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The concept of a limiting conditional age distri- ~~~~~~~~~~~~

bution of a continuous time 1’larkov process whose state

space is the set of non-negative integers and for which

(O} is absorbing is defined as the weak limit as t”—

of the last time before t an associated ‘return TM Narkov

process exited from (0) condItional on the state, j,

of this process at t. It is shown that this limit exists

• and is non-defective If the return process is p-recurrent

and satisfies the strong ratio limi t property . As a pre-

l iminary to the proof of the main results some general

results are established on the representation of the

p— invariant measure and function of a Markov process.

The conditions of the main results are shown to be satis-

fied by the return process construc ted from a Markov

branching process and by birth and death processes.

Finally, a number of limi t theorems for the limiting age

as J~~ are given.

Key words: Narkov process, limiting age, p—classification ,

strong ratio limit property , I4srkov branching

process, bi rth and death process, l imit theorems,

Green function.
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1. INTRODUCTION

Levikson (19] has recently Introduced the concept of the

(limiting) conditional age distribution (CAD ) of a Plarkov chain ,

{Z~ } with state space S — (0,1,...) and a single absorbing state

(0). He does this by defining Tn~~ 
Inf(mIX n m  0) where the Mar—

kov chain (x~}~ called the return chain, Is obtained by concatenating

• independent realizations of 
~
2n~ ’ 

that Is, transitions of the return

chain within , and out of, T • S\{O} are governed by the same transi.-

tion probabilities as (Zn). but if • 0 then a 
~~~ Levik—

son ’s specif ication di ffers slightly from this , but , as we have

argued In (22], the present convention seems more convenient. The

CAD is the distribution ( u r n  P1 (T,~ kIX~ 
a j ) }  (j eT) If this

exists; It may be defective. L.evfkson demonstrated that the CAD is

well defined and non-defective If the return chain Is positive re-

current. The present author (22] has shown that this situation ob-

tains for any return chain which is R-recurrent and enjoys the strong

ratio limi t property (SRLP). He also gave an example showing that

the CAD can exist for a R-transient return chain but (may) be de-

fective.

Levlkson (19] also introduces certain expressions for return -

type diffusions; these are formal analogues of those derived for

(X~}. He derives some consequences from these and ass!rts, again by

analogy , that they are also valid for discrete state Markov processes.

It is our purpose in this paper to extend the basic results of

[22] to Markov processes. As In this reference , we shall initially

broaden our scope by cons idering an appropriate vers i on of a regular
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2.

Markov process (Y(t); t ~ 0) for which S is Irreducible and for a

fixer aeS define T(t,w) • sup S1(w)fl[O,t] where 
~a
(w) IS the

closure of S
~
(w) a (t IY (t ,w ) • a) and wefi , the domain of the ran-

dom var iables Y(t) (t ~ 0); see Chung (4]. We shal l then show that

• provided (Y( t ) )  is p-recurrent (Kingman 116)) and satisfies the SRLP ,

the conditional dIstributi on of T(t) given (Y(t) • j} has a non-

defective limit. While the proof of this fact Is not difficult, i t

Is not the triviality that Is the corresponding discrete time proof.

We shal l then special ize to return processes. This program requires

some results on the representation of the p-invariant measu~e and

function of the transition matrix (p 13(t)J, p13(t) ~ P1(Y(t) • 3),
and these are derived In 12. In 14 we work through tI’ case where

(Z(t)} is a regular Narkov branching process. In this case the re-

turn process corresponds to a special case of state dependent Immi-

gration. The limit theory and p-classifi cation of this class of -

processes has been examined by Ya uuaza to [31] and Stewart (27], respec-

tively. Wt shal l look at regular birth and death processes In 15 and ,

In particular , show that the CAD always exists but Is non-defective

1ff the return process Is p-recurrent. In 14, 5 we shal l obtain some

l imit theorems for the CAD as j.’.~. Finally we make the obvious point

that the results of 12, 3 can easily be modified if the minimal state

space Is a subset of (0,1,...) and In particular the results hold

without change if S • (O,1,...,N).

2. REPRESENTATION THEORY

As in the Introduction we let (Y(t); t ~ 0) be a Markov process

with a countable minima l state space S and stochastic transition

-- ~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~v:-~~~~~~~~~~~
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3.

matrices (p 13 (t)] for which p13(t) > 0 w h e n e v e r  t > 0 and i,jcS.

Then, as is shown by Kingman (16) the limi t

p a 11. (log p14 (t)) /t

exists, is finite and Is independent of i and 3. We call p ‘the

decay parameter of .S (and of the process). Furthermore , there exist

sequences (m
3
} and (x

3
} satisfying the Inequa lities

£ m 1p 14 (t) ~ e~~~m 4 (jeS), E p14(t)x ~ 
e~~~x1 (icS). (1)

itS jsS

We say that (m
3
} is a p— subinvar iant measure and {x

3
} Is a p-subin-

variant function. Furthermo re, we cal l S (and the process)

p-recurren t If f’e~
t
Pj j (t)dt • • for some ItS (whence for all

icS)and p-transient otherwise. In the p-recurrent case, w h i c h  will

be our pri mary concern , the p— subinvari ant measure (m
3
} and the p-

subinvoriant function (x
3
) are unique up to constant multip les and

are p— invariant, that Is (1) holds with strict equality . Finally,

i f  S is p-recurrent , we say it (and the process) Is p-positive if

u r n  e~
)tp1i (t) > 0 for some, and hence for al l, l ,jeS. When the

t~’~
limit Is zero we say that S Is p-null. If .5 Is 0-recurrent we

shall call It recurrent and similarly for the other terms.

In the p—positIve case E 11*1 < — and
laS

ePtpjj(t) x1m3/~~~
m 1xf (l 5jcS).

In this case

u r n  Pi4 (t+T)/p kl (t) a e
_
~tx 1m 4,x~ rn 1 (I ,j,k,lcS ; i~ O). (2)

t~. 
.1
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Whenever this property holds for some p ~ 0 and sequences (m3
) and

we say that the process has the SRLP. If S is p—recurrent

then (2) holds 4ff

lim sup p00 (t+r)/p 00(t) ~ e
Pr (3)

t9

for all sufficiently smal l positive r. This follows because (Y(t))

has the SRLP if every skeleton (Y(nh)}, h > 0 posessses it (18) and

(3) implies that Pruitt’s [241 necessary and sufficient condition is

fulfilled. Observing that the skeleton (Y(nh)} is R-recurrent, where

R exp(ph), an d that the R-lnvariant measure and function are (m
3
}

and (x
3
}, respectively, (2) now follows from Pruitt ’s resul ts via

a Croftian theorem (17].

All the result s above are ana logues of correspon di ng di screte

time results (25). In this case there are also representation results

for the R— inyariant measure and function in terms of a generating

function of certain taboo probabilities. We shal l derive an analo-

gous representation for the present case. Our proof will use the

SRLP, wh ich is sufficient for our purposes , but we shall also show

• that we can replace the SRLP by another condition.

We now assume that S • (0,1,...) and Is p—recurrent and also

t h a t  (Y(t)} is well-separable and measurable; see (4]. It Is possible

and convenient to assume that (Y ( t ) }  sat isf ies the condition

Y( t )  lim inf Y(s). (4)
s +t

Let atS. We can always define

• sup Sa(w)fl[O ,tl i

- -  
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~~~~~~ - - ~~~~ -- -—- ,—-~
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called the last exit time from a before time t. If (4) is satis—

L 
- fled then Y (’r5(t,w)) • a. Let ra(s,t) ~a~~a ~ 

s) and

raj (s ,t) P~ (y~ ~ s,x(t) a 3) (jf~)• 
Chung [4, 111.12] shows that

there exist functions 
~aj ~ ’~ 

(j j ’a) which are measurable , bounded

everywhere  and satisfy

Paj (t ) a 1 Paa (t_S) 9aj(S)dS (5)

and

~~r13 (s ,t) a p15(s)g13(t~s), ~~~a
(5 t) a p

55
(s) g~ (t_ ~ )

where g1( s )  — 9a Cs), which is continuous and non— Increasing in
j fa ~

— S.

Assume now that (Y(t)} has the SRLP (2). Then (5) and Fatou ’s

Lemma implies that

— 

— > m3/m~ ~ (jfa)

Let d
3 

a f e ~~~1j(s)ds (Jfa) and da • 1. Now Klngman [16] has

shown that p13(t) 
a O(e Pt) and hence the Laplace trans forms

a 

J:
e_ O t paj (t )dt (itS) exist for e > —p. Moreover from

— (5) we have

~~~~~~~~~~~ 

a J e
_58

ga3 (s)ds d
1
(e)

and d
3
(8)s d

3 
(0k-p). Using Fubini ’s theorem we obtai n

~ 

- 
~~T••~~~_~~~~~~~~~~~~~~~~~~~~~~~~.-  ~~~~~~~~~~~~~~~~~ • _ - -~~~ ~~~~
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~ (i/~~~(e) ) ic
_es 

ai (S ij ( t S

(e~~ ie
(t +5) paj~ t s)ds) /~ aa ( 8)

~ e 0
~d5 (8). —

Mono tone convergence now yi eld s Edip i Ct ) ~ e~~
td , that is, (d }

is p-subinvariant. Thus (d
3
} is :_inv riant and from our normaliza-

t i on  we have  m3 m5d1 (itS).

Now let a {w lY(o ,w ) 1) and if P(b~ ) > 0 then for

we de f ine

p1(w) a Inf (t It 0,Y(t ,w ) if I).

Finally, for wc~ 1 let
a lnf ( t l t >0 1(w ) , Y( t . w) a

called the fi rst entrance time from I to 3 if 1 4’ 3 or the first

return time to i If I • 3. Let F13(t) 
a 
~(~15 ~ t~A 1 }. Then

(4 , p.205] If 1 4’ 5, F13 (•)  has a continuous derivative f 13 (’)

and

p13 (t) a 
f
:
f j j cs ) P j j

( t_ s ) ds (Sf 1) . (6)

Let 5 — a and suppose S is p-recurrent and that (2) is satisfied.

Then obvious changes In the preceding argument al low us to conclude

t h a t  the  sequence

— 
f:e~~

fia s ds (Ifa), f5 — 1

is well defined and that x1 •

~~~~~~~~ _ _
— --~~~~~~ ~~~~ -~~~~~~~~~~~~~ — - - -—i- - ---—- — -~~~~~~~~~~ -~~~ ~~ — ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~
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• We can proceed without (2) as follows. Let Q • (q 13] be the

generator of (Y(t)}, that is, q11 
a 

~~~~~~~~~ 
and assume that all

states are staL~le, that Is , q5 
a —q 53 < — (jtS). If we further

- 
- 

assume that {Y ( t ) }  Is the minimal process (and regular) corresoonding

to Q then the p13(t) are the unique solutions of the forward and

backward systems of differential equations:

p~
3
(t) a -p 11(t)q5 

+ ~~J
P1k (t)~ kJ ‘

p ’13(t) — -q 1p13(t) + 
41~ 1kPkj(t) (8)

Within this setting we can use an argument that parallel s that used

for the discrete time case; see [25) for example.

Define g11 (t) f11 (t). Then the system (5) is completed by

the equation

Paa(t) • e~~a + 
J
’

aa (t_5)9 aa~5~~5 (9)

(see [4, 111.13)) and taking Laplace transforms yields

— 6~j / ( e +~ j ) + 
~~~~~~~~~~~ 

(10)

It Is shown in [16] that Paa(t) ~ e~~
t 
, but Irreduc ibility of S

means that faa(t) > 0 (t>0 ) and hence (9) shows that p < 
~~~~~ 

It

follows now from (10) that 
~~~~~ ~ 

I and aaa (-~
) — 1 if S Is

p—recurren t. Substituting (10) Into the Laplace transformed version

of (8) and then eliminating a1(e) via (10) with 3 — a eventually

leads to the system

a ~~~~~~~~~~~~~~~~~~~ + e~~ ~ ~1~( e )q~5 ,

which enables us to deduce that ~~j(-Q) < — . Mono tone conver gence H 
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then yields
A -

~~~ 
A

g 4 ( - p )  a -p £ g 1 , (—p) q1, 4 (itS)a ,, kc.S

if S is p-rectirrent. Thus (d
3
) is a p-Invariant measure for Q

and hence for {Y(t)}; see Tweedie ’s (28] proposition 2. The correspond -

ing result for (-f 1) is proved in the same manner by starting with (6),

(10) and (7).

3. THE LIMITING CONDITIONAL AGE DISTRIBUTION

We begin this section by assuming that {Y(t)} is as In the early

part of §2, that Is , Is p—recurr ent and possesses the SRLP. We shall

use the normaliza ti on m
~ 

a d
3 

and x
3 

— f~. Consider the- distri-

bution

a15 (t,r) 
• ~(T~ ~ tfY (r)

Define the taboo probabilities

aPij(t) — P(Y(s,w) ~ a(p 1
c s< t), Y(t,w) a

an d hence aPij(t) 0 If 5 — a. It follows that

1—a 11 (t,’r) a ~ Plk
(t_ t)aPkJ

(t)/PlJ (T) (11)

see [4, p.200] for the case I a. We wish to let ~~~ Fatou ’s

lemma and the SRLP yield

£ (m k/m J
)e
~
t
apkj(t) < lint Inf (1— a 1.(t,t)). (12)

kfa

We rewrite the right— hand side of (11) usIng the Identity

aPkj
(t ) = Pkj(t) — f P aj(t_u)f ka (u) du (k~a) (13) 

~~~~~~~~~~~~~~~ : .
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• ~
;- 

~

- : 
and obtain

1 — a
13

(t ,T) a 1 - Pia (t_t)P aj(t
~
’Pij(T)

kfa~~
1k
~~~~~~

h5 ) Io~
)
aj

( t_ u) f
ka

(
~

)d
~

Us ing Fatou ’s lemma and the SRLP again yields

li nt sup (1—a 15 (t,r)) ~ 1 
_ e Ptpaj(t) /mj

(14)
— f

t pt~~~~~~~~~~~~~~( )

However , using (13) agaIn we obtain

e~~
tm - p (t) a E mk pk4 ( t )5 a j  kif a

• 
k+a k aPkJ~

t) + 
Io j

(t_
$a

m
~~~~~~

)
~~

and hence the left-hand side of (12) and the right-h and side of (14)

are equal. This proves the existence of

a li nt

a 1 — E (m k/mj)e~
t 
~k 

C t).
kifa 

a 5

We now proceed to show that a5 (t )  Is non-defect ive by obtain-

ing a more convenient representation. We have proved strict equality

In (14). The p-recurrence shows that the first term on the right has

a Laplace transform for positive values of the argument and hence

Fubini ’ s theorem gives

— mj
”
~ ~aj

(0
~~~(

1’f 
k+a k

~~~~~~~
) 

- ~~~~~~~~ 
- - - --- - --.- -

~~~~~~~~
.
~~~~~ 

__—--
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Equation (6) yields ?ka (O) 
a 

~~~~~~~~~~~ 
and hence the Laplace

transformed equations for the p-invariant measure yield

1 + 
k4a k

~~~ 
~~~~

This together with the Laplace transformed version of (5) finally

yields
~ta3

(t) — Mj J e’”~gaj(u)du (15)
0

and hence a5 (t) Is an absolutely continuous non—defective distri-

bution function (DF). We summarize our findings as

Theorem 1: If {Y(t)} is p—recurrent and has the SRLP then

a
3
(t) P(’y~ ~ tl x(w) 1~ X(0) 

— I)

exists, is non-defective and given by (15}. -

Theorem 1 bears an obvious resemblance to Theo rem 1 in [21].

Consider now {Z(t),t ~ 0), a regular minimal Markov process with

state space S — {O1 ,...} for which (0) Is the only absorbing state

and is accessible from the Irreducible set I S\(0}. Let

[r 15 (t)] denote the transition semi-group of {Z(t)} and U (u 15 ]

its generator. We shall now defi ne the (elementary) return process

{X ( t ) }  which wil l shortly play the role of the (Y(t)} process.
— Let q0t(O,

co) be given. Define a generator Q by q 13 u15 (icr) ,

q
00 

— -q0, q01 a q0 and q05 
a 0 (5 a 2,3,...) and let (X(t)} be

the minimal process , necessarily unique, constructed from Q. Equl-

valently, if X(t) > 0 the return process evolves according to the

construction of (2(t)) until It next hits (0). It sojourns thtr - for

a time wh i ch has an ~xponen tial distribution with mean q 1 and then
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11.

jumps to (1) and evolves as before.

Let the notation introduced for {Y(t)) now apply to the return

process but witi’ a — 0. Clearly
t -q u

F
00

( t)  — q~ f e  ° r10(t-u)du

and hence solving (9) shows that

t -q (t—u )
p

00
(t) J e  ° dF

00
( u )  (16)

where F00(’) is the renewal function generated by F00(•). Further—

more
t - q u

0p05(t) 
— q~ f e  ° r15(t—u)du (ifO)

and hence from (16) and the renewal equation

p03(t) 0p03(t) + f

t
P0j(t u)f00(u)du

((43 p.189) we obtain

~oj~°~ 
a q0~~~(8)~00(8)f(q0+0) (i4o).

Since , however, a 

~~~~~~~~~~~ 
(jifO) we finally obtain

g
01(t) 

— q0r13(t) (34 0).

Theorem 1 thus specializes as follows in the present case and the
— 

- limi t DF a
3
(.) defines the CAD.

Theorem 2: If the return process Is p-recurrent and has the SP.LP

then the CAD, aj(.)* exists , Is non-defective and given by

- 
:_ _ 

_ 
- - - __ _
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1 t
a
5
(t) - f e ~~r1j(u)du/J e1

~’~rij(u)du.

Its Laplace-Stleltjes transform a
3
(O) • C’e 8t1

3
(dt) Is given by

uj (O ) • ~03(e-p)/~00(e—p) 13(O—p)/~ 13(p).

Let
~(n) 

~ f t~s 4 dt )
4,

, 
“ 0 .1

1 — (G13(p))
4 

f~t
n1er~

trijct)dt

• where G11 (p) 
— J e

Pt r1j (t)dt (i,jtT)e The G13 (p) are finite.

Thi s  is  seen by observing that r13 (t) 
— 
0p13(t) and considering the

- 

process with transition probabilities p15(t) — ePtp1jx5/x1. Clearly

• et)t0pjj(t)xj/x1 and since (0) is accessible from {j},

I 

io~ij
(t)dt < — , see (43 p.192. Let now

G~~~(p ) k1..Lk~~1 ~ i 
G1~~(p) Gklk2

(P)••
~
Gkn~ li

(P)

(n~~~2).

Fub in i’ s theorem and the Chapman—Kolmogorov equation yield

- G~~~(p) = 1:...~~
e
~~

t1 +...+ tn)r ( t  +...+ t~)dt1...dt~

a 

f ...f dt1...dt -1 J e~~r 1 (y)dy• 0 0 t1 + •~~~~~+ tn_ i

— ~~e0)~r1j(y)dy 1( ~dt 1...dt 1
1~t1 + ...+ tn_ i ~

IIIIh~1 
- 

- ~~~~—~~~~~~~~-~~~- —~ - ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ 

- - 

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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It is easily checked that the inner integral equals

whence
- 

- — n~G~~’’’(p)/G11
(p).

Levikson [19] gave a heuristic derivation of this result for the

case where n — 1 and {X(t)) is a birth and death process.

The hypotheses of Theorem 2 are satisfied If the return process

ts positive recurrent; the limiting -stationary distribution Is given

by 
— -1

- [1+J (1 - r10(t))dt] , — ir0G 13(o) (jcfl .

4. MARKOV BRANCHING PROCESSES

In this section we let {Z(t)) be the Markov branching process

([3], Chap. 3) whose generator is given by u 11 
• v1p 3,1~ 1 (Ifi)

and U11 = - £ U lk where u > 0 p ~ 0 , E p 1 , 0 < p ‘ 1
kif i ft0 3

and p 1 — 0. As Is well known 2(t) represents the size of a popu-

lation of individuals whose lifetimes are independent and exponentially

distribu ted with mean v ’1’, and at the end of its lifetime an m di-

vidual produces 5 progeny with probability 5. All individuals

reproduce Independently. Clearly I is Irreducib le and (01 Is

accessibl e from I since p0 > 0. We shall use the notation

G
~ 
(0) and f(s) — I P4S5. Regular ity of the Markov branch-I itS ” ,1

Ing process Is equivalent to the condition J ds/(f(s) — s) — —H
for each ~ In(O,1-q) where q is the probability of eventual absorp—

tion when 2(o) — i and Is the least positive root of the equatl et 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~ 
-
~~~~~ T - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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f(s) • s. Let m — f’(l-).

We now determine when the hypotheses of Theorem 2 are fulfilled.

If m ~ 1, q ~ I and when m < 1 the expected time to absorption

is finite and in this case the return process Is positi ve recurrent.

Fur thermore , r15 (t) ~ 1 
- r10(t) ~ e~~ , ~~ v (m-1) < 0 (33] and

hence the CAD has moments of all orders. If m a 1 the return pro-

cess Is recurrent and the expected entrance time , T , to (0) from (1}

is finite 1ff f’(i_s)/(f(s) s)ds < — . Thus when this Is the case

the return process is positive recurrent.

Consider now the case for which

f ( s )  — s — (1_s)2L((1_s)
_ 1
)

where L( ) is slowly varying (SY) at Infinity. If

— — then E(T) — — and this condition Is satisfied in

the Important special case where y — f’’(1-)/2 ( — . As is well

known [33 the backward equation for {Z(t)} can be integrated and in

parti cular
~r10(t)- I du/a(u) — t (17)

It
where a(s) — v(f(s) - s) and if V ( t )  — J dx/L(x) , (17) becomes

v((1_r 10(t)y1J - vt .

~~

Now V(-.) Is strictly increasing and —t/i(t) (ti—) and hence we

find that

1 — r10(t) — 1/vtM(vt) (18)

where M(-.) Is SV at infinity and satisfies

M(t)/L (tM (t)) ~ 1 , L(t)/M (t/L(t)) • 1 (ti~~). We now show that 

-:-=
~~•- -~~~~~~~~~~~~ ----~---~~
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1 — F
00

( t )  1 — r10(t) (t~~). (19)

This follows by observing first that F00(t) is the convolution of

• the DF’ s 1 - e 
q0t and r10(t) whence the inequality

- - (i — r10(t’) + ~
_
~0t )(1~~ ) 1 — F

00
(t)

~ (1_ r 10(thI ) +e~~0
t ’ ’)(1+c)

where t’ — (1-6)t, t’’ — (1+6)t , 0 < 6, e < 1 and the inequality

holds for all t sufficiently large ; see (8, p.278]. Since

e~~°~ (l - r10(t)) 0 (ti~~) (19) readily follows. Let

f t
m(t) a (]~ - F

00
(u))du. It fol lows from (18) and (19) that •()

J~~
is SV at infinity and hence we can apply a renewal theorem of Erickson

[61 to (16) and obtain

p
00
(t) — 1/q0m(t) (20)

Thus (3) is satisfied with p • 0 and hence the conditions of

• Theorem 2 are again fulfilled. When y ( — , 1(x) y (xi~ ) and
(20) becomes

p
00
(t) — vy/q0 log t

which is implicitly contained in (31). Finally we mention that when

m 1, ~~~ < — 1ff E(T) < — .

Consider now the case where m > 1. Stewart (27] has shown that

the function 
-

g(o) a o[~ + q0 f e_Ot (1 - r10(t))dt]

exists and is strictly increasing for B > d max (-q0(1—q), a’(q)),

d c 0, and there exists pe(0,-d) such that g(-p) — 0. He then

~~IIIi~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~TT~~~~__ -_---
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shows that (X(t)} Is p-positive and hence Theorem 2 applies here also.

Mor eov er, It is known (3, p.115) that r15 (t) a 0(e~~
t), 6 — — a ’ (q)

and hence we see that < • (n • 1,2,...).

-• Let G1 (s ) — 
~ 

G 1 S5 and F1(s,t) — ~ r~ (t)s 5.
jal 3 0

Using Fubin i ’ s theorem and the forward equations for (Z(t)} we obtain

G1 (s ) 
J:cFI(s

~
t) — F1(0 ,t))dt

f_ t 5
a J ~ F’1(x ,t)dxdt

O~~O

• where  F~(s,t)  — (a/as)F 1 (s ,t)

• t S- 

/ - 
— J J ((a/at)F1 (x ,t))/a(x)dxdt (21)

‘ 4  0 0

‘~ i i
— I (q -x )/ a(x)dx < — (0 ~ s < 1).

Now let it ~ 1 and G~
2
~ ( s )  a 

~ ~~~~~ and observe that
Sal

G a G1( 1— ) c is if either it c 1 or m a 1 and E(T) c — since

G a ET. For these cases use of Fublni’ s theorem and (21) yield the

relation

G’ “(s) • I (G - G1(x))/a(x)dx
~0

- ~S
a J (1/a(x)) J ( 1-y)/a(y)dydx.

This allows us to comput: ~ 1) in principle.

I Let A(j) be the limiting conditional age, that is, It Is a ran-

dom variable whose DF is the CAD. We shall now obtain some limit

-- -
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theorems for A(j) for large 5. It is known [3] that (2(t)} has an

invariant measure (u 5
; J-1,2,...) whose generating function is given

by
is SU(s) — £ ~~~~s— i d
(S

a dx/a(x ) (s < q ).

~5 I IIt follows from (21) that G1(s) • I (q -x )Ll’(x)dx and integration

by parts yields the representation

G15 - qu
5 

- u5 1  
+ iu 5_ 1 /5

where we employ the convention u
5 

— 0 (JaO,-1,-2 ...). flow let

m a 1 and wri te the last equation as

5G 15 
- ju

5 
- (i-1)u ji .

When ‘~‘ < is Yang [32] has shown that 5u 5 
- (j-1)u3 ,1 • 1/vy and

hence

i /vyj  (Jiis) . (22)

At this point It Is worth observing that I-f

f (s)  — s a ( 1—s ) 1
~’k(( 1—sY 1) whe re 0 < ~ 1 and L(’) is SY at

infinity then
— 1/vr(~ )J

2
~~L(j) (5..—) .

This fol lows on observing that

(
~~ vt1.i)~ 1-w(sjJ

where W ( s )  — ( 1-f (s))/ (1-s ) is a probability generating function ,

and this gives the representation

vJG 15 
a v

3~ 1 + ... +

— — .— —-~~ -a- - ~~~~~~~~~~~~ — — - - -  — ---- ~~~~~~~~~~~~~~~~~~~~~~~~~~ . 
-
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where ! v s5 - i/(i-W(s)). Our assertion now follows by invoking
j aO

appropriate renewal theorems ; details may be found In (23].

We now assume that I — 1 and also that £ p4j2 log 5 c —.

J~ 1 ”
The latter assumption allows us to invoke a local limi t theorem [5)

wh ch states that If a — vy then

a2t2(ex p(j/at))r15
( -t) • 1

as t,J4is but such that J/t Is bounded. Using this result with

(22) shows that if u t  — 0(1) (5-.— ) then G~~r15(t) can be re-

placed by (J/at 2)e i~
’at with negligible error as 5.— and hence

G~
1 J r1 (s)ds 

— (5/a) f e
_5i

~
Sds/s2 a - e

_1
~
’Ut.

-~~~~~~~ 
S it s it

Thus we have the following analogue of Theorem 2 in 1221.

Theorem 3: jj m • 1, £ p
5i
2 log 5 < — a — vf’’(1-)/2 then

j~1

- lint P(A(i) ~ it) — exp(-1/at) (t>0).
5-.-

For the case 1 c m < — we need to review some well— known facts.

There is a function c(t) (O<tcis) satisfying c(t)t ,

c(t+r)/c(t) • eà~, ~ • v(m-l), (ti— , r~O) and if 2(0) * 1,

Z(t)/c(t) ~~ W , a non-defective ran dom var iab le w hose DF has an
atom of size q at the origin and is absolutely continuous with a

posi tive density function , w(.), on the set of positive numbers .

If £ p 5 log 5 < — we may choose c(t) a eat; see (3], (20] and
i~1

(333. With this notation we shall prove the following result.
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Theorem 4: Let 1 c it < — , f’’(l-) c — and —— < x 1 
c x~ < — . Then

_
~~~ 

1exp(—x 1) -

P(x1 < aA (j )  — log j ~ x2) • M j  
t ~ w(t)dt

exp(-x2) (5-.-)

where M a 
f:t

_P
~
aw t d t .

This theorem is analagous to the discrete time version in (22)

except that in this reference j-.is through a lacunary subset of the

positive integers. The main component of the proof is the determine—

tion of the behavior of G15
(p) when 5 Is large. In the fol lowing

proposition p can be any number such that 0 ~ p < m i n ( 6 ,a) al —

though in our use of the proposition p wIll be the convergence

parameter , which < 6.

Proposition. Let 1 < it < — . Then (I) if {p
5
} is aperiodic

jG15 • (1-q)/a

and (ii) If 0 < p < mln(6,A) and £ p 5 log S — then
i~ i j

• L i J t_P/Lwct)dt < — .

0

Proof. (I) Equation (21) yields

G~ts) — (q—s)/a(s) a 1/v(i-w(s))

where w(s) • (f(s) - q)/(s—q) is a prob ability generating function

an d w ’(l-) a (m-1)/(1-q). The assertion now follows from the dis—

crete renewal theorem (7].

(II) W e w il l der i ve two rep resen ta ti ons for

G(p,s) a 
~ G15(p)s

5. The first will give us the asymptotic behavior
i—i

:. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ • — r~~~~~~~~~
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of G (p,s) as sti and the second will allow us to infe r the desired

result. First observe [3) that (F1(s ,t) - q) — h(s)e 6t (t-’—)

where h(.) is finite for 0 ~ $ < 1. Appl icatIon of FublnPs

theorem then shows that G(p,s) — if 0 ~ s < 1. Let q ~ S < 1.

Observing that

G (p s) • f:e
Qt Fi s,t - q)dt + f ePt (q — F1(0 ,t))dt

makes it clear that it suffices to consider the first term on the

right , H(p,s), In order to obtain the asymptotic behavior of G(p,.).

Proceeding as in (21) we obtain

H(p,s) a 
J

dxfa(x) 
i~~

t(3/9t)F l (x ,t~~t
(2 3)

(S
a J ((q-x)/a(x))dx - ~J (H(p,x)/a(x))dx

q q

where the second equality follows from integration by parts of the

Inner integral which can be written as Le
Pt dt~l

(x ,t) - q).

Differentiation of (23) y I e l d s

(a/9s)H (p,s) — (q—s)/a(s) — pH(p,s)/a(s). (24)

(S
Choos e s0c(q,1) and let V(s) — exp pj dx/ a(x) .  Observe now that

so
for s - q small enough ,

a(s) — —1/6 (q—s) + 0(1).

It follows that

V(s) k(s—q) ’
~
”6 (s 4.q) (25)

where 0 < K c — and hence, since p < 6, V(.) is integ rable over 

— ~~~
— - -  -

~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —--— —- -
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[q,sJ, q < s < 1. Equat ion (24) can now be solved in the standard

way :
(S

H(p,s)V(s) a — J ((x—q)/a(x))V(x)dx. (26)
q

Now use the fact that Y(x)/a(x) a V’(x)/p and (25) to integrate the

right hand side of (26):

H(p, s ) V ( s )  — -(s-q)V(s)/p + p~~ f~
v (x )dx .

Letting f*(s) a (m—1)/(f(s) - s) + (1_ s) 1 we have

1/a(s) — —i/a (1—s) + L~~f*(s)

and moreover
tl
I f * ( s ) d s  c — (q < $ c 1) 1ff £ p45 log 5 —

f3 , p.117]. Thus we obtain

1 (S
V(s) — exp((p/a) J f*(x)dx).

¶ 
0 so

Let •(o) — E(e OW). Using equations (7) and (11) in (3, pp.116—ill),

we obtain the representation

H(p,s) a -p~~(s-q) + p~’

and , as Is shown in [3, p.116],

— (1-s) exp [ f f*(x)dx].

It is now apparent that
* 

G(p,s) - ~~l(1..5) P/A 
f
’
(,~

1(x)) P/L dx

and the integral is finite. Making the change of variables x — •(e)  —  

~~~~~~~~~~~~~~~~~~~~~ 
— ———__—- -
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In the Integra l shows that It equals

- LO~
’
~~

I (O)d8 = f o~
)I?A dO 

J:
te

_et
w(t)dt

F(1 + p/A) f t
_
~
) ’A w ( t )d t .

W hen 0 ~ s < q the procedure leading to (24) yields

(3/3s)G(p, s) (q-s)/a(s) + pG(p,q)/a(s) — pG(p,s) /a (s ) ,

that Is

v (3/~ s)G( p,s) (1 + p G (p,q)/ (q -s) - p G (p ,s)/ (q—s))/ (1 — w ( s ) ) .  (27)

Let £ v
5
s5 = 1/(1 - w(s)) so that {v 5 /v 0} is a renewal sequence;

j ao

a 1 - p0/q > 0 and we know that v
5 
iv = (1-q)/(m—1) (J+ ).

Writing g — Z G1 4~~(p)q
k it is apparent that

keS

(G(p ,q) G( p ,s))/(q-s) a q~~5~5
g
5
s5 (0 ~ s < 1)

an d hence It follows from a Taube rian theorem for power series

([8], p.447) and the results above that

k=o~~ 
— (q/v ( l_ ~ )) (  

•c,

is _P/A ( )) P /A

However
I

vjG 14 ( p )  = v .  + ( p / q )  ~ ~~~ -k
— 

“ k o

and it Is easily shown that

(~~
v k 9j. k],,/

’
[~~

9k} —+ v i

see (10, p.42). This completes the proof.

_ _ _ _ _ _ _ _ _ _ _
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To comple te the proof of this theorem we use a local limit theo-

rem (2] which states that when f’’(l-) < and j,t-’— In such a

way that o < C
1 

~ je At 
< c2 < then

r15 (t) 
a e~~

t(w(je~~
t) + o(1)].

Th i s s hows that

+ log 5) A~~(x 2 + log 5)
e~

5r1 (s ) ds
+ log 5) A 1(x 1 + log 5)

• exp(-x 1)

— ~
-1j-(1-p/a) t~~~~w(t)dt

exp(-x 2)

and the theorem fol low s immediate ly.

We consider now the case m < 1 and assume that the radius of

convergence of £p 5 s 5 is suff icien t ly large for the ex i stence ~f

a > 1 such that f(o) a a. It Is easi ly seen that

~(s ,t) — F1(sa ,-t)/a is the prob ability generating function of

which defines a super-critical Markov branch ing process

with lifetime mean v ’1 offspring mean f’(a—) ~ and extinction

probability q = a~~, We thus have

= ~15q5
~~ , r15(t) 

= 
15(t)q

5
~~

• Assuming that f’(a-) < — , the proposition shows that

- • ja5G15 • (a - 1)/v(f’(ci-) - 1)
and the following theorem follows easily:

________________________________________________________________ —‘—
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• Theorem 5: If m < 1, f ’ ’ (a - )  < is, - < x1 < x2 < is and

D v(f’(a) - 1) then 
1exp (—x 1)

• lint P(x1 < DACJ ) — log 5 < x 2) • (1—a~~Y~ J ~(t)dt
exp (—x 2)

where

J0
e
_ 9t

~~t~~t + a - 1 — ilin ~(ex p(_oe~~
t),t).

Example: We let (Z(t)} be the linear birth and death process with

posi tive birth and death rates , A and p respectively. Here

v = A + p , m = 2A/v, A = A - p and when it > 1, q a p/A and

6 — A. In this case w(t) a (1 - p/x)e t and the density of the
1* l imit distr ibution of Theorem 4 Is

(r(1_p/a)) e~~
(l_PIA) exp(—e~~).

When m < 1 the dual ‘ — “  process exists and is the linear birth

and death process with birth rate p and death rate A. It follows

tha t the limi t distribution of Theorem 5 is the extreme value dIstri-

bution whose DF is exp(-e~~). The occurrence of extreme va l ue
distributions when A ~ 

p is not surprising in view of the fact

that {Z ( t ) }  Is a reversible process and , as shall be seen in ~5, the

CAD is the same as the extinction time distribution when 2(o) • 5.
Howeve r It follows from the i ndepen dence of family lines that this
latter distribu ti on Is that of the maximum of 5 independent copies
of T.

When A < p we can write

F (s t) — 
(i-s) — (1-rsj lexp (-At))

1 ‘ r (i—s) - (i—rs)(exp (—Lt)) 

•
- 

• ~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~
—

~~~~~~~
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~~~~: •-- • ~~~~~~~~~~~ -:~~~~~
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where r Alp , and

f

t
(F (s .t) — F1(o, - r ) ) dr — ( ( 1—r )/ Lr) log (1 — rs(1_e t)/(l — reLt)).

Thus = (A 5 )~~ r5 and

a
5
(t) = [(1 - eAt ) / ( 1 — re At )] i.

This yields

~(l)

S —
— -((1-r)/L) £ E

k— o n— o

-A log 5

When A = p , Levlkson (19] has shown that

* 

a
5
(t) — ~ f~ ~~~~~ ~~

When A > ~ evalua tion of the relevant Integrals Involves hyper-

geometric functions and is not very revealing. The equation for p

can be written as
+ p q

0 
J:
e
_Ptrlo s (t)dt

which in principle can be numerically solved. Finall y when A < p

it is known that the limi ting distribution of the return process Is

a logarithmic series distribution [30].

5. BIRTH AND DEATH PROCESSES

In this section we study the birth and death process (X(t)} with

birth and death parameters o c a’ ( J c ~S) and  o < p
5 

c — (JeT),

• - --~~~~~~ -

____ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ • •_ ~~~~ :•~~. —~-~~r ~~~~~~~~ - • Th~~~~~-- - ~~~~~~~~~~~~~~~



-

~~~~~~~~~~~~~~~~~

26.

• 
- 

respectively. Let a 1 and a (A 0A 1...A 5_ 1 )/ (p 1p2 ...p5 ).

It Is known (ii], (121 that if

£ (iT + 1/A lrj) 
a (28)

S_ o s S
t h e r e  is exactly one standard substochastic transition semi-group

whose generator is given by
-
~ q55 — - (A d 

+ 
~~~~ —

q5 5÷1 — A 5 ticS )

q4 5 1 — p 4  (JeT)
.1l

and q 15 * 0 if Ii - i i  > 1 and which satisfies the forward and

backward systems of differential equations and also the Chapman-

Kolmogorov equation. If also
is — i s
£ (A 4ir5) £ — — (29)

- 5— 0 “ 1*0

then [p15 (t)] I s  stochastic. We shal l always assume that (28) and

(29) are in  force .

Clearly {X(t)} is a return process obtained from the process

{Z(t)} with the generator defined as above except that A0 — 0, which

renders {O} absorbing for (Z(t)}. As before let fr 15(t)) denote the

transition semi—group of (2(t)); it Is stochastic.

We shall show that the CAD always exists but Is non—defective 1ff

{X(t)} is p-recurrent. But first we must discuss the p-classification

of {X(t)} and this is most conveniently done in terms of the spec—

tra l representation of its transi tion semi —group.

Associat ed with Q is the system of polynomials (Q
5
(x)) defined

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - — - 

- - -
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by

Q _ 1 ( x )  0 , Q~,(x )  1

(30)

-xQ
5
(x) a p

5 Q5_ 1 (x)  — (A 1 
+ p5 )Q 5 ( x )  + A

5
Q
5~1

(x) (jeS);

Q5
(.) is of exact degree 5.

There is exactly one probab ility measure 
~
i supported In fo,—) such

that

• ‘5 J0 j )*~~~ 
a (1,jeS), (31)

that is-, {Q
5
(x)) is orthogonal with respect to 4i and we say that

q~ is a (in our case unique) solution to the Q-moment problem. Mo re-

over we have the representation

p15 (t) 
- ii~

and hence we call ip the spectral measure of the process. We shall

need the following properties of the Q5
(-.): Q5

(o) — 1 tieS) and

if x < 0, 1 a Q0 ( x )  < Q1
(x) < ... < Q

5
(x)+ -°’ (j.. ).

See [113 for details.

Let p be the smallest point in the support of *; 0 c p < —

and in addition let • be the measure defined by

•( E )  = *(E + p), E d O ,”]. Clearly

p
00

( t )  a 
~~~~ f e

tx,(dx)

and hence for any c 0 we have the inequality

0 < e ~~~~~~~~~~ ~ p
00

( t )  < e~~
t .

It follows that -t 1 log p00
(t) • p (tø— ) and hence p is the

— - ~~~~~~~~~~~~~~~~~~~~~~~~ 
- — _s — - - -
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convergence parameter of S. Furthermore Fubini ’s theorem shows that

S Is p—transie nt iff and Is p—positive if

> 0, but p-null if O((O}) — 0 but  ~~x 1O(dx) — — . These

results were obtained for the case p a 0 in [12]. In this case It

was also shown that {w
5
} is always an invariant measure . The follow-

ing theorem extends this result.

Iheorem 6: The sequence (ir
5
Q
5
(p)} is a p-invariant measure and

(Q
5
(p)) Is a p-invariant function for {X(t)}.

Proof. From the theory of orthogonal polynomials it Is known that

Q
5
(p) > 0 and consequently we can define the polynomial s

R
5
(x) — Q

5
(x+p)/Q

5
(p). Let A

3
Q
5~ 1

(p)/Q
5
(p) tieS) and

a 

~~~~~~~~~~~~~ 
(J eT). These defi ne a generator R. It Is

easily seen that {R
5
(x)} is generated , according to the prescription

(30), by the sequences {c~} and {w5
}. Furthermo re (31) shows that

{ R
5 (x ) }  Is orthogonal with respect to $. The construction can be

reverse d , that is , If • is another measure such that {R
5

(x) }  is

orthogonal with respect to • then {Q
5
(x)} Is orthogonal with respect

to 
~
, where ~((O,p)) — 0 and (E) •(E—p) if E [p, ]. How-

ever (28) implies that 
~ 

is the unique solution of the Q-moment

problem and hence • is the unique solution of the R-moment problem.

It follows that If H
5 

— ir
5Q~

(p )  then

= M) Le~~
tRi (x)R J

(x),(dx) (32)

defines a substochastic transition semi-group and In v i ew of 

_ ___
~~_••=~~~~~~ ~~~~

-:_
~~~

-- 
—

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Theorem 16 of (111 this semi-group is stochastic 1ff

1! (~ 4 M 4 )  E t1.~ — a’ .
• j =O ~~~~ 1~ 0 ’

Suppose this is not the case. It then follows from Lemma 6 of [ii)

that h i t  R 4 ( x )  < a’ (xcO). Choose x -p. Then it follows that

‘tim Q (p) > 0 and hence that (29) is violated , a contradiction.

From the definitions above

= (Qj(p),Q j(p))e
Ptp j5(t)

and the condition E 
~ 

(t) — 1 implies that {Q (p)} is a p— invariant
j�O i II

function of {X ( t ) } .  Furthermore {M5
) is an invari ant measure for

[p 15 (t)3 and hence {ir
5
Q
5
(p)} is a p-Invariant measure for [p15(t)J.

The proof also shows that Q
5
(p) +0 (5-.”). When (X(t)} is

p-transient the constructions in §2 show that (it
1
) and {x

5
} are

strictly p-subinvar iant. Thus a p-transient birth and death process

has (at least) two distinct p-subinvar lant measures (functions); see

[16, end of §3]. It also follows from §2 ,3 that when S is

p-recurrent ,

~oj(-p) 
- A0G15(p) 

a w5Q5
(p). (33)

In the p-transient case

A 0G 15 (p) — ~05 (-p) /~00
(-p)

— 
~5

Q
5
(~ ) (

is

J x 3$(dx)
0

-- —~~ _�-—-,=_ _ nrr ~~~fl, ~a C ~TV ‘r — - r———- — - - - • - - 
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and the integral In the numerator Is

— 
k_ J .E k

~~~
k k11

see (12, S9.A]. The series is finite 1ff S is p-transient.

Thus we have

G15(p) 
— A~~w5

Q
5
(p)(1 - a

5
/S0)

5— 1
where a E [A kiTkQk(p)Qk+,(p)]

’. This expression is valid in a l l

cases.

It is shown in [12] t h a t

pij(t)/pkl (t) + 

~i ~~~~~~~~~~~~~~~~ 
(t4.—).

For s > 0,

p00(t+i)/p00(t) 
a e 0

~ (1 - H) -

where

H - 
c:e

_t

~~~~~~~

_

~~ 
(1 -

and it fol lows as in [12, p.389] that H+O (t”'). Thus the birth

• and death process {X(t)) always has the SRLP.

The manipulations in *3 carry through here , but with some changes

in the p-transient case and we find that the CAD always exists and

a
5
(t) a ((GlJ (p)) 1f

t
e~5rlJ (s)dsJ (1 

— a
5
/S0).

In par ticular we see that In  the p-transient cese the CAD Is  defective

and that P(A(J) — c o) + 1  (J.co) .

The reversibility of {X(t)),that is , w1p15(t) =

Implies that when the process is recurrent, A(S) has the same dis-

tribution as that of the fi rst passage time from ( 5)  to {0}. This

Li ________________
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31.

fact is exploited in the context of diffusion processes In [29].

Finally we mention that in the p—recurrent case the proof of Theo—

a rem 6 shows that

• E(e 8M5)} — [c:e_ 0t
~oj t dt1,’<j Le~~t~oo t)dt

that is, we can work in terms of a recurrent process which has the

same CAD. The preceding remark shows that In principle it suffices

to cons ider only the recurrent case in seeking limIt theorems for

A(j) for large 5. In particular it is necessary to be able to find

the asymptotic behavior of {Q
5
(p)} in order to find that of {

~~
) and

• {w
5
).

We shall now obtain a variety of limit theorems for A(S) with

attention being confined mainly to very specific examples which are

of common occurrence. We shall also see that sometimes it Is more

convenient to work with the return process and at other times with

the absorbing process. In the sequel the symbols J~(.), I~
t’) and

will always stand for Bessel functions.

(1) M/M/1 queue. Here A
5 

a 
~ (J eS ) and p

5 
— p (jeT). Let

r a A/ p. It is well known that the return process , that is , the

queue length process , is positive recurrent when r < 1, null when
r = 1 and transi ent when r > 1. In fact when r > I the  spec t ra l

measure has a density whi ch Is supported on a fInite Interval bounded

away f rom the  origin [13] and hence S Is p-transient. We shall con—
sider only the case r ~ 1. Clearly - A~~r5 and it Is known

that

r15
( t) r(5 1 2 e~~~~~

t (I5 1 (2t(A ~)
1
~
’2
) — I3~ 1(2t(xu)

1”2)}; 

— -
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see (9]. Using the transform relation

- a 5 (O - (e
2
~a

2)h/2)
S
(e2_a2)h/2

It i s an easy matter to prove

Theorem 7: If r c 1 then

P(A(j )  ~ ix) 1 - exp( -x/ (p-A ) )  ( x > 0 )

and if r — 1  then

P(A( J) ~ J~ x) + F112 (A x)  (x>O)

where F112 (x ) is the stable DF of Index 1/2 whose density is

f112(x) (2 (wx 3 )1’~
2) 

1 exp (-1/4x)  ( x >  0).

1-i l) M/M/— queue or Immigration -death process.

Here A
5 

= 6 and p
5 

a p5 (JeS). The return process is always

positive recurrent and

•( s ,t) = p (t)s1
5—0 05

(34)
• ex p (_ C( i_ e Pt )(1_ s)]

where c a ~/p and a c5/A5

By taking the Laplace transform of (34) we obtain

= (pj:) 1 
f
’
ye/P-le-c (l-Y)(c(l y)]idy

and hence 9/p

~ (o) a
fy

O/P 1eCYdy

___________________________________________________________________________ 
___________________
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whence

Theorem 8: P(ACj) - p
~~ log 5 < x) + F(x) (_a’<xca’)

where

•(o) J e
0X dF(x)

r(0/p) / 
J0
Y
o/P l ecYdY (8>0).

Inte gration by parts yields

r(i + O/p) 1
•(e) a ~~~~~~~~~ 

) (35)
c C -c f y

e/uecY dy

and it Is now clear that •(e) is a non-defective moment generating

function; the requisite continu ity theorem can be found in (211. Now

r(1 + O/p)

where V(x) exp(-e ’~~) is an extreme value OF. Horeover the

derivative of the denominator in (35) is completely ronotone and hence

i t follows (8, p.4411 that the reciprocal of this denominator is the

Laplace—Stieltjes transfo rm of a OF , W (x) say, and W (O+) = 0. Th is

gives the representation

F ( x )  = 
f

V(x_y)dW(y).

(lii) Null recurrent linear birth -death -immigration process.

Here A 5 — Xi + 6, p
5 

= p
~ (JeS). The theory of Markov branch-

ing processes with immigratIon [20) shows that S is positive recur—

rent when r = A/ p < 1, null i f r = 1 and 6 ~ A , transient if

r • 1 and  6 > A and 6(1-r~~) - posit ive if r > 1. We shall con—

-
- 1  

_ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _
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fine our attention to the nul l case.

It Is easily shown that

•(s,t) p (t)s503

• (1 +

We first consider the boundary case 6 — A. Then (1, p.1029]

~~~
(e) — A~~e

O1’AE1(e/x)

w here E 1(.) is the exponential integral (1, p.228] whence [1, p.229]

~ A~~ log 0 ” (0+0). (36)

The spectral measure has density X~~e
X
~
)
~ (x~O) and

Q
5
(x) a L

5
(x/A) where L~(.) Is a Laguerre polyno mial; see

[14, p.652]. Making use of the integral representation (i, p.785]

L5
(x) • (j!) lex f:e

_t
t1jo 2tx 112 dt

we obtain

is a’ J (2(ux/X)1’~
2
)

p05(e) 
= (,r

1
/A 5 )  f e

’
~
’u 5 f ° 

+ 
dx dy

= f~ f
a’
~~~J f

is yJ0(y) dy du
0 0 y + 4 0 u / X

~4 
f~
e~~

Iu1K0(2(eu,A)
h12)du

Substitute 0/n
5 

for 0 where 0 < n5 /J -
~~~~ and denote the result-

ing coefficient of tr
1 

by C5. Choose c > 0 and break the range

of integration into the sets [0,cn
5
] and (en 5,”) and write

_  _ _  

-- -~~~
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C~ C~5 + C25. Since K0 (.) is non—increasin g

C
25 

< (2/Aj~ )K0(2(0c/A)~
”2) f~ e~~u5du

Cflj

— 0[~s
i.
~
’h /J~) fa’ e 5(’

~~
1)v5dv

L en5 /j

We shall choose n
5 

— ~14~i, v > O  and it is not diff icult to see that

0(s) • 0 (5-. ”) by observing that e 5(’J l) a O((j +k)~ j
_ S_ k y J k )

and choosing kv >1 .

By choosing £ small enough we can replace K0(2(0u/An
5
)1~

’2
)

in C11 by log ((xn
5
/eu)1”2/2) with arbitrarily small relative error.

This yields

C15 ((‘tog n3
)/xj!) j~’~ e’” u

5du - (AJ~Y
1 f ~(1og u)u5e ”~du.(37)

The first term ~ A~~ log n
3 

and the argument used above yields

j- f (log u)u5e~~du = o( lo g 5)  ( 1” ') .
Cfl

j

Now

f u
ie

_u 
log u du — r’(j+i) ~

. 3 ! log 5 (38)

(1, pp .257—2591 and using (36) - (38) we find that

• v/(1+v) (v>0).

The lim it is the Laplace-Stieltjes transform of a distribution con-

centrat ing mass v / ( 1+v) at the origin and no mass In any finite

interval bounded away from the origin. Thus

~ 1) -. v/(1+v)

- — - — - - - ~~~~~~~~~=- 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_
~~~~~ - _

~~~L:- - ______________________
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and the following resul t now fol low s.

Theorem 9: For the line a r birth-death-immi gration process with

A = p — 6,

P(log A(j) ~ ix) • (1-x 1) ’ (5-.”) .

In dealing with the case 6 < A we can expand our scope. Con-

sider a general birth-death process for which

‘
~‘ 0Jr~, (X

5
w
5
)~~ “. CJ~~

1

where C ,D,8, -y > 0. Let ~ 8/(~
+y). It Is shown In [15] that

Q
5
(xJ~~~~) r(1-~) 

(CDx)112 ~~ 2(CDx )~~
2 

a N(x ) ,  say

pointwlse for x ~ 0 and uniformly In compact subsets of (0,”). It
• 

is also shown that

~ (0+0),

where H is a pos i t i ve cons tan t , and a Tauberian theorem for Stiel—

ties transforms (e.g., the dual version of Theorem 2 in (26 , p.611)

shows that

~~ (H/r(a)r(2-x))x 1
~~ (x+ 0). 

—

Thus for e > 0 the measure *(0j 8
~~

’dx)/*(0j~~~
’
~

) conver ges

(j-.
~=) to a measure whose density is (1-~z)x~~. Since

a~(0J~~
”
~) - (j ~ie~00

(of ~~ ) ) 
~: 

Q5 0~~~~~ 
~~05~

8
~~dx

it eventually follows that
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a~(O i )  + c2(0) = (r(~ )r(1-cz)y” 
J

:N~,~~
) x ’

~ dx

Le t B — 2 (C O ) ’1’2/(B+y) and use the transformation y — B(0x)~~
2 to

give an integral which Is tabulated (1, 11.4.44). We obtain

c L ( O )  — (2/r(a))(Be 2/2)UK a(BO
l/2 )

The integral representation

K (x)= n~
’2(x/2)~~ 

f
”
e
_
~
ct (t2_1)

_a_1/2
dt—a r(1/2—a) 1

holds if a < 1/2. This leads to a Laplace transform representation

for a(0) and analyti c continuation extends this to a < 1 whence

Theorem 10: P(J~~~ ’A( 5 ) ~ x) + Ga(X) (5+”; x~0)

where Ga(•) has the density~

ga(x) • (B}

2a 
~~~~ e

2/4X (x>0).

It is easy to see that B = 2A ’
~~

2 an d a = 1 - 6/y for the
linear b i rth-death -immigration process.

___________________________ - 
-=-~~~~~ - ~~~~~~~~
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