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ABSTRACT D

A concept of model-robustness is defined in terms of the performance of

the design in the presence of model violations. The robustness problem is dis-

cussed for several randomization procedures co~~on1y used in experi ntal design

situations. Among them, the completely randomi zed design , the randomized block

design and the randomized Latin square design are shown to be ~~del-robust in

their own settings. To compare different randomization procedures , a concept of

• efficiency is also defined. This concept , when applied to different designs ,

gives results which are consistent with the intuitive grounds on which the designs

are suggested.

ANS (MOS) Subject Classifications: Primary 621(99, Secondary 62G35.

Key Words and Phrases: Model robustness, Minimaxity, Invariance, Efficiency,
• Systematic design, Completely randomized design, Ran-

domized block design, Randomized cluster design, Cross-

over design, Latin square design.

Work Unit Number 4 — Probability , Statistics and Combinatorics.
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SIGNIFICANCE AND EXPLANATION

In designing an experiment, the treatments are usually assigned to the

experimental units randomly. In Planning of Experiments (Cox, 1958), two

reasons for practicing randomization are given: to prevent the systematic

biases from unknown sources of variation and to enable the error to be esti-

mated whatever the form of the uncontrolled variation. So far all, these reasons

are stated in quite vague forms. A model robust approach is developed rigourous-

ly in this paper to justify the practices of randomization . The idea is to

consider a collection of all possible violations of the assumed model and to

choose a randomized design which will perform well over such a collection of

model violations. Classical randomized desi-jns like the completely randomized

design, the randomized block design and the randomized Latin square design are

justified in this framework. A concept of efficiency is also defined. Different

randomization procedures are compared in terms of their efficiencies. Our

approach thus provides a quantitative basis on which various randomization pro-

cedures can be assessed.

: 

_ _ _ _

The responsibility for the wording and views expressed in this descriptive summary
lies with MRC , and not~ with the author of this report.
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1~)BUSTNESS AND EFFICIENCY PROBLENS OF

SOME RANDOMIZATION PROCEDURES IN

EXPERI MENTAL DESIGNS

Chien-Fu Wu’

1. Introduction

The old problem of randomization in experimental design is treated from

a new point of view. For comparing T different treatments on N experimental

units, the experimenter , with an exact model assumption in his mind , will assign

the treatments to the units in a systematic way which is optimal in che usual

sense. This is certainly not a good ground for justifying the use of randomiza-

tion. In fact, the experimenter ’s information about the model is never perfect.

When a model is proposed , there is always the possibility that the “true” model

deviates from the assumed model. Let G be the collection of all the possible

“true” models. Concepts of model—robustness with respect to G are defined in

terms of minimizing the maximum possible mean square errors (m.s.e.) of the

corresponding best linear unbiased estimator (B.L.U.E.) over G. In Section 2,

some randomization procedures commonly used in experimental design are shown to

be model-robust with respect to any G which possesses an invariance property.

A similar result for simple random sampling was obtained by Blackwell and

Girshick (1954). For non-invariant G, a sufficient condition on G for

minimaxity is also given. This optimality property actually holds for other

types of problems, including violations of the homoscedasticity assumption of

the error terms and the estimation of variance under either type of violation.

Although many go~~ oroperties of randomization are well-known (see, for example
,

S
Cox, 1958), nor ~m are stated as an optimality property. The minimax

1The work was done while the author was in the Department of Statistics,

University of California-Berkeley.

Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.
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s proved in this paper are thus new justifications for the practices of

randomization in experimental design. As a by-product, several randomization

procedures for the Latin square design are reassessed in t~iis framework. The

standard practice of choosing a Latin square arbitrarily and then randomly

permuting its rows , columns and treatments is shown to possess soc~ desirable

properties.

• In Section 3, the efficiency comparisons of several procedures (systema-

tic , partially randomized , completely randomized) are made in terms of the

maximum possible bias square over a particular choice of G. The calculations

of the maxima are reduced to some simple combinatorics by considering the set

of extreme points only (due to convexity) . The efficiency of the systematic

arrangements relative to the completely randomized arrangements is inversely

proportional to the number of replications of each treatment . A randomi zed

block design is shown to be very efficient when the block size is moderate or

• large . Other partially randomized designs like the randomized cluster design

and the cross—over design are not as efficient, although a combined use of

randomized block and cluster designs can be very efficient. Conditions for

these designs to be superior to the completely randomized design (CRD) are also

given in terms of the special patterns of the model violations. These patterns

are quite consistent with the intuitive grounds on which these designs are

suggested. For example, the cross—over design with two treatments is better than

the CRD if more then 85% of the blocks have “positive” cross-over effect (to be

defined in Section 3) and less than 15% of the blocks have “negative” cross-over

effect.  The efficiency concept introduced here thus makes it possible to compare

different randomization procedures quantitatively .

2. Model-robustness of some randomized designs 
$

Let T different treatments be compared on N experimental units with 

—2 

_ _ _  
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T
units assigned to the t-th treatment , 

~ 
n~ — N. Assume that the follow-

• t— l

ing model is true:

‘ (2.1) 
~
‘ut 

— u + + t ut Cu a i,...., N)

where 
~ut 

is the response of treatment t assigned to unit u, is the

t-th treatment effect, ~ n~ci~ 0, c~~ is the random error with zero mean
t—l

and equal and uncorrelated variances. Under this model, any arbitrary assign-

ment of units to the t-th treatment gives the same mean square error of the

best linear unbiased estimator (t — 1,...., T). Therefore, randomization

• I does not seem to be necessary in such a situation. From a mathematical point of

view, such an exact model assumption, in fact, any exact model assumption, can

not justify the use of randomization procedures. Instead we will consider

different possible violations of the assumed model and find designs which are

minimax with respect to these model violations. This is the rationale of the

model-robust approach adopted in this paper.

To include some other unknown effects, the following modified model is

considered:

(2.2) 
~
‘ut 

= 
~ 

+ + g(u,t) +

N
where g € G = {g: ~ g(u,t) = 0 and other assumptions to be defined }

u=l

• assumptions on 
~~t~t—l 

and 
~~ut~uirl are the same as in (2. 1) . The function

g(u,t) can be interpreted as the unknown joint effect of the unit and the treat-

• N
ment. The assumption ~ g( u, t) = 0 is for obvious technical reasons. Other

u—i

assumptions, which are not yet defined, on G will reflect the model-builder ’s

knowledge about g. An important example of G is {g : I~I < c and

____________ — —  - 
- - L
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N

~ g(u,t) — 0). This reflects the fact that very little xs known about th. type
w’l

of model violation except that it is possible to happen anywhere in a neighbor-

hood of zero. Model (2.2) without the specification of g in G was considered

by Kempthorne (1955) from a different standpoint.

• Let

— {u u is assigned to the t-th treatment)

and call I — 
~~~~~~ 

a pattern. In design terminology I corresponds to a

non-randomized design. Mathematically I is just a partition of (i, ”. NJ

• into T subsets with cardinalities ~~~~~~~ Let I be the collection of such

I’s. A randomized design n is defined as a probability measure over I , i.e.,

4
; 

{~~(I)}11 
with n(I) > 0  and ~~n(I) — 1.

Since the statistician knows very little about the g’s in (2.2), he

might as well assume g = 0 in estimating {c1
~
}. This is particularly suitable

when no more known effects, for example, covariates, blocking etc. can be in-

cluded in the model and when c is small. The sum of m.s.e.’s of the B.L.U.E.

under model (2.2), becomes

~ 
E{(&~ 

- ) 2 } ~ 
{ ~ g(u ,t ) }2 

+ 
2 

~ ~ 
-

t=l t 1  t u~I t—l t

L
~I T 

T 2
For fixed 

~~~~~~~~~~~~~~~ 

the only relevant quantity is a(I,g) — )
t—l

where = n~ ~ g(u,t) . If are not fixed, they should be
u
~
I
t

chosen as equal as possible and then bias reduction only needs to be considered.

For a randomized design r~, the expected bias square is then

r(~ ,g) = ~ n(I)a(I,g) . ‘

I€I 

—_-

~~~ 

—
• — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ---- — --—- •~~ —-•~~ --~~~ - •  -——- •~- • •  —~~—-—~ —~—--———-••------• -~~~ --— —.“•.~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •-



_~ :~ ~~ ~~~~~~~~ 
_ _ _ _ _  _ _ _  _ _ _

I This becomes a game with “risk” r ( n , g )  between the experimenter and nature s

the experimenter can choose any probability measure n over and nature can

choose any g, corresponding to an unknown true model, from C.

A design n~ is called m.tnimax (or model-robust) with respect to model

(2.2) if it achieves

mm max r(~~,g)
r~ g€G

For g c G and ii a permutation of {i,••~~• , w },  let wg be defined

as lTg(u,t) = g(s 1
u,t).

Theorem 1. Suppose G satisfies the invariance property:

• (2.3) g € G ~ i~g G

for any permutation ir. Then the uniform design rio, the completely randomized

design, is minimax with respect to model (2.2).

Proof. For any permutation i~, define ~~~ — U ( I
t

) ,  uut —

and ~~ (I)  = ~(i~I). Given any r~, — 
~~ 

where P is the collection
iu€P

of all permutations.

~ ~*(~~~ (~ ,g) max ~ 
( ~ ~~(I)a(I,g))

g€G I€g gEG ireP Id

~ max { ~ n (nI)a(I,g))
1TE P g€ G IeI

= 
~ max{ ~ n (i r l) a (n I ,ng)  }

ir€P g€G IEI 
r

= 
N! ~ max{ 

~ 
n ( J ) a ( J , tr g) }

1TEP gEG J€1

= ~ max{ ~ n(J)a(J,g)} (from (2.3))
IIEP gEG JdI

max ~~ n(J)a(J,g) ,

• gEG Jel

-5- 1 i
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where a ( n I , ng) — a(I,g) follows from the definition of WI and ig.

Q.E.D.

In order to compare the robustness of various designs in a more definite

way, the following assumption on g(u,t) is needed. If g(u.t) - g(u) + h (t).

i.e. no “interaction” between unit and treatment, by absorbing h(t) into

the only relevant quantity becomes Z n(I)a(I,g) with a(I,g)
let

= ) (fl;
1 

~ 
g(u ) }2 . Define the random variables for t • l, •~~,

t—l ucI~

N if u c I
~

x
t
(u)

~~~~
if

N
Therefore ~ g(u) ~ g(u) X (t). If we further assume that n~ — n for all

ueI
~ 

u l

• t , we have

~ 
n(I)a(I,g) = ~~~ g(u ) X~(u)~ l

Id ~t—l~u—l ) J

where expectation is taken with respect to the probability over I. This is

equal to
• CT N T

(2.4) n
2 
E( ~ ~ g

2(u)X~ (u) + ~ g(u)g(v)X~ (u)X~ (V))
u 1  t=l u�v J

= ~~~ E1 ~ g
2(u) + ~ g(u)g(v)(~ X

~
(u)X

t
(v
~~u�v ~t=l J

(N ~
= n

2
~ ~ g

2(u) + ~ g(u)g(v) 1T~~~~~
4 $  ~,u l  u�V )

where 
~uv 

= P Cu and v being assigned to the same treatment). • •

rt
—6—
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u~der the above addit ivi ty and equal repl ication assumptions~ the degree
of robustness of a design depends on its second order inclusion probabilities

~~uv 1uat v ’ which often have an interpretation in sampling theory. This simple

device makes possible the efficiency comparisons of Section 3. Another advan-

tag. of the additivity assumption is in the Latin square design , where the less

conclusive result of Theorem 3 is strengthened in Corollary 1 under this assump-

tion.

The following relations and (2.4) are useful for later calculations .

N 2
(2.5) g Cu) — ~ g(u)g(v)

u=l uWv

• since

N

~ g(u) 0
u—i

(2.6) it (n—i)• uv
V

* n—i *
(2.7) it = —, for equal it , where N = nT

uv N-i uv

• For the complete block designs, we assume, for the sake of simplicity,

that T treatments are compared on b blocks each of size T. If model (2.8)

is assumed , it is clear that the optimal design is to assign T treatments to

each block irrespective of the arrangements of the treatments in the block .

Let

(2.8) 

T b 

Yut =
~~~

+ a
t

$i
+ E ut ‘

where 
~ 

= 
~ 

= 0, is the t-th treatment effect (ti ,.~~, ‘I’) ,

t=l i—l

:~ 
.1 B. is the i—th block effect (i=l , ” , b) , 

~~
_-! 

_ _



u = (i , j )  Ci — i. ” .T) are the T experimental units in the i—th block, and

{c } have mean 0, equal variance and are uncorrelated for different u’s.
• u t u

A more realistic modelling is to consider the following:

(2.9) = ~ + + 
~

. . + g(u,t) +

where

g € C — (g : ~ g(u,t) a o and other assumptions to be defined )
U

assumptions on (B.} and are the same as in (2.8).

With the same rationale as in model (2.2) the estimate is chosen to

• be the B.L.U.E. under model (2.8), i.e. — 
~ 

- y . Since the
uc

corresponding 
~ 

Var(u~ ) ~s independent of the arrangements of the T
tal

treatments within each block , the choice of design is determined by the bias

square terms. Formally we define

= {(i,j) (i,j) is assigned to the t-th treatment)

= {~~(i) } = 1
(i)

Each I corresponds to a systematic complete block desian . Let I be the

collection of all such I’ s. Definitions of randomized ~i~ sign fl , a(I,g), r(fl,g)

and minimaxity with respect to model (2.9) are analogous to those for model ( 2 . 2 ) .

Let it . be a permutation of f i ,~~. • , T) for the i-th block and

b
it = fl it . . Further lit and h g  are defined in an obvious way. It is easy

i=l

to see that a( iT I , ng) = a(I,g) and thus the proof of Theorem 2 is essentially

• the same as that of Theorem 1.

Theorem 2. Suppose G satisfies the invariance property (2 .3 )  for all

E*
S 

- •• 
• 

-- —- -5 - Li



b
— ]- j iu . ,  the uniform design ~~ the randomized block design in the usual

i—i

sense, is minimax with respect to model (2.9).

Since there does not exist a simple t ransformation which maps a transfor-

mation set of Latin squares (L.S.) into another set, the application of the

inv~riance technique used before is more restricted . The following result is

thus not as conclusive as the previous two.

The following model for L.s. designs is proposed in the same spirit as

models (2.2) and (2.9):

(2.10) = ~ + + B
~ 

+ r. + g(u,t) +

T T T
where = ~ B. = ~ r . = 0 ,  u = ( i ,j )  ,

t=i i=l j=i

B., r. are the t-th treatment effect, the i-th row effect and the j-th

column effect (i,j, ~ 
a l,~~ , T), 

g e G = {g : ~ g(u,t) = 0 and other assump-

tions to be defined); we also make the usual assumptions on {t
~~~

}

Let {I . } ’
~~l 

be the totality of transformation sets of Latin squares.

Formally we define, for i = ~~~~ k,

I. = { itS. ; it e P)
1 1

where S
i 

is a generating L.S. for I. and P is the group of permutations

of rows, columns arid treatments. A natural correspondence between I. and

I .  is the map : it S . ÷-+ ru S . for all it ~ P. Note that here we do not identify
:7 1 3

the identical L.S.’s among the (T!)3 squares, i.e. every square in I. is con-

sidered as “different” . As we shall see later, this will save a lot of effort

of randomization, compared to the practice of randomizing over the set of reduced

squares.

_ ~
Z9
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A randomized L.S. design is defined as a probability measure fl over
• k

‘.) I. The measure fl~ is called minimax with respect to model (2.10) if it
i= 1

achieves

mm max r ( n , g )
fl g€G

where r(r~,g) ~ r $ ( I ) a ( I ,q)
k

• I€uI.1.
i= 1

T 2a(I ,g) = 
~ (~ ~ g(u,t))

t—3. ueI~

I~ = {u : u is assigned to the t-th treatment)

Write ~(I) = fl (IlI .)c. with c. equal to the probability of choosing

the transformation set I. containing I and nCI(I~) equal to the conditional

probability of choosing I within I.; by applying the permutations of rows,

columns and treatments, the choices of ~CIJ I .) can be reduced. To simplify

the notation, we write fl (IIi) for n(I II .). 
4

For it € P and g e G, define itg(u,t) = gC’1
1(u,t))

Theorem 3. Suppose G satisfies the invariance property (2.3) for all ii e P,

in obtaining the minimax designs for model (2.10), it suffices to consider

those ~~‘s with ~*(I)I .) the uniform measure on Ii 
for each i.

Proof: For each r~, we have

n*(IIj) (TI) 3 
~ ~(rI~i)

TEP

for all I e I. and i=l ,• • , k .
1

-10-
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k
sax 

~ 
C . ~

geG i—i I€I.

k
= max c . fl*(w S.Ii)aOT S.,g)

ge G il 11€? 1 1 1

= CT !) 3 max c. n ( r i r S . I i ) a (w S~~,g)
geG r ,lr eP i—l

< (T!)~~ ~ max c. ~(tirS .~ i)a(irS~ ,g~
teP geG ireP i l  )

= (T1) 3 
~ max 

( 
~ 

~ 
c. n (ASi Ii)a (AS m~~r~))

reP geG AeP i 1

(from aCtI ,tg) = aCI ,g))

= (T!) 3 
~ max 

( 
~ 

~ 
c. fl (AS.li )aCAS~~g?~

T~P g~G A~P i l  J
(from (2.3))

k
= max ~ c. ri (AS .Ii)a(XS.,g)
geG AEP i=l

(k
= max~ ~ c. ~ n (I~i)a(I,g)~

• geG i=l tel . I
.1 Q.E.D.

N
Examples of G satisfying (2.3) include {g : ~ g(u,t) — 0 , Ig(u,t) I <c },

u=].

N N N N
{g : ~ g(u,t) = 0, ~ Ig(u,t) < c} and {g ~ gCu ,t) = 0, ~ g

2
Cu,t) < c).

• u=l u=l u l  u 1

Several reasons t~r randomization are mentioned in standard textbooks on

experimental design. Among them, the “prevention of systematic biases from un-

H known sources of variation” is closely related to our Theorems 1, 2 and 3.

Another important reason - to enable the error to be estimated whatever the form

~~~~~~~~~~~~~~~~ -~~~~~~~
__

~~~~~~~~~~~~~~~~~ 1•~~~ 
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of the uncontrolled variation - is also closely related to the result stated at

the end of the section. Unfortunately none of these reasons are stated as opti-

mality properties. The minimax results proved in this section are thus new

justifications for the practices or randomization.

For the L.S. design problem, if we further assume that gCu,t) a gCu) + h (t),

a similar calculation to (2.4) gives

(T

• ~ n(I)a(I,g) = 
2 1 ~ g

2
Ci ,j) + ~ g(i , j ) g ( i’ ,i’)w

~~,1tel T ~i,j=l iii’ )

where u = (i ,j), u’ = (i’ ,j’) are two different units in the square and

= P Cu and u’ receive the same treatment). Since this only depends on the

second order inclusion probability ir
e,, all the randomization procedures n*’s

• stated in Theorem 3, having equal r ,’s, are thus minimax.

Corollary 1. Under the additional assumption g(u,t) = g(u)  + h(t), all the

y~ * t ~~ stated in Theorem 3 are minimax.

In particular, the complete randomization within a transformation set is

• minimax. This will greatly simplify the randomization procedure for Latin squares

in the Fisher—Yates Tables (1953). Instead of randomizinci first over the class of

transformation sets and then within a particular set ( the Fisher-Yates “ recipe ” ) ,

it is sufficient to consider any procedure r~ with equal i t .  The simplest

one is to choose any Latin square and then randomly permute its rows (or columns).

This is especially convenient for higher order Latin squares where the class of

transformation sets is not available . It is interesting to note that both the

equal 
~~~~~~ 

procedure and the Fisher—Yates procedure were mentioned in Fisher ’s

definition of Latin square in his 1926 paper. However, no justification for the

equal it , procedure was given there:

— 12— 
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Consequently, the term Latin Square should only be applied

to a process of randomization by which one is selected at random

out of the total nwflber of Latin Squares possible; or, at least,

to specify the agricultural requirement more strictly, out of a
number of Latin squares in the aggregate, of which every pair of

plots , not in the same row or column, belongs equally frequently

to the same treatment (Fisher, 1926).

The same invariance technique can be used to show that some other random-

ized designs are minimax with respect to an invariant G. For example, in the

BIBD case, the standard method ~f randomizing the blocks, the units within each

block and the treatment numbers is minimax with respect to such a G; in the

first order multi-factor design, the device of “angular randomization” (Box,

1952) makes the design minutuax with respect to the set of second order models.

If G does not possess the invariance structure, to what extent will the

above minimax results still hold?

For the completely randomized design (CRD), let us assume that

n
~ 

= n (t=l,••, T) and g(u,t) = g(u) + h(t). From (2.4), the only relevant

N 2
quantity is ~ g (u) + ~ g(u)g(v)it for g € C. Its maximum is attained

u=l u�v

at &, the set of extreme points of G. Decompose & = U Ar with

A r = { g : g e G ,~~~g~~
2

r} fl &. 

r

Theorem 4. For any r with non-empty Ar , there exists a probability measure

on Ar such that

I g(u)g(v)p~ (d~) = C
1 

< 0 for all u x v

Then any randomization procedure n~ with equal it*~~ is minimax with respect

to model (2.2). In particular, the CRD is minimax with respect to model (2.2).

— 13—
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Proof. It is enough to show that n~ minimizes

N
max{ ~ g

2(u) + ~ g(u)g(v)w
geAr u—i u*v 

uv

for each non-empty Ar. on Ar

N

~ g2 (u) + ~ g( u ) g C v ) rr~ ,1, = r + ~ g(u)g (v) — ~~~~
u=l u~v uxv

from (2 .5 ) .

If p is considered as a “Bayesian prior ” on Ar , the corresponding

“Bayesian risk”

• f {r + ~ it g(u)g(v)}P~ (d~) = r + c
1 ~ it

• Ar u�v u�v

is minimized by taking all the it
~~

’s to be equal. This shows that the

• “decision procedure ” ~~ with equal it *,,1 has constant risk on Ar and is

“Bayes” with respect to a “prior” p ;  thus it is minimax with respect to Ar.

Q.E.D.

For G satisfying the invariance property (2.3), one choice of 
~r 

in

Theorem 4 is any probability invariant under the permutations of {l,•’ , N).

Theorem 4 is thus a generalization of the previous results under some stronger

• assumptions. Its extensions to other design situations are straightforward

but tedious.

The technique developed so far can also be used to give minimax results

for other types of problems. ~~o of these that will be 
discussed are: (i) the

P . .  .
estimation of 

~~t
1t=l 

when the homoscedasticity assumption of the error terms

is violated and (i i)  the estimation of ~
2 under model (2.2). For the sake

of simplicity, only the complete randomization case is considered.

~~~~~~~~~~~~ • -~~•~~~~~~~~~~~~~ • • ••

~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~-•~~~~
-
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Consider the following model

(2.11) Yut = I J +~~ t + C ut

The assumptions are the same as in model (2.1) except that Cov({e t
) N )

u 
u—i

with ~ coming from a set E. For any pattern I — {I
t
)
~ 

, the B.L.U.E.
t—l

Tof {a } is

{ - )T — (p -

t=l t—l

wtiere (1

P = [ a  a =~~~~~
‘
~~~ 

if 3 E I ~

• tXN 
‘ 0 if 

~ ~

and 3 is the T x N matrix with all the entries equal to N
1
.

Its variance-covariance matrix is

Coy o P 
~~ = (p - J)f(P - J)T ~ A(I,t)

\~ 
t=l)

For a randomized procedure n, the corresponding variance—covariance matrix is

~ n(I)A(I,f) ~ R(n,~ )
Id

• The design ~~~ is called niinimax with respect to model (2.11) if it

4 achieves

i i mm max trfR (rl,t)}

I! 
n feE

• where trR is the trace of the matrix R .

For any permutation it , define (itf)~~ 
= (f ) 

~ 1 
for all i,j . it is

• it i , 1T 3

easy to see that A (,cI,irf) — A(I,f) and the proof of the following theorem is

S essentially the same as that of Theorem 1.

—15—

~~~~~~~~ ~~~~~~~~~~~~ • . • . _ • •



-5- ~~~~~-55~~5~~ _~~~~-5 - -~~ —-5 —-5— 5---— -— .5 .5- •-~~-
- -•_ -5---

___________ — ~~~~~~~.r ‘~~~~~~~

- -

Theorem 5. Suppose S satisfies the invariance property (2.3). i.e.

f ~ E ~ € E for all it , the uniform design r~ is minimax with respect to

model (2.11).

Examples of E satisfying (2.3) include

S0 
= = [a . . ]  : a.. e (a,b) for all ij }

I.]

and

2 2 2
= = [a

n
) 

- 
: a~~ = a .c~~ = c ’a ‘ 0 < a ~~~‘ — l ~ ~ ~

• 1,3

Under model (2.2), the usual estimator of a
2 

is

= (N-P) 1 
~ ~ ~

‘ut 
-

t=l ueI~

and

E(&
2) - a2 = (N-P) 1 

~ ~ (g(u,t) - ~~~~~~~ 
•

t=l uEI
~

where = n~~ ~ g(u,t). Let a(I,g) = ~ (g(u,t) - ~~~~~~~~~~~ 
A design

u€I~ t l  ueI
~

~~ is called minimax with respect to model (2.2) for estimating a2 if it

achieves
- mm max ~ ri(I)a(I,g)

r~ g€G I€I

It is clear that the relation a(irl,itg) = a(I,g) holds and the minimax result

for estimating a
2 follows as usual. 

U

3. Efficiency comparisons of some randomization procedures.

In this section, we attempt to evaluate more precisely the gains and losses

in using various r.~ tomization procedures. 
The efficiency comparisons are made

under the assumpLi~ ns: g(u,t) = g(u)  + h (t ) , = n ~t=~ ’”’~~ and

-16- 
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G — {g : ~ g(u,t) = 0, ~g(u, t)j < c}. Both model (2.2) and model (2.10) are

u l  
U

• considered. All the calculations are based on (2.4) and Lemea 1. For any

randomization procedure n, its eff iciency is then measured by the maximum of

• s(n,g) = ~ g
2(u) + ~ g(u)g(v)1r~y over G.

u 1 u�v

The following lemma will be referred to very often in the efficiency cal-

culations.
N

Lemma 1. The set E of extreme points of {g : ~ g(u) a 0 and ~g(u)~ <c )
u=l

is

(3.1) Ci) For N even, {c(l,”,1, —l ,”,—1) and its permutations)

2 2

(3.2)(ii) For N odd, {c(0, l,••,l, —l,”,—l) and its permutations)
_

N-i N-l
2 2

In particular, the maximum of a convex function of fg(u)}_1 over G is

attained at one of the points in E.

Proof. It is clear that the set of points in (3.1) and (3.2) are in E.

(i) N even. Suppose c(a l , ...aN
) is not a point of the form (3.1) , we can

find i < j  with ~a. I , f a .j < 1 . Also

(a
l
,..,aN) = . (a

l
,..,aI_~ ,..,aj+~ s

~~
,a
N
) +

4 ~~~~~~~~~~~~~~~~~~~~~~~~~~

for small 6 shows that (a
l~
...aN) is not an extreme point.

(ii) N odd . Among the points (a l~~
.
~~.

aN ) with Ia~I a 0 or 1, only the set

—17—
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of points in (3.2) are in E. Otherwise, we can find i < j with Ia~I .la~I 1.

The rest of the proof follows from (i).

Q.E.D.

From the result of Lemma 1, the relative efficiency of one procedure to

another is independent of c, the radius of the neighborhood C. Without loss

of generality we can therefore assume that c is equal to 1 in the following

efficiency comparisons.

Example 1. Completely Randomized Design (CRD) .

From (2.5) and (2.7),

s(~ ,g) = (1 — 
N-.l

~~~~~~~1 

g
2
Cu)

According to Lemma 1,

(N-n for N even
max s(n,g) =
geG N-n for N odd

Note that the maximizing g can be any point from the set S.

This calculation amounts to saying that all procedures with equal it ’s

are minimax with respect to model (2.2). In particular, the CRD is minimax.

The following question arises naturally : does there exist another minimax de—

sign n whose support is smaller than the support of the CRD, the whole I?

The answer is yes! By identifying the CRD with the simple random sampling,

the radomized block design (example 3) with the stratified random sampling and

the randomized cluster design (example 4) with the cluster sampling, a result

in sampling theory can be used. In the design terminology , this result says

that there exists a convex combination of randomized block and randomized

cluster designs which gives equal it~~ ’s. The support of this combined design

is much smaller than I. For technical details , see Wynn (1977). 
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Example 2. Systematic Design.

The design measure for the systematic design is a point mass

with ~1
(I) — 1, I is a pattern.

P s- T
I \2 2s(~~ ,g) = 

~~ 
( ~~~_ g(u) — 

~ 
A
t

• t l
~\

UEI
t ) t l  

. 
•

where A
t 

= ~ g(u). The constraints on (A
t

) are ) A
~ 

— 0 and
UEI

t 
tal

lA t l in .

Ci) T even. According to Lemma 1, by taking A
t 

— n for t even and 
4

A
t 

= -n for t odd, we have

max s Cri j~g) = ~ = Nfl

geG

(ii) T odd. According to Lemma 1, by taking A
t 

= n for t even,

A
~ 

= -n for t odd (< T-l) and A
T 

= 0, we have

max s(n~ ,g) = (T—l)n
2

geG

The relative efficiency with respect to the minimax value is

N-n N-n • 1N/Nn = /n < — for T even,

~~~~~~~ N/(T-l)n
2 

= T/(nT-l) . for P odd and n even,

N-n/(T—1)n
2 

= I for P , n odd.

Therefore the loss of efficiency in terms of the bias squares for the systema-

tic design is proportional to the number of replications of each treatment.

For moderate or large n, unless a specif ic pattern of the model violations
S

is known, it is not advisable to use a systematic design.

—19—
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Example 3. Randomized Block Design (RBD) .
I
- 

~~~~~~~

Divide the N units into 9. blocks ~~~~~ and assign T treat-

ments each with replications (n being divisible by t) completely randomly

to each of the 9. blocks.

For u � v e 1
(i) 

it = P — .

For u € 1
Ci) v € , =

From (2.5),

~ g(u)g(v)it~~ = g(u)g(v) + 4(- ~~ g
2
Cu) - gCu)gCv))

u~v 
Ci) u l  (i)

u�vEI u�vcI

Therefore s(n,g) = 

u l  
g
2(u) - 

~~~~~~~~~~~~~~~ 

~~ 

gCu)g (v)

w~veI
3

From Lemma 1, it suffices to consider only the set S. Define

m. = number of u from I~
’
~ with g(u) equal to 1 ,

U n. = number of u from I~
’
~ with g(u) equal to -l

9. 2
g(u)g(v) = ~~ ((mj—n .) — (m.+n.))

C].) i l
u+veI

s(~ ,g) = + 

~~ i~l 
(m.+n~) - ~~~~~ 

i~=l 
(m._n

~
)
2

(3.3) = 

~~~ i~l 
(m.+n~) — :~~ i~l 

(m.-n .)
2 

.

This is maximized by taking lm~ 
— n

~ ! 
as small as possible and m1 

+ n~ U

as large as possible.

—20—
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C~ ) even. By taking m. - n
~ 

= -
~ 
j~

N-nmax s(n,g) N
geG

(ii) odd. Obviously m1 
- n

1 
should be taken to be ±1 or 0; for U

m. - n1 = ±1, the biggest possible m . + n . is ~~; for m
9. 

— n~ - 0 , the

biggest possible m. + n. is — 1

Let p = number of i’s with m
~ 

- equal to 1

U II
= number of i’s with m. - n. equal to —l

9. — 2 p number of i’s with m
: 

5~ equal t: 0 .

- There fore , ~ (m. —n .) ~ = 2p and the biggest possible ~ (m.+n.) is
i=1 i=l

~- 2 p + (~ - - 1 )  (~~- 2 p )= N - i + 2 p .

N-n . .
• For such a g, sC~ ,g) = N - n + 2p —i— is maximized by taking 2p = 9. for 9.

even and 9.. - 1 for 9. odd.

(I) 9. even. max s(n,g) = (N-n) (N+9)/N
geG

(II) 9.. odd. max s(~ ,g) = (N—n)(N+L—1)/N
GEG

The relative efficiency to the CRD is

N
-~~ ij-r

CN-n) N-9. N I -

N (N—n) 
= 
~
—j- for even

N— P.. L
(N—n) 2

(N-n) 
= 

CN+9.) (N-i) 
for odd, 9. even

$

= for odd, 9. odd.

N 
(N-n) 

U 
-

I 
—

— 21— U~
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When is close to 0, the relative efficiency is close to 1. For moderate 
U

the loss of efficiency for the randomized block design is still very small.

In general, if the block effect accounts for most of the unknown effect g(u),

the RED will be more efficient than the CRD . More precisely, if

2
~ (rn -n ) > N, the s-value of the RED is, according to (3.3), smaller than

U 

- N = (N-n) which is smaller than or equal to the s-value of

the CRD.

Example 4. Randomized Cluster Design (RCD). 

U U

Let N = nT = pqT, where p is the size of the cluster. Divide N

units into qT clusters and randomly assign q of the qt clusters to each

treatment. For u ,  v in the same cluster, it — 1; otherwiseuv

= (q—l)/(qT-l) .

- : From (2.5),

s(n,g) = Cl - ~~j ) ( ~ g
2(u) + ~~ g(u)g(v~ .

u l  uxv
same cluster

The following calculations are justified by Lemma 1.

(i) qT even. By choosing 4qT clusters with all their gCu) ‘s to be

- • 1 and the other 5q~ clusters with all their g(u)’s to be —1 ,

max s(~ ,g) = 
q(T— 1) 

(N + qTp(p—l)) = N

(ii) ~T odd, p even. By choosing 4
qT_l) clusters with all their g(u) ‘s U

to be 1, 
4

qT_u clusters with all their gCu) ’s to be -l and one cluster

with half g(u)’s to be 1 and half g(u)’s to be -1,

-22-
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max s(n,g) a gCT-1) (N + (qT-l)pCp-l) - p)
g€G q

(N—p) (N-n)/(qT-1) . U

Ciii) qT, p odd. A similar calculation to Cii) gives

max s(n,g) = (N—p) CN—n )/CqT—l)
geG

The relative efficiency to the CRD is

N—i 
< — for qT even ,

N(qT-].) 1
(N-p) (N-U 

— — for qT odd, p even

= I for qT, p odd .

For large or moderate P. the use of RCD alone is quite inefficient.

U 

- 
However, combining the RCD with the RED can improve the efficiency as was dis-

cussed in Example 2. The RCD is better than the RED for small p and large

9. and vice versa. A more precise comparison can be made based on their 
U

efficiencies.

Example 5. Cross-over Design with two treatments.

In a cross-over design with two treatments, N units are divided into

blocks (1,2), ~~,(N—l,N), with one unit receiving a treatment and the

other unit in the same block receiving another treatment, the control . Of the

4N blocks, ~ N blocks are selected at random for “treatment and then

control”; the other blocks for “control and then treatment”. To calculate

the it ‘5, it is sufficient to work out it and it , since for all i,
uv 13 14

• it . .  . = i r  for j = j ’ l or 2
21+),21’+j’ 13

• and 7t2•+j 2•’+j’ 
= it

14 
for ~ 

= 1 , j ’  = 2 or j = 2 , j ’  = 1

- --— - - 5- -  —-~~~~~~~~~~~~~~~~~~~~~~ - • -~~~~~~~— -~~• i— ~~~—• - 
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it~3 
= 2(2N 

2)/(~~

) 
2~N~2) 

- - 

~ l4 

--

~ g(u)g(v)it = 
2(;-2) 

~ {g(2i+l)g(2i’+l) + g (2i+2)gC2i’+2)}
u�v i�j’

+ 2(N—2) ~~~{g(2i+l)g(2i’+2) + g(2i+2)g(2i’+l)) .

From Lemma 1, we need only consider g(u) ± 1. For each block, there are

- 
four possible patterns: ++ ,-- ,+- ,-+ . Let there be 9., 9., m, - 29. - m 

U

blocks corresponding to these four patterns. After some calculations which 
U

are omitted,

(3.4) s(ri,g) = N — -
~~(~~ 

— 2m — 2t)2 + (—49. + 2)j ~~ .

N U

By taking 9. = 0 and m =.

N
2

max s(r~,g) = ~~
—

~~
- .

g€G

The relative efficiency to the CRD is

N-]. 2 
— 

N-2 1

N
2 

— 
2(N—l) 2

2
Actually the s(n,g) value in (3.4) is smaller than 2(N—l)’ 

the s—value of the CRD,

if and only if 

(4N 
- ~~~~- 2m) + 

4N 
2(N-l)

This result can be interpreted as follows: the cross-over design is superior

to the CRD if the number of + - blocks is substantially larger (or smaller)

than the number of - + blocks. The existence of ++ or -- blocks will

make the cross-over design even more efficient. For 9. = 0 (no ++ or --
I

blocks), if 85% of the blocks are +- and the remaining 15% - +, the

—24—
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U cross-over design ties in efficiency with the CRD. The most advantageous case

of 100% + - (or - +)  blocks corresponds to the assumption that cross-over

effects of the same kind exist in every block.

The efficiency comparisons of the Latin square design will be made under

model (2.10) and the additional assumption g(u,t) = g(u) + hCt) and

T
• G = {g : ~g( < 1, g(u) = 0 , u (i , j ) )

i,j=1

-~~ Example 6. Randomized Latin Square Design.

For the randomized Latin square design,

= for u , v not in the same row and column. By (2.5),

we have 

2 . .  1 . .
(3.5) s(~ ,g) = g (i , j )  + 

~~~~~~~~ 
~~

i,)1
j �j

I

P• 1 2 . .  1 . .  . . ,  . .
= (1 — ~~j-) ~ g (i,j) — ~ g(i,j)g(i,j ) + ~ g(i,))g(i’ ,))

i,j=l J�J ’ i~~~i
I

i j

Ci) T even. According to Lemma 1, it suffices to consider the g(u)’s

with half of them to be 1 and half of them to be -1. Let

m . = number of u’s with g(u) to be 1 in the i—th row,

= number of u’s with g(u) to be 1 in the j-th column,

n . = T -m . ,  n’. = T — m ’~1 1 3 3

s(n,g) ~~~

•

T
2 

- j~~ 
{(m

~
_n
~
)2 - T} + ~~{(m~ ~~~~

I )2 - 
T}]

is maximized by taking m . n~ = ~~T

There fore
P

3

max S(n,g) =
g€G

-25- 
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(ii) T odd. According to Lemma 1, it suffices to consider the g(u)’s

with ~-(T
2-l) of them to be 1, ~~(T

2-l) of them to be -1 and one to

be 

s(n,g) = 
~~~~~~~ 

(T
2
-l) - ~~~~

(
~~~ (mi

_n
j)
2 

- P
2 
+ ~~(m~ 

_fl J )2 - ~2)

is maximized by taking in. - n. to be 1 for i even (i < P — 1), to be

-i for i odd Ci < P - 1) and to be 0 for i = P

Therefore

T
3 - 3 T + 4

max s(n,g) = 
T—1

gcG

Exa~~le 7. Systematic Latin Square Design.

For the systematic Latin square design,

T
max s(~ ,g) = max ~ 

{ ~ g(u)}
2

gcG g€G t]. uEI
~

P3 for P even , 
U

(T-l)T
2 for T odd

The relative efficiency to the randomized Latin square design is equal to

for T even

3 1
T - 3T + 4

- T~ 
~~~ 

for T odd . . U

It is also worth noting that the permutations of treatments only will give the

same it as the systematic design and hence is not advisable. U

Uv

•~i I
—26— 
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4. Concluding remarks.

One reason for incorporating randomization in experimental design is to

spread out more evenly the risks incurred with the violations of the assumed model .

This idea is formalized more clearly in our approach which consists of the con-

cepts of neighborhood of model violations, invariance, design measure and mini-

maxity . But for designs with covariates, this approach does not seem to work

that well. The corresponding minimax design measure depends on the configura-

tion of the covariates and is in general very hard to obtain . Note that here

the invariance technique employed in Section 2 fails. This is certainly a

very interebLing problem for future research. P

One advantage of our approach lies in the possibility of making efficiency

comparisons. Due to Lemma 1 and some other combinatorial arguments, it pro-

vides a basis for making quantitative assessments of various randomization

procedures. The conclusions drawn from the computations in Section 3 are quite

• consistent with the intuitive grounds on which the designs are suggested. Such

U 
a.a idea, i.e. to reduce the efficiency calculations to simple coinbinatorics on

the vertices of the neighborhood, may be of value in evaluating other randomiza-

tion methods used in statistics and related fields.

Acknowledgements. The author wishes to thank Professor Agnes Herzberg for
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A concept of model—robustness is defined in terms of the performance of

4 the design in the presense of model violations. The robustness problem is dis-
cussed for several randomization procedures commonly used in experimental de-

;~ sign situations. Among them the completely randomized design, the randomized
block design and the randomized Latin square design are shown to be model-robus
in their own settings . To compare different randomization procedures, a concept
of efficiency is also defined. This concept, when applied to different designs
gives results which are consistent with the intuitive grounds on which the de-
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