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ABSTRACT

This report presents the concept of square root filters

and the closely related U—D covariance factorization filter as

viable alternatives to conventional Kalman filters. For a

modest increase in computational loading , one obtains optimal

filter algorithms equivalent to the Kalman filter if infinite

wordlength is assumed , but with vastly superior numerical

characteristics with finite wordlength. These algorithms are

at least as good a solution to troublesome measurement update

computations as implementing a Kalman filter in double precision ,

since the Kalman filter inherently involves unstable numerics.

The filter algorithms are developed and presented in a form

convenient for implementation. Of the covariance square root

forms, the Carlson filter is more fficient than the Potter

form computationally, and it also maintains triangularity of

the square root matrices. The U—D covariance factorization

filter is even more efficient, not requiring square root compu-

tations. In comparison , the inverse covariance square root

filter is often considerably more burdensome , although it too

becomes competiti ve if the measurement dimension is very large.
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SOLUTLOMS TO TUE KALMAN 1~ILTER WORDLENGT}L PEOBLEN:
SQUARE ROOT AND U—i) COVARLAN CE FACTORI ZATIONS

1. Introduction: The Kalman Filter

The Kalinan filter is the optimal state estimator for a system

described by a linear model driven by white, Gaussian noise.

On the basis of such a model and incomplete, noise—corrupted data from

available sensors, it provides estimates of the system state variables

that are optimal with respect to many different criteria for evaluating

filter performance.

Assume that modelling techniques have produced an adequate

system description in the form of a linear stochastic differential

equation to describe tae state propagation, with discrete—time noise—

corrupted linear measurements available as system outputs. To

describe this model, let a stochastic process be defined as a real

vector—valued function a(,) of two arguments, the first of which is an

element o~E some time set I of interest (continuous or discrete), and

the second an element u of a probability sample space ~~, such that

for any fixed t out of the set 1, x(t,) is a vector—valued

random variable. If we fix the second argument instead of the fi rst, we

can say that, to each point °k out of ~ there can be associated a

time function x(
~
,wk

) — x ( ) ,  each of which is a sample from the

stochastic process. Sometimes the second argument is not included

explicitly in the notation, so the underscored tilde is used to

distinguish between a process a(•) and one of its samples a(.).
I’.

For instance, one can develop a stochastic process model z(,.) to

1
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describe the measurements becoming avai.lable over time from sensors,

while a single sample z(,u.~) z(~) would correspond to a single

measurement time history, and z(t 1~Q — z(t1) — would be the vector

of sensor outputs on a given time history at the particular time t~ .

Let the state process x(.,.) of the system model satisfy the

linear equation

k ( t)  F(t)x(t) + B(t)u(t) + G(t) w ( t )  (1)

where

x ( , ~ )~n— vector state process

u( .)  r—vector of piecewise continuous deterministic control

input functions (more general input functions are possible,

but piecewise continuous is adequate for practical applications)

s—vector dynamic noise process, modelled as white and

Gaussian , with mean and autocorrelation for all t and t’

out of I given by

E {w(t)} = 0 (2a)

E {w(t)wT(tv)} = Q~t) 6 (t—t’) (2b )

where 
~~

( .)  is an s—by—s matrix of piecewise contirn~ous

functions (most generally) such that ~~(t ) is symmetric and

positive semidefinite for all t (1. e. all eigenva].ues positive

or zero), and 6() is the Dirac delta function

2
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F(• )
~~ 

n—by—n system dynamics matrix (of piecewise continuous

functions in its general form

n—by— r deterministic input matrix

n—by—s dynamic noise input matrix

Note that if F, B, and G are in fact constant matrices, then the

sys tem dynamics model is termed t ime—invariant , rather than tine—varying .

The state differential equation (1) is propagated forward

from the initial condition A(t  ) .  For any particular operation of

the real system, the initial st:te assumes a specific value

However , because this value may not be known precisely apriori , it

is modelled as a Gaussian random vector. Thus , the probabilistic

description of x(t ) is completely specified by its mean and

covariance P :-o

E (x(t )}  — x (3a)
0 —v

E ([x(t
0) 

— 
~~ ] [x(t

0
) — 

~ 
T 

~ — (3b)

where is an n—by—n matrix that l.a symmetric and positive semidefinite .

Allowing ~~ to be pc~ itive seiuideiiaite , Instead of requiring positive

definiteness (i.e. all eige.nvalues strictly positive) , admits the

case of singular P : the case in which some initial states or some

linear combination of initial states are known precisely.
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Neasurementa are available at discrete tine points t1, t21...,

t 1, . . .  (of t~m , but not aecebsari.Ly, equall,’ 3pacccl in time),

and are modelled by the relation (for all t~ ~~~~ of i ):

z(t1) 
= 

~~~~~~ ~
.(t~) + v(t~) (4) 

*

where

rn—vector discrete—time measurement process

state process; x(t~ ,.) is a random vector

corresnonding to the state stochastic process at the

particular sample ti me t
1

v(-,) rn—vector discrete—time measurement corruption noise

process, modelled as white and Gaussian, with

statistics (for all t~~, t~ taken from I):

E {v( t1) } = 0 (Sa)

IR(t ) t
1

— t
E {v(ti)V

T(tj
)} ..j ~ (Sb)

ti~~~tj

where R(t
i) is an rn—by—rn, symmetric, positive definite

matrix for all

rn—by-n measurement matrix

In this description, positive definiteness of R(t~) implies that

all components of the measurement vector are corrupted by noise,

4



and there is no linear combination of these components that would

be noise—free. The measurements modelled as in equation (4),

and knowledge of our own inputs u,are all that we have available

from the real system under consideration.

It is further assumed that x(t ), w ( , )  and v ( , ’) are0

independent of each other. Since all are assumed Gaussian, this

is equivalent to assuming that they are uncorrelated with each other.

It is desired to combine the measurement data from the actual

system with the information provided by the system model and

statistical description of uncertainties, in order to obtain an

“optimal” estimate of the system state . Under the modelling

assumptions made, the Kalman filter provides state estimates that

are optimal with respect to essentially all criteria used to

evaluate estimators: Bayesian, maximum likelihood, weighted

least squares, minimum variance unbias~d, and maximum a posteriori,

to name the most co~~~n. Some assumptions can be relaxed to

yield a more general problem formulation, yielding restrictions upon

the optimality of the filter or modifications in the algorithm itself

(as in the case of allowing w(,) and v(~,) to be correlated).

However , the stated assuinptl2ns are the”most common, and will serve

to define the estimation problem for this report.

Before the algorithm is delineated, it will be convenient to

introduce some additional notation. Define a composite vector

which comprises the entire measurement history to the current sample

time t~ , and denote it as Z(t~) :

5
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z(t2
).

z(t i)
~ (6)

z(ti)

This is a vector of growing dimension: at time t~~, it is a vector

random variable of dimension (i.m). Its realized value, analogous

to .!(ti wk) !~ is

~l
1

(7)

The state estimate provided by the Kalman filter at time t~ ,

befo re the measurement !.(t j wk
) = is available, is denoted as

A

x(t~~). In fact, this estimate is the conditional mean of x(t1
) ,

conditioned on the previous measurement history Z (t1 1

denoted as E {~ (t~)! Z~.
(ti....i) .~ ._i

}:

• 
~c(t~~) ~ E {x(t1) I .&(t~_1) ~~~~~~ (8)

Also provided by the algorithm is the conditional covariance of the

state x(ti), conditioned on the previous measurement his tory:

6
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P(t~~ ) ~~ E.{ (x(t~ ) — x(t 1 )] [x(t~) — 
~
(ti

—)) T l.~.(t~_1) Z~~]~}

(9)

Since x(t 1 ) is used as the state estimate , this is also the

covariance of the error committed by the filter in its attempt to

estimate the state. Moreover, it can be shown that P(t~—) is also

the unconditional covariance of this error, so that its evaluation

is completely independent of the particula: measurement history one

• sees on each individual use of the filter.

The corresponding state estimate at the same time but

after incorporating the measurement is denoted as

x(t i+) ~ E {z (t~ ) I Z(t~ ) — Z} (10)

The associated error covariance matrix is then

~~ 
E{ (x(t ) —x (t ~)J  (x(t ) — x(t +)~~

T
IZ(t ) = Z 3 (11)

i

The algorithm is composed of two parts, one for updating the

state estimate and error covariance when a measurement becomes available,

and the other for propagating those values to the next sample time.

First, assuming x(ti ) and P(t i— ) to be already computed , the measurement

will be processed to yield x(t~+) and P(t~+). Then the relations

for determining x(tj+() and P(tj+i ) will be evaluated, to complete

one cycle of the recursion.

The update equations are

K(t~ ) — ~~(t~
_
)jj

T (t~ ) [H(t j )P(t 1 )HT (ti) + !(t ~ ) ]~~ (12)

7
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x(t i~ ) x (t 1 ) + K(t 1) I!
~i 

— H(t1)x(t1
) ]  (13)

P(t~+) = P(ti ) — K(t 1)H(t1)P(t 1 ) (14)

The K(t1) evaluated in equation (12) is the Kalman filter gain .

“High gains” would be caused by “large” P(ti ) — large uncertainty

in the output of the filter ’s p ropagation model (to be discussed;

due to “large” ~~) ,  or by “small” R(t i) — “small” corruption on the

measurements. In either case , the state estimate in equation

(13) is strongly influenced by the measurement data ~~~~~. In

this equation , the b racketted term (the “Innovation ” or “residual”)

is the d i f fe rence between the data obtained from the actual

• measuring devices , and the bes t prediction of its value before it

becomes available:

To propagate to the next sample time, t~~1 the following

differential equation can be in tegrated numerically:

x(t )  = F(t)x(t) + B(t)u(t) (15)

P(t)  = F(t)P(t) + P ( t ) F T (t) + G(t) Q~(t)G
T (t) (16)

sta rting f rom the Initial conditions x(t i
+) and P(t~+) respectively .

The result of this integration would be x( t +1) and P(ti 1). A direct

solution can be writ ten in the form of
A A ~i+l

= 
~~~

t
i+i , t j )x( t

1~~) +5’ ~
(ti+l,r)B(T)u(t)dT (17)

t

i&



P(t~~~) a •(tj+i,tj)P(tj~
) 
~~

t
~+1,

t1
) + (17)

~~i+i -

+ J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (18)

t:t

where ‘
~ 
(ti+j,t) is the n—by—n state transition matrix that aat~sfies

d - ‘(t , t1) — F(t) ~ (t , t1) (19a)
dt 

—

f or all t in the in terval f rom t1 to t~~1, starting from the

initial condition

(19b)

Note that, if u(t) is held constant over each sample period

(as would be the case for u being generated by a digital controller

operating with the same sample period as the filter), then equation

(17) simplifies to

F’ ~ i+l
x(t1~~) — 

~
(t1+1,tj)x(ti~

) + [ J $(t1~1,~ )B (r)dr]u(t
1) (20)

ti

Equations (18) and (20) are propagation difference equations.

They are the proper relations not only for a state model described

oy the stochastic differential equation (1), but also a discrete—time

9
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model described by the stochastic- Llifference equation

x(t 1~1) = 
~
(t i+l~

t i)z(t i) + !d (tj )u(t j ) + 
~d ctI~~~~

tI) (21)

whore the disetete—time control input matrix ~~~(t~~) is defined by

~i+l
~~(t i) =j ~

(t
~÷i,

t)B(t)dt (22)

ti

Furthermore, ~~~~~~~~
. , )  is zero-mean white Gaussian discrete—time

noise of strength 
~d
(tj) for all 

~~~

T 
IQ~ti) t~ =

E{~~ (t 1)w (t~ )} —

~~ 

(23)

ti~~~ tj

chosen such that the covariance contribution of 
~
(t j )

~~~
(ti)]

to the difference equation (21) is equal to the r~ovariance contribution

of [G(t )w(t ) ) to the continuous—time model over the interval from

t~ to t
1~1

t .L+l T• (t.)~~~(t1)~~
T
(t~) =J 4’(ti+l, t )G (T)

~~
(t )G’

~
(T) • (t 111, t~~th (24)

ci

In many instances , 4d(t i) is chosen to be the identity matrix , and

~) is then an n-dimensional process with the properties just

described.

10
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Equation (21) is often termed an “equivalent discrete—time

medel” to the stochastic differential equation (1). It is

“equivalent” in the sense that the statistical characterization

of the process defined by (21) to. (24) and initial condition (3),

is identical to properties of the process described by (.1) to (3)

when viewed only at the sample times t1,t2, .. .  etc. In the

following sections, the system model and filtering algorithms

will be posed in terme of this “equivalent” d’screte—time system model.

ii.
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2. The Wordlength Problem

Although the Kaiman filter is the theoretically- optima l

solution to the filtering problem described in the previous section,

the algorithm itselt is prone to 8erious numerical difficulties.

Measurement updating of the covariance matrix by equation (14) can

Involve the small difference of large numbers , especially in the

case of very precise measuring devices . With finite vordlength ,

this can cause severe truncation and precision probleme . Moreover ,

the Kalman fil ter algorithm can be sr~own to be numerically

unstable, so that once such problems arise , their eff ects propagate

rather than die out.

Thus, rather long wordlength is often required to maintain

acceptable numerical accuracy. For small on—line computers ,

double precision computations are usually required. In

fact, without double precision arithmetic, these numerical characteristics

can easily become the dominant error source corrupting estimation

precision, and unfortunately an error source usually not included

in designers’ error budgets.

The difficulties encountered in converting a tuned Kalman filter on

a long wordlength, large computer system used for engineering design to an

effective algorithm on a smaller wordlength online computer are well docu—
4)

mented.’ For instance, although it is theoretically impossible for the

covariance matrix to have negative eigenvalues , such a condition can, and

often does, result due to numerical computation using finite wordlength,

especially when (1) the measurements are very accurate (eigenvalues of

12
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R(ti) are small relative to those of P(t~ ) ,  this being accentuated by large

eigenvalues in P) or (2) a linear combination of state vector components is

known with great precision while other combinations are nearly unobservable

(i.e., there is a large range of magnitudes of state covariance eigenvalues).

Such a condition can lead to subsequent divergence or total failure of the

recursion. On close inspection, even Kalman filters that maintain adequate

estimation accuracy exhibit instances of negative covariance diagonal
33

terms .

To circumvent these problems in numerics inherent to the Kalman filter

algorithm, alternate recursion relationships have been developed to propa-

gate and update a state estimate and error covariance square root or inverse

covariance square root instead of the covariance or its inverse themselves.

Although equivalent algebraically to the conventional Kalman filter recursion,

these “square root filters” exhibit improved numerical precision and

stability, particularly in ill—conditioned problems (i.e., the cases

described that yield erroneous results due to finite wordlength) . The

square root approach can yield twice the effective precision of the conven-

tional filter in ill—conditioned problems . In other words , the same precision

can be achieved with approximately half the wordlength . Moreover , this

method is completely successful in maintaining the positive setnidefiniteness

of the error covariance.

These excellent numerical characteristics, combined with modest additional

computation cycle time and memory storage requirements , make the square root

filter approach a viable alternative to the conventional filter in many

applications, especially when computer wordlength is limited or the estima—

tion problem is ill—conditioned. The formulation of the square root f i l ter

for the case of no dynamic noise is especially attractive because of its

13
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computational simplicity , and its outstan ding numerical characteristics led

to its implementation in the Apollo spacecraft navigation filters.

A number of practitioners have argued , with considerable logic, that

square root filters should always be adopted in preference to the standard

Kairnan filter recursion , rather than switching to these more accurate and

stable algorithms when and if numerical problems occur. Even though Kalman

algorithms can be made to work in most applications, by using double pre-

cision mathematics or scaling variables to reduce dynamic range or employing

ad hoc modifications , numer ics degrade perf ormance f rom that achievable by

numerically better conditioned recursions. Recent investigations tend to

support an approach of designing and tuning an optimal filter by the methods

of the two previous chapters , ignoring the errors caused by numerics , but

then implementing the square root equivalent for online operation . Neverthe-

less , one can expect conventional Kalnian algorithms to be applied rather

extensively as well.

Section 3 introduces the concept of matrix square roots, and then

Section 4 develops the initially designed and simplest covariance square

root filter , applicable to the case of no dynamic drivin g noise and scalar

measurements. The succeeding two sections generalize these results, first

incorporating vector—valued measurements and then allowing dynamic driving

noise. In Section 7, the square root counterpart to the inverse covariance

formulation of the optimal filter is considered. Although it is not actually

a square root f i l ter , the U—D covariance factorization filter is very closely

related to square root filtering, and it is depicted in Section 8.

Finally, Section 9 presents the tradeoff of numerical advantages and

increased computational burden of the square root filters.

14
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3. Mat rix Sguare Roots

Let A be an n—by—n , symmetric, positive semidefinite matrix. Then

there exists at least one n—by—n “square root” mat rix , denoted as

such that

/~~~~~v~~~~~~~- A  
- - - (25)

In fac t , there are many matrices V’~ which satisfy (25) in general. The

essential idea of square root filters is to replace the recursion for the

error covariance P with a recursion for its square root , 1~ , and to compute

the state estima te using an optimal gain calculated in terms of /~ instead

of P itself. To motivate this , consider the scalar case : if dynamic range

numerical precision problems are encountered in a filter that propagates

the variance p ~
2 , the problem can be reduced by expressing the result

in terms of the -standard deviation a since the dynamic range will be effec-

tively reduced to half the original range. This basic idea can be generalized

to the vector case by defining the state error covariance square roots , • 
-

before and after measurement incorporation at time t~~, as S(t~) and S(t~)

respectively, via:

s(ç) sT Ct~) ~. P(t~) (26)

S(t ~~~) sT (t~~ ~~P(t~) (27)

Similarly, define the square root of the covariances depicting the strengths

of discrete—time white Gaussian noises 
~~~~~~ 

and v(.,.) as:

- ~~~(t~ )~~~(t1) à~~~
(ti) k. E{

~ d (t j )
~~~

(tj ) } (28)

- 

!(tj)!
T
(ti) ~~R(t1) &E{v(t1)~

T(t~)} (29)

The covariance square roots are not uniquely defined by (26) through (29).

and square root filters can be formulated in terms of general matrix square

roots. One means of exploiting this fact is to develop algorithms which

‘5
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maintain a particularly attractive square root form, namely an upper or

lower triangular matrix (with all zeroes below or above the main diagonal

respectively), thereby requiring computation and storage of only n(n+l)/2

. 2
instead of n scalar variables.

This lack of uniqueness does not cause difficulties in converting from

a problem description in terms of initial P and time histories of 
~~

(t i) and

R(t .) to corresponding S , ~~~(t ~~), and !(t ~ ) values , as might first appear

to be the case. The reason is that any positive semidefinite matrix can

be factored into the product of a lower triangular matrix and its transpose

by the Choleskçy decomposition a1gorithm.~
2 

Although (25) does not uniquely

define VA, a unique Cholesky lower triangular square root can be defined

such that ~~~ ~~T = A:

o - o 
~~~~ 

A11 A12

~~l2 ~A22 o o CVA A12 A22

cJA
ln

CVA
2n

•~~
:C/X

nn 0 ~~~~~~~~~~~~~~~~~~~~~~~

The elements of the Cholesky square root matrix can be generated sequentially ,

row by row , from the recursion : for i~ l ,2 ,. .. ,n, compute:
.

. - J~ 
‘
~ ik ~~Jk] 

j~ 1,2 , . . ., i-l

• 

~~~~~~~~~~~~ 

- 

~~~ik 
i— i

0 j > i

(30)’

Thus , A is scanned and is generated in the order depicted in Fig 1.

16
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Later in the Carlson filter’
~of Section 6 , we will have occasion to

seek an upper triangular Cholesky square root c,,~ such that ~~~~ 
~ X”

~ A.

Such a matrix can be found by operating (30 ) backwards , or specifically ,

for j~ n ,n—l ,.. . ,1, perform the following computations :

r i > j

~~

ii fl k=j+l jk

~~

‘ [A . - 

~ 
‘~~~~ ~

‘
~~k] 

i~j-l,j-2,. . . ,1 (31 )

is thus generated columa by column , f rom the n—th column to the

first and from the bottom to top within each column , as in Fig 2.
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4. Covariance Square Root Filter for 0

In 1964 , Pottez developed a sq uare root f i l ter  implementation for

space navigation applications in which the re was no dynamic driving noise

in the system model , i.e. ~~~( t . )  E 0 fo r all time , motivated by restricted

wordlength in the Apoilo Guidance Computer. For this case, the time propa-

gation in a conventional Kaiman filter would be (neglecting control inputs):

)
~
(t

j+i,
t
i

) ~~(t~~) (32a)

P(t~~1) = 4(tj+i,ti
) !(tp ,~,T(t t) (32b)

By letting P(4) S(4)S
T
(4) and P(tj~ 1

) S( t~41)ST(t1~1), (32b ) can be

rewritten as

[S(t1~1) I [S
T(r.. ) I = [

~
(t i÷i ,ti)!(t~

) ]  [ST (t+)~
T (t t ) i

From this it is evident that the appropriate time propagation relations for

the square root filter would be

t1~1,t1
)c(t~) (33a)

(33b)

Because of his particular application, Potter confined his attention to

scalar measurements. The covarianee measurement update for this case is,

since 5(t 1) is a row vector ,

P(t~ ) = P(t — ) — P ( t ~~)RT (t ) 
1 

T 
H(t

1
)P(t ) 

-

i i H (t )P(t )R (t  )+R(t  )i i 1 i (34Y

Therefore , one can write this as

S(t~)sT (t~) = S(t~~ [I—b(tj)a(tj)a
T(tj)]ST(tj) (35) -

whe re by n— by— i a(t .) and scalar b (t 1) are defined by

a Ct 1) sT t_ 1T (t (36a) -

b ( t 1) 
T (t ) (t ) + R(t 1) (36b)
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Potter showed that the bracketted term in (35) can be factored into

[!_b~~
T] — [I — byaaT][I — byaaT ]T (37)

where ‘b’ is a scalar defined by
1 (38)

i + v c~ -

Substituting this into (35) yields the covariance update as

S(t~~) = S(t ~) [I — b(t~ )~~(t1)a (t~ )aT(t~ ) ]

= S(ç) — b(t
1
)~ (t1)S(tj7a(t1

)aT(t1) (39)

The state estimate measurement update is of the conventional form , but with

the Kalman gain evaluated as [b(t~)S(t~ )a( t~)]. Thus, the measurement update

becomes:

a(t1) = sT t. .R T(t

b(t1) — l/[a T(t .) a(t . )+R(t .) ]

y(t  ) = i/El + /b(t  )R(t  ) ]i ~ (40)
K (t

1
) b(t

1
) S(9)  a(t1

)

c(t~ ) — ~(t~) + K(t
1

) (z
1—H(t1

)c(ç)]

S(4)  = S(t )~~ — y(t j)K(t j )aT (t . )

An equivalent form that is often employed is:

a(t~) s
T
(t )HT(t)

a(t1) 
_
~~~

T(t )a(t )+R(t)

a(t
1
) a(t~) + V(t

i
)

B(t ~~) — l/[a(t1)a(t~
)]  (41)

— 8(t j) [S(tj )a(t i) ]

= ~(t~) +

s(4) = s(ç) 
— 

.a(t~~).~~
T
(t

1)

21



~
- - ~~~~~~~~~~ ;-

~~~~~~~~~~~

_ 
_ _ _ _

Note that , even if S(t1) is lower triangular , S(4) will generally

not be lower triangular when this update fo rm is used. A method that

preserves the lower triangular nature of the covariance square root will

be discussed later.
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5. Vector—Value d Measurements

The preceding section considered scalar measurement updates.

Bellantoni and Dodge3 extended these results to the vector measurement case

by using eigenvalue decompositions , but their algorithm is inefficient for

the typical case in which the measurement vector dimenstion in is signifi-

cantly less than the state dimension n. Andrevs~ also developed an update

that processed an rn—dimensional measurement vector in a single update ,

without requiring diagonalization :

A(t~) sT t~ )HT(t)

— 
C/ T .  

+ R(t.) (42)

+ S(t )A(t~) [E~~ (t~ ) ]TE~~ (t1)

s(t~ ) S(t~) — ~(c)~ (tj)[L~~(tj) ] T[z(ti)+!(tj)]~~~
T
(tj)

This can be seen to be a direct extension of (41), and it is more e f f i —

d ent computationally than the Bellantoni and Dodge algorithm. Processing

a measurement entails a Cholesky decomposition of an rn—by—rn matrix to

generate Z(t 1), (the extension of 0(t 1)) and inversion of two triangular

in-by—rn matrices , E(t~.) and [Z(t 1) + !(ti)].

For tha co.’ariance square root filter, the most efficient  means of

performing a vector measurement update is to employ the Potter scalar

update, (40) or (41) , , repeatedly in t imes. An rn-dimensional measure-

ment vector can always be processed equivalently as in scalar measurements.

If R(t
1
) is diagonal,~~e m components can be treated as independent measure—

ments and processed sequentially. If R(t i) is not diagonal , the procedure

is somewhat more complicated. First the Cholesky decomposition of R(t~) is

computed , yielding ~‘R(t)~~ as a lower triangular matrix. Then a transforma-

tion of variables is used to convert -

23
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z(t~ ) H(t
1
)x(t.) + v(t

1
) (4 3)

into
*(t) H*(t) (t

1
) + v*( t )  (44 )

where

Rçt 1) z*( t )  = z (t
1
) (45a)

‘
~R(t1

) H*( t )  = 1(t
1
) (45b)

~‘R(t~) v*( t )  — v(t~ ) (45c)

Note that (45c) implies that v*(. , .)is a unit power white Gaussian noise,

i.e., E(v*(t1)v*T(t1)} I, since

E{v(t
1

)vT(t~ ) } = R(t 1) — E{9’R(t
1
) v*(t1)v*T(t1) ~

1R(t1
)T}

~~~t1) E{v*(t1)v*T(t1)} ¶~R(t1
T

Thus , the components of z*(t~ ,w .) z~ can be processed one at a time

sequentially . Moreover , (45a) and (45b) can be solved to yield and

H (t1) by simple back substitution rather than matrix inversion, because

C
~~~~~ ( t )  is lower trian gular and thus the j—th component of is a linear

cou~ ination of the first j components of z~ .

As noted in the previous section , the S(4) matrix generated by these

update forms is generally not lower triangular, even if S(t ~ ) is.
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6. Covariance Square Root Filter for 
~ 0

If dynamic driving noise enters the system model , the conventional

Kalman filter propagates the covariance matrix from one measurement time

to the next by means of:

— !(t1~1~
t~ ) !~(4)~~~~

T(t~~+1 •t1
) + .c~(tl)9d (t l)Q~(tl) (46)

where this might be an equivalent discrete—time representation of a continu-

ous—time system with sampled output (in which case ~~~(t1) I). Nov we

wish to develop an analogous recursion to yield S(tj+1) in terms of

It would be desirable to generate a lower triangular S(t
~+1) since then

onlyl/2 n(n+l) elements would require computation rather than n2.

One means of achieving the desired result is called the Matrix RSS

(Root—Sum—Square)’°rnethod:

x (t~~1) — ~(t1~1, t1)s(t~) 1
P(ç~1) — ~~(t 1~1

) x
T

t + [
~~
(ti)~~

(tj)~~
(ti

)]

S(t1~1) — ~P(t~~1) J

This method actually computes P(t
~+1) and then generates S(t~+1) as its lower

triangular Cholesky square root. Although this is a rapid method, it does

suffer in having only the same numerical precision as the conventional filter

time propagation. Nevertheless, since it is the measurement update and

not the time propagation that causes the critical numerical problems in the

filter, (47) may well be acceptable for many applications.

The ~ ther means of establishing the time propagation relations is called

the Triangularization Method~ In Section 4, the desired result (33b)

was established by writing both sides of the covariance propagation (32b)

in terms of a factor times its own transpose, and then equating the m di—
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vidual factors. Let us attempt to apply the same logic to (46). Assume

that the square roots of P(t~) and ~~ (t~ ) are available: for and 2d
(t j)

for all t~~, a Cho lesky decomposition could be used , and for P(t~ ) in general ,

assume the square root has been propagated and updated by the filter algo-

rithm. Thus, we have:

P(t~) — S(t~) S
T
(4) (48a)

= ~~~(t 1
) ~~~(t~~) (48b)

Note that S(t~) need not be lower triangular (important in 
view of the

• preceding section). Equation (46) can, therefore be written as

P(t~~1
) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + 

~~~
(t j)

~~~
(t

i
)
~~~

(t
i

)
~~~

(t
1

)

(49)

Now it is desired to find the propagation equation for the square root of

to find the relation to yield S(t141) such that

is equal to the right hand side of (49)~
One such matrix would be ~(tI+1) defined by

— [$(t
1~1,t1)S(t~) ~~~(t1

)~~~(t1
)]  (50)

However, if S(4) is n—by—n , then [j(ti+1,tj)S(4)] is n—by—n and

is n—by—s, so 
~
(t
~+1) would be an n—by— (n+s) square root

of P(t
~+1). Stnce this type of square root increases the dimension of the

covariance square root matrix for each propagation interval, it must be

rejected as computationally impractical.

However, this does in fact provide a fruitful insight. If 
~
‘(t
~+i
)

is a square root of P(t
~+1),  then so is (~(t~~1)T] if T is an orthogonal

(n+s)— by—(n+s) matrix, i.e. T T
T 

= i , since

26
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T-T - TS(t ~~~1)T T S (tj .,.1
) — .~

(tj+1)! (tj41) (51)

Therefore, if an orthogonal matrix T can be found such that

T — [s(t ~4~) o ]  }n rows (52)

n columes a columns

then in fact an n—by—n square root matrix S(tj+i) will have been found which

satisfies the desired relationship. If, in addition, this S(t
~÷1
) were lower

triangular, the result would be especially advantageous. Two methods
n
of

generating such a S(t
~+1

) ,  kn own as triangularization algorithms, are the

• Gram—Schmidt orthogonalizatio~ ’~procedure and the Nous eholth* transformatioz~

technique. Note that the same procedure could also be applied to

P(4) — ~~~~~~~~~~~~~~~~~~~~~~~~~ +

or

P~~(t~) — P 1(t~~ +

for vector measurement updates; the latter of these will be discussed

subsequently.

First let us demonstrate that the Gram—Schmidt procedure yields the

desired result. Let ek denote the n—dimensional vector composed of all

1 2  azeroes except for a one as the k—th component, so that e , a , • . .,  a

kform the standard basis for n—dimensional space. Then [s (t1+1)e ] is

just the k—th colusri of S (tj+1) ,  of dimension (n4s):

I i • 1
— a~

1
~ 

~ 2 i 

~(n+s ) rows (53)

n columns

27
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where
..~l —T 1s

~~2 -.T _ 2s = S (t
j+1

) e
(54)

n —T n
S

Construct the orthonorinal basis vectors b1 b2 
..., t? (each of dimension

(n+s)) by the Gram- Schmidt procedure as:

unit (_ 1)
2 ~~2 ...2T 1 1

b — unit (s — Es b lb ) (55)

= unit ( 3 
— [~~

l3T
b
l ]b1 — (~~

3T
b
2 ]b2)

If P(4) is positive definite, then 
4
~
T
(tI+l) is of rank a, so a such orthog-

onal unit basis vectors can be obtained. Now the desired orthogonal traris—

formation matrix T can be defined as the (n4s)—by—(n+s ) matrix

T — [b
1 b2 ..., ~~~~ ~~~~~~~ . . .,  ~~~~~ (56)

1 2  a -where b , b , . .. ,  b have been computed as in (55) and the remaining s

n+l n+scolumns, b , • . . ,  b , are additional orthogonal unit basis vectors of

(n+s)—dirnensiotial apace. However, it will be shown that they do not have

to be computed to obtain S(tj~1). 
so their generation will not be specified

explicitly.

T “TAt this point, T S 
~c+1~ 

can be written as 
-
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~ 
•~~~~~~~~~~~~

— bl T 1  

~~~~~

,

b2T
~~~~~

TT 
~

T
(t

_
) - I i 2 a

~~~~ H
[ b~~gl ... 

-

b2 T l  b2T
~

2 ...

— : .~~ ( 57)

I nT~.l nT—2

b(
~~

s)T
~
l b (n+s)T

~
2 ...

However, since the rank of V(t
~+1) is n and {b 1 b2 . . .,  span its

range space while {b~~
1
, . . .,  b~

’
~ ) are orthogonal to this spanning set , it

follows that the last s rows in (57) are all zeroes. By the manner in

which the basis vectors were chosen, it is also true that

bkT
~~i _ O  k> j

by the same reasoning. Thus, (57) becomes

T~
1T

~
1 blT

~
.2 

~~~~ b
1T

~~~1
• 

~~~-. 2T..2 2T._n !
‘. b  S ——— b e  a rows

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ b~~ a~~f
TS t~— L _____________ 

}srows
-~~~~~~~~~~~~ 

-
~~~~~

n columns (58)

The upper n—by—n partition of this matrix is just the ST
(tj +l) we have been

seeking, so that S(t
~+1) is in fact an n—by—n lower triangular matrix:

29
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-

- lT.~l -‘b a— —  .. 0
lT=2 2T.~.2’ ’.. — 

-b s  b s— — — —
— t (59)

lT~.,n 2T.,n aT a -Lb s b s -—— b

An efficient computational form of the Grain—Schmidt orthogonalization

called the Modified Gram-Schmidt (M)~~ algorithm has been shown to be

numerically superior to the straightforward classical procedure , i.e.

• less susceptible to roundoff errors. Moreover, it requires no more arith-

metic operations than the conventional Gram-Schmidt procedure, uses less

storage, and has been shown~to have numerical accuracy comparable to

• Householder and Givens transformations. Generation of S(tI+1) through this

recursion proceeds as follows. Define the initial condition on A1~, an

(n+s)-by-n matrix, as

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~(tj).~~~(t4)]~~~ (60)

Notationally let Ak denote the j—th column of Ak Perform the n—step

recursion , for k l ,2 ,... ,n:

a ;~~
T

~~~

r
j — k

(61)
~ [ (l Ia’5 

~‘~J 4 j  — k+l ,. .. ,n
— — C

kj
[(lfa’5

~~~
] j — k+l,... ,n

Note that on successive iterations, the new ~~~ vectors can be”written ovez~
’

the vectors to conserve memory. At the end of this recursion,
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— cT (62)

Notice that the computational algorithm never calculates or stores T

explicitly in generating S(tj+i).

A Householder transformatior~ can also be used to solve (52) for

the square root matrix S(t +1). Conceptually , it generates T as

T _ T n T (n 1) ...
where is generated recur sively as

k k k k T• T 1 — d  u u

with the scalar dk 
and the (n+s) —vector defined below. 1~owever, the

kcomputational algorithm never calculates these ‘F ‘a or T explicitly. The

initial condition on the (n+s)—by—n Ak is -

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 2d(ti)~~ (ti
)] Tj (63)

Again, letting represent the j—th column of Ak, perform the n—step

recursion, for k’l,2,.. . ,n:

~~ - ~: ~4k~
2 sgn 

~~kk ~

d = k k  ka ( a

( 0 , j < k

j - k  - 
-

- L
~4k 

, j  — (k+ l ) , . . . ,  (n+s) (64 )

0 j < k  I
y~~= 1 j — k

dk ~I~T 4 , j  — (k+1),. .., n
k+l k k k T

~ -~~~~
- •~~i:
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At stage k, the first (k—i) columns of A
k are zero below the diagonal of the

upper square partition, and has been chosen so that the subdiagonal elements

of 4(
k+l will be zero . After the a iterations of (64) .

A~~~~~~ =[~~~~~~~

J ~
and then S(t +1) is generated as

s(~~ )
— 

t~41 — 
(66)

The Householder triangularization requires 1/6[4n3 + 6n2(s+1) + 2n]

multi plies , l/6[4n 3 
+ 6sn2 + 8n] adds, a divides, and a square roots.

This is 1/6 [2n 3 
— 8n] fewer multiplies and l/6[2n3 + 3n2 — lln] fewer

adds than required by the Modified Cram—Schmidt algorithm. However , the

MCS algorithm becomes slightly more precise numerically as the residual

size increases, and thus is a viable alternative.

A Householder transformation method has also been proposed for

performing measurement updates.~ However, this has been shown to be equiva-

lent to the Potter method described previously, but not as efficient

computationally.’

Thus, the covariance square root filter (Potter filter) algorithm can

be specified as follows. The propagation of the state estimate from one

sample time to the next is given by (33a). Covariance square root -time

propagations are calculated by means of the matrix RSS method (47), the

MCS algorithm given by (60) to (62), or the Householder transformation

as in (63) to (66).  Of these , the latter two are preferable since they

are more accurate numerically than the computationally efficient first

32 
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method, and numerics are the basic motivation for square root forms. Measure-

ment updates would be processed through m iterations of the Potter algorithm

(40) or (41). If the R(t~) matrix is not diagonal , the transformation of

variables given by (43) to (45) must first be performed.

One significant drawback of the covariance square root filter just

described is that the triangularity of the square root matrix is generally

destroyed during the measurement updating. Consequently, all n2 elements

must be computed and stored. A more recent method developed by Carlson

provides substantial improvement in both computational speed and required

storage by maintaining the covariance square root matrix in triangular

form. By doing so, only n(n+])/2 memory locations need be allocated for

and the product [
~
(t
~+1,t1)S(4)] for the subsequent time propaga-

tion requires only half the usual number of computations.

Like the Potter measurement update, the Carison algorithm processes

vector measurements iteratively as scalars. Therefore, consider the general

square root solution to ( 3 5) :

S(4) — 5(ç) [I_b(tl)!(t~)~
T(t~) ~

l/2

— S(t~ ) [I_ ~ (ti)~
T (t j )/ d (t j ) ]l/2 (6 7)

where, for convenience, d(ti) has been defined as l/b(t ~ ) .  Assuming S(t )

to be upper triangular, we seek a matrix (1_ ~(ti).~
T(tl)/d(ti

)]L~
2 
such

that the S(4) computed in (67) is also upper triangular. The choice

between upper and lower triangular form is arbitrary, governed by selecting

either forward or backward recursion algorithms for the Cholesky , Householder,

and Gram—Schmidt procedures. Upper triangular forms are motivated to some

extent by state vector partitioning, as discussed by Carlson .
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The desired square root matrix is in fact derived by means of an

analytic Cholesky decomposition , and can be expressed as

lb a
1 a

1 a1 1 c1

b 1 0 a2 “ a 2 c
2 . 2
.
. o : 

•

a

— 
b [ O j

where a.k is the k—tb component of a(t ~ )~ and bk and c k for k 1 ,2 ,... ,n

will be described presently. However, the computational algorithm neither

computes this square root explicitly nor requires a matrix multiplication

as in (67) to generate S(4). The algorithm is initialized by setting

the scalar d0 and n—vectors and ~ as:

— R(t~)

e Ø (68)

-

and iterating for k~1,2,. .. ,n on:
~1

bk 
— (dk l /dk)

1
~
2

C
k 

— 
~~i(d~~ldk

)U2 (69)

_ _ _

In the recursion , ~~ denotes the k—th column of S(t~ ), and both it and

consist of zeroes below the k—tb element. After the a iterations, S(4)
is produced as

34
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S(4) — (S~ 4 (70 )

which is an upper triangular matrix . The state vector update is then given

by 

[~~
t~) -~~~(t) + e { [ z~ ~~!(ti

)i(t
~

) ]/ d
~
} (71)

For time propagations, Carlson suggested the matrix RSS method, (47),

but with- an upper triangular Cholesky square root as generated in (31)

replacing the lower triangular form in (47). However , the triangulariza—

tion methods could also be employed, thereby sacrificing some computational

speed for increased numerical precision. A Modified Gram-Schmidt algorithm
2

can be written by initializing A according to (60) and then iterating

for k n ,n—l,.. . ,l on:

Skk(ti+l) t’I J~~ ~~
— 
~k~

’5kk(ti+].) (72)
• Sjk(ti+l

) 
~~ j—l,2,... ,(k—l)

- Sjk
(ti+l):Lk J

where “+“ denotes replacement by means of “writing over” old variables.
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7. Inverse Covariaoce Square Root Filter

The inverse covariance formulation ot the cptimal filter is an

algorithm which is algebraically equivalent to the Kalman filter but

has substantially d i f f e ren t characteristics , such as being able to

incorporate unknown initial conditions at d  being more e f f i c ien t  if the

measuremen t vec tor is very large In dimension (m~n). Now we consider the

square root filter analog of such a formulation .

If we define the covariance square root matrix S(t
i
+) through

P(t .~ ) ~ S(t~~ ) S’F(ti~
) (73)

then it is consistent that an inverse covariance square root !
l(t

i
+) be

defined through

P~~ (t .~~) ~ 5 T~~ +
~ S~’(t~~ ) (74a)

where S ’F denotes [~~~ ]T 
= (5T

1—l Similarly, S 1(t1 ) would be defined

through 
-

P~~ (t~~ ) ~ 5—T
a ) S~~ (t1 ) (74b)

To develop the inverse covariance square root filter~, first consider

the measurement update equation in the inverse covariance filter:

P ’(t~~) — P~~ (t1 ) + HT (t )R
_ l

( t ) H(t ) (75)

Using (29) and (74) , this can be written as

P~~ (t1~ ) = f
T
(ti )f~ (ti

_
) + ~~~~~~~~~~~~~~~~~~~~~~~~ (76)

We now seek an update relation for f~(ti
+) such that {E S~~ (t~+)] T

[f 1(t1
+) ] )

is equivalent to the right hand side of (76). One such matrix would be

the (n4m)-by-n matrix r—

- 
_~~~~ i_ L_ (77)

L! (t1) E(tj)J
36
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As in the previous section, such an ~ (t~ +) would be unacc eptable due to

the increasing matrix dimensions it would cause. However, if an

orthogonal matrix T can be constructed such that

S~~(t 
+) ) n rows

TTrl(t 
+) — 

(_ L—— L o J ) m r o w s

or

— [s ’F (ti~)i 0] (78 ’)

then the resulting n—by—n ~
_
~(ti

+) is the desired square root matrix.

In analogy to the previous development, it could be especially beneficial

if the S~~(t~
+
) so generated were upper triangular. Either the Modified

Gram—Schmidt orthogonalization procedure or the Householder transformation

algorithm can be employed to solve for the desired .~
_l
(ti
+), and this will

be developed in detail after the state estimate is discussed.

In its operation the inverse covariance filter does not

compute a state estimate directly, but rather

j (t
1

) ~ 
‘(t i ) ~ (t~~ ) (79a)

~ 
P~~(t~~) Q( ti~) 

(79b)

which are related by

— 2.(t~~~ ) + !‘F(t i)!T1(t~)!j (80)

Analogously, the inverse covariance square root filter does not generate

an estimate of the state explicitly, but instead calculates

a(t 1 ) ~ S~~ (t~~ ) ~(t~~) (81a)

and

~ S~~(t~~) ~
(ti~
) (8lb)
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The update relationship between these estimates can be shown to be

n rows { ]‘

~(t j~)1 
T ~ ~~(t~~~) 1~ n rows

I — T  (82)
rn rows { 8(t

1
) — 

! 
(tj)z

i 
I m rows

where T is the same orthogonal matrix as in (78), and 8(t1) is an

rn—dimensional vector (the residual after processing the measurement,

t.~i_!(ti)~ (ti
+
)J) that need not be calculated. Since the first n rows

of TT are the result of an n—step Gram—Schmidt or Householder process,

can be computed without knowledge of any additional portion of

than that generated by either of the triangularization algorithms discussed

previously.

The Modified Gram—Schmidt (MCS) measurement update initializes an

k k(n+m)—by—n matrix A and an n—vector b as

+ r S ’(ti )lA1 = r1(t 1 ) — I —:i~ I (83a)

LV (t j)R(t~~~
J

~~~~~~~ = 0 (83b)

Then an n—step recursion is performed that is identical to (61) except

for two additional equations for eventual generation of ~(t j+); for k—l ,2 ,. .. ,n:

a’~~~/~~T4

fO j —
C — 1 k
kj j k

[(i/ak) ~~ ‘FlA
k 

j — k+1,...,n

ek [(i/a k ) ~~ T~~k (84)

— - Ckj
[ (l I a k)~~~] j  = k+l,...,n

k+l k k k kb — b  — e  [ (l/a )~~~] 
_ _ _ _
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At the end of this recursion,

- C

• a()~~ -
I 7

A Householder measurement update can also be employed. The

(n4m)—by—n matzix Ak and (n+m)—vector b1’ (note the different dimension

on b~5 are initialized as in (83). Subsequently an n—step recursion

identical in form to (64) except for auxiliary steps to calculate

is performed~: for k —

— ~~ [A~~3
2 

sgn
j uk

- 

d’~ 
a
k(ak + A~~)

j< k

u~~~~~ a
1C +~~~~ j k

- (. A~
’
~ - 

j — k+l,...(nl-m) 1
ço j< k

k
y ~~l j- k

(86)
I d u  ~~~

k k k T ke a u  b 
-

k+l k k.kT
~~~

k+l k kkb — b  — u e

After the n iterations of (86), ~~~(t1
+
) and &(t1

+
) are obtained from:
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A~~
1 

=

- (87)

~~~— L~t .) I- 1 --J

For time propagations in which the dynamic driving noise is

s-dimensional , 5 scalar recursions analogous to the Potter measurement

update in the covariance square root filter are performed. Thus

is assumed diagonal , perhaps after a change of variables , and the effects

of ~~
(. , •) are incorporated component by component. Letting 

~~k 
be the

k-th column of 2d(t.) and 
~dk be the k—th diagonal element of g~(t~), the

algorithm becomes, for k — 1,2,... ,s:

-i +a(t1) — S (t~ 
)

b(ti
) l/ [aT(tj)a(tj) + {l/Q dk

}] -

— 1/ E l  + / b(ti){i/Qdk}]

— b(tj)aT(tj)S~~(t.
+) 4(t1,t1~1

) 
(88)

— ct(t~~) — b(t.)i(t
1

)a( t1)a’F(t~)cz (t~~)

~~~ (t~~ 1) — 
S~~(t.)~~ ~~

ti,tj+1) — ~(ti
)a( t.)&T(tj)

Note the order of the time indices on the state transition matrix and

that 4(t
~
,tj+1) — ~~~(t141,t1). After the first of the s iterations of

(88), ~~
tj,ti+1) is replaced by the identity matrix. In analogy to the

covariance square root filter, a Householder transformation has also been

proposed for perform ing the time propagation, but it has been shown to be

equivalent to, •but less efficient than, the Potter type algorithm given

in (88).
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Thus, in the inverse covariance square root filter, measurement

updates are conducted in vector form through a triangularization procedure,

and time propagations involve iterative applications of a Potter-type

scalar incorporation algorithm. This is in direct opposition to the

covariance square root filter. As a result, its time propagations are

more efficient than those of the covariance square root filter for the

typical case in which the state dimension is much greater than the

dynamic noise dimension s. On the other hand, its measurement update

• is more efficient only when the measurement dimension w is considerably

greater than n. Although most applications have shown the covariance

square root filter to be more efficient computationally, there are

circumstances (m>)n>>s) under which the inverse covariance square root

formulation is preferable. Section 9 will compare the various forms

explicitly. -
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8. U—D Covariance Factorization Filter - - - -

Another approach to enhancing the numerical characteristics of the

optimal filter algorithm is known as “U—D covariance factorization.”

Rather than decomposing the cov’ariance into its square root factors

as in (26) and (27) this method expresses the covariances before and

after measurement incorporation as

P(t
~~
) — U(ti )D( t1 )UT(t1 ) (89)

P(t1~) — !(t~
+)~ (t~

+
)!!~
T(tj

+) (90)

• where the U matrices are upper triangular and unitary (i.e., ones along

the diagonal) and the 1) matrices are diagonal. Although covariance square

roots are never explicitly evaluated in this method , this filter algorithm

is included in this chapter because: (1) UD 1”2 corresponds directly to the

covar iance square root of the Carison filter in Section 6, and the

Carlson fil ter in fact partially motivated this filter development, and

(2) the U—D covariance factorization filter shares the advantages of the

square root filters discussed previously: gw~ranteeing nonnegativity of

the computed covariance and being numerically accurate and stable. (Merely

being a square root filter is not a sufficient condition for numerical

accuracy and stability, but the algorithms discussed previously do have these

attributes.) Like the Carlson filter, triangular forms are maintained so

that this algorithm is considerably more efficient in terms of computations

and storage than the Potter filter. Though similar in concept and computa-

tion to the Carison fiitet , this algorithm does not require any of the

(nm+s) computationally expensive scalar square roots as processed in the

former.
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Before considering the filter algorithm itself, let us demonstrate

that, given some P as an n—by—n symmetric , positive semidefinite matrix,

a unit upper triangular factor U and diagonal factor U such that P — UD u T

can always be generated. Although such U and D matrices are not unique,

a uniquely defined pair can in fact be generated through an algorithm

closely related to the backward running Cholesky decomposition algorithm,

(31). This will be shown by explicitly displaying the result. First, for
the n—th column

D - Pnfl flu

~ 
_ fl i — n  (91a)

~~ ~P~~/D~~ I n-1,n-2,.. .1

Then for the remaining columns, for j — n—l ,u—2 ,... ,l, compute:

Ti

D -P - ~ D U
~~ k—j+l kk jk

• (9lb)
(0 i > j

n - i — i

k—j+l 
Dkk Ujk UJkJ/DJJ i — j— l , j— 2 , . . . ,l

This is useful for defining the required U—D factors of P and the 0 time
r —

~~0

history for a given application.

• To develop the filter algorithm itself, first consider a scalar

measurement update, f or which R(ti) is 1—by—n . For convenience, we drop

the time index and let P(ti ) — !T~ P(ti
+) — ~f , and so forth. The

Kalman update

P
+ • P

_
_ (P

_
EI)!(HP

_
)— — —— a —— (92)

a HPTh’F+ R

can be factored as

U
+
D
+
U
+T 

- ~~

-

~,
-

~~
-‘F 

- .~ ~~
-

fl~u~
TflT) H ~J ~~~~ 

-T

- 
— !1 (

~~
• - •~ (D~ f THT) (D

_
lf THT)T]t(T (93)

43

— —-- -  - -
~ --~~~ -•



— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~
•
~

-
~~

-
~~~~

——--—- —

Defining the n—vectors f and v as

(94a)

v — U f i.e., V

j 

— ~~~~~ , j  = l,2,...,n (94b)

• and substituting into (93) yields

U+D+U+T 
- ~~~~ ~~~

- 
- 

I. ‘F ]~~ T

Now let U and U be the U-D factors of ( - 1 
~ v

T
i:

UUU T [D~ - 
1
~~~~

Tj (96)

so that (95) can be written as

U~D~U
4’F - [U~~ ]

~ [~~.

_ U IT (97)

Since TJ and U are unit upper triangular, this then yields

u 1 3  (98a)

U (98b)

In this manner , the problem of factoring the Kalman filter measurement

update has been reduced to the problem Of factoring a symmetric matrix,

[U — A v v’F] into 11 and U — D~ . These factors can be generated ~ 
-

recursively by letting a0 — R and computing, for j—l ,2,...

2
a~~~~Z D,, f~ + R
~ k—i

D — D  a /a
ii ~j  i—i  ~i 

- (99)

— 1~ii 
f~ f~ /a~ _1 I = 1, 2-, .. .  ,j-i

Uij =1 1

~ 
0 i — j+l, j+2,...,n
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Thus , [D I 
~ ~

T
i is scanned and U is generated column by column , as

depicted in Figure 3. The validity of ‘the terms generated in (99) can

be demonstrated by substituting them into (911 and showing that the resulting

[P~~] matrix is In fact

The scaler measurement update for the U—D covariance factorization

filter can now be specified. At time t~ , U(t~~) and D( t1 ) are available

from a previous time propagation (to be discussed). Using the measurement

value z~ and the knows 1—by—n H(t1) and scalar R(t1),  one computes

i• _ uT(t~~~HT(t
(100)

a -R0

Then, for k — 1, 2 , . . .  ,n, calculate the results of (99), but in a more
eff icient manner as

ak ak l +fk
v
k 1

D~~(t~ ) — D
~~
(ti 

) ak l /a.
~

bk
+v

k

p ..f / (101)
k k ak_l

• Ujk
(ti~~ 

— U
ik

(t i ) + b~ ~k 1. ~ — 1,2,... ,(k-l)
b~~4- b~ + U

Jk(4
)vk J

In (101), “÷“ denotes replacement, exploiting the technique of “writing

over” old variables for efficiency. For k—i, only the first three equations

need be processed. After the a iterations of (101), !(ti
+) and D( t1

+) have

been computed , and the filter gain K(t~) can be calculated in terms of the

n—vector b made up of components b1, b2, ..., b computed in the last

45
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iteration of (101), and the state updated as

EK t ) - b/a 
-- 1I i — n  (102)

~~~ ~ (t)~~~ + !~
(t 

~
.
) ( z

~ 
— H(t~)~ (t .)] I

Vector measurement updates would be performed component by component,

requiring a transformation of variables as in Section 5 if R(t.) is not

originally diagonal.

• The time propagation of the U—D factors employs a generalized Gram—

Schmidt orthogonalization to preserve numerical accuracy while attaining

computational efficiency~~ Given the covariance time propagation relation

— ~(ti+l,ti
)P( tj

+)~
’F(ti+l.ti

) + t i)9d (t i)
~ ’F(t j) (103)

and the U—D factors of P(t1
+), we desire the factors U(ti÷1 ) and

such that EU(tj+1)D( tj+1 )u
’F(tj+i )] equals the right hand side of (103).

Without loss of generality, 
~~
(ti) is assumed diagonal, since, 

given the

n—by—n matrix [~ (t i)~ (ti)
~’F (t j) ] ,  (91) can be used to generate 2d (t j)

as its U—factor and ~~~(t 1) as its D—factor.

If an n—by—(n+s) matrix Y(t
~+1
) and an (n+s)—by— (n+s) diagonal matrix

are defined as

Y(t
1~1
) — (G(tj+i,ti

)!(t
~~
) ~~(t~)] (104a)

D(t 1~1 ) — L _L......_—~ 1 (104b)

L ~ ~ 9d~ti
’
~i

then it c~tn be seen that [Y(t i+i )
~~

(t i+i )Y ’F(t j+1 )]  satisfies (103) .
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Similar to the devel opment of (~ 3) to (79 ) of Section 6 , the

desired result can be generated through a Gram—Schmidt procedure applied

to Y (t 1+1 ). The only significant modification is that the inner pro-

ducts used in the procedure are weighted inner products: whereas in (55)

the inner product of (a column of ~
‘F (t 1~1 )) and a basis vector was

written as ~5j  ‘F b
k ] here the inner product of (a column of Y’F (t

~~+1 ))

and a basis vector would be written asfy~
’F 
~(t1+l

_
)bk). Wh en an

analogous development is made, D(t .
+) and U( t

1
+) can be identified as, for

j 12 ,...a and k

D~~.(t ~~ 1 ) — [b i ]
T i

~
(t
~+i

)b
~ 

(105a)

U .k (t i+l ) = 
D (~~~~~) 

{(~~]T ~(t1~1 )b 1
~} (losb)

As in Section 6 , the actual computational algorithm is the efficient ,

numerically superior Modified Weighted Gram—Schmidt (MWGS) method. Thus,

- the time propagation relations are to compute Y(t
~+1
) and 

~
(t
1+1

) as in

(104), and initialize xi vectors, each of dimension (n+s), through

~~i ~ 2 = Y’F(t )l (106)

and then to iterate on the following relations for k-n, n—i, ..., 1:

‘F 

(ckj — 
~

‘
JJ

(t j+l )ak~ ; j —l ,2 ,...,n)

Dkk(t j+l ~
— .~~

/Dkk (ti+l ) (107)

U
jk
(ti+l ) = 

T 

j  — 1, 2 , . . . ,k—l
+ - U

jk
(t j+l ~~ J
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As before, “~~~“ denotes replacement, or “writing over” old variables to

reduce storage requirements. On the last iteration, f or k l , only the

first two relations need be computed. The state estimate is given by

— ~tj+l,t j )~(t j+) I _ 

(108)
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9. Filter Performance and Req~4rements

The algor ithms of this chapter have been investigated in order to

implement the optimal filtering solution given by the Kalman filter, but

without the numerical instability and inaccuracy of that algorithm when

processed with finite vordlength. In this section, both the numerical

advantages and the increased computational burden of these filters will

be delineated.

An algorithm can be said to be numerically stable if the computed

result of the algorithm corresponds to an exactly computed solution to

a problem that is only slightly perturbed from the original one. By

this criterion, the Kalman filter is numerically unstable: in both the

conventional and Joseph formulations. In contrast, all of the filters

described in this chapter can be shown to be numerically stable.

The numerical conditioning of a set of computations can be de-

scribed in part by what is called a “condition number”, a concept which

is often used to analyze the effects of perturbations in linear e~ua—

tions . If A is a matrix, not necessarily square, then the condition

number k(A) associated with A is defined by

k (& = 
~Tnax

I’
~min 

( 1OQ)

where ~ 2 and ~ 2 are the maximum and minimum eigenvalues of ATAmax mm — —

respectively. When computing in base 10 (or base 2) ar ithmetic with N

significant digits (or bits) , i~umerica1 difficulties may be expected as

k(A) approaches 10N (or 2N ) •  For instance, if the maximum and minimum

number s of interest , a and a , were 100000 and 000001 (in base 10max m m
or 2) ,  then to add these values together and obtain 100001 without n’i—

merical difficulties would require at least 6 significant figures (digits

50
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or bits) . But ,

k(P) = k(SST) — [k (S )] 2 (110)

Therefore, while numerical operations on the coyariance P may encounter

difficulties when k(P) — 1QN (or 2N) ,  those same numerical problems

would arise when k(S) — lcf~
’2 (or 2N/2) according to (110): the same

numerical precision is achieved with half the wordlength.

RXA)~~LE

This example and the next illustrate the improved numerical
coüditioning of the square root filters. To simulate roundoff, let
e << 1 be such that

i +e P l

1 + e2 ~ 1

where “i” means equal due to rounding. Consider a scalar measurement
update of a two—state problem, with

- 

P(t~) = [~ ~
], R(t

i
) — [1 0], R(t1

) — e~

and compare the computed results of conventional filters and those of this
report. Note that

P(Vj) = ~~~(tj ) — ~~(t~ ) — !‘(t~
) — ~~(t~~) — 2(tj )  — I

and that the exact covariance P(4) for this example is:

— [e
2/(1 + e2) 

0]

The computed results are:

(a) Conventional Kalman 
P(tt) £ [~ ~](b) Joseph Form Kalman + r r e2 o]
P(t~) — L O lJ

• - (c) Potter Covariance Square Root 
~~ ~~~~

-‘
~ ~ le 01

~~~~~~~~ ~o ij
(d) Carison Covariance Square Root s(t+) r fe 01

- i  L o u
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(e) Inverse Covar iance p l(t+) 
r r~’e 0

— i L° 1

(f)  Inverse Covariance Square Root S~1(t~~ ~ [
~,
e 01

(g) U—D Factor r [1 01
—‘i’ LO lJ

D(t~) 
£ [e2 o]

-
~~~~~~ L O u

For this example, all but the conventional Kalman filter yield non—
singular and nearly exact answers. Although the difference between 0
and e2 in the upper left element of P(tt) may seem insignificant, it
can have grave consequences. For instance, assume no dynamics and let
a second measurement of the same form be taken. The gain K computed by
the conventional Kalman filter would be

K(ti~) = P(t t) H(t 1) / (R(t1)P(t~)B’F (t1
) + R(t

1) J

— [~]/E o + 1.~ — J~]
whereas the correct value is

K(tt~) 
e2 

~~ 
e2 + e2} ~ ~ Ill

— 

l + e2 10]! tl+e2 LOJ
as would be calculated correctly by the Joseph form in this case.

EXAMPLE

Consider the same problem as in the previous example, but• let H(tj)
be [1 1] instead of [1 0]. In this case, the exact answer is

+ 1 r l + e2 -11P(ti) = 

~ + e2L —l 1 + e2J

The computed results are:

(a) Conventional Kalman P(tt) £ 
~~ 

[~ 
—

~~~~

(b) Joseph Form Kalman 
~. ~.P(tt) £ 

~ [_‘ -
~]
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(c) Potter Covariance Square Root + e//i 0
S(t~)~~~ I
— i 

L—l+ e//2 l+e/f2

• (d) Carison Covariance Square Root re —1/12]
S(t~)~~~ f I~ Lo uI/2 J

1 ~~ r l  t— -t
(e) Inverse Covariance P (t ) --- ~1 11- 

e2 [i lJ

(f) Inverse Covariance Square Root S~
l(t+) £ .

~
[_i — 11

- 
— i eLo e/~J

(g) U—D Factor 
13(t4) ~ fi —ii
— i Lo lJ

• D(t~) [e
2 

~]In this case , only the square root and U—D implementations yield non—
singular results. Such singular P(tt) or P 1(4) matrices would again
yield a zero gain K if a second measurement of the same form were processed,
while the square root and U—B factor filters compute a gain which is nearly
exact. Moreover, even though S~S ~, U, and D are non—singular, the
associated value of P(tt) or P ’(tt) found by multiplication would be

rounded to a singular matrix; thus it is better not to perform such
computations explicitly, and the t ime propagations based on triangular—
ization are to be preferred over the RSS method which performs such
multi plication. ~~

The improved numerical characteristics of the square root and U—B

factorization filters are achieved at the expense of increased computa-

tional burden. Letting n be the dimension of the state vector x , s be

the dimension of the dynamic driving noise w, and m be the dimension of

the measurement z and its corruptive noise v, we now determine the number

of mathematical operations required by the various filters, assuming that:

1) all implementations take advantage of symmetry and zeros as

they appear in general forms

2) R( ti) and 
~~

$t
i
) are diagonal

3) the inverse covariance and inverse covariance square root £ ii—

term generate explicit state estimates, Ic(tj) and j (t~).
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Table 1 presents the number of operations for one time propagation and

one measurement update required by

1. Kalman Filter — with conventional and Joseph form measurement

update

2. Potter Covariance Square Root Filter — with MCS and Householder

time propagations

3. Carlson Covariarice Square Root Filter — with Matrix RSS and

MGS time propagations

4. Inverse Covariance Filter

5. Inverse Covariance Square Root filter (MGS update)

6. U—fl Covariance Factorization Filter.

• This table can be used to project the computation time required by each

filter formulation for a given application. Note that if, instead of

assuming 9d (t.) to be diagonal , we were to assume that the n—by—n

or the n—by—s [
~~
(tj)~~

(ti)] were known, 
there would

be l~ ns (n + 3) f ever multiplies and 7~ n (n + l)(s — 1) fewer adds in

filter forms 1, 3 with RSS time propagation, and 4, or ns fewer multiplies

in forms 2 and 3 with MGS time propagation.

EXM~ LE

To pu t the algebraic expressions of Table 1 into perspective,
Table 2 presents the number of operations required for one time propa-
gation and one measurement update for the case of n — 10, S 10, and
in — 2. The noise dimension s was intentionally set equal to n to cor-
respond to the n—by—n [~~ (t )9,d(t )~~

(t )] being of full rank, typical
of an equivalent discrete—dine mo~el. +he last column in Table 2 por-
trays computer time required for one total filter recursion, neglecting
the computations associated with the various subscripting and storage
operations for each filter (roughly the same for each), and using single
precision instruction times typical of the IBM 360 and some smaller state—
of—the—art computers:

time for addition = 2.7 iisec
tine for multiplication — 4.1 psec
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Table 1 Operations Required for One Time Propagation
and One Measurement Update

• ADDS MULTIPLIES SQUARE
FILTER (all times 1/6) (all times 1/6) DIVIDES ROOTS

• Conventional 9n3+3n2(3m+s—l) 9n3+3n2(3m4s+3) 0
Kalman +n(15m+3s—6) +n(27m+9s)

Joseph Form 18n3+3n2(5mfs—lO) l8n3+3n2(5m+s+4)
Kalman +n(9m2+5nrJ~3s) 9m2+24m+9s) 2m-l 0

+3m3-6m2+3m +3iu3+9m2-6m

Potter Coy ~ 12n 3+3n2 (6in+2s) 12n 3+3n2(61nf2s+2) n+2m n+m
(MGS) - +n(6m—6)+6m +n(24m+6s)+l2m

• Potter Coy V 10n3+3a2(6mf2s—l) 10n3+3n2(6m+2s+2) n+2m rm+m
(Householder) +n (6m#5)+6m +n (24m+6s+8)+l2m

Carlaon Coy V 5n3+3n2 (3mfs+l) 5n3+3n2 (4m+s+3) 2mn+s inn+s
(RSS) +n(9m+3s—]4)+2s 3~4~ +ril(30m4-9s—2)+2s3

+6s2_2s

Carlson Coy V 9n3+3n2(3a4-s—l) - 9n3+3n2(4mn+s+2) 2mn+s mn+s
(MGS) +3n(3imp4-3s—8)+2s3 +3n (l0iipf5s—7)+2s3

+6s44~ +12s2+4g

Inverse 10n3+3n2(mn#3s+2) lOn3+3n2(ii*3s+6) 2s—l 0
Covariance +n(9m+9s—16) +n(l5m+2ls—lO)

Inverse 9n3+3n2 (2~~6s+5) 9n3+3n2 (2~~6e+6) 2n+2s n+s

______________ 1~~~~~
68_6) l2m424s+3)+6s

U-D 9n3+3n2(3m+2s+2) 9n3+3n2(3m— 2s+7) n(mI-l)—l 0
Factor +3n(~ *1) +3n(m+4s—4)—6s
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Table 2 Operations for One Total Filter Recursion;
n — $ — 10 and in — 2

SQUARE TIME
~~kTER ADDS MULTIPLIES DIVIDES ROOTS (Millisec)

Conventi~nal 2340 2690 2 0 17.36
Kalman

Joseph Form 3631 4498 3 0 28.27
Kalman

Potter Cow ~r 3612 3884 14 12 26~.49(MGS)

Potter Cow V’ 3247 3564 14 12 24.19
(Rouseholder) -

Carlson Co-v V 2080 2560 50 30 18.24
(RSS)

Carlson Co-v V 2830 3355 50 30 23.53
(MGS)

Inverse 3520 3950 19 0 25.82
Covariance

Inyerse 5080 5455 40 20 37.55
Cov~f

U—B 2935 3330 29 0 21.77
Factor
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time for division — 6,6 ~sec
time for square root — 60 ,0 psec

As can be seen from Table 2, the covariance square root filters
and the U-D covariance factorization filter involve a computational load
greater than the conventional Kalman filter, but not so great as to be
prohibitive. In fact, the increase is less than that caused by employing
the Joseph form of the update equation, which is inferior to these f ii—
ters in performance. Moreover, since the KaLman filter would probably
require double precision operations instead of the single precision
assumed to establish Table 2, these filters are ever, more competitive
with the Kalman filter than indicated in the table.

Of the square root type filters, the Carlson covariance square root
and the U—D covariance factorization filters are the most efficient com—
putationally. The Carison filter with Matrix RES time propagations
requires the least computer time, but this is offset by the degraded
numerical accuracy of the Natrix RSS method. Thus, the U-D covariance
factorization filter would appear to be an exceptionally efficient and
numerically advantageous alternative to the conventional Kalman filter
for this particular application. *
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10. Conclusion

This repcrt - pres ented the concept of square root filters and the

closely relate:I U—fl covariance factorization filter as viable alternatives

to conventiona~ Kalman filters. For a n~dest increase in computational

loading, u,ie obtains optimal filter algorithms equivalent to the Kalinan

- filter if infinite wordlength is assumed, but with vastly superior numerical

characteristics with finite wordlength. From a numerical analysis standpoint,

this is at least as good a solution to troublesome measurement update com-

putations as implementing a Kalman filter in double precision , since the

Kalman filter inherently involves unstable numerics .

Of the covariance square root forms , the Carlson filter is more

efficient than the Potter form computationally, and it also maintains

triangularity of the square root matrices. The U—D covariance factori—

zation f i l ter  is comparable to the Carlson filter and does not require

square root computations. In comparison , the inverse covariance square

root filter is often considerably more burdensome computationally , although

it too becomes competitive if the measurement dimension in is very large .

Chandrasekhar type square root a1gorithis~ have also been reported

in the 1iterature ~. However , these have been omitted because they do not

appear to be computationally competitive with algorithms presented herein

for the nonstationary linear discrete—time estimation problem.
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