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ABSTRACT

A free boundary problem is a (steady-state) boundary value problem

involving differential equations on domains parts of whose boundaries, the

free boundaries, are unknown and must be determined as part of the solution.

Free boundary problems occur in all branches of continuum mechanics . A typi-

cal free boundary problem is the problem of a water jet in air , where the un-

known free boundary is the water/air interface.

The bibliography contains about ~300 references, most of which are classi-

fied according to one or more of approximately t200 subjects. This report

contains a description of the bibliography and a list of the subjects, which are

divided into three main groups: I, Types of free boundary problems; II , Mathe-

matical methods; and III , Approximation methods . Listings by author and subject

are given in appendices; these appendices are on microfiche, but paper copies

may be obtained by writing to t,~he Mathematics Research Center.

AI4S(MOS) Subject Classification — 31—02, 35J99, 35R99, 45—02, 49—02, 65 02,

65P05, 65R05, 73—02, 76—02, 78—02, 80—02, 85—02, 86—02.
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A BIBLIOGRAPHY OF PREE BOUNDARY PROBLtMS

Coh n W. Cryer

1. Description of the bibliography. A free bou nd .try l,r~ Llem (PaP ; p lu ral .  F$I . . i  ii a

(steady—state) boundary value problem involving diff. rer;ti~.! equations on d~mains 14; tb

whose boundaries, the free boundaries (PB: plural PBS) • are unk nown and must be deternined

as part of the solution.

FBPS arise in a great variety of contextS . ~nd the l i t ~ r a tur ~• ; thc ~b)ect I s

scattered throughout many d i f f e r e n t  d ; : . l1r I ,~s. The ~r eue nt bib 1i~. .;r~~p~y has beor con-

piled in an attempt to bring together all the important r e s u lt ;  on PBPS . i t  is our hop.~

that this survey wi l l  reduce the duplication of ef for t  and st i mu l a te  the c rcc s- fer t i la za -

tion of ideas among the different disciplines ~~ricerned w i t ~ FBPS .

The bibliography contains about 3300 rci.rences most .1 which ar~ classifici accorin.c~

to one or more of approximately 1200 subjects .

In the remainder of this  section we make so~ne general remarks about tt. bib 1j oqr~i;.hy .

In section 2 we describe the approach used to classify t h .  d i f f ~ rent ty~es of FBPS in

continuum mechanics. In section 3 we give abbreviations and conventions . F i n a l l y .

section 4 contains a list of the subjects. Listings by author and by sub)et-t are qiven

in appendices; these appendices are on microfiche, bu t paper co; j es may be obtained by

writing to the Mathematics Research Center .

References for the bibliography were obtained in the following ways;

(i) By st arching the recent issues of abou t forty journals which contain

a relatively large num s’r of papers on FBPS. The follow ing journals

contained an especially large proportion of papers on FBPS:

Archive for Rational Mechanics and Analysis

Coumunications on Pure and Applied Mathematics

Journal of Fluid Mechanics

Physics of Fluids

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024 and by the
National Science Foundation under Grant No. DCR7S-03838. 
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Proceedings American Society of Civil Engineers (Division of
Engineering I4schanics, Division of Hydraulics and Division of
Soil Mechanics)

Water Resources Research

(ii) By following up the bibliographies of books and papers.

(iii) By writing to a large number of authors requesting reprints

of their recent work.

(iv) By using the following abstracting services :

Applied Mechanics Reviews

Cc~~puting Reviews

Contents of Contemporary Mathematical Journals

Dissertation Abstracts International

Mathematical Reviews

Science Citation Index

(v) By browsing in l ibraries and bookstores , and chatting to

colleagues .

Almost every reference was consulted and copies were obtained of almost all papers

and many of the books.

The literature on FBi’S is enormous • To quote a typical example, between 1965 and 1968

over five hundred papers were published on the mot ion of bubbles and drops . In conse-

quence, we had to be selective in deciding which references to include . The following

crit eria were used in determ ining which references should be included:

(i) Pap ers describi ng heuristic approximation methods , papers describing experi-

menta l results , and papers using the well-known hodograph method are not

usually includ ed .

(i i)  All papors known to us giving existence or uniqueness theore ms are included .

(iii) All papers known to us descr ibing numerical method s are included .

(iv) Whenever possible, a worker in the field is repre sented by at least one

paper.

(v) When an author has himself presented a summary of his results, perhaps

In the form of a book , sometimes only the sunnua ry and particularly note-

~hy papers are included .
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(vi) When a series of papers form s a na tura l  sequence - perhaps giving

f i rs t—order ,  second—order , and higher—order approximations — often

only the last paper in the sequence is it~cluded .

(vii) Each approach and each type of problem known to us is represented by

at least one reference .

(vi i i)  Papers conta in ing  interest ing new ideas are included even when not

direct ly concerned with FBPS when i t  is fe l t  that the results have

possible future applications to FBPS.

(ix ) Preferenc’~ is usually given to recent work , but papers of historical

interest are included .

The over—riding cr i ter ium in selecting references was that the bibliography

should remain comprehensible and manageable to us and usefu l  to the reader.

In constructing the list of subjects, our goal was to devise a systematic classifica-

tion which was so organized that the information could be r .a d i l y  retr i eved . The classi-

• fication which we use is rather formidable, but i t  is hoped that i t  wi l l  make it possible

for the reader interested in a particular problem to locate precisely the information of

• interest to him . There are three broad classes of subjects: I, Types of f r ee boundary

problems; II, Mathematical methods; and III, Approximation methods. The classification

of FBPS in continuum mechanics presented especial difficulties which are discussed in

section 2. Most references of the bibliography are followed by a list ef cross—ref •rences

to the subjects with which the’ are concerned .

Of the major scientific languages other than English, we read German fluently and

read French, Italian , and Russian with difficulty. This has affected the choice of re-

ferences to some extent, and has obviously affected our ability to comprehend certain

references, particularly long references in Russian; such references are therefore cross—

referenced less frequently than they deserve.

The bibliography has been constructed in conjunction with a series of surveys on FBI’S

which are appearing as Mathematics Research Center Technical Sunnnary Reports. The follow-

ing comments arise :

—3 — 

~~~~~———~~ ~ - - . --— -p-——~~ . .~~~~~~~~~



-—

(i) Two surveys have already appeared , namely Technical Suamary Report h f

on porous flow FBPS which corresponds to 1.4 in the sub )ect l isting, and

Technical Suamary Report #1693 on trial tree-boundary eethods • wh ich con a-

sponds to 111.3 in the subject listing . References quoted in these two su r—

veys are listed in the present bibliography , and some new references have

also been added .

(ii) Many sections of the other surveys have already been w r it t e n .  Some of the

terminology ~sed in the list of subjects and some of the ~~~~ s-re(e ra:e~~s

made will perhaps seem obscure to the reader and may only become clear ~~ ii

the corresponding surveys appear .

The bibliography was begun during a sabbatical spent in 1972 at Oxford Universi ty  s;~~

the support of the United Kingdom Science Research Council  and the Nat ional  Science Foundation ,

and would not have been written had it not been for the interest  in FBi’S of Professor

L. Fox of the Oxford University Computing Laboratory .

The National Science Foundation (through Contract No.:  GJ-33096) provided substantial

help which enabled us to work full-time on the project for nine months and to meet the

costs of xeroxing and typing . We are particularly grateful in that additional support was

given when the original estimates of time and cost proved to be hopelessly wrong .

Thanks are due to the staff of the Radcl iffe  Science Library (Oxford), ano the

Memorial, Physics , and Engineering Libraries (Madison) , for their help and forbearance.

We would welcome information about errors and omissions, as well as reprints of work

on FBPS. These would be incorporated in a revised edition of this bibliography which we

hope to prepare.
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2. Classification of FBPS in cont inuum mechanics. There is no completely sat isfact~ r - -

H method of classifying FBPS in continuum mechanics. The ~i~:ro~:h followed ti:

(i) To classify first according to the brood subdivisions of .on~ inu w

mechanics such as f luid mechanics.

The classification is based upon the “ nontrivial f ield equations

occuring. We illustrate this by means of some examples . The rc~~ 1es of

water waves subject to gravity involves both flui,.~ mechanics and gravita-

tion. but the gravitational field is given so that the prOblem is classi-

fied under fluid mechanics. The problem of a rotating selt-cr4 i~~itinq

fluid mass also involves both fluid mechanics and gravitation, but in this

case the fluid velocity is usually prescribed , so that the problem ii

classified under gravitation. Problems involving a plasma in equilibrium

under a magnetic field are often described as magnetohydrodynamic f robleiss

but in many cases the hydrodynaaic equations are trivially satisfied and

• in such cases the preblems are classified under electromagnetism .

Problems involving two nontrivial fields are treated in one of two ways:

(a) If the problem can be regarded as a generalization of a FBP in one

area of continuum mechanics (the primary area), thøn the problem

is classified under the primary area . For example, porous f low FP 1 S

can be generalized by considering electrical effects: the resulting

electrokinetic porous flow problems are classified under porous flow

problems

(b) If a problem inherently involves two or more areas of continuum

mechanics, then it is classified under coupled field problems.

For example, the flow of a blood corpuscle through a capillary

is quite different from problems in either fluid dynamics or

elasticity and is classified as an elasto-hydrodynamic problem

in the chapter on coupled field problems.

— 5 —
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When a problem is a cost,ination of two FBi’S, it  is classified according to the

pr imary problem. For example, the problem of a cavitoting hydrofoil under a water ~ur!ace

is classified under cavities because this is of primary interebt .

(ii) To classify next according to the geometry of the problem.

A major d i f f icu l ty  is that by interchanging axes or invoking .y~~~try a pro-

blem can be transformed into an apparently different problem. Consider , for example,

the horizonatal flow of a fluid out of an obstructed channel (Figure Ia).

A 

A ’~ A

)  B’ c’ c
D E

(a) Horizontal flow from a channel (b) Vertical jet flow

Figure 1: Equivalent problems

When gravity is neglected the boundary DE is an axis of sysmetry and the problem

is equivalent to a vertical jet (Figure lb). However, when gravity is taken into

account or when the fixed boundaries are s l igh t ly  changed , the two problems are no

longer equivalent.

Axisyilmietric problems are classif ied according to their plane ~qu i valents.

i’or example, the plane equivalent of an axisyimnetric is a plane jet, but the

plane equivalent of an axisysmietric stream f lowing around a wire is a Stream f low-

ing down a plane wall. This approach is quite appropriate because of the close re-

lationship between corresponding plane and axially symmetric problems .

-6- 
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( i i i )  To cl a s s i fy  f in . s l l y  e~-co rding to the gover :ur~y equations and boundary

- conditions.

For example, the vertical jet shown in Figure lb is considered for var ious

• governing equations (inviscid flow, viscous flow. etc.) and various boundary condi-

tions (no gravity, gravity, surface tension , etc.)

The method of c lass i f icat ion described above (like any other) cannot eliminate all

- anomalies. The same mathematical problem may arise in two different areas of continuum

mechanics. Should the problem of a hydrofoil cavity underneath a water surface be classi-

fied under cavities or under water waves? (~ es a problem have a sy strica l equivalent?

The reader must be prepared to look for a problem under more than one heading .

I
—7—
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. Abbreviations and conventions.

The bibliography is arranged al(:.~~.v ~cally. A piefix is ~~~~~~ as pox- ’ - 1 t~~

so that von Mises is l i~~tcd under V ~snd not under N. Names beginning with Ma~ and Mc a,.~

listed under MAC and Mc, respectively.

The translite t~~~ n of Cyrillic names is handled as t~~1 iows. If a :e(eron ~ .- ~~s been

translated, then the s~eLlLng of th,. tr~in ; t- ,~ ion is used. If . r e f .r e n c e  has e been

translated then a review is quoted and the spelling of the review is used . I:. some ~~~~

this approach leads t an author ’s ‘nm .- appearing w:th different sv-llings. When t h i :

appear to create misunderstanding, alternitive spellinqs ar ’ given in ~.x~~:kets. (F~: many

years we were unaware that the famous Joukowsky in fluid mechanics wJ5 the same person at

the famous Zhukovsky in porous f low. )

When a reference has ~-.~~rei in tw esse t rally equivalent  forms this is i nd i cat ed

by means of an “ ‘  the date used is usually ‘-~~ earliest date.

Proceedings and Symposia are 1: ~t . 1  unde r the editors ~~~~ kunv~~. - - h - r w i s e , they are

listed , not very systematically, under “Proceedings”, “Symposium”, or the confe: ’n ¶ itle.

When a reference has been reported to contain errors, the ;njr -~ f thi~ informati si

is indicated. Occasionally, general observations about a reference are also included .

In general , each reference is followed by a list of ross-references to the subie t s

to which it is relevant . Some very important references are referred to so often tt ~~~~
-

list of cross—references is very long. In such cases the ~~~ ~ references i~ uiven An

the author listing but is omitted in the subject Ii~;t irx : ; .

As mentioned in section 1, the subjects listed under 1.4 (porous flow I roblems) and

111.3 (trial free—boundary methods) correspond to two published surveys but also inc lud e

some new references. These “new” references are identified by an “N” following the ‘-ross-

reference, and in the subje- t listing they are listed separately f- llowinq the “old” re-

ferences.

-8-
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The following abb r eviation . are ussd x
—

u : Unk nown or Unclassified

TA, TM, etc. To appear, to appear (a) • etc .

CR : Computing Reviews

: Dissertation Abstracts International

Mat~. “nat cal Review,

N : New references

Lisb of cross-references omitted in s’~bject listing.

Theses which are listed in Dissertation Abstract, are followed by theix- order nt~~ er.

~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
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4. Author Index and Subjec t Index

AUTHOR IND EX

AUTHOR APP E NbI X PAGE FICHE

A 1 1 8 1
B 1 8 1 1
C 1 27 8 3
0 1 42 0 4
E 1 50 1 4
F 1 53 8 S
6 1 61 J S
H 1 75
1 1 86 1 7
J 1 87 .17
k 1 91 N ?
I. 1 100 J 8
N 1 111 149
N 1 129 P410
0 1 133 D l i
P 1 135 F I l
a 1 142 Nil
R 1 142 N i l
S 1 148 Fl?
‘F 1 ‘ 167 L13
U 1 176 1416
V 1 176 1414
V 1 180 Li ’.
‘F 1 187 FIS
Z 1 1 90 u S

~~~~~~~~~~~~ AMA 5~G~P4JE(ã, TIiDC e~~ .+ ~~~.Jucc~
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