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ABSTRACT

The governing equations of combustion are derived from the standpoint

of continuum mechanics; and an ind ication is given of how their rational

analysis can be based on activation—energy asytnptotics.
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S I G N I F I C A N C E  AND EX f ~,ANA]I

A s :m~ 1~ l u t  . ,~r ’ f u l  d t r i v a t i o n  is q i v .~n of the  p a r t i~i 1  d i f f i r . n t  i a l

equa t i ons  d e s :r i b i r i i  the f l o w  of d ch~-r n i c a l l y  r ’a~~t i n u  m i x t u r . . S i m ~ h f ’ ,, ’—

ing 3ssum ltions ar  then made so as to a n aly s e  the s .  eq u a t i o n s .  It  i~~

lnalIV shown that the largeness 01 the So— :alled jctivatiTh .n ’ r jy in many

combus t ion  ~.roc’~~ss~~s r~ih l e s  a Sy mp t o t i r  methods , v~ ry familiar ‘o f l u i d

dynamici sts , to b.~ used in th.-~ir sol ution.

a

Tho r~~s;~~)ns 11 .1 i i t y  f ’ r  ‘h .  word i n j  and V I P W S  ~xpressed in thie d~~sn : r i p t i v .  
-.

sunr~ary lies w i t h  ~1P ’ , and riot with the authors of this r ’’port .

-



MATHEMATICAL THE H ’ , LAM IN AP C0MBUST I ’ t~

I .  v F I ” :JNG E cUATT ON S

J . D. Buckrnaster  and C .  S. S. Ludford

) .  In t r o dur t  ion

Ther e  a re  two as~ + c t s  to the develoj~sst’nt of the g o ver n i n g  equat ions of combust ion:

d e riv at i o n  of  l b .  equat ions  of a chemica l l y  react ing m ix t u r e  and then )udicious  s imp l i f i c a—

ions to render thes.’ equations t r ac tab le  w h i l e  r e t a i n i n g  e s sen t i a l  cha rac te r i s t i c s .  A

r ii ’ r ,~ c ‘i’rivation requires a long apprenticeship in either kinetic theory or continuum

mechanics. (Indeed, the qeneral continuum theory of reacting mixtures is only just being

‘rfe ~ t o t . )  We choose instead the path of .i plausible (but potentially rigorous) deriva-

tion , ~u i ’I . d by experience with a single fluid , through the continuum theory of a mixture

fl uids. Such a derivation is not common in the literature, which  tend s to run to ad hoc

,r ;~1rn.’r, t when it cannot face either of the rigorous ones . In p a r t i c u l a r ,  the inconsistent

assumption that the mixture itself is a fluid for the purpose of introducing certain

• constir.uriv ” relations will not be made.

The combustion approximation, characterizing it as an essentially isobarjc process,

is . s af e  sim pli f i it ion. But the r~ naining simplifi catiôns. designed as they are solely

ma ke th.’ e qu at i o n s .  tract.~.,le, should be accepted tentatively: they are always revoc—

i~’le in the l l q t t  of faulty predictions . For that reason they should be explained care—

t .lly, .1 ir e  usually not . Nevertheless , whoever is primarily interested in solving non-

tr iv i i~ ‘ ‘nik u ’ t i ’ ’ r ,  J)robl~~ns (as we are) can have the same confidence in the fina l equations

,s is normal ly  1,i .~d in the Navier—Stc’kes equations .

These fina l equations retain most of the complexity of a compressible, heat—conducting ,

visr ous fl uid I~.i t add diffusion of the species and s ,urce terms representing the chemical

rca’ I i , , .  This complexity has usually been fought with irrational approx imation and

c omputers. However, cou,busti’n processes, by their very nature , tend to have large

~j’ r c..redb y  l b .  U n i t e d  Sta tes  Army under Contract No. DAAG2°-75-C-0024.



.. t ivation energies .  It  is therefore  more natural  for a f l u i d  dynam icis t  to analyze

the problem r a t i o n a l l y  by l o c a l i z in g  the reaction , for example , in  layers (or f l a m e s) ,

which Sec . 8 w i l l  show can be done through activation-energy asymptotice. Such an approach

was scarcely mentioned before the rev iew article of Williams (1971), Which contains the

firs t suggestion of so form ing the basis of a mathematical theory of combustion . Th be

sure, the classic paper of Bush & Fende ll (1970) came earlier , but Williams marked the

sta rt of a clear path through the complex and fascinating problems of combustion, at least

for the present writers.

‘~ur intention then is to arrive as quickly as possible at a convincing set of equa-

tions and a method of at tack,  with which to get on with discuSsing combustion phenomena .

-2-
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- ~ont i nuum_Ap~ roach to a M i x t u r e  of R e a ct i n q  S~~c c i , s

The- m ix ture has density ~ a rid is considered to h. made up- of N fluids whose

s,’~~a r , t , ’ d en s it i e s  i n ’  ~Y ( i  — 1 , 2  N ) .  Her .  th.-’ ‘

~

‘

~~ 

ar . mass fractions (or concen—

ri t I ‘ , w i t

N
( 1 )  ~ Y , — l .

i — i  1

If v is the velocity of the ith fluid (or species), balance of mass requires

(2) a (o v . ’l/ at + ~ (~~~~~
) •

I - 1- 1  1

where is the rate of p roduc t i on  of species i (mass per u nit  volume) by the chemical

r e a c t i o n s  so tha t

N
(3) 0 .  0

i~~l

Summati’ n of the e~ uations over all species therefore yields the familiar continuity

equation

4) ~3~~/’) t + (o’~) = 0

where

N
(5)  v —  y . v .

- 
i—l

is the mass-average velocity of the mixture. Each balance equation (2) can now be re—cast

by subtracting V . times the overall equation (4) and introducing the diffusion velocities

(6 )  V . v . - v ;

thzs gives

(7) o ( ~~V./ a t + v VV . )  — p — V (o V , Y~~)

The momentum balances of the separate species will not be written down since they

play no role in the sequel. But ‘rruesdell (1965) shows that if they are added t i, i ~ resul t

is the s in q l e - f l u i d  ba lance

( 8)  p(~ v/~ t+v’Vv) — v• i :  +

provided no rn- p ro - r i t ’ i r ’ i  I s creat ed by rh. chemical reactions . Here ) is the  sum of the

—3 —
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separate stresses i.lus stresses due to diffusion of the species and q is the gravity

force, assumed to be the only force externa l to the mixture. Intora ’ t ions b,.tween the

species Icf. the discussion of Fick’s law ( 19) 1,  whir-F, give additional externa l forces

on each individual species, sum to zero.

We shall also fo rego w r i t i n g  the energy balances for the sep arate species, bu t Truesdell

shows their sum g ives the s ing le— f lu id  ba lance

( 9)  o (~U/at+v ’~V) — Z:~’v +

provided no energy is created by the chemical reactions and the work of the in teract ion

forces is negligilile. Here U is the sum of the separate internal  energies plus kinet ic

energ ies of d i f f u s i o n whi le  g is the sum of the separate energy f l uxes  plus fluxes due

to d i f f u s i o n .  Note tha t the work of the gravity force has not been neglected: it is

~ ~~i ’(~~~~~ y~~ 0 by virtue of the result

N
(10) ~ Yf/. = 0

i—i

which follows from the definition (6)

The new variables 0 . .  V . ,  Z ,  U and q intr oduced by these balances have to be

related to the basic variables by constitutive equations . Continuum mechanics does not

supply such relations but rather judges them f~r consistei~cy with certain general principles

after they have been proposed . For reacting mixtures such judgmrents are still being

made, but the linear equations we shall write down are acceptable ( Bowen, 1976) . With the

exceptions of 0. and V~ they come from experience with a single fluid . The coefficients

(37) which will appear are, for the moment, to be considered functions of the basic

variables.

The basic var iables will be Yi. v,  0 and pi but in formulating the constitutive

equations it is convenient to introduce the temperature T, which is assumed to be the

same for all specie.. If each species is a perfect gas its partial pressure is

( 11) p~ —

and the consequence

—4—
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( 12 )  p • N- T (V /rn .)

of Pal ton ’s law determines the common t emperature. Here R is the gas constant and m~

is the mass of a molr’ ’ule of species i .  The separate  i n t e r n a l  energies of the species

are then f unc tions of T alone, which may be written

( 13 )  U = h . — p./(oY .)

where the enthalpies are

T
( 14)  h .  — h° + f c , ( T)d’r

~ 
T°

Here h° is the hea t of formation of the species i at some standard tmnper~.ture

and the c . are the specific heats at constant pressure. If we neglect kinetic energies

of diffusion for being nonlinear in the V ., the internal energy of the mixture is now

N
( 15)  U ~ Y .h . — p/~i=l

Next the energy flux g is specified by requiring that the separate energy fluxes be due

entirely to heat conduction, so that

N
(16) q — AVT - 0 ~ Y .h:v .- i—l

ere -~~, the coefficients of thermal conductivity of the mixture, is the sum of the

species coefficients. Each of the diffusion flukes is that of a single fluid moving

relative to the mixture with velocity V when kinetic energy and deviation of the stress

tensor (17) from —p
~
I are neglected, the latter anticipating the combustion approximation

(Sec . 5) which makes emall. Such a q neglects , in particular, radiative transfer

and the Dufour effect (heat flux due to concentration gradients).

The separate stresses are assumed to be Newtonian, i.e.

( 1 7 )  p i +2n i~~
y i ’3)

~ 
+ K~ (vv~+ (vv 1) 1

where I is the unit tensor and bulk viscosity has been neg lected . We shall take the

r emaining coefficients • Y s , which amounts to supposing that the intr insic viscosities

—5—
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of the species are all equal. (Otherwise gradients of V . must be neglected in comparison

with those of v to arrive at the result (18).) Since stresses due to diffusion and

terms V •~~Y • are non l inea r , these sum to give
‘1~ 1

(18) • —(p+2scV.v/3)I + K (vv+(c,v) Tl

by virtue of the result (10) .

The thermouiechanjcal constitution is completed by equations for the diffusion

velocities V.; we adopt Onsager ’s (1945) generalization

N
( 19) øY • V . — U.

1—1 1)- i

of Fick ’s ( 1855) law , making each d i f f u s i v e  mass f l u x  a linear combination of the concentra -

tion gradients. Now the condition (1) and the result (10) imply that

i”l j ”l ~~~~~~~ 
— 

N [
~ 

(u j j _u
iN )J ?~ 

= 0

where the remaining gradients are independent of each other , It follows that the

coef f icients u ,  must satisfy
1)

N N
(20 ) u . for j  — 1,2 N— i

i— l ~ i—i

An equivalent of the law (19), in which the gradients are expressed as linear coinb ina —

tions of the diffusion velocities, can be derived from the separate momentum balances by

making assumptions about the interaction forces between the species (Williams 1965, p. 416)

An implicit new assumption in such arguments is that the accelerations ~j~/at are

negligible . They only occur in unsteady problems and then produce a finite velocity of

propagation of diffusion effect. (t 4iiller 1977),  as such , they appear to be of no great

importance in combustion. The constitutive equation (19) i~ the only non-chemical one

which does not come from experience with a single fluid. Note thet th~ rate of working

of these interaction forces is nonlinear in V~ so that we are justified in using

equation (9).

Finally we come to the o , . which require a discussion of chemical reactions.



3. Th , Ar; (.~ni us F i - tor ( lH8~~)

-r s;r~ I; , i t ;  w~’ sha l l  f i r s t  consider one—s t .~p combus ti on , where a single unopposed

i~~ ,i- t~~cn is i nvolved . If N . is the number of molecules of spec i es i per unit

volum e, ~~~ -n  (by ~i .- f iriition)

(2 1)  C in N
I i i

The chemical reaction may be described in terms of t(~
,- - in . as the mass balance

N N
(22)  v .m , — \ in ,

i=l ‘ ~ i=l ‘ ~

where coefficients v ., -k . are the stoichiometric integers , each a non-negative integer .

v . is zero if the species i is not a reactant, while A . is zero if  i t  is not a product.

Both are zero for an inert. Since these coefficients represent the relative numbers of

molecules consumed or produced by the reaction we may write

(23) N . =
1 1 1

where w measures the rate at which the reaction is proceed ing . Clearly the requirement

( 3)  is now a consequence of the definition (21 ) and the mass balance (22 ) .

For exa mple , consider the exothe rmic reaction

( 2 4 )  2N0 4’ c9-2 • 2NOC V

by wh ich n i tt osyl  chloride is formed from nitric oxide and chlor ine . If the three species

are numbered

1:NO 2 : C 2.
2 

3:NOCP,

then the stoichiometric integers are

— 2, = 1, V
3 

• 0; 1
1 

— 0, 
2 

0, 13 — 2

and

N 1 — -2w , N
2 — N

3 
— 2w

are the ra tes  of ;‘onsulnption (negative) and production (positive) of molecules. Note that ,

when single mo1 ”~ules are used , the reaction (24) is written

NO + NO + Ct
2 ~~N0CL + NOd

—7—
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it is therefore w which must be r~-1ated to t h -  basic vari,ibl es; a common ~sc nm tjon

is that it is proportional to thc number dcnt~1t y (concentration) ~V /m . -t ~ d~~)’~ r’-j~ f dnt ,

where the species j is counted v~ times as a reactant (cf. tb,- single-molec ule f~ rm

of the reaction (24) 1 . Th us

V _ U .

N 0Y , N y , N
(25) k ~ ~~~ kc ” FT ... 2. wher e v = v .

3 )1 3

and the factor k is supposed to depend only on the temperature . (Since experimental

determinations of k are done under isotherma l conditions , it is called the rate constant;

but we shall avoid the term since the temperature dependence of k is an essential feature

in our analysis.) The Arrhenius law

(26 ) k = BT
O
e

E/
~
RT

is invariably taken for its variation with temperature, where 8, ~i (= 1/2 theoretically) ,

E are constants. The latter is known as the ac t iva t ion  energy since E/R is rough l y

the temperature below which k is small. In short, we now have

(27) 0 . — (i.e
1 1

where

V .
N ‘V

(28) ~~ . — in ( A — v .) and w BT0e E
~~
Tp~

) 
~ f _-i

i i 1 3. . ~m .j 1  3

More complex reactions are first split up into elementary reaction steps, which may

contain reversals of each other (opposing reactions) . For each elementary reaction a

formula (27) holds and for the complete reaction is the sum of a l l  such terms . (A

pair of opposing reactions may be in equilibrium, i.e. the corresponding terms cancel and

thereby furnish an algebraic relation between mass fractions.) The central question of

reaction kinetics is to determine these elementary steps and their parameters B, a, t.

In practice a combustion reaction may be a complex network of elementary steps.

Attempts are therefore made to model the overall reaction with a smaller number of terms

of the form (27), preferably one . The exponents v , are then released froin being the

—8—
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b , o m .t ;  jc -: ~~~f f ; -  ;~~;it~. of the  overa l l  r~- ,i -t Ion and v is not n e c e s sa r i l y  their  sum.

On the other hand , t h e  u .  r . t a i n  t h e i r  mean ino  s ince  they s t i l l  represent the proport ions

- in whi -Ii tiu specj~,s take  p a r t  in the r e a c t i o n .  The f ree  constants B, u , E, - , u . are

ictermined experimentally; of course the need no longer be integers.

—9—
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4. D i f f e r e n t i a l  D i f f u s i o n .  Equal i ty  of ~~~~~~ Ic Heats and of Molecular Masses

Once the various parameters (constants and functions) which appear in the ronstitutive

equations ( 1 2 ) ,  ( 1 5 ) .  ( 16) , (18) , (19) , ( 2 7 )  are given, there are N + 6 equations (1),

( 4 ) ,  ( 7 ) ,  ( 8 ) ,  ( 9 )  for the N + 5 unknowns V ., v , 0 , p. Equation (1) is consistent

w i t h  the r ema inde r  since they conserve ) V .  whenever the r e l a t i o n s  (20)  hold between

the 
3~ 

initial or boundary conditions will then give it the value 1. The system is

c lear ly  very compl ica ted  as it stands, and must be simplified if it is to yield to detailed

analysis. -

The law (19) leads to terms

N
(29) ~ V . (p , ~y )

j—1 ‘~~ ~

in the mass balances (7). To simplify these terms while retaining different diffusion

properties for the species, it is tempting to sat

(30) p . .  = 0  for j*j
1]

and allow the u.. to change with i (E~nmons 1971) . However the conditions (20) would

be v io la ted : they require

(31) 
~i i  — ~NN 

— p (say) for all i

The conclusions (30) and (31) are reached quite generally by Williams ’ theory when the so-

called b in a r y  d i f f u s i o n  coeff ic ients  are equal, i.e. whenever the interactions between

pairs of species are identical so far as momentum is concerned.

However , effectively the same goal can be reached by taking the values (30) for all

except the last , and

(3 2) 
~Nj 

— — p
~~ 

for j ~ N

with the p .  - different. The conditions (20) are now satisfied and the terms (29)

simplify to

(~
j  for I N

Only the Nth equation remains complicated b u t ,  since can be otherwise calculated

from 1 - V . ,  that does not matter . Such a scheme can be just i f ied from Wil l iams ’

-10-
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formulas when the first N— I s j e - : . ’  s are scar,- e compa r ed to i i ’  I i t t , an extrein often

met in uon’.bustion where , for example , reactants  a re  d i l u t e d  i n  an  i n e r t  speci~~s so as t~

prevent explosions.

In shor t ,  we shall  g e n er a l l y  take the valuos (30)  and (31) t~~it 
, when differential

d i f f usion cannot be ignored , the ii , , (i = 1, 2 N — l )  w i l l  be give n different values.
11 

-

The resu l t s  w i l l  then apply to a m i x t u r e  of reac tants  and products highly diluted in an

iner t .  Note that  a common value  of the u .  . can s t i l l  depend on the V . and , in
ii 1

particular, be a different constant when different V . vanish . Such is the case in the

burning of a fuel droplet treated by Kassoy & Williams (1968) . They use different diffu-

sion coefficients for the fuel and oxidant  equations but do not apply the equations in

the same place: the combustion f i e l d  is d iv ided  in to two par ts , in each of w h i c h  there

is either no fuel  or no oxidizer . There is no question of an abundant inert.

We come now to the energy balance (9) . First note that the individual c .  d i s a ppear

from U in favor of

N
(34) c (T,Y.) ~ Y ep 1 

i—i i pi

Thus we have immediately

(35) U — 
~ 

Y .h° + I — p/c

where

( 36) I ( T , Y , )  — 

~ 

V~ c d T  = cdT

the last integral being taken with the V . fixed,i .e. for constant composition. Adoption

of p~~ — u d .
1 

ensures that the same happens to q: we have

(37) 
1 ~~~~~~ 

— 0 
~ 

Y~h~ t?
1 

— 

~ 
(i c

pjdT)?Y1

N N
— 0 ~ y h °V , — p VI— V , c VT

1 i-i 
i=l 

1 p i—

N
— ~ Y .h°V . ~ ufe VT-VI)1 i-i p- -

—1 1—

— 
_._ 

— 
—I 

— 
‘-#,&, . . _,.__..~~_. .fl a~.ld*t 

~~~ - . * . -.e~~~
_ - t  —~~



Next note the form which the energy balance now takes. The t~ tal contribution to

the . cu at l o n  from the heats of fo rmat ion  h°, when placed on the r i g h t - h a n d  eide , is

N N
(38) - S h°1~ (3V ./~it—v .VY )*V (L- y .V )) — — ~

- i 1 - i I i  - I ii= l  i 1

according to the mass balances (7) . Also the total contribution from heat conduction and

terms con ta in ing  c ,  when placed on the l e f t - h a n d  side,  is

( 3 9 )  p ( ~~I/~~t 4 v .V I )  + V .Iu (c V ’ r — V I ) — A V ’ F I

The remaining terms, when placed on the right-hand side, contribute

( 40) ~lp/~t + v.Vp - 2,c(V-v)2/3 + sc (Vv+ (Vv)
T
):Vv

according to the c o n t i n u i t y  equation ( 4 )  . In the combustion approximation discussed latet

the velocity is small , implying also that the pressure is effectively a spatial constant ,

so tha t these last terms are ignored except for  ~p/~~t . which is a function of t alone.

It is tempting to take the Lewis number

(41) L — A/pc

equal to 1; then the terms (39) contain I only .  However , if the c .  are not all equal.

c is a li near funct ion (34 ) of the V . which p/A can only equa l for very special

mixtures (if at all). Only when the c~~ are all equal does c lose its dependence on

the composition of the mix ture , and then i t  is unnecessary to make any assumption about

the Lewis number as we shall see next.

We are therefore faced with taking all the c .  equa l , when c becomes a function

of T alone :

(42) c (TI — c for all ip pi

Since VI is then c V T  the energy equation reeds

o (Bi/at+y.yI) — !.I(A/c
9
)?I) L..1 h~U~]w +

where

(44) 1(T) — J c dT

H



_______________ - -

~~~ f

i ,  a f u n c t i o n  of T on ly  and we have used ( 2 7 ) .  So f a r  as specific enthalpy is concerned

the species Ire distingu i shed only by their heats of formation; thus equation (43) is

that of a single fluid in which differences in these heats are liberated as reactants

change into produc t s .  ( I t  should be noted tha t the same equation results under the assump-

tiOn of equal specific heats even when there is differential diffusion. ) The speciee

equations (7) take a similar form

(45) o (~ Y ./a t+v-Vy .) — V .(pVy,) — IJ .w -1 ‘ i  1 I

Another complication is the presence of the mass fractions in the equation of state (12)

They effectively disappear if the first N—l species are scarce compared to the last; ...‘

the Same sinp ~ificatio n can only be achieved in general when all the molecular masses are

the same, I.e.

(46) SI . — si (say) for all i

Then the law (12) becomes

i4
_
~ p — RP ’l’/m

so A a t  ~~ mixture behaves like a perfect gas. Such is the case when the reaction changes

a - ; i c- - i l ’ -  rn i c - u i ,  into a single molecule, but otherwise the condition is never met exactly

in Ia - t i - .,.

We may expect our equations to govern the behavior of a mixture for which c1,~ and

do not vary much from species to species . I n  practic c and a would be given
N f N  1-1 

p

intermediate values , e.g. 
~ 

Y~ c 
~ 

and ~ Y ./m
jJ 

for a characteristic set of Vi.

More serious is the consequence (31) of the a:sumption (30). Differential diffusion is

known to be responsible for important effects in biological systems, in particular pattern

formation (Othmer 1977); and is believed to produce instability leading to the cellular

structure of flames (Markstein 1964, p. 75). Luckily the latter question can be tackled

with the alternatives (32) and (33). Either there is an ebundant inert or all but the single

product species (substituting for the iner t)  are scarce near the flame , whose vicin ity

alone need be cons idered .
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The coeffi tents

(48) ~~ , A , p, c
p

are functions of the basic va r i ab le s  V . ,  0 and p. Further simplificattons w i l l  resul t

fr~~ taking them constant, but we shall delay writing down the equations until those are

mad e d imensionless later .
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5. The Combust ion A~ 1 rox ima  t ion and It s_Constant-Pc ~c.; t~, Aj~~~~xirnation

W h i l e  the  s i m i l i f i c a t i o n s  in t roduced  so f a r  have the n a t u r e  f idealiza t ions w l i J

are  approached more or less by a:tual mixtures, the basic approxlmatioii of the theory

characterizes combustion as a low—speed phenomenon in a chemically reacting compressible

m i x t u r e  for which g r a v i t y  is un impor tan t .  Moi~’ pro isely, the kinetic energy is small

comp ared  to the therma l energy so tha t  a representative Mach number is small.

An i.maediate consequence i i  that s p a t i a l  v a r i a t i o n s  in pressure are also s m a l l ,  50

that we may s. t.

(49) — p (t)

everywhere ‘x e)t in the momentum equation (8). (The notation indicates that tb’ .rossur ’

can be controlled , for  example in the surround i n g s . )  This  c o n c l u s i o n  is reached from the

momentum equation, which  shows that  f r a c t i o n a l  changes in  pressure at any t i m e  a re  propor-

t i o n a l  to the Mach number (both th rough )v/ A t  and the viscous terms) . The pressure can

still vary in t ime , but a s u b s i d i a r y  f e a t u r e  of the ~.ornt, i~ t i r; approximation is t t u t .

when it does, the variations are small ones about some o n st a n t  v a l u e  p .

Buoyancy would appear to be an im por tan t  factor in certain combustion problems . If

so , • g should be retained in the momentum equa t ion  and the conclusion (3 i) cannot be

drawn. Such a problem is the burning of a fuel drop but, ;i v ’ r t h ’ less , remarkably ,:- u rit ~

pred ic t ions  of combustion characterist ics ,  as op~cised to the flow field (Whi ;h is i t  of

primary i n t e re s t) ,  resul t  from neglect of gravity . (Cf. Will iams (1)6” . ~~
. 48).) The reason

may l ie  in the abaence of gravity from the energy equation (~~~) and in an overall

insensi tivity of its solutions to inaccurate determinations of the convection v.

It is tempting to think that the momentum equati-in can now be Ii - - -od d hi ,iusi’ its

only  r o l e  is the calculat ion of these small “f low—induced ” v a r i a t i o n s  in  I - r , ’ I  cur ,’ . But

that would l eave N • 2 equations for the r~ + 4 unknowns V 1, v , o. If th o u c  v a r i a t i o n s

must be eliminated , the momentum equation should be replaced by its own cur l (Helmhol tz

equation), which provides two independent scalar equations. We prefer t~ l eave it In tact

and interpret p as the small, flew-induced variation in r,’ssur,-’ from I t s  val ue

— 15—
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If the reaction rate a is zero (as it is in whole regions for the asymptotic

a~.-proach we shall describe in Sec. 8), the five equations (4), (8), (43) for the five

unknowns v, p. o become uncoupled from the species equations. They can be recognized as

the equations of motion of a viscous , heat—conducting, compressible flu id, for which few

xa~ t solutions are known . To be sure , the combustion approximation has been app lied but

such modification leaves them only slightly more tractable. A non—zero a can only make

analytical solution more difficult , which accounts for the heavy reliance on numerical

methods in the combustion literature.

Most progress can be made for steady conditions , since only the mass flux pv is

need ed Lu make the energy equation (43) and species equations (45) a determinate Set for

1’ and V
i
. For certain geometries tie mass flux is obvious a prior i while for others

i t  can be approximated locally. The most important example of the former is a uniform

fl ux in the x-direction, for which

(50) Mi , M corist.

It can be used when ‘r varies with x alone, but otherwise needs justification. If

T also varies radially from the x-axis, then so do o — 
~~~~~~~~~~~ 

and the velocity . While

there are such unidirectional velocity fields satisfying the momentum equation these are

not amongst them (as is easily shown) . Burke S Schumann 11928), in tackling what may be

regarded as the first combustion problem , ignored this inconsistency.

Justification comes when the variations in temperature are due entirely to the cor.bus-

tion and the heat release is small compa r ed to the thermal energy of the mixture . Since

the density variations are correspondingly small, the velocity f i e ld  is that of a constant-

density fluid to leading order . The undis turbed values of 0 and (‘V may be used in

equations (43)  and (45) to determine the leading termS in the mass fractions and the

per turbat ion of the twperature . In short, (lurke S Schumann introduced the constant—

density approxima t ion, a rational schem e valid even for unsteady problems. No attempt

has been made to take it any fur ther  than they did .
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p
6. Con t a n t~~~~~j~er t i e s .  Dimens ion less  V a r i ab l e s .

The ,~-f fi cients (48) will now be taken constant.

The starting point for making the variables d imensiorlese is the unit of temperature,

wh~i-h comes from the factor

• N N
(51) — ~ h~~~. — m ~ h~ ( v . —A ,) — vmQ (say)

i—i i— i

on the right-hand side of the energy equation (43). Q is the excess of the to ta l heat of

formation of the reactants over that of the products per unit mass of the reactants (or

products), i.e. the heat per unit mass released by the reaction at the standard temperature

T°. (When all the c
~~

(T) are equal, as here, it is also the heat released at any

temperature.) Combustion is only concerned with exothermic reactions such as (24) and

then Q(> 0) is called the (specific) heat of combustion . The unit of temperature is taken

to be Q/c~ . so that the perfect gas law becomes

(52) T —

if pressure is referred to p and density to c
~P~

m/QR.

The pressure will be varied from 0 to ~~ , so that the choice of density unit

ensures that o stays finite. The same should hold for the mass flux but there is no such

combination of existing parameters (excluding the inappropr iate rate constant B) . We

therefore take a representative mass flux N and refer the velocity to N b .  A diffusion

length A/c M and a diffusion time (‘ A/c M2 can then be defined as units, in recogni-

tion that these are the scales for spreading the heat generated by the combustion . Finally

pressure variations are referred to M2/p .

In these units the governing equations become

(53 ) ~o/~ t + V . (cv) 0

(54 ) c ( ) Y ~ /~i t+v . !Y~ ) — L 2 V2Y . — i

e ( ~ v/~ t+v .V v)  — —V p + P (V2v+V (V .y)/3)

(56) D(~T/~t+V~~’T) — V 2T 0 +

-17-
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p

wheie the dimensionless rate of heat release per unit volume is

(57) 0 — Ae~~
”1’ T ~‘ A

j—1

Here P ~ c K /~ is the Prandtl number, L has the definition (41), the quantities charac-

terizing the chemical reaction are

(58) a , u~ /vm — (A ~~-v . )/v , 8 = Ec /QR

( 59) D( T ) —

and S — (‘y—l)/y where y — 11(1—inc /B) is the ratio of specific heats.

When the geometry provides a characteristic l ength a the nondimensionalization is

usually done differently. À/ø c a, ~ c a
2/A and A 2/~ c

2
a
2 are taken as units of

C J ~ C~~~ c p

velocity, time and pressure variation, respectively, to give the same equtions (53-56)

except that now N is missing from the definition (57) of 0 and

(60) 0(T) —

In effect N has been replaced by the new unit of mass flux A/c a.

For any species which is solely a reactant/product u . is negative/positive; also

N
(6 1) ci~ — 0

i—i

since the u~ sum to zero according to the mass balance (22). The variations in 0(T)

are unimportant and its value at some intermediate temperature may be taken; in our analysis

only itS value at the flame sheet will appear . D may then be called the Damliohier number,

representing the pressure p .  finally, e is the dimensionless activation energy.

When the reactants and products are distinct, so that we may take

( A~ — 0, v~ * 0 for i • 1,2,... ,n (say) ,
(62) (Lv i — 0 for i — n+i,ne2 N

th. equations for the productS and m arts can be solved after the rest. Thus the f i r s t  n

of the species equations (54) contain only the r actant mass fractions, as does the energy

equation (56), together with tha equations of continuity (53) and inomentum (55) they form

-18—
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n + 5 equations f ;  t f.- n S unknowns ~1 ~~~~~~~~~~~~~~ 

Y , v , p - The ~~eff i - . i , n t ~ on

thc right—hand sides of these reactant equations have the r~’~- :r t y

i~ l 
- 

i= l 
~~~ - -l

Finally we mention the modifications when differential diffusion is considered : rh-

Inert species equation i = N is dropped in favor of V
8 

1 - 
~ 

Y , and I is allowed

to vary among the remaining species.

-pJ- -~~• 
•

— . ‘--
~ ~-r-~~,; 
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7. Shvab-Zeldovich_Variables

When the Lewis number (41) is 1, the convection—diffusion operators on the left—hand

sides of equations (54 , 56) a re ident ical , so tha t

(64 ) (P~ /~lt+(’v .V—V
2
)(Y.~~~. T) = 0 for all 1

The reaction terms have been eliminated to show that the Shvab-Zeldovich variables

(65) V . = V . -
1 1 1

and purely convected and d i f f u s e d  as in an inert mixture. The V
i 

can often be determined

first , leaving only the temperature equation (56), with the V . replaced by + c i T  in

to be solved . There is therefore considerable advantage in setting

(66) L — l .

However , that is not the reason for taking the value (66). The asyniptotics of large

activation energy require 0 to be zero everywhere except In certain flame sheets , so

that there are only convection—diffusion equations to solve there anyway . Inside the

flames the convection terms are negligible snd the operators are once more identical (except

for the factor L 1): local Shvab-Zeldovich variables can be formed for arbitrary Lewis

number. The excuse for the value (66) is solely tO eliminate an awkward symbo l and , when-

ever significantly different phenomena can be obtained (ae in unsteady problems) , a general

value should be adopted.

These convection—diffusion equations have a particularly simple form when conditions

are steady . If the (dimensionless) energy flux

(67 )  E = P T v - VT

is antroduced , then

(68) V E = Q  -

in v iew of the continuity equation (53). Similarly the (dimensionless) species fluxes

(69) . — 0Y~~
(V+V

i
) • pvY . - L

1VY .

satisfy

(70) V.3 . — 0 .



E~uation (eR) even holds when conditions are unsteady, provided PC ~ S constant, by

vir tue of equation (52) . (Of course these are nothing more than conservation equations.)

In one dimension , integration is immediate; and , even when reaction iS present , the species

fluxes are useful as intermediate variables .
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8. P.c t 
~~~~~~~~~~~~~~~~~~~~~~~~~~~

The reaction (24) has an activation temperature E/R of about 2,50001( for the temperature

range 273—523’I( (Kontrat ’ev 1972) so that exp(—B/T) is at most 8 lO
s
. To be sure,

the reaction is exceptional in that stoichiometric integers v are nearly always 0 or

and sum to at most 2 (corresponding to unmmolecular or bimolecular rather than terniolecular

reactions): it was chosen to exhibit the square of a concentration in w. Rut ir is not

exceptional in having a relatively large activation temperature; the limit 0 is

particularly appropriate for many combustion reactions .

To see an immediate effect of letting 0 -. ~ it is convenient to write the reaction

term (57) in the form

(71) 0 = 1
~~ V

l~
V2 

Y exp s(1/T5—l/T), A — A eXp (—8/T~
)

where T~ is a characteristic temperature, as yet unspecified. [It will be the temperature

of the flame sheet to which the chemical reaction is confined in the limit.] We now assume

A ’ is at most algebraically large in 0, i.e. that all the exponential growth of A has

been removed by the factor exp(—8/T5). The assumption is justified if, for example, it

leads to a consistent determination of D as a function of the burning rate M , which

is fixed as 8 increases.

Two possibilities now arise. The frozen limit is obtained wherever all reactants are

present but T is smaller than ;. The term 0 is exponentially small so that to all

orders in 1/0 there is negligible reaction. The equilibrium limit obtains wherever T

is larger than T~. Thus

(72) V . — 0 for some i
1

to all orders in 1/0, since otherwise I) would be exponentially large. Again there is

negligible reaction, but now b.cause one of the reactants has been used’up. Of course the

remaining reactants are still available and they behave as if the chemistry were frozen.

Only where T is approximately equal to T~, more precisely where 1’ - T
~ 

• 0(0  l) ,

does 0 contribute; so that the reaction Is confined to thin regions, known as flame sheets,

I
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and T is nuw identi tied •~ s th e flame t ’ :nj-. ’r~itu r~- On H t h i  si h- the redytion may be

frozen or there may be equilibriu m . If the reaction is f;ez --; n l e t ?  sides of t ia- flame

sheet, the ornbii~t ion is net complete .

It is the flame sheet which determines (Ti) [and hence I)(1
~~

) as a f u n ’  ‘ i o n  of M i;

for each M there is jio~t on -  giving a structure which can be matched to the limit

states on either sith . Note how the temperature dependence of D has dropped out: it is

treated as a constant in the analysis. The general procedure in any particular problem

is now clear . The combustion field is divided into two parts by a flame sheet and either

equil~ briuzn or ~roze: reaction is assigned in each . (The appropriate assignment is rarely

obvious in advance, so that the consequences of all possible combinations must usually be

worked out.] The two States are then determined as far as possible , their fina l determina-

tion being a result of matching with the structure of the flame sheet. Different structures

are obtained for equili brium on both Sides , one side or neither . In certain circumstances

the flame may be at a boundary (including infini ty) . Then there is only one State to be

determined and new structures arise.

• There are other possibilities for the asyinptoti --s . M and 0 may both be given and

some other parameter is to be determined ; then D~ may be exponentially large. Slow

variations of otherwise steady states (determined as above) can occur on a time s-:jle 0(0)

In so—called thermal runaway the time scale may even he exponential in 0.

-23-
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