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Abstract The classical method for constructing the least fixedpoint of a recursive definition
is to generate a sequence of functions whose initial element is the totally undefined function
and which converges to the desired least fixedpoint. This method, due to Kieene, cannot be
generalized to allow the construction of other fixedpoints.

In this paper we present an alternate definition of convergence and a new fixedpoint access
method of generating sequences of functions for a given recursive definition. The initial
function of the sequence can be an arbitrary function, and the sequence will always converge to
a fixedpoint that is “close” to the initial function. This defines a monotonic mapping from the
set of partial functions onto the set of all fixedpoints of the given recursive definition.
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Manna & Shamir
Introduction

A recursive definition of the form F(x) & 7[FXx) (where F is a function variable and 7 is a
functional) can be considered as an implicit functional equation. In general, such a functional
equation may have many possible solutions (fixedpoints), all of which satisfy the relations
dictated by the recursive definition. Of all these fixedpoints, only one, the least fixedpoint, has
been studied thoroughly; however, recursive definitions have other interesting solutions (e.g.,
the optimal fixedpoint discussed in Manna and Shamir [1976]). By considering the properties of
the entire set of fixedpoints, a unified theory for the various fixedpoint approaches can be

developed.

One of the most fundamental results in the theory of recursive definitions is Kleene’s T heorem
which states that (under suitable conditions) the least fixedpoint is the least upper bound (/ub)
of the sequence Q, r[Q), £2[Q2), ..., where the initial function @ is the totally undefined function.
This theorem gives a constructive method by which the least fixedpoint can be "accessed” from

the initial function Q.

The purpose of this paper is to generalize Kleene’s Theorem so that arbitrary fixedpoints of a
recursive definition can be accessed. This is done by altering Kleene’s access method in three
ways: by allowing an arbitrary initial function, by generating the corresponding sequence of
functions in a different manner, and by introducing a modified notion of convergence.

Part I contains all the preliminary definitions and results. Our, slightly nonstandard, model of
recursive definitions is presented in Section |. In Section 2 we prove some properties of
functionals in this model, and in Section $ we study the elementary closure properties of three
important sets of functions: fixedpoints, prefixedpoints, and postfixedpoints.

Qur generalization of Kleene's Theorem is discussed in Part Il In Section 4, we consider the
behavior of Kleenes "direct” access method for initial functions other than @ . In particular,
we show that this generalized sequence of functions may fail to converge, but whenever it
converges the limit is a fixedpoint which is "close” to the initial function.

More general types of access methods are defined in Section 5. In essence, each such method
defines a sequence of transformations which should be applied to the initial function. These
transformations are defined in terms of the three basic operations: functional application, gib,
and lub. Among the access methods, we pay special attention to the "descending”™ access method.
The sequences of functions generated by this method always converge, but their limit need not
be a fixedpoint.

Finally, in Section 6, we show that under the composition of the “descending™ and “direct”
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Manna & Shamir

access methods, eny Initial function converges to a “close” fixedpoint. We then prove that no
single access method can en joy this property, and thus the composition of methods is essential.
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Manna & S8hamir

I: Recursive Definitions and Their

Part

Fixedpoints
1. The Model

1.1 The Basic Domains

The purpose of this subsection is to introduce the basic terminology about partially ordered sets
used throughout this paper.

Definition:

A binary relation & over a nonempty set S is a partial ordering of S if
& is a reflexive, transitive and antisymmetric relation. The pair (S,5)
is called a partially ordered set (poset).

Definition: Let (S,5) be a poset. For a subset A of S, an element x € S is called:

(a)
(b)
(c)
(d)
()

()

Definition:

leastif x€AandforallyeA ,x6y;
greatestif x € A and forallye A 98 x;

minimal if x € A and thereisnoy € A,y » x for which 9 & x ;
maximal if x € A and thereisnoy € A ,y = x for whichx6 3 ;
lower bound if forallye A ,x69;

upper bound if forally €A ,96 x;

greatest lower bound (gib) if x is a lower bound of A , and for any
other lower bound yof A ,96 x;

least upper bound (lubd) if x is an upper bound of A , and for any other
upper bound yof A ,x6 Y.

A semilattice is a poset (S,6) in which any two elements in S have a

gib. A complete semblattice is a poset (S,8) in which any nonempty
subset of $ has a gib.

Such structures are usually called “lower semilattice” and “complete lower semilattice”. The

il




Manna & Shamir

notions of "upper semilattice™ and "complete upper semilattice” are similarly defined with the
glb replaced by lub in the definition. However, we omit the word "lower" since in this paper we
work exclusively with lower semilattices and no confusion is caused.

Definition: A subset A of S in a semilattice (S,6) is said to be consistent if it has
an lub. An element x € S is said to be consistent with an element y € S
if the set {x,y} is consistent.

Semilattices may contain both consistent and inconsistent sets. The binary relation of being
"consistent with" is clearly reflexive and symmetric, but not necessarily transitive. Note that if
the semilattice is complete, the existence of some upper bound implies the existence of a /ub.
Any subset of a consistent set is also consistent in this case, but pairwise consistency of elements
does not imply the consistency of the set as a whole.

Definition: A sequence xp, X, X3, .. of elements in a poset § is an ascending
(descending) chain if x; & x;, (x5, & x; ) for all . The sequence is a

chain if it is either an ascending or a descending chain.

Definition: A flat semilattice is a semilattice in which all chains contain at most
two distinct elements.

It is clear that 2ny flat semilattice is complete; it contains a bottom element w (which satisfies w &
d for all d), and all the other elements are unrelated. The importance of this structure in the
theory of computation stems from the fact that they represent the two-state discrete type of
knowledge which often occurs during a computation: A variable either contains a well-
characterized value or has an undefined value (if used without proper initialization); an
operation (such as a division of two numbers) may either yield a definite result or terminate as
"illegal”; a procedure call may either return a proper result or loop forever. In all these cases,
one possible extreme is a totally defined entity, while absolutely nothing is known about the
other (besides its very "undefinedness”).

All the basic domains considered in this paper are flat semilattices, denoted by D. Two domains
of special importance are the Boolean domain B = ({w, trus, false), &) and the domain of natural
numbers N « ({0, 0, 1,2, ...}, §).

3 Hek)
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1.2 Higher Type Objects

In this section we inductively define the ob jects of all finite types over the basic domain D;.

The two basic notions used, that of a convergent sequence and that of a continuity, are defined
in a nonstandard way. The classical definition of these notions is heavily oriented towards the
needs of the least fixedpoint approach; we need more balanced definitions in order to construct
a general fixedpoint theory of recursive definitions. In particular, we no longer concentrate on
ascending chains and their {ub, but consider also descending chains and their gib, as well as
more general forms of convergence.

Definition: A mapping ¢ : A » B between posets is monotonic if ¢(x) & é(y) in B
whenever x & y in A.

Definition:  The set of (finite) types is defined inductively as fullows:

() Any basic domain D; is a type; the ob jects of this type are the elements
of D‘

(#) If @y, .., @) are types, 50 is @) x .. X @; the objects of this type are
the vectors (x,, .., x;) where each x; is an ob ject of type o;.

(t5) 1f @,, @, are types, so is (¢, + @,); the objects of this type are the
monotonic mappings from ob jects of type @, to ob jects of type @,.

There is a natural way to extend the & relation to the set of ob jects of any finite type, using the
following inductive definition:

Definition:

(0 If ¥ m(x), ., x) and § = (y), .., 5)) are objects of type #; x .. X @),
then X & j iff for all 1 si < &, x; & y; as ob jects of type @;.

(#) 1f x and y are ob jects of type [0, -+ @;), then x & y iff for any fixed
ob ject z of type @, x(z) & z) as ob jects of type @,

It is easy to see that the set of objects of any finite type is a complete semilattice under this
relation.
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The notions of a convergent sequence and limit are usually identified with those of an
ascending chain and lub, respectively. Our definition of these notions is more inclusive:

Definition: A sequence of ob jects {"j} of some finite type @ is said to converge to
the ob ject x,, of type @, written as x,, & ltm{xj}. if:

(f) @ is some basic domain D;, and all the elements in {xj} are equal to %,
from some index jo onwards.

(#) oiso; x..x0,and forany 1si sk, x.‘ E llm{x]‘} (where "J‘ is the
i-th component of xj).

(ii) @ is [¢, - @,) and for any fixed object z of type @), ¥ (2) = ltm{xj(z)}

(these are ob jects of type @5, for which the notion of convergence is
already defined).

Parts (i) and (iii) in this definition are standard, and once we define our notion of convergence
in the basic domains, it is carried over to all finite types. It is easy to see that any ascending or
descending chain of any type is a convergent sequence (with lub or gib, respectively, as limits).
The following example shows that the converse is not true:

Example 1: Let {f;} be a sequence of ob jects of type [N + NJ, defined by:

i ifx2i
f(:)l{ Oifx<i
i

wifxsw

No two elements in the sequence {f;} are related by & , but the sequence converges to the ob ject
zero of type [N + NJ

ifxsw

W
nerelo) = { 0 otherwise

This follows immediately from the fact that for any argument x of type N, the sequence {f(x)}
of elements of type N is convergent, i.e, its elements are 0 for all sufficiently high (. (w]

Using the notion of a convergent sequence, we can define our notion of continuity:
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Definition:

() An object (x;, .., xp) of type @, x .. x @ is continuous if all the
ob jects x; are continuous.

(#) An object x of type (¢, + @,] is continuous if for any convergent
sequence {zj} of objects of type @, the sequence {x(zj)} of ob jects of
type @ is convergent and x(lim{zj}) E lim{x(zj)} ;

Since the notion of a convergent sequence is more inclusive than that of a chain, our notion of
continuous ob jects (i.e, of limit-preserving mappings) is potentially more restrictive than the
standard notion of chain-continuity. The following example shows that in fact an ob ject can
preserve the lub and glb of ascending and descending chains, and still be noncontinuous in our
system:

Example 2: Let f be an object of type [N » N]. We say that f is closed if the sequence {x;}
defined by

xom 0 and x;,.| = flx;) (ie, %= £o))

consists of a finite number of distinct elements, none of which is w. It is clear that a necessary
and sufficient condition for a function f to be closed is the existence of numbers 0 < i < § such

that j(‘)(O) = /(”(0) # w, in which case the sequence {x;} is periodic from some point onwards.

Let the ob ject © of type [[N + N] + B) be defined as follows:

o { true if f contains a finite sequence of pointers
w otherwise

The object © preserves the lub and glb of ascending and descending chains, since the finite
number of values flx;) which constitute a sequence of pointers are either constructed or

destroyed at some finite point in any chain {f;}, and thus @[im{f;}) = O£} for some .

However, © is not continuous in our model. Consider, for example, the following sequence of

objects (/)

x+ 1 ifx<i

ﬂ’)'{x ifx2i
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The sequence converges to the ob ject
foSl¥)mx+ 1

It is easy to see that ©[f, ) is ¢ _ while for any i, O(f;) is true. Thus B[lim{f;}] & lim{B[f;)} and

© is not continuous. (]

From now on, we shall be interested mainly in the lower three types of ob jects: values (ob jects
of type Dy), functions (ob jects of type [D; x .. x D » Dg), and (single-argument) functionals

(ob jects of type [[D} x .. x D} » D} }» [D} x .. x D} » D ]]). Since we shall not deal
with systems of recursive definitions, we do not have to consider multi-argument functionals
(for which the fixedpoint theory obtained is somewhat different).

1.3 Term Functionals and Recursive Definitions

Among all the functionals 7, we shall be interested mainly in term functionals, which are
syntactically expressed as compositions of constants, monotonic base functions g;, a function

variable F, and individual variables x;. Associated with each symbol (including the variables)
is a type, and the composition of these types must be legal.

Example 3: A term of the form
It glx, , x;) then x, else g(x, , x3)

can be legal only if the types of x;, X, and x5 are the boolean semilattice B, and the type of g is
(B x B + Bl This can be shown by the following argument:

Since g(x,x,;) appears in the if part, the range of this term must be B. Since the two subterms
x, and g(xp%3) must have identical ranges, the type of x; is necessarily B. Therefore the type
of g is of the form [B x ? - B]. In order to make the term glx, , x,) legal, ¥, must be of type
B, implying that "?" is also B. We can thus conclude (from the term g(x,,x3)) that x5 is also of
type B. O

A term functional is denoted by T[F)(x,, .., x)), where x,, .., x are all the individual variables
occurring in it, in some order. It can be interpreted as a functional in the following way:

10
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Given a function f and an argument vector @ = (d,, .., d)) (of the appropriate types), the value

of 7[fX@) is the ob ject obtained by evaluating the variable-free term in which F is interpreted
as f and x; is interpreted as d;. The function 7(f] to which f is mapped under 7 is the function

abstraction A¥ 7[fX%). The fact that 7 maps monotonic functions to monotonic functions is

immediate from the fact that all the base functions in T are monotonic, and the set of
monotonic functions is closed under composition.

Definition: A recursive definition is an equation of the form

F(®) = 7[F)®),

where T is a term functional.

In order to make this equation meaningful, 7 must map functions of the appropriate type
[D; x .. x D, -» Dol to functions of the same type.

11




Manna & Shamir

2 Properties of Term Functionals

The fact that term functionals are monotonic mappings which preserve the lub of ascending
chains is one of the oldest and most basic results in the recursive definitions theory. In a
simple form it appears in Kleene [1952), while a detailed proof of this result for a model of
functionals which is quite similar to ours appears in Cadiou [1972]). In this section we prove
the stronger result of continuity in our model, and discuss the behavior of term functionals
under the gib and (ub operations over arbitrary sets of functions (rather than over chains).

2.1 The Continuity of Term Functionals

Under the classical definition of continuity, any mapping which preserves the lub of ascending

chains is necessarily monotonic. However, a mapping © can preserve the limits of convergent
sequences without preserving a /ub of chains, or without being monotonic at all. This happens,

for example, when © maps an ascending chain {x;} into a descending chain {8(x;)} provided
that

Olim{x;}) = Oub{x;}) = glb(B(x,)} = lim{8(x;)}.

The property of continuity is thus totally independent from the property of monotonicity in our
model.

We now prove the basic result:

Theorem 1: Let T be a term functional and {f;} a convergent sequence. Then

{rf;]} is a convergent sequence and
lim{f[f;]} E f[lim{f,-}] .
Proof: The proof is by induction on the structure of 7, using the fact that term functionals

contain finitely many basic constructs. Note that the monotonicity of these constructs is not
used at all.

If T is a variable x; or constant ¢, the proof is trivial.

If 7 is of the form g(7,, .., T,)), we may apply the induction hypothesis that all the subterms r;
are continuous. Let ¥ be fixed. Then for any | < & < n, there is an index j, such that
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r,[/}](i) m 7(Um{f})%) forallf2fy.

Let jo be max(j,, ... §,). Then for all j 2 jo:

r{fjX®) = [(flil:,l(f). o Tlfj)E)
w gl [lim{f;}(z), .., 7,[lim{f})Z)
s rllim{f;}XZ).

Finally, if * is of the form F(7,, .., 7,), we define jo in exactly the same way as before. We
denote the vector ( 7,[lim{f;})X) , .., T,(lim{f;}XX) ) by 7, and thus by the definition of ,

f[lim{fi}](:?) = (lim{fi}Xj) ¥

Since {f;} is a convergent sequence, there is some f such that

fj(')') = (im{f})3) forallj2j, .

Let f;’ be max(jo, f;). Then we have, for all j 2 ;' :

kD) = f{r[fXR), ., TolfK)
& f{T Uim{f}XR), ... 7 Llim{f;}X))
= S5 = Um{f)G) = rUim{f})E).

QED.

Some of the consequences of Theorem | are:
Corollary: Let r be a term functional. Then:

{) If {f} is an ascending chain, then {r(f;]} is an ascending chain and
lub{r(f;]} = rllub{f;}) :

() 1f {f;} is a descending chain, then {r(f;]} is a descending chain and
eirlfd) m rlgibfil)

18
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Proof:

(f) Any ascending chain {f;} is a convergent sequence, and lub{f;} = lm{f;}. Since term
functionals are monotonic, {r(f;]} is also an ascending chain and lub{r(f;]} = lim{r(f;)}. By
Theorem 1,

lub{r(f;)} = tim{r(f;]} = T(lim{f;}) = T{ub{f;}).

(id) The proof is similar.
QE.D.

2.2 Behavior Under the g/t and (ub Operations

Lemma 1:  For any monotonic functional 7:

() If {f,] is a nonempty set of functions, then
rlgb{f )] & glb{rlf, )} .
(i) If {f.} is a consistent set of functions, then so is {7(f,]}, and
lub{r(f ]} & Tllub{f}).
Proof:

(1) Since 7 is monotonic and gib{f,} & f, for all « vlghb{f }) & *(f,] for all «. Thus
rlgib{f,}] is a lower bound of the set {r[f,]}, and therefore T(gib{f}] & gib{r(f. ]} .

(if) Since {f,} is consistent, its lub exists. By the same procedure as above, T[lub{f,}] can be
shown to be an upper bound of {r[f,]}. In our model this implies the existence of lub{r(f,J},
and we have lub{r(f ]} & rliub{f.}]. : Q.E.D.

According to corollary (i) of Theorem 1, the inequality rlglb{f, }] & glb{r(f. ]} becomes an
equality if 7 is a term functional and {f,} is a descending chain. This result can be
strengthened by showing that for a wide subclass of term functionals in our model, the words "a
descending chain” can be replaced by “a consistent set”. Mappings which preserve the gib of

14
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consistent sets of arguments are defined and studied in Berry [1976) in connection with the
bottom-up computations of least fixedpoints.

The dual property of preserving the lub of arbitrary consistent sets of functions holds only for a

very restricted subclass of term functionals (mainly those in which the term 7[FXx) can be
simplified, for any given xo , to a term with a single occurrence of F). The problem in more

realistic cases is demonstrated by the following example:
Example 4: Let T be the following functional over the natural numbers:
T[FXx): F(x+ 1)-F(x +2)

(where 0w = w.0 = w). Define the functions

0 if x is even 0 if x is odd
fix) = {u otherwise [0 = {w otherwise

Then f, and f, are consistent, but

lub{r(f,)e(fo)) = wb{.0} = O = zero = 7(2er0) m vLld{f, f2}] .

15
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8. Properties of Fixedpoints, Prefixedpoints
and Postfixedpoints 2

A recursive definition F(x) & 7[fXx) can be considered as an implicit functional equation in F.
With each such recursive definition, we associate three important sets of functions: fixedpoints,
prefixedpoints, and postfixedpoints.

3.1 Closure Properties

Definition:

(¢) A partial function f is a fixedpoint of a functional 7, or of a recursive
definition F(X) & 7[F)X%), if f & 7(f] The set of all fixedpoints of 7 is
denoted by FXP(r).

() A partial function f is a prefixedpoint of a functional 7, or of a
recursive definition F(¥) s 7[FXX) , if f & 7[f] . The set of all
prefixedpoints of 7 is denoted by PRE(?).

(iis) A partial function f is a postfixedpoint of a functional ¥ , or of a
recursive definition F(%) = [FX%) , if 7(fl & f. The set of all
postfixedpoints of 7 is denoted by POST(r).

Example 6: Consider the following recursive definition, in which F is of type [N x N » NJ:
F(xy) = If x = 0 then y else F(F(xy-1).F(x-1y)).

The following three (quite different) functions are all fixedpoints of this recursive definition, as
can be shown by direct substitution:

()) fi(xy) = if x = 0 then y else w ;
() falxy) = if x 2 0 then yelse w;
(1) falxy) = max(xy).

The recursive definition has infinitely many more fixedpoints. A whole family of such
fixedpoints is

(iv) fa(x) = it x = 0 then y else alx)
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where a(x) is any function over the natural numbers satisfying
a(x) » 0 and a(a(x)) = a(x) for all x > 0.

Examples of functions satisfying this conditions are the identity function, any nonzero constant
function, or the function which assigns to any n 2 2 its greatest prime factor (with a(1) = 1 ).

The totally undefined function @ is clearly a prefixedpoint of any recursive definition; in our
case it is an example of a prefixedpoint which is not a fixedpoint.

An infinite class of postfixedpoints which are not fixedpoints of this recursive definition is

y ifO0sxsi
&% 9 = {w ~ otherwise

foralliz | a

By definition, it is clear that a partial function f is a fixedpoint of a functional 7 if and only
if it is both a prefixedpoint and a postfixedpoint of 7 (that is, FXP(r) « PRE(f) n POST(r) ).

In this section we summarize the closure properties of the sets FXP(r), PRE(r) and POST(r)
under the operations lub, glb and lim. These properties belong to the “folklore” of known but
seldom stated facts about recursive definitions.
Lemma 2: For any monotonic functional 7:

(#) r maps FXP(r), PRE(r) and POST(?) into themselves.

(i) PRE(T) is closed under the /ub operation over consistent sets.

(idd) POST(r) is closed under the glb operation over nonempty sets.
Proof:

(f) Immediate from the monotonicity of 7.

() Let {f,} be a consistent subset of PRE(r) . Then for each a , f, & *(f,] . Since
lub{f,} exists, f, & lub{f,},and T is monotonic, we have

S S A s rlh{f)).

17
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Thus rllub{f,}] is an upper bound of {f.},and therefore
lub{f,} & Tlub{f,}).
In other words, lub{f,} is also a prefixedpoint.
(iti) Similar. Q.E.D

It is not hard to show by appropriate counterexamples that PRE(7) need not be closed under
glb, POST(r) need not be closed under lub, and FXP(7) need not be closed under either
operation.

Let us turn now to consider yet another operation -- the lim of convergent sequences.

Lemma 3:  For any term functional 7 , FXP(r), PRE(r) and POST(r) are all
closed under the /im operation.

Proof:

(i) Let {f;] be a convergent sequence of fixedpoints of 7. By Theorem | we have:
rllim{f;}) = lim{r(f}]} = lim{f}},
and thus lim{f;} is also a fixedpoint of 7.

(it) Let {f;} be a convergent seqiunce of prefixedpoints of 7. Then for any ¢, f; & 7(f;]. By
the definition of the lim operation we have '

tim{f;) & tim{rlf;)},
By Theorem 1, lim{r(f;)} exists and lim{r(f;}} & 7llim{f;}). Thus

lim{f;} & Tllim{f;}],
or equivalently lim{f;} is a prefixedpoint of 7.
(id) Similar to (i). QE.D.

‘An important special case is:
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Corollary:  For a term functional 7, FXP(r), PRE(r) and POST(r) are all
closed under the /ub and glb of ascending and descending chains.

3.2 Maximal and Minimal Fixedpoints

We turn now to study those fixedpoints located at the extreme ends of FXP(f) -- the
maximal and the minimal fixedpoints of 7 .

As usual, a maximal fixedpoint of T is defined to be a fixedpoint which is not less defined
than any other fixedpoint of 7. The set of all maximal fixedpoints is denoted by MAX(r).

A basic property of MAX(T) is:

Theorem 2: For a monotonic functional 7,
if fePRE(r) then f & g for some g € MAX(r).

Proof: This is quite a straightforward application of Zorn's Lemma which states that if (8,€)
is a nonempty partially ordered set in which any totally ordered subset has an upper bound,
then S contains a maximal element (see e.g. Dugund ji [1966)).

For our purposes, we take the set
S={hePRE(T)| feh}

with the standard partial ordering & . This set is not empty since fe€$S. If S, isa totaily
ordered subset of § , it is in particular consistent, and thus [ubS; exists. By Lemma 2(if)

{ubS, is a prefixedpoint of T , and it clearly satisfies f & /ubS; . Thus lubS; € S and
therefore the subset S, has an upper bound in S.

We may now apply Zorn's Lemma, which guarantees the existence of a maximal element g € S .
By definition, f& g and g & 7(g) . To show that g is a fixedpoint of ¥, we note that by
Lemma 2(i), rlg) is also a prefixedpoint of 7 in S, and thus the assumption that ¢ = rig)
contradicts the maximality of g in S. QE.D.

Since for any functional 7, PRE(T) is nonempty (% €« PRE(r)) , we have:

Corollary: For any monotonic functional ¥, MAX(r) is not empty.

This corollary guarantees the existence of at least one maximal fixedpoint, but it need not be
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unique. As a matter of fact, monotonic functionals may have any number of maximal
fixedpoints in our semilattice model.

Let us consider now the minimal fixedpoints of a monotonic functional 7 . The main result
(the Least Fixedpoint T heorem) states that a monotonic functional 7 has a least (and thus a

unique minimal) fixedpoint, which we denote by Ifxp(r). This is a classical theorem, and it
has two well-known types of proofs:

(i) (A nonconstructive proof, due to Tarski [1955]: In a model in which

7 is defined over a complete lattice (rather than a complete semilattice)
of elements, one can take the glb of any set of elements. The element

glb POST(r) is then shown to be a fixedpoint of 7, and it is clearly
below all the other fixedpoints of 7 (which are all contained in
POST(r) ).

() (A constructive proof, due to Hitchcock and Park [1972], Cadiou
(1972]: This is a rather complicated proof, which constructs a

transfinite ascending chain of approximations Q). This chain is
shown (by transfinite induction) to converge to the least fixedpoint of

T.

The first approach cannot be directly applied when a model of complete semilattices is
considered. If the function glb POST(r) exists, it is the least fixedpoint of * in this case as

well. However, this function need not exist if POST(r) is empty, since the glb operation is
defined only over the nonempty subsets of the complete semilattice. We thus have to show that

POST(r) is not empty as a first stage in a Tarski-like proof. Fortunately, the existence

theorem of maximal fixedpoints (Theorem 2) implies that FXP(r) (and thus also POST(r) )
is not empty. We thus get the following indirect proof, in which maximal fixedpoints are used
in order to show the existence of a least fixedpoint.

Theorem 3 (TAe Least Fixedpoint T heorem): If  is a monotonic functional (over
a complete semilattice) then FXP(T) contains a least element.

Proof: By the corollary of Theorem 2, POST(?) is not empty, and thus f = glb POST(r)
exists. By Lemma 2(idd), it is a postfixedpoint of 7 ,and thus 7[f)& f. The function r[f) is
also a postfixedpoint of 7 , and thus f = glb POST(r) & 7(f] as well. Consequently f = v(f]
and therefore f € FXP(r) . It is the least fixedpoint of 7 since f m glb POST(r) & glb
FXP(r). QED.
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Theorem 3 can be used in order to find the relationships between prefixedpoints,
postfixedpoints and fixedpoints in general. The relative form of Theorem 3 is:

Theorem 4: For a monotonic functional (ofer a complete semilattice):

(#) If fis a prefixedpoint of 7, then there exists a least fixedpoint in the
set of functions Sp={g|fsgh

(48) 1If f is a postfixedpoint of 7, then there exists a greatest fixedpoint in
the set of functions S/ = {glgsfr.

Proof:

(i) Since f € PRE(T), Theorem 2 guarantees that S¢ contains at least one fixedpoint. The
proof of Theorem 3 can then be applied without change (over the complete semilattice Sf).

(éd) Using the inverse relation, 2 < Ay if A, € Ay, it can be shown that s/, <) isa complete

lattice. Theorem $ now shows that S/ contains a least fixedpoint with respect to <; this
fixedpoint is clearly greatest with respect to &. Q.E.D.
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Part II: The Convergence of Funotioas to
Fixedpoints

In Part I we defined our model of recursive definitions and studied its basic properties. Using
these results, we now analyze the methods by which ﬁxedpomts of recursive definitions can be
“accessed” from other partial functions. In essence, each “"access method” uses a given initial
function f, as a starting point, and constructs a sequence of functions which converges to a

fixedpoint of 7. We want the fixedpoint obtained to be "closest” to the initial function. Since
the ordering & is only partial, one can directly compare in this sense only fixedpoints related
by & . The most natural definition of this notion is therefore:

Definition: A fixedpoint g of 7 is said to be close to a partial function So if
for every fixedpoint % of 7

() if hefo then he g, and
() if fos h then g&h.

In other words, the fixedpoint g is close to f, if it is above any fixedpoint below JSo. and
below any fixedpoint above f, . A priori, it is not clear that such a close fixedpoint must exist
for any partial function fo -- this will be one of the results proved in this part.

All the functionals considered in this part are term functionals.

e —— ————————————
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4. The Direct Access Method

Kleene's version of the Least Fixedpoint Theorem for continuous functionals shows that by
repeated application of the functional T to the initial function & , one can construct a

sequence {v(i)[Q]} whose limit is the least fixedpoint of 7 . This method (which we call the
direct access method) can be applied to an arbitrary initial function fp , but in general the
sequence obtained need not converge to a limit. The following example demonstrates such a
case:

Example 6: Consider the recursive definition over the natural numbers:
F(x) & if x210 then F(x-10) e/se F(x+1)

The collection of equalities implied by this recursive definition has a cyclic component:
F(0) = F(1) = F(2) = ... = F(9) = F(10) = F(0)

and the additional equalities:
F(11) = F(1), F(12) = F(2),... .

It is clear that any constant function is a fixedpoint of the recursive definition and there are no
other fixedpoints; the least fixedpoint is  , and any constant total function is a maximal
fixedpoint.

Consider now the two initial functions:

0 ifx=0 0 if0sx<10,
filx) = {u otherwise fdx) = {l otherwise

The sequence {f(i)[f, J} does not converge, since the value 0 is rotated in the cycle x=0,1,..,10

under the repeated application of 7. On the other hand, the sequence {f(‘)[le} converges to

the fixedpoint zero of 7 , since all the nonzero values of f, are eventually replaced by 0.
Note that this sequence is neither an ascending chain nor a descending chain (in fact, no two
distinct elements are ever consistent), but it converges according to the generalized notion of lim.

o
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Definition: The function fo converges to g (under a functional 7) if {f(‘)[fo]} is a
convergent sequence and g is its limit.

We now state and prove the basic result:

Theorem 5 If fo converges to g under 7, then g is a fixedpoint which is close to fp .

Proof: To show that g is a fixedpoint of 7, we use the (generalized) continuity of 7:
rlg) = rlim{rDlfol] = lim{rlr )} = timir* fo)) = g.

To show that g is close to fo, consider an arbitrary fixedpoint 4 of 7:

(i) If A= f, then by the monotonicity of 7, 7)) & f(i)[fo] for all i, and thus since 4 is a
fixedpoint

h= lim{r(‘)[h]} € lim{‘rm[fo]} =g.
(id) 1f fo & A then similarly:

g = tm{rfo) & tim{r@ia) = 4 . Q.ED.

We can describe the result of Theorem 5 as follows: if g, and g, are any two fixedpoints of

T such that g, &€ fo € g, and if {f(i)[fo]} converges, then it converges to a fixedpoint g
which is also in the "box" g, &€ g & g, . Note that, unless f, € PRE(f) v POST(r), an initial
function fo need not be related by & to the fixedpoint g to which it leads. Furthermore,
there need not be a greatest element among the fixedpoints which are less defined than f, or a
least element among the fixedpoints which are more defined than f, .

Given an arbitrary initial function fo , it may be hard to determine in advance whether the

sequence {r“)[foll converges or not. One important case in which the convergence is

guaranteed is when f, is either a prefixedpoint or a postfixedpoint of 7 . In these cases the
generated sequence is a chain, and thus has a lim.

We now proceed to characterize two other cases in which the sequence must converge.

Lemma ¢ If fi € fosf, where f; and f, both converge to the fixedpoint g
of 7 ,then f, also convergesto g.

24
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Proof: By the monotonicity of 7, 7011 e 75,1 € 70(f,) for any i. The definition of
convergence implies that for each ¥ there is a natural number jo such that

v, @ = #0()@ = g®  foralljzjo,
and therefore
o)) = g®  foralljzjg.
In other words, the sequence {r(i>[fol} convergesto g . Q.E.D.

One immediate corollary of this "sandwich” property is:

Corollary: If fo & [fxp(T), then !im{fm[fo]} = Ufxp(T) .

The least fixedpoint of T thus has the interesting property that any initial function fo

Ifxp(T) converges to it under the repeated application of 7 (but not necessarily in the form of

an ascending chain). Consequently, in order to access other fixedpoints of 7 , one must start
with initial functions which are already sufficiently defined.

A slightly different type of result is:

Lemma 5 If fief, and g = lim{f(i)[f,]} is a total fixedpoint of T , then f;
also convergesto g .

Proof: By the monotonicity of 7, 7(i)[f,] = f(i)[le for all i. Since the sequence {f(i)U, 1}
converges to g, for any ¥ thereisa jo such that

rif X2 = g®  foralljzj,

or, in other words:

g e rLX®  foraljz2jp.

Since g is a total function, we obtain:
@ = X forallj2jo,

and thus tm{r)(f,)} = ¢ . QED.

25
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Note that the requirement that g is total is essential; it may well happen that a function f,
converges to a nontotal maximal fixedpoint g , while a function f, , which is more defined
than f, , does not converge at all.

Taking f, = 1, we obtain an important special case of Lemma 5:

Corollary:  If Ifxp(r) is a total function, then any initial function f, converges to

Ufxp(r) .

If a recursive definition has only one fixedpoint, then it is clear that the /im of any convergent
sequence {f(‘)[f’o]} is lfxp(r) . However, if the unique fixedpoint Ifxp(*) is not total, there

may be initial functions f; for which the sequence {f(i)(fol} does not converge at all.
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5. General Access Methods

In the previous section we have considered one of the simplest ways by which we can access the
fixedpoints of T -- the repeated application of 7 to an initial function fo. This method may
fail to converge when applied to certain initial functions fo. In this section we investigate some

more general access methods, which are later used in order to access fixedpoints of 7 from
arbitrary initial functions.

5.1 Access Methods

In order to formally introduce the general notion of an access method, we first define:
Definition: The set of formulae is defined inductively as follows:

(i) The symbol F is a formula (F is said to be a function variable).

(i) 1f ¥ is a formula, then T [F) is a formula (T is said to be a functional
variable).

(iti) 1f &, &, are formulae, then gib(T,,F5} and ub{® | §,} are formulae.

Given a formula & and a functional 7, we denote by S7 the formula in which the functional
variable T is interpreted as 7. &7 can be considered as a functional (over the same domain of

functions as 7) in the following way: Given any function f, §7(f) is the function obtained by
evaluating the formula & in which T is interpreted as 7 and F is interpreted as f. Unlike the

functionals considered so far, &7 may fail when applied to certain functions f, in case the lub of

inconsistent functions is to be taken during the evaluation process; in this case, §7(/) is not
defined.

Example 7: Consider the formula:

gb{T [Lub{F,T [F)}}F},

and the functional

7[FXx): F(x+1)
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over the natural numbers.

The functional &7 fails for the identity function fix) & x, since f and 7(f] are inconsistent, and

thus their lub is not defined. However, &7 does not fail for the function:

0 if x=0 (mod 2)
fix) { @ otherwise
and the function §T(f) is Q. o

Given a functional 7 and initial function £, we may consider a function §7(f] as a modification
of f. A sequence of formulae {3‘-) can thus be used in order to construct a sequence of

successively modified functions {S71fJ}. If the sequence {&;} is properly chosen, this sequence

of functions may converge to a fixedpoint of 7. We thus define:

Definition: An access method U is a sequence of formulae {&i}' For a given
functional 7, a partial function f is said to converge to g under ¥ if all

the functions F]If] exist, and lim{E T/} = g. If some of the functions

&1/ do not exist, the method is said to fail for 7 and f.

In the case the formulae &i become successively more complicated, it is convenient to use a
slightly modified notation for formulae. We use a sequence of function variables Fo, F,, ...,

where each F; represents the function F]lf], given 7 and f. Each function variable F; is
defined by a formula in which all the function variables Fo, F, .., F;_, in addition to F, may

appear. This representation is equivalent to the original one, since one can always expand the
formulae in the new representation to formulae in which only the function variable F may

appear.

Some of the simplest access methods, in the new representation, are:
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(A) FolF
FjeTIF) forizl.

(B) Fo B F
F; = gb{F;_ T OIF) foriz

(C) Fo =F
Fi E glb{Fi_l.‘r [Fl-]]} foriz l.

(D) Fo =F
F; = glb{F,.T (F;_1)} forizl

(E) Fo = F
Fju T{g{FF;,_j)) forizl.

i Note that methods C-E represent all the nontrivial ways by which F; can be defined in terms

of F;_j and F, using one occurrence of T and one occurrence of glb. Four other simple access
methods (denoted by B’-E’) can be obtained from methods B-E by replacing each glb by lub.

Method A is the direct access method discussed in Section 4, since the expanded form of any F;

is TU{F] Method B is closely related to this method, since each F is simply the gib of a finite

number of powers:
F; = gb{F.T (F)T @(F). .7 OXF)}.

For any functional 7 and initial function f, the sequence of functions {f;} generated by method
B is a descending chain, since the glb in the formula for Fy, | contains one more term than the
glb in the formula for F; The convergence of any initial function f is thus guaranteed, but

unlike the case of the direct access method, the limit function need not be a fixedpoint of 7.
This is demonstrated in the following example:

Example 8: Let 7 be the following functional over the natural numbers:
?(FXx): if x « O then F(x)+1 else 0. F(x-1).

Let f be the initial function:

(B
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0 if x=0,1
fx) = {0 otherwise .

For any i 2 0,

i if x=0
O {0 if 1swsivl

@ otherwise,
and thus the gib of all these functions is:

if x=1
otherwise .

glb{f(i)[f]}(x) H {2’

This function is not a fixedpoint of 7 (as a matter of fact, it is not even a prefixedpoint or a
postfixedpoint of 7). (@]

6.2 The Descending Access Method

Among the access methods listed above, we shall be interested mainly in method C, called the
descending access method, and in method C’, called the ascending access method. In this section
we study the behavior of the first method.

For any initial function f, the descending access method construc.s a descending chain of
functions {f;}, since each f; is the gib of f;_| with some other function. The idea behind the

method is to "smooth up” the initial function f by repeatedly taking the common part f; of the
functions f;_; and 7(f;_,]; hopefully such a process may result in a function whose values are

preserved under the application of 7, i.e. a fixedpoint of 7.

If the initial function f is a prefixedpoint or a postfixedpoint of ¥, then the sequence {f;}
generated by method C has an especially simple form:

Lemma6:  Let {fj} be the sequence generated by the ducmdmg access method C
for  and f. Then:

(&) If f « PRE(?) then for all i, f; = f.
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(i) If f € POST(r) then for all i, f; = 747

Proof:

(i) The proof is by induction on i. For i = 0, fo = f by definition. Suppose that for some i, f;
= f. Then:

Sior = glb{fpTlfid) = glb{fir (£ = £,
since f & 7(f).

(i) This part is again proved by induction. For i = 0, fo = f by definition. If for some {, f; =

f(i)[fl. then f; is also a postfixedpoint of 7 by Lemma 2(i), and thus:

fie1 = gL = 71) = (e = U+ g QED.

Part (i) of Lemma 6 shows that an initial function f may converge under method C to a limit
function which is not a fixedpoint of 7. However, we have:

Theorem 6: For any functional 7 and initial function f, the sequence {f;} generated

by the descending access method C converges to a prefixedpoint of .
This limit function is the greatest among the prefixedpoints of 7 that
are below f.

Proof: The fact that the descending chain {f;} converges to some limit function g, which is

below f, is clear. We now show that g is a prefixedpoint of 7 , i.e. g & 7[g] . By definition
g = lim{fy} = lim{glb{f; _\7Ufi 1 0}}.

Since both {f;_1} and {r(f;_,]} are convergent sequences
§ = gib{lim{fy_\Jim{r(f;_\)}},

and by the continuity of T and the definition of g
g = glbilim{f;_,)rllim{f;_1})} = glb{gr(g)} .

The fact that g & 7(g) follows now from the equality g = gib{g.7(g]}.
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Finally, we show that if A is any prefixedpoint of T such that A & f, then A & g. It suffices to
show that A & f; for all {. We prove this by induction on {.

If i = 0, then f, = f and thus 4 & f; by assumption. If f; satisfies A & f; for some {, then:
herlh]e 7(f],

and thus & is below both f; and 7(f;]), implying that

As ‘lb{fl,'v‘]} .fiol .
QED.

The existence of a greatest prefixedpoint below an arbitrary partial function f can be
independently proved by taking the /ub of the consistent set of all the prefixedpoints of T below

/. and using the fact that this (ub is itself a prefixedpoint of 7. Theorem 6 shows that the
descending access method always leads to this greatest prefixedpoint. Note that the set of
fixedpoints below f need not have a greatest element (in fact, it may even be empty if f =

ifxp(r) ).

We can now show that the descending access method is the least access method in the following
sense:

Theorem 7:  For any functional 7, if an initial function f converges to g, under the
descending access method C and to g, under some other access method

U, then g, & g2

Proof: We first prove that for any formula & for which &7(f] exists, g, & §7(f). The proof is
by induction on the structure of the formula .

() 1f & is F, then clearly g, s f = TT().

(i) 1f § is of the form 7[%¥,), then by the induction hypothesis g, & ¥,7(fl Since by
Theorem 6, g, is a prefixedpoint of 7, we have:

6 s rlg)s BT = 370
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(i) if § is of the form glb{¥ ¥, then g, & BT and g, & T by the induction
hypothesis, and thus

g & gbBNATY = TN
(iv) 1f § is of the form lub{T,.T,} then

& & ¥ = b TNTT = TN
The lub exists since we assume that $7(f] is defined.

Let U be the sequence of formulae {'J',-}. The functions ﬂtﬂ exist since we assume that this

sequence converges to g,. Since g, & S7/] for all i, and the sequence {ﬁf(ﬂ} is convergent,

g & um{B N7} = ¢ QED.

Using Theorems 6 and 7, we can now indirectly show that access methods C and D are
equivalent. One can easily show that any initial function f converges under method D to some
prefixedpoint g, of 7. If we denote by g, the prefixedpoint to which f converges under the
descending access method C, then g, & g, by Theorem 6, and g, & gz by Theorem 7.
Consequently, any initial function f converges to the same function under access methods C and
D.

6.3 The Ascending Access Method

In this section we consider the ascending access method C’, which is dual to the descending
access method C. The following results (which are stated without proofs) are analogous to
those obtained in subsection 5.2; the main difference is that access methods in which the lud
operation occurs may fail if the /ub of inconsistent functions is taken.

Lemma 7. Let {f;} be a sequence of functions generatec by the ascending access
method C’ for 7 and f. Then:

@) 1f f € PRE(T) then for all i, f; = {)(f)
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(i) If f € POST(?) then for all i, f; = f.

Theorem 8: For any functional 7 and initial function f, if the functions f;

generated by the ascending access method C’ exist, then the sequence
{fi} converges to a postfixedpoint of 7. This limit function is the least

among the postfixedpoints of T that are above f.

Theorem 8: For any functional 7, if an initial function f converges to g, under the
ascending access method C’ and to g, under some other access method

U, then g, = ¢,

The following Lemma Agives a sufficient condition on T and f which guarantees the existence of

T[] for an arbitrary formula §.

Lemma 8:  For a given T and f, if there is a postfixedpoint g of ¥ which satisfies

f & g then for any formula &, the function §7(f] exists.

Proof: We show (by induction on the structure of &) that §7(f) exists and satisfies F7(f] s ¢

for any formula ¥:
(i) 1f & is of the form F, then §7(f) = f & g by assumption.

i) 1f § is of the form T [¥,), then by the induction hypothesis F(f) exists and satisfies
&7 & g, and thus:

LM RN EY?
(it)) 16 § is of the form glb({¥ ¥}, where 711 & g and ¥Y(1 & g, then clearly:
871 = gb BTN & gtoie. g} =

(iv) Similarly, if § is of the form (ub{& ¥}, where ¥T(f1 & g and FL(f) & g, then these two
functions are consistent, and thus their lub exists and satisfies:

BT = (BT FIU)  lubig. g} = ¢ QED.
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Corollary:  For a given 7 and f, if there is a postfixedpoint g of 7 which satisfies
f & g then no access method U can fail for 7 and f.

Note that this corollary does not imply that such an f converges to a limit under .

The sufficient condition in this corollary is clearly not necessary in general. Consider, for
example, the following access method:

Fo = glb{F.T [F}}
F, = glb{T [F1T %F}}
F; = T{ub{F;_|.T[F; o)}) fori22

For any functional * and initial function £, all the pairs of functions f;_j, *(f;.o] to which the
lub is applied are consistent, and thus this access method can never fail.

We now show that for the special case of the ascending access method, the condition in Lemma
8 exactly characterizes the cases in which the method does not fail.

Lemma 9 A necessary and sufficient condition for a function f to converge under
the ascending access method C’ is the existence of a postfixedpoint g

of ¥ such that f & §.

Proof: If the postfixedpoint g exists, then by the corollary of Lemma 8 the sequence {f;} is

defined. Since it is an ascending chain, it is a convergent sequence and thus f converges under
method C’.

On the other hand, if f converges under C’ then, by Theorem 8, the limit g of the generated
sequence {f;} is a postfixedpoint of 7. Furthermore, f & g, since {f;} is an ascending chain

whose first element is f. We have thus shown the existence of a postfixedpoint g of T which
satisfies f € g.

QED.

By the corollary of Lemma 8 and by Lemma 9, the ascending access method C’ is the most
exacting in the sense that:

Corollary: If method C’ does not fail for a given 7 and f, then no other access
method ¥ can fail for 7 and /.
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6. The Fixedpoint Method

In this section we finally devise a method which always succeeds and under which any initial
function converges to a fixedpoint. As we show in subsection 6.2, no single access method can
achieve this goal; we thus need a somewhat more complicated method, based on compositions of
access methods. This notion is formally defined as follow..

Definition: For a functional 7, an initial function f is said to converge to A
under the composition U, o U, of two access methods U, and U, , if

converges to some function under U, and converges to 4
[4 4 1 4

under U, .

This definition can be naturally extended to an n-fold composition 0. . oW 0W .

6.1 Properties of the Fixedpoint Method

Definition: The fixedpoint method is the composition A o C of the two access
methods C and A .

The main result concerning the fixedpoint method is:

Theorem 10: For a functional 7 , any initial function f converges under the

fixedpoint method A o C to a fixedpoint of 7 which is close to f.
Furthermore, this fixedpoint is the least among all the fixedpoints of

T which can be reached from f under any composition of access
methods.

Proof: Any initial function f converges under A o C to a fixedpoint 2 of r , since f
converges under C to a prefixedpoint g of 7 (by Theorem 6), and g converges under A
to a fixedpoint A of 7 (by Theorem 5).

We now show that A is close to the initial function f. Let ! be an arbitrary fixedpoint of
7. Then:

(&) If ! & f, the prefixedpoint ! is below f, and by Theorem 6, the prefixedpoint g to
which f converges under C satisfies / & g. Consequently,

! = tm{rO)) & tim{r D)) = 2
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and thus (g A .

(@) 1f fe!l, thenclearly g/, since gc f. This implies that:
h = lim{rDig) & timirdu)y = 1,
and thus Ag /.

Finally, we show that # is the least among all the fixedpoints of T which can be reached
from f under any .oimposition of access methods.

Suppose that f converges to a fixedpoint / of 7 under the composition U, o U, 0...0
U, of access methods. Let us denote by g; (i=1,..,n) the successive limit functions to which f

converges under the partial compositions %; o ... o ¥, (in particular, g, =!). The function

f converges to the prefixedpoint g under C. We now show that g & g; for all i=l,..,n.

Since f converges to g and g, under the respective methods C and U, , we have (by

Theorem 7) that g € g, . The function g, converges to g, under U, , and to some
prefixedpoint g,” under C (this convergence is assured since any initial function converges
under C ). By Theorem 6, g, is the greatest among the prefixedpoints of 7 which are
below g, . However, g is one such prefixedpoint and thus g & g;'. On the other hand, g,’ €
g2 by Theorem 7; we thus conclude that g = g, .

Continuing this type of reasoning for i=3,.,n , we can show that g & g; for all { . In

particular, g, isthe fixedpoint { of 7, andthus g&!.

We still have to show the relation 4 € ! between the fixedpoints A and !/ obtained under the
compositions A o C and U, 0...0 U, respectively. We already know that g & !, and that

the prefixedpoint g converges to % under the direct access method A . By Theorem 5, the

fixedpoint A is close to g, and in particular 2 € k for any fixedpoint k of T satisfying g
€ k. Since! is one such fixedpoint, we obtain the desired result A& ! .

QED.

An initial function f which converges under the ascending access method C’, converges to a
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pestfixedpoint g of 7 (by Theorem 8). The function g is assured to converge to a
fixedpoint 2 of T under the direct access method A , and thus any f converges under A o
C’ to a fixedpoint of 7, provided only that method C’ does not fail for. f. By Lemma 8,
this condition is equivalent to the existence of a postfixedpoint of T above f. The dual to
Theorem 10 is therefore:

Theorem I1: For any functional 7 and initial function f such that there exists a
postfixedpoint of T above f, the function f converges under A o
C’ to a fixedpoint of 7 which is close to f . Furthermore, this

fixedpoint is the greatest among all the fixedpoints of T which can
be reached from f under any composition of access methods.

The proof of Theorem 11 is analogous to the proof of Theorem 10; the additional assumption
about the existence of a postfixedpoint is used only in order to establish the existence of the
appropriate limits.

Two other compositions of access methods which are equivalent to A o C and A o C’ are
characterized in the following lemma:

Lemma 10:

(i) For any 7 and f, f converges to the same function under A o C and
C'oC.

(i) For any 7 and f, f converges to the same function under A o C’
and C o C’, provided that C’ does not fail.

Proof:

() The function g to which f converges under C is a prefixedpoint of 7. By Lemma
%i), methods A and C’ behave in the same waj for prefixedpoints, and thus the
compositions A o C and C’ o C are equivalent.

(i) Similar, by Lemma 7(ii). Q.ED.

An arbitrary initial function f can be consilered as a "distorted fixedpoint” to which two
types of corrections must be applied:

() Defined parts, which are either changed or replaced by @ under the
application of 7, must be deleted from the function since they do not
represent possible fixedpoint values.
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(ii) Undefined parts, which are replaced by defined values under the

application of 7, must be completed with the appropriate fixedpoint
values.

The descending access method performs only the first type of correction, while the ascending
access method performs only the second type of correction. None of them can transform an

arbitrary initial function f to a fixedpoint of 7, but when both of them are applied to f, a

fixedpoint of 7 is obtained. The order in which the two correcting stages are performed (i.e.,
C’ o C or C o C’) may affect the fixedpoint obtained, since the two access methods C and
C’ do not commute in general. Furthermore, the composition C o C’ in which the deletion
stage comes after the completion stage may fail, while the fixedpoint method C’ o C cannot.

Let us denote by ST the set of fixedpoints of 7 which can be reached from f by
compositions of access methods. The following immediate corollaries summarize the structure

of STin the case where method C’ does not fail for 7 and f.

Corollaries:

(i) The set ST contains a least element (accessed by C" o C ) and a

greatest element (accessed by C o C).

(i) 1f f converges to the same function 2 under C'oC and Co C’,
then 4 is the only fixedpoint of T which can be reached from f
(by any composition of access methods).

(i) If f is either a prefixedpoint or a postfixedpoint of 7 , which
converges to 2 under the direct access method A , then 4 is the

only fixedpoint of 7 which can be reached from f (by any
composition of access methods).

(i) If f is a fixedpoint of 7 , then f converges to itself under any
composition of access methods.

(v) Al the fixedpoinis in ST are close to f (however there may be
other fixedpoints which are close to f but which are inaccessible from

S by any composition of access methods).

(vi) Al the fixedpoints in ST are consistent with the initial function f.
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If access method C’ fails for .7 and f, then the set ST need not have a greatest element,

and the functions in ST need not be consistent with f . However, if f is either a
prefixedpoint or a postfixedpoint of 7 ,then C’ cannot fail for 7 and f.

Theorem 10 guarantees that for any initial function f, there is at least one fixedpoint 4 of 7
which is close to f. For a fixed functional 7T, we can consider the fixedpoint method A o C
as a functional M, which maps any function f to some fixedpoint of 7 that is close to f .
The functional M, maps the set PF of partial functions (over the appropriate domain) onto

the set FXP(r), since any fixedpoint % of 7 is mapped to itself under M, . Our aim in

the rest of this subsection is to study the monotonicity and continuity properties of M, .

Theorem 12: For any functional 7, M, : PFSFXP(r) is monotonic.

Proof: By induction on the structure of formulae it is easy to show that for a fixed functional

T , any access method is a monotonic mapping from initial functions to limit functions
(whenever they exist). Consequently, the composition A o C (for which limits always exist) is
also monotonic.

QED.

Note that the existence of such a monotonic mapping from PF onto FXP(?) is not surprising
(due to the many structural similarities between the two sets); however, the theory of access
methods enables us to define the mapping in a simple and constructive way.

The functional M, whose monotonicity was shown above, is not continuous. This fact does
not stem from the special way in which M, is defined. The following theorem shows that for

certain functionals T, any such mapping is inherently noncontinuous.

Theorem 13: There are functionals 7 , for which any mapping ©: PF-FXP(r) ,

which assigns to each partial function f a fixedpoint of T that is
close to f, must be noncontinuous.

Proof: Let T be the following functional over the integers:

r(FXx): if F(x-1)=0then F(x)+ O-F(x+1) + Ovx
else F(x=1)+ OvF(x+1) + Oex .

The special property of this functional is that for a certain sequence {f;} of initial functions,

each f; has exactly one fixedpoint -- @ - which is close to it. By the assumption on © ,
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O(f;) = Q for all i, and thus lim{B[f;)} & 4 . We shall use this fact in order to show that ©

does not preserve the lim of convergent sequences.

The two subterms 0.x in the functional guarantee that any fixedpoint of T is undefined for x =
w. For other values of x , 7[FXx) is defined in terms of both F(x-1) and F(x+1), and thus
any fixedpoint of T is either £ or total over the defined integers. Among the total functions,
only two types of functions are fixedpoints of 7 :

(i) The constant functions:
glx) =c for some defined integer c;

(ii) The split-constant functions:

Oifxsj

¢ ifx>] for some defined integers ¢ and j.

g(x)s{

Consider now the ascending chain of functions {f;}, where

0if xsi
w otherwise.

fibe) = {

Each f; is a postfixedpoint of 7 , which descends to the fixedpoint @ of 7 under the direct

access method A . We now show that {0 is the unique fixedpoint of ¢ which is close to Ji-

Let % be a fixedpoint of 7 which is close to f; . By definition, 2 must be below any

fixedpoint of 7 which is above f;. Two such fixedpoints above f; are:

gix) =0

0if xsi
""(x)'{ 1if %54,

The only fixedpoint of T which is below both g, and g, is §, since no other nontotal
function can be a fixedpoint of 7 . On the other hand, one can easily show that Q itself is a
fixedpoint which is close to f; . We have thus shown that § is the unigque fixedpoint of ¥

which is close to f; . Using the assumption on © , we can now deduce:
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O[f;)=0Q forall i.

Let us consider now the function zero = lim{f;} . Since zero is a fixedpoint of 7 , it is the

unique fixedpoint of 7 which is close to itself, and thus:

O[uim{f;}]) = Olzero] = zero .

We have thus shown that © does not preserve the limit of convergent sequences (or even the
lub of ascending chains).

QED.

6.2 The Insufficiency of a Single Access Method

Theorem 10 showed that the composition A © C of access methods has the interesting
property that any initial function converges to a fixedpoint under it. A natural question is

whether there exists some single access method U which has this property, i.e, whether the

fixedpoints of T can be reached from arbitrary initial functions by means of a single limiting
process.

A plausible candidate for such an access method is:
Fo =F
Fois1 = T [Fg;] } foral izo0.
Foir2 = glb{Fg;, |.T [Foi, 1)}

In this method, the functions with odd indices are defined as in method A , and the functions
with even indices are defined as in method C . Unfortunately, one can easily show that certain
initial functions f do not converge under this "alternating access method.”

In this section we formally prove that any such attempt to construct a single access method, in
which any f converges to a fixedpoint, must fail. It suffices to consider for this purpose the

simple functional 7o[F)x): F(x+1) over the natural numbers. What we actually show is that
for any "candidate” access method U , one can construct an appropriate initial function f such
that f does not converge to a fixedpoint of 7, under U .

Two useful properties of the selected functional 7o[FXx) : F(x+1) are

() For any two functions f), f5 :
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Tolglb{f1f2}) = glb{Tolf 1 7olf2)),

(i) For any two consistent functions f), f2 :

Tollub{f\ 2] = lub{Tolfi17olf>]} -
T
Let & be an arbitrary formula. The interpreted formula & ° is a composition of T, glb and
lub, and T, commutes with both the gl/b and {ub operations. We can thus push each occurrence
of Ty in &:"’ all the way inwards, and obtain a modified formula in which various powers of
T, are combined by a structure of g/b and (ub operations.

Example 9: Consider the formula &

T [ub{F.T [glb{F.T [F)}]})
For the special case of the functional 7, 3'“ can be transformed in the following way:

7 ollub{F,7olglb{F,7o[F)}]}] -

7 ollub{F gib{r o[F 17D [F}}] -
Lub{r o[F 1% ol glb{7 o[F)7o P F )} »
Lub{r o[Fglb{roPLF )7 (F1}} .

In this modified formula, there are three powers of 7o (7o, 7o@, 7). these powers are
connected by a structure consisting of one glb and one (ub operation. (]
r T T
For a formula § °, we define the depth of & °, d(T °), to be the greatest power of 7 occurring
r
in the modified formula. Since 7o™(fXx) & flx+k), the value of & °[fXx) is totally determined
by the values of fix’) for x s " ¢ x+d('&f°). We shall later use the fact that any change in the

r
values of f(x’) for other arguments x’ cannot affect the value of & *(fXx).
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We can now prove the theorem:

Theorem 14: Let T, be the following functional over the natural numbers:
ToiF Kx) : F(x+1).

Then there is no single access method ¥ under which any initial
function f converges to a fixedpoint of Tq.

Proof: We first give an informal overview of the proof. Suppose that the theorem is not true,
and access method ¥ « {%‘}. has the desired property. We derive a contradiction by

constructing an initial function f in such a way that for some ascending sequence iy < {; < ... of
indices,

T w if k is even
8, /X0 = {o if k is odd .

T
The sequence of functions {E- °(f1} thus cannot converge, since it changes value infinitely

many times at x = 0.

The function f is defined as the lim of some convergent sequence of functions {g;). This
sequence satisfies, for each &:

w if k is even

T
¥, TeX0) = {o if k is odd .

For any fixed function g, the other functions g, for &’ > k, are constructed in such a way that

&x(x) and gy{x) are identical for all 0 s x < d(?r; 9. Consequently, the limit f of {g} also

satisfies:

fix) = gfx) forall 0sxs d(ﬂ;:') :

Since the value of U‘:Ig.,J(O) depends only on the value of g, for the first d(&,:‘b
arguments, we obtain:
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¥ X0 = 8 %X0) .

T
This equality establishes the oscillating nature of the sequence of values {&h’[ﬂ(O)}. which is

the desired result.

We now formally define the convergent sequence of functions {g;} and the ascending sequence
of indices {i}}.

As first elements in these sequences, we take go = {J and iy = 0. We justify this selection by

noting that &g"[m(o) e w, since © is a fixedpoint of 7 and thus for any formula &, g o)
=Q.

We now proceed to define g, and i;. As discussed above, we want g,(x) to be identical to go(x)
T
forany 0 s x < d(&i:)- We thus define:

T
golx) if 0sxsdl9
§ix) = { 0 otherwise . iy

By assumption, any initial function converges under U to a fixedpoint of 7o, and thus g,

converges under ¥ to some fixedpoint % of 7. Since g; converges to the same fixedpoint zero

under the two extreme compositions C’ o C and C o C’, the function A must be zero. By
definition of convergence, there is some index i; such that

&';"[g,l(o) =0,
and we have thus found the second function g, and second index i,.

We now briefly outline the next stage in the construction of {gj} and {i}} (i.e, g2 and ip). Let m,
be defined as:

ma ® max( 2, A, d@]%)).

The function g, is defined as:
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gi(x) ifO0sxsmy
§2x) = {u otherwise .
This function converges to { under both compositions C’ © C and C o C’, and thus g,

converges to {3 under Y as well. This convergence implies the existence of an index ip > {,
such that

E;';[gz] Bw.

The other functions g, in the sequence are constructed by taking an appropriate initial segment
of gx.) and changing the value of the constant tail from 0 to @ or from w to 0 (according to
the oddity of k). The boundary of the initial segment, m,, is defined in such a way that m; 2
k, and thus the sequence {gj} of functions is assured to converge at any argument x (since g,(x)
is constant for all 2 2 x). The function f = lim{gj} is thus defined, and by its definition, it

satisfies:
: r, T, w if x is even
3‘:. (/X0) = &t. (£4X0) '{ 0 if xisodd.
QE.D.
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Future Research

This paper covers only the lattice-theoretical aspects of access methods. Other problems which
might be of interest include the computability aspects of access methods, the relations between
access methods and substitution/simplification techniques for evaluating fixedpoints, and
characterizations of those cases in which a single access method is sufficient in order to access
fixedpoints.
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