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Al~ APPLIED OVERV IEW OF MOVING BOUNDARY PROBLEMS

Bruno A . Boley

An overview of moving-boundary problems is sketched in a gen-
eral way with emphasis on some types of problems in which further
work appears to be desirable from an applied viewpoint . Areas
touched are those of the mechanical behavior of melting or solid-
ifying bodies, the establishment of suitable constitutive equation,
the use of approximate methods , the state of multidimensional
problems, and the application of continum approaches to the study
of crystal growth.

1. INTRODUCT I ON

Under the three headings of Theory, Met hods and Appl icat ions .
the present conference spans the remark~ibly broad body of cuT~eflt

research in problems involving moving boundaries. A glance at the

program will convince anyone of the impossibility of suninarizing

in a single pape r even the pr.inci pal features of the work being

done in any one of the three catagories , without degenerating in-

to a tedious , although possibly useful , extensive bibliography.

Moreover, an attempt at such a suninary at the beginning of the

conference cannot possibly include adequate reference to the work

to be presented during the next succeeding days, and thus ipso

facto must fall short of an up-to date descri ption of the state of

the field.

The pane l discussion on the last day of the conference will

nevertheless endeavor to formulate some general observation. on

the state of current knowled ge and current needs. 1 thought it

would be more appropriate at this time to indicate certain areas

of research whi ch, in my opinion, have a distinc t practical impor-

tance , but are nevertheless insufficientl y emphasized or absent at

the present conference. The princi pal such areas are the follow-

ing: 
- —

— —
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-Studies of the mechanical response accompanying changes of
phase

-Determinations of material behavior and constitutive rela-
tions in regimes encountered in change of phase problems

-The use of approximations and of approximate methods

-Analytical work on multidimensional problems

-Correlations between approaches at the microscopic (“mater~~~
science”) and continuum (”mechanics”) scales

Each of these will be discussed in what follows , together

with some general observations which may on occasion be appropri-

ately introduced. In all cases, no effort will be made at a com-

prehensive bibliography , and only typical researches will be indi-

cated; these and the references cited therein should nevertheless

form a good introduction to the work in any one of the areas un-

der discussion. In addition , it may be well to mention here an

earlier conference [1.1] which also brought together--to the

author’s knowledge , for the first time--mathematicians and prac-

ticing engineers active in this field .

2. MECHANICAL BEHAVIOR DURING CHANCES OF PHASE

The deformations and stresses accompanying problems of

change of phase are of great i~aportance in a variety of applica-

tions. As examples one might mention the stresses arising during

casting solidification [2.10,18] the deformations responsible for

air-gap formation between casting skin and mold [2.12,14 ,11)and the
accompanying phenomenon of interface instability[2.1l ,19],the dc-

formation ablating shields [2.9,15] and solid propellants [2.13]

and those of nuclear reactor fuel elements [2.5].

The first question that must be raised with regard to prob-

lame of this kind concerns the permissibility of uncoupling the

thermal and mechanical effects, as indeed was done in all the
works mentioned above. Such uncoupling is permissible in ordi-

nary th.r~aoe1asttc problems , when the coupl ing parameter.
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I.
—

~ (3X + 211) 2p2T* 
2 1

(X+2I. i) pc~
is small compared to unity, and dynamic effects are small [2.7 ).

In this equation )~ and ~ are the Lame elastic constants , ~ is the

coefficient of linear expansion , p the density, c,~ the specific

heat at constant colume and T* a reference (absolute) temperature

at which the material is stress-free. The latter effect depends

principally on the magnitude of a thermal velocity (speed of inter-

face advance , or of isotherm motion) relative to the speed of

stress waves in the solid ; this is normally sufficiently small to

cause mechanical effects to be passed (other than after r flections)

by the time the thermal ones become significant. An e las t ic  anal-

ysis of the dynamic stresses accompanying a melting process may be

found in [2.16]; the stresses in the Neumann problem in the di-

rection of solidification may be the same order of magnitude as

those arising in the other directions under static conditions

.(c f .eq .(2 .6)] ,  but can be expected to dec rease rap idly if the

actual temperature does not experience instanteneous jumps

(cf .  2 .7)) .
An estimate of the effect of 6 may be obtained by recalling

[2.14] that in simple thermoelastic problems it i~ equivalent to

a rep lacement of the d i f f u s i v i t y  t by the e f fec t ive  d i f f u s i v i t y

= (2. 2)

and by noting that this statement carries over to moving-boundary

solutions of the Neumann type. This is best seen by regarding

such solutions as arising from linear combinations of elementary

heat-conduction solutions for a half-space with arbitrary condi-

tions at the surface and at the far end , and initially(cf.[2.4));
then use of the effective diffusivity applies to each elemen-

tary solution, provided that in each the surface tractions are

required to vanish. This follows from integration of the one-

dimensional equation of equilibrium in the absence of inertia

— 
effec ts, namely 

—

.L ___  
_ 

_  

_  

I 
_ _
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(A + 2M)u
~~,~ 

-(3X + 2)c~F ,~(n ~~~~~ 
= 0 (2.3)

where u
~ 
and °xx represent displacement and stress components

respectively , and cenm~as indicate differentiation. Substitution

into the linearized coupled heat equation.

= Pc~,T + (3X + 2ii)czT*~x x  (2.4)

(where K is the thermal conductivity and dots indicate differenti-

ation with respect to time) gives

~t
*T,xx T (2.5)

The stress component 0xx is, as has been noted , identically

zero, and so are, of course , the shears. The only non-zero stress

components are (in the melting case)

a a _ aET (2.6)
yy zZ l - ’~

where E is Young ’s modulus and v is Poisson ’s rat io.

The above results have been obtaifled for the purely elastic

one-dimensional Neumann problem , but may be practically useful in

prov iding a preliminary estimate of the magnitude of this effect

even in more complicated problems where its neglect may be ques-

tioned. In any case, certain parts of the solution (e.g., the

coefficient X in the Neumann expression for the interface posi-

tions, i.e.,

s(t) — A (2.7)

(where t is time) are not likely to be very sensitive to changes

in diffusivity ; A in fact is independent of ~ for equal prop-

erties in the solid and liquid (2.8 ,11). Extension of these

results to problems other than the ones for which they are

strictly valid may be exemplif ied by an examination of (still one-
dimensional) cases in which the moduli are temperature dependent,
in which (with t7xx C 0 and a = n a)

~~~~ f1(a,T) ; ~~~~ — U
5 1  

a 0 — f2 (a,
T) (2.8) 

—
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or
Ux x  — FC~) (2.8a)

where the effective diffusivity is

— dF (2.8b)
1 + 6

since similarity still holds in problems with temperature-

dependent properties [2.4]. The last statement is no longer

valid if the solid is viscoelastic , since in that case (even on

the normal assumption of elastic behavior under hydrostatic con-

ditions [2.7))

(A + 2
~
)u
~~~ 

= (3X + 2i1) f(p)ct~ (2.9)

where bars indicate Laplace transforms and p is the Laplace trans-

form parameter. Th~is the transformed. heat equation becomes (since

dissipative effects vanish in the one-dimensional problem [2.7]):

kT xx pT[l + of(p)J (2.9a)

This somewhat~ detailed discussion of coupling should not be

taken to imply that this effect is often likely to assume major

importance , nor is it an open invitation to mathematicians to

plunge heedlessly into a relatively unexplored field. It is

rather an expression of the feelings that this very lack of expe-

rience makes it prudent to proceed with caution, and to give some

thought to the validity of the inevitable underlying assumption of

the phys ical model under study. Some rules of thumb permitting
some preliminary estimates of the validity of such assumptions

are therefore particularly useful.

Whether coupling is important or not, the mechanical response
it self of course is. In particular , the stresses of eq. (2.6) are
present regardless of coupling. In the solidification ome, these
str esses are 

a E (T - T )— — - 
- 

(2.10)
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on the assumption that no bending occurs during the formation of

the solidified skin. Should such bending occur, they may at times

be estimated as in [2.6]; in particular if the skin is free of

bending and axial restraints , they cannot exceed (4/3)IaE~T/(l-v)I,

where ~T is the maximum temperature excursion in the skin. No

studies of stresses and deformation in multidimensional problems

have yet been made to the author’s knowledge.

The calculation of the mechanical response requires, first of

all, an accurate knowledge of temperature distributions , gra•’

dients, and history (some discussions of the errors which may

arise even in non-moving-boundary problems because of inaccuracies

in the temperature may be found in [2.3,6]). It cannot be over

emphasized that analyses which are sufficien~ 1y accurate for

“thermal” purposes may not be so for stress calculations , a fact

that may be easily overlooked particularl y when dealing with

p~irely numerical solutions. In fact the development of some

information regarding the accuracy required in the temperature

for desired accuracy of stresses and deformations would seem to be

a useful subject of future mathematical research.

It should be clear from the preceding discussion , however,

the type of material behavior ai~.sumed in the analysis will greatly

influence the results; thus , before proceeding much further, it

is necessary that more data on this subject be developed experi-

mentally.

3. MATERIAL PROPE~~IES AND CONSTITUTIVE EQUATIONS

Considerable data have been gathered by various investigators

on the variation of material properties with temperature, in some

cases approaching the melting temperature. Much more is known

regard ing the thermophysical properties (e.g.,(3.1]) than mechan-

ical ones , although many investigations for specific materials
have been undertake n over the years (see, for example , the 21
studies of low-carbon steels listed in [3.3]). Information of
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this type is of course extremely useful, but falls somewhat short

of the more general goal of establishing constitutive relations

appropriate to a given material under given conditions. For ex-

ample , the studies cited in [2.l8],[2.17]and[2.l2], treat the
solidifying ingot as temperature-dependent elasto-plastic, elastic,

and non-linearly viscoelastic respectively. There is some concep-

tual difficulty with the first of these , in that uniqueness of

solution is not assured (the uniqueness theorems are incremental

[2.7], and uniqueness of the initial stress state in a strip of

zero initial thickness is difficult to establish ; no such diffi-

culty arises in analogous melting problems, e.g. [2.9] or [2.5J.

Elastic behavior is almost certainly not to be found in reality in

the regimes encountered in change-of-phase problems , but that does

not mean that such studies are without value : they may provide ,

at the very least, an extremely useful initial understanding of

the problem , and, in some instances , a us~ ful approximation. Thus,

it was noted in [2.9] that the deformations of a melting elasto-

plastic plate would be well approximated (from above) by those

calculated elastically. When melting occurs as a result of inter-

nal heat generation , the approximation still holds , but from

below [2.5].
A combination of temperature-dependent plast ic  and non-

linear viscoelastic behavior will undoubtedly describe most de-

sired conditions. However, even aside from the fact that the

material properties in such a model are quantitatively not known,
what is needed is some knowledge of the simplest model that may

properly be used. For example, a simple work-hardening behavior

was found to be exhibited by the austenitic steel in [3.2], but

not by the delta-ferritic iron of (3.3], the latter however

lending itself to a simple relation for the stress (under condi-

tions of constant strain) , namely
4a — A(s) exp(B/T) (3.1)

where A , fl and m are constants , while the former does not.
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Progress in the field would probably be best aided by a

joint effort--whether in the format of a workshop or a task-force

study--of experimental investigators, mechanics experts, and

practicing engineers to formulate the needs for various conditions

and the corresponding necessary tests. Such an activity would

not, of course, imediately provide all the desired answers, but

would probably focus future research in the most useful directions.

Attention has been centered here on the importance of the

subject from the standpoint of the calculation of the mechanical

response; one should however not ignore the problems presented

by the temperature-dependence of properties in the simple diffu-

sion problem itself. The prevailing feeling probably is that

(once the variation of the various properties with temperature

has been determined) such problems can only be dealt with by

means of numerical solutions. Even so, most numerical analyses

ignore the temperature dependence because of the difficulties

int roduced by the additional non-l ineari ty , and certainly more

research towards rendering solutions of the type practicable

would be useful.

It may be noted , in the meantime , that work is lacking even

in the simple Neumann case , in which , as has been mentioned ,

similarity holds even if the properties are temperature-dependent .

In that case [2.4) the construction of the solutions as linear

combinations of elementary ones with stationary boundaries should

prove useful for the numerical analysis of many simple but impor-

tant change-of-phase problems.

4. APPROXIMATIONS

Two types of approximations should be distinguished: the

first are in the nature of basic assumptions underlying the phys-

ical model adopted for the solution , the second refers to the
method of solution itself. A few words about each of these types

may be of interest.

— Basic assumptions , introduced as a matter of course in order —

_  _  _  ,.~~~~~~~~~.. -
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to bring complex actual problems within reach of solution, are

normally justified by ad hoc considerations of the particular prob-

lem at hand. As a con~equ~nce, their validity cannot be judged

except by someone with considerable acquaintance and expertise

with the field. Furthermore, they are not always very explicitly

stated in most papers, since these are as a rule addressed to

other experts in the same field, n~mely to people whose familarity

with them makes their repetition superfluous . Thus, for example,

papers describing moving-boundary problems in astrophysics (e.g.,

[4.6,21]) or in combustion (e.g.,[4.16]) are difficult to assess

by workers with primary interest , say , in metal castings. What is

more serious is the fact that this makes effective communications

between different groups difficult; such communication as does

occur in fact takes place at the next level of the investigation ,

namely after the physical model formulation has been accepted. At

this level , the second type of approximation earlier mentioned

comes into play.

Before proceeding to a discussion of methods of solution ,

however, one additional observation might be appropriate. The

physical model must be chosen so as Zo represent with reasonable

accuracy the aspects of the actual behavior which are of partic-

ular interest , and may slight others of lesser inznediate interest.

Thus, for example, it is permissible to neglect the change in den-

sity during change of phase if the progress of the solid-liquid

interface is of paramount interest, but this effect cannot be

ignored in determinating the details of the flow in the liquid

[4.13]or the grain structure of the solid metal [4.14]. One par-

ticular example can illustrate this point rather dramatically :

the rate of melting of the interior of nuclear reactor fuel rod

can be described rather accurately [4.1.7)without consideration of

the density increase upon melting, but if this effect is ignored,

the catastrophic collapse caused by the accompanying high internal

pressure will not appear [4.19,20).

Once the basic model to be studied has been established , one —

t 
__________ ____ .—~~~~
____________ ____ —-——..
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is ready to consider the method of solution. It goes without

saying that this should be as accurate as possible, so as to in-

sure that a faithful representation of the model’s behavior has

been obtained. The few cases in which an exact solution is pos-

sible require no further comment ; for the others, a choice of

numerical or analytical techniques , or a combination of them ,

must be made. It may seem inappropriate , especially in view of

the separation of Methods and App lications in the format of this

Conference , that in a survey of the latter a discussion of the

former should be included , but I did think it was useful to men-

tion the perhaps obvious fact that the method of solution must be

fitted (just as the physical model was) to the practical goals of

the analysis.

Numerical methods for Stefan-type problems will be discussed

in detail by several other participants during this Conference.

From the standpoint of applications , there is little doubt that

numerical methods are the most attractive , and often the only ones ,

which can accomodate in any reasonable manner the inevitable prac-

tical complexities of the problem. This implies that emphasis

should be placed on the development of numerical methods capable

of incorporating the additional non-linearity introduced by the

tempe rature dependence of material properties. Cooperation be-

tween analytical and numerical solutions is however extremely

important ; an example of this is the necessity of developing in

many cases analytical short-time solutions to be extended numeri-

cally [4.20).

Approaches based on various finite difference schemes have

been generally more popular in heat and mass transfer problems

than those based on the finite element approach. The usefulness

of the latter should however be further examined , particularly in

problems in which the mechanical response is also desired.

Not to be overlooked among numerical methods are those which

are based on essentially analytical developments, such as the

— 
nt srical solution of integral equations (e.g., [4.11,18)). 

—
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We finally turn to approximate methods proper, namely tech-

niques for developing approximate analytical solutions. These

should play an important role in applied problems , since they can

provide , at their best, rapid and hopefully reasonable estimates

of the principal characteristics of the sought-for solutions.

Best known among such methods is the “heat balance” approach

[4.10), normally used in conjunction with a “penetration-depth”

concept, namely an unknown distance from the exposed surface be-

yond which the body is unaffected by the conditions tø which the

surface is exposed.

The heat balance method is a special case of the “weighting-

function” approach [2.6]; alternatively, it can be thought as a

special case of a variational approach. The latter have received

considerable attention in the literature either in direct form

(e.g., [4.5]) or in Biot ’s Lagrangian formulation [4.1).

These methods have been rather successful in the solution of

several one-dimensional problems. From the applied standpoint ,

more work seems to be necessary in three principa l directions ,

namely the development of techniques for obtaining improvements on

a given approximate solution , the adaptation to cases of variable

properties , and their use in multidimensional problems. Some work

on the first two of these is being done (e.g., [4.2,4]); app li-

cation to moving-boundary problems of the Stefan-type was carried

out in [4.7) (see also [2.2)) based on the use [4.4) of multiple

penetration depth , and shows the expected improvement. An approx-

imate method of solution of multidimensional problems based on a

separation of variables approach was given in [4.12).

The accuracy of approximate solutions obta ’,ed by methods

such as the ones mentioned above is always difficult to assess.

When two or more successive approximations are available , one may

be satisfied (or may ha’ie to be) in an engineering sense with a

comparison between them. In the case of temperature dependent

properties , it was suggested in t4.4) that comparison of two

— 
separate solutions of the problem (one obtained directly from the 

—
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heat conduction equation, and the other after app~i.ation of the

Kirchhoff transformation) would yield a means of estimating the

accuracy of either solution.

Finally , methods of determining strict but easily calculated

bounds have been explored as a possible answer to this problem

(e.g., [4.3 9,15),but clearly more work in this direction is neces-

sary. Published work in this area has mainly been based on theo-

rems comparing the behavior under different prescribed surface

conditions, or different rates of ablation , (cf.[2.6)), or on

some special characteristics of the solution (e.g.,[4.15]. The

development of further such theorems and their applications

should be further examined; at the same time comparison theorems

based on different variations of material properties should be

devised. Such theorems would permit the replacement of the actual

temperature dependence of the properties by simpler ones for which

the solution is more tractable , and would thus provide useful and

hopefully easily obtainable bounds to the desired solution.

Unfortunately, theorems of this type are difficult to develop,

and in fact , to the author ’s knowledge , now have appeared in the

literature. To indicate what might be done , ‘e following proof ,

although allowing only limited variations of properties ,may be an

interesting first step illustrating both the opportunities and the

difficulties of the problem.

Consider the one-phase Stefan problem in a slab 0c~xc~L, ini-

tially solid at zero temperature , heated by a non-decreasing heat

fl ux Q
0
(t) at x 0 and insulated at x L. The problem is thus

described by the system

[K(T)T ’)’ (pc )(Tyr 8(t) < x < L (4.1)

T(x,0) — 0 o < x < L (4.2)

T’(L,t) S 0 0 < t < t
L 

(4.3)

-K(T_)T’(s,t) — Q0(t) 
- p1. o < t < t

~ 
(4.4)
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T[s(t),t) — Tm t < t < t~ (4.5)

s(t) = o 0 < t � t
m (4.6)

where the times t and t are defined by
m L

T(O ,t )  = Tm and s(tL) L (4.7)

The solution of this problem is unique [4.12, 2.6]; furthermore

T � 0 and ~ ~ 0 throughout.

Consider now two problems , denoted by the subscripts I and

2 respectively , in which

(pc) 2
(T) a (pc)

1(T) (4.8)

Then , from the difference in the two heat balances

c Q (~)d~ = H12 d~x + 
~~~ 

+ 11
m ~~~~ 

(4.9)

~~ 2
(e)

where the heat content is

H(T) = pcdT ; H~ = H(Tm) (4.9a)

we have (cf.[4.12))

tLl � tL2 (4.9b)

Assume now that the difference in the physical properties

characterizing the two problems is such that the solutions of

problem (4.1—7) satisfies

� T
2 

(4.10)

if the boundary conditions and the initial conditions satisfy in-

equalities of the type
* * * *T1(s ,t) � T2(i ,t )  or T~(s ,t) � T(s ,t)

(4.11)
T1(o,t) ~ T2(o,t)

*for any curve 0 < x — • (t) < L. The development of useful and

— 

fairly general conditions for (4.10) to hold is however ons of the 
—

_ _ _  
_ _  

_ _

_ _ _ _- 
- .
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principal difficulties of the problem , and no attempt to resolve

it here is presented ; we shall devote our attention to proving

that, if it holds, then

s1(t) ~ 
s2(t) (4.12)

Some simple conditions under which (4.10) is valid may be

listed first. For example , if K is constant and equal in the two

solutions, then the heat equation is

KT~~2 = (pc) 1 2 (T1 2 )’t1 2  (4.13)

and (4.10) follows from subtraction of one of (4.13) from the

other, i.e.,

K(T 2 - T1)” - (pc)
2

(T
2 

- T
1Y 

+

(4.14)
[pc 1

(T
1) 

- pc2
(T
2)] T1 

= 0

provided that one can insure that

pc2
(T
2

) a pc1 (T
1) (4.l4a)

This can be done if the specific heat is constant (or dependent on

time and position but not temperature), or if c2 is replaced by

the maximum possible value of c1 
(which may be possible in change-

of-phase problems because the extremes of temperature can often be

estimated a priori) .

As another example , let now

1C1(T) � K
2(T) and ~t1

(T) � ,t~(T) (4.15)

Then, with

T*(T) — K(T)dT (4.16)

we have

* * .*a~(T )T — T -C4.l6a)

and so

— 
- , . . .— - - -____
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,t~( T - T~Y -  (T2 - T
1Y+

[k2(T2) - ,t1
(T~)]T~’ — 0 (4.17)

*whence (4.10) again follows, if T ~ 0, under conditions similar

to those earlier considered , both for the effective temperatures

and the actual temperatures T.

As has been mentioned , we shall assume (4.10) to hold; in~
particular, it does so before change of phase starts , or

t � t (4.18)ml m2

In other words , (4.12) holds at t = t
1 
and at t — tLI~ 

It is

* *obviously possible to devise functions (pc)
2(T) or K1(T) suffi-

ciently large, in the previous two examples respective ly, in which
(4.12) holds for all t

1 < t < tLl
.
~~~ If (4.12) is to fail, there must exist a period where

and therefore a first time at which 
~l 

— s2 • Consider now a

continuous sequence of functions bounded by (pc)
2 and (pc) , or

by K
1 
and K~ ; There must exist one such function for which the

period just mentioned shrinks to a point t = t at which

and 
~l ~2 

(4.16)

*At that point (in either example , with T ~ep lacing T in the
second),

— T~ ; — ; T < T~ (4.16a)

respectively from (4.4), from the differen tial form T ’ + T — 0
of (4.5), and from either (4.13) or (4.16a). But then , near
z — s w e have

T112 — T
m + T~~2

(x — s) + T~~2((x — 8)
2
/2) + ... (4.17)

or

— T
2 

— (T~ - T )[(x - 5)2/2] + ... 0 (4.lla)
— 

I 
- 

I
_ _ _ _ _  

—
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which contradicts (4.10) ; hence (4.12) must hold at all times. •

5. MULTIDIMENSIOI(AL PROBLEMS

The major portion of the published work on moving boundaries

is concerned with one-dimensional solutions , and indeed the math-

ematical complexities of the subject are such that many unsolved

problems remain even with this restriction. Nevertheless , many

practica l problems are not , and cannot he, reasonably approx-

imated by one-dimens ional models. Many numerical methods are

readily applied to multidimensiona l probhms , but there appears

to be considerable scope for analytical work , both approximate and

exact ,. in this area.

It may be useful to recall the classification of multidi-

mensional problems presented in [5.13],in which a distinction was

made according to the type of motion characterizing the spread of

the change-of-phase interface along the surface. Class I in-

cludes problems in which the change of phase starts simultaneously

at all points of the surface. One-dimensional problems are of

this class , as are all solutions in which the initial conditions

are ignored or in which a stead y- s t a t e  is assumed to prevail .
This class includes also the important two-dimensional solutions

of [5.8 ,9] pertaining to dendritic growth and the work of [5.11]

on the effect of imperfect mold-ingot contact.

Class II comprises problems in which change of phase starts

simultaneously at all points in some por tion of , but not the
entire surface , and Class III those in which it starts at a

point . In these two classes the intercept between the phase

interface and the surface moves along the surface , at the same
time as the interface itself progresses into the medium; as a

- consequence these problems are of a higher order of magnitude of

)difficulty than those of Class I (cf.[5~.l ,3,10)and the references

cited there). Nevertheless , problems of Class Ill are some of the

physically most important ones , particularly at the early stages

of the various processes being examined under the general heading

of moving boundaries , and should be attracting more attention on —

_______________ - ~~~~ -- - . _____________
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on the part of researchers. Particularly lacking are works in

which more than one phase is considered , and those with more com-

plicated interface conditions. Among the latter, a particularly

interesting effect often neglected is that of curvature on the

interface equilibrium temperature [5.5 ,12) and on concentration

[5.10], usually expressed by the Gibbs-Thompson relations

20T
T — T  - 

m c ~~c(l +~~~—) (5.1)r Lr r RTr

or its generalizations [5.4 ,6,10). In these equations the sub-

scripts r and indicate equilibrium values corresponding to sur-

faces with radius of curvature r and plane respectively, a is the
surface energy, V the molar volume of the solute or crystal , and

R the gas constant. If the coupled heat and mass transfer prob-

lein is analyzed , the effects on both temperature and concentra-

tion must of course be included simultaneously.

The extension of the standard analytical approximate tech-

niques--heat balance, Biot ’s method and the like--into multi-

dimensional problems has hardly been explored , and perhaps not

found feasible. The~same can be said of the construction of prac-

tical ways of devising bounds for the solution of such problems.

Some promising approximate methods for multidimensional problems
were presented in [4.7), based either on the concept of a

• thermal layer or on simplification in the heat equation.
• Development of bounds on the basis of theorems comparing the

behavior of one or two phase problems of the type considered for

the one-dimensional case in [5.2,14,15] would be useful. This

would particularly be true if the analytical solution were to be
used as a starting solution for further numerical work (i.e., for

very short times), since it may be conjectured that the one-

dimensional conclusion that the starting solution is the same in

these problems will carry over to multidimensiona l problems. If

that is true , then one may obtain a valid starting solution for
all cases from the obviously simp ler one-phase case.
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6. MACROSCOPIC AND MICROSCOPIC APPROACHE S

The preceding discussion has been exclusively concerned with

solutions based on the continuum approach; at the same time

considerable research is being pursued on such topics as the

structure of growing crystals , wh ich clearly require analyses at

the atomic level of the material (e.g.,[6.4-6,l2). Consideration of

both approaches and of their relation is evident in some works

(e.g.,[6.lO)),and leads to a formulation more complete than has

formally been considered in most available analyses. Such a formu-

lation requires the temperatures T
5 

and T
L , 

and the concentra-

tions C
s and C

L , 
in the solid and liquid respectively, to satisf y

the heat and diffusion equations under interface conditions of the

following type during solidification from the melt:

~
C
LC~ = kC~ D

s
—
~;; - LL~~ 

= V ( l  - lc) C
L 

(6.1)

Ts — TL ; Ks—i - K
L~~~ 

Vp 2 (6.2)

where Vn is the normal component of the interface velocity and k

the partition coefficient. The usual way of determining Vn(6~
6]

simplifies the appropriate expression by means of fact that the

temperatures at the interface are constant and equal to the melting

temperature. It has already been seen, however , that this con-
dition is not str i ctly correct for curved interfaces : the equi-

librium temperature there must satisfy a thermodynamic relation of

the form

Tr 
- T

E
(C
L
) - (6.3)

where $ is the entropy of melting and where T
E 

is the equilibrium

freezing temperature of a plane surface at concentration C
L , 

the

functional relation between T
E 

and C
L 

being determined by the

liquidus line of the phase diagram for the material in question.

The additional relation required to complete the formulation is 

—-
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4

then the so-called kinetic condition, which relates the velocity

V of freezing to the difference between the interface and the

equilibrium temperatures, or

V — f(T - T) (6.4)

The form of this relation depend8 on the details of the atomic

mechanism of crystal formation [5.5] and is usually taken to be

linear (e.g.,[5.12), [6.10), or

V — ~(T - T) (6.5)

where ~ is the atomic kinetic coefficient.

Solution of the complete problem outlined above has not yet

been attempted, and it should in fact be noted that it is not ex-

pected to be unique on physical grounds. In other words, several

interface shapes are thought to exist which satisfy the formula-

tion given (the initial and fixed-boundary conditions must of

course be added); the actual one is the one which corresponds to

the maximum velocity of growth, or [6.10]

ÔV < 0 (6.6)

where V is the velocity of the extremities of the formedext
crystal, and ô indicates the difference in the velocities corre-

sponding to the actual and any other interface morphologies.

It would seem desirable to perform some careful studies of

uniqueness of solution of the stated problem; in particular,

such studies might shed some light on the types of functional

relations (6.4) which are theoretically admissible, thus simpli-

fying (or at least providing some direction for) the task of the

experimentalists. Of course, if the simple one-dimensional prob-

lem is considered , the curvature dependence and thi. 3 most of the
foregoing difficulties are absent; uniqueness in this case has

been considered [6.2). In that work , the coupled heat and mass

transfer problem is considered ; similar ity solutions for this
problem have been examined by a number of authors (e.g., 6.8-10]),

— and a more general case has been discussed in the literature [6.1]. —

V -- 
~~

- - r~~~ ‘~~~~~~~~~~~~~~~~ - - • - 

~~~~~~~~~~~~~~~~~
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One additiona l d i f f i cu l ty  should be added to the foregoing

formulation, namely that required to describe the generally aniso-

tropic character of the formed crystals [5.5 , 6.7]. This effect

has not been considered before , but it can be safely expected to

complicate matters a great deal , because the orientation of the

crystals is not known a priori , but must  he determined by a con-

dition similar to (6 .6).
It might be worth while to consider here the modification

which anisotropy would introduce in the known exact short-time

solution fo r the ha l f - space  z > 0 under a r b i t r a r y  heati ng rates

[5.5]; this is easy to do if one assumes z to be a principal di-

rection of the conductivity tensor. Consider for simplicity the

two-dimensional special case of the problem [6.3] and let the x

and z directions be principal with conductivities 1(i 
and K

3
respectively. It is then easy to show that the transformation

— x.J K3/K 1 ; z’ = z ; s ’ = s (6.7)

reduces the entire problem to its origina l form , since the inter-

face heat-balance condition

- [K3 + 
~~~~~ 

)
2

] 
.
~~~~ 

— Q(x ,t) - p
~

-
~~ 

(6.8a)

becomes

- K3[1 + (.4)
2
]..

_~~•., = Q~(x:t) - pt -~~~~~-- (6.8b)

Hence the solution is obtained simply by replacing the quantity

C2~ — (~
2T/~x

2)by C2~ l — - (~
2T/~x ’

2
),evaluated at the instant

of start of melting. Thus

C2 , — C
2~

(K
i/K 3
) (6.9)

Thus the maximum penetration is

— 

I 

4MC1 
[i + l(

C2ZK1) + ...]~
3/2 ~ ... (6. l0a) 

—
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and the maximum surface extent of melting is

x0
(’r) 

— 
/2C 1r 

~~ - 
!2x ~l~~ ._U(~! 

~~~~~ 1. (6 11)2*/~
I3tm ~I c2,~ L 8~C1K3 I 128\ C

1 
1(3 1

where

_ _ _  

1(
3 t - t  

TM — 2L 
m 

= ; C
1 

= 

~~~~~ 
(6.12)

x=z =0

It is of interest to calculate the ratio of the two distances

given in eqs. (6.10), or

a (i-) 4M JCC C Kmax 12 x  r 17 2x l\
x ( T) — 

3T ,/T T[1 + ?~T~~ 
+ ...j  + ... (6.13)

This appears at first sight to predict that the penetration will

be greater (relative to the surface spread) the greater the ratio

of conductivities (K
1/K3)jn the directions x and s respectively.

This would be intuitively disturbing ; in reality , a true assess-

ment of the effect of variations in conductivity, is obtained only

if the accompanying variation in the pre-melting solution is in-

cluded. A meaningful comparison on the basis of eq. (6.13) there-

fore results only if it is assumed that the temperature distribu-

tion at the instant of incipient melting is unchanged. Thus, con-

sider two cases corresponding to conductivities K~ and K~ (with

K3 
unaltered for. conceptua l simp licity); then it is necessary

that

K~C~~ — K~C~ (6.13)

or that C2,~ be inversely proportional to K1. Substitution in

(6.13) will then give the more acceptable result that

decreases with increasing values of O(1/K3).

_ _  -~~~~~~~~~~_ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _‘r--
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7 • ~X~NCLUD INC REMARKS

The foregoing discussion has attempted to indicate--although

in an admittedly sketchy and far from comprehensive manner- -a

number of problems connected with moving boundaries which have not

received great emphasis during this conference. In the presenta-

tion an effort has been made to identify areas in which further

cooperation between mathematicians and engineers is most desir-

able and can most readily be expected to bear fruit. It is

hoped that this brief exposition will be help ful in furthering

that cooperation.

REFERENCES

1.1 J.R. Ockendon and W.R. Hodgkins, Editors : Movin,g Boundary
Problems in Heat Flow and Diffusion, Clarendon Press,
Oxford , 1975 , being the Proceedings of a Conference
held at the University of Oxford (March 1974).

2.1 B.A. Boley, “A General Starting Solution for Melting and
Solidifying Slabs,” m t . J. Eng. Sci., vol. 6, 89-111
(1968).

2.2 B.A . Boley, “App lied The rmoelas t ic i ty ,”, in Deve lopments in
Mechanics, vol. 7, Proceedings of 13th Midwestern
Mechanics Conference , University of Pittsburgh. Editors :
J.L. Abrams and T.C. Woo, 1-16 (1973).

2.3 B.A. Boley , “Bounds on the Maximum Thermoelastic Stress and
Deflection in a Beam or Plate ,” J. Appl. Mech., vol. 33,
no. 4, 881-887 (December 1966).

2.4 B.A. Boley, “On a Melting Problem with Temperature-Dependent
Properties ,” in Trends in Elasticity and Thermoelasticity,
Witold Nowacki Anniversary Volume , Wolters-Nordhoff
Pubi. Co., The Netherlands, 21-28 (1971).

2.5 B.A. Boley, “Temperature and Deformations in Rods and Plates
Melting under Internal Heat Generation ,” Proc. First
Int. Conf. on Struct. Mech. in Reactor Technology V

(SHIRT-i), Berlin, vol. 6, Section L, Paper L2/3 (1972).

2.6 B.A. Boley , “The Analysis of Problems of Heat Conduction and
Melting,” in High Temperature Structures and Materials,
edited by A .M. Freudenthal, B.A. Boley and H. Liebowita,
Pergamon Press , 260-315 (1964).

- V____________________ ,_,___•_~~ _ V_ —V-•V———---—-—.-.———.-,, — — — 
- Vs



MB
23

2.6 B.A. Boley , “The Analysis of Problems of Heat Conduction and
Melting,” in High Temperature Structures and Materials,
edited by A .M. Freudenthal , B.A. Boley & H. Liebowitz,
Pergamon Press, 260-315 (1964).

2.7 B.A . Boley and J.11. Weiner, Theory of Thermal Stresses,
J. Wiley & Sons, N.Y. (1960).

2.8 H.S. Carisaw and J.C. Jaeger, Conduction of Heat in Solids,
Second Ed ., Oxford University Press (1959).

2.9 E. Friedman and B A . Boley , “Stresses and Deformations in
Melting Plates ,” 3. Spacecraft ,vol. 7, no. 3, 324-333
(March 1970). V

2.10 Y. Masuko and S. Matsunaga , “On the Temperature Distribution
in Solidifying Ingots and the Residual Stresses ,”
Sumitomo Kinzoku Journal, vol. 18, no. 1 41-51 (Jan.1966).

2.11 0. Richmond and N.C. Huang , “Interface Instability during
Unidirectional Solidification of a Pure Metal ,” Proc.
Sixth Canadian Congress of Applied Mechanics (CANCAN)
Vancouver, May 29-June 3 (1977).

2 1 2  0. Richmond and R H . Tien , “Theory of Thermal Stresses and
Air-Gap Formation during the Early Stages of Solidifi-
cation in a Rectangular Mold ,” J. M~ch. Phys. Solids ,
vol. 19, 273-284 (1971).

2.13 O.T.G. Rogers and E.H. Lee , “Thermo-Viscoelastic Stresses in
a Sphere with an Ablating Cavity,” Brown University,
Tech. Rep., No. 6, Contract NOrd - 18594 (August 1962).

2.14 J. Savage, “A Theory of Heat Transfer and Air Gap Formation,”
J. Iron & Steel Institute , vol. 200, no. 1, 41-47
(January 1962).

2.15 FL . Schuyler and E. Friedman , ~‘High Temperature Ablation
Interaction ,” article in Mechanics of Composite
Materials , Editors FW . Wendt , H. Liebowitz , and
N. Perrone, Pergamon Press, New York, 769-798(1970).

2.16 I. Tadjbakhsh, “Thermal Stresses in an Elastic Half-Space
with a Moving Boundary ” AIAA Journal , vol. 1, no. 1,
214-215 (January 1963).

2.17 R.H. Tien and V. Koump, “Thermal Stresses during Sol id i f ica-
tion on Basis of an Elastic Model ,” J. Appi. Mech., 

V

vol. 36, 763-767 (1969).

2.18 J.lI. Weiner and LA . Boley, “Elasto-Plastic Therma l Stresses
in a Sol idifying Body,” J. Jiech , and Phys. of Solids,

V 

vol. 11, 145—154 (1963). 
V

-
I 

_  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- __~_ V _________~VV•V_~
__ V~ —~~~~~~~~~ — Vs



MB
24

2.19 P.J. Wray, “Non-Uniform Growth of a Plate on a Chilled Sur-
fa ce,” AIME Annual Meeting, Atlanta , March 6-10 (1977).

3.1 Y.S, Touloukian and C.Y. Ho, Editors: Thermophysical Proper-
ties of Matter, TPRC Data Series, Plenum Publ. Corp.,
New York.

3.2 P.J. Wray, “Plastic Deformations of Delta-Ferritic Iron at
Intermediate Strain Rates,” Metell. Trans A , vol. 7A,
1621-1627 (November 1976).

3.3 P.J. Wray and M.F. Holmes, “Plastic Deformations of
Austenitic Iron at Intermediate Strain Rates ,” Metell.
Trans, A , vol. 6A, 1189-1196 (June 1975).

4.1 M.A. Blot and H. Daughaday , “Variational Analysis of
Ablation ,” J. Aerospace Sd ., vol 29, 227-229(1962).

4.2 B A . Boley , “On the Use of Superposition in the Approximate
Solution of Heat Conduction Problems ,”Int. J. Heat &
Mass Transfer , vol. 16, 2035-2041 (1973).

4.3 B.A. Boley , “Upper and Lower Bounds for the Solution of a
Melting Problem,” Quart, App l. Math., vol. 21 , no. 1,
1— 11 (1963).

4.4 B.A. Boley and L. Estenssoro , “Improvements on Approximate
Solutions in Heat Conduction ,” Mechanics Research
Communications , vol. 4, no. 4, 27l-?-79 (1977).

4.5 C. Duvaut , “The Solution of a Two-Phase Stefan Problem by a
Variational Inequality,” article in [1.1), 173-181
(1974).

4.6 P ,P . Egg leton , “A Moving Boundary Problem in the Study of
Ste l lar  Interiors ,” a r tIc le  in [1.1), 103-111(1974).

4.7 L.F. Estenssoro , “Some Approximate Solutions of Heat Conduc-
tion Problems ,” M.S. Thesis , Northwestern University,
August 1976.

4.8 L. Fox, “What are the Best Numerical Methods? ,” article in
r i . i] , 210—24 1 (1974).

4.9 D. Glasser and J. Kern, “Bounda and Approximate Solutions to
Linear Problems with Nonlinear Boundary Conditions :
I - Solidification of a Slab,” AIChE Journal , in press
(1977).

4.10 T.R. Goodman, “Application of Integral Methods to Transient
Nonlinear that Transfer,” Advaries in Heat Transfer,
vol. I, Academic Press , 51-~ 22 (1964).

4.11 P. Crimado and B.A. Boley , “A Numerical Solution for the
Axisyumbetric Melting of Spheres,” J. Numerical Methods
in Eng., vol. 2, 175—188 (1970).

_  I:



BAB
25

4.12 Y, Hon e and S. Chehi , “An Approximate Method of Solution for
Multidimensional Crystal Growth Problems,” J. Crys tal
Growth, vol. 29, 248-256 (1975). V - 

-

4.13 G. Horvay, “Freezing into an Undercooled Melt Accompanied
by Density change,” Proc. Fourth Nat. Congress V of ~
Appl ied Mecbaz4cs , ASME, New York, 1315-1325 (1962).

4.14 C. Horvay , “The Tension Field Created by a Spherical Nuqleus
Freezing into Its Less Dense Undercooled Melt ,” m t .  J.
Heat & Mass Transfer , vol. 8, 195-243 (1965).

4.15 J. Kern , “A Simple and Apparentl y Safe Solution to the
Generalized Stefan Problem ,” m t .  J. Heat & Mass Trans-
fer , vol. 20, no. 5, 467-474 (May 1977).

4.16 H. Krier , J.S. Tien , W.A . Sirignano , and M. Summerfield ,
“Nonsteady Burning Phenomena of Solid Propellants:
Theory and Experiment ,” A LAA Journal , vol. 6, no. 2,
278-285 (February 1968)’.

4.17 A. Lahoud and B.A. Boley, “Some Consideratioz’Eon the Melting
of Reactot Fuel Plates and Rods ,” Nuclear ’Fnginéering
and Design, vol. 32, 1-19 (1975).

4.18 J.M. Lederman and B.A. Boley, “Asixymmetric Melting or
Solidification of Circular Cylinders ,” m t .  J. of Heat
& Mass Transfer , vol. 13, 413-427 (1970).

4.19 M.F. Lyons, R.C. Nelson , T.J. Pashos, and B. Weidenbaum ,
V “U 20 Fuel Rod Uperation with Gross Central Melting ,”

Trans , Am. Nucl . Soc., vol. 6, 155-156 (1963).

4.20 T.J. Pashos and M.F. Lyons , “U20 Fuel Rod Performance witha Molten Central Core,” Trans. Am. NucI. Soc., vol.5(2),
462 (1962).

4.21 D.L. Turcotte and C. Schubert , “Structure of the Olivine-
Spinel Phase Boundary in the Descending Lithosphere ,”
J. Geophysical Research , vol. 76, no. 32, 7980-7987
(November 1971).

5.1 B.A. Boley, “The Embedding Technique in Melting and Solidifi-
cation Problems ,” article in [1.1], 150—172 (1974).

5.2 BA . Belay, “Upper and Lower Bounds in Problems of Melting
• and Solidifying Slabs,” Quart. J. Mech & Appl. Math.,

vol. 17 , tart 3 , 253—269 (1964). ~ V - V

5.3 B.A Belty and H.P . ~(agoda ,~ ”The Three-Dimensional Starting
“ Solution ”for a Melting Slab,” Proc. Roy. Soc. London,

- 
Series A , 89-110 (1971). - • , • .

5.4 N. Cabrera and R.V. Coleman, “Theory of Crystal Growth from

V 
the Vapor ,” article in [6.5], 1 - 28 (1963).



MB
26

5.5 8. thalmars, Principles of Solidification, 3. Wiley & Sons,
New York (1964).

5.6 C. Herring, “Structure and Properties of Solid Surfaces ,”
Eds. R~ Gcnner and CS. Smith, Univ. of (2ticago ,p.5(1953).

5.7 C. Cheering, Symposium on the Physics of Powder Metal1ur~y,
McGraw-Hill Co., New York (1949).

5.8 C. Horvay and J.W. Cahn , ‘Dendritic and Spheroidal Growth ,”
Acto Metall ., vol. 9, 695-705 (July 1961).

5.9 G.P. Ivantsov , Doki. Akad . Nauk,SSSR , vol 58, 567 (1947).

5.10 J.W. Martin and R.D. Doherty, Stability of Microstructure in
Metallic Systems, Cambridge University Press, Cambridge
(1976).

5.11 P.D. Patel and B.A . Boley, “Solidification Problems with
Space and Time ~arying Boundary Conditions and Imperfect
Mold Contact ,” m t .  J. Eng. Sci., vol. 7, 1041-1066
(1969).

5.12 R J . Schatfer and M E . Glickaman , “Fully Time-Dependent
Theory for  the G rowth of Spherical Crystal Nuclei , ”
J. of Crystal Growth, vol. 5, 44-58 (1969).

5.13 D.L. Sikarskie and B.A . Boley , “The Solution of a Class of
Two-Dimensional Melting and Solidification Problems ,”
m t .  J. Solids and Structures , vol. l ,n..2,207-234(l965).

5.14 1,5. Wu , “Bounds in a Melting Slab with Seve-ral Transfo-rmation
Temperatures ,” Quart. J. W ch.’ & App i. Math., vol 19,
part 2, 183-195 (1966).

5.15 T.W. Wu and B.A. Soley , “Bounds in Melting Problems with
Arbitrary Rates of Ablation ,” S IAM J. Appi. Math.,
vol . 1 - ’., no. 2, 306-323 (1966).

5.16 H.P. Yagoda and B.A. Boley , “Starting Solutions for Melting
of a S u b  under Plane or Axisynrnetric Hot Spots ,”
~~~~~~~ J. Mech . App i. Math., vol.23, part 2, 225-246(1970).

6.1 B.’~. Bole), Time-Dependent Solidification of Binary Mixtures,”
to appear in m t .  J. Heat & Mass Transfer (1978).

6.2 B.A . B 1e . , “I queness of Solution of a Coupled Heat and
Mass Change of Phase Problem,” in preparation.

6.3 S.A . Boley and H.P. Yagoda ,” The Starting Solution for Two-
Dimensional Heat Conduction Problems with Change of
Phase,” Quart. Appl. Math., vo1.2Z~~ .2, 223-246(1969).

6.4 G A . Chaduick , Nstallo&raphy of Phase Transformations , Crane ,
Rusank 6 Cc., New York ( 1972) .

6.~ i.i. Gtl~~n , ed Itor , The Art and Science of Growing Cr ystals ,
1. Wiley I!)’~ Sons , ~ew York (1963).

_ _-  V -~~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - - -  - - V -



MB
27

I
t 

— —

6.6 R.A. Laudise, The Growth of Single Crystals, Prentice-Hall,
Englewood Cl if fs , N.J. (1970).

6.7 G.E. Nash, “Capillarity-Limited Steady-State Dendritic
Growth; Part 1 - Theoretical Development,” NRL Report
7679 , Naval Research Laboratory, May 24, 1974 , p.17.

6.8 P.D. Patel, “Interface Conditions in Heat Conduction Problems
with Change of Phase,” AIAA Journal , vol. 6,2454(1968).

6.9 A.B. Taylor, “The Mathematical Formulation of Stefan Problems,”
article in [1.1), 120—137 (1974).

6.10 W.A. Tiller, Principles of Solidification, article in [6.5],
pp. 276-312 (1963).

6.11 T. Tsubaki and B.A. Boley, “One-Dimensional Solidification of
Binary Mixtures ,” Mechanics Research Communication ,
vol. 4, no. 2, 115—122 (1977).

6.12 John D. Verhoeven , Fundamentals of Physical Metallurgy,
J. Wiley & Sons, New York (1975).

6.13 C. Wagner, “Theoretical Analysis of Diffusion of Solutes
during the Solidification of Alloys ,” Journal of Metals ,
Trans, AIME , vol. 200, 154-160 (February 1954).

Bruno A . Boley
Dean, Technological Institute
Northwestern University
2145 Sheridan Road
Evanston, Illinois 60201

This work was performed with support from the Office of
Naval Research


