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ABSTRACT

Conditional on the value of 6, 6 > 0, let X(t), t > 0, be a homogeneous
Poisson process. Sequential estimation procedures of the form (0.5(0)) are
considered. To measure loss due to estimation, a family of functions, indexed
by p, is used: L(o,a) = e'p(e-g)z, and the cost of sampling involves cost

per arrival and cost per unit time. The notion of "monotone case" for total

cost functions of a continuous time process is defined in terms of the characteristic
operator of the process at the total cost function. The Bayes' sequential pro-
cedure is then derived for those cost functions in the monotone case using

extensions of Dynkin's identity for the characteristic operator. The properties

of these procedures are studied as sampling costs tend to 0, and the procedures

are then modified and compared with procedures which are optimal among all

stopping rules terminating at arrivals.
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SIGNIFICANCE AND EXPLANATION

When trying to explain or analyze events that occur randomly in time or
in space, one tends first to test whether the events are governed by a Poisson
distribution. The classic example concerns the number of soldiers killed per
year from the kick of a mule in the Prussian Army in the early 1800's, and
applications have continued to this day in very many different contexts, military
and otherwise.

Usually, the mean arrival or occurrence rate, g, of a Poisson process
is unknown. This paper derives optimal procedures for estimating the value
of 8. The class of procedures considered is "“sequential" in the sense that nei-
ther the length of time the Poisson process is observed nor the number of
arrivals observed are fixed in advance. Instead, the outcome of the process
prior to any point in time may be used to decide whether to continue observing

the process beyond that time.

The responsibility for the wordina and views expressed in this descriptive summary
lies with MRC, and not with the authors of this report.
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Dynkin's Identity Applied to

Bayes' Sequential Estimation

of a Poisson Process
by
C.P. Shapiro and Robert L. Wardrop'

Michigan State University and University of Wisconsin-Madison

[ Introduction. Conditional on the value of 6, 6 > 0, suppose that X(t),
t > 0, is a homogeneous Poisson process. Sequential estimation procedures of
the form (o,é(o)) will be considered where o is a stopping time with respect
to {#, t > 0}, with ﬁfi the sigma algebra of events generated by {X(s), 0 < s < t},
and 5(0) is an Z(o) measureable function, with /2 (o) the sigma algebra of
events prior to o.
A family of functions, indexed by p, 0 < p < 3, will measure loss due to

estimation:
(1.1) Lp(e,é) = 87P(6-0)2.

The effect of the p is to measure loss in units of 6°P. The case of p = 0,
squared error loss, has received the usual attention. Dvoretsky, Kiefer, and
Wolfowitz (1953), and Hodges and Lehman (1951) have suggested p = 1. Using p = 2
causes the decision problem to be invariant under the group of scale trans-

formations  (Ferguson, 1967). The restriction of p to [0,3] is for mathematical

L This research was sponsored, in part, by the United States Army under Contract

No. DAAG29-75-C-0024.




tractibility, and the inclusion of noninteger p values increases the com-
putational difficulty only slightly.

The cost of sampling will involve two components: Cpr the cost of ob-
serving one arrival, and Cr» the cost of observing the process for one unit
of time.

In section 2, the notion of "monotone case" for continuous time problems
is defined in terms of the characteristic operator of X(t) at the total cost
function. Then with a gamma prior distribution on 6, the Bayes' sequential
procedure is derived using extensions of Dynkin's identity when the total cost
is in the monotone case. As will be seen in the section, two often used
stopping times (types I and II censoring) arise as Bayes' procedures with the
appropriate choice of p and the costs.

In Section 3, the large sample properties of the Bayes' sequential pro-
cedures are studied when only one cost is positive.

In Section 4, the class of rules to be considered is restricted to those
stopping at an arrival, and the additional cost incurred by using a modifi-
cation of the continuous time Bayes' sequential procedure rather than the optimal

rule in this restricted class is seen to be no larger than p - 2 for p = 0,1,2.
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2. The Bayes' sequential procedures. Henceforth, assume O has prior distri-

a~1 -6

x
bution Ap(e) = F(a°)°]8°° 0% ¢ © » where 8o >0, Ay > P and denote this

distribution gamma (ao.so). With this prior, the posterior distribution of &
given Z(t) is gamma (°t’8t)’ where a, = a + X(t) and By = By + t. Using loss

Lp defined in (1.1), the posterior expected loss is

(2.1) E[L,(0,0) | #(t)] = 6272 r(agh1-pIr(ay)”,

and the Bayes' estimator of © given 2(t) is

(2.2) 8,(t) = (ay-p)8] -

The total cost of observing the process for t units of time is

(2.3) £o(tX(t)) = sﬁ'zr(atn-p)r(at)“ + cpX(t) + cqt.

The Bayes' sequential procedure (BSP) minimizes E Z;(t,x(t)) over all pairs

(o,ep(o)) where o 1is a stopping time with respect to Q?t? t > 0} and ep(o) is
an estimator of 6, and é? (o) measurable. Since the Poisson process is strong

Markov, only estimators which are Bayes' given /(o) need be considered (namely, (2.2

with t replaced by o).

r '? a large class of stopping times o.

Candidates for the BSP will be infinitesimal look-ahead rules derived from
the characteristic operator of X(t) at Z;(t,x). Such rules can be shown to be
Bayes' if the characteristic operator changes sign only once and if the expected

cost of using procedure (o,ep(o)) can be expressed in terms of the operator for

aninbis
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Let f(t,x) be measurable and finite on [O.w)z. Define

(2'4) Df(t)X.h) = E[f(t"’thLt"h))J(tg'x'(QL' (toX)l = th}Ll

and consider only those functions f such that Df(t.x.h) is uniformly bounded
in h > 0 and the limit of Df exists as h decreases to zero. For such f de-

fine the characteristic operator at f as

(2.5) AF(t,x) = Tim De(t,x,h).
h+0

0f particular interest is the characteristic operator at ;;(t.x) which is given

in the lemma below.

Lemma 2.1. A ep(t.x) = -82-3T(a°+x-p+1)p(a°+x)" + cA(ao*x)B;] *+ o

Proof. See appendix.

Say that cost t:'p is in the monotone case if A &"p(t.X(t)) changes sign at most

once. Before stating when ‘:p is in the monotone case, a result about the ratio

of gamma functions is needed.

Lemma 2.2. Suppose w > 0. Then P(w-b)F(w)'l is increasing in w for b <0

and decreasing in w for 0 < b < w.

Proof. Take b > 0, and note that F(u-b)r(w)" is decreasing in w if and only

if log I'(w) is convex. Thus, it suffices to show that the log I'(w) is convex.
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Fix 0 <a <1, and wy, w,. Then [a Togr(w,) + (1-a) Iogr(wz)] g,logr(awl + (1-a)w
if and only if I‘(w])ar‘(wz)]'a > F(aw] + (l-a)wz). But r(aw, + (l-a)wz)

aW] + (]-a)wz'] .

= fx X dx
aw,-a (1-a)w,-(1-a)
= fx L X 2 du, du = = %dx,
aw,-a (l-a)w2+(l-a) 3
<hx 7y allx 111/(1-a)» by Holder's inequality.

This last expression is equal to r‘(w])a r(wz)]'a.

Lemma 2.3. In each of the cases (i) - (iii) below, Cb is in the monotone case:
(i) cr=0,¢,>0,0<p<T;

(ii) 1<p<2;

(iii) g =0,¢,>0,2<p<3.

Proof. For (i), A %, > 0 if and only if cal(ay#1)r(ay-p+1)™" > 8272, Since
the rhs is decreasing in t and the 1hs is nondecreasing in t, (i) is in the
monotone case. For (ii), A ;fp >0 iff Cp%¢ * CrBy 2 gg'zr(at-(p-]))r(ut)-l'
where the rhs is decreasing in t and the 1hs is increasing in t. For (iii),
A ;?p > 0 iff cTsz'p > r(at-p+l)P(at)'], with the rhs nonincreasing in t and
the 1hs increasing in t.

From now on, only those ‘b in the monotone case will be considered.

For those p, Cp» and °r such that é} is in the monotone case, define

the stopping time

(2.6) T, = first t > 0 such that A ep(t,x(t)) >0
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Another property of ratios of gamma functions is needed to derive bounds

on 1 and X(rp).

Lemma 2.4.

If w>p >0, then I(w-p)T'(w)™" >wP,
IfO<p<landw>p+ 1, then F(w—p)r(w)" < (w-(p+1))7P.
If p>1andw>p, then r(w-p)r(w)'] < (w-p)7P.

Proof. Let a be in [0,=) and define h(w,a) = (w-a)P r(w-p)r(w)'l. for w > a. Then
h(w,a) < h(w+t1,a) if and only if

(2.7) Tog w + p log(w-a) < p log (w+l1-a) + log(w-p).

If p > 1, then using the concavity of logs, (2.7) holds with a = p; thus,
h(w,p) < h(w+l,p). If p <1, then (2.7) holds with a = p + 1, and hence
h(w,p+1) < h(w+1,p+1). Noting that h(w,a) + 1 as w + = for each a yields the
upper bounds in the lemma. Choosing a = 0 reverses the inequality in (2.7) and

gives the lower bound, with only w > p required.

Lemma 2.5. For the cases of Lemma 2.3, the following bounds on t_ and X(Tp) hold:

P
1) BEPeesies cA/(p'z),
(1) 1<p<3 Tpic}/(pd),
(i) 0<p<2, X< CRVD 839-2)/[) + 1,

(iv)  1<p<3, X< g V/(p1) g(p-3)/(p-1) 4 4,

where the bounds are infinite if the cost involved is zero.

‘-1--.-.-".“"'="“x:53:3;E:EEZZﬁiz..aax;‘_ui‘..i_-_‘i_ — R T——
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Proof. For (i), A c'p < 0 implies that

Bi'p < cg] I‘(c;tﬂ-p)l‘(o;tﬂ)’l

< c;].

This implies the bound claimed. (ii) is proven in a similar fashion.
For (iii), A lfh < 0 implies that

cAF(at+]) < B:'Zr(ut+1-p)

< Bg'zr(ut+l-p).

Next, if p > 1, then
CABg-p < T(atH-P)T(Gt” )-]

< (at+l-p)'p by Lemma 2.4.

2' -~ =
If 0 <p <1, then CABé P) . (ut-p) P by Lemma 2.4. Recalling that a, X(t) + a,
yields (iii). Part (iv) is proven by a similar argument.

To deduce the optimality of rules t_, Edﬂ#o,x(o)) will be expressed in

p
terms of A E%. Referring back to f(t,x) and Af(t,x) defined earlier in the
section, let o denote a stopping time with Eoc < =, Also note that X(t) is
marginally a strong Markov process. If f 1is bounded and f(t,X(t)) is a.s.

right continuous in t, then the following identity due to Dynkin is well known:

(2.8) Ef(o,X(0)) = E 2 Af(t,Xx(t)) dt + f(0,0).




For details, see Athreya and Kurtz (1973). In the present situation 5$(t,x)

is not a bounded function, and hence some extension of (2.8) which will include

tfb(t.x) is needed.

Lemma 2.6. Suppose f is nonnegative and continuous in (t,x). Let o be a

o
stopping time such that E / |Af(t,X(t))|dt < =,
0

(i) If EX(0) < = and if f is nonincreasing in t and nondecreasing in x such
that Ef(0,X(c)) < =, then (2.8) holds.
(ii) If Eo < = and if f is nondecreasing in t and nonincreasing in x

such that Ef(0,0) < =, then (2.8) holds.

Proof. (i) Define the following sets of stopping times:

o
§t = {o: EX(0) < =, Ef(0,X(0)) < =, E / |Af(t,X(t))|dt < =},
0
h SE = {o: o is in S§ and Eo < =},
Sg = {o: o is in 55 and X(o) is bounded}.

First, (2.8), will be shown to hold for o in §%» then for o in S%, and
finally for o in Sf.

Let o be in S§. Then there exists m < « such that X(c) < m. Define
fo(tsx) = f(t,x) on [0, ») x [0,m], and = f(t,m) otherwise. Then (2.8) holds
for f and o. But X(o) < m implies that fm can be replaced by f 1in the ex-
pression of (2.8). Thus, (2.8) holds for all o in S%-

Now take o 1in S%, and sequence My t+ «», Define stopping times
o, =0 if X(c) <m and = t, if X(0) > m, where t, is the first time that
: X(t) = m.. Then o, is in S and (2.8) holds for f and o, . However,

j Ef(ok,X(ok)) = Ef(o,X(0)) [X(o) < mk] + Ef(tk,x(tk)) [X(c) 3_mk]. The first




term tends to Ef(o,X(0)) and the second term tends to 0 since f(o,X(c)) and

f(tk,X(tk)) are both bounded by f(0,X(c)),which is integrable, and EX(o) < =,
Ok o
In like manner E /' Af(t,X(t)) dt = E / Af(t,X(t)) dt [X(o) < mk]
tk 0 0 3
+ E 6 Af(t,X(t)) dt [X(o) > mk], where the first term tends to E é Af(t,X(t))dt

o
and the second term is bounded by E / |Af|[X (o) 3,mk] which tends to 0.
0

Now take o in 51, and sequence tk + «», The truncation is now done on o.

Define o = min(o,tk). Then o, is 1in S§ for all k and (2.8) holds for o, and f.

k
As before, Ef(ok,x(ok)) = Ef(o,X(0))[o < tk] + Ef(tk,X(tk))[o > tk]. Note that o
in S? implies EX(o) < «, and hence P(o < «) = 1. Using this and arguments similar
to those above imply that Ef(ok,x(ok)) tends to Ef(o,X(0)). Finally, using

o
k o

similar arguments, E S/ Af(t,X(t))dt can be shown to tend to E /s Af(t,X(t))dt.
0 0

(ii) The proof is parallel to that of (i) with the roles of X(o) and o reversed.
The Temma below makes precise the roles of the characteristic operator and

Dynkin's identity in proving the optimality of Tp'

Lemma 2.7. Consider only those éb in the monotone case, and define Sp = {o:

either (2.8) holds with f(t,x) = I;(t,x) or E Ch(c,x(c)) = w}, If T is in Sp

and E fp(rp,x(rp)) < o, then Eb’p(rp,X(Tp)) Sk fp(o,X(o)). for all o in Sp.

Proof. Let o be a stopping time such that (2.8) holds and E&?p(o,x(o)) is

finite, and recall the definition of Tp' Then
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a ™
3 t{’)(o.X(O)) - EC-’p(Tp.X(Tp)) = E éAé‘p -E (f) Az’p
o “p
= Efo _>_rp] -jr. ACp - Efo < Tp]é Atp

P

which is nonnegative by definition of t_ and the monotone property of tﬂr

p

Theorem 2.1. Suppose ‘tb is in the monotone case. Then t_. is optimal in that

p
E a%(rp,x(rp)) < E Cb(c,x(o)) for all stopping times o.

Proof. In each of the cases (i)-(iii) of Lemma 2.3, the class Sp defined in
Lemma 2.7 will be shown to include all stopping times o. (i) In this case,
;fp(t,x) is decreasing in t and increasing in x. Suppose o 1is a stopping
time with EX(c) < = and note that if EX(o) = «» then the expected cost is infinite.
Next, t}(o,x) is bounded above by 82-2 (o:o+x+1-p)]'p + CpX using the lower
bound in Lemma 2.4. Thus, EX(c) < « implies that E EZ(O,X(G)) <w, In like
manner, E Z |A tbl < o, and Lemma 2.6 (i) implies that Sp contains all o. Part
(i) is completed by noting that E E%(rp,x(rp)) < o,

For case (ii), first note that E ‘%(TP,X(TP)) <w, The cost is
;;(t,x) = (Bo+t)p'2F(a°+x+1-p)r(ao+x)'] + cax + crt, where the first term is
decreasing in both t and x. Using techniques similar to those in Lemma
2.6, it can be shown that (2.8) holds with f(t,x) = (so+t)p'2r(a°+x+1-p)r(ao+x)’]
and o a stopping time such that P(oc < ») = 1. Then Lemma 2.6 can be applied
directly to the last two terms of the cost depending on which costs are nonzero

to yield Sp containing all o.
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For (iii1), again note that E ¢p(rp.x(1p)) < @, and that the cost is now
increasing in t and decreasing in x. Consider o with Eoc < = since the ex-
pected cost is infinite if Eo = ». Then E % (c 0) < @ since ko < @ lmplves that
EoP % < w for 2 < p < 3. Also LY ARE bounded which implies that E f AT, < =
and Lemma 2.6 (ii) can be used to imply that Sp contains all o.

If either cr=p= 0 or Cp = 0 and p = 1, then stopping rule rp is type I

censoring. Note that the x(rp) is unbounded for this censoring, while rp is bounded.

If either Cr = 0Oand p = 2 or Cp = 0 and p = 3, then rp is type II censoring

and T is unbounded while X(rp) is bounded. For all other L. both X(rp) and L

are bounded Which may be an important consideration in applications. Finally,

the stopping times t_ are (computationally) easy to use,especially for integer p.

p

3. Large sample properties of rp. In this section the Bayes' sequential pro-

cedures (rp,é(rp)), 0 < p < 3, are examined from the sampling theory perspective.
The parameter 6 is considered fixed but unknown and all probabilities and ex-
pectations are conditional on 6 and denoted by Pe and Ee, respectively.
Attention will be restricted to the case when exactly one of the pair (cA,cT)

is positive and the other is zero. Of interest is the large sample behavior of

the procedures.

Write r(p,cA,cT,a ,B ) = =Tp to make explicit the dependence of Tp on the

various design parameters. It is easy to verify that, for 0 < p < 2,
(3-1) T(PsC;O,GO,BO) ' T(P"‘] sosc)ao+] ’BO).

In the results that follow, (3.1) will be useful in simplifying proofs.
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For ¢ > 0, and 1 < p < 3, define
(3.2) ts = ta(o,c) = p(1-p)/2 -1/2

Lemma 3.1.

(i) Let cpg=0,cp=c>0. Foreverye>0and1<pc<3,
* -1/2
Polltp/ty - 11 > €] < k explc” "“D(c,€,6,p)],

for k a constant and D(c,e,8,p) > D(e,8,p) < 0 and finite as ¢ + 0.

(ii) Let ¢ =0, cp=¢c>0. Foreverye>0and 0<p<2,
Pollt /t*, . - 1] > €] < k exp[c™/2 D(c,e,6,p+1)]
e p p+'| e p L A »

for k and D given in (i).

Proof. (i) The result is easy to obtain for p = 1. For p > 1, write t = rp,

and t* = t;. Then Pol|t/t* - 1| > €] equals

(3.3) Pe[T/t* >1 +€]+ Pe[T/t* <1 =gl

The first term in (3.3) equals Pe[r >s]withs=t*handb=1+¢. By Lemma

2.49P6[T > s] does not exceed
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(3.4) : PolX(s) < (2-a,) + c‘/(l'D)B§D-3)/(P-I)].

By Bernstein's inequality for 0 < u <1, (3.4) is bounded above by

2

e exp[c']/2

D+(C,e.9.PoU)]
with
0" (cse20,p,u) = ubs (3PV/2 (g 1) (P-3/(P-1)p2/ (1) , (= ) -1y

Note that (Bs/s)(p'3)/(p']) t1ascv0; b20P) 15 and (e - 1) o+ -1 !

as u > 0. Thus, there exists u; > 0 such that for all u, 0 < u 5,03 D+(c,e,6,p,u) <%

for all c. !
The second term in (3.3) equals Po(t < s)withs =t*bandb=1-¢. A

% -1/2

e = exp[c D (cse40,p,u)] with

|
i
similar argument to the one above shows that Pe(r <'s) is bounded above by 1
i
- B & Ias 5 " |
D (c,e,8,p,u) = ubé)(3 p)/?'[(eu - 1 te (Bs/s)(p 3)/(p-1) bzl(] p)]. l
i
Thus, there exists u_ such that for all u, 0 < u < ug» D7 is negative for all
S el i + |
¢ < c, for some ¢, > 0. Let WS mln(uo,uo) and let D(c,e,08,p) = max[D (c.e,e.p,uo),
D'(c,e.e,p,uo)].
(ii) may be proven by the above argument and the identity (3.1).
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Lemma 3.2. (i) letcy =0, cr=c>0. Forl<pc<3, rp/t; is uniformly
integrable as ¢ +~ 0.

(i1) Let cp =0, ¢y =c>0. For 0 <p <2, Tp/t;+] is uniformly integrable
as ¢ » 0.

Proof. (i) LetY = |Tp/t;- 1]. It suffices to show that for fixed a > 0,
J Y dP_, tends to 0 as ¢ - 0. By Lemmas 2.5 and 3.1,
[Yc>a] C 8

> ia] Y, dPy < 3(9-1)/2[c-1/2](p-1)/(3-p) k* explc-20(c,2,9.p)]
C

which tends to 0 as ¢ -+ 0.

(ii) can be proven with the same argument.

Theorem 3.1.

(i) Let €y =0, cp=c> 0. For 1<pc<3,

113 Tp/t; =1 (in P, probability) and 11’8 Ee(rp/t;) = 1.

(ii) Let ¢y =0, ¢cy=0¢c>0. For 0 < p < 2,

1im t_/t*.. = 1 (in P, probability) and 1im E (7 /t* .) = 1.
e 0 P G caly o P P

Proof. (i) The first limit follows immediately from Lemma 3.1. If 1 <p <3,
then the second limit follows from Lemmas 3.1 and 3.2. If p = 3, then the de-

finition of T3 implies that

1

c']/2 - % 5.X(13) < ¢ /2 4 (3-a°)-

Thus,

-1 -1 -1
tg - 08 < 0 X(T3) <ty+o (3410)




BX el : =
1- (tg) e < () VEgty < 1 + (t5) o™ (3-).

Noting that t3 +  as ¢ » 0 completes the proof. The proof of (ii) is similar.

Theorem 3.2.

L}

(i) Let cpg=0,¢cp=c>0. Forl<pc<3,

i 172 i (1-p)/2
lim ¢ E,C (T .X(t.)) =28 -
&0 @ TR piiip
(i) Let ¢ =0,¢,=c>0. For0<pc<2,

S I = o gl{2-p)/2
(1:13 c Eq fp(Tp,X('rp)) 2 8 :

Proof: (i) Write T = Tp, t* = t;. From the definition of =,
(3.5) ¢ > 8P 3r(a_+1-p)r(a )"
sy T T

which implies that c']/zEeé’p < c]/zEeBT + C]/ZEGT. This upper bound tends to
Ze(l-p)/Z by Theorem 3.1. For a lower bound, let T - € be the time of the
X(t) - 1 st arrival. Then the reverse inequality of (3.5) is satisfiedat T - ¢

and o, = 1 to vield

¢ < 8% 3r(a -pIr(a -1,
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This implies that
(3.8) Ve Ey %y > Ec]/ZBT[H-e(BT-e)']]p'3[l+(l-p)(GT-I)']] + Mg r,

The function inside the expectation of expression (3.6) is uniformly integrable

and tends to e(l-p)/z in probability by Theorem 3.1 and the result that both T

and oL tend to »as c tends to O.

(ii) First note that c]/2 EGX(T) = c"zeEer, (by Doob's optional stopping theorem),
which tends to e(z-p)/z by Theorem 3.1. Now, from the definition of T,

p-2 v -1
ca > B F(aT+1 p)P(aT)

which implies that

-1/2 1/2 1/2
c Eet’p < ¢' SRy, ¥ ¢ CEgulr).

This upper bound tends to Ze(z'p)/z. Using the same techniques as in (i) yields

C_”zfefpi Eecl/z(mt-p)[BT(IBT-S)']]p'2 + CVZEGX(T) 1

which tends to 26(2-p)/2.

; Once the limiting form of t 1is derived, the asymptotic distribution of
: 6(t) can be found by straightforward methods.
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Theorem 3.3. If either Cp=0,¢cg=c>0and1 <pc<3,or ¢r=0,cp=c>0,
i and 0 < p < 2, then

: T;/Z(e(rp) - 6)0""2 5 7 (in distribution),

3 as ¢ >~ 0, where Z is standard normal.

Proof. The result is an extension of the theorem on random sums of independent
and identically distributed random variables by Renyi (1957). The proof given
in Shapiro and Wardrop (1977) may be used here.

Theorem 3.3 says that for small c, é(rp) has approximately a normal dis-
stribution with mean 6 and variance e/rp. If cr >0, Cp = 0, and 1 <p < 3,

Theorem 3.1 allows replacement of Ty by its asymptotic equivalent t; to give

the variance of é(Tp) asymptotically equivalent to c]/2 e(p+1)/2. Thus,

p may be chosen by the experimenter to obtain the asymptotic variance of
e(rp) proportional to the desired power of 6. For Cp > 0, ¢4 =0,0<p22,

the same araument shows that the asymntotic variance of e(rp) is proportion to
g1+(p/2)

4. Applications to discrete time rules. Let H denote the class of stopping

times with respect to {ﬁﬁt,t > 0}. In previous sections the optimal stopping
time in H under various cost functions was derived and studied. In some
situations, one may prefer to find the optimal stopping time in the class D C H,
where D is the collection of all rules which stop only at arrival times. More
.é precisely, let t = 0, and t, = inf{t: X(t) = i}, i > 1. Then a stopping time o
is in D if and only if .g P(o=ti) = 1. In this section the problem of finding
an optimal stopping time };0 D will be discussed and nearly optimal procedures

i will be presented. Throughout this section, take Cr = 0, Cp > 0and p = 0,

1, or 2. This problem with the above sampling costs but different estimation
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cost has been studied by Starr and Woodroofe (1972) from a non-Bayesian point

of view. For p = 2, note that T, is in D and hence is optimal in D be-
cause it is optimal in the larger class H. There appears to be no simple-to-
use expression for the optimal stopping time in D for p = 0 or 1. However,
nearly optimal rules in D for this case can be derived from the optimal rules
in H in a natural way. For p = 0, 1, define op = tn(p)’ where

n(p) =inf {m: t_ g_rp}. It is easy to see that

-2
w < ¥C +B8°+c < B #2640
« % Ty Ty A To A
and
ég ﬁ_ti *+ cpe

1 1

Thus, E(% ) - in;E(t’o) <K&, ) -E(E.)
pitioe P p
< cA(z-p) forp=0, 1.

Thus, the expected cost incurred by using op instead of the unknown optimal

rule in D is at most equal to the cost of 2 - p additional observations.

P
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Appendix

Proof of Lemma 2.1. Write

L - aP=2 % -1
G%(t,x) Hp(t.x) * cpx + crt, where H (t x) By r(a +x+1 p)r(ao+x) "
the cost due to estimation. Then, Ad? (t,x) = AH (t x) + cA(a +x)8 + ¢y, with
the last two terms being easily computed since Ax = (a°+x)6t . To derive AHp(t,x).

write

E(Hp(t+h,x(t+h))-Hp(t,x)|(t.X(t)) = (t,x),0)

= E(Bt+hf(a +x+Y+1-p)T (o #x+Y) —Hp(t,X)l(t,X(t)) = (t,x),6)
where Y is Poisson (6h) given 8. Express this expectation as
rp’o(e,h,t) + rp,](e,h,t) + Rp’z(e,h.t), with

- (P2 _ op-2 2 -1_-6h
rp,ol@shst) = (B - 8L )T (ay+1-p)T(ay) e,

rp,1(8:h.t) = (822 (a#2-p)r(ag#1)™! - 65 2r(a +1-p)T(a,) "' Jone™®",

Ry p(0:h,t) = Kz (60720 (o #k1-p) (e ) - 8820 (ot 1-p)(ay) 1 1EL 670

i E[Rp 2(e,h,t)l(t,x(t)) = (t,x)] will be shown to be o(h). Define




O AT

D o e L)

-20-
. 9
dK(t) - i:] (at'p+i ) (at']+i ) ’

and note that dK(t) <1 for p > 1, and that dK(t) 5_(at-p+1)xa;K for 0 <p<1.

In terms of dK(t).
® K
. p-2_,p-2 g -1 (6h)"_-6h
Thus, forp > 1,

IRy 2(@:h,t)| < T(ay-p+1)r(ay) " (85;2-60 2 (e e®M-1-0n|

which is o(h) as h + 0, and is also dominated by an integrable function of @
for h in a neighborhood of zero. Thus, E(Rp z(e,h,t)l(t,X(t)) = (t,x)) = o(h).
Likewise, for 0 < p < 1,
-1,,p-2 _p-2,_-6h, 6h
IRy, 5(8shst)] < T(oy-p+1)T(ay) ™" |8 -8Y “le™ [ |e”"-1-0n]

-1
gh(a,.-p+l)a 3
+ |e e t -1-eh(ut-p+1)at]|]

which yields E(Rp’z(e,h,t)l(t,x(t)) = (t,x)) = o(h).

Finally, as h + 0,




at.

P (esh,t) o -
L0 s (p-2)B 3r (o 1-p)Tly)

r (e:hat) = ] -
Bl o @22 (r(apr2-p)T (1) T ey #1-p)r(ay) e

Using E[8](t,X(t)) = (t,x)] = (u°+x)B;]. and noting that the Timit and ex-

pectation can be interchanged yields
hTE(ry o#rp, 1 [ (EX(8) = (£.x)

> -82-3I‘(at+]-p)l‘(at)-] as h+0

completing the proof.
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