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ABSTRACT

Let I be a curve in the complex plane (I' is not an infinite straight
line), which is rectifiable with arc-length s, having a continuously turning
tangent, as function of s, and having a radius of curvature R = R(s) (finite
or infinite) that is biecewise continuous, and satisfying Dirichlet's condition
on every finite subarc. Let f(t) (~» < t < =) denote a "motion" on T,

i.e. f(t) € T for all t, having a continuous velocity vector f(t), and a
bounded ard piecewise continuous acceleration vector E(t).

Let A > 0 be given and let (I‘)A denote the totality of motions on T
such that
(1) lg(t)l <A for all t .

It is shown (Theorem 2) that there is in (I) a unique motion E(t), called

A
the Landau motion for the constant A, having the following three properties:
(i) |£@)] = A for all ¢,

(ii) Whenever f(t) is at, or returns to, a point P of T, then it

has at F the same speed |f|, which we denote by IEPl.
(iii) If f£(t) e (I),, and ty is such that f(to) = P, then
e | < |5 -

In Part II the existence and uniqueness of f(t) is demonstrated. 1In
Part III E(t) is explicitly determined for a few.special curves I. For
the case when T is the segment {-a < x < a}, the motion £(t) was

determined by Landau.
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SIGNIFICANCE AND EXPLANATION

If a particle moves with bounded acceleration on a bounded section of

» a straight line, then its velocity is bounded. As a specific example, if

VN IR T TS R R H

the particle moves along the segment of the n-axis given by |x| < a, with

£ s 1/2 ¥ P ; :
lxl < b, then lxl < (2ab) 3 . and this velocity is attainable. The ‘

T

choice of acceleration and starting position and velocity required to achieve k
this velocity is a simple problem in control theory.

The present paper generalizes the above problem to the case where a ‘

TR T

curve is given in a plane, and a maximum allowable value is given for the

acceleration of a particle moving on this curve. It turns out that then

the magnitude of the velocity of the particle is bounded by a certain function
of position on the curve.

More precisely, let I be a smooth curve in the plane, and let

;! % i f(t) (= < t < ®) be a "motion" on T (i.e. f(t) 1lies on T for all t)
! having‘the velocity vector f(t), and acceleration vector }(t). Let

A > 0 be given. It is shown that among all motions on I, such that

(1) lg(t)l <& forall t,

there is a uniquely defined motion E(t), called the Landau motion on T,

for the constant A, such that at every point P of T, the speed ]f[

is > the speed |f| at P, of any other motion f satisfying (1).

TSy

o R Y
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'( The responsibility for the wording and views expressed in this descriptive
: | summary lies with MRC, and not with the author of this report.
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Introduction
Let f(t) be real-valued, =-» < t < ® . As we think of t as time, we denote its

; : derivatives by f(t) and f(t). We assume £ € cl(m), hence f(t) € C(R), while

¥ ;(t) is piecewise continuous, with discontinuities only of the first kind, and bounded. i{
Using the supremum norm on R, we have Landau's inequality (see [3], [4)) ii
@ HEN < el -llell f
4 where V2 is the best constant. An equivalent formulation is as follows: 3
If a>0 and f(t) satisfies
(2) -a < f(t) <a (t € R)
then
3 el < /2= el 2
i i and Y2a is here the best constant. If we interpret (2) as saying that f(t) describes
E | a motion on the segment
V'L (4) Ta {~a < x <al,
z*; e and define the functional
f’% (5) F(f) = :gélL '
El - ll€ll ,
:; then :;
; (6) S:P F(f) = /2a , i;
?# the supremum being taken among all motions on Ia' :,
| A rather natural generalization is as follows. Let S denote a closed and fi
j connected set in the complex plane €, such that S contains no infinite straight line. i 
5 Furthermore, let ;
; (7) (s) = {£(t); f(t) e S for all t, f(t) ¥ const.} .
i
Q‘ Sponsored by the United States Army under Contract No. DAAG29-75-C-0024.




Now f(t) is complex-valued and f(t), f(t), are the velocity and acceleration vectors
of the motion f. If, besides f(t) ¥ const., we also assume that |f(t)]| is bounded,
then F(f) is seen to be well defined (< =) for all f € (S). We now formulate

Landau's Eroblem for S: To determine

(8) L(s) = sup F(f) .
fe (S)

We call L(S) the Landau constant of S.

Part I presents a few examples where L(S) has been determined. The results of
§2 were stated in [5] without proofs. The main results are found in Parts Il and III.
The problems here discussed belong to the subject of Optimal Control, but we use no
results from its theory, as our special problems are elementary and can be attacked
directly. For each curve I our Landau problem depends on what Ernesto Cesaro called

the natural (or intrinsic) equation of T, giving its radius of curvature R(s) as

a function of the arc-length s. Many interesting and instructive examples of such
natural equations are found in his book [2].
I wish to thank C. Vargas, of the MRC Computing Staff, for carrying out successfully

the difficult numerical integrations of §11.

-de




B T S T

PRI IS oy P N T T - AR Ty YRR AT S I ¢ T T AN KL U TR M R S N N SRR TR . S AR T R R 98 YT

}
»
g
8
I
€
;

2z e

I. The Landau problem for motions in sets
E | . j Examgles. The Landau constant L(S) is known for a few simple chcices of S.
(i) s = Ia' In terms of tﬁe definitions (8) and (4), we may rewrite Landau's | f
. result (6) as
| (1.1 L(1,) = v2a . *
:F An extremizing motion E(t) such that 5
'; (1.2) F(E) = /7 :
?! is readily described. 1In terms of the quadratic Euler spline Ez(t) defined by
3 f
1 (1.3) Byt =1-4¢%, if -2ctcl, H
f and extended to all t by
4 (1.4) Ey(t +1) = -E (t), (te R),
;i we find that
1 (1.5) £(0) = aF(b)
! satisfies (1.2). This because l]é” = d4a, ||§H = B8a. For a discussion of the Euler
:’ ; splines and their role in Landau's problem and its generalizations see [4], where
" further references are found.
! (i1) S 1is_the circular ring
(1.6) R =1{b<|zl cai0<b<al.

a,b

In [5, Corollary 1 of §8] I determined L(R1 r) (0 <r <1) in terms of an
’

intermediate angular parameter u. By expressing cos u in terms of r, we easily

find that
(1.7) LRy ) =N+ - #*
’

Writing r = b/a, we find that £(t) e (R ) if and only if £ (t) = alee) e Ry -
’ '

As this implies that F(f) = va F(fl), we find by (1.7' on taking suprema, that

J=rah+h- (b/a)?

LR, ) = /;L(Rllb/

! and finally that

3
: (1.8) LR ) =/a+ A2 . b2

a,b
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(tit) S 1is the circle
(1.9) g = {is] =2} .
The Landau constant L(S) enjoys an obvious monotonicity property:

(1.10) If s Cs, then L(s)) g L(s, .

3
From C_ (= Ra b Ve therefore conclude that
E(e ¥ < DGR ) = vYa + a2 - b2 @< b < a)
‘a’ = a,b
Letting b + a we obtain that
(1.11) Lc,y < Va .

on the other hand, for the uniform circular motion f(t) = aelt we find that
”fll = a, ”EI] = a and therefore F(f) = Ya. This implies that L(Ca) > Ya and now
(1.11) shows that

(1.12) L(c,) = /a .

(iv) S is the circular disk

(1.13) p. = {]z| S el
From (1.10) we obtain that

- 232
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and letting b *> 0 we obtain that L(Da) > V2a. From Theorem 1 below, concerning convex
sets S, to be established in §2, we conclude that here we have equality, hence

(1.14) L(,) = V2a .

2. A lemma and the case when § is convex.

Lemma 1. If the motion
= e
(2.1) £(t) € (s)

has the

Property A. If

2.2) fe s ana [£]l < lI£]
then
(2.3) NEN < NEN »

S AP e,
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. then it also has the

Progettx Bl
(2.4) F(E) = L(S) ,

and conversely, if f enjoys the Property B, then it also has Property A. |

B ] Proof: 1. Property A implies Property B. We assume (2.1) and Property A and we
|

are to establish (2.4).
If f € (S) then for the motion g(t) = f(t/H%'n /|l§||) we find that g(t) € (S)

and also

sl = WENEN/NED  nence fiall = N1E] -

By Property A we conclude that ||gl| < “E||, and by the definition of g(t), that

el AIENZlEll < NlElE, ana so Py < (D)

I

But then

L(s) = sup F(f) < F(f) and therefore (2.4) holds.
fes Z

2. Property B implies Property A. Now we assume (2.4) and that f satisfies

(2.2), and we are to show that

(2.5) NEN < HEl -

From (2.4) we obtain []f”//ﬂgﬂ < ||é”//ﬂ?ﬂ whence
I Y R ] |

because of the second relation (2.2). Thus (2.5) is established. i

As an application we establish

Theorem 1. If S 1is a closed and bounded convex set, then
A

(2.6) L(S) = Vdiameter of S .

Proof: Let A and B be points of S such that

k{ (2.7) |a - B| = diameter of S =4 .

On the segment [(A,B] we consider the motion i | §
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)
(2.8) Fe) =t m+a + L @B-nE (L
2 2 2 2 5

where Ez(t) is defined by (1.3) and (1.4). From the convexity of S it is clear that

; € (S8). For this to-and-fro motion on [A,B] we find that
; (2.9) el = 3 0e - al-a=2a [£| = 2 ls-als - aa { |4

| and therefore

<3 (2.10) F(f) = /@ = L((A,B]) . |
:;i We are to show that also [
‘ (2.11) L(s) = va .

i Let f € (S) be such that

(2.12) NEl < IIE] = 4a

and let us show that these assumptions imply that

& (2.13) el < NEll = 2a -
To derive this, we consider an arbitrary but fixed to such that é(to) # 0. Let L
be a fixed straight line such that

(2.14) L is parallel to the vector f(to) s

: Let the segment [P,Q] be the orthogonal projection of S onto the 1ine L (the ¢
reader is asked to draw a diagram). Clearly

(2.15) lo-pl <|an-8|=a. . B

Let fp(t) denote the orthogonal projection of f(t) on L. Clearly fp(t) € ([P,Q1),

because fp(t) e [p,0] for all t. Since vectors are only shortened by projecting them,

we have by (2.12) that

FTINCS OSSN

; £ aa .
(2.16) [l p|l < 44

From Landau's theorem we know that

1 EMAEN < Ao -el A o el < @Al

and, by (2.16), this shows that

At A R s e Y e i Bl .

(2.17) prll <Vd - /ad =2 .
However, the assumption (2.14) insures that on the one hand

’ |fp(to)| = [Eel .

-6=

=
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while on the other, by (2.17), we have

A

. [fp(to)l 2d . .

It clearly follows that lf(to)] < 2d. Since to was arbitrary we conclude that !

A N Ly (s ALY

1

£l < 2a = Il - 3
ol i This establishes (2.13) and the motion E(t) is seen to have the Property A of Lemma 1. [
3 i By Lemma 1 we conclude that f has Property B which states that ,
[

L(S) = F(f) = V3 .

Therefore (2.11) is established.
Remark. Clearly Theorem 1, and its proof, remains valid if the convex set S
e

belongs to a euclidean space of any finite number of dimensions. It does seem curious

that the motion f(t) on the diameter [A,B] can not use the greater freedom offered by

E |
;‘ S to increase the value vd of the Landau constant.

T m———




II1. The Landau problem for motions on curves

3. Statement of main result. As indicated by its title, the chief purpose of the
present article is to study the Landau problem for motions on a set S, when

(3:1) the set S reduces to a curve T .

The curve I, of the complex plane, is assumed to be rectifiable, its arc-length being
denoted by s. We also assume that I has a continuously varying tangent, as function
of s, and that the radius of curvature R = R(s), at the point s, is a piecewise |
continuous function of s, having at most discontinuities of the first kind, and that

R(s) satisfies Dirichlet's condition in every finite s-interval. !

We distinguish four types of curves T.

- | Case 1. T is a biinfinite arc; a parabola is an example. As we assumed in our

Introduction that the set S contains no infinite straight line, we exclude the case
when T 1is a straight line. Measuring s from a suitable point 0 of T, we see that
the range of values of s is

| €3.2) ~» < § < ® , '

Case 2. I is a half-infinite arc. If O is its endpoint, we think of I’ as d

being a biinfinite arc that is doubled-up on itself at the point 0. Hence (3.2) again

holds, with +*s denoting the same point of T. Examples are a half-line, or one-half of

a parabola.

{ Case 3. I 1is a closed curve of total length 22. A circle, or an ellipse, are

E | examples. Again (3.2) holds, and s and s denote the same point of T if
B | ] 2

s 2 sz(mod 8).

Case 4. T 1is a finite arc of length 2. We think of this as a special case of

Case 3, when the two parts 0 <s < & and & s < 28, of T, coincide g:ometrically. !

As s increases, the corresponding point is seen to describe T infinitely often in a

to-and-fro motion.
In all four cases s ranges over all reals. 1

i 1

| | As in (7), we are concerned with the class of motions

i (3.3) (T) = {£(t); £(t) € T for all t, £(t) ¢ const.} . !

| ) &
;! - q
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We select an arbitrary, but fixed constant

(3.4) A >0,

and define the subclass of motions

(3.5) (I‘)A = {f(t); £e (D), l;(t)| < a for all real t} .

In words: (F)A is the class of motions on T having at all times accelerations whose

moduli do not exceed the value A.

The following seems obvious: IE " E(t) € (I) and f(to) coincides with an end-

point of T (in Cases 2 and 4), then f(to) = 0. Th.s follows from f(t) € C(R).

Our main result is as follows.

Theorem 2. There is a unique motion f(t) = fA(t) on I', called the Landau motion

on I, corresponding to A, having the following three properties:

(i)
(3.6) [eeei] = for att % .

(ii) Let f(t) be at the point of arc-length

(3.7) s = s(t)

This function of t is uniquely defined by f(t), if we require that ;(t) € C(R)

and that
(3.8) s(0) =0 .

(3.9) The function s(t) increases steadily from -~ to +» as t increases

LEOm S kD Ea

Further properties of ;(t), hence of f(t), are as follows.

In Case 1, by (3.9), £(t) sweeps out the entire curve I' just once.

In Case 2, again by (3.9), E(t) sweeps out I twice. Moreover,

(3.10) S(-t) = -s(t), hence f(-t) = £(t), for all ¢t .

In Case 3, let 2T be the least positive value such that

(3.11) s(27) = 20 ,
then
(3.12) S(t + 2T) = s(t) + 20, or f(t + 2T) = £(t) for all t .

_g_




i In Case 4, let T be the least positive value such that

gL (3.13) s(t) =28 . .

? Then ¢ {

& |

‘ (3.14) S(-t) = -s(t) and s(t + 2T) = s(t) + 20 , I
i

3 or equivalently
4 ; : z @ 4
(3.15) £(-t) = £(t) and €(t + 2T) = £(t) for all ¢t . ‘

|
It follows (3.10), (3.12), and (3.15), by differentiation, that if P is a point |
I

of T, and if

(3.16) flt) = P ;

then the corresponding speed lf(t)] has always the same value, which we denote by

3. E ’
(3.17) | pl

whenever f(t) returns to the point P.

(iii) This is the decisive characterizing property of f: If

(3.18) £0) € (M), |}
!

and t is such that |
(3.19) £t ) =F , . k
then i'
(3.20) £ )] < |é [z |
ol £ 1 : t

i3

In words: The speed | £ | of the Landau motion at a point P € I', can not be
P

exceeded by the speed at P, of ary motion f£(t), on T, such that |f(t)l <A for

all t. We may also say that f maximizes the speed at every P € I', within the class !
s |

of motions in (F)A.

!
|
We have the following &4 :
Corollary 1. If f(t) is the Landau motion on I, corresponding to A, then gf
(3.21) Ly = Fib) = i' : f
Proof: We claim that E enjoys the Property A of Lemma 1. Indeed, let us assume i jf
that f(t) € (I') and that N g
(3.22) Il < el -
—10_




From (3.6) we conclude that ”f|| < A. Now (3.20) shows that

- N el < Il

and this is the desired Property A of f. By Lemma 1 we conclude that f has Property B,

S and (3.21) is established.
Of course, in Cases 1 and 2, we may well have that L(I) = =,
Remark. The dependence of ;(t) = ;A(t) on the constant A is a trivial one.
For if we select another constant B > 0, then we claim that the motion defined by

| (3.23) £, (0 = E, (/B7R) |
f
|

1 | is the corresponding Landau motion. For, in the first place, (3.23) implies that

legll = @/m gl =B for a1 t .

i
As the same change of scale in t transforms (I‘)A into (F)B, we find that EB also !5

i enjoys the characteristic point wise maximal property (3.20) within the class (T)B.

g ‘ 4. The condition |f(t)| <A amounts to a differential inequality. Let £(t) € (I)

and let s denote the arc-length corresponding to the point £(t) of T. Evidently

s = s(t) 1is a function of t. Also the speed of £(t),

ds . |
3 (4.1) v=o2s=t|E(R)] |
E | > at t
,3 is @ function of t. Let us assume that |
4 (4.2) £(t) and R(s) are continuous if a < t < B . :

At the point f = f(t) = (x,y) we draw a half line tangent to T in the direction i3
of increasing s, and denote by ¢ its angle with the x-axis. Then the following
classical relations hold:

de _dy ds _ 1
(4.3) Tt e

ﬂ{ (4.4) Kot dn " de " Y OOEW 4
& |
N | o
;l (4.5) y =vsing .
j? - Differentiating again the last two relations, we obtain by (4.3), that
b | 2 | 3
| B WL s AT :
4 Xx=vcosy - o-siny, | 8
i (4.6) 4
! i - 2
. v
y=vsing + —cos ¢ .
R | 3
|
! “ll=

s, 50




These give the well-known components of the acceleration f in the direction of the
tangent and the normal to T at the point f = (x,y). Now
~ < < 4
'f(t)l =x +Yy uv2+v_2
R

and we immediately conclude the following: The inequality
(4.7) l£e)]? < a2

holds, if and only if

4
(4.8) LRY G
LT R
is satisfied.
Since
s odv_dvds _dv
ity vrae " &aae " as”
we may also rewrite (4.8) as
2 4
2[dv 5 N
(4.10) v(ds) <a?- L.
R
This we multiply by 16 v4 to obtain
2 4
(4.11) (4 3"—"—) 4 yemas - o} .
ds = R2

A glance at this shows that we should introduce the new variable
(4.12) u=v
to obtain the inequality

2
du 2 u
(4.13) 51 <16 u(A —R2) :

Clearly, as shown, (4.10) implies (4.13), but the converse is true only if

have therefore established

Lemma 2. We assume R(s) and f(t) to be continuous at the time t, and that

(4.14) [vl = |£(®)] >0 .

In terms of the new variabie u, defined by (4.12), the inequality

~12~-

v # 0.

We

o i i AR

R RN Y "eN

e s




(4.15) [fo)] <a

is equivalent with the differential inequality

2

(4.16) g§ < 16 u(A2 i _EE*_) ¥

i R (s)
Moreover, the equation
(4.17) [ft)] =a
is equivalent with the differential equation

2
(4.18) %‘;—) =16 u{A2 -5
2 R™ (s)

This lemma has far reaching consequences, some of which are as follows.
12, Observe that the right side of (4.16) is a quadratic polynomial in u, while
(4.16) implies that this quadratic is non-negative. It follows that if (4.16) holds,

then the corresponding values of s and u = v4 must satisfy the inequalities

(4.19) 0 < u < A%R%(s)

WA
A

2°. If in the time interval o < t <8 both (4.14) and (4.15) hold, then the

corresponding function u = u(s) must satisfy the inequalities

(4.20) —4\/u(A2 = —L) g& < 4/u(A2 % T“—) <

Rz(s) R (s)

A

30. If for t € (a,B) we have

(4.21) le@r] = a, [f@w] > 0.

then for such t (4.16) becomes, an equality, hence

2
(4.22) %;l) =16 u(A2 2 —zl‘——)
R (s)
This differential equation is the key to a proof of Theorem 2.

5. Qn the solutions of the differential equation (4.22). To simplify notations,

we write

2 u
(5.1) Ufu,s) = 4 U(A i ;3:;;) 2

It is clear that a solution of (4.22) must satisfy one or the other of the differential

equations

-]3=

. T ———




da y
(5.2) e Ulu,s) .,
or

du _
(5.3) A U(u,s)

It is important that we get a clear idea of the families of curves which are solutions
of these two differential equations. To fix the ideas, we assume in the present section
? that ' is a closed curve of length 2%, hence that we are in Case 3, and that I has
everywhere a positive and continuous radius of curvature R(s). Therefore R(s)
(== < s < @) is a positive and continuous function of period 2i. We may as well

g | assume that

| (5.4) R(0) = min R(s)
] -
{
]

In the (s,u)-plane we consider the curve

(5.5) Y :u-= AZ(R(s))2 (-0 < 8§ < @)

E | and Fig. 1 represents a period 0 < s < 2¢ of this function. The direction fields of

the equations (5.2) and (5.3) are easily described: For every fixed value of s, and cvery

Asz(s), we have the two slopes + U{u,s) of opposite signs. .

u such that g < u <

= -
The angle between these line elements is =0 if u =0, or if u = A2R2(s), while
increasing to a maximal value halfway between these endpoints. This is so because

Uz(u,s) is a quadratic function of u.

The u~axis, u = 0, 1is a singular solution of both equations (5.2), (5.2).

Let
(5.6) V+ denote the class of solutions of §§-= + Ula,8) .
$5.7) V_ denote the class of solutions of g% = ~ U(u,s) .

An example of an element of V+ is the arc P+Q+ of Fig. 1. Its left endpoint
P+ is on u = 0, while its right endjoint Q+ is on the curve Y. The slopes of

P+Q+ vanish at both endpoints and are positive in between. These we call elements of

I

v+ of type 1 and denote their class by V+.

ST

T
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Fig. L

There is yet another type of elements of V+: An example is the arc S+T* (Fig. 1)

having its left endpoint s+ on Y. We call them elements of V+ of type II and

denote their class by viI.

There is a similar dichotomy within V_: Its elements, like P_Q , having its
right endpoint on u = 0, are called of type I and their class denoted by VE. Finally,

elements S _T_, having their right endpoint on 1y, are called of type II and their

) 4
class denoted by V_I. We have just described the partitions

I I1 I I1
(5.8) v,=v, UV, v =v_uv,

The elements of v, form a field of increasing curves that covers simply the region

(5.9) 0¥ A2R2(s), - < g < ™,

between Y and the u-axis. Also the elements of V_ form a field of decreasing curves

covering Q simply.

The reason is that within any compact subset of , each of the equations (5.2),
and (5.3), satisfy a Lipschitz condition lU(ul,s) - U(uz,s)[ < Klu1 - uzf, with a

constant K depending on the compact set.

-15~
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Evidently, the elements of V+, or of V_, satisfy the equation

: :
(5.10) gg] = v?(u,s) . '

However, in forming solutions of (5.10), we may pass at will from an element of v+ to
one of V_, so as to preserve continuity. We shall also refer to elements of V+ as

increasing solutions of (5.10), and to elements of V_ as decreasing solutions of (5.10). |

As an example, let us find on ' a periodic motion f(t) such that

(5.11) |£(t)| = A, except at the discontinuities of f .
This is easily done, at least in theory: Let U, satisfy
(5.12) 0 <uy < a%%(0) ,

and let us join the two points (O,uo) and (22,u0) by the graph of a function u = u(s)

: i that will generate a motion f£(t) satisfying (5.11).

1. We start from (O,uo) an increasing solution :;E, and from (Zl,uo) a
' decreasing solution ;:;.
g 2. At the point B we switch to a decreasing solution BC. Again, at C we pass
i to the increasing solution CD, to be followed by the decreasing DE. Finally, let

i EF be an increasing solution that intersects ;:; at the point F. 1In this construc-
tion we should take care not to ever touch the line u = 0. so as to satisfy the basic
‘: assumption (4.14) (u = 0 would imply v = 0).

Let the curve uOBCDEFu represent the graph of one period of the periodic function

i (]
| (5.13) u=als), (=»<s<m
é This being a solution of (4.18) for all t, it follows by Lemma 2, that l;(t)l =a
;gi holds for all continuity points of ;. To determine the basic variable t we use the
1 relations (4.1) and (4.12) to obtain that
(5.14) t = ls —ds

0 (usn'/?
which gives a 1 - 1 map of the t-axis onto the s-axis. At the points s = 0, Spr S

, S of the curve I (see Fig. 1) we have the jump discontinuities of the

Al
G | fpr %y %

acceleration vector f(t). Fig. 1 also shows nicely the character of the motion f(t)




within one revolution: f(t) 1is accelerated on [O,sB], [sC,SD] and ISE,SF], and

decelerated on [sB,sC], [sD,sE] and [sF,2£].

6. Where and what are the jumgs of the acceleration ;(t)? To answer thic question
we return to the relations (4.6). Let us denote by Ag(to) = ;(to+) - ;(to-) the jump
of ; at t = to, and use this notation for other functions as well. Since v and ¢
are continuous, and assuming R(s) continuous, we find from (4.6) that
(6.1) Ax = (AV) cos ¢, Ay = (AV) sin ¢ .

From (4.9), and writing v' = dv/ds, u' = du/ds, we find that Av = vAv'. Now u = v4

3
shows that u' = 4v'v', and therefore Au' = 4v3Av'. It follows that

A% = (A AV )lAn" = —2r Ayt =
2
4v

From this and (6.1) we conclude that
e ip 1
6.2 A = ey ! .
( ) f(to) e e 5 Au (so)

This establishes

Lemma 3. If f(t) is a motion on I such that

(6.3) |£(t)| = A at the continuity point of £ ,

and if u = u(s) 1is the corresponding (s,u)-diagram, then the jumps of f£(t) correspond

to the corners of the graph of u(s), as long as

(6.4) u(s) > 0, or equivalently E(t) #0

Moreover, at a discontinuity ¢t = to' the vector

(6.5) Af(to) = f(t0+) - f(to') (f(to) > 0)

is parallel to the tangent to [I' at the point f(to).

7. Some obal properties of the graph of u = u(s) corresponding to a motion
f(t) € (F}A. So far we have Aiscussed motions f(t) satisfying the condition (5.11);
their corresponding curves u = u(s) were solutions of the differential (5.10). How-
ever, as we shall see, Lemma 2 also gives complete information on the curves u = u(s)

corresponding to motions in (F)A.




Let f(t) satisfy

(7.1) £t | < A wherever f(t) is continuous,

and let a portion of the corresponding
(7.2) u = u(s) (s' < s <s"), (u(s) >0} ,

be represented by the arc I' I I" of Fig. 1. The assumption that the arc I'I" does -

not intersect the u~axis, implies that u(s) 1is continuous and u'(s) piecewise

continuous.

Let s' < sO < 8%y 1 = (so,u(so)), and let P+Q+ and P_Q_ be the elements of

v+ and V_, respectively, that pass through the point I.

Lemma 4. The arc I'I" can not cross either of the two arcs P Q and P Q ,
e e +5F — -

except, of course, at the point 1I.

This is a global corollary of Lemma 2. We know that (4.20) holds along I'I".

Let us even assume that -U(u,s) < du/ds < U(u,s) at the point I. If the arc I I"

could dip down and cross the arc IQ , then, at the first point where it crosses IQ_
(or a neighboring decreasing solution) it would violate (4.20) of Lemma 2.

Let P+ and Q_  also denote the s-coordinates of these points. An important

consequence is that we may assume in Fig. 1 that

(7.3) e W !

Indeed, assuming that v = ds/dt = ul/4 is positive along I'I" (rather than negative),

then we find, by Lemma 4, that s is a strictly increasing function of t in the range

(74} P+ ; s ; Q_ p

But then surely u admits a single-valued representation u = u(s) in the interval (7.4).

We come now to a crucial point of our discussion. Again we assume that (7.1) holds,

but let now the graph of (7.2) be the arc J' I I" of Fig. 1. Now the elements of v+

and V_ that pass through the point J are the arcs S+T+ and P_Q _, respectively.

; 1 ;
Observe that S T  is an element of V+I. We also assume that the arc S T  is not

II

minimal in the sense that there are arcs S;T; in Vi below it and arbitrarily close

to it.

"

e e e g e i

e e e e e




Lemma 5. Our assumption that
e
£72.5) ST € V+ ’

contradicts our basic assumption (7.1) .

We know, by Lemma 4, that the arc J'J can not cross either of the arcs S+J and
P J. Let € and n be the s-coordinates of the points S+ and J, respectively.

Since s = s(t) must be strictly monotone in the range ¢

A

S

na

n (for an appropriate

t~interval) because v = ds/dt # 0, it follows that the arc J'J must cross the curve

Y at some point J', on the arc S+P_, with vanishing slope, because at J* we have
two equality signs in (4.20). Therefore the arc J'J' is forced to enter the region
above the curve Y, where the inequality (7.1) is known to be reversed by (4.16). This
contradiction proves the lemma.

A similar contradiction is reached if the arc u = u(s) should pass through a
point K of an arc ST ., of VEI, where we assume, as above, that the arc ST is
not minimal.

8. Construction of the Landau motion E(t) and a proof of Theorem 2. In the
proof of Lemma 5 we have assumed that the arcs S+T+ and &7 (Fig. 1) were not
minimal. Such arcs of Vil %] VEI, which are minimal, will now solve our problem.

Again we argue in the case of Fig. 1, when I is a closed curve of positive and

continuous radius of curvature R(s) exhibiting no intervals of constancy. In Fig. 2

we draw again the graph of one period of the curve

(8.1) Y & u = A2R2(s) (== < 8 < ®) ,
where R(0) = min R(s), and R(s) > R(0) if s 1is positive and close to 0.

1. We start from the point S+ = (0,A2R2(0)) and draw the arc S+T* € ViI, which
necessarily terminates at a point 'r+ of a descending branch of Yy, with zero slope
at that point. We proceed from T along this descending branch of Yy until we reach

Euld 2 I
the next minimum point S;, where we construct the arc s;Tl €V .

- terminating at T;

with zero slope, again on a descending branch of Y. We continue in like manner obtaining

the finite sequence of arcs

o A Ty

PRV ) s PN




Fig. 2

X II
1] L " "
(8.2) S+T+, S+T+, S+T+ in v+ "

such that the first minimum point on Yy, beyond T:, is the point SO at the end-

point s = 22 of the period.
2. Now we draw the arcs

. Q" " i
(8.3) S_S,, S!Sy, s"S; in

which are determined by the minimum points s;. S:, s. of <y. The choice of the

0

successive minima s;,s:,..., insures that each of the arcs (8.3) intersects some arc

among the arcs (8.2) (usually the corresponding one in (8.2), as in Fig. 2, but it could
also be an earlier one) at the points W, W', W".

3. Of these arcs we now select that portion which has least ordinate, for each
value of s, obtaining the (heavily drawn) connected curve
(8.4) S+W S;W'S";W“So
of Fig. 2. Let this curve be the graph of one period of the periodic function

(8.5) u = u(s) (- < 5 < ®) .,

Furthermore, let

(8.6) Y (~» < 8 < w) ,

Biiamttaban 20
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like (5.14), define the dependence of s on t. Finally, we denote by
(8.7) £(t)
the point of [I' corresponding to the arc-length s.

I claim that the function (8.7) is the Landau motion on I, corresponding to the

constant A, and having the properties stated in Theorem 2 for the Case 4 of a closed

curve TI.

Proof of Theorem 2: The property (3.6) holds for u(s) for the same reason that

it held for the function (5.13) defined by the curve uOBCDEFu0 of Fig. 1: Both are
defined by alternate arcs of Vi and V_ which do not touch the u-axis. The properties
(3.14) to (3.17) are evident by construction.

There remains to establish the crucial extremum property (iii). Assuming (3.18), let
(8.8) u = u(s)
be the (s,u)-diagram corresponding to £(t) and let us show that
(8.9) u(s) < u(s) for all s .
This inequality is equivalent to (3.20), if we recall that we may write

o 4 -~ & 4
u(s{ o lf(to)l . u(s) = IfP|

To establish (8.9), we assume that

(8.10) wls.) > ;(s*) for some s, .
and let us reach : contradiction. Let

(8.11) Jd = (s,.u(s,))

We loose no generality in assuming that 0 < s_ < 2%, and even that the point J is

above the arc S+T+ of Fig. 2, and of course below the curve Y. This means that there

is an arc ST € ViI, Eg§§ing through J, which is not minimal. We now reach the
contradiction with (7.1), as stated in Lemma 5. A similar contradiction is reached if J
should be above any other arc of the curve (8.4). This establishes the inequality (8.9),
and therefore (3.20) holds.

Remarks. 1. To better understand the way the Laadau motion f is put together,

let us consider its arc

(8.12) WS!W' of Fig. 2 ,




e

corresponding to a point s = s; of maximal curvature. Observe

Q /4

1°. That the speed a(s;)l is the greatest speed that a motion in

t s =8
& +

(r) may reach at that point.

A
20. That (8.12) is a part of the motion S_S;TL, which at s_ and Tl starts

having accelerations that exceed in modulus the constant A. However, before reaching
the point T;, the next arc w's:w" takes over.

3°.  That along W Si the motion £ is decelerated because u(s) decreases, and
accelerated along SLW': Minimal speeds occur only at some of the points of [ of
maximal curvature.

4°. That %(t) is continuous between W and W', even at the point S;, accord-
ing to the relation (6.2). Also by (6.2) we observe that the jumps of E are at the
points W, W', and W".

It therefore appears that E is composed of a succession of smooth motions
corresponding to some (see 6" below) of the minima of R(s), each having the maximal
speed at such a minimum, and still going around that minimum point and yet satisfying
[£ct) | < A.

So. Let T be the unit vector tangent to I' at s, and pointing in the direction
of increasing s. For the inner product (;,r) we find, by (4.6), the value

Xcos¢ +ysing =v = |Elcos 0, 0=2& (£,0)
This shows that 6 > 90° between W and S; because v < 0, and 6 < 90° between
Sl and W' because v > 0, while 6=90° at Sl. Therefore E(t) is normal to T
at the points of maximal curvature.

6°. Notice that our construction of E did not use the minimum point M, where
the speed [é[ would be too large to be consistent with f € (I),.

2. By relation (3.21) of Corollary 1 we find that

(8.13) LMy = max a(sn™/& .
S

The quantity max u(s) equals the largest ordinate of the vertices W, W', W", of
Fig. 2, and can be determined approximately by numerical integration of the differential

equations (5.2) and (5.3), in case that exact integrals are not available.
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3. We have established in §8 the Theorem 2 for Case 3 under restrictive assumptions

e 3,

on R(s). The modifications needed for Cases 1, 2, 4, or if R(s) has discontinuities,

or intervals of constancy, will become fairly obvious in our discussion of special

curves T.




G

III. The Landau motion for special curves T

9 . The curve I is a circle C_. Now R(s) = R is a constant. By the remark 1°
(following Lemma 2 of 8§4) we gather that for a motion f(t) € (CR)A, the speed
Iv' = [f(t)l may never exceed the value VYAR. On the other hand, for the uniform

circular motion

(9.1) Fle) = RelUAR
we find that
Fies = DR S0, T w o T
hence
(9.2) l%(t)l = VAR, |-f~'(t)| = A for all ¢t .

This establishes

for the constant A, is

Theorem 3. The Landau motion f(t) on the circle C_,
_— e e e R

the uniform circular motion (9.1).

In particular, by (3.21) of Corollary 1, we obtain from (9.2) that

(9.3) L(Cy) = /aR/VA = VR ,

in agreement with our earlier relation (1.12).
9_. The curve T is a circular arc.

2
arc, we need the solutions of the equation (4.22) which, in our case, becomes

2
dul\” _ 2hi a2
(9.4) ds) = 16 u(A ) L [

Variables separate and we find its solutions to be composed of the function

(9.5) u=g(s) = 2a%R%( - cos ) = a%R%in 22, (Rw4 s < R/A)

and all its horizontal translates g(s - so). A graph of g(s) is the arc BOD of

are singular solutions of (9.4).

Fig. 3. Moreover, u =0 and u =AR

Let now I be

(9.6) O CR,E '

an arc of CR of length 2. By our convention, described following (3.2), again s

roams over all reals, and we find that

To discuss our next case when I 1is a circular

g b e O e 8 i
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+R  if 0 <s < 2 (mod 2%) ‘
(9.7) R(s) = i1
-R if =-f < s <0 (mod 2%) 19
i
Moreover, we must set i
=
(9.8) R(S) = 0 3 s = 0 (mod L) |
|
i.e. at the endpoints of C_ . {4
R, L 1
The function u = &(s) corresponding to the Landau motion E(t) for CR 2 depends ;
on the size of £&. We will show that if ’ |
| 3
(9.9) % > Ru/2 , j i
i.e. the arc G is a quarter-circle or longer, then a period [0,2] of n(s) is | ‘fj
; & |
given by ! | ‘
a(s) if 0 <s < Rw/4, ‘ |
. - R e |
(9.10) uls) = AR if. if Re/4 <8 <% - Ru/4 , 54
|
gis ~ L) i L= Rn/4 < 8 <& ‘%
If i
R (4
(9.11) X% 2 v {
{8
then !
: g(s) if 0<s s /2,
(9.12) u(s) =
gis - &) if /2 <8 < &
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For graphs of the two functions (9.10) and (9.12) see Figures 3 and 4, respectively.

They show the period [0,2], and u(s) 1is periodic with period Z£.

A
B NeT D s i S
; Y,
: /
| ) /
| : /
| e
Sl i - ——s
- RE/% 0 Liz 3
Pig. 4

Proof: For the dependence of s on t, we again use the relation (8.6). The
novel situation is that A2R2(s) is constant, except for its discontinuities at the
multiples of ¢, by (9.8).

The validity of (3.6) and (3.12) follows by cunstruction. A proof of the extremum
property (iii) is again based on Lemmas 4 and 5 of §7. The old proof of §7 will apply
again if we use the following device. Mark in Fig. 3 the equidistant points

E = (A% (v=0, 1.0,
and think of the curve Yy, defined by (8.1), as consisting of the succession of segments
ceeg E_lEo, EOO, OEO, EOEI' ElL, LEl, EIEZ' S

We may now think of OEO as an ascending branch of y. But then the arc ST, of

; & < ;
Fig. 3, belongs to the class V+I, and the old reasoning of §7 applies.
Remarks. 1. Figures 3 and 4 show the character of the motions u = G(s) in the
two cases. If the arc exceeds a quarter-circle, Fig. 3 shows that the motion from

s =0 to Rm/4 is accelerated; also that it is uniform with speed VAR from s = Rn/4
to 2 - Rn/4, and descelerated from s = £ - Rn/4 to {. The acceleration f is

continuous at all times. Fig. 4 shows that for arcs shorter than a quarter-circle the

uniform middle section has disappeared, and that f has a jump at s = £/2. All this
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easily leads to

Theorem 4. The Landau constant of the arc CR 1} is given by
'

/R sin & if 2 < Rw/2,
(9.13) L(CR g) =
: /R if 9 > Rm/2 .

The most remarkable seems to be the case & = Rn/2 of a quarter-circle. What

is the duration T of one complete oscillation?

From (9.10) we find that g% = (g(s))1/4 = VAR sin(2s/R), whence

R1/4 ds

L= f
4 VAR > /5in(2s/R)
Setting x = vsin(2s/R), we get that

) &
l'r=/‘_n/Af _dx
4 0

1 - x f

This is the integral which equals one quarter of the length of the Lemniscate r“ = cos 26.

The change of variable x = cos 8 shows that

dy

1 Voot X
ZT'» R/A"-/f j %-T s
0 V1 - (1/2)sin'¢

Using the value of this complete elliptic integral of the first kind as given in (1, 608],

we obtain the final result:

(9.14) T = (5.244 115 108)VR/A .

2. The acceleration pattern. Suppose that we are in Case 4 of Theorem 2. By

differentiating twice by t the relations (3.15), it follows that f(t) associates

to every point P € ' a unique acceleration Ep' such that |Ep| = A, except at the

discontinuities of f. 1In the present case of (9.9), there are no such points. We

call the correspondence P - Ep the acceleration pattern of f. For the present case

when I = C and assuming (9.9), we can describe the (continuous) acceleration

Ryt
pattern Ep as follows.

In Fig. 5 let O D E L be the arc CR ! divided accordinag to the graph of G(s)
’

of Fig. 3. At O and L, where f vanishes, fo and EL must be tangent to the

arc, hence

N

1 NS
. i) s
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(9.15) EO =2i, ({=7/1) .

{ At a variable point P on the arc O D, with 6 = & OCP, we have 3
{

| (9.16) Fut o, Wt . ')
4 B0 Tk |
¢i This shows that f
fl (9.17) Ep turns three times as fast as the radius CP . :
4

As P reaches D, (9.16) shows that ED points towards the center C. This radial %

pattern holds along the arc DE, because of the constant speed (Fig. 3). Finally, |
R

along EL, the rule (9.17) again holds. I
¥

|
}
!
|
"[ These results follow from (9.10) and (9.5), combined with the relations (4.6),

.-

describing the components of Ep. We omit the details.

93. Letting R > ® : I is a straight segment. Letting R + ® in (9.5) we obtain ;

(9.18) u=g_(s) = 4A252 (== < g < ®) , ;%

and its translates gm(s - so) are the solutions of the differential equation (9.4), |

where we let R -+ ». For the straight segment T = [0,%2] the relation (9.12) goes over

into

.; i 4A252 0ss8g 72

(9.19) u(s) = 2 3
4A"(s - 1)° if /2 <8 <L,
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which is to be extended periodically with period £. The arcs O W and W L of

Fig. 4, are seen to go over into the two parabolic arcs of (9.19). Letting R + «

in the (first) relation (9.13) we obtain that

- (9.20) L(lo,21) = /T,
which is Landau's original result (1.1).

94. The Landau motion on a racetrack. Using the results of §§91, 92 and 9_, we

could discuss our problem on any open or closed circle-spline. By this I mean a curve
composed of arcs of circles of different radii (finite or infinite) that join with a

continuously turning tangent. As a matter of fact, any I, as described in the opening

paragraph of 83, could be closely approximated by an appropriate circle-spline S, and

the Landau motion on S would approximate the motion on [I'.
However, we prefer to discuss the simplest closed circle-spline, having the shape
of a racetrack RTa B! s shown in Fig. 6: A 2a X 2b rectangle capped by two half-
’

circles, having total perimeter 2& = d4a + 2mb. By using the experience gained in

- 5591 to 93, we conclude that the function G(s), giving the Landau motion f(t} (for

Bl o 0 2o S A a0 S s e

the constant A) on RTa b’ has the period 2% = 4a + 2wb, and that its graph within
’
; : : 4 : ; ! " 1
= this period is as given in Fig. 6'. Here we use the shifted version gm(s L b) of

the function (9.18) and define

(9.21) a(s) = 4a’(s + é»b)“ if Oic e <a

This gives the parabolic arc B C, while D C, EF, and G F, are parabolic arcs

congruent to B C.

Observe that &(s) is maximal at the vertices C and F, hence

max u(s) = 4A2(a +

i It follows that

Lol cawd A B o 1
LRT, ) = 72 (3(a)) " = 2= J2ata + 5 b)

A

(9.22) L(RTa b) = y2a +b .

«29=
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Remarks. 1. Notice that if b = 0 we obtain

L(RTa ) = /i; ’

0
r
which is again Landau's result (9.20). That if a = 0 we get
= /b
L(RTo,b) b ,
which is the old result (1.12) of our Introduction.

2. Notice that f has discontinuities at the midpoints M and M' of the

straight side of Fig. 6, where the speed [é(t)( reaches its maximal value
max|£(t) | = VA(2a + B)

However, f has four further discontinuities at the four vertices of the rectangular
portion of [I'. One such discontinuity is explicitly indicated at the vertex ©Q, and
we see that the jump in % does not satisfy the relation (6.2), since AEQ is not
parallel to the (vertical) tangent to I at Q. Reason: The relation (6.2) assumed
R(s) to be continuous at @, which is not true in our case.

10. B comggrison theorem for arcs ['. Observe that the inequality (4.16), of
Lemma 2, remains valid if we replace Rz(s) by a larger function of s. This is the

source of
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Theorem 5. Let T'. and T_ be two arcs (Case 4) having the same length £, and
] —_— —_— 2 ————e— —

such that for their respective radii of curvature we have

(10.1) & (0% ¢ (Ry(s0? for 055 <.
Then
(10.2) L(I‘l) & L(rz) .

Proof: Let §l(t) and Ez(t) be their respective Landau motions, and ﬁl(s) and

Gz(s) their (s,u)-diagrams. We now use Lemma 2:

Since ]El(t)] = A, we conclude that
-~ 2 ~
du u
) e IRTE 1
e = 16 ul(A > ) ’
R, (s)

and by (10.1) a fortiori

~ 2
du u
{d—sl :16131(A2- 21 ) :
Rz(s)
By Lemma 2 this implies that El(t) € (r2)A and therefore
(ry > ||gllZ/A = Leryy
(r) 2 lIE I/ = L
whiich proves (10.2).
As a special case we obtain
Corollary 2. If T  is an arc of length £, then

2
(10.3) Ly < /v,

with equality if FE = {0,R]}.

1i. The curve I' is a parabola. Let the parabola be
(11.1) By g w==ig
On I we measure the arc-length s from its vertex O. As we wish to apply our general
approach of Part II, we select A > 0 and draw in the (s,u)-plane (Fig. 7) the curve
2.2
(11.2) Y : u=A"R"(s) (=o < § < ) .,

For Il the function R(s) is a complicated elementary function of s; accordingly,

we shall not use its explicit expression. However, observe that R(s) is an even

SEVCERIPPRI G Yo
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{
‘ function, that it decreases if s < 0, and therefore increases if s > 0. (The curve Y
|

—

is also convex, but we shall not use this fact). Finally R(0) =p.

! We apply our discussion of §5 of the solutions of the differential equation

{

| 2
i (11.3) g}sl) i u(Az 5 2u ) i
E R (s) “ﬁ
‘; to the present situation. Of particular interest is its solution i
i (11.4) u = u(s) (-» < s <) , |

passing through the minimum point S = (O,Azpz) of y. Its graph L'L is composed

In our terminology of §5, the branch S L is

I
an element of VfI, while L'S belongs to V_I. Both arcs are tangent to Yy at 8,

of two symmetric arcs L'S and S L.

oY

{
“ and it follows that

4 (11.5) Q'(s) € C(R) .

: -

b | Also, clearly, 3

e | éj 3
(11.6) u(s) > 0 for all s .
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Lemma 6. The function (11.4) is the only solution of (11.3) having the properties

(11.5) and (11.6).

Proof: A solution u = u(s) of (11.3), satisfying (11.6), is composed of a sequence
of arcs of elements of V+ and V_ (see the example (5.13) of the last two paragraphs
of §5. 1In our present case the condition of periodicity drops out, and we may therefore
have an infinite sequence of arcs that alternate between V+ and V_). However, all

of these solutions have corners (hence violate (10.5)), and the only way that corners

can be avoided is to have only one arc of V_, and one arc of V+, joining together at

the point S. This gives the solution (11.4).

We now turn to the parabola I and consider on [I motions f(t) such that

(11.7) [£(t)] = a for all ¢t ,
and
(11.8) f(t) # 0 for all ¢t .

Such motions are ina 1 - 1 correspondence with the positive solutions u(s) of (11.3).
Among such motions f(t) there is one outstanding motion fG(t), that we call the

Galilean motion. It is given parametrically by

X = t/XB',
(11.9) fG(t) = x + iy, where 1 5
y=5At

That fG(t) € () is clear, because on eliminating t we obtain (11.1). That it
satisfies (11.7) is seen from

(11.10) EG(t) = ; + i; = iA .

Also (11.8) follows from |f£(t)|2 = Ap + a%t% > 0. Finally, observe that (11.10) implies
trivially that

(11.11) ;G(t) Bl IR

These properties of fG show that the corresponding function uG(s) shares, with u(s),

the properties (11.5) and (11.6). Now Lemma 6 shows that uG(s) = ﬁ(s). This proves

Theorem 6. For the parabola I, the Landau motion £(t), corresponding to A,

is identical with the Galilean motion (10.9).

=33~
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A generalization of the Galilean motion. Let the curve

(12.22) I'': x=x(8), vy = y(s), (== < 5 < =) ,
be given parametrically in terms of its arc-length s. We assume that x(s) € C2(nﬂ
and y(s) € Cz(R). For its radius of curvature

1

Eeilo RIS) = @Y () ~ x ()Y (3)

we assume the following:

(11.14) R(s) > @ for all. s .

(11.15) R(s) decreases strictly for s < 0, and increases strictly for s > 0 .
We choose A > 0 and may state

Theorem 7. Among all motions f(t) on T, such that £(t) reaches all points of
_—— — —————— —

I', there is a unique motion f(t) such that

(11.16) ey =a for all ¢,
and
(11.17) f(t) is continuous for all t .

Proof: We refer again to Fig. 7, where the (upper) curve Y corresponds to (11.13)
We have seen that the only solution of (11.3) that satisfies (11.5) and (11.6), is
the a(s) defined by the curve L' S L.

Let now u = u(s) correspond to an f(t) satisfying (11.16) and (11.17). We
know that (11.16) and (11.17) imply that
(11.18) u'(s) € C(R) ,
provided that
(11.19) u(s) >0 for all s ,
holds.

We claim:
(11.20) The assumptions (11.16) and (11.17) do imply (11.19).

Indeed, let us assume that there is a 0 such that
(11.21) uig) =0 .

(This is the case if u = u(s) has, e.g. the graph A'UA, where A'L € Vf and

-34-
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A € Vf), and let us show that our assumption (11.17) is violated: At the point P

3 fg & of I, corresponding to s = 0, we have, by (11.21), a vanishing speed

: |
| £ (11.22) [é(to){ 5o 4
; 2 B Therefore f(t) decelarates for s <o (or t < t)), and accelerates for s > 0.

Since accelerations E(to-) and E(to+) are botp tangent to ' at P, by (11.22),
we conclude that the vectors ;(to-) and E(to+). are directly opposite vectors of
common magnitude A. Thus (11.17) is violated.

We conclude that (11.19) holds, and now Lemma 6 shows that uf(s) = G(s). It follows

that f(t), satisfying (11.16) and (11.17), must be the Landau motion E(t), for A,

and Theorem 7 is established.

Have we used the assumption of Theorem 7, that f(t) reaches all points of T?
Indeed, we have used it, for if we remove it, we find other motions satisfying (11.16)
and (11.17), as follows. We assume that Fig. 7 represents the curve
:1 Y : u = a%R%(s)

corresponding to (11.13). Through S we draw the arcs

| I I

! PSeV and sQ eV_,

and let g and s_ denote the s-coordinates of P+ and Q_» respectively. Let

u = ug(s), (s, s cs) .

be the function defined by the curve P+SQ‘, and let FO be the subarc of (11.12)

s <s_. It is then found that uo(s) defines the (to-and-fro) Landau motion

for s
¥

na

fo(t) on the arc Fo (Case 4). Also that fo(t) satisfies the conditions (11.16)

| 3
and (11.17). !i

Remarks. 1. We have shown that the Landau motion f(t) on T, is the only
—_
motion on I satisfying the two conditions (11.16) and (11.17). Evidently E(t)

reduces to the Galilean motion (11.9) if TI' is the parabola (11.1), and therefore

generalizes the latter. Galileo's constant force-field (11.10) is now replaced by the

variable continuous force-field Ff(t) of constant magnitude A.




Examples of curves (11.12), satisfying (11.14) and (11.15), are numerous. The ’

Catenary y = a cosh(x/a) is one such. For this curve we have R = yz/a, s = a sinh(x/a)

and therefore

(11.23)

=
—
I&
c
—
I
[
o
e
e
N
)
i
=4

2 2.2
s
From Theorem 6 we know that it has a unique solution uals)(s € R) satisfying (11.5)

N AT er Rl Shat  GlO) R BAA o~y = Riel.

R'} 2. Following the procedure of 592 we could also discuss the case when the curve T

is a finite subarc of the parabola (11.1). We omit this .iscussion because of our lack

I of quantitative information concerning the solutions of the differential equation (11.3).

/;' 12. The curve T is an ellipse E defined by
Y Ee——— psso—————3

N

(12.1) E=E L (0 <b<a), ]
5

al shown in Fig. 8. Denoting by 2% the perimeter of E, we find the periodic function
| | (12.2) Y : u = a%R%(s)

to be represented by a graph as sketched in Fig. 9. Our general Fig. 2 now reduces to !
Fig. 9; it shows that the Landau motion £ on E, is derived from the graph, of period

2%, defined by the curve S+V s;w's_ representing the function

(12.3) u = u(s) .

Of course, the arc s+w is the solution of

- du 2 u
b | (12.4) du_,fala? - 52— .
k| . ( Rz(s)'

satisfying the initial condition

a2r%(0) = a%%/a? .

(12.5) u(0)
! | Because R(s) 1is a complicated (elementary) function of the arc-length s i

i | (measured from the vertex M of Fig. 8), we prefer to use the representation

-36=
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(12.6) E : ¥=acos 8, y=Dbsin8 ,

in terms of which we find that

(12.7) 2% = (a”8in%8 + Boeon8) s b 2 .
From (12.6) we find that
(12.8) 98  (atafn®h + Bicos )2
ae
By (12.7) and (12.8) it is easy to pass to the new independent variable 8, and (12.4)
becomes
172

du Slis oo Tt a’b’s 3

(12.9) 55 = 4(ulA(a"sin“® + b cos " 0) - > 2 > D 2
(a“sin”6 + b cos“0)

with the initial condition

(12.10) GHOY = AR s

The Landau constant L(Ea b). Since
’

(12.11) A T T e R
a,b

it suffices to determine the value

(12.12) u(2/2) for s = /2 .

Here is a simplification: Observe that by similitude

[

£(t) e (B ) SR < fl(t) -

a,b BeI (El,b/a) 7

and therefore

F(f) = Va F(£)) .

By taking the suprema of both sides, we find that

(12.13) L(E, ) = Va L(E, ,), where r =b/a

To determine (12.12), we have chosen in (12.9) the values

(12.14) A=1,a=2, and b=z = 1;.2,.004:9

and integrated numerically the differential equation (12.9) from 6 0 to 6 = w/2.

This was beautifully done by C. Vargas, of the MRC Computing Staff, by a Runge-Kutta

method. These computations were difficult, because (12.9) does not satisfy a Lipschitz

condition in a neighborhood of the starting point 6 = 0, u = Azbq/az. The results

are shown in Table 1.
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Table 1

r L(El,r)
.0 1.41421 = V2
L 1.40978
.2 1.39643
= 1.37394
.4 1.34199
.5 1.30011
.6 1.24811
7 1.18609
.8 1.11782
.9 1.05409
1.0 1.00000

The values for the two endpoints of the table were known: For El 0 = 11. by (4) and
’

El,l = C1 by (1.9) and (1.12).

A glance at Fig. 9 shows the Landau motion f(t) to be accelerated on the arcs

(1.1), and for

M N and M'N' of Fig. 8, and descelerated on N M', N'M, the maximal equal speeds
occurring at N and N'. At these two points are the only discontinuities of é, as
indicated in Fig. 8.

We mention the following three limiting cases in Fig. 8:

1. If b decreases and tends to zero, then the angle a = 4(%+,f_) increases
to 180°, and f becomes the Landau motion on the segment M M',

2. If b increases and tends to a, then a decreases to zero, and f becomes
the uniform motion on the circle Ca'

3. If we keep fixed the focus F of E, and also its vertex M, while we let

its second focus F' tend to -~, then E approaches the parabola 1 of Fig. 8.

Also the acceleration pattern f on the arc N'M N is fanning out and approaches

=30«




1.

in the limit the horizontal pattern of the Galilean motion on

An open question: Can the solution u(8) of (12.9) and (12.10) be expressed in

terms of elliptic functions?

13. The arc I' is a cycloid (Fig. 10). We select
(13.1) A=a,

and wish to show that the relations

x alt - sin t),

(13.2) £(t) = x + iy, where
y = a(l - cos t), (~@ < t < @) ,

describe the Landau motion on the cycloid (', corresponding to the constant (13.1).

We find that f(t) = a(sin t + i cos t), which is also the complex number repre-

sented by the vector _8. Therefore

(13.3) |[£(t)] = a for all t .

Let us focus our attention on the interval 0 < t < 2m, when P = £(t) describes the

first arch OPL of (. For s = length of arc OP we find

(13.4) s = 4a(l - cos %) and R = 2|PB| = 4a sin % g

Expressing R in terms of s, by the first relation (13.4), we find that

(13.5) aR%(s) = a’s(8a - s) in 0 <s < 8.

Its periodic extension, with period 8a, gives us the "upper curve"

(13.6) Y :tu=aXRi(s) (w<s<w,

of Fig. 11. However, also the function u(s), corresponding to E(t), is readily

found. Using again the first relation (13.4) we find that

(13.7) dtay s v = &7+ 3%° - 11—6 s?(8a - )2 in 05s <8a.

Its periodic extension is shown in Fig. 11. By its construction we know that (13.7)

is a solution of the differential equation

du 2 2 u
(13.8) a;) =16 ula - ;7752_:~;T) ; (0 < s < Ba),

as also easily verified directly.

Let us point out, as readily shown, that the graphs

T
Rt il sttt e s i i,




e G e e
8a

Fig. 11

of the functions (13.5) and (13.7) are tangent to each other at the point § of Fig. 1l.

This fact has the following consequence: If we consider a solution of

du _ 2 _ u
(13.9) 48 4\/u(a s(8a - s) 2 s 23

of the kind that we classified as of type viI in §5, originating in s+, say, then

we see that this increasing solution must terminate at the point S. Indeed, this

increasing regular function has nowhere else to go!

NP 5 8 4t g




In any case, the reasoninc proving Lemma 5 applies and shows that f(t) is the

Landau motion. Fig. 11 shows the curious singularity of the equation (13.8) at the

PRI - . e

k ! | point S = (4a,16a4).

We have established 3

t i Theorem 8. The equations (13.2) define the Landau motion on the cycloid (',
E ! B ——— ——

for A = a. The acceleration vector is f(t) = FE (Fig. 10). Finally
| E(C) =273 . j

The last statement follows from v = ds/dt = 2a sin X, hence Hf“ = 2a, and

5
so L(C) = 2a//a = 2/a.

14. The case of skew curves. We conclude this already too long article with the

following brief remarks.

5] 1. If we apply our analysis of §4 to the case of a curve T in R3. and apply
for this purpose the Frenet formulae [5, Chap. III, §7], we find that the acceleration

f(t) depends on the curvature « = 1/R(s), but disrecar’s completely its torsion T.

It follows that the Landau motior on [I' depends on the arc-length s 1in the same way
*
as the Landau motion on a plane curve [ having, for all values of s, the same @

curvature as [. An example: the Landau motion on a helix M, represented by

s = ;(t) (t e R), is the same as the motion on a circle Ca having as radius the -
radius of curvature a of H. 1

2., Here is a simple space analogue of (1.12). Let us consider the spherical shell

(14.1) Taxteyfa gt eal, ,

Its plane sections have radii that do not exceed a. By the first elements of surface
theory [5, Chap. IV, §12] we know that this is also true for any smooth curve T drawn

on I: The radius of curvature R(s) of I satisfies R(s) < a for all s. This

implies the following. If f(t) is any motion on Ea, describing the curve T which

we assume closed, say, then the curve

Yy sus A2R2(s)

D i rai A e i Sl Y,

of Fig. 2, will never rise above the horizontal u = Azaz, which corresponds to a :

1

3 | 4
' -a2- ;
‘ ¢ 5
{




T — T — T — - -

great circle of Za. But then surely u(s) < Azaz, for all s, and we obtain

Theorem 9. For the spherical shell (14.1) we have

L(z) = Va . |
a
More elusive and not yet determined is the Landau constant of the surface of an
ordinary Torus.
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