinctisity in an inlinite film with
parallel magnetic field; (6) comparison of solutions of the Hartrce. Feck. and S~hröditn~er equations for
the helium atom. The results in each case are different both quali tativel y and quant itat isel y 1ron~ those
of the linear theory.

ARO-22, “Justification of Matched Asymptotic Expansion

Solutions for Some Singular Perturbation Problems” by

Frank Roppensteadt, Amer. Math. Society, 23, 337-341 (1973).

Several types of probic~ s involv ing non— ].inear partial  di f ferent ia l  cquatft~~s

having small. para;~ctcrs arc described which are aniennblc to the ttetho~ oI

matched asymptotic expansions. This method gives appr oximate so)ut ions to the

problems which arc. valid over ).ar~,e time intervals . This theory is app iic ;.b)c

to i~tany prubic~~s Involving 11t~ ~~ v.i~~r— SLokes c ’quaticas and lo qu i t e  ~ics~~1

operator cquat ~ ofl s.
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ARO-4, “A Boundary Problem for Certain Nonlinear Second

Order Differential Equations with a Small Parameter” by

R. O’Malley, Arch. Rat. Mech. and Anal., 29, 66-74 (1968).

ARO-li , “Asymptotic Series Solutions of Some Nonlinear

Parabolic Equations with a Small Parameter” by F. Hoppensteadt,

Arch. Rat. Mech. and Anal., 35, 284—298 (1969).

ARO-l7, Bifurcation Theory and Nonlinear Eigenvalue

Problem, W. A. Benjamin Co., New York (1969).

ARO-38, “Differential Equations Having Rapidly Changing

Solutions: Analytic Methods for Weakly Nonlinear Systems”

by F. C. Hoppensteadt, J. Diff. Eqns., 22, 237—249 (1976).

Initial value problems for weakly nonlinear systems of differential equations
are stud ied here. A perturbation result is obtained which is shown to give a
valid approximation to the solut ion. The approxi mation is determined by
solving two associated problem s, and it is especially derived for problems
which have rapid ly osc illating and rapidly decay ing solutions. 
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5. Continuum mechanics, etc.

ARO—7, “Rossby Waves in the Presence of Random Currents”

by Joseph B. Keller and George Veronis, 3. Geophys. Res.,

74 , 8, 1941—1951 (1969).

The effect of weak random currents on time periodic Ross by waves is determined by a
perturbation method devised previously. As a result the dispersion equation for the aver-
age Rosaby wave is obtained, and from it the propagation velocity and decay rate are
found. These quantities are evaluated explicitly for 8teady unidirectional random currents.
From the results simple forms are obtained when the Rossby wavelength is either large or
small in comparison to the correlation length of the current. For some directions of propaga-
tion of the wave the velocity is increased by the current, whereas for other directions it is
decreased, and a physical explanation of this is presented. Random currents will scatter the
waves and cause them to decay. If the current motion can add to the energy flux of the waves,
the energy flux may grow drawing energy from the currents. It is found that east—west currents
serve mainly to scatter the waves but north—south currents can contribute to the growth of
waves. The growth phenomenon is inte rpreted as an instability of the currents to Roasby waves
to which they can give up some of their energy. The maximum growth rate occuns for waves
traveling either northwestward or southwestward , because the energy flux of these waves is in
the same direction as the direction of the random currents.

ARO-20, “Flow of a Viscous Fluid Through an Elastic Tube

with Applications to Blood Flow” by S. I. Rubinow and

Joseph B. Keller , 3. Theor. Biol., 35, 299—313 (1972) .

11: shady (low of x iscous ~1cid thi’ou~th :~ elastic tuh~ i~; !c:’~rm~r,.’ I
then ‘n~ Ice fly. It js :~ ~r~ d that l’~ i ~~ ui! ~e s  It~w 1 ~OiIi ’s loeally ;tnd ih:~t
any ls ~utkm the r: of the tube is d:tcrr incd by the t~,.r- ’,v
p~cs~ure icnc:v~e. ‘1:~e ~tres~. ~t t ain cttrve of the tube ineteriel is . c ; .
to be knuwn. T~~ ~T . ;x t hroin~;li the ~~ i~ ~~~ ~ UflC~jOfl ~: ;c;
~~~~~ e, outlet p~e’.~ cc . cxtc r;~al pi’c -~surc, tube len~ th, fluid ~ ~~~ tv
t~tLl ‘h’ cl;tst ic’ p~l;’_ rt~~ of the ttibc . ‘I he icsu!ts tn-c d~~ I~ycd ~~~~~~~~
f or  t’tc’ hu:n: n c.’ tc r~. l  ilit~ ~nnicry. ~1 hey are in ~‘.~~‘J zngreen~er.t V.
c.r. ~~~~~ ~~~~~ ~~w- me;tsurenr.etlts o:i tubber tubes , on venous
t o t he Cur , and on i~c~lj tcJ cats ’ lunt;s, The elThct of tube colJ;~ose is :nlso
considered. 

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .4



ARO-21, “Post Buckling Behavior of Elastic Tubes and Rings

with Opposite Sides in Contact” by Joseph E. Flaherty ,

Joseph B. Keller and S. I. Rubinow, SIAM 3. Appi. Math., 23, 4,

446 — 455 (1972).

An elastic tube of circular cross sect ion or an elastic ring can buckle if p. the outs ide
pressure minus the inside pressure. exceeds the buckling pressure Pb2• As p increases above Pbl the
cross section becomes somewhat ellipt ical. Ultimately opposite sides touch at one point at the contact
pressure p~ - As p increases above P.2 the curvature of the cross section at the points of contact decreascs
until it becomes tern at p,,

~
. For p > p~ contact occurs along a stra ight.lme segment which increases

in length asp increases. The pressures P1,2. ~.2 and Poz are determined numerically, and the shape of the
cross section is found for var ious values of p. Graphs of the results are shown. Abos-e p0. a similarity
solution is found. Analogous results are obtained for the isth buckling mode. n > 2. The flux of an
incompressible iscous fluid through the buckled lube is also determined as a function of p. The results
may be applicable to the collapse of veins and the flow of blood through them.

ARO-23, “Contact’ Problems Involving a Buckled Elastica”

by Joseph E. Flaherty and Joseph B. Keller, SIAM J. Appl. Math.,

24 , 2 , 215—225 (1973) .
The classical problem of the buckling of a slender rod Ian elasticu) is reexamined

numerically and analyt ically takst~g into account Contact between different parts of the rod. The lowes t
mode of the c lamped elastica and the third mode of the pinned elustica are treated. Other modes can

be treated in a similar way. It is found that for each of these modes there is S compressise buckling

load P5 > 0 and a contact load P~ > P~. The rod remains straight 
when P ~ I’,. the rod buckles

without cOntact for P, <P < P~. and two points of the rod are in contact for P ~ P,. . The contact
points move toward the ends of the rod as P increases. In each case an asymptotic Formula is obtained
for the location of the contact points as P x. In bot h cases a similarity solution is found for the
shape of the clastica between the two contact points. In the pinned case there is a range of loads Just
above P~ for which the distancc between the ends of the rod increases as the load increases. Th,s indicates
instability and the possibility of ‘ snap through.”

ARO—31 , “Resonant Surface Waves ” by J. R. Ockendon and

H. Ockendon , .1. Fluid Mech.,  59 , 2 , 397-413 (1973) .

Small ttm p1 it tt~ k forced hot’i~oiit at or veiL ieai oscillations (If 0 (tOnt a iit ~”. of u i  t iii
with a f~,’n stfffztve lPi ’lV L~i 5 t ’  lIs(’ to ettol ions iii tlit~ I i q t i i d  on a soa k :t~t i ’ h ‘~i n.ttoi
than t he fo’.eia~ a in pitt ud~’. .l’luet’ sti .li sit-nat a ins ore nun lyscil itt i’ 1. i it t ln ‘~~~‘

Cases w hen’ t h e  n’sp~n’.e i~ ~t ihl ~i~ a!l eoniparcJ wit h t h e  ( I i I ’ I ( ’ t t — n I ! t - ~ ‘f  t h e
coit ta it ier . eX p hI(’ il :isvliipti.i in SIiT iit I,.ntt’ n lot’ the 1i 1tt!i l m otion tin’
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ARO-19, “Temperature of a Nonlinearly Radiating Semi-

Infinite Solid” by Joseph B. Keller and W. E. Olmstead, Q. App .

Math., 559—566 (1972) .

ARO-43, ‘~pplications of Multi-Time Methods to Pattern

Recognition and Other Problems” by F. C. Hoppensteadt and

W.. L. Miranker, Proc. Journees Math. sur les Perturbation

Singulieres ( 1976) , Springer—Verlag , in press.

Systems of difference equations containing small parameters are
studied by a constructive perturbation scheme analogous to the one
developed by the authors for the study of differential equations.
The method results in an averaging procedure for difference equations,
and it is particularly well suited to certain highly oscillatory, non-
linear systems. The method is applied to problems for population
genetics, pattern recognition, regression analysis, and the numerical
analysis of still differential equations .

ARO-26 , “Some Trends in Applied Mechanics ” by J. B. Keller ,

Proc. of the 1st Iranian Congress of Civil Eng. and Mech.,

May 5—9 , 103—124 (1972).
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ARO—15, “Pulse Propagation in a Laterally Heterogeneous

Solid Elastic Sphere ” by Z.  S. Alterman , J. Aboudi and

F. C. Karal, Geophys. J. R. Astro. Soc., 21, 243-260 (1970).

The motion of a solid elastic sphere caused by an impulsive point source
has beca calculat ed by a f in it e difle r ence sch~nie, Resu lts are obtained
for a radially and laterally lieter orenc ous sphere. Both discontinuous
changes in elastic parameters and den sity,  and their continuous vari at ion

- inside the sp h ere are treated, The r5’stilts show re f l ’ction an(i diliraciion
cifects. A stability analysis for the u nite dilicrence scheme in spherica l
co-ordiitatcs is given. The meth. d oh ’ solution pt-escnted here i s gene ral
enough to in chm ~~ the actual vari at ion s in t.knsity and el~slic para met ers
in the Ear th , This includes thc ~scht-known mno~ei~ ot ’ madial distri bu iion
and the recently observed lttteral inltomo~~n~’ity in the mantl e .

ARO-42 , “Quantitative Theories of Carcinogenesis” by

Alice Whittemore and Joseph B. Keller, SIAM Review, in press.

Various mathematical theories of the genesis of cancer are
presented. They involve the transformation of a normal cell and the
subsequent proliferation of the transformed cell and its descendants
to form a tumor. The theories predict the rate of tumor occurrence
as a function of time and of the concentration of carcinogenic
agents, which cause transformation and may also accelerate growth.
The consequences of the theories are deduced and compared with data
on human cancer incidence and with data from experiments on laboratory
animals. A new theory is presented which includes features of most
previous theories, but which goes beyong them in being capable of
accounting for the results of initiation-promotion experiments.

ARO-46, “Peeling, Slipping and Cracking—Some One-Dimensional

Free Boundary Problems in Mechanics” by R. Burridge and J. B. Keller,

SIAM Review , in press.

We examine several problems involving a one-dimensional continuum with
a free boundary. Apart from their intrinsic interest, they illuminate the
related but far more complex problems which arise in fracture mechanics, in
frictional sliding such as may occur in shallow earthquakes, and in the
testing of adhesives .

First we treat peeling of adhesive tape from a surface. The tape is
regarded as a flexible string, part of which adheres to the surface and
part of which is separated from it. The free boundary is the point (or
points) at which separation takes place and the problem is to find the
trajectory of this point (or points) together with the motion of the
separated section of the string . We treat both infinitesimal and finite
deformations.

. . .~~~~~:ii ~~~
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We also treat the related problem of the sliding of a segment of a
stretched string pressed against a rough plane under the influence of
transverse loads. Adhesive forces may be either present or absent at
the end points of the moving segment, which form the free boundaries.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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II. Summary.

The research projects supported by these grants include

investigations into problems of nolinear wave propagation ,

nonlinear electrical circuits, propagation in wave guides ,

thermal convection and continuum mechanics. The success of

these projects rested on our unified and coherent development

and applications of multi-scale perturbation methods to study

the complicated nonlinear systems which describe these physical

phenomena .
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