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Abstract

The bounds of Boyd (1959) for the normal distribution

are extended to the t-distribution. It is shown how these

bounds can be used to calculate the Bonferroni descriptive

level as well as Bonferroni t-percentiles. The adequacy of
F

the approximation is discussed and numerical examples pro-

vided.
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SIGNIFICANCE AND EXPLANATION

In experimental work it is sometimes desired to make n

different inferences from a given data set. Associated with

the data is a hypothesis called the overall null hypothesis

which is to be tes ted , and under the assump tion tha t the overall

null hypothesis is true it is desired to have a preassigned high

probability 1-a of having all the individual inferences

be correct. If the proper assumptions are made concerning the

statistical distributions involved , this requires finding the

abscissa t ,2~ for a specified t-distribution having area

ct/(2n) to the right of it. Such abscissas are called Bonferroni

t—percentiles. Since statistical tables only give abscissas

corresponding to c~, it is some times tro ublesome to find

t /2n • Whereas previous work of the author is applicable if

a/(2n) is small, the present paper gives a method that works

well for any cz/(2n) between .0 and .5 and is readi1~

implemented on a computer.

The responsibility for the wor ding  and v ie w s exp ressed In t h is  desc r ip t ive
summary lies with MRC , and not with the author of this report.
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Rational Bounds for the t—Ta il Area

With an Application to Bonferroni t—Percentiles

Andrew P. Some

The purpose of this paper is to complete the extension to the t—

distribution of results known for the normal (see, e.g., Johnson and Kotz

1970, Chapter 33). In Soms (1976) an asymptotic expansion for the tail area

of the t—dlstribution was given good for small areas and in Some (1977) some

improved bounds were given, none of which, however, had simultaneously the

right 1ir~1ting behavior as x 0 or x + ~~ . In this paper lower and upper

bounds are given with this property, the accuracy of the approximation is

studied , and the results applied to the calculation of Bonferront t-percen—

tile and descriptive levels.

2. Extensions of Boyd ’s Results

/2 2
Boyd (1959) shoved that if •(x) — (2i~)~ e~~ 

/2 
~k (X) — I

a 
•(t)dt,

and R - F
k(x)/4 (x), x > 0 , then

p(x,Y i ) < R,~ <p (x~
yma )~

where p(x,y) = (y+l)/[(x2 + a(Y+l)2)l’2 + yx], 
~max 

2/(r—2), 
~min 

—

and the bounds are the best possible in the class {p(x,y), y > —1). This is

also discussed in Johnson and Kotz (1970, Chapter 33). Here we will obtain

analogous results for the t—distribution.

Let

f (t )  c (l~~t
2/k) , 

r((k+l)/2)
k k k r(k/2)(n.k)½

k an integer > 1, and

F
k
(X) 1 - F•

k
(x) fk(t)dt

f ~ r x > 0 her ~hroughout the paper. Also let

Sponsored by .. ~d States Army under Contrac t No. DAAG29—75 — C—0024 and
the Universi ty CL v isconsin—Milvaukee Graduate School.
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R = F
k
x)/( 2/k)fk

(x))

was shown in Soins (1976) that

1/x - k/((k+2)x3) < R < l/x

and

R l/x — k/((k+2)x3) + 0(x 5) . (2.1)

In Soms (1977) it was shown that

[(k;1)x + [i+ [(k+1)x)
2

}
½]’ <R  < [(

3k_l)x
÷ [k~l + [(k+1)x}

2

}½] 
, (2.2 )

where the lower bound is valid for k ? 1 and the upper for k > 2. It can

be seen that these bounds do not have the right limiting behavior as x ~ 0.

Motivated by (2.2), consider the problem of finding best upper and lower

bounds of the form

(x 2
÷8)½ +~~

Since u r n  R = l/2ck and R l/x (as x -‘~ co), one must have

= 1 + y and ~/8
½ 

= l/2ck .

Thus 8 = 4ck
2(1+Y)2 and the approximating functions p(x,y) must be of the

form

I \ -  _ _ _ _ _ _ _ _ _ _ _

2 2 2½(x +t
~
ck (l+y) ) +yx

For small x,

l/2ck 
- x + 0(x2)

—2—
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and

p(x,y) = l/2C
k 

- yx/ (4c k
2 ( 1+y ))  + 0(x 2 )

For large x, from (2.1) ,

R = l/x - k/((k+2)x3) + 0(x 5)

and

p(x,y) = 1/x - 2ck
2( l+y)/x~ + 0(x 5)

So if p(x,y) is to maximize R
~ 

it is necessary that

< 1 and ~~~ > 2c 2(1+~,)
L4ck (y÷i)

or
2

2 and _
~~~~<~~~~~~< 

k 
•

_
~~l_4C

k 2(k+2)c k
L or

2L3c
-l < y < mm k 

, 
k 

2 
- 1 . (2 .3 )

l_ L 4 C
k

Note that from Lemmas A2 and A3 and the direct evaluation of k 
2 

- 1
2 (k+ 2 ) c

k
for k = 1 the interval in (2.3) is non—empty . Similarly, if p(x,y) is to

minimize RxI it is necessary that

> 1 and j~~
. < 2c 2 (y÷ l)

Lec
k
(y+1) + - k

or

2

y > max 
Lec

k 
2 1 .

l
~

4C
k 2 (k +2 ) c k

ii
—3— t 
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Now 

~
Ck
2 

~ k 1
l_
~
Ck
2 2(k+2)ck

2 
-

is equivalent to

Ck
2 

~ k/(6k+k)

Hence from Leirina A4, if k > 3, then for maximizing it is necessary that

.y < 4ck
/(l_I4ck )

and for minimizing

k 
~~~~~~2(k+2)ck

If k = 2, then ~ck
2/(1_~ck

2) = k/(2(k+2)ck
2) - 1, and it is verified by

differentiation that (here and throughout “ will denote differentiation)

— [(1 + 
~
—)fk
(
~
c)P

~~.Y)1 
=

and hence in this case Rx 
= p(x,y), where y = t4c

k 
/(1_I

~
ck 

) = k/(2(k+2)ck
2) -1.

Therefore for k = 2 the approximating problem has been solved in the best

possible way and this case will not be considered further. If k 1, then

for maximizing it is necessary that

- 1< 1<  
k 

2
_ l ,

2 (k+2 ) c
~K

arid for minimizing

I 
~~ ~

c
k

/(l_L4c
k
) 
‘

again using Lemma A~.

—4—



r--
~
--— - - -

~
------ - - •

Using the above as motivation, the first result is

Theorem 2.1: Let 
~ 

= tec
k /(1_l3ck ). Then for k > 3, < p(x,y) and fcr

k = 1, R
~ 

> p (x,y).

Proof: Note that R1 ((k_1)x R-1)/(1+x2/k) and (c~~ )(~~~?!~
_ +1)R -

(k_ 3)X
)/(l+x2/k) Let f(x) p((x,y) - R

~
. Then f(O) = f ’ (O) = 0 and

- 
_l+2y2 

- 
k-l

8C
k 
(l+y ) k

l6kck~ 
÷ (4k+L4)c

k
2 - k

- 

8ck
3(l+y)2 k

It is verified directly that f”(O) < 0 for k = 1. For k ) 3, f”(O) > 0 is

equivalent to

l6kck~ 
+ (L3k+4)c

k
2 

> k , (2.~~)

which will certainly be true if

16c
k
4 

+ I4C
k

2 
> 1. . ( 2.5)

In Lemma Al it is shown that the even and odd c.
~
’s for” an increasing

sequence. It follows by direct verification that (2.&~) is true for

3 < k < 16 and that (2,5) is true for k = 17 and k = 18 and hence (2 . &4 ) is

true for k > 3. So for k > 3, f” ( O )  > 0. Consider

h(x) = 
~~~~~~~ xf/( 1+x 2/k) —

By some algebra, it follows that

2 2 2 2 ½ 12 2 2 2 ½ 2~~(lsx /k)[(x +L~C (1+y ) ) + Yxj (x +L4 C (1+y) ) (l-4c
~K 

) h(x)

= x[4ck
2(Bc

k
2_l) 

1 2 2
X

2 2 ½  } - 
[_l +~ ~~~~ ck

2 + l6ck~J]. 
( 2 .6 )

-5-
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By Lemma A2 and A3, l_4ck
2 > 0 for k > 1, and 8Ck

2 -1 ‘ 0 for k 3 and

8ck
2 _ 1 < O f o r k : l .  Also, asx- ’ °°,

a4Ck (8Ck
_ 1) 

(x 2+4ck
2/(1_4c

k
2 ) 2 )~~+ x )  

2%
2(8c

k
2
~
1) , ( 2 . 7 )

and the convergence is monotone. For k > 3,

2ck
2 (8ck

2_ 1) ) - 1 + ~ ~~~~ 
+ 16ck

1’ (2.8)

and for k = 1,

2c
~K
2(8c

k
2_ l)  < - 1 + ~e ~ 2. c~

2 
+ l6ck~ , 

(2.9)

since (2 .8 )  and (2 .9 )  are equivalent to ck
2 

< 6k+~ 
and Ck

2 
> 6k÷Y respectively,

and this is true by Lemma A5. Since the constant term in the parentheses of

the right—hand side of (2.6) has the same sign as f”(O), it follows from

(2.7) and (2.8) that for k > 3

h(x) < 0 , x < x0 , (2.10)

h(x) 0 , x x 0
and

h(x) > 0 , x > x0 . (2.11)

Suppose now that f(x) < 0 for some x < x0. Then since f(x) is increasing at

the origin, it must have a maximum in (0,x0) for which f > 0 and f’ = 0,

contradicting (2.10). If f(x) < 0 for some x > x0, then f must have a

minimum (liii~ f(x) = 0) for which f < 0 and f’ 0, contradicting (2.11).

S0R < p(x,Y)fork> 3.

Consider now k = 1. By (2.7), (2.9), and the fact that f”(O) < 0 for

k = l ,

h(x) > 0 , x < x0 , 
(2.12)

h (x )  0 , x = x0

—6— 



and
h(x) < 0 , x > x0 . 

(2.13)

Suppose that f(x) ? 0 for some x < x0. Then, since f is decreasing at the

origin there must be an x < x0 for which f < 0 and V 0, contradicti~.g

(2.12). If f(x) > 0 for x > x0, there must be an x > x0 for which f ? 0

and f’ = 0, contradicting (2.13). Hence for k 1 > p(x,y), completing

the proof.

Consider now the problem of minimizing R for k ) 3 and maximizing

for k = 1. Using similar reason!ng to that used to arrive at the statement

of Theorem 2.1, we have

Theorem 2.2: Let y k 
2 

- 1. Then for k ) 3, R ‘ p(x,y) and for
2(k+2)ck

k = 1, R < p(x,y).

Proof: Let g(x) = - p(x,I). Then g(0) = 0 and

g’(O) — 1 + [ k 
2 — 1)/414ck 

k 
2)2(k+2)ck 2(ks2)ck

(_6k_L
~
)ck

2+k
- 2kck

and hence by Lemma A5 , g ’( O)  > 0 for k > 3, and g’(O) < 0 for k = 1. Ccrsid~~

I
h(x) ~~~~~~~

. xg/(l+x2/k) — g’

After some algebra,

r 2 2 2 ½ 2 2
h = L—~ 

+ Z3C
k 
(1÷1) ) ((y—l)x +(l+Y)(_t

~
ck 

(19~~~+ y ~~

+ x{ Y_l x2+ 1÷I~~ 4ck
2 1+I x 1+l,k Y_ 1slfk -

ir 2 2 2 ½ 2 2 2 2½  2 1

/ [((x + I4C
k 
(1+1) ) + yx) (x + L4C ( 1+1) ) (l+x /k)j

—7—
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or , upon some further algebraic simplification,

( (x 2+~c 2 ( l÷I) 2 )
½

+Ix)
2

(x 2+~~~ 2(l+y) 2 )
½

(l+x 2,k ) ( ( x 2+~c 2 ( 1+y )2 )
½

+ x)h (x ) , ( l +~~) 2

- _4ck [ x ( Y _ l ) + ( l + Y ) ( _
~

ck ( l + Y)+I ) ]

+ x2[~ck
2 

l+l,k)Y+1/k)_l] + (x 2+~ ck
2 (x+y ) 2 )x

[4ck
2
~~l+1,k Y+1,k - . (:.l~)

Note that

4c
k
2
((1+1/k)Y+1/k)_1 4c

k
2(Y_ 1)_ 4c

k
2((l+L/k)y+l/k) I . (2..1~ )

Hence, using (2.15), the right—hand side of (2.l~ ), apart from t~.e constant

term, can be written as

2 2 2
2 2 2 2 ½ C ‘ec~ ( l+y )

-cx + Cx(x +L
~ck 

( 1+1) ~ 
= 2 2 2 ½ (2. 16)
cEl+(1+l4c

k 
( 1+y ) /x ) 3

where c 4c
k
2((1+l/k)Y+1/k)_ 1. Also, _Z~ck

2(l+
~
y ) + y  ~ 0 is equivalent to

C
k

2 
~ k/ (6k+L~), and hence by Lemma AS , _Lec

k
2( l +y ) + y  > 0 for k > 3 and

_L
~ck ( l + y) + y  < 0 for k = 1. Further , Lec

k
2 ((l+l/k )y+l/k) -l  > 0 is equiva-

lent to

C
k 

< k/(L~k+8)

and since

k / ( L~k+8) > k/(6k+L4) , k > 3

by Lemma A5

((1+1/k )I+l/k) —1 > 0 , k > 3. •

It is verified by direct evaluation that 14c
k

2 ( (l + l/ k) y 1 . l l k) _ l  < 0 for k = 1.

—8—
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Consider the limit 2cc
k
2(1+y)2 of (2.16) as x ~ ~~~. For k > 3,

2cc
k
2(l+y)2 > Lec

k
2(1+y)(_4c

k
2
(l+y)+y) (2.17)

is equivalent to

2 
> 

(k)(k÷~e) (2 ‘E)ck 8(k +l) (k +2)

(2.18) will c..ertainly be true if

2 k+4Ck > 8(k+2) ‘ 
(2.19)

and it is verified directly that (2.19) holds for k = 9 and k = 10 and hence

(2.17) is true for k > 9 by Lemma Al. It is also verified directly that

(2.17) holds for 3 < k < 8 and that the inequality is reversed for k = 1.

Hence it follows that for k > 3

h(x) < 0 , x < x0 , (2.20)

h ( x )  = 0 , x = x
0

a n d

h ( x )  > 0 , x > x0 , (2.21)

and for k = 1

h (x )  > 0 , x < x0 , (2.22)

h(x) = 0 , x x0and
h (x )  < 0 , x > x0 . ( 2 . 23 )

Consider k > 3 first and suppose that g(x) < 0 for some x < x
0. Then , since

g is increasing at the origin, there must be an x in (0,x0) such that g > 0

and g’ = 0, which contradicts (2.20). If g(x) < 0 for some x > x
0 then

there must be an x > x
0 
for which g < 0 and g’ = 0 and this contradicts

(2.21). Hence R > p(x,y) for k > 3. If k = 1 and g(x) 0 for

some x < x0, then , since g is decreasing at the origin, there must be an x



-

~~ 
il_-I_I

in (0,x0) such that g(x) < 0 and g’(x) = 0, contradicting (2.22). If

g(x) > 0 for some x > x
0, 

then there must be an x > x 0 for which g > 0 and

g’ = 0, contradicting (2.23) and completing the proof of Theorem 2.2.

We summarize the results of Theorem 2.1 and 2.2 below in an algebrai-

cally equivalent form. For k > 3, let ;ax 
= L

~
c
k
2/(l_L4c

k
2) and

y .  = 
k 

2
_ 1

~ 
Thenmm 2(k +2) c

k

½ -l 2 2 ½

[~~
x/ l+y i~~~

2+I3c
k
2 

+ i i x /(1+~~i )]  < R <  
[

x/(l+Y~~~~~ +L
~ck 

)

+ 1max x/(l+Y )] . (2 .2 t 4 )

1f k 2, then y = y .  y and
max mmn

2 2 ½ —1
R = [((x/(1+Y)) ~f. L~~ ~ + Yx/(l+Y)] . )

For k = 1, (2.2L~) holds with the definitions of y and I . interchanged .max mi~n

Since ap(x ,y)/ay < 0 for x > 0, it follows that for k > 3, y is the

best value of y for which R < p(x,y) for all x and is the best

value for which R > p(x ,y) for all x. A similar statement holds for k = 1

with the definitions of 1max and 1min interchanged . Equivalently, the

bounds given in Theorems 2.1 and 2 .2  are uniformly best in the class

considered .

The accuracy of the lower and upper bounds are related to the maximum

value of the ratio p(x,y
max

)/p(x,Imin). Call the ratio r(x) and consider the

maximum value of r(x), which must be attained for some positive x at which

r’(x) = 0. By differentiation, r’(x) = 0 is equivalent to

f(x) = (a
1
2
-a
2
2
)x+ (l_a

l
)(a

l
2
x
2
+4c

k
2)
~~

_ (l_a
2
)(a

2
2
x
2+14c

k
2
)
½ 

= 0 , (2.25)

—10—
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_

where a1 
= 2(k +2) ck

2/k and a2 
l_ L 4c k

2 
if 1’. > 3 , m d  the de fjiJtic~. . of a

1

and a2 are interchanged if k = 1. It will now be shown t L ~~t f as ~~
. F i r e d  by

(2.25) is a monotonically decreasing function , f(0) > 0, f(°’) < 0, ar~d hence

the maximum is the unique solution of (2 . 2 5 ) .  By d i f fe rent ia t ion,

2 2(1-a )a x (1-a )a x
f’(x) = a

1 —a 2 
+ 
(a
1
2
x
2
+~c~~~~~(a2

2
x
2+4c~)

½ 
(2.26)

Consider k > 3, a similar argument holding for k = 1. a
1 

< a, is equivalent

to C
k
2 

< k/(6k+L~), true by Lemma A5 . Hence a1
2 -a 2

2 
< 0 and

f’(x) < a1
2
-a2

2 
+ 

2
2
2~~~~~~(a1

(1~~1) 2~~~~2
)) < 0

By direct evaluation, f(0)  > 0 and f(~ ) < 0, giving the conclusion . The

maximizing value can be conveniently obtained by a very short FORTRAN

program that does interval halving, and Table 1 was so obtained .

Table 1

Maxima of r(x)

k x.H Maximum

3 .71]. 1.003

5 .781 1.008

10 .8L~7 1.012

20 .885 1.015

50 .911 1.017

100 .919 1.017

1000 .928 1.018

—11—

~~IIiiiii ~~~~;;t ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



Suppose k is fixed and M is the maximum value of r (x ) , obtained a~

above. Then

(l+X2/k)fk(X)P(XsYmin) < i~
(x) < (1+X2/k)fk(R)P(X eYmax) (2.27) *

and the absolute error for either approximation is bounded by

(M_ 1)U+X 2/k)f k (X)P(R )Imin
) and for any given x is less than

(1+X 2/k)f k (X ) ( P (X
~Imax

)_ P (X IImin ) ) I  and the absolute value of the relative

error is bounded by M-l and for any given x is less than p (x
~Imax )/ p (x eYmj n ) - 1.

Some numerical examples are given in Table 2. Here U is the right-handmax

and U .  the left-hand expression of (2.27).

Tabl. 2
I

Upper and Lower Bounds to t-Tail Probabilities

‘I

.1. .5 1.0 2.0 ‘..O 6.0
u u u u . u u ii umm eax mm wax win wax win wax win wax win Lax

3 .‘.63 .1.63 .325 .326 .195 .196 .696—01 .696—0 1 .11.C—01 .il.O~Cl .U6’.-02 .1.b1.—02 F

5 .1.61 .462 .318 .320 .181 .182 .509—01 .512—0 1 .5 16—02 . 517-0 2 .923—03 .92 ’4-03

10 .1.60 .1.61 
- 

.312 . .315 .169 .171 .366—01 .369 — 01 .126—02 .126-02 .660—0 ’. .662-0’.

20 .1.59 .1.61 .308 .312 .163 .166 .295—01 .298—0 1 .352—03 .353—03 .362 — 05 .365—05

50 .1.58 .461 .306 .311 .160 .162 .251.—O l .257— 01 .105—03 .105— 03 .109—06 .110—06

100 .458 .1.60 .306 .310 .158 .2.61 .21.0—01 .21.3—01 .607—0’. .611.0’. .159—07 .2.59—07

1000 .458 .460 .305 .310 .157 .160 .228—01 .231—01 .340—04. .342—0’. .136—01 .138—08

—12—
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3. An Application to the Calculation of
Bonferroni t-Percentiles

Let T1, . . ., T be statistics associated with an experiment such that

under the overall null hypothesis H 0 each T
~ 
has a t-distribution with k

degrees of freedom, i = 1,.. .  ,n. Then if it is desired to control the

probability error rate (the probability of 1 or more false statements under

H
0
), one possibility is to reject the null—hypothesis associated with T~ if

I T~ I > t
a/2

where F
k
(t
,2
) = cm/2n, and to accept H0 if

IT. I < t , 1 < i <- ct/2n - -

Here ~~~~ is called the 100 c&/2n Bonferroni t—percentile . Similarly we may

define the descriptive Bonferroni level by

nPH [I T 1! > I t m M (3.1)

where Itm i is the maximum of the observed values of 1T 11 , . . . , I T I ,  and the
actual descriptive level, 

~H 
[Max IT . I > ~t 3, will be less than or equal
0 l<i<n m m

to the descriptive Bonferroni l~vel. Hence it is of interest to find ta/ 2fl
and to evaluate probabilities of the type in (3.1). Recently Bailey (1977)

has given a table of tc~/ 2fl for small n and n associated with pairwise coin-

parisons. The method to be described below has the advantages of simple

computer implementation (short program, no tables to be stored) , and of

working for any a and n.

Denote by t ax the unique solution in t of

(1+t2/k)f
k
(t)p(t, y )  = ct/2n , (3.2)

-13-
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and by t . the unique solution in t of‘sin

(1+t 2/k)f
k
(t)p(t ,y ) = ct/2n . (3.3)mm

4
Then it immediately follows from (2.27) that

V
t .  < t
‘sin ct/2n max

and hence either may be used as an approximation , or the digits common to

both. The solutions to (3.2) and (3.3)  can be obtained very simply by a

F 
short FORTRAN program that does interval halving. Table 3 was generated

this way. If the entries in Bailey’s Table are rounded to three decimals,

they all fall within the intervals in Table 3. The maximum difference between

the upper a’~d lower bound in Table 3 is .006 and this occurs for a = .05, n l .

In general, the smaller a and the larger n, the better the approximation .

The n and a for Table 3 were chosen deliberately to correspond to Bailey’s

Table.

Table 3

Approxima tions to Bonferroni t-Percentiles

a

.02. .05

n a

1 20 91 190 1 20 91 190
k t in tmax twin twax twi t t t t m ~ ~ ~ t t t twax win maxn wax win wax 1 n wax win wax win

3 5.51.1 5. 842 16.326 16.321 27.131 27.131 31..698 34.698 3.182 3.18’. 9.1.65 9. 1.65 15.816 15.817 20 .253 20.253

5 ‘4 .03 2 4.031. 7.976 7.~976 10.962 10.962 12.758 12.758 2.570 2.573 5.604 5.605 7.817 7.817 9.136 9.137

10 3.169 3.172 5.01.9 5.050 6.139 6.11.0 6.715 6. 716 2 .227 2.231 4.004 4.006 ‘4 .98 5 ‘4 .986 5. 4.96 5. ’.ge
I

20 2.8’.S 2.848 ‘4 .11.6 ‘4 .148 4 .796 4.798 5.116 5.118 2.08.. 2 .090 3.1.55 3...57 ‘4. 105 ‘4.107 ‘4 .1.21 4.422

100 2.625 2. 629 3. 598 3.600 ‘4.027 ‘4. 029 ‘4 .226 4.227 1.982 1.988 3.101 3.101. 3.570 3.572 3.784 3.785

50 2.677 2.680 3.723 3.725 4.199 8.201 4. 1.23 ‘4.4 24 2.007 2.012 3.184 3.186 3.692 3.691. 3.928 3.929

1000 2.580 2. 583 3.892 3.49’. 3.983 3.88 4 ‘4.061 4.062 1.960 1.966 3.030 3.033 3.466 3.868 3.662 3.668

— 14—
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The probabilities in (3.1) may be bounded by (2.27) and numer cal

examples have been given in Table 2.

The listings of the three very short computer programs referred to in

this paper (maximum, bounds, percentiles) are available on request from the

author.

-15•-
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Appendix: Results for the C
k

For ease of reference, all the necessary results involving C
k
’S are

given here in the form of lemmas. 
4

Lemma Al: The even and the odd ck
’s form increasing sequences with limit

l/(27r)½.

Proof: That the limit is 1/(2n)½ is well-known. By the recursion formula

for the r function ,

= 
i+l )(2i+l)
i+l/2 21+3 

> 1 1 > 0

Similarly

C 2 .÷2 
= ( i+1/2 )( 1 ) > 1 , i > 1 ,

completing the proof.

Lemma A2: For k > 1, 1_L
~
ck
2 

> 0.

Proof: This is proved differently in Soms (1977), but for the sake of

completeness a shorter proof is given here. By Lemma Al, it suffices to

show that

l/(27r) < l/’~

which is true.

Lemma A3: For k > 3, 8c
k
2 
-1 > 0, and for k = 1, 8ck

2 
-1 < 0.

Proof: By direct computation, 8c~ — 1 < 0. From Lemma Al , it suffices

to show tha t 8c~ 16/(n /3 ) > 1 and 8c~ 9/8 > 1, which is true.

Lemma AL4 : For k > 3, 4ck
2/(l_4c

k
2) < k/ (2 (k +2 ) c k

2 ) - 1, and for k = 1 the

inequality is reversed .

—16—
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Proof: For k > 3, the inequality is equivalent to

ck
2 

< k/ (6k+4) , (Al)

and for k a 1, to

C
1

2 
> 1/10 . (A2)

(fl)will follow from Lemma A5 and (A2) is verified directly.

Lemma AS: For k > 3, C~~
2 

< k/(6k+~) and for k = 1, Ck
2 

> k/(6k+4).

-: Proof: The case k = 1 was shown to hold in Lemma ALl . Since 1/2n<1/(6+’4/l6),

2
< k/(6k÷Ll) for k ~ 16. It is verified directly that it holds for

3 < k < 15.

/

—17—

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-



- --I’

I 
-

S References

Bailey, B.J.R. (1977), “Tables of the Bonferroni t Statistic,” Journal of

the American Statistical Association, 72, ‘469—78.

Boyd, A. V. (1959), “Inequalities for Mill’s Ratio,” Reports of Statistical

Applications Research, Japanese Union of Scientists and Engineers, 6,

Johnson, Norman L., and Kotz, Samuel (1970), Continuous Univariate Distri—

butions-2, Boston: Houghton Miff u n  Co.

Soms, Andrew P. (1976), “An Asymptotic Expansion for the Tail Area of the

t-Distribution,” Journal of the American Statistical Association,

71, 728—30.

Soms, Andrew P. (1977), “Bounds for the t-Tail Area ,” to appear as a
I

University of Wisconsin Mathematics Research Center Technical

Summary Report.

I

-18-

hr. & . ._~ i~s~~ r~r~~’~’--~~~ - .



SECURITY CLASSIFICATION OF THIS PAGE ~ D~~. 
n $ e s ( ~~~~~ iy,.m r ~ e

REPORT DOCUMENTATION PAGE 
- RfAD 1?4STRUC’E~~~~

_________________________________________________ 
BEFO RE_COMPLET: ~4G_FORM

I. REPORT MUMSER 3. wvee.&.u -r. 8AT.(...
M ~~~GOVT ACCESSION NO 

‘~~~~~ ~~~~~~~ 

~f1? ~ ‘
I. Ty P& oF PoRT b PER~~ O cove ~~Io
Summary Report - no specifi c

~~~

RATIONAL SOUNDS FOR THE *~~ AIL AREA WITH AN / reporting period
IPPLICATION TO BONFERRONI t~—~ ERCENTILES S. PER F O RMING ORG. REPORT NUM SER

- --- -~~~~~~~~~~~~~~~~~ 
- - 

-

7. A~ TH0R(.) 
- I. CONTRAC T OR GRAN T N~~4•ER(.)

1 A n s 
~~~~~~~~~975COOZ4 )~~~~

I. PERFORM ING ORGANIZATION NAM E AND ADDRIU tO~
- PROGRA M ELEMENT . PROJECT . TASK

AREA S WORK UNIT HUMSIRI
Mathematics Research Center, University of 

— Probability, Statistics
610 Walnut Street Wisconsin and Comb inatorics
Madison , Wisconsin 53706 _________________________
Ii. C~~~~TRO5..L .IMG OFFICE N AME AND ADDRESS —. ~~~~~~~~RL~~IL_.

See Item 18 below (J_~ 
Nov

P

1~ MONITORING AGE N~~~ ~~~M E S  ADDRE S~~SI ~~~~~~~~ ~~m ControUMl Offic.) 15. SEC URIT Y ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

18

UNCLASSIFIED
~.. OECLASS I FICATION/ DOWNGRADING

SCH EDULE

~l. DISTRISUTION STATEMENT (of sAle Report)

Approved for public release; distribution unlimited.

Ii. O I STRIS U TI ON STAT EMEN T (of lh. abatract wter.d In Block 20. II diff er ent free. Report)

IS. SUPPLEMENTARY NOTES
U. S. Army Research Office - University of Wisconsin—Milwaukee
P.O. Box 12211 Graduate School
Research Triangle Park
North Carolina 27709

IS. KEY WORDS (Continu. or. rover., aid. II n•c~aa~~~ end Identily by block n.enb.r)

Bonferroni percentiles, bounds, descriptive Bonferroni level,
t—tail area, t—distribution.

2 20. AU1 RRW~ .(~ Onth,U. or, revere. .ld~j t.~.a.am~~~~~~~~d.f lUb ’ by block ntenb.r)

The bounds EU Boyd (1959~~for the normal distribution are extendedto the t—distribution. It is shown how these bounds can be used to calculate
the Bonferroni descriptive level as well as Bonferroni t—percentiles. The
adequacy of the approximation is discussed and numerical examples provided .

~~~~~~~~~~~~
I S OSSOL E T E UNCLASSIFIEDDO ~~~~~~ 1473 EDITIoN OF I NOV 85 

SECURITY CLASSIFICATION OF THIS PAGE (~~Isw D.Ia &,terld)


