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ABSTRACT
\\ %/
The concept of a 1imiting conditional age distri- \\\\\ /

bution of a continuous time Markov process whose state
space is the set of non-negative integers and for which
{0} is absorbing is defined as the weak limit as t+=

of the last time before t an assocfated “return™ Markov
process exited from {0} conditional on the state, j,

of this process at t. It is shown that this limit exists
and is non-defective if the return process is p-recurrent
and satisfies the strong ratio 1imit property. As a pre-
1iminary to the proof of the main resuylts some general
results are established on the representation of the
p-invariant measure and function of a Markov process.

The conditions of the main results are shown to be satis-
fied by the return process constructed from a Markov
branching process and by birth and death processes.
Finally, a number of 1imit theorems for the 1imiting age

as Jj+= are given.

Key words: Markov process, 1imiting age, p-classification,
strong ratio 1imit property, Markov branching

process, birth and death process, 1imit theorems,

Green function.
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1. INTRODUCTION

Levikson [19) has recently introduced the concept of the
(limiting) conditional age distribution (CAD) of a Markov chain,
{Z,} with state space S = (0,1,...) and a single absorbing state
{0}. He does this by defining .Tn.' 1nf(u|xn_. = 0} where the Mar-
kov chain {xn}. called the return chain, is obtained by concatenating
independent realizations of {Zn}. that 1s, transitions of the return
chain within, and out of, T = S\{0} are governed by the same transi-
tion probabilities as {Zn}. but 1f Xo ® 0 then X ., = 1. Levik-
son's specification differs slightly from this, but, as we have
argued in [22], the present convention seems more convenient. The

CAD 1s the distribution {1im P, (T = k|X = J)} (JeT) if this
R n n

exists; it may be defective. Levikson demonstrated that the CAD is
well defined and non-defective if the return chain is positive re-
current. The present author [22]) has shown that this sftuation ob-
tains for any return chain which is R-recurrent and enjoys the strong
ratio 1imit property (SRLP). He also gave an example showing that
the CAD can exist for a R-transient return chain but (may) be de-
fective.

Levikson [19] also introduces certain expressions for return-
type diffusions; these are formal analogues of those derived for
{Xn). He derives some consequences from these and asserts, again by
analogy, that they are also valid for discrete state Markov processes.

It is our purpose in this paper to extend the basic results of
[22] to Markov processes. As in this reference, we shall initially

broaden our scope by considering an appropriate version of a regular
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Markov process {Y(t); t 2 0} for which S {s irreducible and for a
fixes aeS define T(t,w) = sup §‘lu,f1[0.t] where S;(w) is the
closure of S (w) = {t|Y(t,w) = a} and weR, the domain of the ran-

dom variables VY(t) (t 2 0); see Chung [4]. We shall then show that

provided {Y(t)} is p-recurrent (Kingman [16)) and satisfies the SRLP,
the conditiona! distribution of 7T(t) given {Y(t) = j} has a non-
defective 1imit. While the proof of this fact is not difficult, it
is not the triviality that is the corresponding discrete time proof.
We shall then specialize to return processes. This program requires
some results on the representation of the p-invariant measvre and

function of the transition matrix [’ij(t)]' pij(t) = Py (Y(t) = §),
and these are derived in §2. In §4 we work through tl > case where
{Z(t)} is a regular Markov branching process. In this case the re-
turn process corresponds to a special case of state dependent {mmi-
gration. The 1imit theory and p-classification of this class of
processes has been examined by Yamazato [31] and Stewart (27], respec-
tively. We shall look at regular birth and death processes in §5 and,
in particular, show that the CAD always exists but is non-defective
iff the return process is p-recurrent. In §4, 5 we shall obtain some
1imit theorems for the CAD as j+=. Finally we make the obvious point
that the results of §2, 3 can easily be modified i1f the minimal state
space 1s a subset of (0,1,...) and in particular the resuits hold

without change if S = (0,1,...,N).

2. REPRESENTATION THEORY
As in the introduction we let (Y(t); t > 0} be a Markov process

with a countable minimal state space S and stochastic transition




matrices [pij(t)] for which pij(t) > 0 whenever t >0 and 1{,jeS.
Then, as s shown by Kingman [16] the l1imit
o= 1im (Tog pyy(t))/t

exists, is finite and is independent of {1 and J. We call p -the
decay parameter of S (and of the process). Furthermore, there exist

sequences {mj} and {xj} satisfying the inequalities
-pt -pt
1§s .‘pij(t) e -J (Jes)) jﬁs pij(t)x,’ <e X1 (ieS). (1)

We say that {nj} is a p-subinvariant measure and {xj} is a p-subin-
variant function. Furthermore, we call S (and the process)
p-recurrent if [ eptpii(t)dt = ® for some 1ieS (whence for all
0

ieS) and p-transient otherwise. In the p-recurrent case, which will
be our primary concern, the p-subinvariant measure {wj} and the p-
subinvariant function {xJ} are unfque up to constant multiples and
are p-invariant, that 1s (1) holds with strict equality. Finally,

if S 1{s p-recurrent, we say it (and the process) is p-positive §f

lim e°‘p,j(t) > 0 for some, and hence for all, 1{,jeS. When the

tro
Timit is zero we say that S s p-null. If S 1{s O-recurrent we
shall call it recurrent and similarly for the other terms.

In the p-positive case I m,x, <= and
fes LI

pt -
e pij(t) x,njliisn‘x‘ (t,3eS8).

In this case

11" Pyglt+1)/p,(t) = e"’tx,mjlka] (1,3.k,1€8; 720). (2)
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Whenever this property holds for some p 2 0 and sequences {uj} and
{xj}. we say that the process has the SRLP. If S 1is p-recurrent
then (2) holds {ff
-pT
11:‘:up Poolt* T)/Pgo(t) s e (3)

for all sufficiently small positive 1. This follows because {Y(t)}
has the SRLP if every skeleton {Y(nh)}, h > 0 posessses it [18] and
(3) implies that Prufitt's [24] necessary and sufficient condition is
fulfilled. Observing that the skeleton {Y(nh)} is R-recurrent, where
R = exp(ph), and that the R-invariant measure and function are {'j}
and {xj}. respectively, (2) now follows from Pruitt's results via

a Croftian theorem [17].

A1l the results above are analogues of corresponding discrete
time results [25). In this case there are also representation results
for the R-invariant measure and function in terms of a generating
function of certain taboo probabilities. We shall derive an analo-
gous representation for the present case. Our proof will use the
SRLP, which is sufficient for our purposes, but we shall also show
that we can replace the SRLP by another condition.

We now assume that S = (0,1,...) and §s p-recurrent and also
that {Y(t)} is well-separable and measurable; see [4). It is possible

and convenient to assume that {Y(t)} satisfies the condition

Y(t) = 1im inf Y(s). (8)
stt

Let aeS. HWe can always define

Y.(t'ﬂ) = suwp s.(“’nlootlo
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called the last exit time from a before time t. If (4) is satis-
fied then Y(y‘(t.w)] = a. Let r.(s.t) = P‘(y‘ < s) and

raJ(s.t) = P‘[ya < s,x(t) = j) (j$a). Chung [4, SII.12] shows that
there exist functions 9;3(') (J#a) which are measurable, bounded
everywhere and satisfy

P.J(t) = It

°p“(t-S)gu(S)ds (5)

and

geTag(sst) = pa(s)ag(t-s), gor (s.t) = p,,(s)g,(t-s)

where g.(s) = i 9aj(s)' which is continuous and non-increasing in
a

s.

Assume now that {Y(t))} has the SRLP (2). Then (5) and Fatou's
Lemma implies that

© > njlll. > I:epsg.j(S)ds (Jta)
Let d‘1 = I.e°sgaj(s)ds (J¢a) and d, = 1. Now Kingman [16] has
0

shown that Pij(t) = 0(e'pt) and hence the Laplace transforms

Bag®) = |

e'etpaj(t)dt (jeS) exist for & > -p. Moreover from

(5) we have

S,J(e)/ﬁ,,(e) - L:e'seg.J(s)ds z dj(e)

and dj(ehdJ (6 4-p). Using Fubini's theorem we obtain
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|

~ -8
(00, (8) = (1/,y(00) [0 2oy (Do g(t)es
. («* L'e-e(us)p.j(t+s)ds)/p“(e)

ot
s e dj(e).

Monotone convergence now yields fdipij(t) < e'Dth » that is, {dj)

is p-subinvariant. Thus {dj} is p-invariant and from our normaliza-
tion we have my = n‘dJ (JeS).

Now let 4, = {w|Y(o,w) = 1} and 1if P(A‘) > 0 then for
weAi we define

pi(m) = inf {t]t>0,Y(t,w) $ {}.

Finally, for wed, let
u”(u) = inf {t|t> p1(w).7(t.w) = j},

called the first entrance time from 1 to J {1f 1 ¢ J or the first

return time to 1 {1f {1 = j. Let F ) = P{aij < tIAi}. Then

(t
13
(4, p.205) if 1 % §, Fij(°) has a continuous derivative fiJ(')

and

t
pyglt) = [ £yy(sdpgg(e-s)as (341). (6)

Let j = a and suppose S 1s p-recurrent and that (2) is satisfied.
Then obvious changes in the preceding argument allow us to conclude
that the sequence

f, = I:epsfi.(s)ds (i), f, =1

is well defined and that Xy = x‘fi.




We can proceed without (2) as follows. Let Q = [qij] be the
generator of {Y(t)}, that is, 94 = pkj(o+) and assume that all
states are stable, that is, G5 ® "y n . (jeS). If we further
assume that {Y(t)) is the minima) process (and regular) corresponding
to Q then the pij(t) are the unique solutions of the forward and

backward systems of differential equations:

p;j(t) = -pij(t)qj + kijpik(t)qkj » (7)

paj(t) - -q1p1j(t) + kiiqikpkj(t). (a)

Within this setting we can use an argument that parallels that used
for the discrete time case; see [25] for example.

Define g,,(t) = fii(t)' Then the system (5) is completed by

the equation
-q.t t
Paalt) =& * + I;p.,(t-s)saa(s)ds (9)

(see [4, §I1.13]) and taking Laplace transforms yields
Bay(8) = 8,4/(8+0,) + B,,(8)3,;(0). (10)

It is shown fn [16] that p_,(t) s e™®® , but frreducibility of S
means that f.a(t) >0 (t>0) and hence (9) shows that o < q,- It
follows now from (10) that 3.‘(-p) <1 and §,,(-p) =1 if S s
p-recurrent. Substituting (10) into the Laplace transformed version
of (8) and then eliminating 3.a(°’ via (10) with j = a eventually

Teads to the system

-1

G05(8) = 071(1-6,4) (1-3,,(0))a,y + @ E Gy (0)ayy o

which enables us to deduce that G.J(-p) < ®» , Monotone convergence

hIh----l-l----lIlllllllllllllllllliiiiiiﬁn-mF




then yields
- o A
glj(-p) = -p kzsgak('p)qkj (JCS)

if S 1is p-recurrent. Thus {dJ} is a p-invarfiant measure for (

and hence for {Y(t)}; see Tweedie's [28) proposition 2. The correspond-
ing result for {fi} is proved in the same manner by starting with (6),
(10) and (7).

3. THE LIMITING CONDITIONAL AGE DISTRIBUTION
We begin this section by assuming that {(Y(t)} is as in the early
part of §2, that is, 1s p-recurrent and possesses the SRLP. We shall
use the normalfzation o dJ and Xy = fj. Consider the distri-
bution
aij(t.t) = Py, s tiv(r) = §,4,).

Define the taboo probabilities
ap”(t) = P(Y(s,w) # a(p < s<t), Y(t,w) = leil
and hence ap”(t) =0 if J = a. It follows that
1-a,,(t,7) = E Pi(T-t) Py (t)/py ()5 (11)

see [4, p.200] for the case 1 = a. We wish to let t+=. Fatou's

lemma and the SRLP yield

kil(mk/mj)ept.pu(t) < 11:*1nf (1'-61j(t.t)]. (12)

We rewrite the right-hand side of (11) using the identity

t
Prg(t) = B8] = [ oyt (au  (kfa) (13)




and obtain

1- aij(t.r) = ]- p,a(r-t)paj(t)/pij(r) .

- z [pik(f t)/pij(T)) I Pajlt-ulfy,(u)du.

Using Fatou's lemma and the SRLP again yields

1im sup (1-a,.(t,7)) s 1 - p (t)/m
e iJ aj J (14)

t ot
- Ioe p‘J(t-u)kia(mk/mj)fka(U)du.

However, using (13) again we obtain

-ot
e P LI paj(t) = kiamkpkj(t)

t
- kiamk apkj(t) + f aj(t -u) i m ka(u)du

and hence the left-hand side of (12) and the right-hand side of (14)
are equal. This proves the existence of

(t) = lim ‘1j(t s%)

T e

t
= 1 -k*‘(m /My )ef pkj(t)

We now proceed to show that aj(t) is non-defective by obtain-
ing a more convenient representation. We have proved strict equality
in (14). The p-recurrence shows that the first term on the right has

a Laplace transform for positive values of the argument and hence

Fubini's theorem gives

SJ(B) - m54 6aj(e-p)(l+ kiamk?ka(e-p)].
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Equation (6) yields ?k‘(e) - 5g.‘°)’3a.(°) and hence the Laplace

transformed equations for the p-invariant measure yield

1+ L mk?ka(e-o) =1/ 5.,(6-9).

k$a
This together with the Laplace transformed version of (5) finally
yields
t
B | pu
aj(t) m‘1 Ioe gaj(u)du (15)

and hence aj(t) is an absolutely continuous non-defective distri-

bution function (DF). We summarize our findings as

Theorem 1: If {Y(t)} is p-recurrent and has the SRLP then
aj(t) = 1im P(y, s t|X(x) = §, X(0) = 1)
T+®

exists, is non-defective and given by (15).

Theorem 1 bears an obvious resemblance to Theorem 1 in [21].
Consider now {Z(t),t > 0}, a regular minimal Markov process with
state space S = {0,1,...} for which {0} is the only absorbing state
and is accessible from the irreducible set T = S\{0}. Let
[rij(t)] denote the transition semi-group of {Z(t)} and U = ["131
its generator. We shall now define the (elementary) return process
{X(t)} which will shortly play the role of the {Y(t)} process.
Let qoe(o.w) be given. Define a generator Q by 9y = uij(ief).
90 = “99* 93 ° 9, and %4 * 0 (J =2,3,...) and let {X(t)} be
the minimal process, necessarily unique, constructed from Q. Equi-
valently, if X(t) > 0 the return process e¢volves according to the
construction of {Z(t)} until it next hits {0}. It sojourns ther: for

1

a time which has an exponential distributicn with mean q; and then
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jumps to {1} and evolves as before.
Let the notation introduced for {Y(t)} now apply to the return

process but with a = 0. Clearly

Foo(t) = q, J;e rlo(t-u)du

and hence solving (9) shows that

t -q (t-u)
Boolt) = [0 0 ar,tu) (16)

where Foo(') is the renewal function generated by Foo(-). Further-

more

q.u
Pog(t) = 8 [ &0 ryy(t-u)au (340)
and hence from (16) and the renewal equation
t
poj(t) = opo‘,(t) + Lpoj(t-u)foo(u)du

((4] p.189) we obtain

Pool8) = Foo(8)/(a %e) ,
Poy(0) = a F 15(0)F  (6)/(a *e) (ito).

Since, however, 303(6) = 303(0)/300(0) (j$0) we finally obtain
954(t) = a ry4(t) (3t0).

Theorem 1 thus specializes as follows in the present case and the

1imit DF aj(-) defines the CAD.

Theorem 2: If the return process is p-recurrent and has the SPLP

et

then the CAD, aj(-). exists, is non-defective and given by




t @
aj(t) = L e""r“(u)du/Le"uru(u)du.

Its Laplace-Stieltjes transform uJ(e) = L:e°°taj(dt) is given by
ag(0) = B (0-p)/Pogl0-p) = ¥y (0-p)/7 1 (p).

Let () -
n n
vy = I;t lj(dt)

™ (611(9)) o [ tn pt J(t)dt

where Gij(p) = I;eptr1j(t)dt (1,JeT). The Gij(p) are finite.

This is seen by observing that r'J(t)- opfj(t) and considering the
process with transition probabilities ﬁij(t) = eptpijxj/xi. Clearly

6ij(t) - eqtopij(t)lexi and since {0} is accessible from (j},
L:oﬁij(t)dt <o , see (4] p.192. Let now

(n) a
6{" (o) kl"z"kn-l 5 1 G,kl(p) lekz(o)...ekn_lj(o)

(n 2 2).

Fubini's theorem and the Chapman-Kolmogorov equation yteld

(")(p) = J;. .L:eo(tl oot tn’r“(t1 toob £ )dE L dt
. L "’Ldtl“'dtn-l I e”ru(y)dy

tl t...+ ¢t

o oy
= | e .(y)dy | TR | - .
L 11 Qtl +...¢ tn-l < } 1 n-1




o uz2!HIII-HI-II-I-I----------‘---------!--F.'
13.

It is easily checked that the inner integral equals y"'ll(n-l)!
whence
(n) G(n*l)(p)/G j(p) |
Levikson [19] gave a heuristic derivation of this result for the
case where n =1 and {X(t)} 1is a birth and death process.
The hypotheses of Theorem 2 are satisfied if the return process
is positive recurrent; the limiting-stationary distribution is given

by & -1
= |1 1 - t))dt ’ = 71 G (JeT).
[ +L( rio(t)) ] LTS 13¢0) €

4. MARKOV BRANCHING PROCESSES

In this section we let {Z(t))} be the Markov branching process
(£31, Chap. 3) whose generator is given by ugy " vipj_1+1 (1%#3)

and where v > 0 , >0 =1 ,0¢< p 1

5 Pj

- 5 i
kpi 1K j>0 i

and P = 0. As is well known Z(t) vrepresents the size of a popu-

el i

lation of individuals whose lifetimes are independent and exponentially
distributed with mean v™!, and at the end of its lifetime an indi-
vidual produces J progeny with probability Jj. A1l individuals
reproduce independently. Clearly T 1{s irreducible and {o} is

accessible from T since Po 0. We shall use the notation

Gij = Gij(o) and f(s) = Jt pJ J Regularity of the Markov branch-
1

ing process is equivalent to the condition [ ds/(f(s) -s) = =
1-€

for each ¢ in(0,1-q) where q 1is the probability of eventual absorp-

tion when 1Z(o) = 1 and is the least positive root of the equatien
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f(s) = s. Let m= f'(1-).

We now determine when the hypotheses of Theorem 2 are fulfilled.
If m<1, gq=1 and when m < 1 the expected time to absorption
is finite and in this case the return process is positive recurrent.
Furthermore, rij(t) <1 - rlo(t) s bt s & = v(m-1) <0 ([33] and
hence the CAD has moments of all orders. If m =1 the return pro-
cess is recurrent and the expected entrance time, T , to {0} from {1}

1
is finite iff [ (1-s)/(f(s) - s)ds < =« . Thus when this is the case
0

the return process is positive recurrent. f

Consider now the case for which

f(s)-s = (1-s5)2L((1-5)"}

where L( ) 1is slowly varying (SV) at infinity. If
I dx/xL{x) = » then E(T) = » and this conditfon is satisfied in
(]
the important special case where y = f''(1-)/2 <= . As {is well
known [3] the backward equation for {Z(t)} can be integrated and in
particular

t
I'lo( )du/a(u) s t (17)

o

t
where a(s) = v(f(s)-s) and if V(t) = fldx/L(x) » (17) becomes

-1
V((l-rlo(t)] ] = vt .,
Now V(<) 1is strictly increasing and ~t/L(t) (t+=) and hence we

find that
1 - rlo(t) = 1/vtM(vt) (18)

where M(-) 1is SV at infinity and satisfies
M(t)/L(tM(t)) - 1, L(t)/M(t/L(t)) » 1 (t+=). We now show that
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15.

1 - Fo (t) ~ 1 - ro(t) (te=). (19)

This follows by observing first that Foo(t) is the convolution of
-q t
the DF's 1 - e % and rlo(t) whence the inequality

(1 - rypltt) + e %% ) (1-e) < 1 - F  (¢)

00

Qgt

s (1-rpplt ) e 0% Y (14e)

where t' = (1-6)t, t'' = (1+8)t, 0 < §, € < 1 and the inequality
holds for all t sufficiently large; see [8, p.278). Since

e.q°}(l - rlo(t)] + 0 (t+=) (19) readily follows. Let

t
m(t) = [ (1 - Fo(u))du. It follows from (18) and (19) that m(+)
0
is SV at infinity and hence we can apply a renewal theorem of Erickson
[6]1 to (16) and obtain
Poolt) ~ 1/q,m(t) (20)

Thus (3) is satisfied with p = 0 and hence the conditions of
Theorem 2 are again fulfilled. When y < o, L(x) -+ v (x+=) and
(20) becomes

poo(t) ~ vy/q, log t
which is implicitly contained in (31). Finally we mention that when
me 1w <o irf E(T) <

Consider now the case where m > 1. Stewart [27] has shown that

the function

g(e) = GE +q, I:e'at(l - rm(t))dﬂ

exists and 1s strictly 1ncr§asing for 6 > d = max(-qo(l-Q). a‘(q)),
d < 0, and there exists pe(0,-d) such that g(-p) = 0. He then
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shows that {X(t)} is p-positive and hence Theorem 2 applies here also.
Moreover, it is known [3, p.115] that 'lj(t) = O(e'st). § = -a'(q)
and hence we see that ug") <o (ns=1,2,...).
Let G,(s) = T G s and F,(s,t) = Ir (t)sd.
i Pl { i 1
Using Fubini's theorem and the forward equations for {Z(t)} we obtain

6,(s) = I:(Fi(s.t) - F,(0,8))dt
.Io

(a/as)Fi(s.t)

ISF}(x.t)dxdt
o

where F;(s.t)

[' Is((3/at)F1(x.t))/a(x)dxdt (21)
0 ‘0

il T S
(9 -x")/a(x)dx < = (0 <s <1).
0
Now let m s 1 and G(z)(s) = Elsgg)sj and observe that
ja
G = Gl(l-) <o if either m<1 or m=1 and E(T) < » since
G = ET. For these cases use of Fubini's theorem and (21) yield the
relation
(2) 1
6'“/(s) = | (6 - Gl(x))/a(x)dx
[\

S 1
¥ I (17a(x)) I (1-y)/a(y)dydx.
0 X

This allows us to compute ugl) in principle.

Let A(J) be the 1imiting conditional age, that is, it is a ran-

dom varfiable whose DF is the CAD. We shall now obtain some limit
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theorems for A(j) for large j. It is known [3] that {Z(t)} has an
invariant measure {uj; j=1,2,...) whose generating function is given

by
U(s) = Jg quJ
s
= I dx/a(x) (s < q).
o

s
It follows from (21) that Gi(s) = I (q‘-x’)u'(x)dx and integration
0
by parts yields the representation

Gij = qug - Uy, + 1uj_1/1

where we employ the convention uj =0 (§=0,-1,-2,...). Now let

m =1 and write the last equation as

3313 a JuJ - (J-i)uj_i.
When y < o Yang [32] has shown that Juj - (J-l)uj_1 + 1/vy and
hence

Gij ~ 1/vyd (J+=). (22)

At this point it is worth observing that if
f(s) - s = (l-s)l*"L((l-s)'l) where 0 <n <1 and L(°) 1is SV at
infinity then

&gy = 19T ()32 "LL4) (§+=).

This follows on observing that

-si
-W(s

' 1
€ (s) = =TIy
where W(s) = (1-f(s))/(1-s) is a probability generating function,

and this gives the representation

\’JG"’ . 'j"l P ase VJ_1
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where E vjsJ = ll(l-H(s)). Our assertion now follows by invoking
J=0

appropriate renewal theorems; details may be found in [23].

We now assume that i = 1 and also that I pjjz 1og j < =,
321

The latter assumption allows us to invoke a local 1imit theorem [5)

which states that if o = vy then
oztz(exp(j/ot))rii(t) +1

as t,j+*= but such that Jj/t 1is bounded. Using this result with
(22) shows that if j/t = 0(1) (j+=) then G;;rlj(t) can be re-
placed by (J/ctz)e'J/ot with negligible error as Jj+= and hence

3 1" A ® _j/os 2 _ 4 _ .-1/0t
(;1‘1 Ijt ru(s)ds (§/0) Lte ds/s 1 -e .

Thus we have the following analogue of Theorem 2 in [22].

Theorem 3: 1f m =1, I pd% logj <= and o= vf''(1-)/2 then
j21

}1m P(A(J) < Jt) = exp(-1/0t) (t>0).

For the case 1 <m <« we need to review some well-known facts.
There is a function c(t) (O<t<e) satisfying c(t) ¢,
c(t+r)/c(t) » €8T, A4 = v(m-1), (te=, 720) and if Z(0) = 1,
Z(t)/<(t) 2:3° W, a non-defective random variable whose DF has an
atom of size q at the origin and is absolutely continuous with a
positive density function, w(+), on the set of positive numbers.

If lepJJ log § < » we may choose c(t) = eAt; see [3), [20] and
2

[33]). With this notation we shall prove the following result.
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Theorem 4: Let 1 <m< =, f''(1-) <= and -= < x, < x, <« Then

exp(-x,)
PR7EL) -al8 (1) at

=1
P(x1 < AA(3J) - log § < xz) - M I
SRpkohy) (§+=)

where M = I t'pIAw(t)dt.

0

This theorem is analagous to the discrete time version in (22]
except that in this reference Jj+= through a lacunary subset of the
positive integers. The main component of the proof is the determina-
tion of the behavior of Glj(p) when J 1s large. In the following
proposition p can be any number such that 0 ¢ p < min(6,4) al-
though in our use of the proposition p will be the convergence

parameter, which < §.

Proposition. Let 1 <m< », Then (i) if {pj} is aperiodic

3Gy * (1-9)/8

and (ii) if 0 < p < min(68,8) and zlpjj log § < = then
32

Jl'°’A613(o) + a3 Iot'plAw(t)dt < @,

Proof. (1) Equation (21) yields

Gi(s) = (9-s)/a(s) = 1/v(1-w(s))
where w(s) = (f(s) - q)/(s-q) 1is a probability generating function
and w'(1-) = (m-1)/(1-q). The assertion now follows from the dis-
crete renewal theorem [7].

(11) We will derive two representations for

6(p,s) = jElc“(p)s-‘. The first will give us the asymptotic behavior




et

of G(p,s) as s+1 and the second will allow us to infer the desired
result. First observe [3] that (Fl(s.t) -q) - h(s)e St (te=)
where h(+) 1is finite for 0 < s < 1. Application of Fubini's
theorem then shows that G(p,s) <= {f 0 < s <1l. Let q < s <1,
Observing that

G(p.s) = I.ept(Fl(s.t) - q)dt + f.ept(q - Fl(o.t))dt
0 0

makes it clear that it suffices to consider the first term on the
right, H(p,s), in order to obtain the asymptotic behavior of 6(p,*).
Proceeding as in (21) we obtain

H(p,s) = Isdx/a(x) [.ept(a/at)Fl(x.t)dt
()

3 (23)

s
= Is((q-x)/a(x))dx - p[ (H(p.x)/7a(x)}dx
q q

where the second equality follows from integration by parts of the

inner integral which can be written as I eptdt(Fl(x.t) - q).
0

Differentiation of (23) yields

(3/3s)H(p,s) = (q-s)/a(s) - pK(p,s)/a(s). (24)

s
Choose soe(q.l) and let V(s) = exp p[ dx/a(x). Observe now that
So
for s - q small enough,

a(s) = -1/6(q-s) + 0(1).
It follows that
¥(s) ~ K(s-q)™?/¢ (549) (25)

where 0 < K < » and hence, since p < &, V¥(¢) 1is integrable over
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[q,s), q < s < 1. Equation (24) can now be solved in the standard

way:
S

Hp,s)V(s) = - [ ((x-a)/alx))V(x)ex.
q

(26)

Now use the fact that V(x)/a(x) = V'(x)/p and (25) to integrate the

right hand side of (26):
S
H(p,s)V(s) = -(s-q)V(s)/p + p} [qv(x)ax.
Letting f*(s) = (m-1)/(f(s) - s) + (l-s)'1 we have

1/7a(s) = -1/4(1-s) + a"lex(s)

and moreover

1
I f*(s)ds <= (q < s <1) {ff I p,Jlogj<e=
: 321

[3, p.117). Thus we obtain

/A 3
V(s) = [%:so]p exp((p/a) I; f*(x)dx).

S
0

Let ¢(8) = E(e'ew). Using equations (7) and (11) in [3, pp.l16-117],

we obtain the representation

s
H(p,s) = -p~Y(s-q) + o~} [q:¢"(x)/¢"(s)1°’6ax
and, as is shown in (3, p.116],
1
o'l(s) = (1-s) exp [} I f*(x)d%].

It is now apparent that

1
6(p,s) ~ p }(1-5)P/8 I (0~ 2(x))?/ tax
q

and the integral is finite. Making the change of variables

x = ¢(8)
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in the integral shows that it equals

5 [ 6P’ Ly ' (0)de = I LI I te %tw(t)dt
0 0 (]

= I(1 + p/b) [ t P/ (t)dt.

When 0 s s < q the procedure leading to (24) yields
(3/3s)6(p,s) = (q-s)/a(s) + pG(p,q)/a(s) - oG(p,s)/a(s),
that is
v(3/3s)G(p,s) = (1+p6(p,q)/(q-s) - pG(p,s)/(q-s))/(1-w(s)). (27)
tet =z v,sd = 1/(1 - w(s)) so that {vj/vo} is a renewal sequence;

Vo =1 - py/q > 0 and we know that vy +v = (1-q)/(m-1)  (j>=).

[
Writing gj = k§561.3+k(°)qk it is apparent that

(6(psq) - G(p,s))/(q-s) = q'ljgssj

and hence it follows from a Tauberian theorem for power series

s {0 £ 8 < 1)

([8), p.447) and the results above that
J W e
g, - (q/v(l-q))[ L t °/Aw(t)dt]j°/A.
k=0

However

vJGlj(p) - vj + (pIQ)kz ngj_k
=0

and it is easily shown that

g |
v.g 9 —— N
[toreses) /(8]

see [10, p.42). This completes the proof.
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To complete the proof of this theorem we use a local limit theo-
rem [2] which states that when f''(1-) < and j,t+= 1in such a

way that o < < < :je'At $Cyp< = then

ryy(8) = e Fw(ie™®) + o(1)1.

This shows that
8" (x, + 1og §) a7 (x, + log J)

epsrlj(s)ds - J e(p'A)sw(je'As)ds

A'l(x1 + log j) A'l(x1 + log Jj)

exp(-x,)
3 A-lj-(l-p/A) [ t-p/Au(t)dt
exp(-x,)

and the theorem follows immediately.

We consider now the case m < 1 and assume that the radius of
convergence of ijsj is sufficiently large for the existence of
o >1 such that f(o) = o. It is easily seen that
F(s,t) = Fy(so.,t)/o s the probability generating function of
{Flj(t)} which defines a super-critical Markov branching process

with lifetime mean v'l, offspring mean f'(o-) s » and extinction

probability q = o~l, We thus have

~

Glj e Gquj-l ’ rlj(t) = ;lj(t)qj-l .

Assuming that f'(o-) < « , the proposition shows that

jojelj + (o = 1)/v(f'(c-) - 1)

and the following theorem follows easily:




Theorem 5: If m< 1, f''(0-) < w, - < x, <x, <o and

D = v(f'(o) - 1] then exp(_xl)
Tim P(x, < DA(J) - log § < x,) = (1-a"1)"! w(t)dt
Jre exp(-x,)

where )

e %tu(t)dt + o - 1 = 1im F(exp(-0e0%),¢).

0 toe

Example: We let {Z(t)} be the linear birth and death process with
positive birth and death rates, A and u respectively. Here
v=2X+yuy m=2rx/v, A= 2A-u and when m > 1, q = u/X and

§ = A, In this case w(t) = (1 -u/A)e't and the density of the
limit distribution of Theorem 4 is

(r(l-p/A)]'le'x(l'p/A) exp(-e~X).
When m < 1 the dual "~" process exists and is the linear birth
and death process with birth rate u and death rate A. It follows
that the 1imit distribution of Theorem 5 is the extreme value distri-
bution whose DF is exp(-e'x). The occurrence of extreme value
distributions when X < u 1is not surprising in view of the fact
that {Z(t)} is a reversible process and, as shall be seen in §5, the
CAD is the same as the extinction time distribution when Z(o) = j.
However it follows from the independence of family lines that this
latter distribution is that of the maximum of j independent copies
of T.

When A < u we can write

e {1-5) - (1-rs)(exp(-at
Fl(s’t) ril-s) - (1-rs){exp(-at b
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where r = A/y, and
t .
f (Fl(s.r)- Fl(o.r)) dr = ((1-r)/ar) log (1 - rs(1-e=%)7(1 - redt)y.
0

Thus G, = (x§) " 1ed  and

(1 - Y20 - reAt)]j.

aj(t)

This yields

ugl) L (l-aj(t)]dt

-((1-r)/8) g T r"(k+1+n)"?
k=0 n=0

"

?

=t log j .

When A = u, Levikson [19] has shown that

()l dy
ay(t) = f -?{:f£;3:1- Y

0

When XA > u evaluation of the relevant integrals involves hyper-
geometric functions and is not very revealing. The equation for op

can be written as

& -pt '
9, + 0 = q, I e " g (t)dt
)

which in principle can be numerically solved. Finally when A < u
it is known that the limiting distribution of the return process is
a logarithmic series distribution [30].

5. BIRTH AND DEATH PROCESSES

In this section we study the birth and death process {X(t)} with

birth and death parameters o < Ay < (jeS) and o < Hy @ (JeT),

e e NI T S 0
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respectively. Let B, " 1 and "j - (AOAI...Aj_l)/(uluz...uj).

It is known (111, (12] that if

T + = o™

Jfo("j llxjnj) (28)
there is exactly one standard substochastic transition semi-group

whose generator is given by

agy * -y ¢ uy)s (ug = 0)
Sop = . G
qj,j‘l L UJ (JeT)

and % * 0 if |i - J| > 1 and which satisfies the forward and
backward systems of differential equations and also the Chapman-
Koimogorov equation. If also

= -1
JEO(AJ"J)

g0"1 = o (29)
then [pij(t)] is stochastic. We shall always assume that (28) and
(29) are in force.

Clearly {X(t)) is a return process obtained from the process
{2(t))} with the generator defined as above except that Ao = 0, which
renders {0} absorbing for {Z(t)}. As before let {rij(t)} denote the
transition semi-group of {Z(t)}; it is stochastic.

We shall show that the CAD always exists but is non-defective iff
{X(t)} is p-recurrent. But first we must discuss the p-classification
of {X(t)} and this is most conveniently done in terms of the spec-

tral representation of its transition semi-group.

Associated with Q 1is the system of polynomials (Qj(x)) defined
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by

nmn
-

Q_,(x) =0, Q,(x)
(30)
-xQy(x) = uJQj_l(x) = (O + u)Qy(x) + 2404,,(x) (jes);
Qj(o) is of exact degree J.
There is exactly one probabflity measure ¢ supported in [o0,®) such
that
"y 0000 0auten = sy (Huges), (31)

that is, {Qj(x)} is orthogonal with respect to ¥ and we say that
v 1is a (in cur case unique) solution to the Q-moment problem. More-
over we have the representation

pig(t) = my [ ™o (a0 00u(en)

and hence we call ¢ the spectral measure of the process. We shall
need the following properties of the Qj(°): Qj(o) =1 (jeS) and
if o x <0, 1=0Qp(x) <Qplx) <. .. <QuxPte  (jo=).
See [11) for details.

Let p be the smallest point in the support of y; 0 < p < =
and in addition let ¢ be the measure defined by
¢(E) = w(E + p), Ec[0,=]). Clearly

Pyolt) = e™°* L:e't“o(dx)

and hence for any € > 0 we have the inequality

0 < e”(P*e)ty(10,¢)) < Poolt) s et

1

It follows that -t " log poo(t) +p (t+=) and hence p 1is the
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convergence parameter of S. Furthermore Fubini's theorem shows that

L]
S 1{1s p-transient iff I x'lo(dx) < ® and is p-positive if
o
Q0
¢({0}) > 0, but p-null if ¢({0}) = 0 but ‘L x'lo(dx) = », These

results were obtained for the case p = 0 1in [12). 1In this case it

Moty Ch S e b b o o e

was also shown that {w3} is always an invariant measure. The follow-

ing theorem extends this result.

Theorem 6: The sequence {uJQJ(p)} is a p-invariant measure and

{Qj(p)} is a p-invariant function for {X(t)}.

Proof. From the theory of orthogonal polynomials it is known that
Qj(p) > 0 and consequently we can define the polynomials

Ry(x) = Q;(x+p)/Q4(p). Let ¢, = 250541(p)/0Q5(p)  (JeS) and

Wy = uJQJ_l(p)/Qj(p) (jeT). These define a generator R. It is

easily seen that {Rj(x)} is generated, according to the prescription

(30), by the sequences {cj} and {uj}. Furthermore (31) shows that

{Rj(x)} is orthogonal with respect to ¢. The construction can be
reversed, that is, 1f ¢ 1s another measure such that {Rj(x)} is
orthogonal with respect to ¢ then {Qj(x)} is orthogonal with respect
to v where ¥((0,p)) = 0 and $(E) = ¢(E-p) if E [p,=]. How-
ever (28) implies that y 1s the unique solution of the Q-moment
problem and hence ¢ 1is the unique solution of the R-moment problem.

It follows that if MJ = ijg(p) then
igfe) = My [ e*R R (x0tan) (32)

defines a substochastic transition semi-group and in view of
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Theorem 16 of [11] this semi-group is stochastic iff

J
- (;ij)'1 LM =
j=0 i=0

Suppose this is not the case. It then follows from Lemma 6 of [11]
that 1im Rj(x) < » (x<0). Choose x = =-p. Then it follows that

Jreo

1im Qj(p) > 0 and hence that (29) is violated, a contradiction.
b ad

From the definitions above
Byy(t) = (Q5(p)/0Q;(p)) e py5(t)

and the condition zosij(t) = 1 fimplies that {Q;(p)} is a p-invariant
J2

function of {X(t)}. Furthermore {Mj} is an invariant measure for
[pij(t)] and hence {nJQJ(p)} is a p-invariant measure for [pij(t)"

The proof also shows that Qj(p)oo (j+=). When {X(t)} is
p-transient the constructions in §2 show that {mj} and {xj} are
strictly p-subinvariant. Thus a p-transient birth and death process
has (at least) two distinct p-subinvariant measures (functions); see
[16, end of §3). It also follows from §2,3 that when S f{s
p-recurrent,

aoj(-P) - AOGIJ(p) * “jqj(p)‘ (33)
In the p-transient case
AOGIJ(D) - 503(-9)/500(-9)

raj(x)x‘lo(dx)

0

= ﬂjQJ(p) =
[ x~ 1o (dx)

AT ————




and the integral in the numerator is

SJ - k?jlkkﬂkok(p)ok*l(p)]-l H
see [12, §9.A). The series is finite iff S 1s p-transient.
Thus we have

-1
Glj(p) = xo "qu(p)(l = UJISO)

j‘l _1
where 9y = l‘i:o[kaqu(p)Qk“(p)] . This expression is valid in all

cases.

It is shown in [12] that

p’J(t)/pk](t) > Qi(p)QJ(p)"J/Qk(p)Q](p)'l (tom).

Poolt+T)/P o) = e7PT(1 - H)

H = I°e°t(x'p)(1 - e'T(x'p))w(dX)/].e't(x'°)w(dx)
(o] ()

and it follows as in [12, p.389] that H-+0 (t+=). Thus the birth
and death process {X(t)} always has the SRLP.

The manipulations in §3 carry through here, but with some changes
in the p-transient case and we find that the CAD always exists and

-1t os
aj(t) = ((Glj(p)) Ioep rlj(s)ds](l - cjlso).

In particular we see that in the p-transient case the CAD is defective
and that P(A(J) = =)+1 (Jo=).

The reversibility of {X(t)},that is, "1pij(t) = pji(t)"J'
implies that when the process is recurrent, A(j) has the same dis-

tribution as that of the first passage time from {j} to {0}. This




fact is exploited in the context of diffusion processes in [29].
Finally we mention that in the p-recurrent case the proof of Theo-~ 1

rem 6 shows that

E(e'eA(j)] = [L:e'etﬁoj(t)dt]//ﬁj L:e‘etﬁoo(t)dt :

that is, we can work in terms of a recurrent process which has the
same CAD. The preceding remark shows that in principle it suffices
to consider only the recurrent case in seeking limit theorems for
A(j) for large j. In particular it is necessary to be able to find
the asymptotic behavior of {Qj(p)} in order to find that of {cj} and
{w,}.

We shall now obtain a variety of 1imit theorems for A(j) with

b

attention being confined mainly to very specific examples which are
of common occurrence. We shall also see that sometimes it is more
convenient to work with the return process and at other times with
the absorbing process. In the sequel the symbols Jv(-). Iv(-) and

Kv(°) will always stand for Bessel functions.

(i) M/M/1 queue. Here AJ = A (jeS) and ud =y (JeT). Let

r = A/u. It is well known that the return process, that is, the
queue length process, is positive recurrent when r < 1, null when
r =1 and transient when r > 1. In fact when r > 1 the spectral

measure has a density which is supported on a finite interval bounded

away from the origin [13) and hence S 1{s p-transient. We shall con-

sider only the case r ¢ 1. Clearly Glj = A'lrj and it is known

that
AT B e N (1 (0w 3 <1 zeon V)




see [9). Using the transform relation

Iﬂe'exlj(ax)dx = a'j(e - (ez-az)1/2)3(62-«12)'1/2
0

it is an easy matter to prove

Theorem 7: 1 r <1 then

P(A(3) s dx) » 1 - exp(-x/(u-1)) (x>0)
and if r = 1 then

P(ALY) < 3%x) = Fy p(00n) (x>0)

where F1/2(x) is the stable DF of index 1/2 whose density is

fl/Z(x) = (2(1rx3)1/2).1 exp(-1/4x) (x> 0).

(ii) M/M/» queue or immigration-death process.

Here Aj = § and “j = uj (jeS). The return process is always
positive recurrent and
, J
¢(s,t) jgopod‘t)s

(34)
= expl-c(1-e7*%)(1-5))

where ¢ = §/u and GlJ = cJ/AJ! .

By taking the Laplace transform of (34) we obtain

1
p_.(0) = (ug!)"? f y®/u-1g=c1-¥) e (1-y) 13 gy
0oJ o

and hence 3 J ¥
i 8/u f xelu IQCX/j(l-X/J)jdX
o

“j(e) -

1 %
[ ye/u lecydy
0




b b g™ Gt SR
s

T TR e TR eI

TTREE

whence

1

Theorem 8: P(A(j) - u " log j < x) » F(x) (m=<x<=)

where

¢(0) = [- e~ 9%4r(x) ]

1
= r(6/u) /Lye/”'lecydy (6>0).

Integration by parts yfelds

r(1 + 6/yu)

1
ec-c I ye/"ecydy
o

(e>-u71) (35)

¢(6) =

i i’ e i

and it is now clear that ¢(6) is a non-defective moment generating

function; the requisite continuity theorem can be found in [21]. Now

® -8
r(1 + e/u) = [ e Y%dv(x) i
-0
|
where V(x) = exp(-e "*) 1{s an extreme value DF. Moreover the
derivative of the denominator in (35) is completely ronotone and hence
it follows [8, p.441] that the reciprocal of this denominator is the
Laplace-Stieltjes transform of a DF, W(x) say, and W(0+) = 0. This

gives the representation

F(x) = L:V(x-y)du(y).

(i11i) Null recurrent linear birth-death-immigration process.

Here AJ = Aj + 6, My = pi  (jeS). The theory of Markov branch-

ing processes with immigration [20] shows that S is positive recur-

rent when r = A/u <1, null if r =1 and 6 g ), transient if

r=1 and & > A and G(I-r'l) - positive if r > 1. We shall con-
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fine our attention to the null case.

It is easily shown that
" @ J
¢(s,t) Jfop°d(t)s

= (1 +at(1-5)) "%,

We first consider the boundary case &6 = XA. Then [1, p.1029]

Bool0) = x'lee/xel(e/x)

where El(c) is the exponential integral [1, p.228] whence [1, p.229]

1

600(9) ~ 27" log o1 (6+0). (36)

The spectral measure has density A“le=*/% (x30) and

QJ(x) = LJ(x/A) where Lj(-) is a Laguerre polynomial; see
[14, p.652). Making use of the integral representation [1, p.785]

Ly(x) = (3:)"1e* ];e ttJJO(Z(tx)l/Z)dt

we obtain

- » J_(2(ux/2)1/?)
o - ' -u j 0
Bog(®) = (ry/at) | e Uo S

dx|dy
o

2 ® @ J (
= _111 I e'UuJ [ I __21_9_11_ dy]du
0 o y + 46u/A

2 ®
= 7;4 I e'"uJKO(Z(eu/A)llz)du .

Substitute e/nj for 6 where 0 < nJ/j +o» and denote the result-
. ing coefficient of "j by CJ. Choose ¢ > 0 and break the range
of integration into the sets [O,enj] and [enj,m) and write

L
f




Cj = C,, + CZJ‘ Since Ko(-) is non-increasing

1j
o (2/331)k, (2(0e/2) /%) f e Uulqu
an

. 0[?jj+1/j:) In e'j(v'l)vjdv:].
enJ/J

= j1+v. v>0 and it is not difficult to see that

We shall choose ng
0[+] » 0 (j+=) by observing that e 3(V-1) « g((jek): 373-Ky-3-K)
and choosing kv >1.

By choosing ¢ small enough we can replace K°(2(eu/xnj)1/2)
in C1J by log ((AnJ/eu)I/Z/Z] with arbitrarily small relative error.
This yields

Cyj ™ ((1o0g nJ)li!) I I emWydqu - (a7 Jenj(log u)uje'“du.(37)

en
o 0

1

The first term ~ A" " log nj and the argument used above yields

it f“ (1og u)ude Ydu = o(10g J) (34=).
Eﬂd

Now

[cuje'" log u du = r'(j+1) ~ j§! log j (38)
[

[1, pp.257-259) and using (36) - (38) we find that

aJ(eJ'l") + v/(1+v) (v>0).
The 1imit is the Laplace-Stieltjes transform of a distribution con-
centrating mass v/(l+v) at the origin and no mass in any finite

interval bounded away from the origin. Thus

PA()I"LIY 5 1) » v/(1+v)
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and the following result now follows.

Theorem 9: For the linear birth-death-immigration process with

Aesps=g,
P(log A(4) ¢ dx) » (1-x"H* { §am) .

In dealing with the case & < A we can expand our scope. Con-

sider a general birth-death process for which

my o pg¥"1, (xjnj)" S L

where C,D,8,y > 0. Let a = g/(B+y). It is shown in [15] that

112}* 1/2
QJ(XJ‘B'Y) + r(l-a)(i_c_g_x.L__] J_G(M)——_ = N(x), say

B +y B+y

pointwise for x > 0 and uniformly in compact subsets of [0,»). It

is also shown that

Poo(®) ~ HE™® (6+0),
where H 1is a positive constant, and a Tauberian theorem for Stiel-
tjes transforms (e.g., the dual version of Theorem 2 in (26, p.611)
shows that

w(x) ~ (H/T(a)T(2-a))x!™® (x+0).
Thus for 6 > 0 the measure w(ej'e'ydx)/w(ejwe'Y) converges
(j+=) to a measure whose density is (1-a)x"®. Since
= Q,(x6375"Y)

o 1 + x

aj(GJ-B-Y) = (3¥Y0p o (037P7Y)) I (03 B Yax)

it eventually follows that
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1+x

aj(ej-B'Y) + a(8) = (I'(cn)l‘(l-m))'1 r"—(ﬁi‘l x %dx .
(+]

Let B = 2(CD)’/2/(B*Y) and usé the transformation y = B(ex)l/2 to
give an integral which is tabulated [1, 11.4.44]). We obtain

a(e) = (2/r(a))(B0/2/2)%_ (8ol/?) .

The integral representation

X e B ey re-xt(tz_l)-a-l/zdt
ks r(1/2-a) 1

holds if o < 1/2. This leads to a Laplace transform representation

for a(6) and analytic continuation extends this to a < 1 whence

Theorem 10: P(J"B-YA(§) < x) » G, (x) (§+=; x20)

where GQ(-) has the density

2a _-l-a 2
g bel = (G} Egpeet ™ o).

1/2

It is easy to see that B = 2)~ and a=1-68/y for the

linear birth-death-immigration process.
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