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ABSTRACT

This report presents the concept of square root filters
and the closely related U-D covariance factorization filter as
viable alternatives to conventional Kalman filters. For a
modest increase in computational loading, one obtains optimal
filter algorithms equivalent to the Kalman filter if infinite
wordlength is assumed, but with vastly superior numerical
characteristics with finite wordlength. These algorithms are
at least as good a solution to troublesome measurement update
cémputations as implementing a Kalman filter in double precision,
since the Kalman filter inherently involves unstable numerics.
The filter algorithms are developed and presented in a form
convenient for implementation. Of the covariance square root
forms, the Carlson filter is more efficient than the Potter
form computationally, and it also maintains triangularity of
the square root matrices. The U-D covariance factorization
filter is even more efficient, not requiring square root compu-
tations. In comparison, the inverse covariance square root
filter is often considerably more burdensome, although it too

becomes competitive if the measurement dimension is very large.
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SOLUTIONS TO THE KALMAN FILTZR WORDLENGTiH PROBLEM:
SQUARE ROOT AND U-) COVARIANCE FACTORIZATIONE

1. Introduction: The Kalman Filter

The Kalman filter is the optimal state estimator for a system
described by a linear modél driven by white, Gaussian noise.
On the basis of such a model and incomplete, noise-corrubted data from
available sensors, it provides estimates of the system state variables
that are optimal with respect to many different criteria for evaluating
filter performance.

Assume that modelling techniques have produced an adequate
system description in the form of a linear stochastic differential
equation to describe the state propagation, with discrete-time noise-
corrupted linear measurements available as system outputs. To
degcribe this mddél, let a stochastic process be defined as a real

vector-valued function a(*,*) of two arguments, the first of which is an
N

element of some time set T of interest (continuous or discrete), and
the second an element w of a probability sample space £, such that

for any fixed t out of the set T, x(t,*) is a vector~valued
N

random variable. If we fix the second argument instead of the first, we
can say that, to each point w, out of Q there can be associated a

time function 5(',wk) = x(*), each of which is a sample from the
")

stochastic process. Sometimes the second argument is not included
explicitly in the notation, so the underscored tilde is used to

distinguish between a process a(+) and one of its samples a(-).
n
For instance, one can develop a stochastic process model z(*,*) to
N




describe the measurements becoming available over time from sensors,
while a single sample‘g(',mk) = z(*) would correspond to a single
N
measurement time history, and z(t ,wk) = z(t,) = z, would be the vector
e < i T ¢

of sensor outputs on a given time history at the particular time ti'

Let the state process x(*,*) of the system model satisfy the

GV

linear equation

x{t) = F(£)x(t) + B(t)u(t) + G(t) w(t) (1)
N N N

where
A
x(+,+)=n-vector state process
v
u(-) & r-vector of piecewise continuous deterministic control
input functions (more general input functions are possible,
but piecewise continuous is adequate for practical applications)
€ £ 8 s - vector dynamic noise process, modelled as white and

Gaussian, with mean and autocorrelation for all t and t'

out of T given by

E {w(t)} =0 (2a)
N

E {w(t)w (t')} = Q(t) & (t-t') (2b)
v v

where Q(+) is an s-by-s matrix of piecewise continuous
functions (most generally) such that Q(t) is symmetric and

positive semidefinite for all t (i. e. all eigenvalues positive

or zero), and §(-) is the Dirac delta function




g(-)e n-by-n system dynamics matrix (of pilecewise continuous

functions in its general form
g(-)é n-by-r deterministic input matrix
_G_(-)é n-by-s dynamic noise input matrix

Note that if F, B, and G are in fact constant matrices, then the

system dynamics model is termed time-invariant, rather than time-varying.
The state differential equation (1) is propagated forward

from the initial condition %(to)' For any particular operaticn of

the real system, the initial state assumes a specific value _:5(1:0).

However, because this value may not be known precisely apriori, it

is modelled as a Gaussian random vector. Thus, the probabilistic

description of _:_(_(to) is completely specified by its mean X, and
~ 3 : .

covariance P :
-0
E {:(to)} = x

B {Ix(t) - x]x(t) - x] Tyae,
where ljo is an n-by-n matrix that is symmetric and positive semidefinite.
Allowirg go to be pcaitive semideiiaite, instead of requiring positive
definitenéss (i.e. all cigenvalues strictly positive), admits the
case of singular I:c the case in which some initial states or some

linear combination of iInitial states are known precisely.




Measurements are available at discrete tinme points tl’ t?....,

ti"" (ofter, but not necessarily, equully apaced in time),

and are modelled by the relatioz (for all t, out of ¥ )2

glt.) = Bt ) x€t.) + wlt.) (4)
T i i = i = i
where
2lsys) £ m-vector discrete-time measurement process
"
x(%°) 2 state process; E(ti,-) is a random vector

v N
corresnonding to the state stochastic process at the
particular sample time t,

v(-, 2 m-vector discrete-time measurement corruption noise

process, modelled ag white and Gaussian, with

statistics (fo; all tio t taken from T):

3
E{v(t)) }=0 (5a)
N
R(t,) t, =t
E vy (et =y © 1 (5b)
), N
0 t, ¢ ty

where gﬁti) is an m-by-m, symmetric, positive definite
matrix for all ti
g(.)é m-by-n measurement matrix

In this description, positive definiteness of g(ti) implies that

all components of the measurement vector are corrupted by noise,




and there is no linear combination of these components that would
be noise-free. The measurements modelled as in equation (4),
and knowledge of our own inputs u,are all that we have available
from the real system under consideration.
It is further assumed that‘%(to), gﬁ',~) and %(-,' are
independent of each other. Since all are assumed Gaussian, this
is equivalent to assuming that they are uncorrelated with each other.
It is desired to combine the measurement data from the actual
system with the information provided by the system model and
statistical description of uncertainties, in order to obtain an
"optimal" estimate of the system state. Under the modelling
assumptions made, the Kalman filter provides state estimates that
are optimal with respect to essentially all criteria used to
evaluate estimators: Bayesian, maximum likelihood, weighted
least squares, minimum variance unbiased, and maximum a posteriori,
to name the most common. Some assumptions can be relaxed to
yield a more general problem formulation, yielding restrictions upon
the optimality of the filter or modifications in the algorithm itself

(as in the case of allowing w(*,*) and v(*,*) to be correlated).

However, the stated assumptigns are thewmost common, and will serve
to define the estimation problem for this report.

Before the algorithm is delineated, it will be convenient to
introduce some additional notation. Define a composite vector
which comprises the entire measurement history to the current sample

time t

and denote it as Z(t,):
% i

i’




Z(t EERES
i L it g (6)

This is a vector of growing dimension: at time ts it is a vector

f random variable of dimension (i'm). Its realized value, analogous

to _'zc(ti’wk) = _zi’ is —z~i=

A Bl
’ Z‘i. 2* @))
[ S {
| ' ;
iy ,
The state estimate pfovided by the Kalman filter at time ti’
before the measurement E-(ti u.\k) =z, is available, is denoted as
i v %
A
_:_:_(t:i'). In fact, this estimate is the conditional mean of E(ti)’
N
conditioned on the previous measurement history Z (ti-l wk) =
n, L]
2, denoted as E {%(ti)l %(ti-l) =2,
’ . ~ é =
x(t,7) 2 E {%(ti)l %(ti-l) Z,.,} (8)

A

Also provided by the algorithm is the conditional covariance of the

state 5(':1)’ conditioned on the previous measurement history:
N




B(t,") & ni [x(t,) - %«1‘)] [%(_:i) - ;(ti-) 1T |%(t1-1) ™ sl

9)

Sinceig(ti‘) is used as the state estimate, this is also the
covariance of the error committed by the filter in its attempt to
estimate the state. Moreover, it can be shown that fjti’) is also
the unconditional covariance of this error, so that its evaluation
is completely independent of the particular meisurement history one
sees on each individual use‘of the filter.

The corresponding state estimate at the same time t. but

i,

3 A
after incorporating the measurement is denoted as<§(ti+):

1,

x(ep) 2 Blate) | 2(e) = 2,) (10)
The associated error covariance matrix is then
BCeM® BIxe) x(e D] [xe) - 2 D120 = 2,) (11)

The algorithm is composed of two parts, one for updating the
state estimate and error covariance when a measurement becomes available,
and the other for propagating those values to the next sample time.
First, assuming ;(ti‘) and Bjti-) to be already computed, the measurement

2 will be processed to yield 5(t1+) and gﬁti+). Then the relations
for determining x(t

~) and P(t, .~) will be evaluated, to complete

i+l i+l

one cycle of the recursion.
The update equations are

K(t,) = B(t,E () [H(e)R(e,DE (£) + R(e )1 (12)




~ + ~ - A ~ L
x(ty ) = x(6;7) + K(t)) [z, - B(t)x(t,7)] (13)
+) = -y - -
P(e;™) = P(t;7) - R(t )H(t,)P(t,™) (14)
The Eﬁti) evaluated in equation (12) is the Kalman filter gain.

"High gains'" would be caused by '"large" gjti') - large uncertainty

in the output of the filter's propagation model (to be discussed;

due to "large" Q), or by "emall"_g(ti) - "small" corruption on the
measurements. In either case, the state estimate in equation

(13) is strongly influenced by the measurement data In

E‘i.

this equation, the bracketted term (the "innovation" or "residual")

is the difference between the data 2z obtained from the actual

measuring devices, and the best prediction of its value before it

A
becomes available: Hi(ti)gﬁti')]- J

To propagate to the next sample time, t the following

i+l,

differential equation can be integrated numerically:

2(t) = F(t)x(t) + B(t)u(t) (15)

P(t) = F(£)P(t) + ()P (t) + G(£)Q(t)C (L) (16)

: A
starting from the initial conditions 5(t1+) and gjti+) respectively.

The result of this integraticn would be g(t;+1) and gﬁtill . A direct
solution can be written in the form of
~ = A + ti+l
x(ty3y) = 2ty gt dx(t, ) +j 2(ty 1> DB(Du(r)dr (17)
&




- e T -
Bltsq) = 20t e OR(T) 2(e 0t + Sl E

t
i+1 T T
+ J ?_(ti_',l,T)E(T)Q_(T)g (T)! (ti_,_lsr)dt (18)

s

where ¢ (tt+1’t) is the n-by-n state transition matrix that satisfies

_g_gg(t, t) = E(t) 2 (¢, t,) (192)

O —

for all t in the interval from ty Ot s starting from the

initial condition

2(e,e) =1 : (19b)

Note that, if u(t) is held constant over each sample period

(as would be the case for u being generated by a digital controller
operating with the same sample period as the filter), then equation

(17) simplifies to

t
A A i+l
x(e, D) = 8, e xR + [ f (e, DBMdTlu(e,)  (20)

5

Equations (18) and (20) are propagation difference equations.
They are the proper relations not only for a state model described

by the stochastic differential equation (l), but also a discrete-time




- 3 N S+ b i

model described by the stochastic difference equation

B(typ) = 80608 CE) + By(e)uCsy) + Gyleduye)) 21)

~
where the discrete-time control input matrix Ed(ti) is defined by

Fidl
B, () =J (e, 1,TB(T)dr (22)

t

1 Furthermore, w.,(*,*) is zero-mean white Gaussian discrete-time

v
noise of strength gd(ti) for all tys
:
i T (gd(ti) i
] E{w (t)w (t.)} = : (23
Sl | ;
{C t:i#tj

: chosen such that the covariance contribution of Egd(ti)gd(ti)]

to the difference equation (21) is equal to the rovariance contribution

of [G(t)w(t)] to the continuous~-time model over the interval from
v

ti to ti+1 :
5 Fi+l e s
§4(t;20,(e)6,7(t)) =J 2(t, 1, DG(NDQE (1) 87 (ry_ 4,710d% (24)
t
1

In many instances, gd(ti) is chosen to be the identity matrix, and

: gd(‘,') is then an n-dimensional process with the properties just
v
described.

16




' Equation (21) is often termed an "equivalent discrete-time

model" te the stochastic differential equation (1). It is
"equivalent" in the sense that the statistical characterization
of the process defined by (21) to (24) and initial condition (3),

is identical to properties of the process described by (1) to (3)

when viewed only at the sample times t;,t,,... etc. In the
following sections, the system model and filtering aigorithms

will be posed in terms of this "equivalent" discrete-time system model.

i




2. The Wordlength Problem

Although the Kalman filter is the theoretically optimal
solution to the filtering problem described in the previous section,
the algorithm itselt is prone to serious numerical difficulties.
Measurerent updating of the covariance matrix by equation (14) can
involve the small difference of large numbers, especially in the
case of very precise measuring devices. With finite wordlength,
this can cause severe truncation and precision problems. Moreover,
the Kalman filter algorithm can be shown to be numerically
unstable, so that once such problems arise, their effects propagate
rather than die out.
Thus, rather long wordlength is often required to maintain

acceptable numerical accuracy. For small on-line computers,
double precision computations are usually required. In
fact, without double precision arithmetic, these numerical characteristics
can easily become the dominant error source corrupting estimation
precision, and unfortunately an error source usually nct includec
in designers' error budgets.

The difficulties encountered in converting a tuned Kalman filter on
a long wordlength, large computer system used for engincering design to an
effective algorithm on a smaller wordlength online computer are well docu-
mented?ﬁ,For instance, although it is theoretically impossible for the
covariance matrix to have negative eigenvalues, such a condition can, and
often does, result due to numerical computation using finite wordlength,

especially when (1) the measurements are very accurate (eigenvalues of

12

|
{
|
|
|
|




3(:1) are small relative to those of gﬂtz), this being accentuated by large
eigenvalues in go) or (2) a linear combination of state vector components is
known with great precision while other combinations are nearly unobservable

(i.e., there is a large range of magnitudes of state covariance eigenvalues).

Such a condition can-lead to subsequent divergence or total failure of the
recursion. On close inspection, even Kalman filters that maintain adequate
estimation accuracy exhibit instances of negative covariance diagonal

33
terms.

To circumvent these problems in numerics inherent to the Kalman filter
algorithm, alternate recursion relationships have been developed to propa-
gate and update a state estimate and error covar:l;mce square root or inverse
covariance square root instead of the covariance or its inverse themselves.

Although equivalent algebraically to the conventional Kalman filter recursion,

these "square root filters" exhibit improved numerical precision and

stability, particularly in ill-conditioned problems (i.e., the cases

described that yield erroneous results due to finite wordlength). The

square root approach can yield twice the effective precision of the cénven—
tional filter in ill-conditioned problems. In other words, the same precision
can be achieved with approximately half the wordlength. Moreover, this
method is completely successful in maintaining the positive semidefiniteness
of the error covariance.

These excellent numerical characteristics, combined with modest additional
computation cycle time and memory storage requirements, make the square root
filter approach a viable alternative to the conventional filter in many
applications, especially when computer wordlength is limited or the estima-
tion problem is ill-conditioned. The formulation of the square root filter

for the case of no dynamic noise is especially attractive because of its

13
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computational simplicity, and its outstanding numerical characteristics led

to its implementation in the Apollo spacecraft navigation filters.

A number of practitioners have argued, with considerable logic, that
square root filters should always be adopted in preference to the standard
Kalman filter recursion, rather than switching to these more accurate and
stable algorithms when and if numerical problems OCCurfa Even though Kalman
algorithms can be made to work in most applications, by using double pre-
cision mathematics or scaling variables to reduce dynamic range or employing
ad hoc modifications, numerics degrade performance from that achievable by
numerically better conditioned recursions. Recent investigations tend to
support an approach of designing and tuning an optimal filter by the methods
of the two previous chapters, ignoring the errors caused by numerics, but
then implementing the square root equivalent for online operation. Neverthe-
less, one can expect conventional Kalman algorithms to be applied rather
extensively as well.

Section 3 introduces the concept of matrix sq;;re roots, and then
Section 4 develops the initially designed and simplest covariance square
root filter, applicable to the case of no dynamic driving noise and scalar
measurements. The succeeding two sections generalize these results, first
incorporating vector-valued measurements and then allowing dynamic driving
noise. In Section 7, the square root counterpart to the inverse covariance
formulation of the optimal filter is considered. Although it is not actually
a square root filter, the U-D covariance factorization filter is very closely
related to square root filtering, and it is depicted in Section 8.

Finally, Section 9 presents the tradeoff of numerical advantages and

increased computational burden of the square root filters.

14




3. Matrix Square Roots

Let A be an n-by-n, symmetric, positive semidefinite matrix. Then
there exists at least one n-by-n "square root" matrix, denoted as (5,
such that

VE VAT = A i ' (25)

In fact, there are many matrices Vz_which satisfy (25) in general. The
essential idea of square root filters is to replace the recursion for the
error covariance P with a recursion for its square root, (i, and to compute
the state estimate using an optimal gain calculated in terms of (E instead
of P itself. To motivate this, consider the scalar case: if dynamic range
numerical precision problems are encountered in a filter that propagates
the variance P = 02, the problem can be reduced by expressing the result

in terms of thevétandardAdeviation o since the dynamic range will be effec-

tively reduced to half the original range. This basic idea can be generalized

to the vector case by defining the state error covariance square roots,
+
before and after measurement incorporation at time ty, as §ﬁt;) and §jti)

respectively, via:

s sTeD AR (26)
ORI 104 27

Similarly, define the square root of the covariances depicting the strengths
of discrete-time white Gaussian noises A (.,+) and g(-,-) as:

T
W (e W (e A0 (e A Ely, (e )ui(E,)) ' (28)

VeV () B R(E) 4 Ely(e)y (e)) (29)

=

The covariance square roots are not uniquely defined by (26) through (29).
and square root filters can be formulated in terms of general matrix square

roots. One means of exploiting this fact is to develop algorithms which

15
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maintain a particularly attractive square root form, namely an upper or

lower triangular matrix (with all zeroes below or above the main diagonal

respectively), thereby requiring computation and storage of only n(n+l)/2

instead of n2 scalar variables.

This lack of uniqueness does not cause difficulties in converting from

a problem description in terms of initial go and time histories of Qd(ti) and '

B(ti) to corresponding §°, ﬂd(ti), and gﬁti) values, as might first appear

to be the case. The reason is that any positive semidefinite matrix can

be factored into the product of a lower triangular matrix and its transpose

by the Cholesky decomposition algorithm:z Although (25) does not uniquely

define VA, a unique Cholesky lower triangular square root ?3 can be defined

such that ?5 92? = A:

— -

< c c ol (G £l g els =
Ap 0 - 0 VK, A, Ala A1 A2 o o
c [~ ‘€, eee € cee
Ay Ay, g 0 VA, Aon A12 Ay An
c c . SN '9~ .

5 /Kln /KZn /Knn JL . o nn| L_Aln A2n Ann_‘

The elements of the Cholesky square root matrix can be generated sequentially,

row by row, from the recursion: for i=1,2,...,n, compute:

r 1
/C

j-l [4 c i
[Aij -~ kB /Ajk:] 3=1,2,...,1-1

/K.jj k=1 .
% i-1 s
L 0 §5 4

(30)

Thus, A is scanned and ZS is generated in the order depicted in Fig 1.

16




A anvs VA

Fig 1. Scanning of A and Generation of 7_3._




Later in the Carlson filterwof Section 6, we will have occasion to
] ’
seek an upper triangular Cholesky square root c/é_such that $Z_§§? = A.
Such a matrix can be found by operating (30 ) backwards, or specifically,

for j=n,n-1,...,1, perforn the following computations:

0 G LSRG
V. .= \/A e i=j
13 F31 g 3k
— [A S W ] PR B VS | (31)
Wy b i R Ik

T
c@i is thus generated columm by columm, from the n-th colum to the

first and from the bottom to top within each column, as in Fig 2.

18
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L
Fig 2. Scanning of A and Generation of c@
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4. Covariance Square Root Filter for Qd =0

In 1964, Pottef’developed a square root filter implementation for
space navigation applications in which there was no dynamic driving noise
in the system model, i.e. gd(ti) 2 0 for all time, motivated by restricted
wordlength in the Apollo Guidance Computer. For this case, the time propa-
gation in a conventional Kalman filter would be (neglecting control inputs):

& - A +
i(tﬂ.]_) g 3(t1+1’ti) l‘.(ti) (32a)

o o
BOeT ) = @08 5 00 \B(ED) & (Con E0) (32b)
By letting g(t';) = §(t:)§T(t:) and P(t7,,) = §(t;+1)_S_T(t'i+l), (32b ) can be

rewritten as
- B 2 + T, 4+, T
8030 1B (£5,1)] = 80t 1, IBEDHE (£)8 (€, 48]
From this it is evident that the appropriate time propagation relations for

the square root filter would be

R(t7,,) = 8t t k() (332)

(e .a) = (e, 1t IS (33b)

Because of his particular application, Potter confined his attention to
scalar measurements. The covariance measurement update for this case is,

since gﬂti) is a row vector,
1

+ T
P(t]) = P(t7) - P(tDH (t,) H(t,)P(t?)
i 2 PN EegiepEiiegetey CT T
(34)
Therefore, one can write this as
+. T, + b T by i
S(E)S (£)) = S(e) [I-b(ta(t)a (£,)187(£]) (35) .
where by n-by-1 E(ti) and scalar b(ti) are defined by
b e
'gﬁti) =S (t))H (ti) (362a) .
R W BT RCEL Y ¥ R (36b)
b(ti) - h Sk i

20




Potter showed that the bracketted term in (35) can be factored into
[I-baa'] = [L - bvaa ][I - byaa')' (37)

where Y is a scalar defined by

y = —1 (38)
1 + AR :
Substituting this into (35) yields the covariance update as
S(E]) = (e L - be)v(tale)a’ (£))]
= 5(t]) - (e )y(tIs(tDalt)a’ (¢, (39)

The state estimate measurement update is of the conventional form, but with .

the Kalman gain evaluated as [b(ti)gjt;)g(ti)]. Thus, the measurement update

becomes:

1 SR )
a(ty) = ST(eDHE (t))
b(e,) = 1/1a”(t,)a(e,)+R(E )]
() = 1/11 + BE)IR(E))
(40)
R(t;) =b(t;) s(t7) alt))
X(£]) = &(£]) + K(t) [2,-H(t )x(t]))

S(ED = 8(£]) = y(£K(x)a (x))

An equivalent form that is often employed is:

a(t,) = s (BT (L)

o(t,) =\/aT (e ale, +R(E,)

a(ti) = o(ti) + V(ti)

B(t,) = 1/lo(t,dalt,)] (41)

3(ti)
(e}

S(ED)

B(t) [S(tDa(t,)]

x(t]) + gt (lale;)/o(t) 1[z,-B(t IX(ED 1)

() - gle)a’(e)

21
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Note that, even if §ﬂti) is lower triangular, §ﬁt:) will generally
not be lower triangular when this update form is used. A method that
preserves the lower triangular nature of the covariance square root will

be discussed later.

22




5. Vector-Valued Measurements

The preceding section considered scalar measurement updates.
Bellantoni and Dodgejextended these results to the vector measurement case
by using eigenvalue decompositions, but their algorithm is inefficient for
the typical case in which the measurement vector dimenstion m is signifi-
cantly less than the state dimension n. Andrews also developed an update
fhat processed an m-dimensional measurement vector in a single update,
without requiring diagonalization:

s SRR
Alt)) = ST(eDHE (t))

c g
I(e) = VAT (E DAy + R(ep) | @

E(E]) = X(e]) + SEDAE) [E ()17 (e,) [2,-B(E)DR(ED )

S(ED = 5 - SEPA Z e 1 (e e 1 A ey
This can be seen to be a direct extension of (41), and it is more effi-
cient computationally than the Bellantoni and Dodge algorithm. Processing
a measurement entails a Cholesky decomposition of an m-by-m matrix to
generatelg(ti), (the extension of O(ti)) and inversion of two triangular
m-by-m matrices, Eﬂti) and [Eﬁti) + !(ti)].

For thé covariance square root filter, the most efficient means of
performing a vector measurement update ié to employ the Potter scalar
update, (40) or (41), , repeatedly m times. An nrdiménsional measure-
ment vector z; can always be processed equivalently as m scalar measurements.
1f E(ti) is diagonal,the m components can be treated as independent measure-
ments and processed sequentially. 1If g(ti) is not diagonal, the procedure
is somewhat more complicated. First the Cholesky decomposition of‘g(ti) is

computed, yielding ?5(:1) as a lower triangular matrix. Then a transforma-

tion of variables is used to convert
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z(t,) = H(t )x(t,) + y(t,) (43)
into . “

2 (t) = H(t)x (r) + v"(t)) (44)
where

VEGED z(ep) = z(e)) (45a)

VR(E) B(r)) = B(t) (45b)

R ye) = ) se)

Note that (45c) implies that x*(-,-)is a unit power white Gaussian noise,

i.e., E{\_/_*(ti)y_*T(ti)} = I, since
Ely(t)y' (c)} = R(ep) = BITRGE) v*(e v (e TRGED™)
- ‘/g(ti) E{x*(ti)_!*T(ti)} ";’g(ti)T

Thus, the components of g*(ti,mj) = E* can be processed one at a time

i
7 *
sequentially. Moreover, (45a) and (45b) can be solved to yield z; and
* .
H (t i) by simple back substitution rather than matrix inversion, because

c\(_i(t i) is lower triangular and thus the j-th component of 5_; is a linear

combination of the first j components of z,.

As noted in the previous section, the _§(tI) matrix generated by these

update forms is generally not lower triangular, even if _S_(t;) is.

R T T T, vy




6. Covariance Square Root Filter for 9-4 $0

If dynamic driving noise enters the system model, the conventional

Kalman filter propagates the covariance matrix from one measurement time
to the next by means of:

BCEL) = 8t ,0e) BEED T (ey £ + 6y(e)Q(E)GI(E)  6)
where this might be an equivalent discrete-time representation of a continu-
ous-time system with sampled output (in which case _G_d(t i) = I). Now we
wish to develop an analogous recursion to yield S(t7,,) in terms of _S_(tI).

i+l
It would be desirable to generate a lower triangular _s_(t‘£+1) since then
only1l/2 n(n+l) elements would require computation rather than nz.
One means of achieving the desired result is called the Matrix RSS

(Root-Sum—Square)'omethod:

+
X(tyg) = Bty ,,t)8(t))

g3l T T

B(tin) = R(typ) X(tyy) + [84(,)Q (e )6, (E))] s
c -

S(egy) = BGL)

This method actually computes z(t; +1) and then generates §(tI +1) as its lower
triangular Cholesky square root. Although this is a rapid method, it does
suffer in having only the same numerical precision as the conventional filter
time propagation. Nevertheless, since it is the measurement update and

not the time propagation that causes the critical numerical problems in the

filter, (47) may well be acceptable for many applications.

The other means of establishing the time propagation relations is called

the Triangularization Method.' In Section 4, the desired result (33b)

was established by writing both sides of the covariance propagation (32b)

in terms of a factor times its own transpose, and then equating the indi-
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vidual factors. Let us attempt to apply the same logic to (46). Assume

+ :
that the square roots of g(ti) and gd(ti) are available: for g-o and Qd(ti)

for all ti’ a Cholesky decomposition could be used, and for _!:(t;-) in general,

assume the square root has been propagated and updated by the filter algo-

rithm. Thus, we have:

(e = s(t]) sT(e]) (48a)
Qu(t,) = Fy(r,) WyCe) (48b)

Note that §(t:) need not be lower triangular (important in view of the

preceding section). Equation (46) can, therefore be written as

b U L
BCERy) = 8y  tIS(EDS (€8 (b 108)) + Gy (2 W, (€)W, (£)G (¢ )

(49)

Now it is desired to find the propagation equation for the square root of

o= T
P(t : to fi = = 3
P( i+1) o find the relation to yield §(ti+l) such that §(ti+l)§ (ti+1)
is equal to the right hand side of (49),
One such matrix would be E(t:‘H_l) defined by
I +.
SCtiyg) = [8(rg .t 8(t) 1 G (e W (t)] (50)

However, if §(tI) is n-by-nl, then [i(ti_'_l,t :L)-S—(tp] is n-by-n and
[gd(:i)yd(ti)] is n-by-s, so _§_(t;+1) would be an n-by-(n+s) square root
of z(t;_u). Sipce this type of square root increases the dimension of the
covariance square root matrix for each propagation interval, it must be

rejected as computationally impractical.

However, this does in fact provide a fruitful insight. If g(tL_l)

is a square root of P(t7 ,), then so is [g(:;ﬂ)'_r_] if T is an orthogonal

(n+s)-by-(n+s) matrix, i.e. _'I_‘ET = I, since
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g pT8T (o
S(eg )T TS (e3,)) = S(ti+1)S (t34y) (51)

Therefore, if an orthogonal matrix T can be found such that
S(ti+1) T = [S(t7,;) i 0 1 }n rows (52)
Nepr—  N——
n colums s colums
then in fact an n-by-n square root matrix S(c 1) will have been found which

satisfies the desired relationship. 1If, in addition, this S(t7,.) were lower

i+l
triangular, the result would be especially advantageous. Two methods of
generating such a §jt;+1), known as triangularization algorithms, are the

4,% 3 12,:
Gram-Schmidt orthoggpalizatioﬁ procedure and the Household¥ transformation

techﬂique. Note that the same procedure could also be applied to
+ & T T |
B(t;) = [I-K(t)H(t)JR(t]) [I-K(t H(t)]" + K(t IR( K (L) |
or
-1, + = T -1
ETH(ED) = BTED) + BO(£ IR (e H(E)
for vector ieasurement updates; the latter of these will be discussed

subsequently.

First let us demonstrate that the Gram-Schmidt procedure yields the

desired result. Let g} denote the n-dimensional vector composed of all

n ;
zeroes except for a one as the k-th component, so that el, ez, ceuy €

form the standard basis for n-dimensional space. Then [§ (t 1)e ] is

just the k-th column of

e
{l

e | &
|

+1), of dimension (n+s):
|

o0
2

o

N

(n+s) rows (53)

— |

~
n colums
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where

({7}
[}

14
N

|t

EF 2 gT

- n
() &

2

Construct the orthonormal basis vectors Q}, Dl Saietais

(n+s)) by the GramSchmidt procedure as:

E} = unit (é})
b2 = wmie @& - (67l
b3 = mie @ - Mt - D)

ro(54)

J

E? (each of dimension

- (55)

If g(tz) is positive definite, then 3?(:;+1) is of rank n, so n such orthog-

onal unit basis vectors can be obtained.

Now the desired orthogonal trans-

formation matrix T can be defined as the (n+s)~-by-(n+s) matrix

2 n _n+l

+
T = iptebfeianay Bt i

30 oA D

where E}, h?, vy E? have been computed as in (55)

colums, §P+l, aviey §?+s

(n+s)~-dimensional space.

to be computed to obtain §ﬂti+1

explicitly.

At this point, 3? 5?(t;+1) can be written as

(56)

and the remaining s

, are additional orthogonal unit basis vectors of
However, it will be shown that they do not have

), so their generation will not be specified




Sty - .

l,-'(u-l-s)'l'gl

However, since the rank of §?(:;+1) is n and {g}, b

range space while {2?+1,

follows that the last s rows in (57)

are all zeroes.

‘ !

t
g 2??!?
* E??EP
2 E?Tg?
5 Eﬁn+s)T§?

2

which the basis vectors were chosen, it is also true that

¥Te -0 x>y
by the same reasoning. Thus, (57)
‘bl?é} E}TE?

| —
i~

L

4

becomes
Py E}TEP
G BF?E?
~ béTsn

\

TR (es,,) " | BLEE
== "1+l i
] 0
s n coluﬁﬁs

The upper n-by-n partition of this matrix is just the §?(t‘

| e R

n rows

b com

i+l

' (57)

St EP} span its
n+s
.«-» b )} are orthogonal to this spanning set, it

By the manner in

(58)

) we have been

seeking, so that §jt;+l) is in fact an n-by-n lower triangular matrix:
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E}?E} W
1T~2 2 2 ¢
b g b ng . ~ -
% TR o ~
= . ’ - \\s
LR B . S i e (59)
E}TEP E?Tép e gy EPTg?d

An efficient computational form of the Gram-Schmidt orthogonalization

called the Modified Gram-Schmidt (MGS) algorithm has been shown to be

numerically superior to the straightforward classical procedure, i.e.
less susceptible to roundoff errorsi 'Horeover, it requires no more arith-
metic operations than the conventional Gram-Schmidt procedure, uses less

29
storage, and has been shown to have numerical accuracy comparable to

13.23 -
Householder and Givens transformations. Generation of §(t;+1) through this

recursion proceeds as follows. Define the initial condition on é}, an

(n+s)-by-n matrix, as

A - ET(t‘iﬂ) 3 [g(tiﬂ.ti)ﬁ(t’;) : Ed‘ti)l’d(ti)]q (60)

Notationally let é? denote the j-th column of é&. Perform the n-step

recursion, for k=1,2,...,n:

Tk
ey Op
0 j=1,...,k"1
K
C ;s = = k
- " k, kTT k : e
[ &7 Iy = ¥H,...,0
k1 _ ,k _ Ryoley
A7 = A - G IA/E9KT 3=, m

Note that on successive iterations, the new Ak+1 vectors can be“written over

_j

k
the éﬂ vectors to conserve memory. At the end of this recursion,
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- T
S(ey ) =¢C (62)

Notice that the computational algorithm never calculates or stores T
explicitly in generaﬁing §(t'1'+1).

A Householder transfomtionﬁcaﬁ also be used to solve (52) for

i+1)’ Conceptually, it generates T as
™ I(1'1--1) el

the square root matrix S(t

T

T =
where I,k is generated recursively as

'_l'_k‘l-dkgkng
with the scalar dk and the (mts)-vector gk defined below. However, the
computatioﬁal algorithm never calculates these Ik's or T explicitly. The

initial condition on the (n+s)-by-n Ak is

A = BT eg,p) = (80,0080 | g (e ue)T” (63)

Again, letting é_f; represent the j-th column of Ak, perform the n-step

recursion, for k=1,2,...,n:

s |

k-2

a = [A]o
jzk a

0 R I
kL ok
uj.-{' thpo 1=K

(k+1),..., (n+s)

sgn {A:k}

(=
=
-
(=)
n

(64)
k

k

v.:<,r
N
g
F
“x
- o
:bﬁ'
5
e [N (=N
H n A

(k+l),..., n
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At stage k, the first (k-1) columns of é} are zero below the diagonal of the

upper square partition, and EF has been chosen so that the subdiagonal elements

of ékk+1 will be zero. After the n iterations of (64).
o
C }n |
+ o
A e i (65)
0 }s |
Sy i
B |
and then S(ty,,) is generated as
s(t7,,) = ¢’ (66)
28t41) = 2

The Householder triangularization requires 1/6[4n3 + 6n2(s+1) + 2n]
multiplies, 1/6[4n3 + 6sn2 + 8n] adds, n divides, and n square roots.
This is 1/6[2n3 - 8n] fewer multiplies and 1/6[2n3 + 302 - 11n] fewer
adds than required by the Modified Gram-Schmidt algorithm. However, the
MGS algorithm becomes slightly more precise numerically as the residual
size increases, and thus is a viable alternative.

A Householder transformation method has also been proposed for
performing measurement updatestﬁ However, this has been shown to be equiva-
lent to the Potter method described previously, but not as efficient
computationally.'

Thus, the covariance square root filter (Potter filter) algorithm can

be specified as follows. The propagation of the state estimate from one
sample time to the next is given by (33a). Covariance square root time
propagations are calculated by means of the matrix RSS method (47), the
MGS algorithm given by (60) to (62), or the Householder transformation
as in (63) to (66). Of these, the latter two are preferable since they

are more accurate numerically than the computationally efficient first
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method, and numerics are the basic motivation for square root forms. Measure-
ment updates would be processed through m iterations of the Potter algorithm
(40) or (41). 1If the gﬂti) matrix is not diagonal, the transformation of

variables given by (43) to (45) wmust first be performed.

“One significant drawback of the covariance square root filter just
described is that the triangularity of the square root matrix is generally
destroyed during the measurement updating. Consequently, all n2 elements
must be computed and stored. A more recent method developed by Carlson’
provides substantial improvement in both computational speed and required
storage by maintaining the covariance square root matrix in triangular
form. By doing so, only n(n+l)/2 memory locations need be allocated for
§(tI), and the product Lg(ti+1,ti)§ﬂt1)] for the subsequent time propaga-
tion requires only half the usual numBer of computations.

Like the Potter measurement update, the Carlson algorithm processes

vector measurements iteratively as scalars. Therefore, consider the general

square root solution to (35):
S(E]) = (D [1-b(e Dale)a" (¢,) 112
= s(e) [T-aCea’ ¢ ) /ace 1M o e

where, for convenience, d(t,) has been defined as 1/b(ti). Assuming S(t7)

e e e —n. - e

tﬁ be upper triaﬁkular, we seek a ﬁgtrix [Ifgﬁti)g?(ti)/d(ti)lllz such

that the §th) computed in (67) is also upper triangular. The choice
between upper and lower triangular form is arbitrary, governed by selecting
either forward or backward tecurgion algorithms for the Cholesky, Householder,
and Gram-Schmidt procedures. Upper triangular forms are motivated to some

extent by state vector partitioning, as discussed by Carlson.'
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The desired square root matrix is in fact derived by means of an

analytic Cholesky decomposition, and can be expressed as

‘ -
i 7 AR - b
f By 0 2 & 3 N[«
L3 0 a *ec a c
by é 2 2
5 - 0 : i - s
. Bn_ 1
b
2: Q - 0 1 J - an

where a, is the k-th component oflg(ti), and bk and cx for k=1,2,...,n
will be described presently. However, the computational algorithm neither
computes this square root explicitly nor requires a matrix multiplication

as in (67) to generate Eﬂtz). The algorithm is initialized by setting

the scalar d  and n-vectors e, and a as:

4. = R(ti)

Vol (68)

a = sTDET(e))

and iterating for k=1,2,...,n on:

s Tl T Rl
1/2
by = (8179
S ak/(dk—ldk)llz i
"Hath
b

B O Sl k|

In the recursion, §; denotes the k-~th column of §(t;), and both it and ey

consist of zeroes below the k-th element. After the n iterationms, §ﬁtI)

is produced as
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s+

¥ ¥ ¥
..s.(ti) - [_s_.l 29 ik 's‘l'l] (70)

which is an upper triangular matrix. The state vector update is then given

by

R(ep = XD +e {lzy - BeIF(EDV/A T (711)

For time propagations, Carlson suggested the matrix RSS method, (47),
but with- an upper triangular Cholesky square root as generated in (31)
replacing the lower triangular form in (47). However, the triangulariza-
tion methods could also be employed, thereby sacrificing some computational
speed for increased numerical precision. A Modified Gram-Schmidt algor:tl:hm"2
can be written by initializing A according to (60) and then iterating

for k=n,n-1,...,1 on:

S (Fi41) = VA &

Y = 8 /5, 5) e
g T

s., (t ) = A, v

L S PENTIERE

Ay v Ay - S Gy

where "+«" denotes replacement by means of "writing over" old variables.
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7. Inverse Covariaance Square Root Filter

The inverse covariance formulatiogiﬁi the cptimal filter is an
algorithm which is algebraically equivalent to the Kalman filter but
has substantially different characteristics, such as being able to
incorporate unknown initial conditions and being more efficient if the
measurement vector is very large in dimension (m>n). Now we consider the
square root filter analog of such a formulation.

If we define the covariance square root matrix §ﬂti+) through

+. +. T + (73)
P(e, ) A S(r, ) S7(e )
then it is consistent that an inverse covariance square root §f1(ti+) be
defined through
e H a s h s e (74a)
= T g 1
where S-T denotes [§f1]T = [§?]-l. Similarly, §f1(ti—) would be defined
through
=%, 4 o R A
; 74b
B DTG VR ) (74b)

To develop the inverse covariance square root filte;fifirst consider
the measurement update equation in the inverse covariance filter:
o -1, - T -1
P o(ry ) =P (ty ) + H(£)R “(t;)H(t)) (75)
Using (29) and (74), this can be written as

Py = 57T s )+ B OV e OV e  (76)

We now seek an update relation for §f1(ti+) such that {[§f1(ti+)]T[§f1(ti+)]}

is equivalent to the right hand side of (76). One such matrix would be
the (n+m)-by-n matrix = &
1, + EAE

ke, y=§ "0 a7
. v Be)

Eﬁ
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As in the previous section, such an_g(gi+) would be unacceptable due to
the increasing matrix dimensions it would cause. However, if an A

orthogonal matrix T can be constructed such that

-1, +
St D) } n rows
I?gfl(ti+) I o ik (78) 'i
o } m rows ‘
or
50, N1 = 157 e Hi o) (78")

then the resulting n-by-n §71(ti+) is the desired square root matrix.
In analogy to the previous development, it could be especially beneficial
if the S-l(ti+) so generated were upper triangular. Either the Modified

Gram-Schmidt orthogonalization procedure or the Householder transformation

algorithm can be employed to solve for the desired §f1(ti+), and this will
be developed in detail after the state estimate is discussed. '
In its operation the inverse covariance filter does not
compute a state estimate directly, but rather
9¢e,7) 8 p7he ) 26D (79a)
")

SICT NS I CT T TP (79b)

which are related by

A i A = T -

$e) = 9067y + B e R ez, (80)
Analogously, the inverse covariance square root filter does not generate
an estimate of the state explicitly, but instead calculates

e =

CICADI NN CAD R {{AD (81a)

and
a8 s7he ) 2 H (81b)
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The update relationship between these estimates can be shown to be

n rows { _@(ti"’) 8ct.”) |} n rows
______ ) (el N S

w3 b (82)
m rows { B(t) voe)z, } m rous

where T is the same orthogonal matrix as in (78), and g(ti) is an
m-dimensional vector (the residual after processing the measurement,
fgi-g(ti)g(t;)]) that need not be calculated. Since the first n rows
of '_I‘_T are the result of an n-step Gram-Schmidt or Householder process,
a(e i+) can be computed without knowledge of any additional portion of IT
than that generated by either of the triangularization algorithms discussed
previously.

The Modified Gram-Schmidt (MGS) measurement update initializes an

(n+m)-by-n matrix ék and an n-vector bk as

e )
A=t - .._..___--3__- ' (83a)

v e B

o ud (83b)

Then an n-step recursion is performed that is identical to (61) except

for two additional equations for eventual generation of @_(t:); for k=1,2,...,n:

k .k
el 8
0 j=1,...,k=1 .
s j=k l
Ry ok Ts ik !
(@/a™) A ]Aj J=k#l,...,n | ,
k= raad A:T]Bk (84)
Kl _ Kk K,k
Aj -A_j = ij[(lla )i‘k] j = k+l,...,n
pktl - Bk ok [(Uak)ékk]

¥ 3




e i i e AR U RN i f it i

At the end of this recursion,

§-1(&+) e

(85)
& '-1+) - ™t

7
A Householder measurement updaté' can also be employed. The

(ntm)-by-n matrix _&k and (n+m)-vector gk (note the different dimension
on 3“) are initialized as in (83). Subsequently an n-step recursion
identical in form to (64) except for auxiliary steps to calculate

_@_(ri+) is performed : for k = 1,2,...,n,

n+m
k,2 k
a = jzk [Ajk] + sgn {Akk}

0 <k l
u;‘- a + AL e
Ak : § = k+l,...,(0m)

(86)
by Tak j=it,..omn |

After the n iterations of (86), _S_—l(ti+) and Q(ti+) are obtained from:
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(-1, + :

AL :;-EEE_Z

3 (4]
T (87)
.

¥
' pntl ?EE}_E

8t |

For time propagations in which the dynamic driving noise is

s-dimensional, s scalar recursions analogous to the Potter measurement
update in the covariance square root filter are performed. Thus gd(ti)
is assumed diagonal, perhaps after a change of variables, and the effects

of gd(°,°) are incorporated component by component. Letting G, be the

—dk
k-th column of gd(ti) and Qdk be the k-th diagonal element of Qd(ti)' the

algorithm becomes, for k = 1,2,...,s:

1+1 783K
1/[§T(ti)3(ti) + {1/Qdk}]
/01 + v b(ti){llek}]

b(ti')gT(ti)g'l(ti+) o(t

-1, +
a(ty;) =8 “(t; ) &(t,,t

b(ti)

<
~~
t
e
N
]

(88)

P
~~
(3
~
n

A 1°ti+1)
g(ti+) = b(ti)v(ti)g_(ti)gT(ti)g(ti+)

~
n

S, = 8T Bl ) - v(eale 2" ()

Note the order of the time indices on the state transition matrix and
that gﬁti,ti+1) = gfl(tt+l,ti). After the first of the s iterations of
(88), gﬂti,ti+1) is replaced by the identity matrix. In analogy to the
covariance square root filter, a Householder transformation has also been
proposed for performing the time propagation, but it has been shown to be
equivalent to, but less efficient than, the Potter type algorithm given

in (88).
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Thus, in the inverse covariance square root filter, measurement

updates are conducted in vector form through a triangularization procedure,

and time propagations involve iterative applications of a Potter-type
scalar incorporation algorithm. This is in direct opposition to the
covariance square root filter. As a result, its time propagations are
more efficient than those of the covariance square root fi}ter for the
typical case in which the state dimension is much greater than the
dynamic noise dimension s. On the other hand, its measurement update
is more efficient only when the measurement dimension m is considerably
greater than n. Although most applications have shown the covariance
square rootvfilter to be more efficient computationally, there are
circumstances (m>>n>>s) under which the inverse covariance square root
formulation is preferable. Section 9 will compare the various forms

explicitly.
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8. U-D Covariance Factorization Filter

Another approach to enhancing the numerical characteristics of the
optimal filter algorithm is known as "U-D covariance factorization."
Rather than decomposing the covariance into its square root factors
as in (26) and (27) this method expresses the covariances before and
after measurement incorporation as

R(t,7) = (e, D(E T (e)) (89)

2ty = veesHneeHuTeh (90)

where the U matrices are upper triangular and unitary (i.e., ones along
the diagonal) and the D matrices are diagonal. Although covariance square
roots are never explicitly evaluated in this method, this filter algorithm

is included in this chapter because: (1) 221/2

corresponds directly to the
covariance square root of the Carlson filter in Section 6, and the
Carlson filter in fact partially motivated this filter development, and
(2) the U-D covariance factorization filter shares the advantages of the
square root filters discussed previously: guaranteeing nonnegativity of

the computed covariance and being numerically accurate and stable. (Merely

being a square root filter is not a sufficient condition for numerical

accuracy and stability, but the algorithms discussed previously do have these

attributes.) Like the Carlson filter, triangular forms are maintained so
that this algorithm is considerably more efficient in terms of computations
and storage than the Potter filter. Though similar in concept and computa-
tion to the Carlson filter, this algorithm does not require any of the
(nmts) computationally expensive scalar square roots as processed in the

former.
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Before considering the filter algorithm itself, let us demonstrate

that, given some P as an n-by-n symmetric, positive semidefinite matrix, ]

a unit upper triangular factor U and diagonal factor D such that P = UD UT

can always be generated. Although such U and D matrices are not unique,

a uniquely defined pair can in fact be generated through an algorithm
closely related to the backward running Cholesky decomposition algorithm,
(31). This will be shown by explicitly displaying the result. First, for

the n-th column
D =P

nn nn
U, .{1 i=n (91a)
P,/ 1i=nl,02,...1

Then for the remaining columns, for j = n-1,n-2,...,1, compute:

n 2 )
P53 = Py 'k.§+1 P 3
L (91b)
i>3
Uy =41 i ] i=4
i, -k-j+1 §kk Up Ugpd/Pyq 1= 3-1,3-2,00001

This is useful for defining the required U-D factors of go and the gd time
history for a given application.

To develop the filter algorithm itself, first consider a scalar
measurement update, for which H(t;) is l-by-n. For convenience, we drop

the time index and let gﬂti-) = zf, gﬂti+) = gf, and so forth. The

Kalman update

Prep - EH L @r)

2 i, e (92)

- T

a=HP H'+R

can be factored as
v = 0D T - L wp v TEHru D Ut
DU 188 s CEE BJRE S B
U -2 @uEH ey EH T (93)




Defining the n-vectors f and v as

f= E'TET (94a)

sol £ i:e., e & DJijj s XA 00 (94b)
and substituting into (93) yields

LN R (95)
Now let E and E be the U-D factors of [1_)_— - %x_ XT]:

TRT = -2vy] (96)
so that (95) can be written as

v’ - WD " (97)
Since g_ and E are unit upper triangular, this then yields

vt =uT (98a)

p" =D (98b)

In this manner, the problem of factoring the Kalman filter measurement
update has been reduced to the problem of factoring a symmetric matrix,
D - % v XT] into U and D = D'. These factors can be generated '

recursively by letting a = R and computing, for j=1,2,...,n

3 : \
= I

aj ) Dkk fj + R
D5y = Dyy 2512y > 99)
7 Dy, £, £/a, £ =1,2,...,9-1
Uy, ~3 1 : 1=3

0 1= g4, 342,...,0
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Thus, [D ~ = v !T] is scanned and U is generated column by column, as

w (=

depicted in Figure 3. The validity of the terms generated in (99) can

be demonstrated by substituting them into (91) and showing that the resulting

1 T

[fij] mtrix_i; i'ﬁmfact [D-=vv "]

The scalar measurement update for the U-D covariance factorization
filter can now be specified. At time t,, g(t;) and _D_(ti-) are available
from a previous time propagation (to be discussed). Using the measurement

value z, .and the known l-by=-n g(ti) and scalar R(t i)’ one computes

£= 0%, E (e )

v (ti-)f j=1,2,...,n (100)

3 * By

a =R
o

3

Then, for k = 1,2,...,n, calculate the results of (99), but in a more
efficient manner as

renath %

D (64D = D () &/
bk « vk
b’k --fk/ak-]_ ' (101)

P,
Ik } § 1,800, 0K-1)

+ -
Uyp (g ) = U (£57) + B

In (101), "+" denotes replacement, exploiting the technique of "writing
over" old variables for efficiency. For k=1, only the first three equations
need be processed. After the n iterations of (101), g(ti+) and g(t;') have
been computed, and the filter gain K(t;) can be calculated in terms of the

n-vector b made up of components bl’ bZ‘ weny bn computed in the last
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[D-gwlao U

Fig 3  Scanning of [D - -i-\_rg'r] and Generation of -g_
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iteration of (101), and the state updated as

R

K(t ) = b/a_
i = n (102)

e = 2 ) + R [z, - B R D]

Vector measurement updates would be performed component by component,
requiring a transformation of variables as in Section 5 if R(t i) is not

originally diagonal.

T T e T TR

The time prop‘agation of the U-D factors employs a generalized Gram-
Schmidt orthogonalization to preserve numerical accuracy while attaining

computational ef_ficiencyj & Given the covariance time propagation relation
P(t,,.T) = 8(t £ )R(e, el (e £) + G, (t)Q,(t )6, (t,) (103)
ECEoay ) = 2k et JECE, DO (E 0y + 6 (000, (E8, (s

and the U-D factors of g_(t:), we desire the factors H(ti+1-) and D(t i+1_)
- L - o )
such that [H(ti+l )2(!:1_‘_1 > (ti+1 )] equals the right hand side of (103).
Without loss of generality, Qd(t 1) is assumed diagonal, since, given the
n-by-n matrix [Q_d(ti)gd(ti)gdr(ti)], (91) can be used to generate gd(ti)

as its U-factor and -gd(ti) as its D-factor.

141 ) and an (n+s)-by-(n+s) diagonal matrix

If an n-by-(n+s) matrix Y(t

D(

D t:l+1 ) are defined as
(e, Y= (80t . b 06 § @te )T | (104a)
=Fi41 A TS LA L AL SL I A L .
= 4y ! ;
Bee, ) .[2“1 AN ] (104b)
g Qe
2l
— l
- A - T -
then it can be seen that [¥(t, , )D(t, )Y (¢, , )] satisfies (103).
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: the inner product

written as [_gj

Similar to the development of (53)

of 33

and a basis vector Ek would be written as[XjT §(t

j=1,2,...n and k = j,j+l,...,n:

i Y - 11T &

5 Djj(ci+1 ) = [b’]" D(t
: i 1

| : Ujk(ti+l ) Dkk(t 41

As in Section 6,

i+l
= 50— (1" Be o

to (79) of Section 6, the

desired result can be generated through a Gram-Schmidt procedure applied

% Ek], here the inner product of zj (a column of XT(t

k
441 Jb"]. When an

)b

g

numerically superior Modified Weighted Gram-Schmidt (MWGS) method.

" the time propagation relations are to compute Y(t

(104,

-

o lanha

and initialize n vectors, each of dimension (n+s), through

(a;

i a,

to _}'_(ti_,_l-). The only significant modification is that the inner pro-
ducts used in the procedure are weighted inner products: whereas in (55)

(a column of ST(ti+1-)) and a basis vector Ek was

i+l )

analogous development is made, D(t i+) and U(t i+) can be identified as, for

(105a)

(105b)

the actual computational algorithm is the efficient,

Thus,

as in

(106)

and then to iterate on the following relations for k=n, n-1, ..., 1:

= B¢

A_n

4 =&

U,

D (tisr ) = 23y

el 03y
T

&

i (E 541

-

a

3

seEia1 )

gl 1

=3

8y = V(g I8

~ - | !
(ckj = Djj(ti+1 )akj; j=1,2,...,n)

}- §=1,2,... k"1

—

! (107)
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As before, "+" denotes replacement, or "writing over' old variables to
reduce storage requirements. On the last iteration, for k=1, only the

first two relations need be computed. The state estimate is given by

A - 2 A"w.;—h—‘:.
: Bty ) = Bleg, 00t IR0 D ; s

T
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9. Filter Performance and Requirements

The algorithms of this chapter have been investigated in order to
implement the optimal filtering solution given by the Kalman filter, but
without the numerical instability and inaccuracy of that algorithm when
processed with finite wordlength, In this section, both the numerical
advantages and the increased computational burden of these filters will
be delineated.

An algorithm can be said to be numerically stable if the computed
result of the algorithm corresponds to an exactly computed solution to
a problem that is only slightly perturbed from the original one:r By

this criterion, the Kalman filter is numerically unstable: in both the

conventional and Joseph formulations. In contrast, all of the filters

described in this chapter can be shown to be numerically stable.

The numerical conditioning of a set of computations can be de-
scribed in part by what is called a '"condition number', a concept which
is often used to analyze the effects of perturbations in linear equa-
tions. If A is a matrix, not necessarily square, then the conditicn

number k(A) associated with A is defined by::

k@) =o Jo 0 : (109)

where 0___2 and 0_, 2 are the maximum and minimum eigenvalues of ATA
max min A
respectively, When computing in base 10 (or base 2) arithmetic with N
significant digits (or bits), numerical difficulties may be expected as
k(A) approaches 10N (or ZN). For instance, if the maximum and minimum
numbers of interest, o and 0__. , were 100000 and 000001 (in base 10
max min

or 2), then to add these values together and obtain 100001 without nu-

merical difficulties would require at least 6 significant figures (digits
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or bits). But,

k@ = k(ssh) = [k(§)]12 (110)
Therefore, while numerical operations on the coyariance P may encounter
difficulties when k(P) = 10N (or ZN), those same numerical problems

N/2

would arise when k(§) = 10 (or ZN/Z) according to (110): the same

numerical precision is achieved with half the wordlength.

EXAMPLE
This example and the next illustrate the improved numerical
conditioning of the square root filters. To simulate roundoff, let
e << 1 be such that
l+eFl
1+ e? i)

where "E" means equal due to rounding. Consider a scalar measurement
update of a two-state problem, with

By = B 2] H(t) = [10], R(t) = e?

and compare the computed results of conventional filters and those of this :
report. Note that

B(e]) = 21 = 8(e]) = $71(e)) = () = DD = L

and that the exact covariance gﬂcI) for this example is:

e2/(1+e2) O
e

The computed results are:

(a) Conventional Kalman

+ L |00
reh £ [0 ]
(b) Joseph Form Kalman b e2 0
gjti) = 0 1
(c) Potter Covariance Square Root S(t+) r e O
S 0 1
(d) carlson Covariance Square Root +#+ r fe O
2(tp = ‘1o 1
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(e) Inverse Covariance 1,4 r [1/7e2 0
P (t,) =
- i 0 il
(f) Inverse Covariance Square Root sloeix £ 1kie -0
v e

-D F
(g) U-D Factor g(t';) ¥ [(1, (]):]
20

r e
D)) = [o 1]

For this example, all but the conventional Kalman filter yield non-
singular and nearly exact answers. Although the difference between 0
and e? in the upper left element of P(t}) may seem insignificant, it
can have grave consequences. For instance, assume no dynamics and let
a second measurement of the same form be taken. The gain K computed by
the conventional Kalman filter would be

K(tFh) = R(ed) H(t,)/ [H(eR(EDBT () + R(t))]

o n-

whereas the correct value is

+ e? { e? z} v
E(t. ) = 1 + e = g 1
= 1+ e2 [O]/ 1+ e? [0]

as would be calculated correctly by the Joseph form in this case. .

EXAMPLE

Consider the same problem as in the previous example, but let H(tj)
be [1 1] instead of [1 0]. 1In this case, the exact answer is

+ 1 1+ e2 -1
S W L
i 5 gt 1 1+e

The computed results are:

(a) Conventional Kalman

(b) Joseph Form Kalman




(c) Potter Covariance Square Root s 1+ e//2 (] ]
R - e YY)
-(d) Carlson Covariance Square Root st I e -1//'2]
R s e R
(e) 1Inverse Covariance g'l(t‘{) L -1—2- [1 1}
ec |11 1

(f) Inverse Covariance Square Root g1 (t.p £l ,
¢lo e

0

+ lez 0
ey 5 §

In this case, only the square root and U-D implementations yield non-
singular results. Such singular P(t}) or P l(t“') matrices would again

yield a zero gain K if a second measurement of the same form were processed,

while the square root and U-D factor filters compute a gain which is nearly
exact. Moreover, even though S‘ » U, and D are non-singular, the
associated value of P(t JorE (t"‘) found by multiplication would be

(g) U-D Factor il =
u(eh [ 1]

rounded to a singular matrix; thus it is better not to perform such
computations explicitly, and the time propagations based on triangular-
ization are to be preferred over the RSS method which performs such
multiplication. @

The improved numerical characteristics of the square root and U-D
factorization filters are achieved at the expense of increased computa-
tional burden. Letting n be the dimension of the state vector ,é ,» S be
‘the dimension of the dynamic driving noise ¥, and m be the dimension of
the measurement % and its corruptive noise Y, we now determine the number
of. mathematical c;perations required by the various filters, assuming that:

1) all implementations take advantage of symmetry and zeros as
they appear in general forms

2) R(t,) and Q4(t,) are diagonal

3) the inverse covariance and inverse covariance square root fil-
ters generate explicit state estimates, x(t3) and i(t:).
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Table 1 presents the number of operations for one time propagation and

one measurement update required by
1. Kalman Filter - with conventional and Joseph form measurement
update
2. Potter Covariance Square Root Filter - with MGS and Householder
time propagations
3. Carlson Covariance Square Root Filter - with Matrix RSS and
MGS time propagations
4. TInverse Covariance F;lter
5. Inverse Covariance Square Root filter (MGS update)
6. U-D Covariance.Factorization Filter.
This table can be used to project the computation time required by each
filter formulation for a given application. Note that if, instead of
assuming Qd(t.) to be diagonal, we were to assume that the n-by-n
[G (t )gd(t )GT(t )] or the n-by-s [G (t )w (t )] were known, there would
be ¥ ns (n + 3) fewer multiplies and X n (n + 1)(s - 1) fewer adds in
filter forms 1, 3 with RSS time propagation, and 4, or ns fewer multiplies
in forms 2 and 3 with MGS time propagation.
EXAMPLE

To put the algebraic expressions of Table 1 into perspective,
Table 2 presents the number of operations required for one time propa-
gation and one measurement update for the case of n = 10, s = 10, and
m = 2. The noise dimension s was intentionally set equal to n to cor-
respond to the n-by-n [G (t )gd(t )GT(t )] being of full rank, typical
of an equivalent discrete—time moéel. *he last column in Table 2 por-
trays computer time required for one total filter recursion, neglecting
the computations associated with the various subscripting and storage
operations for each filter (roughly the same for each), and using single
precision instruction times typical of the IBM 360 and some smaller state-
of-the-art computers:

time for addition = . 2.7 usec
time for multiplication = 4.1 usec
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Table 1

Operations Required for One Time Propagation
and One Measurement Update

ADDS MULTIPLIES SQUARE

FILTER (all times !/6) (all times 1/6) DIVIDES  ROOTS !
Conventional 9n3+3n2 (3m+s-1) 9n3+3n2 (3m+s+3) m 0 |
Kalman +n (15m+3s-6) +n (27m+9s) |
Joseph Form 18n3+3n2 (5m+s-10) 18n3+3n2 (5m+s+4) ]
Kalman +n (9m%+6m+3s) +n (9m%424m+9s) 2m-1 0 _

+3m3-6m2+3m +3m3+9m2-6m :

1
Potter Cov V- | 12n3+3n2(6m+2s) 12n3+3n2(6mt+2s+2) n+2m mm
(MGS) +n (6m=6)+6m +n(24m+68)+12m
Potter Cov ¥V~ | 10n3+3n2(6m+2s-1)  10n3+3n2(6m+2s+2)  n+2m r+m
(Householder) ! 4n(6m+5)+6m +n (24mt+-6s+8)+12m
Carlson Cov V" | 5n3+3n2(3m+s+1) 5n3+3n2 (4mts+3) 2mnts mn+s :
(RSS) 4+n(9m+3s-14)42s3+4s  +nl(30m+9s-2)+2s3 |
+682-2s

Carlson Cov V" : 9n3+3n2(3m+s-1) . 9n3+3n2 (4mrts+2) 2mnts nnts
(MGs) +3n(3mt3s-8)+2s3 +3n(10m+5s-7)+283

+6s%4s +128%+4s
Inverse 10n3+3n2 (m+3s+2) 10n3+3n2 (m+3s+6) 2s-1 0
Covariance +n(9mt+9s-16) +n (15m+21s-10)
Inverse 9n3+3n2 (2ur+6s+5) 9n3+3n2 (2mr+6s+6) 2n+2s mts :
Cov V° +n (12m+6s5-6) +n (12m+24s+3)+6s
U-D 9n3+3n2 (3m+2s+2) 9n3+302 (3m-25+7) n(m+l)-1 0
Factor +3n(3m+1) +3n(mt+4s-4)-6s
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Table 2

Operations for One Total Filter Recursion;

n=s=10 and m = 2

SQUARE | TIME
FILTER ADDS  MULTIPLIES DIVIDES ROOTS | (Millisec)
Conventicnal 2340 2690 - 2 0 17.36
Kalman
Joseph Form 3631 4498 3 0 28.27
Kalman
Potter Cov V™ 3612 3884 14 12 26.49
(MGS)
Potter Cov V~ 3247 3564 14 12 24.19
(Householder)
Carlson Cov V- | 2080 2560 50 30 18.24
(RsS)
Carlson Cov ¥V { 2830 3355 50 30 23.53
MGSs)
Inverse 3520 3950 19 0 25.82
Covariance
Inyerse 5080 5455 40 20 37.55
Cov V'
U-D 2935 3330 29 0 21,77
Factor
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time for division = 6.6 psec
time for square root = 60,0 usec

As can be seen from Table 2, the covariance square root filters
and the U-D covariance factorization filter involve a computational load
greater than the conventional Kalman filter, but not so great as to be
prohibitive. In fact, the increase is less than that caused by employing
the Joseph form of the update equation, which is inferior to these fil-
ters in performance. Moreover, since the Kalman filter would probably
require double precision operations instead of the single precision
assumed to establish Table 2, these filters are even more coapetitive
with the Kalman filter than indicated in the table.

O0f the square root type filters, the Carlson covariance square root
and the U~D covariance factorization filters are the most efficient com-
putationally. The Carlson filter with Matrix RSS time propagations
requires the least computer time, but this is offset by the degraded
numerical accuracy of the Matrix RSS method. Thus, the U-D covariance
factorization filter would appear to be an exceptionally efficient and
numerically advantageous alternative to the conventional Kalman filter
for this particular application. B
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10. Conclusion

This repert' presented the concept of square root filters and the
closely related U-D covariance factorization filter as viable alternatives
to conventional Kalman filters. For a modest increase in computational
loading, cne obtains optimal filter algorithms equivalent to the Kalman
.filter if infinite wordlength is assumed, but with vastly superior numerical
characteristics with finite wordlength. From a numerical analysis standpoint,
this is at least as good a solution to troublesome measurement update com-
putatiohs as implementing a Kalman filter in double precision, since the
Kalman filter inherently involves unstable numerics.

0f the covariance square root forms, the Carlson filter is more
efficient than the Potter form computationally, and it also maintains
triangularity of the square root matrices. The U-D covariance factori-
zation filter is comparable to the Carlson filter and does not require
square root computations. In comparison, the inverse covariance square
root filter is often considerably more burdensome computationally, although
it too becomes competitive if the measurement dimension m is very large.

Chandrasekhar type square root algorithms have also been reported
in the literature. However, these have been omitted because they do not
appear to be computationally competitive with algorithms presented herein

for the nonstationary linear discrete-time estimation problem.
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troublesome measurement update computations as implementing a Kalman filter in

double precision, since the Kalman filter inherentl volv ‘/’,///b
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N 20. continued

The filter algorithms are developed and presented in a form convenient for |
implementation. Of the covariance square root forms, the Carlson filter is
more efficient than the Potter form computationally, and it also maintains
triangularity of the square root matrices. The U-D covariance factorization
filter is even more efficient, not requiring square root computations. In
comparison, the inverse covariance square root filter is often considerably
more burdensome, although it too becomes competitive if the measurement
dimension is very large.
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