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Abstract The classical method for constructing the least flxedpolnt of a recursive definition
Is to generate a sequence of functions whose init ial element is the totally undefined function
and which converges to the desired least tIxed polnt. This method, due to Kleene, cannot be
generalized to allow the construction of other fixed points.

In this paper we present an alternate definition of convergence and a new f ixed po int access
method of generating sequences of functions for a given recursive definition. The Initial

• function of the sequence can be an arbitrary function, and the sequence will always converge to
• a flxed potnt that Is ‘close to the initial function. This defines a monotonic mapping from the

set of partial functions onto the set of all flxed polnts of the given recursive definition .
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Manna & $ham lr

Introduction

A recursive definition of the form F(x) a i’(F)(x) (where F Is a function variable and r is a
funct ional) can be considered as an implicit functional equation . In general, such a functional
equation may have man y possible solutions (fixed poi nts) , all of which satisfy the relations
dictated by the recursive definition. Of all these fixedpolnts, only one, the least f lx.dpol ra, has
been studied thoroughly; however , recursive definitions have other Interesting solutions (e.g.,
the optimal f ixed po int discussed In Manna and Shamir (1976]). By considering the properties of
the entire set of fixedpolnts. a unified theory for the various flxedpolnt approaches can be
developed.

One of the most fundamental results in the theory of recursive definitions Is Kleene’s Theorem
which states that (under suitable conditions) the least flxedpoint is the least upper bound (tub)
of the sequence (L rIO], ~~~~ .~~ where the initial functIon 0 is the totally undefined function.
This theorem gives a constructive method by which the least flxedpolnt can be ‘accessed’ from
the Init ial function 0.

The purpose of this paper is to generalize Kleene ’s Theorem so that arbitrary fixedpoints of a
recurs ive definition can be accessed. This Is done by altering Kleene’s access method In three
ways: by allowin g an arbitrary initial function , by generating the corresponding sequence of
functions In a differen t manner , and by Introducing a modified notion of convergence.

• Part I contains all the prel iminary definitions and results. Our , slightly nonstandard, model of
recursive definitions Is presented in Section 1. In Section 2 we prove some properties of
functionals in this model, and in Section S we study the elementary closure properties of three
Important sets of function s: f ixed poi nts, prefixed points, and p ostflxed p oint:.

Our generalization of Kleene’s Theorem Is discussed in Part II. In Section 4, we consider the
behavior of Klesne’s ‘direct’ access method for initial functions other than 0 .  In particular,
we show that this generalized sequence of functions may fail to converge, but whenever It
converges the lImit is a flxedpoint which is ‘close’ to the Initial function.

More general types of access methods are defined In SectIon 5. In essence, each such method
defines a sequence of transformations which should be applied to the Init Ial function. These
transformations are defined in terms of the three basic operat ions: functional app&atlon, glb,
and lub. Among the access methods, we pay special attention to the ‘descending’ access method.
The sequences of functions generated by this method always converge, but their limit need not
beaflx .dpotnt.

Finally, In Section 6, we show that under the composition of the ‘descending’ and direct’

S
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access methods, an, initial function converges to a ‘close’ flxedpoint. We then prove that no
single access method can enjoy this property, and thus the composition of methods is essential.

4
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Part I : Recursive Definitions and Their
Fixedpoint s

1. Tk. Mod.1

1.1 The Basic Domains

The purpose of this subsection Is to Introduce the basic terminology about partially ordered sets
used throughout this paper.

D.flnition: A binary relat ion ~ over a nonempty set S is a partial ordering of S if
~ is a reflexive, transitive and antisymmetric relation. The pair (S,e)
is called a p artiall, ordered set (pose :) .

Definition: Let (S,a) be a poset. For a subsetAof S , an elemencxcSiscalled:

(5) least t f x c A a n d f o r all, A , x ; y ;

(b) grea test If x e  A and for all , £ A ., a x ;

(c) minimai i f x c A a n d there is n o , eA , , . x f o r w h lch ,u x ;

(d) ~naximal 1fx Aa nd there Is n o , c A , , i x f o r w h k h x a , ;

(e) tower bound lf for au , c A  , x a , ;

(I) upp.r bound if f or a l l , iA, , a x ;

(g) greatest lower bound (gib) If x is a lower bound of A , and for any
ocher lower bound of A ,,s

(h) l.ast i~ppev bound (lub) lf x ls an upper bound ot A , and for any ocher
upper bound , of A • x a, .

Definitions A semUaf tice is a poset (S..) in which any two elements in S have a
g~b. A cemplete semliauice is a poset (SM In which any non.mpty

• subset ofShasaglb .

Such structures are usually called ‘lower s.mllattlcs’ and ‘complet, lower semllattice’. The

5
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Manna & Shamlr

notions of ‘upp er semilatsic.’ and ‘complete upper semflaulce’ are similarly defined with the
glb replaced by lub in the definition . However, we omit the word lower’ sInce In th is paper we
work exclusively with lower semilattices and no contusion is caused.

Dst lnltlon A subset A of S in a semilattice (S,a) is said to be consistent If It has
an lub. An element x a S is said to be consLuent wish an element~ a S
If the set (xe,) is consistent.

Semllattices may contain both consistent and inconsIstent sets. The binary relation of being
‘consistent with ’ Is clearly reflexive and symmetric , but not necessar ily trans itive. Note that If
the semllautce is complete , the existence of some upper bound implIes the existence of a lub.
Any subset of a consistent set Is also consistent in this case, but palrwise consistency of elements
does not imply the consistency of the set as a whole.

Definitions A sequence x0, x 1, x2, ... of elements In a poset S is an ascending
(descending) chain If x~ ~ x1.~ ( x1.4. 1 ~ xj ) for all l. The sequence is a
chain if It Is either an ascend ing or a descending chain.

DefinItloft A f iat semilattice is a semilattice in which all chains contain at most
two distinct elements.

It Is clear that any flat semilatti ce is complete; it cont ains a bottom element w (which satisfies se a
d for all 4), and all the other elements are unrelated . The importance of this structure In the
theory of computation stems from the fact tha t they represent the two—st at e discrete type of
knowledge which often occurs during a computatIon: A variable either contaIns a well—
characterized value or has an undefi ned value (if used without proper inItl altzatI on)~ an
operation (such as a division of two numbers) may either yield a definite result or terminate as
‘illegal ; a procedu re call may either return a proper result or loop forever. In all these cases,
one possible extreme is a totally defined ent ity, while absolutely nothin g Is known about the

• other (besides its very ‘undefinedness’).

All the basic domains considered In this pap er are flat semllatttces , denoted b, D. Two domains
of special Importance are the BxIsan domain B - ((as. srae, false), a) and the domain of natural
numbers N - ((w, 0, 1. 2. . ), a).

6
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1.2 HIgh.r Typs ObJ.cts

In this sectIon we inductively define the objects of all finite types over the basic domain D1.
The two basic notIons used , that of a convergen t sequence and that of a continuity, are defined
in a nonstandard way. The classical definition of these notions is heavily oriented towards the
needs of the least fixedpoint approach; we need more balanced definitions In order to construct
a general flxedpo lnt theory of recursive definitions. In particular, we no longer concentrate on
ascending chains and their lub, but consider also descending chains and their glb, as well as
more general forms of convergence.

Definition: A mapp ing + : A -. B between posets is monotonic If ~(x) ~ ~~)) In B
whenever x a,  In A.

Oaf InltIon The set of (finite) types is defined inductivel y as fullows:

(I) Any basic domain D1 is a type; the objects of thIs type are the elements
of D1.

(U) 1
~”~~• ’h are types. so 1s~~ x ... x V *; the objects of thls type are

the vectors (x 1, .~
, x~) where each x1 Is an object of type .~.

(UI) If v~, O~ are types , so is Co~ ~ v~) the objects of this type are the
monotonic mappings from objects of type o~ to objects of type .,.

There is a natural way to extend the ; relation to the set of objects of any finite type , using the
followIng inductive definition:

Dsflnlt lon:

(I) If~~ .(x 1, ..., x~) a n d 5 a (,y,, ..., y~) are objsccs af cype e , x .. .xv h,
then ~ a 5Iff  for all 1 ~ l~~k, r1 a,1as objsctsoftype~ g.

(11) I f x an d ,are objects of typ. (v 1 4 v 53 t h e n x a , I f f for any fixed
object a of type ‘~. r(z) a y(z) as objects of type

It is easy to see that the set of objects of any finite type is a complete semilattice under this
relation.

p
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The notions of a convergent sequence and limit are usually identified with those of an
ascending chain and lub, respectively. Our definit ion of these notions Is more tnclusive

Definition: A sequence of objects (xj} of some finite type V is said to converge to
the object x,, of type 0 , written as a0 • llm(xj ) . if

(1) V Is some basic domain D1. and all the elements In (xj} are equal to x~
from some index io onwards.

(II) a is f~ x -. x a
~ 

and for any 1~ I ~ k, x ,1 a llm(xJ) (where Is the
I-t h component of aj).

(UI) a Is (v~ ~ ‘~] and for any fixed object a of type v~, xjz) • iim(xj (z)}

(these are objects of type v~. for which the notion of convergence is
already defined ).

Parts (U) and (LU) In this definition are standard , and once we define our notion of convergence
In the basic domains, It is carried over to all finite types. It Is easy to see that any ascending or
descending chaIn of any type is a convergen t seq uence (with ltsb or glb, respectively, as limits).
The following example shows that the converse is not true

Example Is Let ffj) be a sequence of objects of type (N ~ N], defined by:

I i f x � l
0 l f x c l
as ifa l a s

No two elements In the sequence ~~ are related by ; , but the sequence converges to the object
zero of type (N 4N ]

r a s  If x . a s
74T0(X) • 1 0 otherwise

This follows Unmediately from the fact chat for any argument a of type N, the sequence (fg(x))
of elements of type N is convergent, i.e., Its elements are 0 for all sufficiently high 1. 0

Using the notion of a convergent sequence, we can define our notion of contknuttT

8 
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Definition:

(I) An object (x 1, ..., x~) of type o~ x ~. x V~ is continuous if all the
objects a1 are continuous.

(U) An object a of type (‘: 0’s] is continuous if for any convergent
sequence (aft of objects of type o~, the sequence (x(zj )) of object s of

type 0
~ is convergent and x(lim(zj }) llim{x(zj ) ) .

Since the notion of a convergent sequence is more inclus ive than that of a chain , our notion of
continuou s objects (I.e., of limit-preserving mappings) Is potentially more restrictive than the
standard notion of chain-continuity. The following example shows that In fact an object can
pre serve the lith and gib of ascending and descending chains, and still be noncon tlnuous In our
system:

Example 2: Let f  be an object of type (N -. N). We say that f is dosed If the sequence (a1)
defined by

a0 • 0 and x1~ 1 iflx j) ( i.e., a1

consists of a finite number of distinct elements , none of which Is as. It Is clear that a necessary
and sufficien t condition for a function / to be closed Is the existence of numbers 0 s I .cj such
that J<0(O) .ft) (O) as, in which case the sequence (x~} is perIodic from some point onwards.

Let the object 0 of type ((N ~ N) ~ B) be defined as follows:

• ~r true if f  contains a finite sequence of pointers
V~ 1 as otherwise -

The object 0 preserves the lub and gib of ascending and descending chain s, since the finite
number of values f(rj) which constitute a sequence of pointers are either constructed or
destroyed at some finite point in any chain ff ~) , and thus Q(ltm(fj)) • 0~f *~ for 501M ik.

However , 0 is not continuous in our model. Consider, for example, the following sequence of
objscts (f~):

‘ x +  I it x .c ifix) .J
Lu i fx~~i

_  
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The sequence converges to the object

f_ ( x ) .x .  3 .

It is easy to see that $(f~) :~ i w~lle for any i, $(fj ) is true. Thus 0(lLm{fj J) a lIm(Olfj )) and

o is not continuous. o
From now on, we shall be interested mainly in the lower three types of objects: values (obj ects
of type D1), functions (objects of type ED x ... x Dk -. D01 and (single—argument) functional s
(objects of type C[D~ x ... x D’k D~ ) -‘ ED~ x ... x D~ D~ )]) . Since we shall not deal
with systems of recursive definitions , we do not have to consider multi—argument funct ionals
(for which the fixedpoint theory obtained is somewhat different).

1.3 Term Funct iona ls and Recursive Def initions

Among all the fu nctionals i , we shall be interested mainly in term funct ionois, which are
syntactically expressed as compositions of constants , monotonic base functions g

~
, a function

variable F , and ind ividual var iables x1. Associated with each symbol (includ ing the variables)
is a type , and the composit ion of these types must be legal.

Example 3: A term of the form

If g(x 1 , a 1) thin a2 else g (x2 , x~)

can be legal only if the types of a 1, a3, and a3 ~re the boolean semilattice B, and the type of g Is
(B x B -. B]. This can be shown by the following argument:

Since g (x ,,x 1) appears in the If part , the range of this term must be B. SInce the two subterms
a2 and g (r 2,x3) must have Identical ranges, the type of a2 Is necessarily B. Therefore the type
of g is of the form (B x ? -. B). In order to make the term g(x 1 a 5) legal, x~ must be of type
B, implying that “?“ is also B. We can thus conclude (from the term g(x2,x3)) that a3 is also of
type B. 0

A term functional is denoted by r (FXx 5 xk ), where a 1, ..., x~ are all the Ind ividu al variables
occurring In It , in some order. It can be interpreted as a functional in the following way : - 

-

— 
- 
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Given a function f and an argument vector ~~~
. (d1 dk) (of the appropriate types), the value

of i’(~f)(a) is the object obtained by evaluating the var iable— free term In which F is Interpreted
as f and a1 is interpreted as d1. The function i (f) to which f is mapped under 1 is the function

abstraction A~ i’(/](~). The fact that i maps monotonic functIons to monotonic functions is
immediate from the fact that all the base functions in f are monotonic , and the set of
monotonlc functions Is closed under composition.

DefIn itIon: A recursive definition is an equation of the form
F(~) • ‘EFXZ.
where V is a term functional.

In order to make this equation meaningfu l, 1’ must map functions of the appropriate type
ID 5 x .. . x Dk D0] to functions of the same type.

1 -

- j  
— — 
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2 Properties of Term Functional s

The fact that term funct iona ls are monotonic mappings which preserve the lub of ascending
chai ns is one of the oldest and most basic results in the recursive definitions theory. In a
sim ple form it appears in Kleene (1952). while a detailed proof of this result for a model of
functionals which Is quite similar to ours appears in Cadiou (19721 In this section we prove
the stronger result of continuity in our model , and discuss the behavior of term functiona ls
under the gib and lub operations over arbitrary sets of functions (rather than over chains).

2.1 The Continuity of Term Fun ct lonals

Under the classical definition of continuity , any mapping which preserves the lub of ascending
chains Is necessarily monotonic. However , a mapping 0 can preserve the limits of convergent
sequences without preser ving a lub of chains , or without being monotonic at all. This happens ,
for example , when 0 maps an ascending chain {x~) into a descending chain (0(x1)) provided
that

O(lim(r 1) ) • 0(1ub{x~}) • g lb( 6(x 1) } lim{O(x1)) .

The prop erty of continuity is thus totally independent from the property of monotonicity In our
model.

We now prove the basic result:

Theorem 1: Let V be a term functional and (f~} a convergent sequence. Then

(V(f1]) is a convergent sequen ce and

llm{f(f1)} £ V(lim{f ~}) .

Proof : The proof Is by induct ion on the structure of V , using the fact that term fun ctionals
contain finitely many basic constructs. Note that the monotonicity of these constructs is not
used at all.

If V is a variable a1 or constant c, the proof is trivial.

If V is of the form g(V 5 r n), we may apply the induction l,ypothesis that all the subterms V1
are continuous. Let ~ be fixed. Then for any 1 � k ~ n, there is an Index )1 such that

12
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• v1(11m{f 1}X ~) for all) 
~J1

Let )0 be wiax(j 5, .iJ ~ ). Then for all) �j ~.

V(f1X~) • g(V 1 (J ~X~) , ...,

• g (v 1O1m(f1}(~), ... , i’~(llm{f ~) X~))

• V(iim(fj }X ~) .

Finally, If V Is of the form F(’r 5 ,~), we define io In exactly the same way as before. We

denote the vector ( r 1(li m(f 1)X~) V~(1lm{f1)Xx) ) by 3 and thus by the definition of i ,

r[11m(fj}X~) • (llm{fj }X3) .

Since (f1) is a convergent sequence , there is some.4 such that

fj (5) a (limlf1)X3) for all ~ ~ .4 -

Let.4’ be max(j o, f ~. Then we have , for all j �.4’ :

VIJ)X~) £ f ~V l½X ~
) , .., r f l (f ](

~
))

• fJVi(lim(fj }X~) 

• f/p) • (limtfi)X5) • V(1im(f g)X ~~.

Q~E.D.

Some of the consequences of Theorem I are :

CorolIary~ Let e be a term functional. Then:

(I) If (fj) Is an ascendIng chain , then (V(fg3) Is an ascending chain and

llth(VV13) i

(It) If (fe) Is a descend ing chain , then (v(J ~]} Is a descending chain and
glb(i’(fj]) £ vLgib{f g)) .

Is

_ _ _  
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Proof:

(1) An y ascending chain (f~} is a convergent sequence, and lub(fj } £ Ues(fg). Sinc, term
functionals are monoconic, {V (f~)J is also an ascending chain and Iub(V(fg )) • Iiai(r (f g 3). By
Theorem I,

Iub( V(fj ] ) £ Um{V1f1]) £ 1 ’(Ii mjfj }] i T(lub(fj) ) .

( U) The proof is similar.

4E.D.

2,2 BehavIor Under the gib and lub Operat iona

Lemma 1: For any monotonic functional 7’:

(I) If ~~~ is a nonempty set of functions , then

V( glb(fj ] ~ g1b(c(f~) } .  -

(U) If (fj is a consistent set of functions, then so is (v~f ~J) , and

Iub(v(.f ,~]) ~ V(1ub{f ~j ] .

Proof:

(I)  Since V is monotonic and g!b(f j  ; f~ 
for all a, V(g lb (f , J ] • ~‘[f ~] for all a. Thus

V(g lb (f j ]  Is a lower bound of the set (f (f ~)}, and therefore V(gib {/ ’j) ~ g1b(v(f.~)) .

(U) Since (fj Is consistent , its lsib exists. By the same procedure as above, t&ub(f ,J ] can be
shown to be an upp er bound of (“(f )). In our model this implies the exIstence of 1ub(v~f ,~)),
and we have 1ub(v(f ~]) ~ V(lUb(f ,j ) - 4E.D.

A ccording to corollary (U) of Theorem 1, the Inequality vlg’Ib(fj3 • glb(vtf )) becomes an
equality If V Is a term functional and ( fj  is a descend ing chain. This result can be
strengthened by showing that for a wide subclass of term functionals In our model, the words 0a
descending chain ” can be replaced by ø~~ consistent se t .  M appings which preserve the gib of

14
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consistent sets of arguments are defi ned and studied in Berry (19763 In connection with the
bottom-up computa tions of least fixed points.

The dual property of preserving the ~ub of arbitrary consisten t sets of functions holds only for a
very restricted subclass of term functiona ls (mainl y those In which the term i’(FXx) can be
simplified , for any given a0 , to a term with a single occurrence of F). The problem In more
realistic cases is demonstrated by the following example

Example 4: Let V be the following functional over the natural numbers

v(F)(x) : F(x + 1).F(x + 2)

(where 0. w £ w. 0 £ i,). Define the functions

0 if a is even (0 i fx i s odd
f~(x)~~ iLW otherwise ~w otherwise

Then f ~ and 12 are consistent , but
I ’

Iub( V1f 5] ,V(f 2] } • lub((l,fl} • a zero a V(uro3 • v(lub(f 1/,J] .

0

4
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3. Prop.r ti.. of Fixedpo !nts , Prefix.dpo ints
and Poatfix.dpo inta

A recursive definition F(x) • v(J)(x) can be considered as an implicit functional equatIon In F.
With each such recursive definition , we associate three importan t sets of functionL flxedpolnts,
prefixedpoints, and pamfixedpoints.

3.1 Closure Pro perties

Definition:

(1) A partial function f  is a f ixed po tnt of a functional ?~ or of a recursive
definition F(~) • V( FX~), 1f f  s V(f i. The set of all flxedpolnts of v is
denoted by FXP (V).

(U) A partial function f Is a prefiae dpoi nt of a fu nctiona l V , or of a
recursive definition F(~) • i’(FX~) , if f  c V(f) - The set of all
prefixedpoints of V is denoted by PRE (v) .

(UI) A partial function f  is a post,f&xed po int of a functional V , or of a
recursive definition F(s) £ V(F X~) , if i’~/ ~ • f  . The set of all
postflxedpoints of 7’ is denoted by PO$T (V).

Exam ple 6: Consider the following recursive definition , in which F is of type (N x N -. N3

F(x,) £ If a • 0 then y else F(F(x,7-l),F(x- 1~y)).

The following three (quite different) functions are all fixedpoincs of this recursive definition, as
can be shown by direct substitut ion :

(I) f3(x,) .i f a —  O then y else w ;

(U) f2(x~, ) . i f x � 0 t h e n y elsew ;

(UI) f ~(xj) • mex(x~) .

The recursive definition has infinitely ma ny more fixedpolnts. A whole family of such
fixedpoI nts Is

(Is’) f4(xj) • if x • 0 then , else 4(X)

16
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where a(x) is any function over the natural numbers satisfying

4(x) • 0 and a(a(x)) . a(x) for all a >  0.

Examples of functions satisfying this conditions are the identity function, any nonzero constant
function , or the function which assigns to any n ~ 2 Its greatest prime factor (wIth a(l) — 1) .

The totally undefined function I) is clearly a pr efixed point of any recursive definitIon ; In our
case It Is an example of a preflxedpoint which is not a fixedpoInt.

An Infinite class of postflxedpoints which are not fixed points of this recu rsive definition is

y lf 0~~a s i
g1(x,,) - w otherwise

for a l l l� I . 0

By definition , it is clear that a partial functio n f  is a fixedpoint of a functional V If and only
If It is both a pref lxedpoint and a postfixedpoint of V (that is, FXP (v) • PR E(v) n POST (S)).

In this section we summarize the closure properties of the sets FXP (i), PRE(r) and POST (r)
under the operations tub, gib and tim. These properties belong to the “folklore of known but
seldom stated facts abou t recursive definitions .

Lemma 2: For any monotonic functional ?:

(I) V maps FXP (r), PRE (~) and POST (V) into themselves.

(U) PRZ (v) Is closed under the lub oper ation over consistent sets.

(UI) POST(r) is closed under the gib operation over nonempty sets.

Proof:

(I) Immediate from the monotonicity of V.

(U) Let (f,j be a consistent subset of PRE(i’) . Then for each a , f ,~ • . Since
I ubff ,j exists, fd • Iub(f ,j , and v is monotontc, we have

f~ • v~f1~3 • V(lub{f d}] .

17
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Thus v(lub(f.j3 is an upper bound of {fj , and therefore

Iu b (f J ~ V(1ub~f , j ) .

In ocher words, Iub(f .J is also a pref ixedpo int .

( UI) Similar. Q~E.D

It is not hard to show by appropriate counterexamples that PRE(t ) need not be closed under
gib POST (V) need not be closed under tub, and FXP(V ) need not be closed under either
operation.

Let us turn now to consider yet another operation -- the tim of convergent sequences.

Lemma 3: For any term functional V , FXP( r ), PRE (V) and POST (V) are all
closed under the Ji m operation.

Proof:

(I) Let (fl) be a convergent sequence of fi x edpoints of V .  By Theorem I we have

• IIs ’s(v1f~)) • ILm{J ~) ,

and thus Ilsi(fg ) is also a fixedpoint of V .

(U) Let (fl) be a convergent sequence of prefixedpoints of V. Then for any i,fg  ~ vIfj ) . By
the definition of the tim operauon we have

Um(f l) Um(V[f g ) } ,

By Theorem I . Usi(i’(fj)) exists and tin jv (f1) } • r (tim(f 1)) . Thus

lisc(fl) • vUM(f1)) ,

or equiva lently iIsi(f g) Is a prefixedpoint of V .

(US) Similar to (U). 4E D.

‘An Important special case is:

18
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Coro llary: For a term functional c , FXP ( ’) ,  PRZ (r) and POST (S) are all
closed under the tub and gib of ascending and descending chains.

3,2 Max Imal and MinImal Pixsdpolnt s

We turn now to study those fi x edpoints located at the extreme ends of FXP (V) —— the
maximal and the minimal fixedpoints of 1’ .

As usual , a maxIne! f lxedpoln t of 1’ is defined to be a flxed point which is not less defined
than any other fixedpoint of V .  The set of all maximal fixed points is denoted by M AX(V) .

A basic pr operty of MAX(V ) Is:

Theorem 2: For a monoton ic functional 1’ ,

if fe  PRE fr ) t hen fc g for some g £ MAX (V) .

Proof: This Is quite a straightforward application of Zorn ’s Lemma which states that If (S,~)
is a nonempty partially ordered set in which any tota lly ordered subset has an upper bound ,
then S contains a maximal element (see e.g. Dugundjl (1966]).

For our purposes, we take the set

S - ( f t c  PRE (V) I f ~ h)

with the standard partial ordering c - This set is not empty since f  € S .  If S1 Is a totally
orde red subset of S , It is in particular consistent , and thus tubS 1 exists. By Lemma 2(U)

tubS 1 Is a preflxedpo*nt of V , and it clearly satisfies f ;  tubS 1 - Thus tubS 1 e S and
therefore the subset S~ has an upper bound in S.

We may now apply Zorn’s Lemma, which guarantees the existence of a maximal element g € S.
By definition , f  s g and g ~ V(g) . To show that g is a flxedpoint of V we note that by
Lemma 2(1), V(g] Is also a prefixedpoint of V In S , and thus the assumption that g ~
contradicts the maxlmality of g In S. QJE.D.

Since for any function al V. PRE (V) is nonemp ty (fl PR E(r )) , we havt

Corollary: For any monotonic functional V. MAX (V) Is not empty.

This corollary guaran tees the existence of at least one maximal fIx.dpolnt, but It need not be

Ia
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un iq ue. As a matter of fact, monotonic functionals may have any number of maximal
fl xedpoints In our semilattice model.

Let us consider now the minimal fi x edpoints of a monoconic functional V . The main result
(the Least FIx.dpc4nt Theorem) states that a monot onic functional V has a least (and thus a
unique minImal ) flxed polnt, which we denote by lfap(V). This is a classical theorem, and It
has two well-known types of proofs :

(1) (A noncon struc tive proof , due to Tarski (1955)): In a model in which
V is defined over a complete lat tice (rather than a complete semilatt ice)
of elements, one can tak e the gtb of any set of elements. The elemen t
gib POST(r) is then shown to be a fixedpolnt of V and it is clearly
below all the other fixedpo ints of V (which are all contained in
POST(r) ).

(U) (A constructive proof , due to Hitchcock and Par k (1972], Cadiou
(1972]>. This is a rather complicated proof , which constructs a
tran sfinite ascending chain of appro ximations v~~tO] . Thi s chain is
shown (by transf lnite Induction ) to converge to the least flxedpolnt of
V .

The first approach cannot be directl y applied when a model of complete semilattices Is
considered. If the function gib PO$T (r ) exists, it is the least fIxed polnt of V in this case as
well. H owever , this function need not exist if POST(V) is empty, since the gib operation is
defined only over the nonempty subsets of the complete semilattice. We thus have to show that
POST (v) Is not empty as a first stage in a Tarsk i—Ilke proof. Fortunately, the existence
theorem of maximal flxedpoints (Theorem 2) implies that FXP (v) (and thus also POST( r) )
Is not empty. We thus get the following indirect proof, in which maximal flxed polncs are used
In order to show the existence of a least fixedpoint .

Theorem $ (The Least Fixed po int Theoum) : If V Is a monoconic functional (over
a complete semllattice) then FXP (c) conta ins a least element.

Proof: By the corollary of Theorem 2, POST (v) Is not empty , and thus /  • fib POST( r)
exists. By Lemma 2(W), It is a poscfixedpolnc of V • and thus r~fJ ~f. The function Vt/i is
also a postflxedpoint of V , and thus / • gib PO $T(r) • ri/I as welL Conseq uently / •
and therefore f  I FXP(v) . It is the least fixedpolnt of V since /  • gib POST (v) • gib
FXP(r) . Q,,E.D.

20
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Theorem 3 can be used in order to find the relationships between prefixedpoin ts,
postfixedpotnts and flxed polnts in general. The relative form of Theorem $ Is:

Theorem 4: For a monotonic functional (oter a complete semilat tice):

(1) If /  is a prefixed point of v , then there exists a least fixedpoint In the
set of functions S1. {g I f ;  g}.

(U) If f  Is a postfixedpoint of v , then there exists a greatest flxedpotnc In
the set of function s Sf - {g I g i fJ .

Proof:

(I) Since /  c PRE(r), Theorem 2 guarantees that S1 contains at least one fixed point . The
proof of Theorem 3 can then be applied without change (over the complete semilattice Si).

• (U) Using the inverse relation , ft ft~ if ft2 it can be shown that (SI , () is a complete
lattice. Theorem 3 now shows that SI contains a least fixedpoint with respect to ‘; this

• fixedpolnt Is clearly greatest with respect to 
~~
. Q~E.D.
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Part II: Th e Convergence of Functio ns to
Fixedpoints

In Part I we defined our model of recursive definitions and studied its basic properties. Using
these results, we now analyze the methods by which fixedpoints of recursive definit ions can be
accessed~ from other partial functions. In essence , each access method uses a given init ial

function fo as a starting point , and constructs a sequence of functions which converges to a
fixedpoinc of V . We want the fixedpoin t obtained to be aClO~~ t u to th e initial fwiction. Since
the orderin g ~ is only partial , one can directly compare in this sense only fixedpoints related
by c . The most natura l definition of this notion is therefore~

D.flnlt lon: A fixed point g of V is said to be close to a partial function fo If
for every fixedpo int h of V

(I) if f t 
~ Jo then ft ~ g .  and

(U) if Jo ~ h t hen g ;  f t .

In other words, the fixedpoinc g is close to Jo if it Is above any fixedpoint below f o ’ and
below any fixedpoint above f ~. A prior i , it is not clear that such a close tlxedpolnt must exist
for any partial function J o -- this will be one of the results proved In this part.

All the f unctionats considered in this p ar : are term func Uonals.

22
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4. The Direot Access Method . -

K leene’s version of the Least Fixedpoint Theorem for continuous functionals shows that by
repeated application of the funct ional V to the in itial function fi , one can construct a
sequ ence {V (i)((fl} whose li mit is the least fixedpo inc of V . This method (which we call the
direct access method) can be applied to an arb itrary initial function 10 • but in general the
sequence obtained need not converge to a limit. The following example demonstrates such a
case:

Exam ple 6: Consider the recursive definition over the natural numbers:

F (x) • If x� 10 then F(x— 10) ~~ F(x+ 1)

The collection of equalities imp lied by this recursive definition has a cycl ic componen t:

F(0) F(l) • F(2) 5 . . .  a F(9) a F( 10) a F(0)

and the additio nal equalities:

F(lI) a F(l), F(l2) a F(2) 

It is clear that any constant funct ion is a fixedpoirit of the recursive definition and there are no
other fixed polnts; the least ftxedpo inc is 12 . and any constant total function is a maximal
fix edpoint.

Conside r now the two initial functions:

rO i f x a 0  (0 i fO~~x~~ 1O
f1(x) • I 12(x) 

1lw  otherwtse 1 otherwise

The sequence {r (1)[f 1 ) } does not converge , si nce the value 0 is rotated In the cycle x.0, l ,...,10
under the repeated application of V .  On the other hand , the sequence {V(~kf2)) converges to
the fixedpoint zero of V , since all the nonzero values of f ~ are eventually replaced by 0
Note that this sequence is neither an ascending chain nor a descending chain (in fact, no two
distinct elements are ever consistent), but it converges accord ing to the generalized notion of u r n .

0 - ‘
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Definition: The function fo converges to g (under a functional V) if {V (t)(f0]) is a
convergent sequence and g is its limit.

We now state and prove the basic result:

Theorem 5: If Jo converges to g under V , then g is a fixedpoint which is close tO Jo~

Proof: To show that g is a fixedpoint of r , we use the (generalized ) continuity of V:

V (g) • VUim(V (
~(f0)}] a lim(1 ’EV (

~
)[f0)]} a lim{V(

~+ 1)(fo]} • g.

To show that g is close tof0, consider an arbitrary fi x edpoint h of 1’:

(1) If ft ~ J~ then by the mori otonic ity of c, ~r~
) [h) ~ ‘r (’kf0) for all I , and thus since ft is a

uixed point

f t • lim(i ’(1kh) } s tim{r (&) [f 0 )} a g.

(ii) If Jo c ft then similarly:

g • llm{V( ’) IJo] } ~ l im{ V (Z) Eh J} a f t .  Q.E.D.

We can describe the result of Theorem 5 as follows: if g, and g2 are any two fixedpolnts of

i such that g1 ~ f ~ ~ g2 , and if (V (ikfo]} converges , then it converges to a fixedpoint g
which Is also in the “boX” g 1 ~ g ~ . Note that , unless f ~ € PRE (V) u POST( V), an initial
function Ic need not be related by ~ to the fixedpoint g to which it leads. Furthermore ,
there need not be a greatest element among the fixedpoint s which are less defined than 

~~~ 
or a

least element among the fixedpo lnt s which are more defined than fo~

Given an arbitrary Initial function f~ 
, It may be hard to determine in advance whether the

sequence {V(L) (f0]) converges or not. One important case in which the convergence is
guarant eed is when Jo is either a prefix edpoin t or a postfIxedpo int of V . In these cases the
generated sequence Is a chain , and thus has a u rn .

We now proceed to characterize two other cases in which the sequence must converge .

Le mma 4: If f ~ • 10 ~ 12 where f ~ and 12 both converge to the fi x edpoint g
of V • then Jo also converges to g .

24
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Proof: By the monoto nicity of 1 , 
1.(L)

[11) c ~r
(
~

)Cf0] ~ V (
~
)(f2) for any £ . The defin ition of

conver gence imp lies that for each ~ th ere is a natural number Jo such that

a V(Otf 2 )(~ ) a g(~) for a l lj  ~io ’

and therefore

a g(~) for all j  ~ j ~~
.

In other words , the sequence {r~~Ef0 ]} converges to g .  QJE.D.

One immediate corollary of this ‘ sa ndw i ch ” prope rty is:

Coroll ary: If fo • lfXp(V) , then !irn{ V (Lkf o ] } a lfxp (r) .

The least fixed po int of V thus has the in teresting property that any initial function Jo ~
lfxp (i ’ ) conver ges to it under the repeated application of r (but not necessarily in the form of
an ascend ing chain ). Con seque ntl y . in order to access othe r fixedpoin t s of V • one must start
wi th  initial functions which are already sufficiently defined.

A sli ghtly different type of result is:

Lemma 5: If fi • f ~ 
ari d g a lirn {i~ kf1 )} is a tota l fixedpoint of V , then /2

also converges to g .

Proof: By the monotonicity of V , ,(t) [f ~ ~ V~~Ef2 ) for all I . Since the sequence (V (
~kJ1 ]}

converges to g, for any ~ there is a Jo such that:

V(lkf 1 X~) • g(~) for a l l j  ~~J 0

or , in other words:

g(~) • V(Jkf2X~~) for all j  � Jo ’

Since g is a total function , we obtain:

g(~) a V (f 2Rx 7) for all ~ � Jo~

and th us llm(V~~~ 2 }  4E.D.

L1 
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Note that the requirement that g is total is essential; it may well happen that a function f ~converges to a nonto tal maximal fixedpoint g . while a function f z  , which is more defined
than fi - does not converge at all.

Taking Ji • 1) , we obtain an important special case of Lemma 5:

Coro llary: If Ifxp(V) is a total function , then any initial function Jo converges to
lfxp(V) .

If a recursive definition has only one fixed point , then it is clear that the Urn of any convergent
sequence (V ( ’kf 0 ]} is lfx p ( r )  . However , if the un ique fi xedpo lnt lfxp(v) Is not total , there
may be initial functions fo for which the sequence {V~1kf0)} does not converge at all.

26
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5. General Acoess Methods

In the previous section we have considered one of the simplest ways by which we can access the
fixedpoints of V -- the repeated application of i’ to an initial function f ~. This method may
fail to conver ge when applied to certain initial functions 1.. In this section we investigate some
more general access method s, which are later used in order to access fi xedpoints of V from
arbitrary initial functions.

6.1 Access Methods

In order to formally introduce the general not ion of an access method , we first defi ne:

Definition: The set of formu lae is defined inducti vely as follows:

(I)  The symbol F is a formula (F is said to be a function variable) .

(ti) If ~ is a f ormula , then 7’ I~ ) is a fo rmula (7 is said to be a functiona l
variable) .

(iii) If ~~i • ~ 2 are formulae , then glb{~S~1,~ 2} and lub{~~1,~ 2} are formulae.

Given a formula ~ and a functional V , we denote by ~ “ the formula in which the functional

vari able 1’ is interpreted as V . can be considered as a functional (over the same domain of

functions as V) in the following way: Given any function f, ~~(j1 is the function obtained by
evaluatin g the formula ~ in whi ch 7’ is interpreted as V and F is inter preted a s .  Unlike the

funct ionals considered so far , ~~~“ may fa il when app lied to certain functions f, in case the lith of

inconsistent functions is to be taken during the evaluation process; in this case, tfV(J ) is not
defined.

E xample 7: Consider the formula:

glb{1’ (Iub(F ,T’ (F)}],F} -

and the functional

V(F XX) : F(x+ l)

27
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over the natural numbe rs.

The functional ~~V fails for the identity function fix) a x, since /  and V[f) are inconsistent , and
thus their lub is not defined . However , ~~ does not fail for the function:

r 0 if xa0 (mod~ ’jfix) a w otherwise

and the function ~ T(/) is (2. 0

Given a functional V and initial funct ion f, we may consider a function t~ (f ] as a modification
of f  A sequence of formulae {

~~~} can thus be used in order to construct a sequence of

successively modified functions {~~~tJ ~). If the sequence {~~~
} is properly chosen , this seq uence

of function s may converge to a fixe dp o int of r . We thus define:

Definition: An access method 91 is a sequence of formulae 
~~~~ 

For a given
functional V , a partial function /  is said to converge to g under ~ If all

the functions ~ 7tj] exist , and lim{~ T(f J) • g. If some of the functions

~~ t./J do not exist , the method is said tofall for V and f

In the case the formulae t~ become successively more complicated, it is convenient to use a
slightly modified notation for formulae. We use a sequence of function variables F0, F 1,

where each F~ represents the function ~~jtf1. given V and f .  Each function varIable F1 is
defined by a formula In which all the function variables F0, F 1, ..., F1_ 1, in addition to F, may
appear. This representation is equivalent to the original one, since one can always expand the
formulae in the new representation to formulae in which only the function variable F may
appear .

Some of the simplest access methods, in the new representat ion , are:

28 
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(A) F0 .F

F1 • 1’(F1_ 1 ] for i a I .

(B) F~,aF

F1 • glb(Fj_1 7’ 
(i)~p~ for I a 1.

(C) F0aF
F1 a glb{F1_ 1,T[Fj_1 i} for i � I.

(D) F0 aF

F1 a glb{F,T[ F 1_j ]} for i a 1.

(E) F0 aF
F1 • 7’ (g lb(F ,F 1_ 1~1 for 1 � I.

Note that methods C—E represent all the nontrivial ways by which Fj can be defined In terms

of F1_ 1 and F, using one occurrence of 7’ an d on e occurrence of gib. Four other simple access

methods (denoted by B’-E’) can be obtained from methods B-E by replacing each gib by lub.

Method A is the direct access method discussed in Section 4, since the expanded form of any F1

is 7’ (‘kF). Method B is closel y related to this method , since each F1 is simply the gib of a finite

number of powers:

F 1 • glb{F ,’T (Fj 1’ ~
2
~[F]. . - ,‘7’ (i) (p j ~

For any functi onal V and initial function f, the seq uence of functions {/~} generated by method

B is a descending chain, since the gib in the formula for Fj + i contains one more term than the

gib In the formula for F~. The convergence of any init ial function / is thus guaranteed , but

unl ike the case of the direct access method , the limit function need not be a flx.dpolnt of V.
This is demonstrated In the following example:

Exam ple 8: Let V be the following func tional over the nat ural numbers:

v(FXX) : If x • O Men F(x)+ I else 0.F(x-l).

Let f  be the Irnit al funct ion:

29
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rO if xiO, lf i~0 • 
t w otherwise .

For any I a 0,

I If raO
V(

~kflx) . {o if lsx�i+ I

w otherwise ,

and thus the gib of all these functions is:

t O if x al
glb(V’ ‘LfJJ(x) iw otherwise .

This function is not a fixedpoint of V (as a matter of fact , It is not even a pr ef’Ixedpoint or a
postfixedpolnt of V). 0

5.2 The Descending Access Msthod

Among the access methods listed above, we shall be interested mainly in method C, called the
descendIng access method, and in method C’, called the ascending access method. In this section
we stu dy the behavior of the first method .

For any Initial function f, the descending access method constru~.s a descending chain of
funct ions (f~J , since each f ~ is the gib of fj .. l with some other function. The idea behind the
method Is to “smooth up ” the initial function / by repeatedly taking the common part fg of the

functions fg... i and ~~~~~ 
hopefully such a process may result in a function whose values are

preserved under the application of V , i.e. a fi xedpoint of V.

If the Initial function /  Is a pre ftxedpoint or a postfix.dpolnt of V. then the sequence {/~}

generated by method C has an especially simple form:

Lemma 6: Let (fgj be the sequence generated by th. descending access method C

• for ? and f. Then:

(I)  I ff PR E(v) thenfor a l l & fj . f

- 
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(ii) 1ff € POST (V) then for all 1. f j  a

Proof:

(1) The proof Is by induction on i. For i - 0, Jo a / by definition. Suppose that for some 1,f ~
af Then:

lid a g1b(~ ,Vtf j ) J a gTh~f,Vtj ~} af ,

since/c Vr f).

(ii) This part is again proved by induction. For I - 0,f ~ a/by  definition. If for some 1,f ~ a

then Ii is also a postf ixedpoint of V by Lemma 2(1), and thus:

fi+ i ~ glb{f 1, v1.f 1)j ~ V~f1) a V(V (&) [ffl a V (
~~~~

)(f). Q,~E.D.

Part (1) of Lemma 6 shows that an initial function / may converge under method C to a limit
function which is not a fixedpoirtt of 1’. Ho wever , we have:

Theorem 6: For any functional V and initial function f, the sequence {fjj generated
by the descending access method C converges to a prefixedpolnt of V.
This limit function is the greatest among the prefixedpoinu of V that
are below f.

Proof: The fact that the descending chain {f~} converges to some limit function g, which is

below f ,  I s clear. We now show that g is a prefi x edpoint of V , i.e. g c ?(g) . By definition

g • lImIfj) a lim{g1b{fj. ..1•V(f ~_ j ) }} .

Since both (f g . . . i} and (VC/1_ 1)) are convergent sequences

g • glb(IIm(fg_ 1)Iim(V(f1_1)}} ,

and by the continuity of V and the definition of g

g a gl b (ISm(fg_ 1} ,VUI m{fj.. 1))) a glb{g,V(g)j .

The fact that g c ‘(g] follows now from the equality g a glb(g,v(g)).

SI
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Finally, we show that If h Is any prefix edpoint of V such that A a f ,  then A a g. It suffices to
show that A a f1 for all I. We prove this by induction on I.

If I • 0. then fo a f  and thus A c /o by assumption. 1ff1 satisfies A ;fg for some I, then:

A a V[h] a

and thus A Is below both / ~ 
and V(f1), implying that

A a glb(f 1, V(f 1)) afj.1 .

Q~E.D.

The existence of a greatest pr efixedpoint below an arbitrary partial function f can be
independe ntly proved by taking the lub of the consistent set of all the pre fixedpolnts of c below
f .  and using the fact that this tub is itself a pre fi xedpoint of V. Theorem 6 shows that the
descending access method always leads to this greatest prefixedpoint . Note that the set of
fixed p oints below f  need not have a greate st elemen t (In fact, it may even be empty If f
lfxp (v) ) .

We can now show that the descending access method is the least access method In the following
sense:

Th•orsm 7: For any functional V . if an initial function f  converges to ~ i under the
descendIng access method C and to g2 under some other access method

~~~~, then Ii c g~.

Proof : We first prove that for any formula ~ for which tf ”(J)  exists, g1 a Elf). The proof Is
by InductIon on the structure of the formula ~ .

(1) irI~ is F , then clearly g1 a/ a  t~Y(f 3.

(U) If ~)  Is of the form Vt~ ii then by the induction hypothesis g~ a I~1i~lfi. Since by
Theorem 6, g~ Is a prefixsdpolnt or V , we have

g 1 i v(g ,3 av (tf ~(f f l . E If J .
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(UI ) if ~ is of the form glb{tf 1,tf 2) the n g1 a IYTC/) and g1 a tf ~(f1 by the Induction
hypothesis, and thus

a g1b(~f l (J) XJ~[f ] } a

(iv) If ~ Is of the form lub{~J 1JY 2} then

a ~f ~Tf) a 1ub{~~T(fU ~~Cf) }

The lub exists since we assume that ~~V[J~ ~s defined .

Let ~ be the sequence of formulae {~~}. The functions T~tf) exist since we assume that this

sequence converges to g2. Since g 1 ~ t~tj~ for all i, and the sequence (1f~tf]j is convergent ,

a 11Pn (~~ J 1} • g~. QJE.D.

Using Theorems 6 and 7, we can now indirectly show that access methods C and D are
equivalent. One can easily show that any in itial fu nction / converges under method D to some
prefixedpolnx g, of V. If we denote by g2 the pref lx edpoint to which f  converges under the
descending access method C, then g2 a g 1 b y Theorem 6, and g1 a ~z by Theorem 7.
Consequently, any inItial function f  converges to the same function under access methods C and
D.

5.3 The Ascending Access Method f
In this section we consider the ascending access method C’, which is dual to the descending
access method C. The following results (which are stated without proofs) are analogous to
those obta ined In subsection 5.2; the main difference is that access methods In which the lub
operation occurs may fail if the lub of inconsistent functions Is taken.

Lemma 7: Let (f~j be a sequence of functions generated by the ucendlng access
method C’ for V and f. Then:

(I) If f  PRE(V) then for all 1,f j  a V(1kJ)
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(U) 1ff a POST(V) then for all i,/ ~ a .

Theorem 8: For any functional V and initial function f ,  If th. functions f ~
generated by the ascending access method C’ exist, then the sequence
(fjj converges to a postf ixedpoin t of V. This limit function is the least
among the postfIxedpo&nts of V that are above f

Theorem fr~ For any functional V . if an initial function / converges to g1 under the
ascending access method C’ and to g2 under some ocher access method
21. then g2 a

The following Lemma gives a sufficient condition on V and f which guaran tees the existence of
~ T(f) for an arbitrary formula ~~~ .

Lemma 8: For a given V and f, if there is a postftxedpoint g of ? which satisfies

/ a g. then for any formula ~~~, the function El/I exists.

Proof: We show (by induction on the structure of ~ ) that tfV(jI exIsts and satisf ies ~ ?~f ]  a g
for any formula ~~:

(i) If ~ is of th e form F, the n t~’(jJ • [a g by assumption.

(U) If ~ Is of the form ‘F (~~ ) , then by the induction hypothesis 
~~~

1(JJ exIsts and satisfies
¶ [jI a g, and thu L

a r(~TrJ~
) a V(g) ~ g.

(UI) If ~ is of the for m g1b(~~1,~ 2}, where 1~r(J) a g and IPJ ~(J dJ a g, then clearly:

• g1b{~ T[fJ ,tf ~(J 1} a g lb{g, g ’) • g.

(lv) Similarly, if ~ Is of the form 1ub{1 1,~ 2}, where (
~T(/I a g and 1J~ifi a g, then these two

functions are consistent , and thus their lub ex ists and satIsfies :

9V~/I • Iub( (JI, ~~Cj1J a lub(g, g} a g. Q~E.D.
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Coro llary: For a given V and f, if there is a postfixe dpoint g of V which satisfies

/ a g. then no access method 21 can fail for V and /.

Note that this corollary does not imply that such an / converges to a limit under 21.

The sufficient condition in th is corollary is clearly not necessary in general. Consider, for
ex ample. t he following access method:

F0 a glb{F,T (F))

F 1 • glb{T (F11’21F])

F1 • 1’(lub {F 1_ 1, F (F j _ 2]}) for I � 2.

For any functional V and initial function f, all the pairs of functions fg ..i’ ‘~f j 2~ 
to which the

lub is applied are consistent , and thus this access method can never fail.

We now show that for the special case of the ascending access method, the condition in Lemma
8 exactly characterizes the cases in which the method does not fail.

Lemma ~~. A necessary and suffic ient condition for a function / to converge under
the ascending access method C’ is the existence of a postfixedpoint g
of V such that/a g.

Proof: If the postftxedpolnt g exists , then by the corollar y of Lemma 8 the sequence {fjj Is
defined . Since it Is an ascending chain , it is a convergent sequence and thus /converges under
method C’.

On the other hand , if / converges under C’ then , by Theorem 8, the limit g of the generated
sequence {f~) is a postfix edpoint of V . Furt hermore, / a g. since (f~} Is an ascendin g chain

whose first element 1sf We have thus shown the existence of a postfixedpoint g of V which
satis fiesf a g.

Q~E.D.

By the corollary of Lemma 8 and by Lemma 9, the ascending access method C’ is the most
exacting In the sense tha t

Corollary: If method C’ does not fail for a given V and f ,  then no other access

method 21 can fail for V and f

35
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6. Th e Fix.dpoint Method

In this section we finally devise a method which always succeeds and under which any initial
function converges to a fixedpoint. As we show in subsection 6.2, no single access method can
achieve this goal; we thus need a somewhat more complicated method, based on compositIons of
access methods. This notion is formal ly defined as follow..

Del initloft For a functional 1’. an initial function / is said to converge to h
under the composition 212 o 21~ of two access methods 21~ and 212 , if
f  converges to some function g under 21~ and g converges to h
under 912 .

This definition can be naturally extended to an n-fold composition Q1,~o.. .o21~o911 -

6.1 Propert Ies of the Flxedpo lnt Method

Definition: The fixed point method is the compositIon A o C of the two access
methods C and A

The main result concerning the fixedpo int method iS:

Theorem 10: For a functional V any initial fu nction f  conver ges under the
fl xedpoint method A o C to a fixedpo lnt of V which is close to f .
Furthermore , this fixedpoin : is the least among all the fi xedpolnts of
V which can be reached from f  under any composition of access
methods.

Proof: Any Initial function / converges under A o C to a fi xedpolnt A of V , since f
conver ges under C to a pre fixedpo int g of V (by Theorem 6), and g converges under A
to a fi xedpoint A of V (by Theorem 5).

We now show that A is close to the initial function f .  Let 1 be an arbitrary flxed point of
V. Then:

(1) If I a f .  the prefixedpoint 1 is below f ,  and by Theorem 6, the preflxed p~inc g to
which f  converges under C satisfies I a g. Consequently,

I a Uuus(v (
~kI]) a 1im{V (

~kg)) i A

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 1-~- - - - _
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and thus I a A .

(ii) If f a I . then clear l y g a I - srnce g a f .  This implies that:

A • Iim{ V(
~tg) } a Iim {V (

~
)t/ )) I ,

and thus A a I .

Finally, we show that A is the least among all the fixedpoints of V which can be reached
from f  under any ..o.nposition of access methods.

Suppose that f  converges to a fixedpo int I of r under the composition 
~~ 

o o - . .  o

91~ of access methods. Let us denote by ~i (i— I n) the successive limit functions to which f
converges under the partial compositions 21~ o . . .  o & i (in particular , g,~ a I ) .  The function
f  converges to the prefix edpo int g under C .  We now show that g a g

~ 
for all ii.l,...,n.

Since / con verges to g and g1 u nder the respective methods C and 2I~ , we have (b y
Theorem 7) that g a g~ - The fun ction g1 converges to g2 under 212 , and to some
pref ixedpolnt g2’ under C (this convergence is assured since any initial function converges
under C ). By Theorem 6, g2’ is the greatest among the prefix edpoints of V which are
below g~ . However , g  is one such pre fixe dpoint and thus g a g2’. On the other hand , g2’ a
g~ 

by Theorem 7; we thus conclude that g a t2~

Continuing this type of reasoning for i-3,...,n , we can show that g a g~ 
for all I . In

particular , g~ Is the flxed point I of ‘r - and thus g a I .

We still have to show the relation A c I between the flxedpo ints A and I obta ined under the
composItions A o C and 21,~ o.  . - o - respectivel y. We alread y know that g a I , and that
the prefixed point g converges to A under the direct access method A . By Theorem 5, the
fixed point A is close to g ,  and in particular h a k for any fixed point k of V satisfying g
a A . Since I is one such fixedpoint , we obtain the desired result A a I .

~~E.D.

An initial function f  which converges under the ascending access method C’, converges to a

— —5- — 5— -—- 
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pcstfixedpoint g of V (by Theorem 8). The function g is assured to converge to a
fi xedpoint A of V under the direct access method A - and thus any f  converges under A o
C’ to a fixedpoint of V . prov ided only that method C’ does not fail for f .  By Lemma 8,
this condition is equivalen t to the existence of a postfixed point of V above f. The dual to
Theorem 10 is therefore:

Theorem 11: For any fun ctional V and in it ial function f  su ch that there exists a
postfixed point of V above f  - the function f  converges under A o
C’ to a fix edpo in t of V which is close to / . Furthermore , this
fi xedpotnt is the greatest among all the fixedpoints of V which cai
be reached from f  under any composition of access methods.

The proof of Theorem II is analogous to the proof of Theorem 10; the additional assumption
about the existence of a po stfixedpo int is used only in order to establish the existence of the
appropriate limits.

Two other compositions of access me:hods which are equivalent to A o C and A o C’ are
characterized in the following lemma:

Lem ma 1~

(I) For any T and f , f converges to the same function under A o C and
C’ 0 C.

(ii) For any r and f ,  f  converges to the same function under A 0 C’
and C o C’, pro vided that C’ does not fail.

Proof:

(I) The function g to which f  converges under C is a prefi x edpoint of V. By Lemma
7(1), method s A and C’ behave in the same wa~ for prefIxedpolnts, and thus the
compositions A o C and C’ o C are equivalent.

(ii) Similar , by Lemma ~~i) . QE.D.

An arbitrary initial function / can be consi ~ered as a distorted fixedpoint to which two
types of corrections must be applied :

(I) Defined pa rts , which are either changed or rep laced by w under the
app lication of V , mu st be deleted from the function since they do not
represent possible fixe d po int values.

38
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(ii) Undefined parts , wh i ch are re placed by defi ned values under the
app licatio n of 1’, must be comp leted with the appropriate fixedpo int
values.

The descendin g access method pe~fo: r ~ onl y tt ’e first type of correction , while the ascending
access method performs only the second type of correction. None of’ them can transform an
arbitrar y in itial function f  to a fixed point of t , but whe n both of them are applied to f  - a
fi xedpoin t of i is obtained. The order in which the two correcting stages are performed (i.e.,
C’ o C or C o C’ ) may affect the fixed po int obtained , since the two access method s C and
C’ do not commute in general. Furthermore , the com position C 0 C’ in which the deletion
stage comes after the completion stage may fail , while the fixed poin t method C’ 0 C cannot.

Let us denote by sT the set of fix ecpoincs of T which can be reached from f  by
com positions of access methods. The foll owing immediate corollaries summarize the structure
of STi n the case where method C’ does not fa il for T and f .

Corollaries:

(i) The set sT contains a least element (accessed by C’ o C ) and a
greatest elemem (accessed by C o C’ ).

(ii) If f  converges to the same function A under C’ o C and C o C’ 
*

the n A is the only f ixedpo in t of i’ which can be reached from f
(b y any composition of access methods ).

(lii) I f  /  is either a pr e~ix edpo in t  or a po stf ixedpo int of 1 , wh i ch
converges to A under the direct access method A , the n A is the
only fixe dpo int of r which can be reached from f  (by any
composition of access methods ).

(iv) If f  is a fsxed po .nt of T 
* 

then f  converges to itself under any
composition of access rne:hods.

(v) All the fixedp oin ~a in ST are close to f  (however there may be
other fi xedpo ints which are close to f  but which are inaccessible from
/ by any composition of access methods ).

(vi ) All the fixedpoints in S~ are consistent with the initial function f .
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If access method C’ fails for .1’ and f ,  then the set sT need not have a greatest element ,

and the functions in ST need not be cons ist ent with / . However , if f  is either a
prefi xedpoint or a postfixedpoint of ‘F , then C’ cannot fail for V and f .

Theorem 10 guarantees that for any initial function f ,  there is at least one fixed po int A of r

which is close to f .  For a fixed functional V • we can consider the fixedpoint method A 0 C
as a functional nfl,. which maps any function f  to some fIxedpo lnt of V that is close to f .
The functional W1V maps the set PF of partial functions (over the appropriate domain) onto

the set FXP(V ) 
* 

since any fixedpo int h of 1’ is mapped to Itself under 1
~V - Our aim in

the rest of th is subsection is to study the monoto ri icity and continuity properties of ~R V

Theorem 12: For any functional ‘F , ~.fl 7. PF-~FXP (V ) is monotonic.

Proof: By induction on the structure of formulae it is easy to show that for a fixed functional
V 

* 
any access method is a monotor iic mappin g from initial functions to limit functions

(whenever they exist). Consequently , the com position A o C (for which limits always exist) is
also monotonic.

QE.D.

Note that the existence of such a monoton ic mapping from PF onto FXP (V) is not surprising
(due to the man y structural similarities between the two sets), however , the theory of access
methods enables us to define the mappi ng in a simple and constructive way.

The functional 21
~V whose monoton icity was shown above , is not continuous. This fact does

not stem from the special way in which ~V2, is defined . The following theorem shows that for
certain functi onals V , any such mapping is inherently noncont inuous.

Theorem 13: There are func t iona ls V - for whIch any mapping e: PF -.FXP(V)
which assigns to each partial function f  a fixedpoint of V that is
close tof, must be nonconti nuous.

Proof: Let r be the following functiona l over the integers:
V [FXX) : if F(x—1) - O Men F(x) + 0. F(x+ 1) + 0-x

else F(x-1) + 0 .F (x+l ) + O ’x .

The special property of this functional is that for a certain sequence {fj) of initial functions ,

each Ii has exactly one flxedpoin t -- -- which is close to it. By the assumption on 8 ,

lu
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8[f 1 ] ~ ci for all I 
* 

and thus li~n{e[f~)} ~ ci . We shall use this fact in order to show that 9
does not preserve the u r n  of convergent sequences.

The two subterms 0. x in the functional guarantee that any fixed point of V is undefined for x ~
w. For other values of x , V(FXx) is defined in terms of both F(x—l) and F(x+l) , and thus
any fixedpoint of V is either ~2 or total over the defined integers. Among the total functions ,
only two types of functions are fixedpoin t s of’ ‘F

(I) The constant functions:

g (x) c for some defined integer c

(ii) The split—constant functions:

( 0  ifx~~jg (x) E 
~ ~ if ~ 

for some defined integers c and j.

Consider now the ascending chain of functions ~f ~} , where

i’O if x~~i
f1(x) 1. w otherwise.

Each ,f ~ is a postfixedpoint of V , which descends to the fi x edpoint (~ of V under the direct

access method A . We now show that ci is the unique fixedpoin t of V which is close to fj .

Let A be a fixedpoin t of V which is close to f ~ - By definition , A must be below any
fixed point of V which is above f ~. Two such fi xedpoints above f~ are:

g i (x)  • 0

r 0 if x �g2 (x) 
1. I If x > . -

The only fixedpoint of V which is below both g1 and g~ 
is fi , since no other nontotal

function can be a fixed point of V . On the other hand, one can easily show that (I Itself is a
fixed polnc which is close to f ~. We have thus shown that D is the unique fixedpoint of V

which is close to /g• Using the assumption on 0 , we can now deduce:

4 1
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• 9[f1] E fl for all I .

Let us consider now the function zero • lirn {fj} . Since zero is a fixedpoint of V , It is the
unique fixedpoin t of V which is close to itself, and thus:

O(hm{fjj ) ~ O[zero] zero

We have thus shown that 0 does not preserve the limit of conver gent sequences (or even the
lub of ascending chains).

4E.D.

6.2 The I nsuffic iency of a Single Access Method

Theorem 10 showed that the composition A 0 C of access methods has the Interesting
property that any initial function converges to a fixedpoint under it. A natu ral question is
whether there exists some single access method ~I which has this property, i.e., whether the
fixed points of V can be reached from arbitrary initial functions by means of a single limiting

• process.

A plausible candidate for such an access method is:
F0 • F
F2~~1 • ‘F( F2~) for all i � O .
F21÷2 E gtb{F21.4. 1 .T (F 21~ 1))

In this method , th e functions with odd indices are defined as in method A , and the functions
with even indices are defined as in method C .  Unfortunatel y, one can easily show that certain
initial functio ns / do not converge under this “alternating access method.”

In this section we formally prove that any such attempt to construct a single access method, in
which any f  converges to a fixedpoint , must fail. It suffices to consider for this purpose the
simple functional V0LFXX) : F(x+ 1) over the natural numbers. What we actually show is that
for any “candidate ” access method ~I • one can construct an appropriate Initial function f  such
that f  does not converge to a fixed po int of i’

~ 
un der Q I.

Two useful properties of the selected functional c0(FXx) : F(x+ 1) are

• (I) For any two functions /1,/2:

42 
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Vo(g lb(fi /z } ]  • glb(V o(f11’r 0[f2 ] } ,

(11) For any two consistent functions f1,f2 :

V0(l ub{f 1j ’2}) • lub{Vo[f 11c 0[f2 ) } .

Let ~ be an arbitrary formula. The inte rpre ted formula is a composition of V0, gib and
lub, and V0 commutes with both the jib and tub operations. We can thus push each occurrence

of V0 in all the way inwards, and obtain a modified formula in which various powers of

are combined by a structure of jib and lub operations.

Example 9: Consider the formula ~:

1’ (IUb( F ,1” (g!b{F,1’ CF]}]}].

For the special case of the functional V0, can be transformed in the following way:

V0[lub{F,V0(glb{F,1’0(F)}))] -. —

V0[ 1ub{F 41b{V0(F ] ,V012
~[ F ) } })  -. p -

Iub(V o(F),VoLglb(V o[F1V0t2>( F))]} -.
1ub(V~tF ),glb(V0t2

~( F] ,V0t3
~[ F ) ~} .

In this modified formula , the re are three powers of ‘F~ 
(V a, V0~

2
~, V0~~); these powers are

connected by a structure consisting of one jib and one iisb operation. 0

For a formula ~ VØ, we define the depth of ~~~~~ d(~~ °) , to be the greatest power of ~~ occurring

in the modified formula. Since V0°~(f ~( x) i j tx + k) . the value of ~
V
~~X )  is totally determined

by the values of fix ’) for x ~ ~ x+d (~
1’°). We shall later use the fact that any change In the

v alues of fix ’) for other ar gument s x’ cannot affect the value of t~~tfXx).

43 
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We can now prove the theorem:

Theorem 14: Let 1’~ be the foflowing functional over the natural numbers:

V~~FXx) : F(x+ I ).

Then there is no single access method Q~ under which any Initial
function / converges to a fixedpoin t of V0.

Proof: We first give an Informal overview of the proof. Suppose that the theorem Is not true ,
and access method I - {~~ ), has the desired property. We derive a contradiction by
constructing an initial function f  in such a way that for some ascending sequence to L i ~ ... of
indices,

t~~1fX 0)~ {~ 
~~~~~~~~~~

The sequence of functions {~j”°(J] } thus cannot converge, since it changes value Infinitely
many times at x u 0.

The function f  is defined as the tim of some convergen t sequence of functions (g1}. This
sequence satisfies, for each A:

V rø if k is even
~~~tg~X0) io If A Is odd .

For any fixed function g~, the other functions 1k’ for A’ > A, are constructed In such a way that

gk(x) and gk’(x) are identical for all 0 � x s d(~~ °.). Consequently, the limit f  of (ga also
satisfies:

fix) • g1,(x) for all 0 ~ x ~

Since the value of ø~~gkX0) depends on ly on the value of g~ for th, first
arguments, we obtain:
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1~~1fX0) . 
~~ tgkX 0) .

This equality establishes the oscillating nature of the- sequence of values ~~~~~~ which is

the desired result.

We now formally define the convergent sequence of functions (g
~
) and the ascending sequence

of Indices {‘~)~

As first elements in these sequences, we take g0 Cl and L~ a 0. We Justify this selection by

noting that ~~ °tClX0) • w 
* 

since Cl is a fixedpoint of V and thus for any formula ~

& 0.

We now proceed to define g~ and i~. As discussed above, we want gi(x) to be identical to g0(x)

for any 0 ~ x ~ d(J.f~°). We thus define:

(x) • j  g0(x) if 0 � x s
1. 0 otherwise

By assumption , any initial function converges under 9t to a fi xedpoint of V0, and thus g1
converges under I to some fixedpoint h of 1’. Since g~ converges to the same fixedpoint zero
under the two extreme compositions C’ o C and C o C’, the function A must be zero. By
definition of convergence, there is some index I 1 such that

at’°c,1X0) . 0 ,

and we have thus found the second function Ii and second index i~.

We now brief ly outline the nex t stage in the construction of (g1) and t’a (I.e., g~ and ~2)~ 
Let P?l~

be defined as:

rn2 .rna~~2 , d(~~°) , d(~~°) ) .

The function g2 is defined 55:
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g~ x) & 
{Ii(x) if 0 ~ ~

otherwise

This function converges to Cl under both composItions C’ o C and C o C’. and thus Iz
converges to Cl under 11 as well. This convergence implies the existence of an index ~2 >

such that

V
• w .

The other fu nctions IA in the sequence are constructed by taking an appropriate Initial segment

of IA— I and changing the value of the constant tail from 0 to ~ or from w to 0 (accordIng to
the oddity of A). The boundary of the initial segment, mA, is defined In such a way that mA ~
A , and thus the sequence (:j} of functions is assured to converge at any argument x (since gk(x)
Is constant for all A a x). The function f  • lim{gj } is thus defined, and by its defin ition , It
satisfles

~~~
‘O If~(0) ~ ~~~

‘O CgkXO) 

~ 
{ ~ ts even

4E.D.

- -. ~~~~~~
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Future Resea rc h

This paper cover s only the %att3 ce—the oreti cal aspects of access methods. Other problems which
might be of interest include the cotnputabiity aspects of access method s, the relations between
access method s and substitution/simpl ification techniques for evaluating fixedpoints , and
cha racterizations of those cases in which a single access method is sufficient in order to access
fi xedpoints.
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