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PREFACE

rh. mat.rial contained in thi. r eport is a compilation of stud ent . ’ paper s
coming out of my one semester graduate course at Saint Loui s University .
Each of th. papers is an expansion of a class lectu re or topic . For various
reasons , not all of th. papers subm itted to satisf y course requi rements have
been included.

Tb. objective of the course was to develop insight Into ways of applying
stati stic s to solv, problems. It was not intended to be a course on statistics.
As a result, the papers are not a comprehensive coverage of these subjects .
Furthermore , they are not the last word on the subject . They are not author-
atativ e cov uages of * subject , but more a description or interpreta tion of the
subje ct by th. student . However , they have been reviewed for technical con-
tent. The intention is to develop interest on the part of the reader to do
furth er investigating into statistics.

There was some effort made to keep the papers primaril y on the subject
of applied meteorology. However , sinc e the course included applications of
statistics to other fields , there are two papers which cover other subj ects.
Thes. papers cover applications which discuss techn iques that can and, in
some cases , have been directly applied to meteorology elsewhere .

For those wishi ng some guidelines for more basic probability and statis-
tica l materi al, I would recommend , in addition to the texts ref err ed to in the
bibliography, books by: Wadsworth and 3ryan, Hou and Craig , Dixon and
Massey . An appendix incl udes copies of computer programs for doing some
of the aealy..s discuss ed in the report.

Time r•str ict ion. htve made it Imprac tical to properly edit the enclosed
paper, for uniformity of content. The report has the character of a compila-
tion of pr.print s to a proceedi ng with each paper reflecting its own styl e of
presen tation. 
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CHAPTER 1

INTRODUCTION

by Maj Bruce D. Altenhof

1. 1 Introduction.

This publication is the result of a St. Louis University graduate-level course on special topics
in Statistical Meteorology taught by Adjunct Professor, Dr. Robert G. Miller . in the 1977 spring
semester . Dr. Miller , a meteorological statistician, is the Chief Scientist for the Air Weather
Service. The objective of this text, like that of the course, is to create statistical insight into
how to solve problems.

Two textbooks were used to supplement Dr. Miller’s lecture material. The books were “Multi-
variate Analysis: Techniques for Educational and Psychological Research” written by Ma..’rice M.
Tatsuoka (1971) and “Statistics: A Guide to the Unknown” edited by Judith M. Tanur and ‘y
Frederick Mosteller, William H. Kruskal, Richard F. Link, Richard S. Pieters, Gerald R.
Rising (1972). Tatsuoka’s book is based on courses he taught in advanced-statistics and multi-
variate-analysis. It provides the additional information required by students to get a thorough
understanding of advanced statistical methods . Tanur’s book explores ways in which statistics can
be applied to a variety of problem areas in society. The book contains 44 nontechnical examples
of applied statistics and the contributions made in all aspects of today ’s soc iety (government,
business, science, etc).

In an effort to stimulate student interest and involvement, a class experiment was undertaken
on s ingle-station forecasting and is included as a chapter.

1.2 Statistical Subjects.

Numerous sta tistical subjects were explained during the course. The main subjects in alpha-
betical order were:

(1) Analysis of Variance
(2) Analysis of Covariance
(3) Bayes ’ Theorem
(4) Canonical Correlation
(5) Clustering
(6) Decision Theory
(7) Markoy Processes
(8) Monte Carlo
(9) Multiple Discriminant Analysis

(10) Multivariate Normal Distributions
(11) Nonparametric Procedures
(12) Orthogonal Polynomials
(13) Pattern Recognition
(14) Regression Analysis
(15) Significance Testing
(16 ) Simulation Techniques
(17) Stochastic Processes
(18) Transformat ions

The Analysis of Variance (ANOVA) technique is a method for testing hypotheses concerning
means of several populations. The ANOVA technique was illustrated by dep icting its application
to testing the relative merits of a new YMCA running program as compared to the program it
replaced. Two teat groups were analyzed, one use d the old YMCA program and the other used the
new running program. The analysis tested the mean value, of the dependent variable (time to run
a certain distance) for the two groups. In doing so , A NOVA allowed one to conclude whether there
was a difference between the two programs.

1 — 1
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The statistical technique known as the analysis of covariance is an extension of the A NOVA to
take into account the possible effects, on the dependent var iable, of one or more uncontrolled
variables (the covariates). In the above test of the YMCA running programs, it was determined
that the new program appeared to be better than the older program because the mean of the

variable considered (time to run a certain distance) was much lower under the new program.
After the test was conducted, it was determined that the age of the people tested was not uniform.

A ge in this case was a covariate and may have had an effect on the dependent variable. The

analysis of cova riance was then applied to permit an adjustment to be made- -to sharpen the test

results. The analysis of covariance uses regression equations to make estimates of the dependent
variable from the known values of the predictor variable, which in this case was age.

Bayes ’ theorem on inverse probability or posterior probability was depicted by the following

examples: As a weatherman, suppose you have to make a forecast of the precipitation conditions
(rain, snow , or neither) at the inauguration in Washington DC one day in advance. All you have is

your trusty barometer. For years you have recorded the pressure on each Jan 19th, 9 AM EST,
and later took notice of what occurred the next day at the inauguration site. If you plotted the
relative frequency of occurrence of the precipitation conditions with respect to pressure, you

might get what is depicted in Figure 1-1.

FIGURE 1-1

1(p)
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p - Pressure (mb)

From climatology, you know that the probability of rain (er) is . 20, probability of snow (P5) is

30, and the probability of neither occurring (Pa) is . 50. Bayes ’ Theorem can be written for

t his situation as:

~ r’ f(pres s/Rain)
P(Rain/ Press) = _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~ 
f(press / Rain)+P, f (press/Sno w )+P~~ f(p ress/Neither )

p .  f(press/snow)

P(Snow / Press ) = _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

r’r~ 
f( press/Rain)+P,. f (press/Sno w )+Pn’ f(p ress/Neit her )

P(Neither /Press) z ~ 
pre 5 0 er

~~~ 
f (press/RaIn)+P5 f(pr .ss/Snow )+P~

. f( press/Ne ith er )
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Now to determine the probabilities. You measure the pressure on 19 Jan at 9 AM EST and it is
10 lOmb. From the graph you determine that the f’s for 1010 sib are as follows :

f(10lO/R) .20 f(lOlO/S) = .50 f(lOlO/N) — .40

Then:

P(Rain/ 10 lOmb) = (.20)(. 20) 
- .04 10(.20) (.20)+(. 30)(. 50)+(. 50)(. 40) .39

P(Snow / 1010mb) = (. 30)(. 50) .40
.39 .39

P(Neither/l0l0rnb) = ( .  50)(. 40) = .20 .50
.39 .39

Your forecast based on the use of Bayes ’ Theorem would be 10% chance of rain, 40% chance of
snow, and 50% of no precipitation for the inauguration.

In another example, suppose someone hands you a red ball and asks for the probabilities that
the ball wa, taken from urn 1. u r n  2, or urn 3. You are given the following information:

URN I URN Z URN 3

Contains Contains Contains

50 red balls 90 red balls 25 red balls
50 black balls 10 black balls 75 black balls

You also know a pr iori that the probability it came from Urn 1 is 1/3 , from Urn 2 is 1/3 , and from
Urn 3 is 1/3.

By app l ying Bayes ’ Theorem and using the above information, the probabilities are easily
determined by

p .p(recl lurn x)
P(Urn x lred) ~~~ X x = 1, 2 , 3

~~~~~~~~

x 1
Therefore,

P(tJrn 1/red) : (l/3)(. 50) = ._~2. 30
(l/3)(. 50)+(l/3X . 90)+~1I3)(.  25) 1.65

P(Urn 2 / r e d )  = (l/3)(. 90) .90
(1/3)(. 50)+(l/3)(. 90)4(l/3 )(. 25) 1.65 4

P(Urn 3/red) = (1/3)(. 25) 
~~~ .(1/3)(. 50)+(l13)(. 90)+l/3)(. 25) 1.65

1-3 
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The statistical method of Canonical Correlation was created by an economist in 1935. It is a
method by which one determines a linear combination of p predictors and a linear combination of
q cr iterion variables such that the correlation between these linear combinations in the total sample
is as large as possible. This technique has been used successfully in the insurance business. To
Illustrate, let ’s consider the fo llowing example- -Buyer vs Product. An insurance company will look
at all of its policies sold (Product) and lists them under categories such as policy size, policy type,
mode of payment. etc. TEA company then lists all the factors known about the buyers of the
product (e. g. • age, sex, income, employment, etc). From a complete canonical correlation
analysis of all variables, the company can determine, from the factors known about a potential
customer , which type of policy, amount of insurance, and payment plan the customer is most
likely to purchase. Its use in determining what policies a customer is most likely to buy saves
them considerable time, money and manpower. Another poss ible area of use for this method is in
meteorology. One should be able to infer tomorrow ’s set of weather variables from today ’s set of
weather variables.

Clustering is a method for identifying significant groups such as would be desired in market
research; e. g., What are the main markets that a company is operating in successfully? A gain.
insurance companies have found this information extremely valuable for sales training, designing
new products, etc. In meteorology, c lustering can be used in weather typing.

Decision Theory is a technique that is applied when there is uncertainty. The following
example will provide insight into this technique. Suppose yov were planning the next day ’s work
for a construction team. You have a choice of three projects you can plan for; however , it
depends on whether it rains or doesn ’t rain as to what project you can accomplish. From past
experience, you know what losses you would incur if the weather doesn’t agree w ith the project
you planned for. By putting this information in a decision matrix and applying  decis ion theory,
you can minimize the potential for loss . Consider the following matrix.

States of Nature
Units of Loss

_________ 
RAIN NO RAIN

A 1 10 0
Planning — 

___________ ______- .______

A 2 4 4
Action — ___________ _____________

A3 0 10

If the forecast  for the next day was 100% for rain, you would plan for project 3 or A 3. If the fore-
cast was for 100% no rain, then you would plan for project 1 or A 1. However , there is usually
some uncertainty as to whether it will rain or not. For instance, there may be a 50% chance of
rain. By using the probability of rain in conjunction with the matrix, one arrives at the following:

RAIN NO RAIN

Probability . S - S

EXP ECTED LOSSES

10 0 = . 5• 10 ~ . 5. 0 = 5 units lost

A 2 4 4 = . ~~~~ + . 5.4 = 4 units lost

A 3 0 10 = . 5 0 + . 5. 10 = 5 units lost

1-4
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Based on this decision theory technique, you would plan for Project A 2 because it minimizes
your expected loss. Since at different times other probabilities for rain may be forecast (i. 0.,

10%, 20%, 6 5%, 90%, etc), each can be entered into your calculations to minimize the potential
loss to your organization.

The ‘Markov Process ” is a statistical approach where knowing the last state of a process
te lls you all you need to know to predict a future state.

A technique often used in statistics is the “Monte Carlo ” method. The Monte Carlo technique
is applied to stochastic processes w hich are based on ~ large number of variable factors.  An
example of a process whic h is affected by many variables is the time it takes an indiv~dual to
drive home after work. A few of the variables are : time of day, traffic condition, weathe r , and
the individual’s attitude--each of which has a wide rang e of variability. By keeping records over
a long period of time, one can graph the number of occurrences of particular times it takes to
get home.

ocG

~

?r..:c.s1 
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1k,, . (mlnut..) to got horn.

Using the technique of Monte Carlo, you can develop a model for simulating the time distribution
in place of collecting the information from actual experience.

Multiple Discriminant Analysis, or MDA,as it is frequently referred tc~ involves a more compli-
cated application (more variables) 01 Bayes ’ Theorem. In this method, the variables are weighted
so that the groups se parate from each other thus allowing the probabilities to become ‘ sharper .

The bivariate normal distribution is an extension of the univariate normal distribution to the
bivariate situation. For a univariate normal distribution of a variable X . every point on a line
represents a possible value of X. For the normal bivariate distribution of variable X and
variable Y, every point on a plane represents a possible pair of values . A pp lication oi the
bivariate normal distribution has been made in hurricane predictions.

Most statistical methods require assumptions about the distributions underly ing a model .
Non-parametric methods, also called “distribution-free” statistical methods , are used for
making inferences without any assumption as to the form of distribution in the population.

Statistical methods using polynomials have been developed to reduce large data arrays to
one s of manageable size. It is possible, because of redundancies in data, to reduce the numbe’~
of observations needed to represent a given situation. Harm onic functions and empirical
ort hogonal functions are used to accomplish this data reduction also. Orthogonal polynomials
have been u9ed to represent weather maps with only a few numbers.

Classification problems have long interested Statisticians . “Pattern Recognition” is one
approach for dete~ mining which of several groups a particular individual ‘resembles ” the most ,
in terms of a specif ic set of measurabl e characteristics. In pattern recognition, one has at
hand a sample from each of K well-defined populations. Assoc iated with each individual are
measurements on P variables that are deemed to be important in differentiating among the
severa l populations or groups. Now, we take a new individual whose group membership is
unknown, but for w hom we can take measures on the same P variables. Using the measures ,
one can c lassif y him as a member of one of these K groups according to which he show s
greatest resemblance.

“Regression ” is the estimation, or prediction, of an unknow n value of one variable from
known values of one or more other variables. In the simplest case , one var iable is predicted from
a known va l ,e of another variable. The known variable is commonly called the independent

1-5



variable and the unknow n variable, the one to be est imated, is ca lled the dependent variable.
The relationship between the dependent variable and independent variable is given by regression
equa tions.

Significance testing is another important area of statistical analysis. It ar ises in a special
way through the use of screen ing procedures which try to find the best predictor variables .

Simulations have wide applications in statistics and various techniques will be discussed in
the text. Simulations are accomplished through modeling. By analyzing past data, models can
be developed which are used to simulate actual observed conditions. Once the model has been
developed, one can input into the model various parameters and determine or simulate what the
future (or predicted) effects will be of the input parameter on the model. The Monte Carlo
method is a simulation technique.

Stochastic processes , as stated earlier , are processes which are afft~cted by a very large
number of variable factors in a nondeterministic ~probabi l i s t i c)  manner.

Another statistical subject covered in the course was that of transformations . The analysis
of data can be made efficient if data is made more compatible with the underly ing models.

All of the above statistical subjects will be discussed in more detail and applied in various
combinations in the chapters of this report.

1. 3 Chapter Contents.

This report contains 10 chapters . Each represents the individual student ’s efforts to expand
and add details to the statistical methods presented by Dr . Miller during the class sessions.
Several chapters deal with a particular operational problem solved by employing statistical
methods.

Chapter 2 provides the preliminary mathematics for the study of statistical methods. It
gives an explanation on the presentation c’f data bases used for most statistical analysis work.
Matrices are illustrated since data are normally presented in this format. Problems with data
handling, such as miss ing or erroneous data, are discussed. Two method s of handling these
problems are shown. They are the prime number scheme and the error vectors with the logica l
“OR” s ta tement. The concept of random variables is applied to statistical editing. The purpose
and history of transformations are highli ghted, followed by a discussion on the transformation
to dummy variables. Detailed instructions are provided for the Crout reduction procedure, the
derivation of the auxiliary matrix from both symmetrical and nonsymmetrical matrices , and the
calculation of the inverse matrix. With a working knowledge of these preliminaries, one should
be able to understand the basic principles which make up the various methods of statistical
analysis discussed in the report.

In chapter 3, the topic of screening regress ion is covered. The screening or stepwise
procedure is a method of selecting signif icant independent variables and determining a rank order
listing of significant independent var iables as related to a dependent variable. This technique
has application in meteorology where the independent variables are often considered as predictors
and the dependent var iable is the predictand. The screening process allow s one to find which of
a large number of possible predictors are most significant and uses these predictors in the
regression equation to predict future meteorological conditions. Background informat ion on the
ori gin and development of the screening process is highlighted. The details of the screening
procedure, the tests of significance, and sev ,~ral applications are thoroughly covered.

thapter 4 discusses the application of aultiple discriminant analysis (MDA) to precipitation
forecasting. The rationale for the use of (‘IDA versus regression is covered. The chapter provides
insight into graphical interpretation, mathematical procedures , select ion of predictors, and
estimation of probabilities.

1-6



Chapter 5 looks at the use of Regression Estimation of Event Probabilities CREEP) as a for.-
casting technique. The REEP prediction technique is discussed and an experiment using the
technique is examined.

Market Research is covered in Chapter 6 with an in-depth discussion of canonical correlation
and its use in det ermining the relationship between the buyer and the product. This type of
statist ical information is a valuable management tool.

In chapter 7, a very detailed and thorough analysis of Markov processes and its use in
meteorology are presented. The chapter provides a review of matrix manipulations and conce pts.
The Markov chain is defined. A comparison of the equivalent Markov model developed by Dr.
Miller is compared to the classical Markov model and is found to be much easier to develop and
apply to practical forecasting problems . The chapter show s that the simple yet powerful pre-
diction methods of the Markov type can successfull y be applied to the problem of forecastin g the
wea ther at a station , given only an initial observation from that station. This is known as single-
station forecasting.

Chapter 8 considers the problem of nonlinearity and a method for dealing with it. Boolean
algebra and a property of lattice theory are used to uncover nonlinear relationship.

The Delphi technique is explained in chapter 9. The Delphi technique is defined and its
method of application is presented. A detailed discussion of the Delphi process , as it was
applied to a class exercise, is provided as an excellent example of the technique.

In chapter 10, there is a write-up on the class experiment. The experiment applied a
statistical method to develop probability weather forecasts for Rickenbacker AFB. The
ver ification on independent data is presented.

1-7
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CHA PTER 2

PRELIMINARY MAThEMATICS

by CAPT JI~~ Y N. FULFORD

DATA NOTATION

Most statistical analyses work from data bases . This data is normally presented in a matrix
format with the variables along the top and the observations along the side; e.g.:

A TYPICAL DATA ARRAY

VAR lAB LES

Observat ion x 1 x 2 x3 . . . x
Number

1 84 5 10 . . . 24

2 17 7 13 . . . 4

3 32 4 16 . . . 35

N 37 3 12 . . . 19

Underl ining signifies that M is a matrix. The variables , x1 (i = 1, .. . ,p), cm; be used for items
such as temperature , pressure , visibility, etc., and their values could be the hourly observations
of these variables at a weather station in raw or coded form.

PROBLEMS WITh DATA

When building a matrix of data there are certain problems associated with col lecting and stor-
ing it. Raw data seldom comes in a neat form . There can be missing observations , questionable or
illog ical information as well as other gross errors . Passing through the data by eye or with a
computer one can find missing or gross errors if the amount of data is small enough. Corrections
could then be made in most instances. If there is a large volume of data , the following two methods
could be used to keep track of missing data . One is the prime number scheme and the other uses
error vectors with the logical “OR” statement . Suppose that the following matrix represented p
variables such as temperature , dewpoint , pressure, etc., wi th N hourly observations (zeros signify-
ing missing data).

VARIABLES

Observation x1 x2 x3 x4 x5 .

Nisaber - —
1 27 17 4 5 17 . 97

2 34 0 0 13 8 . 34

3 0 21 2 7 0 . 86

N 29 17 13 4 iS . 42

Assign a prime niaber to each variable such as

x 1 a2 a3 54 55 ~6

2 3 5 7 11 13 . . . . N
2-1 
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Create a Prime Vector whose elements are equal to the product of the prime numbers associated with
missing data in a given row of observations.

PRIME x ~ x xVE CTOR 1 2 3 4 5 p

a1 — 0 1 27 17 4 5 17 . 97

a 2 lS 2 34 0 0 13 8 . 34

a3~~
22 3 0 21 2 7 0 . 86

a. — 13 N 29 17 13 4 15 . 42
1

In the example shown , the first observation row has no missing or grossly erroneous data; therefore,
element a 1 of the prime vector is equal to zero . The second element , a2, of the prime vec tor is
equal to Is. This is the product of prime members 3 and 5; therefore, x2~ and x~~ of the data matrix
are missing or erroneous . Element a3 of the prime vector is equal to 22 or the product of prime
numbers 2 and 11. This means that x 3 1and x3 5of the data matrix are missing or erroneous. This
computational method to keep track of’mi ssing’data is easy to carry along as an extra vector for
gross editing for later reference for building a “good” sample of required variables.

Another method uses the same size matrix as the data matrix but assigns zeros and ones for good
and bad data. For such a situation the results or “bits” can be packed on the computer word . Zeros
are placed in the elements when the data is good and ones are used when the data is missing or in-
correct. Then a resultant vector is generated using a logical “OR” -- Example :

e e2

: 0  o

2 0  0

3 0  1

e1 and e2 are the error vectors
associated with variables x1 and
x 2 .

N O  0

The symbol for log ical “OR” is 0. The logic is as follows:

Cl

~ 0 1

0 0 1
2 1 1 1

If either e or e , or both are equal to ~~~ then the output is one. The output is zero only if both
S and e2 Je zero. In the example shown , observations I and 2 of x1 and x2 are good but observation
3 cannot be used if variable a

2 is required .

These two methods are examples of gross and expedient methods. If a thorough edit is desired ,
then It should be performed statistically. In order to accomplish a statistical edit , it is neces-
sary to be able to treat each variable numerically; that is , all qualitative variables must be con- (. ~~~
verted to rando. variables. To do this , each observed condition must be assigned a ~.umber . NOTE:
A Random Variable is a variable having a specified range of values wi th definite probabilities asso-
ciated with each An example would be present we:ther which consists of qualitative variables

- - - 
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e.g.. fog. snow , rain , thunderstorm, different cloud types , etc. For ease of operation , each of
then. transformations can be given the values 0 and 1- -referred to as dummy variables. Quantitative
variables may also need to be transformed ; i.e., changing w ind from degrees and speed to “u” and “v”
components.

LRANSFOR~~TION S

The purpose and history of transformations will be discussed before discussing the transforma-
tion of dummy variables.

Purpose of Transfo rmat ions

Analysis of data will proceed easier if the effects are additive , and the variability of error
is symmetr ical and near normal. The purpose of transformations is to approach these properties as
nearly as possible. Norma lly a transformation which improves one of the properties also improves
the other.

Hi story

If N items are each drawn independently and at random from an infinite population where a pro-
portion P of the items have a property A , then the proportions P1 , P2,P3,. . of items possessing A
in the successive samples will be distributed in such a manner tfiat , as the number of independent
samples increases wi thout limi t , the average of the P’s wil l approach P and the mean of their
squared deviations from P will approach PX(l-P)/ N. In the language of statistics this is expressed
by stating that, if a sample of N items is drawn at random from an infini te population in which a
proportion P of the items have an attribute A , and if the proportion of items possessing A in the
sample is denoted by P, then :

Expected value of P = E(p) = P (2-1)

Variance of P = V (p) = LU.L!1 (2-2)
N

I ~~~~~Standard Deviation of P = a (p) = ~P (l.P) (2-3)
~4 N

Equation (2-3) or equation (2~2), considered along with equation (2-1). states that observed propor-
tions P. based on success ive independent random samples of s i ze N, may be expected to be grouped
more closely about the true proportion P when N is large than when N is small. For fixed sample
size , their sampling variation about P will be greatest when P equals 1/2 and wil l  decrease toward
zero as either P or 1-P approaches zero.

Dumey Variables

As stated ea rlier , in order to accompl ish a statistical edit, qualitative variables must be
replaced as numbers. Dummy variabl es are normally designated by the letter Z. Table 2-I shows how
the meteorological variable ceiling is transformed into five dummy variables which categorizes ceil-
ings into the height intervals shown .

TABLE 2-1

OB.S NO. CEILING DUI44Y VARIABLES
Feet 11 Z3 Z4

~l0O 200- 400 500.900 1000-2900 ~30OO

I Unlimited 0 0 0 0
2 10,000 0 0 0 0 1
3 5 ,000 0 0 0 0
4 2 ,000 0 0 0 1 0
5 7 ,000 0 0 0 0 1
6 0 1 0 0 0 0
7 400 0 1 0 0 0

N Unlimited 0 0 0 0 0

As indicated in Table 2-I , ceiling is grouped into five classes. There are no values for numbers
such as 99 or 499 in these limits because ceiling is measured to the nearest hundred feet , Whenevee
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It the cei l ing is ~ 100 feet , as in observation 6, then d u y  variable I is assigned a value of one and
d u y  variables 2 , 3, 4 . and S are set equal to 0. Whenever the coiling is in the range 200-400 felt.
as in observation 7 , then d u y  variable 2 takes on a value of 1 and d u y  variables 1. 3, 4 , and S
are equal to 0. If there are N observations of ceiling, then there will be N observations of each
of the five dummy variables .

If a continuous variable such as pressure or temperature is to be expressed with d u y  vari-
ables , then it Is necessary to separate the continuous values into classes. D. Il. Cox(l957) devised
a method for dividing a continuous variable into IC classes so that the grouping error is minimized
under certain condition s for a stated K. This method computes 11-1 limits and then assigns d i y
variables exactly as before. The limits are co.puted as follows : Let X j , I — 1, 2 N, b.
the N values of the variable to be transformed to K dumey variables. Calculate:

N

~~= l I
~ i-I

I N  1
o j ! E  (x i ;)2 ½

K-I limits are then obtained by using these values to enter Table 2-2.  For exn.ple, if three d i y
variables are desired (K—3) and X — 1 , a • 2 then the two limits are 1 -.612 a 2 and 1 4 .612 a 2 or
-.224 and +2.224. Obviously, there is some loss of resolution but the pay-off is a tre.endous in-
cre=se in speed of computation if all variables are dumey variables. For a variable such as temper-
ature , it would perhaps take six divisions (K-5) to include the necessary resolution . This would
transform one integer X 1 into six dumey variables Z1, ~ = 1,.. .6.

TABLE 2-2

FACTORS FOR DETERMINING LIMITS

______  ______  ______  ______  
Limits 

______  ______  ______  ______

1.1 1.2 I., I.~ 1.5 L~ 1.~

2 X

3 X - O.612o X + 0.63.2.

4 X - O.980o 7 1+ 0.980.

S - l.230’~ 7 -  0.39k 1+0.39k 7 +  1.230e

6 x - 1.449~ I — 0.660e 7 X + O.660a I + 1.449e

7 7 — 1.611e I — 0.87k I — O.260c I + 0.280e I + 0.8750 1 + 1.63.lo

8 7 - l.148a Y - 1.050. 1- 0.300. 1 1 + 0.500. 1 + 1.050. 1 + l.748e

9 X - 1.887. 1 — 1.225. 1—  0.71k 1-. 0.232e I + 0.232. 1 + 0.7lSe I + l.225a I + 1.667.

13 1 - 1.980. 1 — 1.334a I — O.840o I — 0.407. ‘1 1 + 0. 407o X + 0.840. 1 + 1.334a I + l.960a

4

4 
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STATISTICAL ANA LYSES

To do a thorough editing or to do most statistical analysis , the following quantities are
required:

SUMS

X1,1 • X 1,2 + . . . + ~~~ E

N
+ X2 2  + . . . + ~~~~ = E X 2 ~is i

X~,1 • X~,2 + . . . + Xp,~

SLIM OF SQUARES

2 2 2 N 2
+ X 12  + . . . + Xl ,N ~ ~ 1,i

over all p variables:

5114 OF CROSS PRODUC’FS

+ X1,2X2,2 + . . . + X1 N X2 N  -

over all pairs leading to the elements of the following matrix:
N N N N
E X 2 E X . X  ~~ X X .  . . . Z X .X .
~~ 

o,i 
~~ 

o,i 1,i i—i 0,1 2,i i 1  o,z P,i

~,,1
X0,1X1,1 t X ~,j 

t—1
1’ 2” 

. • Z X
1 1 Xp,j I

~~1
Xo.iX2 i  ~ i

X1,jX2,~ E X 2
2,1 . . . Z

L!i

x
o j

~~~~~~
j  

~~~~~~~ 
~ ~2 i ~ P j  ~~~~~ ~_j

Whet. X e 1  — 1 . i — i , ...,N. Thus ~~~~~ N.

The abov. matrix is sufficient to perform most statistical analyses. A reasonable sample where N -
10,000 obs.rvations and P • 100 variables would require over 50,000,000 ailtiplications (taking
account of Symeetry in !.). Th.r. an, ways to avoid this larg. amount of computation . One is by the
use of d i y  variables previously shown and th. other is by the use of screening methods which will
be discuss.d in enoth.r ..ction. Now we w ill .xaaine a method of editing one of the X1 variableswhine i • 1, p. The particular X4 will be .xpresa.d as Y. It is possible to estimate the value of
Y fros the other P-i variables such as

Y a • + . . • ~~~ (2-4)

2-S

7

~ 

~~~



N
where Y is omitted from the X 1. i — l ,...,P variables, such that E (Y 1 - Y

~
) is a miniaa. Y is

i— 1
defined as Y estimate and X0 1 1. Notice that with the inclusion of Xe~ 

the above equation now has
P terms since the particular Xj — Y is not included. In order to determine equation (2-4). it will
be advantageous to employ the Crout method.

CROUT METhOD

The Crout method is a modification of the Gauss reduction . It is well suited to the use of desk
calculators and electronic computers . In addition, the storage of auxiliary data is reduced.

The following data are used to derive the initial matrix !. Z’s instead of X’s are used since
the variables are assumed to be in dumey form.

Variables Z1, i— i 3.
VARIABLES

Observati”in Z0 Z1 Z2 Z3 - Y
Nu~ ,er —

1 1 1 0 0

2 1 1 1 1

3 1 1 0 1

4 1 0 1 0

5 1 1 1 1

6 1 0 0 0

7 1 0 0 0

8 1 0 1 1

9 1 0 0 0

10 1 1 0 O

Thus, 10 10 10
£ Z 2

j~~~ lO E Z  Z ~~= 2  E Z 2 1 Y — 32 , 
~~~~ 

, I

10 10 2 10 10 2£ — E Z1,~ ~ E Z0,1Y~ — I Y~ — 4
i—i i—i i—i i—l
10 10 2 10
E Z  112 1 — 1 Z 2 . — 4  £ Z  Y — 3
i—i 0, , i—i ,

1 ~_ 11,i I

10

5 5

O.~ 4 2 4

If a set of limier .quations were being solved, then 0 would represent the initial matrix in the
Crout method. This will simplify the computations since the cross-product matrix is symaetnical,
and is a special case of the general Crout solution. A second example of the compl.te Crout method
will be shown after the ay etrlca] case.
Auxiliary Matrix

The first step is to derive from a given initial matrix 0 , an auxiliary matrix A. As the steps
in der iving th. auxiliary matrix progress , each step is dep.naent upon the prec.ding steps. The
auxiliary ustnix is evolved in a right-angie pattern branching from the main diagonal, i..., the - 

— 
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diagonal starts at the upper left-hand corner and slopes downward to the right . To distinguish be-
tween the usual terms, column and row , which denote the ent i re ver ti cal and horizontal arrays , we
shall use terms for partial columns and rows . Therefore, we define a ver ti cal block (Sy~~ol:
~~ t - 1 ,2 n) as that part of a column and the elements between i t .  A horizontal block
(Sy~~ol: 

~~~~ 
t • 1,2 ,... ,n) is defined as that part of a row which lies to the right of the diagonal

element . These definitions are illustrated schematically in the following diagram.

H1

H
2

H3

DIAGRAM 2-1

The auxiliary matrix is completed in successive stages beginning with the first vertical block V 1
and then forming the first horizontal block H1, next V2 and then H2, nex t V 3 and then H3, and con-
tinuing in a similar fashion throughout , alternat ing from verti cal to hor i zontal and then to the
next vertical and horizontal - -  V1,H1,V2.H2 ~~•~~~ • ,Vn.Hn. These blocks are formed according to the
following rules:

j - l
- 
~~ 

- E aiKaKJ (i 
~ .i) 

(2-5)

a j — Ci < i) (2-6)
a j’ i

‘11 

— r~a21 a~~ 5 5

~~~ 
a~~2 

a~~ - 4 2 4

a41 a42 a43 a~~ 4 3 3 4

a a ’ a a ’11 12 13 14 A is the auxiliary matrix to be
I a ’ a’ a a I determined by equations (2-5)
I 21 22 23 24 and (2-6) using the previously

A - I - - I stated order.— a31 a32 ~~ 
aMI

[~
41 ‘42 ~~3 

a~~j
In column V 1, aj ~j — ‘ij since j - i  - 0. Using equation 2-5

-I
I ~ I ‘.~

‘ :__ A -  U



Row H 1 uses equation (2 -6 )

a12 — au /a 11 
— 5/10 • .5

~13 - a~1/a 11 
— 4/10 • .4

aj~4 — a41/a 11 — 4/30 • . 4

Using equation (2-5) - Column V2

aj 2 • a22 - a~1aj 2 • 5 - (5 X .5) 2.5

a~2 — 

~32 - a;1a12 — 2 - (4 X .5) — 0

— a42 - s~1af2 — 3 - (4 X .5) — I

r1° .4

5 2 .5
A —  j —

— 
4 0

4 1
L

Using equation (2-6) - Row H2

aj3 • a~2/a~2 • 0/2.5 — 0

aj4 - a~2/a~2 — 1/2.5 = .4

~~

S 2.5 0.0 .4~A —  —

— 4 0

4 1

Using equation (2-5) - Column V 3

• C33 - a31a13 - 
~ 32’Z3 - 4 - 4 X .4) - (0 X 0) • 2.4

• a43 - a~j aj 3 - a~2a~3 - 3 - (4 X .4) - ( 1 X 0) - 1.4

10 .5

A -  
S !_~ 

0.0 .4 1
— 4 0.0 2.4 L

4 1 1.4 j  I
- .—~

c~1~
_ _ _ _  
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Using equation (2-6) - Row H3

a~4 — a~3/a~ 3 • 1.4/ 2 .4  - .58333

1! .5 .4 .4

5 2.5 0.0 .4

— 4 0.0 2 .4  .58333

4 1 1.4

Using equation (2-5) - Column V4

- a44 - a,~1aj4 - a~2a 4 - a~3aj4

— 4 - (4 X .4) - (1 X .4) - (1.4 X .58333) = 1.183

10 .5 .4 .4

S 2. 5 0.0 .4

4 0.0 2.4 .58333

4 1 1.4 1.183

It can be shown that 544 • 1.183 — t (Y. -

The solution to the coefficients of the estimate equation Y = B0 + B1Z1 + B2Z2 is as fol lows :

B2 — a~4 — .58333

B1 — au4 - a~3B2 = .4 - (0 X .58333) • .4

B0 
= aj4 - aj 2 B1 - a~3B2

B0 — .4 - (.5 X .4) - (.4 X .58333) - .0333

The above procedure for calculating coefficients will also apply for continuous variables .

To edit the d u y  variable observations examine IY - Y~ . If it is , say, > 9 9  reject a value of zero
for Y. If it is, say, < .01 reject a value of one for Y.

VARIABLES

Observation Z0 Z 1 Z2 Y Y [Y -Y ]
1 1 1 0 0 .367 .367

2 1 1 1 1 .950 .050

3 1 1 0 1 .367 .633

4 1 0 1 0 .550 .550

5 1 1 1 1 .950 .050

6 1 0 0 0 - .033 .033

7 1 0 0 0 - .033 .033

8 1 0 1 1 .550 .450
S05

9 1 0 0 0 - .033 .033
.-?+~

10 1 1 0 0 .367 .367
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Another feature of the auxiliary matrix that can be used for a statist ical analysis , if the variables
are continuous , is wi th N

- E (Y 1 - Y’)2 / N.
i=l

Determinant

The determinant of the init ial matrix is equal to the product of the diagonal elements of the
auxiliary matrix. The determinant of our initial matrix is therefore equal to 10 X 2.5 X 2.4 X

1.183 — 70.98 .

\ o t e .  Since V is the probability that Y = 1 you may use the following procedure to eliminate
values )f V > 1 or < 0.

If V < 0 set ~ — 0.

If V > I set Y — 1.

Non-Symaetrica l Matr ix

The procedure to determine the auxiliary matrix for a non-synunetrical matrix and the steps for
finding the inverse will now be shown . Suppose we have the following linear equations :

2x + 3y + z = 8

x • 4y + z = 7

x + y + 2z — 5

The coeff ic ient matrix is as follows :

~ 
~1 

[an a12 a131
0 = 1 4 1 — ~~ a22 a23

i 

~
j [a31 a32 533

The augmented matr ix is as fol lows:

[ a11 
a
12 

a
131 

C 1 
F;. 3 1 81

= 1 a21 a22 a23 c 2 
1 4 1 7

[ a32 a
33J 

C
3 

1 1 2 S

Using the coefficient matrix as our initial matrix , we then use the following equat ions tb determine
the auxiliary matrix:

j—l
• a~~ - E aiKa~ j ( i  ~ i) 

(2-7)
K— l

— J~~[ai~ 
- 

~~
‘a;Ka~J] 

(i < J )  (2-8)

Equation (2-7) is identical to equation (2-5) used previously. Equation (2-8) is different since
the initial matrix is non-sy etrical . The format and order of determining the elements of A are
Identical to the previous case . Therefore, a detailed explanation is not given but by using equa-
tions (2-7) and (2-8) A is as follows :

2 1.5 .5

~ 

2~~ 
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The next step is to determine the C column which wil l then be used to determine the solution column
K whose elements are the required values of x , y, z or using different notation x 1, x2, x~ . The
Tollowing two equations are used to determine the solution :

E i-l T
cI — 1 c1 - E aiKcK I (2-9)

au K— i

N
= c - E a IKxk (2- 10)

K— i I

Using equat ion ~ -9)

Cj — c1 / af 1 • 8 / 2 — 4

c~ = (c 2 - a~ 1cj )/ a ~ 2

c~ • (7 -(lx4))/2.S — 1.2

c~ - (c 3 - ajicl - aj 2c~ )/a~3

c~ • (5 - ( lx4) - (- .5x1.2))/l.6 — 1

Using equation (2-10)

— c~ — 1

x 2 — C~ - a~3x3 — 1.2 - ( .2 x 1) • I

• c~ - a 2x2 - a 3x3 • 4 - (1.5 x 1) - (.S x 1) — 2

Therefore the solution to the original set of equations is X - 

[xi] 

• 

[2]

Inverse Matrix Calculation

The procedure for determining the inverse matrix i s to set c~ = 1 and all the other c values =
0 where k - 1 3. Then the 

~~ column becomes the kth column of the inverse matrix. In the pre-
vious example the c col ss now become

1

Using the first column of C 0 and equations (2-9) and (2-10):

0

cf — 1/2 • 5

s. c~ — (0 - (I x .5))/2.5 • - .

‘~~~~ c~ - (0 - (1 a .5) - (- .5 x - . 2 ) ) / 2 . S  - - .37S
-
~~

2- 11
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x3 - - .375

x 2 — - .2 - ( . 2  X - .375) = - .1 25

• .5 - (1.5 X - .125) - (.5 X - .3’S) — .875

0

Using the second column 1 and equations (2-9) and ~?-l0) yields the following:

0

c j — 0  x3 — .125

— .4 x2 = .375

c~ — .125 x 1 = - .625

0

Using the third column 0 and equations (2-9) and (2-10) yields the following:

= 0 x 3 • .625

0 x 2 = - .125

— .625 x 1 - - .125

The inverse matrix is therefore :

[7 -5 -11
(. 125) . -I 3 -1 =

L-
~ 

i sJ

and ,

— .875c 1 - .625c 2 - . l2Sc~

x2 — - .12 5c 1 + .315c2 - .l2Sc3

— - .37 5c 1 + .125C 2 + .625c3

giving x1 — 2, x2 — 1 , and x~ — 1.

The term .125 or 1/8 was coimnon to all elements in the inverse and was therefore factored out . The
determination of an inverse matrix is particularly desirable when the set is to be solved for many
dist inct sets of ‘-ight-hand members. The inverse matrix is also useful in getting the standard
error of the regression coefficients (see Snedecor , 1946).
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CHAPTER 3

SCREENING REGRESSION

by CAPT WILLIAM S. WEAVING
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1. Introduction

The screening (or stepwise) procedure is a means of selecting significant independent variables
and determining a rank order listing of these variables as related to a dependent variable. In
meteoro’ogy these independent variables (X m, m= 1 M) are often cons idered as predictors and the
dependent variable (Y) as the predictand . Thus, the stepw ise procedure w ill cons ider , in turn, all
the possible predictors by nmning tests on each independent variable and selecting the most signif-
icant variables . The procedure orders the independent variables by selecting the most significant
first , the next n~ost significant next, and so forth. The order is not necessarily optimum . The
dependent variables are then used in the form of a multiple regression equation to predict the
expected value of a particular dependent variable (Y).

The number of variables considered to forecas t phenomena such as severe storms , pressure pat-
terns, hurricanes and other meteorological variables is often considerable. The desired approach
is to find which of the possible predictors is most significant and use them in the regression
equation to predict future conditions of (Y) . The screening process allows us to reach this goal.

Other reason s for using the screening process are as follows :

1) Meteorologists usually have a “feel” for the predic tors which are mos t si gnificant , and
screening regression can be used to confirm this selection of variables based on the data.

2) Equations wi th fewer variables are easier to understand and hence more likely to gain
accep tance and to be used .

3) A subset of variables can provide a better prediction equation than the ful l set , even
though the full set has a higher mul tiple correlation coefficient (R). The primary reason for this
is th at after you ’ve considered a number of variables , any increase in the number of variables used
may only increase the amount of shrinkage on independent data. Thus, a point is reached where the
sh rinkage occurs faster than R increases , it Is therefore best to quit screening before this point
is reac hed .

Prior to initiating the screening process , the set of possible independent variables should be
shown to relate to the dependent variable(s). Experience or preliminary investigations can deter-
mi ne this. This is necessary because the use of regression analysis to “find” relationships , where
no physical facts show the relationship to exis t , frequently leads to less than desirable results.

Also remember that the final equation Is a result of the data base used to develop it. Ghanges
in the data base (e.g., addi t ional data becomes ava i lable , new predictors are found , etcj will re-
quire periodic recomputation of the regression equation(s). Similarly, different equations will
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often arise when considering different time steps (i.e., 12 , 24 or 48 hours in the future) , indicat-
ing that some predictors are stronger than others for these various time steps .

The screening techni que is not a new idea; it has i ts origins hack in the early 1940’ s w i t h  J. G.
Bryan . It was further developed in the mid and late 1950’ s by M. A.  Efroymson and R. G. Mil ler.
More rc .ent ly , in the mid to late 1960 ’s and early 1970’s , it has been used in meteorology
by the Techni ques Development Laboratory (TIlL) w i th  M. A .  A laka , et al , the A ir Force Global Weather
Central (AFGWC) with R. C. Miller and others , the National Severe Storms Forecast Center (NSSFC)
with C. L. David and others . Many other groups have applied the procedure to a great many mete-
orological elements. Also , applications have not just been confined to the field of meteorology ;
many other fields have also used screening regression. However , these other applications are beyond
the scope of th is  paper. I am sure you can visualize the utilization of the screening techni
such f ields as insurance , the stock mar kets , and public opinion poll ing, to ment ion only a fe.

Before we can consider the screening procedure itself , we must first consider some of the basic
concepts such as s imple linear regression and multiple linear regression. The next few pages are
devoted to these preliminaries . Following that , we cons ider the screening procedure itself , test of
significance, and applications .

2. linear Regression

First , consider the simple linear regression equation consisting of only one independent variable
(X)  and one dependent variable (I’), where ,

V = a + bX (3-1)

Here the hat ( )  represents estimated values.

This equation represents the best f itt ing straight line for a set of points regressing Y on X.
Of course , a is the intercept of the V axis and b is slo pe of the line described by the equation.
8y describing this line as the line of best fit for a set of data points , we have either visually
(for simple cases) or mat hematical ly attempted to min im ize  the deviations of the points from the
line . Thus the resultant linear equation gives us the best prediction of V for a given value of X.
Actually , the criterion of goodness or bes t fit that is employed is the pr inc iple of least squares .
Here the best f itt ing line is that one which minimizes the sum of squares of the dev iati ons of the
observed values of V from those predicted . Expressed mathematically, we wish to minimize

SSE — E (V 1 - V1) 2 (3-2)

where SSE has the common name Sum of Squares for Error , and 
~~ 

is the est imated value determined
from the linear equation and V 1 is an observed value for observation i.

For this simple linear equation , the estimated value of b (the slope) for a sampl ing of data
point s can be found by solving the following equation :

i~~ 
(X 1-1) CV -?) n1E1X .Y j_(jEj X i) (~1~1)b =  

___________  
— 

______________  (3 3)
— 2  n 2 f f l

i~ l 
(X

~
_X ) n~~ 1X 1 _(j~~i

x
i)

Then a • V - b~ where the bar (1 and V) refers to mean values of observed data. Knowing the esti-
mated values of a and b , we can now determine es timated values of V for given values of X.

3. Multiple Regression

The multi ple regression equation quickly becomes complex when a large number N of independent
var iables (Xe, a - 1, ..., 14) are considered. Computations considering just two variables
(one independent and one dependent) can easily be done on a desk calculator if the data sampling
isn ’t too large. However, when considering the many variables which may be used in multiple
regression problems , the number of computations soon becomes overwhelming. The modern digital
computer end the “canned” multiple regression computer programs have eliminated the severe
restriction on the number of variables which can be used.
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A typical ~jltiple regression equation would have the following form :

Y a + h lxl + b2x2 + b3x3 + . . . • b x ~ + . . . + bp.~x~ (3-4)

Here N would be the number of pred ictors considered . It could also have a form similar to:

V • a • b 1x 1 • b2x~ . b3xf + b4x~ * b 5x1x2

This is still considered a linear model , since the term linear means that the model is lineal’ with
respect to the coefficients (bj). The regression coefficients bj (J - 1 ,2,3,... m , . .. 14) are deter-
mined using the method of least squares .

When determining coefficients for a mu ltiple regression equation , the method of least squares
can be applied in several ways. For example , the Crout technique could be used with d t y  variables
as descrived in other papers in this report (see Chapters 2 and 7). The Gaussian elimination
techn ique could also be used.

4. Screening Regression

Textbooks such as Draper and Smith (1966) discuss several screening procedures , for example:
(a) all poss ible regressions , (b) backward elimination , (c) forward selection, (d) stepwise re-
gression and others . However, descript ions and comparisons of the various methods will be left
to the textbooks. Since screening is an improved version of the forward-selection procedure , we
wil l consider it in more detail. Miller (1962) defii.es this procedure as:

“The method of selecting predictors in a
forward stepwise manner from a set of poss ible
predictors where the criterion for selection
is the partial correlation coefficient .”

The screening procedure begins by selecting the individual independent variable which is the “best”
predictor, namely as the predictor that maximizes the correlation coefficient . The correlation
coefficient squared is the proportion of the variat ion explained by the predictor. Next , the
screening procedure adds the variables to the equation sequentially, in order of Importance.

At etch step, the variable added is the one which increases the explained sum of squares (and,
hence . R ) or equivalently reduces the residual sum of squares by the largest amount . The “best”
Set of variables say not be included in the final equation as a result of this procedure. However,
the procedure provides an efficient method of developing “good” regress ion equations .

Remember , however, that when you selec t and test s ingle predic tors , some of these single pre-
dictors will be unselec ted, while together they might contain significant information. Therefore,
you may want to make significance tests on combined variables as well.

However , Mi ller (1962) states that ,

“In practice , . . . it has been found that
F (F when pred ictors are selec ted) tends to
work well as a significance test only when
variables are considered singly. This may be
a consequence of the fact that a bias is intro-
duced in the regression coefficients as a result
of selection .”

W~ are now ready to select the first predictor which we will label as described by Miller
(1958) and Miller (1962). FIrst , compute the total sum of squares of deviations from the mean (SST)
for variates V and X~(. • I H) and the total sum of products of deviations from the means (SPT)
for variates V and X.a(m - 1 H). Mathematically the above is described as:

n 2
SST (Y) - E (V j - V) • (3.7)

i— l

ii
SST (Xm) - E (X mi - ~~~~ — 1, . . . ,M (3-8)

i—i

n
SPT (YX ) - t (Yj - V) (X 51 - i)  a • 1 M (3-9)

i—I
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Note that (3- ’) and (3-8) are related to the variances of Y and X~ respectively; i.e., Var(Y) •
SSTJ~j and Var (S5) - SST(X5). A lso (3-9) is similar to the covariance of V and Xa~ i.e.,

n n
~ os ~~ ,,,) - SPT(’iX 5). Here , as before , n represents the sample size considered and a represents the

predictor being considered . In Miller ( 19S8~ the multiple correlation coefficient (R2) is described

2 - Cov(Y X5) 2 (3-10)
Ryx

a Var (V )VAR ( K~ )

This i,as the criterion for selection used in that paper . However, in Miller (1962) the equiva-
lent criterion for selection is described .

- 
Cov (YX~)

2 
• 

SSF(X5) (3-11)
Var(Y)Var(X ) SSR(X)

Where SSF(Xm) is the fitted sum of squares for I on predictor X5 and SSR(X~) is the residual sum of
squares after fitting V with predictor X5. The values for these two are determined by the following

formulas:

2
SSF(X ) SPT (YX 5) , (3-12)

m SST(X5)
and

SSR(X 15) • SST (Y) - SSF(X1). (3-13)

Now use the following criterion to select the first predictor from all possible (H) predictors:

SSF’X ~ ~ SSF’X
__~~~~ 

‘ ~~. ~~~‘ for all a — 1, . . .
SSR(X 1 SSLitX.) (3.14)

Since this criterion i~ ~ 
function of the test statistic , the usual F ratio cannot be used to

test the si gnif icance of X ~ 1 . Usually, it would be the 95% level F expressed as ,

F 95 — F~1 - 1 )  (3-15)
20

But in the stepwise or screening procedure, the 95% level is

P — F.95 (1 1 ) ,  (3—16)
20P

where P is the number of predictors H.

Remember that each time a variable is selected as a significant predictor, the value of P de-
creases by one and , thus , the probabil ity level of F5 95 should be adjusted accordingly.

friis is significant when a small nu~~er of predictors are considered or as P approathes one.

Therefore , the predictor x (1) is considered significant if

(n-2)~~~~~~1~~ > P* ,95 (l ,n-2), (3-17)

where t~~ .~numbers 1 and n-2 within the parentheses represent the degrees of freedom, If , by this
test, X is deemed significant , it then becomes the first of r or.dictors to be selected frn~m the
original set of N possible pred,i,~tors . Then the scr..ning techniqu. searches for the next aignifi-
cant predictor. If, however , X’ is not significant, no predictors are selected. ~~~.

‘

---.- 
-
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To select the second significant predictor x (2 ) . the following calculations are requ ired :

SPT(X ( ’) Xm) . l (X~ V )  - - Xm). (3-18)

here a • I N but X~ ~
The criterion for choosing x(2) is

SSF(x~2flx~~~) > SSF(X ~~X U) ) for all in (3-19)
SSR(X ( 2 ) IX ( l )  SSR(x m Ix (1) ) Xm ~ x ( l )

Remember that the line between the variables means that you are finding SSF of X~
2
~ gi ven

Here ,

SSF (x m Ix (l)) •~~pT (y~ (l~~ [sST(x(1) ) SPT(X (l)
Xm~~ (3-20)

I 101 I.
(~,PT cVx5)J [_SPT (x~

’)x5) SST(Xm)

I T(VX (
~ fl

I I- 5SF

[~
PTCI’X ) ,J

and

SSR (X
~ IX~~

)) SST(V ) - SSF(x (’) ) - SSF(X m IX (1)) (3-21)

Values for SSF (X (2)Jx (1)) and SSR (X~
2
~ IX~

1) ) are found in a similar fashion.

This second predictor is judged significant if

(N- 3) SSF(X (2flXU)) > F 
~~ 

(l ,n-3) (3-22)
SSR(X (2)tx (1))

Remember that the mathematical symbol I I represents the transpose of the matrix or vector withinbrackets and ( ]~ represents the inverse of the matrix within brackets.

We can now set up the pattern for the se lec tion of all other significant predictors x~~
1 in thegenera l form :

SSF(x(5flx~~
)...x(~

’1)) > SSF(X 5IX (1)...x~~~~
))

SSR(X (~
)
~X(’).. .X (~’’J) 

— 

SSR(X m IX U).. .X (~
-
~
)) (3-23)

where m-l , ...,M but ~

SSF(X
~
IX (l). . .x(~-’)~ • [SPT(YX(1)) 1 (3-24)

I I.
I srr~Yx (s_ l ) )f

~~
PT(V X m) 

J

—

~~~~~~~

. 
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rSST(x( 1) ) . . . SPT(X X~~~~~) SPT(X(1)X
m)1

~~

spT~x ( l ) x (5 1) ) . . . SST(x(~~
l)) SPT(X~~~~~Xm)~

’

L T ~~~
m . . SPT (X~~~~

)X m ) SST(X5)

FnT
~~

X
~~~
) 
1

I : I- ssF(x(’)) - . . . - SSF(X (~~~)IX (1) 
. . . ~~~~~~SPT(YX (S

~~
) )

SPT(Y Xm)

and

SSR(Xm IX (1) . . . X~~~~ ) = SST(Y) - SSF (X(fl)_ SSF(x~
2
~~IX ~ ’~

)

- . • .~ 
SSF(X {X (’) .. . ~~~~~~ (3-25)

The Predictor is significant if:

IN - (S + 1)1 SSF(X (
~)IX~

’) . . . x(~ ~~ ) 
> F~g5[1 , N - (S + 1)] (3-26)

SSR(X (
~ ) IX ( ) . . . X )

F inally, the point is reached where the rest of the predictors or combinations thereof don ’t
show any sign if icance and the screening procedure is terminated .

5. Applications of Screening Regression

As mentioned earlier , many different fields have made extensive use of the screening procedure .
However , since we are primarily interested in meteorological applications , we will mention only a
few of these meteorological applications in this section .

The purpose of this section is not to fully describe a few experiments but to tell ~ou what the
experiment considered and direct you to the appropriate material if you desire to study these experi-
ments in more detail.

Three of the earlier experiment s are descr ibed in studies in Stati st ica l Wea ther Predic ti on
(1958) with Thomas F. Malone as project director. R. G. Miller was the author of the first experi-
ment. Here , the desired effect was to determine the predictability of several weather elements , 24
hours in advance at a number of stations. Altogether , seven weather variables were considered at
each of 48 stations in the U. S. Thus, each of the variables at all 48 stations were considered in
developing prediction equations for one or more predictands for each of the many station s tested.

The second exper iment was authored by K. W. Veigas , R. G. M iller , and G. M. Howe . This experi-
ment considered the “Probabilistic Prediction of Hurricane Movements by Synoptic Climatology.”
Sel ected hurricanes and tropical storms that occurred between 1928 and 1953 were used as the develop-
mental sample from which the prediction equations were de’ived . A total of 447 storms were con-

• sidered . Ninety-five variables were considered for each of the storm s~ Ninety-one of
these variables were grid pressure values . Two of the four remaining variables were position coordi-
nates for time (t O) and the other two were position coordinates 24 hours prior to prediction time .
The screening regression procedure then determined which of the 95 variables were the strongest
predictors. This experiment concluded that “the surface pressure pattern does contain a useful
amount of i nformation about the future movement of tropical cyclones for the subsequent twenty’four
hour period .”

The third experiment was authored by R. G. Miller and G. 14. Howe and considered the “Statistical
Predic tion of the 500-mb Pattern” over North America during January and February 1957. One 24-hour
prediction equation was derived for each of the 46 points used In the predictand grid by the screen-
ing regression technique . This experiment concluded that , “The predic tions , which from an opera-
tional point of view are easily derived , produced resul ts with errors of the same general magnitude
as those of the JNWP barotropic model in use at the t ime of comparison.”
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R. C. Miller (1972), while working at AFGWC , used the screening procedure in a study of 328
tornado cases and found 14 significant parameters for forecasting severe storms . These parameters
are contained in his Technical Report 200 and listed in rank order.

David (1973) used screening regression to develop two period equations providing an early morning
determination of the severe thunderstorm potential for the day . He used Model Output Statistics (MOe
and screening regression to study the occurrence of severe thunderstorms within a radius of 120 ma of
32 stations through the centra l and eastern United States. For predictors he used the PE model fore-
cast data transmitted via teletype as FOUS bulletins and he used the observed 0600Z surface data.
For the first period equation , 12- , 18- , and 24-hour forecasts from the PE model for each of the
following predictors were screened : mean relative humidity for 3 layers , 6 hourly quantitative pre-
cip itation totals , vert ical velocity at 700 mb , the lif ted index , 1000-500 mb thickness , u and v
components of the mean wind of the boundary layer, mean potential temperature and mean pressure of
the boundary layer. For the second per i od , the only difference was that the 24- , 30- , and 36-hour
forecasts from the PE model were used . David concluded his report by simply stating that ‘ .

predictors from the PF. model are very useful in forecasting area s of expected severe thunderstorm .”

TDL , under M. A. Al aka , et al (1973), also described l inear regression equations they developed
in their initial attempt to forecast the likelihood of thunderstorms or severe weather in the central,
eas tern , and southern United States. Initially, they ran three experiments tc develop medium-range
prediction equations (6-24 hours). All three experiments used 24-hour forecasts from the National
Meteorological Center (NMC) 6-layer Primitive Equation Model and from the TElL Three-Dimensional Tra-
jectory Model as predictors. One hundred and three predictors were used in the initial experiment
consisting of dynamic and k inematic parameters , geopotential height and thickness , humidity, sta-
bility parameters , temperatures , w inds , and miscellaneous parameters .

Initially the predictand was determined from nationally transmitted facsimile radar summary maps
and finally from manually digitized radar (MDR) data and severe reports.

TElL has cont inued improving their equations over the years . J. P . Charba (1975) described TElL’s
short-range equation for severe local storms (2-6 hours after data observation time) . The forecast
probabilities of tornadoes , hail , and damaging wind obtained from this equation are transmitted to
the NWS three times daily via teletype , for 90 rim x 135 nm (predictand) rectangular areas. Screen-
ing regression was also used to derive this equation . The predictors are derived mainl y from ob-
served data (not MOS).

6. Conclusion

The examp les mentioned in section 5 are only a few of a great many attempts made by statist icians
and meteorologists to simplify the task of dealing with a seemingly infinite number of variables .
While the attempt s ment ioned are by no means all inclusive , they do show a variety of ways in
which the screening procedure can be applied to the field of meteorology.

The screening procedure can be a usefu l procedure when a large number of predictors are con-
sidered and el imination of the insignificant ones is desired . There are , of course , shortcomings
such as the equations ’ dependency on the sample used to develop it , the necessity to update the
equat ions as the sampling data bases change or time steps change , the fact t hat the “best” se t of
variables may not be inc luded in the final equation , and so on. However , as stated earlier in this
paper , the screening procedure can help meteorologists confirm their notions of which predictors are
most significant on the basis of theory .
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Chapter 4

MULTIPLE DISCRIMINANT ANALYSIS

by Captain William W. Neubert

1. Rationale for Multiple Discriminant Analysis vs Regression.

Impetus for the use of the multiple discriminant analysis (MDA) technique in
establishing probabilities arises from a need to classify observed phenomenon into
pre—established groups. MDA is well suited to performing this classification where
the groups involved have no particular order or ranking.

Within a set of previously observed or recorded data, we might be interested in
learning where a new observation might fit into this group. That is, where does
our new observation lie with respect to the mea n of the group? Such predictions
could best be handled through multiple regression. Suppose , however , that we have
several groups into which to classify our observations-—no one group having any
particular rank or order with respect to any other group . We might , for example be
trying to generate the probability for the occurrence of a particular wind direction
or a certain type of precipitation. In these two examples the classes into which
we could separate the àbserved phenomena bear no ranking among them; i.e.,: snow
is neither better or worse than rain; it’s just different . The need is clear,
however, for some method to predict into which of the unordered classes future
observations will fall. MDA provides one way to derive the probability fore-
casts for such events. Multiple regression techniques would be more appropriate
if we were dealing with ordered or scaled data such as temperature or wind velocity.
In sununary, multiple regression helps define distinctions within groups; whereas,
discriminant analysis delineates distinctions between groups.

The discriminant function eliminates the need for looking at the measurements
one at a time , only to find that the overlap of the data obscures any conclusions
we might have been able to draw from the observations. MDA uses a set of weighted
coefficients as multiples of several of the selected variables to produce a sum
of products that is a single discriminant score,. This score makes the best use
of all the information contained in the variables we have selected to use . Given
the groups involved, the computation develops the best set of weights possible from
the measurements, and , in effect, sifts out the important differences that best
separate the groups. The overlap in the raw data that had acted to obscure these
differences is then reduced or removed. The technique is improved, or limited as
the case may be, by the amount of information contained in the original predictc.:
variables about the phenomena we are trying to predict. (Rulon , 1951, ~~ 82-3).

2. Graphical Interpretation.

The fundamental idea of the discrim.inant function is best understood by viewing
a graphical depiction of the results. Suppose two variables , X1 and X2 say, areconsidered meteorologically significant in the forecasting of precipitation. We
wish to use the two variables to predict the occurrence of rain, or snow, or no
precipitation at all. The forecast is to be valid six hours from the time of the
observation of the values of X1 and X~ . Now, assume that we have accumulated a
sample of three years of data on the Ewo variables, We also know the type of
weather that occurred six hours after the recording of the corresponding values
of and X2. A graph can be constructed showing the values of X1 and X~ and thetype of weather corresponding to each set of observations (Figure 1). TI~e weatherwould be coded with appropriate symbology: (*)=snow ; ()-‘rain; and (o)~’none .

The object of this exercise would be to take newly observed values of our
predictors and, using the graph , produce a forecast of the probability of rain or
snow six hours hence. It is clear, however , that our graph of the raw predictors
has produced a great deal of over lap among data points , and that such a prediction
is all but impossible.

Now suppose we develop a particular computational technique that uses our
accunulat.d data to produce two new values:

— V1X1 + V4X 2 and Y 2 V3X1 + V 4 X 2 .
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of meaning.

Figure 1. Graph of Weather Predictand in raw predictor space

The functions ~~ are weighted sums of the original predictor variable , and ,
as we shall see , serve as a better tool for prediction than the raw predictors
alone. If we have carefully selected our predictors to include that set of vari-
ables that contain th. most information about the phenomena we are t rying to pre-
dict, then the plot of Y 1 and Y 2 , with corresponding weather, might look something
like Figure 2.

These new weighted sum functions , called discr iinina nts , provid , a great deal
more separation betwee n the several distinc t groups in our precip itation example .
When compared to th. plot of the raw predictor data , we can easily see how the
discriminants ~str.tch the data apart , reducing or eliminating th. overlap. For
clarity, these two sample figures have been greatly .xagg.rated , and, thus , present
an oversimplified version of the results of a very oomplicat.d mathematical pro-
cess. (‘I’anur , 1972, pp. 376—80).
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Figure 2. Graph of Weather Predictand in Diacriminant Space.

3. Mathematical Procedure.

In line wi th  the simplif ied example discussed above , when the number of group
classifications exceeds two, the discrim.inant analysis becomes multi-dimensional.
If there are G of these groups , then there are G points in space each representing
one of the means of one of the G groups . If the n umber of p~~ flctor variables is
at ].east—G-l , then these group means will define a discriminant space of G-l
dimensions (Bryan, 1951 , p. 90).

The dimensions or directions delineate areas of major differences between the
groups. In principle components analyqis the concept of dimensions or directions
in space is closely related to the algebraic idea of linear combinations. To study
the directions of group differences , then , we are tasked with finding linear combi-
nations of the original predictor variables that exhibit large differences in group
means. Multiple discriminant analysis is a technique for finding those combina-
tions that will separate the group means of the predictor variables to the maximum
degree allowed by the predictor variables we have chosen (Tatsuoka , 1971, p. 157).

Assume that we have G mutually exclusive and •xhauative groups into which we
are to classify fut ure observations . We have chosen a group csf pradictnra that
contain information about which of the G groups future observations will fall into.
We denote these predictors by X , numbering from p—1 ... to a total of P variables.
Assume we have a dependent saap~e of data compiled from observations of our Xpredictors , and let the m umber of observations in each group of this sample ~be t)g (g~’l,...P), so that
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N n
1 

— t•tal dep.nd.nt sample u se. (1)

Now consider a generalized linear function of our predictors:
Y — V111 + V2X2 + . . . + ~~~~ (2)

Y represents a general notation for our discriminant function ; whereas , an individ-
ual value night be Y-jOk (sample observation k, in group g, of discrirninant function
j). We then note th~E for an individual discriminant Y1, 

that the sum of squares
between (among) groups is:

SSB(Y1) —

~~~~ 

ng 
~~~ 

— y1~ )
2 (3)

The complete notation for our first discriminant function for the kth observation
of group g becomes:

— Vj1Xjg~ 
+ + • •. + VjpXpg~ (li )

The task is to determine the coefficients V11. V12,. .V~p so that the ratio of the
between groups sum of squares to the within groups sum of squares is a maximum.
we call this ratio the discriminant criterion and denote it as A ;  thus, the
maximized ratio is

1 — SSB(T1) )
ssw( 

~~~~

This process of maximization can be carried out by expressing the sums of
squares as quadratic equations of the predictor variables and then applying dif-
ferential calculus to find maxima. However , the computation is greatly simplified
by using algebra (Bryan, 1951 , pp9O-9S). Accordingly , we return to our predictor
variables X~ , and for each of the G groups compute the raw sums and sum of squaresfor each X0 (p=l,... ,P). The pooled within group sum of squared deviations about
the group ftiean, SSW(X~)~ can be computed, since:

G n
sSw(L)— E E

1
(X - r  ~2

V g 1  k 1  ~~k 
(6)

0 n (
~~ ~~~~~~ _ k.1

g1 k-i

p.1.. .P).

The initial calculation of the raw sum and sum of squares wi l l  yield the total sum
of squared deviations about the grand mean , SST(X ~ ) .  because :

ssi(5) — ~~~ ~~~~

G m  (7)
2

13 
_ _ _ _ _ _

g.1 k-i
~p_1. • •

Subtracting the pooled within group sum of squares, SSW (X ~!~) ,  from the total sum of
squar es , SST(X 0) yields the sum of squared deviations betw~en group means and thegrand mean. That is:

ss3(z~) . ss’r x~) - ssw(Z,)

(p 1,...,P)
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‘S

since

SSB(X~~) - ~ ~~g (Y~ , - ~~~~~ — Dn~ 
-

g 1  ~—1 g1

- 

[

~~~~~~~~)

2] - [ ~~~ 

2 

(8)

(p—i ,... ,P)

Additionally, the sums of cross products between each of the raw predictors
must be used to calculate the sum of products between and within groups for
variable X and X , let’s say, with p,q=l ,. .. , P and p ~ q. The notation is
SPW(X pXq ) §fld SPR~ XpXq ) .  For the within groups determination we have :

SPW (X pZq ) ~~~ ~~~ ,
(Xpgic !pg.

)(X qgk~•!q.g.)

g—i —1 (9)

0 
(
~~ ~~~~~~~~~~~~~~ 

x~~~
)

- 
~~~ 

~~g XpgkXqgk~ 
k 1  k-i

(p,q.t,...,Pt p ~‘ q)

Using the raw sums and sum of crousproducts we can obtain the total sum of
products, SPT(XpXq) ,since:

SPT(XpZq) 
~~~ ~~~ (Xpg~~ !p.. )(X qgj~~ !q..)
g.1 k-i (10)

G n 13 n

G ~ ~~~ ~~~~~~~~~~~ ~~~~~~~~
• ~? IpgkXqgk &—1 k-i i i  k—i

~—1 k-i ~~~ ml
g—i

(p.q 1,..,P; p~~~q)
As before, the sum of products between groups SPB(X 0XQ ) is obtained by subtracting
the sum of products within groups, SPW(XpXq)~ from thd total sum of products ,
SPT (X~~~~) ;  that ie:

• SPT(XpTq
) - SPW(XpIq) (p~q.i,...,Pp ~ ,

I q) 
Lii)
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Title results since.

SPB (X~X~~) — �~:�:~ 
(!~~,- rn,.) 

~~qg. ~q . . )

g 1 k-i

— L’ flg(Tpg.~ rp . . )
~~~qg.~~~ci. . ) (12)

- 

X~~~ .~~~ Xqgk ) (
~~~ ~~ x~~~)(Zj ~~

m
l

g 1
(p,q i ...., P; p 0 q)

A matrix W, representing the pooled within group matrix , is then constructed
from these derived quantities :

ssw(Xi) spW (x1X2) • . . spw(X 1X~~ 1) sPW(X 1X~ )

SPW (X ix 2 ) sss (x 2 ) . . . sPW(x 2X~_1) sPw(x 2x~ )

: : :
sPW(I1X~~1) SPw(X2X~.1) . . . ssw(x~,_1) sPw(X~_1X~ )

sPW (X1Z~) sPw(X2X~) . . . SPw(X~~1X ) ssw(5)

The data previously accumulated from (12) about the sums of products between the
various groups is then used to construct a pooled between groups matrix B.

SSB(X1) SPB(Z1X2) . . . SPB(X15_1 ) SPB(X1X~ )

sPB(11X2 ) SSB(X2) . • . SPB(X 25_1
) SPB(X 2X~~)

• . . • (11k)

SPB(X
1

Z~~..1) SPP(X 2X~ ..1) .  . . SSB(Zp..~ ) SP3(X~_1X~)

SPB(X1X~~) sP3(X2X~ ) . . . SPB(I~ _~X~~) sSB(Z~~)

The computational procedure for deriving the discriminant functions will make
use of the fact that all the discriminants are calculated from these matrices W anG : - .

8. The actual process involves first pre-multiplying B by the inverse of W , an~then determining the eigenvalues and eigenvectors of t~e matrix that results. The
lat ter  operation produces the solution to the determinant equation - - -

I !
_1

& - k L) — ~~~5)

(1. • the unit matrix)

_ _ _  — _ _



The ei genvectors are solutions to tJ e  equation :

[W -1B - A. ll ~ 
(16)

— ( j zi , . . .,min(G—1 .P ) )

The elements of the eigenvectors (V • )  represent the weights to be applied to the
original X predictors in our linear ~unc t ion:

— V
~~

Xi + + +V j pXp (17)

.
~~~~

. ( j l ,...,min(G—1.P ) )

The value(s) of x are the roots of the characteristic equation resulting from
•the expansion of th~ determinant in (15); they repr’sent the ra~~’os of the corres-

ponding Yys sum of squares between and within groups, namely :

C

~~~~ (Y~~ -

— g~~ n 
(18)

~~~ (Y~~~ - ?jg.)
Z

g 1  k—i
(j—1 ,....min(G—1 ,P ) )

(Miller , 1961 , pp6—l3)

The characteristic equation derived from W 1B wi l l  no doubt have several roots.
S From each of these roots we can calculate an eigenvector V 1, the elements of which

represen. a new set of combining wei gh t s . . .  V)1~ V) 2 . . .  V.p . If these new elements
are used io form a second l inear  combination

• V21X~ + V 22X 2 + . . .~~ V 2pXp I

the is a new discr iin inant  func t ion  that  is uncorrelated with Y 1, but hav ing its
ratio A 2 of sum squares between groups to sum of squares within groups a maximum
after A 1. As the process continues , eacn successive Y is linearly uncorrelated
with any of the preceding linear combinations , and has its ratio of sum o f squares
between and within groups a maximum. The values created 

~~~~ 
Y 2 , . . . ,  V 

(G-l ,P)~are the first , second , . . .etc. discr iminant  functions for  opt imally d i f f e r e n t i a t i n g
an~ ng the G groups . Thus , by having several discriminators , we are shown the
dimensions of the differences between groups and the direction along which maximum
group differences occur .

In principal component analysis the dimension corresponding to the first com-
ponent has maximum variance ; whereas , the second compone n t ’ s dimension has  maximum
variance among those uncorrelated with the first, and so on.

In MDA A , the ratio of between to within groups sums of squares , merely takes
the place of variance as the factor determining the various successive dimensions.
It should be noted, however, that in the discriminant space the axes are not neces
sarily mutually orthogonal even though they are uncorrelated . Although the dis-
crxr~ nant function performs a linear transformation on the original X predictor
axes, the rotation that occurs may indeed be an oblique rotation (Tatsuoka,l97l
pp 162—3)

we can reiterate the entire procedure in a stepwise fashion:

a. kseemble the within groups sum of squares from (6).
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b . Compute the total sum of squares about the grand mean , SST(x~), using (7).

c. Ne xt , assemble the data from steps a and b and calculate  the sum of squared
deviations between group means and the grand mean using:

ssB(X~) — ssT(X~) - ssw(x~).
d. Compute the sum of products between groups using (10) and (12); and then

construct the m a t r i x  B as in ( 1 4 ) .

e. Derive the matrix W 1B whose eigenvalues and eigenvector s we wish to find,
using ( 13) and ( 1 4) .

f. Develop the characteristic equation for the matrix found in e usinq the
relation :

LW ’B —~~d • 0
in expanded form.

g. Solve for the roots of the equation in step t .

h. These roots, A , .. .etc., are then used to determine the eigenvectors
V1, ‘~2~ 

. .etc. whose elements are the weights to be applied to the original pre-
dictors in our linear relation for defining the various Y. s .  The procedure for
finding these characteristic vectors, as outlined by Tats~oka follows:

(1) For each given eigenvalue A . , compute1or form the matrix W~~B - A
1
1

by subtracting A
1 

from each diagonal ele~nent of W B.

(2) Compute the adjoint of the matrix W’
~~B~ A

1
I. (adj W

1B_A~ I). The
adjoint or adjugate of a matrix is found by gathering the cofactors of all the
elements of the matrix and then using these cofactors to form a new matrix adj (A).
However, the new matrix is constructed so that the cofactor of the elements of the
first row of the original matrix A are now used to form the elements of the first
column of adj(A)-—those of the second row of the cofactor matrix become the second
column of the adj matrix , etc.

(3) Next divide the elements of any column of adj (W ’
~ ’B - 

A 11) by the
square root of the sum of the squares of these elements. The result~.ng numbersare the elements of the eigenvector V~ .

i. Each value of A .~ produces an eigenvector V.~ whose elements are the weightsor coefficients in the linear equation for each of the discriminant functions Y3 .That is:

r’iil 1”2i1
“
~1 

— 
~i2 I • and V2 

a

L~i,J [v 23

are ei genvectors derived from discriminant cr i ter ia  A 
~ 
and A 2 (eigenvalues)

to be used to set up the linear relations

• V1~X~ + +

end — V21X1 + V22X2 + V23X3

respectively. (Tatsuoka , 1971 , ppl66—70).

4. Selecting the Predictors .

In applications of multiple regression analysis it is generally agreed among
researchers that most of whatever predictability is in a particular set of pre-
dictors is contained in a reasonably small subset of the total group. Indeed , the
sheer unreasonableness of the computations involved in evaluating huge matrices
constructed of all the predictors led to the development of a technique called
screening regression. This method was first developed by Joseph G. Bryan (1951). Its
purpose was to define a small group of the predictors that contai’od molt of the
predicting information required .

4—8
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The technique determines which variable has the highest correlation with the
predictand and chooses that variable as the first predictor. Of the remaining
variables , the predictor having the highest partial correlation , after the effects
of the first predictor are removed , is the next one selected. The process continues-
-each successive selection being based on the highest partial correlation after the
effects of previously selected variables have been removed. The screening ceases
at a pre-determined point when further significant improvement is not obtained. If
the original total set of predictor variables was large , this method may provide a
considerable savings in labor.

Such a stepwise screening process has also been developed for applications to
MDA . Selection is made from a large set of variables to first find that variable
which provides the greatest degree of disc~ imination between groups as measuredby the generalized Mahalanobi,~ distance , D’. This is discussed later. This varia-
ble is our first predictor x ’~

). Among the remaining P—l variables a second is
selected which together with the first gives the highest value of D2. This second
variable is denoted x(2). Added pre~ ictors continue to be selected in like manner--always yielding a maximum value of D’ when combined with the previous predictors.
(Miller , 1961, pp34—36)

The extension of the Mahalanobis D2 to situations involving more than 2 groups
was first d~veloped by Rao (1952) and Bryan (1950). For P predictors the test
statistic D 

~ 
is defined as

— (rt — 0 • P) trace W~~~. (i9)

W and B are the matrices defined e~rlier and trace W
1B refers to the sum of the

diagonal elements of the matrix W~~-B. n is one less t1~an the,number of in-dependent observations in the sample. The distribution of D p is estimated , for
n large, as

D2
~~rJX2 ( P ( G — 1 ) ) .  (20 )

A modification of this relation will be used to assist in determining if success-
ively selected predictors are statistically significant .

The actual screening procedure is applied as follows . For every one of the
P available predictors X~ (p=l~~..,P) determine the quantities SSW(X ) and SSB ’X~).Using these, find

trace W~~~,( X )  - ______ 

(21 )

(p•i ,....P)

To select the first predictor xW ,where the total may be r,(r <P) , we use the
criterion

trace 1~~~(!
(1)) ~ 

trace !~~~(X~ ). (22)
(p—i ,... ,P)

if can be determined to be statistically significant. A description of this
test is given later.

For the P—i remaining variables calculate SPW(X~’~X~ ),and SPB(X
W X0). From

these and the values of SSW (X~) and SSR (X~) already computed we then de~ ive:

r~w(x ci ) ) sPw(x (1)x~~~J ~~ SPB(X~
’
~X~~

trac e !
i
~~(X ( i ) X ~ tza~. I I (23)

[
~Pw(x (1) 5) ssv(x~) 

~ {~,
PBx ( l ) x~) ssB(x~) 

]

~~~~~~~~~~~ ~ X
U))

7T~~~ T~iTI~ ~T



The selection of the second predictor X~
2
~ ~~)conditional on the fact that X~

’
~ has

already been selected . The cr i ter ion for  X is

trace ~~~(x~~
)x(2)) ~~, trace t~ (X (1)x~) 

( 2 4 )

( P i .....PsX~, 0 X
(1))

again provided that X~
2
~ is statistically significant. So then , a general form can

be used to choose those to be selected out of the remaining predictors ; this is:

trace W_iB(X (i)X(2)..X(~~ 1) X (S) ) ~ t~~C~ W
_1B(X (1) X (2

~ .X
(s1)X )

(1) (s—i )
(p i,..,P; X~~~X ,...X

The entire procedure continues until r predictors have been chosen. The tot
~~+1number of selected predictors r is completely determined when the variable X ’

fails to show statistical significance. (Miller, 1961, pp 43—47)

A particular predictor , say X 11
~ is deemed significant if

— D~ ) X
2(a(”)(G

~
i). (2~ )

That is, Ihe criterion for deciding when to discontinue selection is based on Rao’s
test on D’, with a modification introduced to assist in determining the significance
of a newly selected variable .

After choosing a predictor from a set of variables, a chi square test is per-
formed and the critical value of * is set somewhat arbitrarily at .05. This
allows a 1/20 chance of the predictor chosen being significant when in fact it is
not. The test size is then designated as ~ = .05. In our selection procedure,
however, a predictor variable is chosen out of the P total because it maximizes
some function of the test statistic. It is necessary , therefore, to consider at
what level of probability the critical value of a * should be set while still
allowing for only a 1/20 chance of error.

Let * reoresent the probability that one or more of these predictors are
adjudged sianificant when , in reality, not one of the P total is significant . So,
1— * — (1 )P, provided that P tests are independent. If is small , we assume
that (1- )P approx. = (1—P ). Then, (1— a *) approx = (1_Pa ), and then

o( app ra x , — O’t (26)
2* .

Let >~ be the critical chi sauare value when seiection is performed, and
~ 4~~ * ~~~~~

* 
~ A c~. (27)

Then, if denotes the desired size of the selection test , then

~: appr.x , isX2
_ t .

P, again , is ~he total number of predictors possible. Therefore , the criti~ g~.value of x for testing the significance of the 5th selected predictor X is:

— x2 
~ 

(28)
(s— i,,..,P)

Further, based on maximizing D2 as our se1ect~gn criterion and a lev?~)
of signifi-

cance as expressed in (28), the test of the S selected predictor X is:

‘D 2 
— D2 ) ~ 

CC * (G—i ) (29)
‘ S  s-i

(S=1 ,...,P)
(Miller , 1961 , pp.49 — 51)
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4 5. Estimating Probabilities.

The application of MDA to meteorological parameters seems particularly well
suited to predicting the occurrence of events that can be classified into unordered
groups. Miller ’s original work demonstrated that problems can arise in achieving
adequate discrimination, if mult ivariate  normality is not present . The original
idea had been to select predictors and obtain a p o st e r io r  probabilities using
Bayes ’ theorem——assuming this normality and equal dispersion. It soon became
apparent that these assumptions were not a lways tenable .

The f i rs t  e f for t  that was successful in using more than just  the f i rs t  discrimi—
nant function was made when a rectangular area was constructed around a new obser-
vation (Y 1Y 2 ) in the two dimensional discriminant space . Group relative frequencies
inside this area , constructed of observations of the development sample , were taken
as estimates of the conditional probability distribution. A method was then em-
ployed that used the idea of the Euclidean distance as a way of def in ing  a more
desirable spherical area (neighborhood) about (Y 1Y2) . This method turned out to
be highly successful at providing valid probabilities in the multi-dimensional
space.

The procedure was f i rs t  developed by Fix and Hodges (1951) and requires com-
puting the Euclidean distance D between the new observation CY) and each of the
observations of the dependent sample . So, for all the N observations, determine
the weighted distances

1/2

D(X~ , 4k ” [ ~~ 1 
(yj — T~~~~~~)

2 
(Yj  

_~~
;

~~~~)
2

+...+~~~~~ (7 _T
g

~~ )
2]  (30 )

k’4.. ~~flg
g i ,. ..G

where

_ _ _ _  
• i~k i (31)

3
g—1 ,.
j~i•. .1

and into which we have substituted Y j ..~ where

Ti..

- 1/2

Y j g~ )
a-i k-i

jgk (32)
and — k-i

3 N - i

( J—i ., , ,t)
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The weights .(j=l ,..,t) are the eigenvalues previously found. Here, they serve
as a means of p~oducing an arbitrary metric in the discriminant space which accountsfor the relative importance of the discriminant functions. The metric in the dis—
criminant space is chosen so that each dimension j has zero mean and variance equal
to •/  ( j = 2,. . , t), and the first discriminant function is transformed to have
unit ~ari~nce.

The N distances D(~~’, ~
‘gk)’ (k=l~ ..,ng; g=l ,..,G), are then ordered. The

point whose distances to ~ is the least is ranked as first, the next closest is
ranked second , etc., down to the point having the greatest distance . Next, a spher-
ical area is drawn around the point ~ by choosing the h(h .~N) closest points. Asso-
ciated with each of these h points is a particular group which occurred subsequent
to the observation of that point. The ratio of the observed frequencies in each of
the groups to the total number h determines estimates of the desired probabilities

(g=1 , ..., G)

6. Appl i cat ions  to Precip i ta t ion Forecasting.

What followc next is a brief summary of one aspect of the research originally
performed by Miller in his 1961 work with the Hartford , Connecticut data. The
example outlined was the more successful of the two projects undertaken , in that
the results show a clearer discrimination between both amounts and types of precipi-
tation . Some of the graphs and tables presented are taken directly from the origi-
nal work with the author ’s permission.

Discriminant analysis seems particularly applicable to the problem of fore-
casting the type and amount of precipitation that will occur at a particular loca-
tion at a specific time. The first step is to define the operationally significant
conditions , i . e . ,  decide what phenomena we wish to predict, and how much of each
will be considered significant. Then divide or categorize the various phenomenon
(or degree of phenomenon occurring) into distinct groups. For economy of effort,
if the number of predictor variables is large, the screening technique shown in
section 4 may be applied .

For this particular example a set of five conditions, describing various types
and degrees of precipitation, were chosen as being operationally of interest.
(see Table 1). The forecasts are to be valid six hours after the daily observa-
tions (predictors) were noted. The data base consisted of an independent sample
of 221 observations over a 1 year period, and a dependent sample of 1096 observa-
tions over a prior 3 year period. A total of seven meteorological parameters
noted at each of twenty-five stations in the United States were chosen as repre-
senting the total number of predictor variables possible in the sample. From these
one-hundred and seventy-five predictors a group of sixteen were shown to possess
significant information as determined from measures of the generalized distance D2.
Table 2 depicts the meteorological parameters in the total sample P; whereas, Table
3 shows the final sixteen selected along with the calculated values for trace
W ’B, D~ - D~_1, and X

2*
05. Miller points out that the physical significance

of just why one particular variable has greater utility in predicting the weather
over any other variable would be very diffic~~ t to ~etermine. Table 4 shows the
characteristic roots and vectors for W 1 B (X (L

~ . . .x~’61 , and it is interesting to
note that in this example all four ro~ts show statistical significance .

Each individual observation from the dependent and independent ~amples wasplotted in two dimensions with one axis Yj and the other (X 2/A 1)½ Y2. Th is is
according to the non-parametric procedure outlined in sectIon 5. The construction
of the dimensions is done so as to enable a circle to correspond to the area
(neighborhood ) described for the above mentioned non-parametric procedure for
estimating conditional group probabilities. In Figure 3 we see a composite of allgroups displayed , showing the fifty percent contour ellipses. Bivariate normality
is assumed without , necessarily,  having equa l dispersions . Figure 4 shows the dis-
tributions of the dependent and independent sample points for group one only. The
fifty percent contour ellipse for group one is projected onto this plot to show the
degree of bivariate normality obtained . These latter two graphical depictionsrepresent data for group one of the precipi tat ion sample only.  The remaining
groups have similar , though somewhat less dense , distributions ; and they are not
shown for the sake of brevity . From these two and the remaining data plots Miller
was able to conclude the following :
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?able 1. D~~CRIP’PION OP THE PRECIPITATION GROUPS
FOR ~‘HE HARTFORD • CONNETICUT EXAMPLE.

GROU P CONDITIONS
NUMBER

I No precipitation of any kind over the forecast
p.riod.

2 Rain or freezing rain reported at some time over
the forecast psriod in the amount of at least a
trace but not more than .05 inch.e. No snow or
sleet reported .t any time over this period.

3 Snow or sleet reported at some time during the
forecast period in the amount of at least a trace
but not more than .05 inches of melted water
equivalent.

4 Rain or freezing rain report.d at some time dur-
ing the forecast period in the amount of gr.at.r
than .05 inches . No enow or sleet reported at
any time over this interval.

5 Snow or sleet reported at some time over th.
forecast period in the amount of greater than
.05 inches of melted water equivalent.

4=13
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Table 2 Available Meteorological Predictors .

ELEMENT NOTATION

Sea Level Pressure (p)
Past 3 hour change in sea level pressure
Dry bulb temperature P

Temperature—dew point depression
East—West wind component u
North-South wind component V

Total cloud cover (N)

Table 2g. Specifications for the Precipit*ti.n Study .

SPECIFICATION NOTATION NUMERICAL

Number of groups G 5

Observations in Group I n~ 817

Observations in Group 2 n2 1.35

Observations in Group 3 n3 29

Observations in Group ~4’ n4 92

Observations in Group 5 n
5 

23

Total dependent sample size N 1096

One less than the number of independent n 109.5
observations in dependent sample

Total independent sample size M 22f

Number of available predictors p 175

Forecast interval(hrs.) H 0—6
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Table 3 THE SELECTED PREDICTORS

ELECTED 2 2 eVARIABLE STATION ELEMENT Trace V1~a D5 D5_1 
~~os

X(I.) Boston, Massachusetts N 0 .267 291.30 21 .68
Portland , Maine L~~P 0.422 168.33
St. Ste. Marie, Mich , P 0 .529 115.67

X~~~ Hartford, Connecticut T
~
Td 0.630 108.68

X~
5

~ Buffalo New York T 0 .737 114 .60

X~
6

~ Boston, Massachusetts u 0.806 73.55
Hatteras, N.C. V 0 .857 54.11

Norfolk, Virginia ~~ P 0.915 61.25

New York , New York P 0 .962 49.40

x (10) Portland, Maine v 1 • 008 48 • 12

Nantucket. Mass. v 1, 053 46.85
Norfolk, Virginia T 1,090 38.33

x( 13) Oklahoma City, Okia. v 1.120 30.93

Caribou, Maine T 1.147 27.70

X(15) Boston, Massachusetts P 1.184 37.78

x U6) Albany, New York v 1.211 27.43
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Table 4

QIARACTER1STIC ROOTS AND vi~ci~~s op w ’s (x(1)...X1
~
6))

FOR PRECIPITATION EXANPLE

v~~
) ~(s) v(s)

1 —30.093 —8.343 —59.51 6 10.390
2 15.336 —3 .952 -8.814 1.596
3 -0.043 -0.458 2.380 0.313
4 -6.385 -0.449 -1.713 0.342
5 2.310 —0.014 —1 .287 —0.226
6 1 .078 —0.495 —3,480 0.472

7 -1.533 —0.053 0.185 0.259

e -9.788 1 .076 -0.4% 0.218
9 3.267 -0.474 0.311 -0.662
10 1.677 -1.052 1 .316 -0.349
‘1 -1 .881 —0.727 0.878 -0.702

12 -1 .579 —0.115 0.686 0.387
13 —0.637 0.156 — 1 .495 0.041
14 -0.352 —1.023 -3 .242 -0.496
15 1 .709 2.125 4.911 0.661
16 1 .000 1.000 1 .000 1 .000

Roots (
~~) 0.925 0.158 0.091 0.037

ioe~ lz~(i + 710.0 158.3 94.3 39.1

x~~5(21 - 2  • J) 47.9 44.8 41.6 38.3

I ~~~
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a. For the population distributions within each of the ‘ lye lrou~~s t h .~ assump-
tions of bivariate norma k t v  and equal dis; c~~ti r t ~ ~I~~i~~~d to be appropriate. ~~i r ~~ .’

the selection c r i t e r ion  t a s  opt imuin p rop . ’r t  les l e t  t~ i ” -ond i t  ion s , w..
also assume that the pi ~•iictors selerted are h 5.’ • hat rt he most inf~~rrnat ion
fo r p r ed i c tive  purpo s~ a .

b. There appears ‘u t* good aqreemer (dots) and
independent (crosses ) aancle observati n~

The data from the •r.~ two , three , and n i r a r ’ space was
then used to develop pr  o t l i l i t y  i r . U  • for
“ependent sample r ly  i r i  are given ju ’ t p t i t  were
derived.

These tables are arranged in ~r .~ ,~ I r ’  t
right and the various rn.- ’- r ~ ical 41 in-
clude the n umber of torecasts made with in r
bility (F ) ; the number of actua l occurrsnces
ted probability was in that ‘~~ n~~~ It)) ; t~~e

casts ( ~ P) ; the sum of the , r P ar-i (1 -

and lastly the co.pt ted values for i ” .

From these two and the remaininq t 1 .~ s (r~ • sho

a. The x 2 tests for va l id i ty  on ‘he group pr~~~ab, q
no general tendency for the probabili iea to becc e less ~
us, of additional discrimin ant fi r ” r — — t h i s  ~.-spite tie r r~values.

b. The simplified picture shown in Figure 3 dis r ses •r. ’ i t  .
less tendency for the probabilities to be sharpened r condi’ions o~ sn~. ., wthe second discriminant f u n c t i o n  Y 2 is used .

-4 
_ _

‘ Figure 3. Mean and f i f t y  per cent contour ellipse , assuming bivariate normality, in
the modified discriminant space Y2 for each group of the precipitation
example. ‘I/’l
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In addition , it was also found that a discrepancy exists between the number of dis—
criminant functions considered significant and the number actually producing the
best results in the independent data. In the independent data inclusion of a third
discriminant function produces marked deterioriation in the accuracies of the pre-
dicted probabilities; even though, all four of the discriminant functions tested
were found to be significant. (Mil1er ,T~~l, pp 95—130).

We can also draw a few more general conclusions from the data presented. Note
from Figure 3 that the vertical axis seems to “discriminate” groups 3 and 5(snow)
from groups 2 and 4(rain). Whereas, the horizontal axis seems to orient the groups
by degree of precipitation—-with the lesser amounts to the right and the greater
amounts to the left. The success of the method can be measured to some extent by
looking at the most general classifications possible--the prediction of precipita-
tion or no precipitation. If we use the case where the probability of no precipita-
tion was 0.50 or greater as our standard for categorically predicting no precipita-
tion , the forecasts of no precipitation numbered 1b4 out of 221, with 144 correct .
Precipitation was forecast 57 out of 221 times with 46 correct. In the independent
data sample there was an overall percentage of 86% correct forecasts-—in good
agreement with the dependent sample of 87%.

The effectiveness of the multiple discriminant analysis technique in producing
valid forecasts is demonstrated. The usefulness of MDA as a forecasting tool is,
however, limited by resources at hand. The computations are all but impossible and
hi ihly impractical without the aid of a hi gh speed computer. Further , other statis—
ti~ al methods, requiring much less labor, have recently come to light; and these
procedures may in the long run totally replace MDA as a predictive method .
(Tanur, 1972, pp 383—384)

... .:. • • • •

~~~~~ 
~~~~ $.~ . :

“.

~~~~ ~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

., .

. 

~~~~~~~~~~~

Figure Ii . Distribution of dep.nd.nt sample p.int.(d.ts)
and ind ependen t eampi. p.int. (cros e.s ) in the modified
diacrialnant space , 

~/ 
~~~ 

, for group one.
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CHAPTER 5

RE~ 7ESSION ESTIMAT ION OF EVENT PROBABILITIES

by CAPTAIN WENDELL POOL, JR.

This chapter discusses an application of Regression Estimation of Event
Probabilities (REEP)  by Bryan and Singer (1965) . Their project was a statistical
approach to predicting the probability of a first-term Navy recruit ’s reenlistment.

REEP was demonstrated as a useful prediction technique by Miller , Johnson . and
Sorenson. see Miller (1964) . Its development resulted from efforts to make multiple
discriminant analysis more e fficient.

Bry an and Singer studied the following problem:

Using available records on eliqible f i r s t  term electronics men
(e.g., age , education , test scores , length of
military duty , recrui ting area) what sort of index or statistical
digest of this information can be devised so as best to distin-
guish eventual reenlistees from non—reenlistees?

Their approach was to identify the independent components of s~.gnifi cant databearing on the question , then to develop a prediction formula into which an
individual’s particular data could be inserted. These data , termed variables, were
selected from the expansive quantity of information compiled on each enlistee at
enlistment. The first phase of the Navy Study involved a partial screening of the
possible significant variables, and eliminated many as not bearing on the question — —

e.g., height, weight, color of hair. In the second phase , that in which Bryan and
Singe’- wore involved , the variables were more care ful ly  screened using a mul t ip le
correlation approach . Reenlistment rates were calculated for one variable, while
holding one or more other variables constant.

A variable that is the object of prediction or estimation will be called the
predictand (in the present application , reenlistrent), and the variables used to
arrive at the prediction or estimation will be called predictors (for example,
age , education , test scores). The type of prediction problem under consideration
is that in which the predictand can assume any one of several dist inct  values ,
levels , or s tates (in the application to reenlistment prediction there are two
sta tes , to reenlis t or not); and the object is to make use of the information
available in the predictors to estimate the respective probabilities associated
with each possible predictand state ; tbat is , to estimate the chances that any
specified state will be the one that the predictand actually assumes in a given
instance.

Let the number of distinct states of the predictand be denoted by G. Unless
otherwise noted , these G states (the case in point has two states of G, to reenlist
or not) are exhaustive and mutually exclusive . If the predictors uniquely determine
the predictand , the probability is unity for some one predictand state , as fixed
by the predictors , and zero for all others. In a real situation , however , the
predictors merely influence the probability by tending to favor the occurrences of
some states more than others, depending on the given values of the predictors , and
how the probability of occurrence is distributed over all G states. The statistical
problem is to describe this distribution in terms of the predictors .

REEP uses mul tiple regression analysis. A dummy variable 0 (g= l,2,. ..,G) is
associated with each state , g, of the predictand : 0 = 1 if stage g occurs ; D = 0
if state g does not occur. Each dummy variable D , ~n turn , is treated as a g

predictand , to be estimated by a separa te regress~ on function (one for each dummy
predictand ). The device of using a common set of predictors for all D , as REEP
does, insures that the sum of the estimated probabilities will be iden~ ically equal
to one in every instance.

In the strict definition of the term , a regression function defines the
conditional mean value of a predictand for any specified set of values of the
predictors . The true conditional mean value of a dummy variable , D , is identically
equal to the relative frequency —— hence , the condi tional probabili~ y —— of the
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occurrence of state , g, under the conditions defined by the predictors . If the
exact mathematical specification of the regression function could be given, the true
conditional probabilities could be determined from it.

In actuality, the mathematical specification of the regression function is not
available .. As a serviceable approximation to that function , REEP uses a linear
expansion in terms of dummy variables, constructed from the predictors . These dummy
variables can represent simple classes pertaining to individual variables , or, if
desired , compound classes made of combinations of two or more variables.

In the foregoing, the term “regression function ” will be applied to the expan-
sion employed in REEP . The regression function Dg fo r Dg is of the form:

D
g 

= A0g + A1g
x1 + A2gx2 + ... + AMgXM 

(g = 1, .. .G) (5—1)

The predictors x~~, x 2 , . . . , x M  are selected by screening (see Chapter 3). The
base constant , Aog, and the coefficients A1 ,. . . ,A~g are determined by le~ stsquares ,so as to minimize the average value for t~e~squared discrepancy (0 -

G
~ ô = 1 ( 5 — 2 )

g=l g

Following is an analytical proof of ( 5 — 2 ) .

Expa nding Equation (5-1) :

= A01 + A11x1+ A 21X 2 + ... +

= A02 + A12x1+ A22X2 + ~~~ + AM2XM (5 3)

DG = AOG 
+ A lGxl 

+ A2Gx 2 + ... + AMGXM

We shall prove that A + A0 + ... + A = 1 and that A + Am2 + ... A = 0 for
m = 1,2, ..., ~1, wh~ r2 M is ~he number selected predi~~ ors. This is W~fficient
to prove that D1 + D2 + ... + DG =

The matrix equation for generating the regression coefficients in the g-th
equation in (5-3) is:

Ag = C
1X~Dg (5-4)

in which the separate terms are defined as follows:

A is a column vector with M + 1 elements , (A A ... A.g Og ig Mg

C is a square matrix of order M + 1 consisting of sums, sums of squares, and
sums of cross—products of the predictor variables,

N ~~~ ~x2 ... ~~~

Ex 1 Ex~ Ex 1x 2 ... Zx 1x~

IX
M 

Ex~~~1 Zx~~c 2 ... Ex~

(
~
. .
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All summations are from 1 to N , where N is the n umber of cases in the sample .

X’ is an M + 1 by N matrix consisting of the individual values of the predictor
variables,

1 1 . . .  1

x11 x12 . . .

=

x2l x22 ...
(5—6)

xMl XM2 ... X~~

D is a column vector with N elements consisting of the individual values of
the g-~ h dummy predictand ,

D
g 

= (D 1g 02g DNg)

Equation (5—4) expresses a single set of regression coefficients. The matrix
equation for all G sets of coefficients is

A — C
1X’D (5-13 )

where A is an M + 1 by G matrix consisting of the G column vectors A ., A ,, ..., Ar..
Similarly, 0 is an N by C matrix consisting of the G ~~~1, .1rnn vectors ~~ ba, ,,, ‘

Define a column vector , e, consisting of G elements , each of which is unity :
e - (1 1 ... 1). Post—multiplying both sides of equation (5-8) by e gives

Ae = C ’X’De ( 5 9 )
Note that Ae gives the sums that we require. That is, the m-th element of Ae is
Ami + A~~ + ... + Ames and m ranges from zero through M.

Consider now the ri ght-hand side of equation (5-9). De is a column vector with
N elements , of which the n—th element is:

0 1 + 0 2 +

This aunt is identically equal to unity for all n, because one and only one of the
G states (g) must occur. D takes on the value 1, while remaining D’s are equal
to zero. g

Consider X’De. This is a column vector with M x 1 elements :

(N Ex 1 1x 2 . . . Ex ~ )

This is precisely the first column of the matrix C. Therefore

C 1X’De — (1 0 0 . . . 0) (5—10)

by the defini t ion of the inverse of a ma t r ix .  Re fe r r ing  to equation (5-9) , we see
that

A + A  + ... + A  — l  . .
01 02 OG (5—11 )

Ami + Am2 + + AnG — 0 (in 1,2, ..., M)

which was to be proved~
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Let us now return to the problem of the reenhistees . The next task is to
select the variables.

The first step is to break the ordinary variables into groups of dummy variables.
For examp le , aI ;i~ is broken into various (q) tentative dummy variables , ~~~ such that :

1 i f  uqe is less than 17 years
T2 

= 1 if age 17 — 20*
= 1 i f  age 20 — 22
= 1 i f  age 22 — 27

T5 = 1 if age 27—32
T6 

= 1 i f  age is greater than 32 years.

* The upper limit of each group is not inclusi e -— i.e., 16—20 means 16 to
19.999 .

The above dwTuny ‘. uriables are exh~ ustlve and mutually exclusive -— i.e., one
mus t occur , and no other will occur simultaneously . The division of the ordinary
variables into classes may be accomplished arbitrarily (e.g., 2 year steps ) or
intuitive ly from prior experience (as in the above example). A caution is in order.
The predictor screening technique wi ll not generate finer divisions, so in starting
out one should not combine possibly signifIcant groups . The screening procedure
will safely accomplish this task and account for most of the predictive information .

Let the ini tial set of tentative dummy predictors under consideration be
designated as T , T2, ..., T~~. The screening involves the computation of variance-
ratio statistics F, where an indiiidual F tests the significance of an additional
predictor. If R.~ denotes the multiple correlation coefficient computed from k
pred ictors, and )~. f .  stands for the estimated number of degrees of freedom left at
stage k , the variance ratio F used to test the k—th selection is give n by the
equation

F = 

- 
. (d. f.) (5-12)

l
~~~~

Rk

Assuming independent observations , the value of d .f. for the k—th selection is
N - k — 1, where N is the sample size. See Miller (1964) for a proper level of
signif icance for F.

Screening accounts for all G predictand states simultaneous ly and is done as
follows . Compute a value of F for each tentative predictor T (q= 1, 2 , ..., Q) in
relation to each dummy predictand D (g 1, 2, ..., G). At ~he first stage of
predictor selection , there wip be ~ x Q values of F (since C values will be obtain-
ed for each T ) .  Denote by x the predictor that yields the largest single value
of F out of ~~~ of these G x Q values. This predictor x1 is called the first
predictor.

The screening process is now repeated to select a second predictor. For each
Da, trial mul tiple correlations using two predictors are computed. The two pre-
dictors on any trial are x1,and one of the remaining T ’ s. There will be G(Q - 1)
such multiple correlations wi th the same number of F-values. The trial predictor
yielding the largest value of F among these G(Q - 1) values is selected as the
second predic tor and is denoted by x4.

The screening is continued to select third , fourth , and further predictors
until S predictors x’, x2, ..., x5 have been chosen. As each predictor is selected ,
a statistical test comparing the highest computed F-value with a certain critical
value of F is employed to decide whether the proposed , selected predictor appears
to be useful . The termination point S is established by the fact that xS p~ sses
this test , but the next candidate (which , if successful , would be called x~~~- fails
it.

The process just described is called forward screening to distinguish it from
a different , but related , selection pro~ess , called backward screening. In back-
ward screening, a definite set of B (B * Q) trial predictors is chosen to begin
with , and a regression formula based on all B predictors is determined. The least
important predictor is  then idl n~~if ied by calculating the increase in mean square
error due to the omission of each predictor , in turn , when the other B - 1
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predictors are retained . If the least important predictor is judged non-significant,
it is eliminated. The- tests are applied again to the remaining set of B — 1
predictors , and the deletion process is continued in a stepwise fashion , analogous
to that used in forward screening. Because forward screening can cope with a much
larger set of tentative predictors than can backward screening, it was chosen as
the method to be utilized in REEP .

The ordinary formulas for estimating the sampling variability of regression
constants do not hold when the predictors are required to meet preliminary tests of
significance, as they are in selective screening. The most important single ques-
tion to answer is not that of the sampling behavior of separate coefficients , but
rather that of the sampling behavior of the estimated regression function as a
whole . In REEP , the latter question is attacked by reserving an independent s ample
for verification .

By a randomization technique, the initial sample is divided into two parts.
One part, usually the larger, is called the developmental sample and is used for all
processes involving setting up the problem -- objective dummying , predictor screen-
ing , fitting of constants . The other part , called the verification sample , is used
solely to obtain estimates of predictive accuracy when the regression formulas are
applied to independent data. The program can accept a developmental sample size of
about 10,000 and, if desired , an even larger sample size for verification.

Predictive performance,is measured by the correspondence between 0g and Dg in
the verification sample. (b reduces to D if no adjustment is requirea because
probabilities cannot be ~~~~~~~~ zero or greater than unity).

An overall measure of correspondence between Dg and D0 is given by the mean-
square error , as defined by the Brier P-Score . For a sing le probability fo recast
of G states, the P—Score is defined as

G
P—Score = I (D — D ) 2 (5 l3)

g=l g g

A P-Score of 0.0 indicates a perfect forecast; the poorest score is 2.0, which
results when for some value g, 0 — 1, whereas in fact there exists some other
value g ’ such that 0 , 1. In ~omparing two forecasts of the same events , thelower P-Score indica~es the better forecast. For a series of N probability fore-
casts of C states, the P—Score is defined as follows:

G 2P—Score — — I I (D — D - )  (5—14)
g l 

g~ gi

Bryan and Singer used two types of variables in this application of REEP —-
univariate and bivariate.* In one model, Model A , only univariates were allowed to
be selected for predicting reenlistment action , while in their second model , Model
B, both univariates and bivariates were considered. Because of the completeness of
their work , we can evaluate how much , if any , improvement in prediction is obtained
by including bivariates as well as univariates.

Of 61 dummy variables under consideration as possible predictors in Model A ,
seven were selected as s ign i f i can t  by the screening procedure . Therefore, the REEP
regression funct ion for est imating reenlistment rate is of the form:

= B + B 1x1 + . ..  + 87x 7 ( 5—15)

The selected predictors (designated by x ’s) and values of the regression
coefficien ts (B’s) are given in Table 5-1. The notation x1 represents the most sig-
nificant predictor , x2 the second most significant predictor , or more precisely
the most significant adjunct to x’, and so on in order of superscript , so that x7
represents the seventh most significant .

* univariates are used here to mean dummy variable predictors while bivariates are
joint dummy predictors.
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T~BLE 5-1

TERMS IN D1 FOR MODEL A

Predictor Symbol x 1- x 2 x3 x4 x5 ~c
6 x 7

Coefficients 
~~~~~ ~~~~~ .2~ 2 .O~ 5 .O~9 ~~~~~~~~~ .O~ 2

To use the data in Table 5—1 for deriving a reenlistment rate for any given
individual is a relatIvely simple matter. The coefficients of the characteristics
that pertain to the individual are added to the baseline , the “additive constant” .
For example , if none of the seven selected categories pertain to an individual ,
then his predicted reenlistment rate is simply .272 , which is a little above average.
If categories 1, 2, and 4 pertain, then his predicted probability is .560 (.272 —

.063 + .292 + .059), which is quite high.

The Brier P—Score for the developmental sample (N 6372) was .3703;  that for the
ve r i f i ca tion sample (N = 703)  was .3707. Hence , overall predictive performance , as
measured by the Brier P-Score, was very nearly the same on the verification sample
as on the developmental sample , th us lending credence to the method. If  the
population itself were to undergo basic changes in the relationships among the
variables, the present regression function should not be expected to apply .

In Model B, both univariate and bivariate predictors were made available for
selection . The results using Model B parallel those of Model A.

Of 214 dummy variables (61 univariates and 153 bivariates) considered as
possible predictors in Model B, seven were selected as significant by the screening
procedure . The REEP regression function for estimating reenlistment rate thus
reduced to the same form as in Model A.

= C0 + C1y
1 

+ ... + C7y
7 (5-16)

Both the selected predictors and the regression coefficients differed from those
derived in Model A. The selected predictors (designated by y ’s) and values of the
coefficients (C’s) are shown in Table 2. As in Model A , the subscripts indicate
the rank order of selection .

TABLE 5-2

TERMS IN 01 
FOR MODEL B

Predictor Symbol A ditive y y y y y y y

Regression Symbol C0 C1 C2 C3 C4 C5 C6 C7Coeffi cients 1a ue .257 — .068 .393 — .053 .096 .338 .056 .071

The Brier P— Score for the developmental sample of Model B (N 6372 )  was
0. 3687; that for the verif icat ion sample (N 703) was 0 . 3 6 9 4 .  The indicated
superiority of Model B over Model A , shown by the s l ight ly  (but s t a t i s t i ca l ly
significantly) lower P—Score of the former in the developmental sample , was ver i f ied
in the verification sample .

Bry an and Singer showed that both models yield valid estimates of reenlistment
probability, but that Model B had greater capacity for sorting Out departurel from
average . On comparing the predictors selected under the two models , it was found
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that six of the seven selected predictors were closely related.

A study , such as that performed by Bryan and Singer, will remain valid as long
as there are no significant changes in either the predictors or their relative
weight. Consequently , the use of such a scheme should employ frequent verification
a. an indicator of the need to update the model.
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CHAPTER 6

CAN ONICAL CORRELATION APPLICATIONS

by I t -Jeanette M . Heumann

INTRODUCTION

The key to marketin g success lies in matching a buyer with a product which will fill his or her
needs. A buyer study provides a concrete mean ; of diagnosing the buyer—produc t relationship. A
buyer study will st ;tisticallv relate buyer characteristic s to product characteristics so that for
a g iven  buyer , a probability distribution may he predicted as to the size and type of that buyer ’s
purchase . A study such as this , which examines buyer characteristics versus those of a particular
product , is an important management information tool. An in depth statistical analv~-is of this
rela tionship can provide a basis for company goal setting and p lanning. It will point out a
company ’s str engths and weaknesses in the area of their marketing operations. A buyer study should
examine several areas. It should tell who your buyers are and what products they are likely to buy.
Buyers may be identified by variabl es such as buyer sex , age , in come , marital status , n umber of
dependents , and occupation . A buyer study al” allows a company to evaluate its product performance
as compared to peer companies ’ product performance. In addition , a buyer study will identif y a
company ’s principa l markets. Markets are defined as groups of individuals who possess homogeneous
charac ter is t ics such as mari ta l  sta tus , occupa t ion , income , or age . Finally , a company buyer  s tudy
will clearly indicate , by means of a statistical study, wha t is sold to a company ’s p r i n c i p a l
marke ts. 

V

Buyer studies have long been used by insurance companies to evaluate new markets or territories ,
in selective advertising, in persistency evaluation , in quota setting, in appraising new product
potentia l , and in assisting new agents. The means by which a set of buyer characteristics or
var i ab les  are related to a se t of product variables is through the use of statistical procedures
such as canonical correlation. This statistical procedure was initially developed by Hotelling
(1935).

Insurance companies can collect “families” of i n f o r m a ti on about buyers (sex , income , age ,..
etc.). Canonical correlation methods treat these “families ” of information as separa te entities
and yet allow the probabilit y of occurrence of one type of family infor mation to be calculated
f r o m  another famil y of information .

This paper will examine work done by Dr . R. C. Miller for the Life Insurance Marketing and
Research Associa tion (LIMRA ) which discusses the buyer—pr~ d u ct relationship as app lied to the
insurance industry. This work relates buyer variables such as: Marital status

Age
Resident  state
Income
Occupat ion
Age and income combi ned
Age , income , and sex combined
Income and occ upa t ion combined

to product variables such as:

Mode of paymen t
Type policy
Amount of polic y
Policy premiums
Type of p o l i c y  combined with mode

of payme n t

Approximately twenty thousand United States ordinary policies sold to adu lts in 1970 were used in
ana lyzing the probabLlity of a part icular individua l buying one of a number of policies which
di f fe red  in size and type.

Terms and Mathematical Symbols

The following is a list of terms and symbols which will be used extensively in this paper
and with which the reader ahould be familiar.
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1. M — Underlining signifies a matrix

2. xi,— Variable describing a product characteristic

3. y — Variable descr ib ing  a &uyer c h a r a c t e r i s t i c
q

4. a tp co e f f i c i e nt of x

5. btq~~
0eff1c

~~~~
t of y

6. a and b — two sets of weights which maximize the correlation between the derived canonical
varia tes

1 2 . . e 1 2 . . .  q
where a= 1 a11 

and b= 1

2 a22 
2 b 22

t a t b
t

L

7. V1. V2 V~ — Linear functions , where each V represents  a linear combination of x variables

8. W1, W2, ..., W~ — Linear functions, where each W represents a linear combination of y variables

9. It — Correlation matrix where I I

!.21 I ~22 i

10. ~u - The intercorrelation among the x’s

11. !2~ 
— The intercorrelation among y’s

12. 
~.l2 

— The intercorrelation of x’s and y ’s

13. !n — The transpose of

14. A — Lagrange multiplier

15. A — Wilk’s criterion , a likelihood—ratio criterion

16. SSCP Matrix (S) — The sums of squares and cross products matrix; see Tatsuoka (1971)

17. WLLP — A whole life — limited pay insurance policy

18. WLCP — A whole life—continuou s pay insurance policy

19. MODL — A modified life insurance policy

20. ENDR — An endowment and retirement insurance policy

21. LEVT — Level term insurance policy , DECT - Decreasing term insurance policy

22. COMB — A combination policy

23. A po eteriori probabi lities — Conditional probabilities over the states of nature , or
predictand groups for given predictor values.

24. 4 pz ’iori probabilities — Unconditional probabilities over predictand group. of the states of
natu re

25. Mahalanobis — A statistic utilized for testing the significance of P variates to discriminate
among two groups which have equal or unequal dispersion but , different means.

26. Unit matrix — A matrix which is sy etric and ha. diagonal elements equal to unity while all
other e lements equal zero
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Technical Details 
V

As was mentioned ear lier , the  pa r t i cu l a r  insurance  ca se s t u d y  being examined used approximately
20 ,000 ordinary policies sold in the United States in 1970. The stud y excluded from analysis the
fol low ing types of pol ic ies :

Policies on liv es of res idents  of U .S .  territories ,
Canada , and other  fore ign coun tr ies ,
Acquired reinsurance cases,
Indi vidual  credit insurance ,
(
~~~up insurance ,
Annui ties without insurance ,
Term conversions ,
Single or double premium policIes.

By examining the nonexciuded policies , i t was possible to de termine  two se ts of variables. The first
set of variables (x ’s) described product characteristics and made up the set of predictand variables.
The second set of variables described buyer characteristics and made up the set of predictor
variables. The interrelations between these two sets of measurements can be studied by canonical
correla tion models , This statistical method provides the maximum correlation between the linear
functions of the two sets of variables. Each pair of these linear functions is determined so
that the correlation between the new pair of canonical variates Is maximized where the maximiza-
t ion of correlation is subject to the l imitation that they are independen t of linear combina t ions
derived prev iously.

The general nature of canonical correlation may be best exp lained using al gebraic  means.
Fi r st , consider two simul tane ous se ts of t equa t ions tha t con tain p predic tand and q predic tor
variables. From the two sets of equations as follows :

“Left Side” (Predictand Eauations)

V1 = a11x1 + a12x2 + + a1~x~

+ a22x2 + ... +

a~ 1x 1 + a
~2x2 + ... + ~~~~~

“Right Side” (Predictor Equations)

b11y1 + b12y2 ... + blqYq

b21y1 + b22y2 + ...  + b2qYq

W~ = b~1y1 + bt2y2 + . . .  + b~qYq
(where t mm (p,q)

We can then determine the sets of weights of a and b so that the correlation between V 1 and W 1 is
higher than that of any pair of linear functi~ns orthe x ’s and the y ’s. Likewise V2 and W2 arecorrelated higher than any pair of simultaneous equations other than V 1 and W1. This hierarchy
of correlation is maintained all the way down to the Vt and W~ equations. For this relationship
to exist , the weights of a and b must be determined so as to maximize the relationship between
the derived canonical variates V and W. It should be noted that the special case where q>l and
p”1 is a case of multiple regression and not one of canonical correlation. Canonical correlation
requires that there be both multiple predictors and multiple predictands Involved. The size of
p or q determines the number of linear combinations that can be formed. If q is smaller than
p then, there will be q linear combinations formed. Likewise if p is smaller than q, then p
linear combinations will be formed. Each pair of the canonical variates V and W will have maximum
correlation , taking Into accoun t the restrection that each canonical variate (V1 or Wi) is
orthogonal to all other canonical variates on its side of the equation .

In geometric terms we can consider canonical correlation as a measure of the extent to which
individuals can occupy the relative positions in the p dimensional space as they do in q dimen-
sional space . Considering buyer-predictor variables versus the insurance product-predictand

V Variables might appear to possess little or no .,imilarity when the variables are compared scale
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for scale. However, canonical correlation methods readily show the system of correlation which

~mderlies the two sets of variables . The fi rst step in the analysis of the canonical correlation
between the set of buyer variables and the insurance product variables is the solving of a and b.
This requires the correlation matrix I. Where R equals:

~i a ~ 2~j
As can be readily seen from the above matr ix , R is itself divided into four submatrices . The four
submatrices are obtained in the following manner :

R is the correlation between the x ’s

x x x . .. x3 p
x 1 r1 x x  r x. .. r

1 2  x l 3  x x
l p

I r2 x x . . .  r2 3  x x2 p
x3 1 . . . .  r

!ll = 
. 

X
3

x

x 1p — —
Note: This matrix is represented as an upper right triangle matrix due to the fact that the

x-x correlations composing the lower le f t  tri angl e of  the mat r ix  are simply mirror images of the
upper right triangle correlations.

~ 22 is the correlation among the y ’s

y
1 

y
2 

y
3 • . ‘  Yq

:1 
1 

r2 Y2’3. ..

~22 y 3 1 . . .  r
Y 3Yq

— 
I
—

Agai n , the 
~~ 

matrix (like the 
~~~~~ 

matrix) may be displayed as an upper right triang le matrix.

~ 2l is the correlation between the x ’s and the y’s

x l 
x2 

x
3

y1 ~~~ 
ry x  ~~~ 

ry x

y2 ry x  r~~~2 
ry x  . . .  r

y x

r r
~
‘3 y3x 1 Y3x2 ry x  . . .  ry x

Yq ~)‘
q

X j  
r yq x 2 ~~~~ 

ry x

_ 
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And finally, 
~i2 which is simply the transpose of 

~2l~ 
That is

y2 y3 >~q

x r r r1 x1,y 1 x1,y 2 x1,y 3 .  r~ ,y1 q ,
a r r r r

2 x2,y1 x2,y2 a2 X2~Yq

!l2 • 3 ~~~~ ra y  
r

a y  :“ 
rx y

r ,~~~>, r a y  Fx y  . .. r x p .Y q

The partitioned portions of ft may then be substituted into the canonical equation

(~~1~~
1 

~ l2 ~ 2; ~ 21 — A~ lYe = 0.

NOTE: the above equation may also be written as

(~ 2
1 

~21 ~] ~12 
— I ) b . = 0.

The equation for g~ may be derived through the following procedure :

1. Let ci A1 (where i = 1, 2,.. .min p,q).

2. Sinc. we are lookimg for linear fu nctions t hat have maximum correlation and since the correla-
tion of a multiple of V and a multiple of W is the same as the correlation of V and W we can
make an arbitrary normalization of a and b.

This is done much that : 1— EV 2 = a ’R 11 a

1— EW = P.~~ 22 P.

~~‘ ~‘!~~ ! ~~!22 ~ 
a

4

5. Since the algebraic problem is to maximize (4) subject to ( 3 ) ,

F(!,b) (!‘
~~l2 ~~~~~~~~~~~~ 

a—1)-~1/2~)(b’ ~22 
P.—1)

where A and u are Lagrange multipliers and where the factors
1/2 are introduced for rnnnerical convenience .

6. Then if we different iate  F with respect to a and b and met the
vectors of th. derivatives equal to zero, we have:

— 
~l2 ~~V

’.’A!11 a = 0

B F — R  a ”UR b — O—21 —. —22 —

Rultiply B? by a’, and BF by b’
I 

-

so that, ~~~
‘ b — Aa ’R 11a — 0

~~~!2l! ~~~~~~~22 p 0.

7. Since ws know that a ’R ~~ a = 1, and — 1, we can easily ~V
’

is. that
A — u  — — — 1 2— ’
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8. Thus we can write: a) - A R 11 !~ 
+ 

~l2 
b. “ 0

b) R21a~ - A 1 !22 P.j 
= 0

9. We can then derive a single matrix equation for a1 or if we multiply 8a by A . and Sb by R2~ .

a) 
~ 
!l2~.i 

= A~ R11 a.

b) 1( 1 R a. A . b.—22 —21 -—i i — i

10. If we then substi tue from 9a into 9 b . .

a) R R ’ R a. - A~ R a. = 0
—12 —22 —21 —~i 1 —11 —i

b) (R 12 ~22 ~2l - A~ !ll)~ i 
= 0

c) ~~~~~ ~l2 ~22 ~2I 
1j ~~~~~ 

= 0

Where I!~ ~l2 ~2l 
- I 0 and a 1,. . . , a~, satisf y equation 10a for = A~ ,.. ,A~ respec-

tively. The similar equations for b 1 , . .  . ,~~~~ occur when A~ = A~ , . ..1 are substituted with

(!~~ ~2l ~~~ ~ l2 - A~ DP.1 
= 0

Note: the vector b1 may also be obtained from the equation

= (!;~ ~2l ~j) / A j

The vectors a1 and b. are then applied to standard score vectors to obtain the canonical
variates V and W. ~he ca?Ionical correlation (R ) between the ith pair of new composites is equal to
A.. The largest A . is the square of the maxim&n possible correlation between the linear combine-
d0~3 of the two sits of measurements (R 2 max 12) .  Also, if it is desired to find the coefficients
of the observed deviation scores, they c~n be obtAined by dividing the elements a. and b. by the
standard deviation of the corresponding variables. 1

An alternate but similar procedure for finding the canonical correlation between two sets of
variables , in th is  case buyer variables and product variables , is discussed by Tatsuoka in his book,
t’~iltivariate Analysis: Techniques for Educational and Psychological Research. Tatsuoka considers
two sets of variables which each construct a linear combination:

V = a1x1 + a2X2 .. .  a x

W = b
1
y

1 
+ b2y2 .. .  bqyq

Fro. these l inear  funct ions , we must determine the two sets of coefficients a’ = a • a , .. .  a~ and
b’ b , b , . . .  b so as to maximize correlation between the two linear comEinati~ns.

2 In order to

~o thiA we 2must express the correlation between V and W as a function of a and b.

r
~~ 

,.zvw/ E (1V
2) (tW 2)]’~

We may express the quantities V2 and W2 as quadratic forms in the following manner:

a’ S a— —xx—

= b’ S b

The quantities S and S represent the Sums of Squares and Cross Products Matrices (SSCP). This
type matrix is ~~~tione~ ln the Terms section of this paper and explained fully by Tatsuoka (1971).

We can also show that : I ~/W a ’S b. Where in this case S represents the pxq matrix of the
st s-of-products between the a variiiT~~ m d  the y variables . Ui~~g the above equalities , the
fo rmula for r

w may be wri t ten in the following manner:
r - !!xy ‘ !‘

~ xx& 1P.~~~& 1½
The maximizing weights of a and b are determined only up to proportionality constants. This is done
because, if ri mnd u are two arbitrary constants of the same sign , the value of the correlation
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be tween V and W obtained by using the elements of ri! and vk as combining weights is seen to be
equal t o  the value which would result from the use of a1 and b1 as the weights.

The proportionality constants can be chosen so that:

= 1

b’S~~,b = 1

This results in the denominator of a ‘S b/[(a’~,~g) (b’S~,..V.,h~] 
½ being equal to unity.

If Lagrange multipliers A/2 and i7~
’are Tntroduce~ at’thia time (the factors 1/2 are intro-

duced mere ly  t~~r numerical convenience), the the function which is to be maximized is

F(a,b) =

The next  s tep Involves taking the symbolic partial derivatives of F (a,b) wi th respec t to a and
b. The two resulting equations are then each set equal to the null vector. This gives the following
squa t ions:

— 0

i! &S — u b ’ S  = 0ap i XY — YY

which are the equations that must be satisfied by a and b in order to maximize the correlation co-
e f f i c i e nt r

~~~. 
The above two equations constitute sufficient conditions for the desired maximiza-

t ion.

The next step is to prernultiply the members of aF/~la by a ’ and to postmultiply the members
of IF/ab ’ by b as follows : —

= 0

a’S
~~

b-iJ (b’S
~~

b) = 0

From the preceding two equations the relat ionship of a ’S x b — A( a ’S~~
a) u(b’S b) can easily

be seen. This relationship reduces to the form

—A =~i by recalling that a’Sxxa b’~~,.1b • 1

This clearly shows that both eigenvalues A and u are equal to the maximum value that can be
achieved by the correlation coefficient r

~~
. Since A — ii we may replace A by u so that :

- 0 - 

~:VV
,

~xy~ 
-

and 
~ ,~

a-US
~~
b — 0

a

_ _  
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If we then assume S),y te he nonsing u l ar , we may express b in terms of a as follows :

P = (1/p)S~~ ~~~~~

This expression may then be substituted for b:

~yx ~~~‘

If we then p r e m u l t ip ly both members of the above equat ion by ii S~~ we obtain the following
expres s ions :

ç~; 
~~~~ 

= ~~ Ia

~~~ ~~~
- u2 ~ a = 0

and in final form , -l —1 2
‘~~~x ~~~ 

- u ~)a~ = 0.

From this equation it can he seen that the largest elgenvalue ~2 , of the quadrup le matrix product

~~~~ ~~~~‘v ,~ 
gives the square of the maximum correlation coefficient. It can also be

seen t h a t V  the elernenLa of the associated eigenvector af provide the weights by which the x set of
variables need to be combined linearly to achieve this maximum correlation. The other combining
weig h t vec tor .~l 

m ay be easily ob tained by subs t i tut ing 
~~~~ 

and u 1, in the equa t ion

b = (I/u )S~~ S a—1 1 —yy —yx —I

It is obv ious then that other elgenvalues and vectors besides and 
~~j  

may be ob tained using
the general equations just developed. These equations may be utilized to determine weights a
and b when two sets of linear functions V1,V2, ...V~ and W 1, W2,...W~ are presen t. We start out by
f i ndi ng t w - ~ sets of combining wei gh t s  that will maximize the specified correlation coefficient
for the resulting pair of linear combinations. The elements of the vector which are associated
wi th the largest cigenvalue of a certain matrix make up the weights which lead to the desired
abs ute maximum. This also holds true of the elements of the vectors associated with the second ,
third , and final eigenvalues in descending order of magnitude in the sense that the pair of
l i n e a r  combina t i o ns formed b y the elements  of the second vector has the largest value of the rele-
vant criter ion among those that  are not cor re la ted  w i t h  the f i r s t  pair of l inear  c ombinations and
so forth. For any case of canonical correlation analysis , the linear combinations occur in two
seq uen . t-s , one sequence for each of the two sets of variables. There is no correlation within each
sequence and between unmatched pairs of linear combinations across the two sequences. Therefore ,
not  o n i y  is V 1 uncorrelated with V2,V 3,...or V~ , it is also uncorre la ted  w i t h  W 2 , W 3, . .. or W~ .
It should he c lear then t h a t  the only nonzero corre la t ions  occur between the cor responding  members
of the paired linear combinations such as V1. and W 1, or V2 and W2. Canonical varia tes is the term
used to denote pairs of linear orthogonal combinations. The number of canonical variate pairs
w i l l  eq ual the numbe r of variables in the smaller variable set , that is the smaller of the two
num be rs p or q. This is due to the fact that the rank of 

~~~ xx !.xy £4 ~yx’ 
the quadrup le product

matrix , whose elgenvectors and elgenvalues determine the canonical va tlates , is equal to q or p
whichever I. the smaller.

An a p p l i c a t i o n  of Bayes’Theorem is utilized to evaluate a po8~~~~Vp ~~orj  p r o b a b i l i t i e s .
Speci fically, thiq means that all of the poss ible  “L e f t  Side ” combinat ~ ons (L) wi l l  be en u m e r a t e d
f o r  which  it ie desired t ,  obta in  p r o b a b i l it i e s .  There wil l  be t � 2 “Left Side ” combina t ions .
Thie may be per formed for the set of “Right Side ” conditions of W — W1, w2,w3 

w
~ by utilizing

the following equation :

f (W~ t)gP (L~W J ~~~~~~~~~~~~~~~~~

L
~ I (W~ t)g~
~ = 1 (where I = 1 ,2 ,3 L)

- - 
-

- 
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and g 1 is the a pt’i ri probability of I. In this equation f (w~I) is assumed to be multivariate
norma l for all 1. combinations with equal covuriance matrix 1 , or

— ½
— 1~ ‘ —lf (w = —-— ext L½ (w-w 1 ) I (w—w . )

whore 1 , 2, 3 L and w the vector of values that are expected to be predicted from the
“ l O f t  Side” for the combinatiw~. The diagonal matrix I has elements whose values represent the
erro r variances between the pairs of linear combinations V 1 anti W 1, V 2 and W2, V3 and W3,. . , V.. and
W1. If on the other hand , we desire to find the probabilities for a set of “Right Side” R combina-
tions , we can do so in the following manner: There will be R<2P “Right Side” combinations . To per-
form this for the Set of Left Side” conditions of V = V 1, V2 ~~V

VV ~~ V~ by utilizing the following
equat ion

f(~J k) g~p(k l v )  R

R~ l f(V~ 
k ) g~

where k=l ,2,3, . V V ,  R and g~ is the - .~ r - i ~~~’i~~ p robab i l i ty of K , and f (v~k) is again assumed to be multi-
variate normal 4 or all R combinations with equa l covariance matrix I or

- - 
‘ —lf  1 k)  = t/2 

exp 

~~~~ 
I (v-~~)

(2w)
where k = 1 ,2,3 R , and ~~ represents t u e vector of expected values predicted from the
Left Side” for combination k. In the event tha t  m u l t i v a r i a t e  no rma l i ty  cannot be assumed , Fix

and Hodges (1951) utilize a nonparametric procedure wh i ch should be examined .

Significance tests can be used to decide whether a signifi cant linear relationship exists be-
tween the two sets of variables . It should be noted that , since discriminant analysis may be re-
garded as special case of canonical correlation , significance tests for canonical variate pairs
will closely resembLe those employed for discriminan t analysis. The fi rst step in describing the
procedure used in overa l l  s i g n i f i c a n c e  t e s t i n g  is to d e f i n e  W i l k ’ s A c r i t e r ion .

A = .~~ (l-A ~)i=l 1

where q < p and where A is a Statistic which is inver’-elyrelated to the strengtl’ of rel ationship:
the smaller the value of A , the greater the relationship strength. After A has been computed from
the previous equation , an overall significance test may be carried out on the canonical variate
pairs by using the chi-square approximation (x 2). Th is X 2 approximation for the distribution of A
will provide a test for the null hypothesis that p variates art not related to the q variates . The
following equality relates X2 to A:

-[ N- .s(p+q+ l)] In A

with pg degrees of freedom and where N is the t o t a l  sample s ize.  I f  we reject the  n u l l  hypothesis ,
we can remove the contribution of the fi rst root of A and then test the significance of q-l roots
as follows : nun (Vp,q) 2A ’  = TI (I—A.),

1

2 _ [N_ .5(pe q+l )~ In A ’ which has (p-i) (q-1) degrees of freedom.

The g(~n V r a l  equation used for r roots rem~y~d isV (p,q) 2
A’ — 11 (1—A.)

i=r+ l

Where ~2 i~ V iistrlb uted so that there are (p-rI (q-r) degrees of freedom.

It was originally thought that only the quantity A~ and the corresponding canonical correlation
R were of any interest . Further examination has shown that , depending upon the research question ,
rl~ot~ other  t han A 1 may he relevant , It  has been found t h a t  one or more subsets of the predictor
Va ria bles may be r~~l a r , V l  to one or more of the respective subsets of t he  c r i te r ion  or predictand
variables . The combinat ion of variab l es in the predictor set y that are related to a predictand sub-
set in x can be determined if we inspect the elements of the two vectors a. and b. which are associ-
it c t with the quantity ~~. V We know that each A. will be equal to the corr~lation

’between the linear
funct ions of the ri ght a~d l e t V t v a r i a b l e s , w h i c~ are formed by using b. and a . respectively. The
chi.square t~pp rV>x ima tIon teu.ts that have been defined will show how madly of t~le func t ions allow
statist ical interpr etation .

As previously discussed , the insurance cisc study under examination involved a sample size
of app rozimately 20,000 Ii. S. policies . This particular case study utilized the following two set s
of variables :
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V “Lef t  Side ” Va r i ab les

X 1 — 1 if policy whole li fe’ coot inuous pay. 0 therwise.

X 2 — I If policy whole life limited pay, 0 otherwise.

1 if polic y modified life , 0 otherwise.

I if policy endowment or retirement . 0 otherwise.

• 1 i f  policy level term , 0 otherwise.

= 1 if policy decreas ing  term , 0 otherwise.

X 7 1 if polic y family plan or combination , 0 otherwise.

X 8 I if policy others with term , 0 otherwise .

= 1 if policy > $50,000., 0 otherwise.

X 10 = 1 if policy $25,00l—$50 ,000., 0 otherwise .

X II — 1 if policy $l0 ,00l—$25 ,000., 0 otherwise.

1 if policy $10,000., 0 otherwise.

X 13 — 1 if policy less than $10,000., 0 otherwise.

‘ Righ t Side” Variabl eie

1 if male , 0 otherwise

2 — 1 if female , 0 ot~ierwise.

Y — I if 15-19 years old , 0 otherwise.

Y — 1 if 20—24 years old , 0 otherwise.

Y 1 if 25—29 years old , 0 otherwise.

6 — 1 if 30—39 years old , 0 otherwise.

Y = 1 if single , 0 otherwise.

‘~‘ 8 1 if married , 0 otherwise.

Y — 1 if divor,ed , wi dowed , separated , C) otherwise.

~ 10 I if in come <$3000., 0 o t herwise.

~ 11 = 1 if income $3000—4999., 0 otherwise.

~‘ l2 1 if Income $5000—7499., 0 otherwise.

~ l3 1 if income $7500—9999, 0 otherwise.

~ 1 If Income $i0,000—24 ,999., 0 otherwise.

~ 1 if income $25 ,000. or over , 0 otherwise.

“~ 16 1 if not gainfully emp loyed , 0 otherwise.

“ l’~ 
1 if occupation professiona l , 0 otherwise.

‘~ l8~ 
1 i f  occupa t ion aemiprofe seic’nal , 0 otherwise.

~ 1 if student , 0 otherwise. -‘

~ 20” 1 if hou~ewtfe , 0 ot herw i s e .

“ 1 if  a l l  e e t h e r ~~, 0 otherwise.

-- 
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The sample under examination allowed the f o l l o w i n g  x p r iooi probabilities to be estimated :

ESTIMATED A PRIORI DiSTRIBUTION

POLICY AMOUNT VS POL1~ Y TYPI~WL~P WLLP MODL ~~DR LIV T DEC T ~X~4B JLWA i(JL P.L

> 50K 0.01 0.00 0,00 0.00 0.00 0. 01 0.00 0 .01 ~~~~~
25-50K 0.02 0.00 0.00 0.01 0.01 0.02 0.01 0.01 0.09
10-25K 0.05 0.02 0.01 0.02 0.02 0.03 0.014 0.02 0.20

10K 0.10 0.014 0.02 0.03 0.01 0.01 0.01 0.03 0.23
< 10K 0. 20 0.15 0.03 0.014 0.00 0.00 0.00 0,OLi 0.~~

TOTAL 0.37 0.21 0.06 0.09 0.014 0.06 0.07 0.10 1.00

Three examples obtained by app lying the results of the analysis are presented as follows :

Examp le 1 Buyer — The buyer is a single female , 40 or older , with an Income of $3,000—4999. and she
is considered to be a semiprofessional.

~ISTIMATEI) PRORAHI LITrES

POLICY AMOUNT VS POLICY TYPE
WLCP WLLP MODL ENDR LEVT DECT CCZ4B OTHE TOTAL

> 50K 0,00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
25-50K 0,00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0,01
10-25K 0.01 0.01 0.00 0.00 0.00 0.00 0.01 0.00 0.03

~‘<  0.03 0,03 0.01 0.01 0.00 0.00 0.01 0.01 0.09
<10K 0.25 0. 1414 Q~ (1) 1.05 -1.00 ‘).OO 1.11 -0 . 014 0. V:

7

TOTAL 0.~~~~ 
) . 1.7 1. 10 1.06 0.00 0 .01 1. 0 3 0.15 1. 0’)

In the above example , the predicted conditional distribution clearly indicat es several things. It
indicates that there is only a 9% probability of this buyer purchasing a term type policy or any
policy combination involving term . This example also indicates that a buyer within this category
shows only a 13% probability of purchasing any policy greater than $10,000. In fact , the modal
value of the distribution is 44% that , if a buyer in this category buys , it will be a whole life—
limited pay policy under $10,000.

Example 2 Buyer — This is a married male buyer between twenty and twelity four years of age . This
buyer has en annual income of $25,000. or greater and is not considered a professional or a semi-
professional.

EITrIOIATED PROBABILITIES

POLICY MOUNT VS POLICY TYPE
Wt~ P WILl’ MODL ENDR LEV’r DECT C~ .lb OTHR TOTAL

50K 0.01 0.00 0.00 0.01 0.00 0.01. 0.00 0,01 0.014
25-50K 0.05 0.00 0.01 0.03 0.02 0.03 0 .02 0.03 0.18
10-25K 0.12 0.03 0.01 0.014 0.014 0.07 0.06 o.o6 0. 44

10K 0.13 0.02 0.01 0.03 0.01 0.02 0.01 0.04 o, -~< 10K 0.05 0.02 0.00 0.01 0.00 0.00 0.00 0,02 0.09

TOTAL 0.35 0,07 0.03 0.11 0.08 0.12 0.09 O~~6 IV.~QO

The resolution of the combination between size of policy and type of policy is not as d i s t i n c t  as
was the case with ex .~pl. 1. The modal value of the distributio n is onl y 132 , that if the pot ential
buyer pu rch ase s  a po l i cy ,  it will be a whole life—continuous pay policy equal to $10,000. V
Additionally, the predicted distribution shows that there is a 252 probability of a buyer in this
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category, if he were to buy, purchasing a whole life—continuous pay type policy in the range of
$10 ,000 . —25 ,000. . in ia-r , there is close to a 70% probability that , i f  a prospec t purchases
a policy, i t will oe ove r $10,000.

Example 3 Buyer — This buyer is a male professional who is married and between the ages of thirty
and thirty nine and who has an annual income of between $10,000. and $24,999.

ESTLMATED PROBABILITIES

POLL,’Y AMOUNT VS POLICY TYPE
WLOP WLLP MCDL ENDFI LEVI DECT CQ4B CTHR TOTAL -

> 10K 0.01. 0,00 0.00 0.01. 0.00 0.00 0.00 0.01 0.03
25-50K 0,014 0,00 0.00 0.02 0.02 0.02 0.02 0.02 0.15
10-25K 0.1.0 0.03 0.01 0.03 0.04 0.06 0.0! 0.014 0.38

10K 0.12 u.03 0.01 0.03 0,01 0.02 0.01 0.03 0.214
< 10K 0.11 0,014 0.01 0.02 0.00 0.00 0.00 0.03 0. 21

TOTAL 0.38 0.10 0.03 0.10 0.07 0.10 0.11 0.12 1.00

The conditional probability distribution of Examp le 3 is s i m i l a r  to tha t shown by example 2, however ,
there is a downward shift in p oli cY size . This is no doubt due to the difference in annual income
between the Examp le 2 buyer and the Example 3 buyer. The modal value of Examp le 3’s dis t r i bu ti on
is 122 , t hat i f  t he person buys , he will purchase a whole life—continuous pay polic y with a value
of $10,000.

An illustration will now be given of how the above probability tables were obtained . Several
dimensions were used above , however , only one will be used in the illustration :

Since we know that = R,~ w 1 gives the maximum correlation between two variates , we can
ac tually drew a regre~ sion 11?ie whose equa t ion is = Rv w1 V1 where the slope of the line is
a function of ~~ 1 I

w’
W 1 =R~ 1~~1v1 From this line we may obtain the distr ibution

d 2 ) of buyers (d1) for a given product ~l 
(40

B produc ts may be ob tained out of the table)— 
Likewise , we may obtain d2 fo r  produc t P 2 .
Then we obtain the probabilities of P 1 andd 1 ) P2 f o r  the buyer  B on the W ,axis , as shown ,

F, 

using  Bayes ’ Theorem .

The above examp les indicate the importance of canonical correlation methods as app lied to the
buyer—product relationship.

Ano ther impor tan t app l ic at ion of canonical correlation method deals with the manner in which
companies relate to one another based on what they sell and to whom they sell. G iven an in su rance
company ’s characteristics such as company øize , wh ether  i t is stock or mutual , ord ina r y or combina-
tion , we can determine the company ’s peers... Insofar as how the company characteristics relate
to buyers and products sold. 

V

The same samp le was used in this analysis as was used to determine the buyer—product probabili—
tiea . Some of the designated variables used in the analysis are as follows :

V -

“L ef t  Side” Variables “Right Side” Variables V 
- -

Buyer and Product Co~pany_Characterlsttcs— Sex of buyer — Type of company
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X 2 — Age of buyer Y
2 

— Age of company

X — Marital status Y
3 — Volume of business

3
X — Occ upa t ion Y

4 
— Area of operation

4
X Income Y

5 — Compensation plan
S

X — State of residence Y
6 — Commissions paid

6
X — Type of policy Y 7 = Advertising expenses
7

X — Size of policy Y 8 = Reserves
8

X — Mode of payment Y 9 — Claims

X — Annualized premium Y 10 = Participating or nonparticipating
10

11 Assets

Y 12 = Licensed in New York

‘~ 13 = Lapse rate

The following represen ts a graph of the first two right hand canonical variates 
~l and W2. It

shows the plotted locations of 94 insurance companies that contributed to the 1970 LIMRA ~~~~~ Stijt~~.
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A p lot , in the W 1
W
2 space , of each of th e 94 contributors to LIMRA ’s 1970 Buyer Study. The location

of each company point is a function of the company ’s characteristics. Each characteristic is
weigh ted  according to how it relates to who buys company products and what is bought.
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The W1 dimension indicates that the buyers and products sold are related to the size of the
company and whether it is a stock or mutual company. In W2, which is the second most significant
dimension, an ordinary company versus a combination company relationship with buyers and products
sold is indicated. From examining the results of this analysis it would seem that more homo-
geneous comparisons of buyer and product can be made by grouping companies on a size and type
basis. To determine the peers for a particular company , it would be appropriate to employ all
canonical variates in order to calculate Mahalanobis ’ distance (the weighted distance between
two points).

Discuss ion

Canonical correlation analysis may be regarded as a type of principal components analysis.
Thuø, the rules by which canonical variates are interpreted are the same as those used to inter-
pret discriminant functions and principal components. The relative magnitudes and signs of
several combining weights , which define each of the canonical variates , are closely examined t

see ii a meaning fu l  interpretation can be given. This type of analysis can have widespread
applications. For example, canonical correlation analysis could prove highly useful in stud ying
the relationships between personality attributes and favorable career field s . It would be 1

means by which to indicate “the right job for the right person.” An application such as thts
could increase job satisfaction among workers and nave a company money by decreasing employee
turnover due to misp laced individuals.

The above example relates one area in which probability estimates could be formed by using
canonical correlation methods. The probabilistic structure of canonical correlation indica tes
that the use of this type of statistical procedure can and should be further extended into the
areas of education , psychology, science and industry. It would seem to have nu m er e~ possible
applications in meteorology as well.
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Chapter 7

MARKOV PROCESSES
BY

CAPTAIN ROC,ER WHITON

1. introduction.

Many mathematical idealizations or models of nature , as well as a fair number of actual physical
processes themselves , have the property that the outcome of any trial or event opportunity depends
only on the outcome of the immediately preceding trial. There is no dependency on the history of
earlier trials. Processes having this property are referred to as Markov processes or Markov
chains , after Andrei Andreevich Markov (1856—1922), whose 1906—1907 studies of the Brownian
motion of gas molecules in a closed container laid the groundwork for this subject and later led
to the investigation of dependence and stochastic processes. The first correct mathematical con-
struction of a Markov process with continuous trajectories is attributed to Norbert Wiener in 1923.
The general theory of Markov processes was developed in the 193Os and 1940s by A .N. Kolmogorov,
W. Feller , W. Doeblin , P. Levy , J. L. Doob~and others. Formulation of the Markov chain ante-
dated the principal mathematical development of stochastic processes. In retrospect it can be seen
that the Markov chain is actually an extremely simp le , nevertheless elegant member of the class of
stochastic processes.

It is not difficult to imagine circumstances in which a Markov chain can apply. A classical
albeit somewhat artificial example is the random walk problem in which a person or object moves in
single steps from one position to soother along a line , with one move permitted in each trial.
For each current position 1, there exist conditional probabilities for a move from I to i + 1,
from I to i — I, or from i to i (a “stationary move”). The future move is made in accordance with
those conditional probabilities , but the determination of which probabilities apply is a function
strictly of the earlier trial , which determined the move to i. Under this conceptualization , the
history of moves preceding the one that put the body at I have exactly no bearing on the move now

V at hand. Other examples , involving branching problems , multiriomial trials , success run chains,
certain urn models, and mathematical diffusion models have been developed. With varying degrees
of success , the Markov concept has been applied to real phenomena such as paths of free electrons
in crystals , queuing problems and even brand selection preferencea. Many natural phenomena,
however , exhibit complex dependencies and per iodic i t ies  that  tend to violate the simple Markov
requirement. Whether the Markov chain is a usefully valid model of these real phenomena depends
on the extent to which real world complexities violate the Markov concept and degrade Its pre-
dictions. In general , the suitability of the Markov chain as a model of real phenomena is de-
termined by empirical test.

The weather has been considered to change from one state or condition to another according
to the ilarkov process , with the outcome of trial (or weather observation) n depending exclusively
on the outcome of the trial or observation n — 1 immediately preceding.

Before undertaking a discussion of Markov chains , let us review some simple concepts from
matrix algebra and probability theory.

2. Matrix Multi p lication.

if is an a x p matrix — number of rows i and p — number of columns j), and if tis
a p a n  ma trix , the product r— ?tof the two matrices exists. Such a product must be a
• a n matrix. The r’.ile for formation of the matrix produc t is

C t j  — bkj

It ? is an n—square matrix , then we can form all the powers of ?, namely:

A — A A

-

Routines for matrix multiplication are normally resident in the mathematics libraries of computer
installations and are useful in the case of matrices large r than 3 x 3 or for chains of matrix
multiplication s. Smaller problems are easily handled by manual method s.

3. Matr ix  Inversion.

If is a non—singular , a x m , square matrix , it has an inverse ~~~~ such that
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where ‘1’ Is the identity matrix (consisting of all ones along the maIn diagonal).

The process of inverting a matrix Is inherently more complex than that of matrix multiplication.
Computer library matrix inversion rou t i n es are correspondingly more valuable and more often used
than routines for matrix multiplication. While a variety of matrix inversion methods is available ,
a simple technique usable for hand inversion of smaller matrices (up to 3 x 3 conveniently) La
illustrated below. This is not usually the method selected for computer implementation ,

In the inversion of an m x  a matrix ~
‘by the method of cofactors, one first forms the

cofac tor matrix ~
‘c of t Each element ajjC of the cofactor matrix is the determinant of the minor

forme d by de le t ing f rom the or iginal ma t r ix  the row i and column j .  For example ,

a11c 
= 

a~~ a33 — 523~ 32

a12c — a21a33 — a23a31

With  the cofacto r mat rj x XC available , the next step is to form the so called adjoint iiatrix ltm,
which is simp ly the transpose of the cofactor matrix Ac:

=

Tra nsposing a m a t r i x  is simple . One writes as the columns of the transpose those elementa comprising
the rows of the orig inal . Thus ,

a11c a21c 531c

— (Tc)’ = al2c a22c a3~c

al3C a23c a 33c

With the adjoint matrix available , one forms the inverse of ‘Z’ simply by dividing the adjoint matrix
~ a by the  dete rminant  F~ I of the original  matr ix , i.e. ,

/ l~i
Since 

~~~~ 
is a scalar , one simply divides each elemen t ail s of the adjoint by that number to

obtain the inverse l’~~. This manual techni que has been usea to invert the matrices in this chapter
because they are all 3 x 3 or smaller. Technically, the method is referred to as Cramer’s rule.

4. Fixed Vector or Fixed Point.

Conside r the vector (row m a tr ix )’~’ having n components , where

~ [q1 
q2 q 3 .. .  qj  .,. q~—l qn]

Such a vector is (1 x n) , ,d,~,inensional . Provided the ma t r ix  is square and (n x n ) ,  we can define
a (1 x n) matrix product q A. If , furthermore ,

-.
q A  — q

then we say that~~~is “left fixed” (not chan~~,d) by Its multiplication with
’15
~ Any vector ?,i 0 Ia

a fixed vector (or so called fixed point) of X if it is left fixed when multiplied by ‘K’. To illus-
trate , let us choose

(qi q2 3 (n 2)

= 
(‘d]J al�1 (in — n = 2)
[a 21 a22j

— ((q1a11 + q2a21 ) (q1a12 + q2a22 )J

then V 

V

q1 a11 +q 2 a21 q1

q1 a12 + q 2 a22 —

a~~2&11
— q1 1_  a22 — a12a 21
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If we are given , fur examp le , the matrix .

.
~~ 

1
A = I

12 3

then we can develop any number of fixed vectors ~~of the ma trix~~ simply by choosing arbitrary q1.
For examp le . if we select q1 = — l and q2 — 1/2, giving

- 
~~~~~ 1/2]

I f , on the other hand , we selec t q 1 — 2, t hen

= [
~ 

- 1 ]

These are two 01 infinit cl y many f i x ed ve ct ors of

5. Pr obab i l i ty Vectors and Stochastic Matrices.

The probabi litios associated with various states of a system may be expressed in terms of a
prob ab i l i ty vec to r j~’ hav ing  one element for each such state. For example , if the weather Is
charac te r i z ed in terms of three mutually exclusive and exhaustive states , “stormy ,” “unsettled ”
and “fair ” (states 1 , 2 and 3, respectivel y), then the likelihood of occurrence of each state is
given by a probability vector

v’ ” [‘Pi p2 P3]

We say that a vector,

[Pi P2 P3 • ‘ •  Pj •.. Pn—l Pn]

is a probabili ty vector if Its components are non—negative and their sum is unity .

Ex tending this idea of probability as a vector , where the vector is a one—dimensional matrix,
we can express the likelihood of transition from one state to another as a stochastic matrix.
For example , in the three—state problem given above , if the present weather is “unsettled” (state
2), then it can either change to “fair ” (a 2 ,3 transition), change to “stormy” (a 2, 1 transition),
or remain the same (a 2,2 ~transition

lI* ). Thus , associated with present state 2 there are three
transition probabilities: P21’ P22 and p23. Likewise , there are three other transition probab ili— 

V
ties associated with present state 1 and three more with present state 3. Plainly, the likelihood
of ~change~* in the weather can in our three—state problem be characterized in terms of a 3 x 3 — 9—
component matrix:

P11 P12 P13

P21 P22 P23

L 
P31 P32 P33

As it turns Out , such a matrix Is a stochastic matrix. In fact , it is a particular form of stochas-
tic matrix called a “transition matrix ” which will be described in a later section. The proba-
bilities pij are condition iil p r uh3 h ill t les that state 3 will occur given the system is in state I.
In equivalent notation ,

P11 = P { S
j  

Si)

A s ~~~are m a t r I x P_~~~~jp4Jjs called p_ stochastic matrix if each of its rows is a probabilit

~~ctor. If two matrices P’~ ~nd ‘r’~ are stochastic , their product “P’1’~ and all the powers Y~’ anare also stochastic ma€rices. A stochastic matrix ’
~~is said to be regular if all the ~lements

of any of its powers are positive . Zeroes or negative numbers are disqualifying.

Regular stochastic matrices have mathematically attricti~,e properties. If is a regular
s t u  hastic matrix , then it fol lows t h a t :

— Associated with is a un ique  f ixed probabi lity vector each of whose components is V

positive and C r  which , by definition ,

‘a
t p =  t

Awe are using “change ” and “t ransition ” in their extended sense , which includes the act of
remaining the same , or “persisting .’
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— The sequence of powers of 1~ namely, 
p”. ‘!~ , 

.
~~~~ approaches a matrix ‘reach of whose

rows is simply the fixed probability vector t .

— I f  is any probability vector , then,,~the sequence of vectors ~~ ~~2, ~~~~~~~~~~~~~ approaches
the unique fixed probability vector t.

Notice we said the fixed vectort is “unique ,” whereas fixed vectors in general are far from
unique . What makes 1’ unique is our insistence that it be more than an o r d i n a r y  fixed vector. We
required tha t  it also be a probability vector , the sum of whose elements is unity. This additional
constraint i s  sufficient to reduce the infinity of cand ida te  fixed vec tors of P to a single fixed
probability vec tor t , in other words , a unique  fixed vector.

To see how this works, let us consider the transition matrix ‘~~
‘ characterizing the three—state

weather problem discussed earlier:

0.4 0.5 0.1

P = 0.1 0.5 0.4

0.01 0.09 0.9

We seek a fixed probability vector ,

= [
~ 

t2 (1—t 1— t~ )J

such that

‘a~~ .4
t P —  t

Perform ing the indicated matrix multiplication i~~and setting the product equal to the vector !’
yields the system ,

P31 + (p 11-p 31-1)t 1 + (p21 —p 31 )t2 
= 0

~‘32 
+ (pl2 -032 )t~ + (p22 -p32=I)t2 — 0

p33 - 1 + (p 13-p33+l ) t 1 + (p23 —p 33+l)t2 — 0

We can simplif y the notation by using

S t’33 ” L

b — 

~1l~~3l~
1 e — °12~~32 

h =

C — 
~2t’°31 

— P~~~ P3~~ l i =

which yields

a + bt 1 + Ct 2 • 0

d + et 1 4- ft2 — 0

g + ht 1 + it 2 0

where obviously the f i n a l  equation is superfluous . The problem reduces to one of solving two
simultaneous equations. From the first ,

t
2 

- — a + b t 1
c

Using the second , V

t
1 

= fe — cd
ce — fb

Substituting the numerical values provided in the transition matrix , we obtain

a = 0.01 d — 0.09 g = —0.10
b — —0.61 e — 0,41 h — 0.20
c = 0.09 f — —0.59 i — 0.50 V
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from these values , we obtain

— 0.0433 and t2 — 0.1827

Therefore ,

= 1 — tj — t2 — 0.7740

Hence,

— (0.0433 0.1827 0.7740]

Tha t ‘t is indeed a f i x e d  vector  of ‘p” can he verified by performing the matrix multip lication!~~
and noting that the product is equa l to t within the limits o f truncation error.

When the dimensiona lity, i.e., the number of Markov states , of the problem is large , the
straightforward algebraic method shown above for obtaining the fixed probability vecto r t becomes
unwieldy. Under these circumstances , matrix solutions may prove advantageous , since computational
routines for them are available in many computer libraries. Let us reconsider our -~et of simultan-
eous equations:

bt 1 + Ct2 = —a
et 1 + f t

2 = —d

or

fb ci [t il = 
[_a

[e fJ Ltd
Hence ,

Itil = 
fb cJ~’ f_a

1t 21 [e fJ L_d
Taking the inverse ,

ltd [ 
f / (bf.-ce ) _ c/ (bf_ ce )1 f_ a

[t 2J 
- 1_ e/ (h f_ ce ) b (bf—ce) J ~~~~

I 
(~~ i — :~~) / ( b f — c e )

I 
(~iu-bJ )/(bf—ce )

and

— [0.0433 0.1827 0.7740]

which was the result obtained previously by non—matrix methods.

One of the proper t ies of the regular stochastic matrix !‘ is that the sequence 
~j 

its powers
jpproaches the matrix ~‘ea ch of whose rows is simp ly the fixed probability vector t associated with
P. In the present case,

0.0433 0.1827 0.7740

T — 0.0433 0.1827 0.7740

0.0433 0.1827 0.7740

We can illu s tr a te this by forming some of the powers of the matrix 1:

4 0.2110 0.4590 0,3300 2
0.0940 0.3360 0.5700

0.0220 0.1310 0.8470
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0.1 116 0.1647 0.5017

0.0769 0.2663 0.6568

0.0304 0.1527 0.8169

0.0611 0.2225 0.7164

0.0507 0.1993 0.7500

0.0406 0.1765 0.7829

0.0441 0.1844 0.7715

0.0437 0.1834 0.7730

0.0432 0.1824 0.7744

Eventu ally,’~~~ agr s ,V j Lh to the fourth decimal place.

The l V ~~~~t that the tr V ~nsi ti oo matrix rconverges to ~
‘ in s u f f icien t ly great powers gives the

t ixe d probability v - t r special meaning in the Markov process . As shown below , t represen ts
t l ~~ long term li k elii J ‘1 occur rence  of each of the  Markov s ta tes  over many Markov “trials, ”
Mere r l~~zicallv, the  1” vec tor embodies the unconditional probabilities Pj i Ia j) of  each of the
Mark v ~~t V ~~tC 5~ i.e., the cli mato logical relative frequency of the states.

6, TI e Mark v Process or Markov Chain.

The Markov chain is mathematical model of the behavior of a system. When used to represent
t~~~ sy s t e m s , real processes or the behavior of nature , the Markov chain represen ts a simplified

~~V n , . r V i l I ? ~~ t ion of complex , varied reality. Like any model , the Markov chain succeeds to a greater or
a I ’ -se r e x t e n t  in p o r t r a y i n g  the actua l behavior of real systems , depending on the extent to which
t i - .~ -~v~~r em s  correspond to the requirements of the model.

The Markov model of the behavior of a system has two such requirements or defining properties:

— The svs t V m u n d e r  c o n s i d e r a t i o n_ m~y_ egor i zed as be ing  in one of a f i n i t e  number of
I I ,  t ’ c o rnp 1e te set of w E i i c h , na~~~1,

(a 1 a2 a~1 . . - a1 . . . a~~1 ami

os t i t u t e~ t h e  s t i t e  space of the  sys t em.

— ‘t  each t r i a l , the i-v stem has the opportunity either to change i t s  s t a t e  or to remain  in
same state. The utcome  of any trial in terms of the state of the system depends at

the outcome of the immediatel y preceding trial , and not upon any previous outcome.

The Markov process or so called finite Markov chain is a stochastic process embod ying these
two model conditions. In the Markov process , we envision the state of the system chang ing from

to .~~~. where either I 
~ 3 

or I — 3. This is termed an (a j~~~j)_ _transi tion , or In short
an (i, j)—trans itton meaning the state a~ o c c u r s  i m m e d i a t e l y  a f t e r  ai  occurs. In other words , the
outcome of trial n is state a 1 and the o~ tcome of trial n + 1 is state a1. The probability that
a .~~v . , t V m  In state a 1 will undergo a t r ans i t ion to sta te a

3 is Pjj. cal1e~ a transition probability,
a condtt i n ~ l r I ~~~ i I i t y .  As we discussed before , the transition probabilities pij form a
t i m - f t  I I  m a t r i x  - an a x a stochastic matrix where a is the number of permitted states aj.

P11 012 ...

°21 ~22 ~~~ i — Current state
— . ..  . ..  where

3 — Puture state

0m1 .2 ~~~~

7-6

_ _ _ _ _ _ _ _  V — —

- -



For each current state a 1, the ith row of the transition matrix is the conditional probability
vector of all possible state outcomes in t h e  next  t r i a l .  The f a c t  that h a  a regular  s t o c h a s t i c
matrix guarantees each ut its rows will be a probabilit y vector .

Markov models have been used to attempt to represent changes in the weather as transitions
from one Markov state to another. These meteorolog ical app li cations of  the Markov model consider
nature has a new “t r i a l ” a t each of N reg u l a r l y  spac ed observa t ion in te rva l s ~~t , whe re ~ i
mi ght logically be the weather observation interval of 1 hr. For each such trial , there  mus t be
an outcome in the form of a Markov state aj .

We can illustrate by categorizing the behavior of the weather in terms of the same three
Markov states we considered before :

a 1 — Stormy a2 = Unse tt led a 3 = Fair

Thi s t h r e e — s t a t e  Markov problem Is an overs imp l i f i c a t i o n  used he re fo r  i l l u s t r a t i v e  purposes.
In ac tua l p roblems , in order to obtain needed resolution in the forecast scheme , there  can be
hundreds of Markov states corresponding to realistically resolved discretizations of such observed
variables as ceiling, visibilit y , sea leve l pressure , tempera tu re , dew point temperature , wind ,
and others. Methods for handling n—state Markov chains will be discussed in a later section.
Meanwhile , the three—state problem will suffice to exemp lify basic Markov concepts.

The founda tion upon which any Markov analysis stands is historical data on the performance
of the system over many trials. In the meteorological sense , this historical data represents
climatology and mi gh t be a lIst of weather observations such as that shown below :

T r i a l  = Ti me* Outcome = State of Nature

I a2

2 a1

3 a3

4 a 3

5 a2

If sufficient data are available , the - . € q l i e f l c e  of trials and outcomes called climatology can
be converted into a Markov transttion matrix V’. For conven ience , le t us suppose our data have
yielded the tran sition matrix discussed in section 5 above. The interpretation of the ~~~~~~~~ is
clear. Let us imagine that the current state is “unsettled” (a2 = 1 , i — 2). Under the’e cir-
cumstances , the applicable vector of conditional probabilities is the second row of the ~ matrix ,
i.e.,

= [0.1 0.5 0.4

This probability vector indicates , given that the weather is now “unsettled ,” there is a 10 per-
cent likeliho od conditions will change to “stormy, ” a 40 percent chance they will improve to
“fair ,” and a 50 percent chance the weather will remain the same . These probabilities can he
taken as a probabilistic forecast of the state of the system for one time step in the future , i .e.,
at time t0 + ~~t , where  t is the initial time . For the case where the transition m atrix is

0
based on one—hour weather changes , the probability vector provides a one—hour probabilistic weather
forecast.

8ut can we apply the Mark v model to weather changes 7 I f  we are to do so, the weather must
mee t the condition that the ou tc ome of any trial or weather observation depends 2.~1 

on the
outcome of the preceding trial or observation . It is by no m ans certain that this is the case.
Indeed the notorious dependency and periodicity of weather data sugges t such a premise is not
true in general. Unlike the classical random walk and coin t o s s  problems , in which the Markov

aUnits are arbitrary and problem-dependent. In prob l ems where obse rvations at 1 hr intervals
are used to construct the transition matrix , ~~t — I hr , and the uni t of t ime is hours .
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requirement is met , or the urn problem without replacement , in which it is not , there are no
means of ascertaining whether the weather meets the requirements of a Markov process.

On the other hand , the Markov chain may be sufficiently effective as a model of atmospheric
behavior to have skill in weather prediction . The best test is to state the process of weather
change in Markov terms and then to consider empirically the performance of the Markov model in
simulating weather events. If , for examp le , a long ser i es of Markov predictions neither violates
climatology nor lacks skill in prognosis when epplied to independent data , then the Markov model
can be considered applicable to weather events .

If our discussion were to end here , we might be justified in concluding the Markov concept
has little practical value , being limited merely to forecasts for the next trial , i.e., the next
observation t ime. In p r a c t i c e , the meteorolog ist prepa re s  f o r ecas ts for  several ho urs in advance ,
not just one . Fortunately, the Markov process readily extends to higher order transition proba-
bilities by means of an n—step Markov chain. This concept is discussed in the following section .

7. The n—Step Markov Chain and Higher Order Transition Probabilities.

Assuming the weather changes accordIng to a Markov process in which “tr ia ls” occur at Intervals
of the normal hourly observation time , let us consider the problem of making a three—hour forecast
of “stormy ,” “unsettled” or “fair” in our three—state system , based on an initial state of “un-
settle d” (1 — 2).

If our problem had been to make a one—hour forecast , the problem would have been simple.
The forecast result is simply the probability vector 

~ 2 
discussed above. This is the trivial one—

step Markov process. Instead of this , our actual problem Is the n—step Markov process, in which
n is three in this case.

Specifically, we desire the probability P1j 
(n) that the system changes from state a1 to a3in exactly n steps. In genera l , the n states of nature can be given as

aj~
0
~ —.. ak~~~~~

_ ak(2)_... . . .  —.~~ ~~~~~~~~ aj(n)

or in our particular three—step case ,

ai_2 (2
~
__s, ak

( )  
_ a~~~

) _ aj(3)

The ~robabilities V~~~~ l
(n) of the n—step transition from a1 to a form what is known as an n—step

transition matrix p’~~)~ The n—step transition matr ix turns ou~ to equal the nth power of the
original stochastic transition matrix P”. Thus ,

—

In our three—state problem, we earlier calculated the third power of ~
?‘ as

0.1336 0.3647 0.5017

~ (3) — 0.0769 0.2663 0.6563

O.C1O4 0.1527 0.8169

For the case of i — 2 inItially , the conditional probabilities governing the three—hour forecast
would be

= (0.0)69 0.2663 0.6568)

where the most likely event (with a 66 percent chance) is improvement in the weather. Note how
this contrasts with the one—hour forecast , where persisten ce of “unsettled ’ weather was most
like ly:

— £0.1 0,5 0.4 )

Si n c e  ~
V’ is a regular stochastic matrix , its powers approach the matrix ~?‘ each of whose rows is

gimp J y  th. fixed probability vector t. We illustrated this before . For examp le , the forecast
for six hours (n — 6) is

— (0.0507 0.1993 0.7500]

and for 12 hours (n — 12) is

~~~~~~ 
(0.0437 0.1834 0.7730]
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At 24 hours we have

.
~~~(24) [0.0433 0.1827 0.7740]

This convergence of ~~~~ to i leads to the subject of the stationar y distribution of regular
Markov chains .

8. Station ary Di-.tr ihut i on of the tlarkov Chain.

If a >Iarkov problem is chara ter ir d by a transition matrix that is regular , then the
sequence of n—step t ra nsiti ur matrices~~ ” approa ches the matrix T each of whose rows is the fixed
p robabilit y vector ~~~. Hence . for sufficien tly many Markov steps (i.e., for long range forecasts),
th e conditional probabilit y ~~~ (n) that stote a~ occurs n step after a1 becomes independe nt af
the original state ai and app r~~o- hes the compon~nt tj of T , the fixed pr hV Thili ty vector of

This leads to the concept that ~t represents the stationarl dis tribution of the Markov chain ,
i.e ., that distribution of transition probabiliti es that obtains after a large number of steps of
the ‘lVlrkov process. The fixed probabilit y vector t , t hen , r e p r e s e n t s  the  long t e rm l ike l ihood
that state space a will obtain . The likelihood of  state a 4 is given 

.?.~ 
the component ti in the

long run. In the meteorolo gical sense , the f ixed probabil ity vector t represents climatology,
th e expected long term relat i ve frequency of occurrence of states of the weather.

The fact that the transition matrix of forecast conditional probabilities~~~ approaches
climatology Vf • as the forecast period n ~~t lengthens is hig hly attractive from the point of
view of a practi cal prediction scheme. Almost any experienced forecaster , when asked f o r  a
forecast beyond the period for which conventional prognostic techni ques show skill , will turn to the
clima tology to construct his “prog.”

The convergence of to the unchanging matrix of climatology ~~
‘ p rov ides  us w it h a us e f u l

in tuitive perception of how the Harkov process works . We see that , as time goes on , the effect of
the initial state on the likelihood of occurrence of future States appears to “wear off.” This
is a physic ally reasonable result. We would hardly expect this hour ’s observation of the visibility
at Spokane to have much bearing on the probability distrib ution of visibility states there a
year from now . On the other hand , the likelihood of visibility less than 1 mile there an hour
from mw would be enhanced greatly if the current observation were to show visibility restrictions.

Thus ~e can think of the Markov chain as modeling the decorrelation of weather events over
I at- .

9. State Probabilit y Distributions vs. Transitlou Probabilities.

So far we have ~onsidered only the conditional probabilities expresaed in the Markov transition
m atrix. Such a probability mi ght , for example , he p 12, the conditional probabili t’ , given the
syst e m is in state 1, tha t it will change t o  state 2. For f rec,i~ t purposes , however , i t is of ten
more useful to have the forecast probabilities of occurrence of each of the Markov states aj f r  the
forecast time t t o + n 4t . We consider in this section how these st ite probabilities can be
obtained.

1 012 is the conditional probability of state 2 at t i m  t given state 1 at time t0, and if q1
is tie probability of state 1 at time t0, then the probability 01 state 2 at t is simply the product
of q 1 p 1,. The probability q 1 is called an initial probabilit y. There is actually a distribution
of in it ial proba bilities , one for each Markov state , forming an initial prohability vector:

— [q 1 q2 q3]

According to the r’~isoning v used above , t he state probabil it y distribution of the system at time
is simply the product ,

+ q2p ,j~~ ) + q p 31
(O)

(n )  ( ) ( )q I V  — q1p 12 + q2p22 ~ + q 3p32
q 1p 13 + q p 22

(n) + q3p33
(fl)

It some app lic at Ions , particularl y climato logic al ones, the Initial probab ility distribution Is
fractioaal and express~~ s t i t .  likeliho od q1 that tb.  s y s t e m  w i l l  s t a r t  in M ar k o v  s t a t e  i j .  In
weather forecasting applica tion s of the Markov mod el , however , there is usuall y no uncertainty about
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the ini t ia l  st a t e , since that state is alm ost always the observation (at time I )  upon whi ch the
forecast for time t is based. According ly, th e initial probabili ty dist ribution is genera l ly a

vect or consisting ut all zeroes and a sing le one . I f , fo r example , th e in i tial S t i l e  is 2
(‘ u n s e t  t ied ”), then

~~~~~= [o i

a nd t h e  f o r e c a s t  ~ t r i t e  p r o b a hi l  i t  l e s  f o r  t is t r educe  t o

— 
[ ~~~~~~ P 2 2 ~

°
~ n 7 3~~~ J

This r e s u l t  can be v e r i f i e d  by p e r f o r m i n g  t h e  m a t r i x  m u l t i p l i c a t i o n .  Note  til t in obtaining
the entire matrix~~~ must be r a i s e d  to  the  p ower  n , not  t he  e l e m e n t s  s e p a r a t e l y .

It is apparent that the Mackey model can yl n. r ate a probabili stica lly exp r s~ i d forecast
of the state of the weather i t  a future time t based on an observation of the state at time to.
in section 11 , we will add ress the comp lexity of n—state Markov models needed to express the
s t , i t e  of the weather in all its variety.

10. ~~genval ue Methods for ‘rIve rs of Matri es.

In bo th the classical Markov analysis and the equivalent Markov approach to weather forecasting
(See section 11 below), obtainin g the foreca~~_ for ti me = to ~ i i  A t involves taking the nth

i either the Markov transition matrix I or the equivalent Mi rkov matrix of coefficients
S ~~r ~~~) .  For m a t r i c e s  whose d im e n s i o n a l i ty  exceeds  t h r e e , or f o r  l a r g e  n , t a k i n g  powers o f  the
ma trix explicitly i s  inconvenient Even some small computers may be insufficiently equ i f y o l to do
this job efficientl y . And In the absence of i c o m p u t e r  or t a b l e s  of powers of t l i  m atrix ~~ or
B , it becomes d ifficult to apply Markov techni ques to real weather f o r e ca s t l g problems.

Fortunately a speedy , computatiooally simple means exists for taking powers of a matrix such
as r’wtthout performing the matrix multi ; Ilyation exp lic itly. This method is equall y sui t ,V d to

human or computer use and should be resorted to whenever powers of a matrix are desired.

1 0 obtain the ~th power of any square matrix one app lies the rule give n by Feller (1968 .
pp s df~—~.32): —— .4 -. — -. * -4

flX~~~~~ nX2Y2 nX3~ 3 fl Xmym
~ = >

~ ~~~ 

+ A
2 ~~-~~- 7~ ~~~~~~ 

~~

,,  
~~rn Y~~m

Wh ere  n is the dimeosionali ty of the m x m matrix ~~. Al is the 1th elgenvalue of that matrix .
ts the “le f t ” eigi nvector associtted with A~ and is t he ‘rig ht ” ely 0 0  t i  t s soc ia t ed  w i t h

~~~~. By “le ft ” e r y i r vi t,,rs . we 010 ei gen~,~e i t l r S  of the original m a t l i s  I .  R l y h t  eigenvectors
are ei ,~t nvectors of i t s  t r  l y r e  ~~

‘ . Since all the l i~~t eigeovectors ~ , .ire column vector s (m x I),
and all the right eigenvectols~~ a re cow vectors (1 x a), th e products ~~ ire m x m s ) l r e  f l i t  r i c e s ,

the same size ri~ V T  foa l I m atr ix On the other hand , the products ware (1 x I) , i c . .
s alu r s . Since t i e  e l , , l l : V f a A ro i l their powers ~~0 are also scalars , it is apparent that the
pri Mes of t a k i o~ t i  :~ ~ r f t i lces to that of taking the aunt of rn different m x tn
ni t r t i  . a ii w~ t b y  

~~~~~~~~~ 
Once the eig nvalues .k~ and a.,sociared left and right ei gen—

vectors 
~ f a nt are f i l l , he process of obtaining ’~0 by this rule becomes trivial.

Normall y , finding eigenvalues and eigenvectors is done ott a computer , using library subroutines.
To ilIu s~ rate wha t the eigenv altit s and eigenvecturs are , however , we will s u lv e ~~~i ii  such p r o b l e m  by
hand , finding the eigenvalues and eigenvectors of the Markov transition matrix I’ tesented earlier.

if. ei &envalues ~ (also called cli ara ct F I S t I C  values , characteristic roots , lat ent roots ,
proper ealues ur )r .i r numbers) of a matrix ~

‘ a r e  the roots of the characteristic equation of
the ma r x. The eigenvalues A~ are defined such that corriapond ing to each of them is a non—zero
we’ tot ~ call ed an e igenvec tor for which

-S
P x~ A~ X j

t ur *with dimensions a x m , there exist m eigenvalues .
~~~

. The sigenvalue s are scalars. To

~~ih eI~~envali.e there corresponds an eigenvector~~~ consisting of a column of m element - (rig ht
p I~ envetrt rs , however , Vi r ’  co nsidered row vect ors). V

r r j t h.~ equa t ion ab, v, , 
V

P x 1 — #i
~ 

— 0

.
~~~~ i i V ~~~15f l t  ( I)
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where is the identity matrix. This is analogous t i  the system of simultaneous , homog en eo us
equations ,

5- S
A x 0

for whose non—trivial solution we require that the “denominator determinant ” be zero , i.e., that
the matrix of coefficients ~~

‘ be singular (not have an inverse). Mathematically,

de t A  I’~
’I 0

leads to the solution vector 1’. in the case of our eigenvalue problem , we req u i r e

det - A 1~~) I~ 
_A~i~ 0

This is called the characteristic equation of the matrix~~~

- 0

The m el genvalues  A~ are the roots of the characteristic equation.

Let us expand the determinant and evaluate it:

0 . 4  — 0 . 5  0.1

— = 0.1 0.5 — ) tj 0.4 — 0
0.01 0.09 0.9 —

whi ch yields the cubic equation ,

— 1.8 + 0.923 )lj — 0.123 = 0

Standard  a l gebraic methods produce from this cubic the three roots ,

A
1 s 1.0000

a 0.5924

0.2076

which are the ei genvalues of ?. Associated with each eigenvalue 
~ 

is an eigenvector~~~1 of a
elemen ts, obtainable from

CP — A~~) ~~~~~ 
- 0

by substituting the appropriate eigenvalue )li and performing the matrix subtr ac t ion . Because A 1
is less illustrative than the other eigenvalues , let us work with A, . The result is

— A 2X ) x 2 0

1—0.1924 0.5000 0.1000 1 [x12]
0.1000 —0.0924 0.4000 1 1

x22
1 

0

[0.0100 0.0900 0.3076J Lx32J

This represents a homogeneous linear system. Solution by elim ination produces the relations .

— —6 .4909 x 32

— —2.6971 x 32
Thu result shows that ii each eigenvalue there corresponds an infinite number of ei genvec tors. V

We can obtain one of them by selecting x
32 — 1 . Then ,

x1~ r— 6.49 09
— — 1— 2.6971

L1.0000
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We can normalize this ei genvector in the usual way by having It s laigest element be +1 . This can be
accompli shed by dividing all the elements by a value equal to the f i rst elemen t. Then,

1. 0000

— 0.4152

—0.154 1

By a similar process , we can obtain the ei genvec tors corresponding to the remaining eigenvalues :

1.0000 1.0000

1.0000 — —0.3920

1.0000 0.0365
The ei genvectors  ~~ V ir e  c a l l ed  “ l e f t ”  ei gcnvectors . We can find the “right” ei genvectors 

~~
.

by taking the t t V i t i 5~~OSF i~’ of the matrix ~
‘and solving it , as above , for eigenva lues and eigenvec-

tors. The eigenvalues of the transpose will be the same as those of the origina l matrix , but the
eigenvectors wi l l  be different . indeed , we find

— [ 0.0560 0.2360 1.0000 )

[—0.3078 —0.6922 i .oooo)
= [—0.4935 1.0000 —0.5064]

To obtain the powers of ~
‘
, we need the matrix products ~~~~~~ and ~~~~~~~ . Simple matrix multipli-

cation produces 1

~ 
0.0560 0 2360 1.0000

— 0.0560 0.2360 1.0000 = 1.2920
L 0.0560 0.2360 1.0000

—0.3078 —0.6922 1.0000

- —0.1279 —0.2876 0.4155 =—0.7495

0.0474 0.1066 —0.1541

—0.4935 1.0000 —0.5065

X373 — 0.1935 —0.3920 0.1985 )‘3Z,3 —— 0.9041
—0.0180 0.0365 —0.0185

We can obtain the 12th power of the matrix I~ by computing the following :

12 0.0560 0.2360 i .oooc $~
~ 12 

= 1.2920 0.0560 0.2360 1.0000

0.0560 0.2360 1.0000

12 —0.3078 —0 .6922 1.0000

— —0.1279 —0.2876 0.4155

0.0474 0.1066 —0.1541

12 —0.4935 1.0000 —0.5065

— 0.1935 —0.3920 0.1985

—0.0180 0.0365 —0.0185

with the result that

0.0441 0.1844 0.7715
~ 12 — 0.0437 0.1834 0. 7730 j

0.0432 0.1824 0.7744
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V 
Note that this result I s  exactly the same as ~~~2 cal itla ted earlier in this chapter by explici t

matrix manipulation. To implement this eigeovaliie matrix multip licati on method requires storing
either in core or on peripheral storage several m x a matrices 1~~ As shown in sec t ion 13 of thi s
chapter , i t is almost never niuess ar~ to retain all m of the matrite s , since the hig her order forms
contribute insignificantl y t~~ 

tin or B°.

11. An Equivalen t Markov Model Based on kEEP.

We have seen that it is in princi p le possibl e It, develop a prediction scheme in which weather
changes are modeled as a discrete time Markov process and which is based on a classical Markov
transition matrix ?whose powers ‘~~~ are used to prepare forecasts for n t ime steps in the future.
The skill of such a model will depend on the extent to which the weather behaves as required in
the Markov process.

There is an important practical limitation on the app lica tion of a classical Markov transition
matrix to real problems of prediction . The limitation is that the size of the transition matrix
itself grows exponentially with the number of pr ed i cto r s / p r e d i c tands  and the reso l ut ion of each
pred ictor /pred ictand . Cons ider , fo r exam p le , a weather forecasting scheme involving the cloud
ceiling in  f i v e  classes Zl tliri’ug h z5, vis ibility in five classes z6 through z10, wind in n in e
classes z11 through z19, and altimeter setting in ten classes zzo throug h z29. Under these
circumstances , the presen t or future weather is considered to be described by a 29—element binary
vector (zeroes and ones). This is a conservative scheme~ actual prediction models would typically
encompass an order of magnitude greater number of binary or so called “dummy ” variables . But l i t
us continue with this example for illustrative purposes.

To app ly the c l a ss ica l  Mark ov approach , we must determine how many Markov states there are in
the problem . Each combination among the 29 elements of the observation vector constitutes one
such state , for example:

Stat,

~~~~l~ L .~ l !2 Z~~ ~~~~ ... ?.
p 

..
~~ ~ P-l !~

1 1 0 0 1) 0 0 0 0
2 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0

Each of the variables Zp has two possible outcomes , zero or one (“off ” or “on ”). The dummy
variables in any one variable category (such as z6 throug h z 10 for the visibility category) are
mutually exclusive and exhaustive . Thus , wi thin any category, ‘ne and only one z must be ‘ on ” at
a time . Under these circumstances , considering the first variable category alone , there are five
Markov states. For each of these , the second category produces five further states , fi r a total
of 5 . 5 • 25 Markov states . For each of these 25 states , the third category produces nine ,
giv ing a total of 25 . 9 — 225 states. The final category of ten classes brings the total to
225 . 10 — 2,250 Markov states! If nc is the number of binary variables Zp in the cth category ,
and if there are C categories , then the number of Markov states M is given by

C
M fl~cc l

For the etisily imagined case of ten categories each containing ten dummy variable classes , the
number of Markov states is 1 x 1010 or 10 billion ! Clearly the pursuit of a Mackey transition
matrix of size (10 billion . 10 billion) is a hopeless exercise. An alternative is needed for
all excep t the simplest forecasting problems

A prediction method that yields probabilistic forecasts comparable to those of the classical
Markov method but without the necessity of preparing a Markov transition matrix has been proposed
by Miller (1968) and used in the forecasting experiment described in chapter 10 of this report.
Because Miller ’s method is based on the Markov requirement for dependence of the current trial only
on the immediately preceding trial , because the predi ct ions turn out to be comparable , and bec .i,tsi
the proposed method also involves taking powers of a matrix , we will refer to Miller ’s technique
as an equL~ a1en t Markov model. This method appears t i  retain much of the beaut y and simp lIc ity of
the classical finite Markov chain while avoidin g the overwhelming complexity occasioned by the
n—dimensionality in real world observations of the state of physical systems.

Consider , as before , that the present and futur e weather can hi de scr ibed  In terms of C
classes of dummy va r iab l es z~~. The cth class contains n~ dummies , and

P —
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the total number of dummies. For mathematical convenience , an extra dummy variable z0 is included
in the observation and forecast vectors ~~~~~ Thus ,

(z,, x l Z
2 

... ... Zp 1  Z p]

Regression estimation of event probabilities (REEF , see chapter 5 of this report) makes
it possible to estimate the likelihood of occurrence of condition Zp at time t , given the observed
conditions at t ime to, i .e.,

by me itis of regression eq uation of the form ,

Pr( zp,~~~ jz~
’
~0) — b

~~o
z
0~~ 

+ b
~~j

z
i t  

+ b~~2
z
2~~ 

+ .. . + ~~~~~~~~

where the ,
V ( i c.f ficient S b~ 

~ 
are de ter mi ned by a least s’tuares techni que and where the dummy

variables Zp can be reduced in number by app lica t ion of a method such as screening regression.

In the equ iva l en t Mark ov approach , there must be as many predictands and prediction equations
as there are predic tors. Includiog z0, which is always unity both as a predictor and as a predi ctand.
Thus, a system of multip le linear regression equations of the REEF variety emerges as follows :

Pr(z O ,t,.lI~~t0
) — bo , ozo , t0 + bO,17.1,t0 + bO,2z2 ,t0 + ... + bo , pzp , t1,

Pr(z i t,,i~~
’
t0) — bi 070,r0 + bi , iz ) , t 0 + b i ,2z2 ,t0 + ... + b j p Zp~~0

Pr (z2 ,~~J~~
’t0) b2 ,OZO ,tO + b2,jzi ,t0 

+ b 2 ,2z2 ,t0 
÷ ... + b 2 ,pzp ,t0

— b~ 0z0 ~0 
+ b~ 1z1 ~0 

+ bp 2z2 ~ 0 
+ + b p p zp t 0

In the example above involving 29 classes of ceiling, visibili ty, wind and al timeter setting,
P — 29, and there are 30 equations in 30 terms .** These equations form one system of equations,
not four separate systems for the four variable categories. Binding a variety of predictors and
pr ed i c tand s toge ther  in a single , jointly determined system gives the prediction scheme greater
skill than would be attainable using separate systems of equations.

This system of REEP equations can conveniently be represented in matrix form as

5—
1 - Io

where ? is the (F+l).l column vector of probabilities of z0, z~~, z2 .. . z~, b e i n g  “on ” at time
t — to + t. ‘

~~
‘ is the similarly dimensioned column vector of observations z0, z1, z2 .~~, ~~ att ime tx,. is the (P+l) (P+l) matrix of REEP coefficients and represents a probability generating

function:

~~Z is always unity in any observation or forecast.

**The added term and equation is due to z0. b
0 0  mu st be unity, and all other b0 terms must be

zero.

~V V~~~i V
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b0,0 h0 1  b0,2 ... b0,~

b 1 0  b 1 ,1 b 1 ,2 ... b 1 ,~
— b~~,0 b2,1 b 2 ,2 ... b2,~

h~~ 0 b~~~1 h~~~2 .. . b~, 1

To obtain t ile iorecast probabilities R of the state c i f  the system at time t = t 1 + 4t ,
we need o n l y  p o st m u l t i p ~ y t h e  m a t r i x  ~~~w i t h  t h e  o b s e r v a t i o n  v e c t o r  ~~~d e s c r ib in g  the weather at time
t0. to obtain forecast for~~i time t — to + n ~~t , which is n time steps in the future , one
simply uses the nth power of B as in the classic al Markov techni que :

R —

wh e re the powers can be obtained by the eigenvalue techni qu e d i s cu ssed abov e.

It should be noted that althoug h powers of are used to obtain the forecast probabilities ~
f i r  several time steps in the future , the matrix ~ is nevertheless not equa l to the Markov transi—

matrix ~~
‘
. I t  is rather the case that the forecast probabilities ~ are comparable to those

‘;P° produced by the classical Markov method. For a prediction scheme in one category, the
for,~cast pr obabilities are not just comparable ; they are identical:

.5 .5 .5
qr° -

We have made the point that equivalent Markov forecasts are not in general identical to classi-
cal Mark,,v forecasts , and we have used the term “comparab le ” to describe the agreement between the
two methods. Why don ’t the methods agree exactly ? The reason is that no 100 x 100 matrix of REEF
coefficients B can be expected to reproduce fully all the non—linear atmospheric state change
rela t ion shi ps embodied in a 10 billion x 10 billion Markov transition matrix ?‘. The REEP equations
in effec t lineari ct the prediction scheme by neg le ct in g the n o n l i n e a r  Boolean c o m b i n a t ions of

V 
dummy variables th rt t constitute most of the Markov states, If every such Boolean combination were
r e s u r r e c t e d  and made use of as a predictor in the equivalent Markov 5(V lftfle , then the latter would
produce forecasts in exact agreement with those of the classical Markov model. Of course , at
that point the equivalent Markov scheme would he just as unwield y in a practical forecast situation

V as the classical Markov tet hni q ue it is intended to rep l ace . In  p rac t ice , since the equivalent
Markov model is qui lt , skillful in forecasting the weather (see chapter 10 ), i t  is apparent that
linearizing the prediction scheme does not unacceptably impair the prognostic performance of the
model.

One special case exists in which the predictions of the equivalent Markov model agree exactly
wi th those of the classical technique . This is the case where the prediction scheme includes only
one variable category (e.g., ceiling alone or visibil ity alone , with no “addi tional ” pred ict or .).
In thi s cast , each Markov t .tte of the classical technique corresponds to e xactly one bin. iry
variable of the equival en t M.irkov model and the cla8sical Markov model.

The equivalent Markov model has a number of features of special interest that make it attr rtc-
tive from the point of view of practi cal prediction :

— When using the equivalent Markov method , i t is unn ecessary to p repa re  an
explicit Markov tr insit ion probability matr ix, which is of ten impracticably
large in real world prediction problems.

— The probability gi n e r n t i n g  f u n c t ion t, when subjec ted to eigenva l ue analysis ,
reveals the component of the forecast probability vector due to climatology
and the components due t o  hi gher ord er , mean—depa rture influences. The contribution of
climatology relative to the other terms is always readily obtainable in terms
of ra tios of powers of normalized eigenvalues. Convergence of the Markov
process toward the steady climato logical state is readily apparent through the
elgenvalue analysis.

— The model can accommodate uncertainty in specification of the initial state.
V As is the case with the classical Markov method , one simp ly uses a probabilistic

initial vector instead of a deterministic one when conditions are not known
exactly. Thus , missing observations do not cripple the prediction scheme .
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— Through the me thod ~i f  generalized statistical operators , di scussed below , a sing le
equiva lent Markov mode l can be made app l ic ab le  to l a rge  reg ions or even to the
whole globe , making it unnecessary to prepare probability generating matrices ~~

‘ fo r  every
weather station . Network operators can also be used If necessary.

— Non—linear Boolean combinations of predictors/predictands as well as t ime lags
can he incorporated in the model. The time lag fea ture makes it possible in part to
c ircumvent the classical Markov model ’s independen ce of the outcome of trials earlier than
that imm ediately preceding.

— Wi th wise choice of predictors and predictands , the equivalent Markov model can be
made to a ccommoda te asvoi’ptic da ta such as p i lo t repor ts , radar weather observations
and sate l lite information. The model can be run at any time a forecast is needed .

— The skill of the prediction scheme can be improved h , incorporation of predictors
beyond the minimum set dictated by the requirement that each predictand must also
serve as a predictor. Naturally, when “additional” predictors are made use of ,
corresponding “additional” p r e d i c tand s appear . in pr ac t ice , this is handled eitlter
by disregardin g the superfluous predictions or by abbreviating the forecast
algori thm (matrix multip lic ation) such that the unneeded predictions are simp ly not made.

— The model is w e l l  Su i t ed  fo r  the  use of a special  class of pred ic tors r e f e r r e d  to as
model outpu t statistics (MOS). Typically, MOS predic tors are produced by n umer ical
weather prediction models and represent forecast values of various atmospheric parameters
applicable at some future t ime . Examples useful in visibility forecasting, to consider
one a p p l i c a t i o n , inc lude  v e r t i c a l  m o t i o n  at 850 mh and winds at the top of the Ekman layer.
Under the “imperfect prog or MOS—approach to forecasting, sta ti st ical r e l a t ions a reV developed between these MOS predictors and the occurrence of the weather elements
being f n n r c u ast , such as ceiling and visibil ty The equivalent Markov model can handle

V both MOS p r e d i c t o r s  ( im p e r f e c t  prog appror and observed p r e d i c t o r s  ( p e r f e c t  prog
approach) in the same model equations. 1 . the MOS predictors selected are appropriate to
the prediction task at hand , it can be expected that the skill of th’ statistic al scheme
will ride along on the skill of the dynamical model.

12. Equivalent Markov and Classical Markov Models: A Comparative Examp le.

It is not obvious that the equivalent Markov model presented above is in fact equivalent to
the classical finit e Markov chain model given earlier. Rather than to prove the equivalency
mathematically, let us demonstrate it by means of an example . While less rigorous than a proof , the
example will highlig ht certain computational methods useful in application of the equivalent
Markov technique.

Consider the problem of forecasting the cloud ceiling at Kelly AFB , Texas . For simp licit y , we
will pose this problem in terms of one predictor/predictand category , the ceiling itself. We
will subdivide the one category into three classes , z1, z2 and z3, as follows :

Table I

DUMMY VARIABLES AND )1ARKOV STATE S

FOR CEILING HEIGHT PROBLEM

Dummy Variable Defini tion t i srkov S t a t e

0 ft~~CIG 3,000 ft I
3 ,000 ft~~CIC~~ l5 ,0OO ft 2

15 ,000 ft~~CtG 3

Because this problem has only one category of predic tor/predict and , the Markov states exactly
parallel the dummy variables. This convenient propert y doee not hold true for problems with more
than one predictor/pred ictand, and the lack of correspondence between dummlea and states makes more
comp lex any comparison between equivalent Markov and classical Markov techni ques. The classical
Markov method forecasts , for examp le , the probabilit y of occurrence of Markov state 12, whi ch is
a particular comb i na tion of dummy variablea being “on,” say z3, 24 and 23j. To get the
ln r ,babilit y of one such dummy , say z4, be in g on , we would have to add the classical Markov proba-
b i l i ty forecasts for any Markov states In which 24 is categorized as “on.” Only then would we
have a forecast probability of 24 for comparison with the equivalent Markov forecast. It is to
avoid this fir-il step of adding the classical Markov predictions that we have l imited the number 

V

of variable categories in this example to  one .
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• 
To permit the reader to verify these results by hand , the data base for this example has been

limited to 48 hours of actual ceiling observations for Kelly APH, TX , during the period 11—12
April 1950. These are reproduced in Table 2. In prac t ice , such a data ba8e is much too small.
In general, periods of record four orders of magnitude longer than this are used to insure robust-
ness of the prediction scheme when app lied to independent data.

Table 2

48 HOURS OF OBSERVATIOMS OF CLOUD CEILING Al ULLY AVB , TX

11-12 April 1950

Date/Time (L) Ceiling (ft) Markov State

11/00 800 1
01 800 1
02 800 1
03 2,500 1
04 2,600 1
05 1,700 1
06 2,300 1
07 3,000 2
08 3 ,000 2
09 4,500 2
10 2 5 ,000 3
11 25 ,000 3
12 25 ,000 3
13 25 ,000 3
14 None 3
15 None 3
16 None 3
17 None 3
18 None 3
19 25 ,000 3
20 25 ,000 3
21 5,000 2
22 4,500 2
23 4 ,000 2

12 /00 10 , 000 2
01 11 ,000 2
02 900 1
03 800 1

V 04 7,000 2
05 1,000 1
06 7,000 2
07 500 1
08 600 1
09 7,000 2
10 1,900 1
11 1,900 1
12 25 ,000 3
13 25 ,000 3
14 25 ,000 3
15 25,000 3
16 25 ,000 3
17 25 ,000 3
18 25 ,000 3
19 25 ,000 3
20 25 ,000 3
21 25 ,000 3
22 25 ,000 3
23 1,900 1

13/ 00 1,600 1 V ‘
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Explicit coun t ing of Markov  sta te~j r an sit io n s  in the data of Table 2 gives rise to the classical
Markov transition probability matrix P shown in Table 3. Note the dominanc e of persistence along

the main d i a g o n a l .  Note  also for  the  da ta  base selected how unli’ el y i t is that bad weather will
improve (see row 1). In this  case , pr obably because of the limited data base used , the Markov
model will strong ly predic t deteriorating weather , g iven that conditions are already marg inal
(see row 2) The greater dominanc e of persistence in good weather regimes is seen in row 3.

Tabl e 3

MARKOV TRANSITION MATRIX*

FORME D BY EXPLICIT COUNTING OF STATE CHANGES

Final Markov State

2

1 0.6667 0.2667 0.0667 1.0000
— (10) ( 4) (1) (15)

Initial
Markov 2 0.3636 0.5455 0.0909 1.0000

S t a t e  ( 4) ( 6) ( 1 )  ( I I )

3 0.0455 0.0455 0.9091 1.0000
( 1 )  ( 1) (20) (22)

It is apparent that we can make a 1-hour weather forecast for time t = t 0 + At directly

from the transition probability matrix P in Table 3. The three possible forecasts , generated

from the throe possible initial states , are shown in the first part of Table 4 below . It is like-

w i se possible to make a 6—hour forecast for time t = t 0 + 6 ~~~ t f rom the s i x t h  power of !‘ , where

0.4082 0.2924 0.2994

0.3987 0.2871 0. 3142

0.2041 0.1571 0.6388

The three possible 6—hour fn,recasts are also shown in Table 4:

Table 4

CLASSICAL MARKOV FORECASTS

Initi a l State Probab ility of Final  S ta te

Time 1 2 3 1 2 3

1-hour 1 0 0 0,6667 0.2667 0.0667
0 1 0 0.3616 0. 5455 0.0909
0 0 I 0.0455 0.04 55 0.9091

6-hou r 1 0 0 0.4082 0.2924 0.2994
O 1 0 0.3987 0.2871 0.3142
0 0 1 0.2041 0.1571 0.6388

The question is , can these probabilistic forecasts be reproduced by the equivalent Markov
model presented above? To see whether this is possible , let us first transform our data into V

binary, or so called “dummy ” variables, including a z0 variable that is always on. Note that the
final state for the nih observation alao serves as the initial s t a t c  for the (n+l)th observation.
The data expressed in terms of dummy variables are shown in Table 5.

5 l ransition pr habi litles are shown as fractional values. ( n n u l n t s  are shown as integers in
parent hi ’s, ’,

7—18
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Table 5

MARKOV ANALYSIS IN TERMS OF DU MMY VARIABLES

SUITABLE FOR USE IN MULTIPLE LINEAR REGRESSION

Initial State (t0) Final State (t)

Observa t ion 20 , t 0 
zl ,to 22,t0 23 ,t0 20,t 71 ,t z2 ,t 23 ,t

1 l 1 0 0 1 1 0 0
2 1 1 0 0 1 1 0 0
3 1 1 0 0 1 1 0 0
4 1 1 0 0 1 1 0 0
5 1 1 0 0 1 1 0 0
6 1 1 0 0 1 1 0 0
7 1 1 0 0 1 0 1 0
8 1 1) 1 0 1 0 1 0
9 1 0 l 0 1 0 1 0

lO 1 0 1 0 1 0 0 1
II I 0 0 1 l 0 0 1
12 1 0 0 1 I (1 0 1
i i  1 0 1 1 0 0 1
14 1 0 0 1 1 0 0 1
iS 1 0 0 1 1 0 0 l
16 1 0 0 1 1 0 0 1
17 1 0 0 1 1 0 C 1
18 1 0 0 1 1 0 0 1
19 1 0 0 1. 1 0 0 1 V
20 1 0 0 1 1 0 0 I
21 1 0 0 1 1 0 1 0
22 1 0 1 0 1 0 1 0 V
23 1 0 1 0 1 0 1 0
24 I 0 1 0 1 0 1 0
25 1 0 1 0 1 0 1 0
26 1 0 1 0 1 1 0 0
27 1 I 0 0 1 1 0 0
28 1. 1 0 0 1 0 1 0
29 1 0 1 0 I 1 0 0
30 1 1 0 0 1 0 1 0
31 1 0 1 0 1 I 0 0
32 1 1 0 0 1 l 0 0
33 1 1 0 0 1 0 1 0
34 1 0 1 0 1 1 0 0
35 1 1 0 0 1 1 0 0
36 1 1 0 0 1 0 0 1
37 1 0 0 1 1 0 0 1
38 l 0 0 1 1 0 0 1
39 1 0 0 1 1 0 0 1
40 1 0 0 1 1 0 0 1
41 1 0 0 1 1 0 0 1
42 1 0 0 1 1 0 0 1
4 1 1 0 0 1 1 0 0 1
44 1 0 0 1 1 0 0 1
45 1 0 0 1 1 0 0 1
46 1 0 0 1 1 C) 0 1
47 1 0 0 1 1 1 0 0
48 1 1 0 0 1 1 0 0

From Table 5, the binary nature of the dummy va r i , ih lc ’s  makes i t  exceeding ly simple to obtain
a sun of the squares and cross products matrix , such as that below. Such matrices are a lso  ca l l ed
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SSCP m a t r i c e s,  Note  t h a t  t h i s  m a t r i x  is s y m m e t r i c a l .  I t  is economica l  to r e t a i n  only  the upper
or lower t r i angu la r  e lements  even though t h is  may seem to make the programming more comp lex .

Z’3,t0 EY1

~~ZI ,t0
z2 t 0 

ZZI t 0z3 f o Iy~z~~~

S — Zz2,~0 t2 1, t 0Z2 , t 0 5~z~~~~
2 Z~z2 ,to

z3,to 1Y1z2 ,t0

rz1 t0z3 ,t0 ~ Z2 ,t0Z3.t0 
2 .Z3 , f 0

2 lYtz3 ,t0

lZI t 0Yt ~
22 t Yt ~~ 3 , t 0~ t ~~ ‘t

In this notation , the second subscript on the z’s, being t 0,  emphasizes the point that this is
predic tor informa t ion , available at time to. The variable y represents the predictand , va l id  at
time t. A y is used instead of z because the y s t a n d s  f o r  any of t he  t h r e e  p r e d i c t a n d  z ’s:

y z1 or z2 or

There a c c o r d i n g l y e x i s t  th ree  y—rows  fo r  the  SSCP m a t r i x  ~~~
‘
. Any one matrix ~~ can accommod ate only

one y—row , so in f a c t  t h e r e  are th ree  SSCP m a t r i c e s , 
~~i .  ~~ 

and 
~~~~ 

each h a v i n g  t he  same f i r s t
four rows and a differen t y—row . Each matrix ~~wi1l serve indirectly as the basis for development
of one REEP equa tion. In computational practice , the dupli cation among the three matrices

V makes It unnecessary to carry all three of them , hut we show them as distinct in Table 6 for
illustrative purposes.

Table 6

SSCP MATRICES! AND LEFT-OUT MATRICES t
FOR EQUIVALENT MARKOV PROBLEM

(Prepared from Data in Table S)

48 15 11 22 15 48 15 11 15

-. 15 iS 0 0 10 iS 15 0 10
Sj  11 0 11 0 4 11 0 11 4

22 0 0 22 1 15 10 6 15
15 10 4 1 15

48 15 11 22 11 48 15 11 11

-. 
15 15 0 0 4 iS 15 0 4

~2 
Il 0 11 0 6 1.2 — 11 0 Il 6
22 0 0 22 1 ii 4 6 11
11 4 6 1 11

48 15 11 22 22 f48 15 11 22
15 15 0 0 1 115 15 0 1

53 [1 0 1 1  0 1 L3~~~ t l1 0 1 1  1
22 0 0 22 20 t22 1 1 22
22 I 1 20 22

-.The REEP equations cannot be derived directly from the SSCP matri ces S because the use of
mutually exclusive and exhaustive dummy variables gives r i se  to redundant rows and columns in such
matrices. For examp le , in the present case , all the information about the state of  variable 

~~~ 
is

given by the states of z1 and z2. We must remove from each matrix S one redundant row and column
for each category of variable. In the present examp le , there is only one variable category, the V
ceiling; thus, we mus t de le te one row and one column . Arbitrarily , we select the row and column
corresponding  to z 3 fo r  de l e t i on .  The reduced m a t r i c e s  L in “ l e f t — o u t  va r i ab le” form are  also
shown in Table 6. 

V
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Statistics texts such as Tatsuoka (1971) present the matrix formulation of multiple linear
regression problems . In the present case, we require only two regression equations in left—out
va r i ab l e f orm:

P r ( z t ,t~~x j ~~t0) — al ,Oz0 ,~ 0 4’ al ,Izl ,t 0 +a l ,2z2 ,t0

Pr(z2,tlI ~
’t0) 52,ozo,t0 

+ a2 ,lz l ,t0 
+ a2,2x 2 ,t0

where the regression equations are given by elements of the Crout auxiliary matrix

d 1 ,1 d 1 ,2 d 1 ,3 d 1 ,4

.,
~ 

— 

d~ ,1 d2,2 d 2 3  d2,4

d 3 1  d 3 2  d3 3  d 3 4

a4,1 ~~~~ d4 3  d4 4

whose creation is discussed in chapter 2 above. In th i s  case ,

d11 — i ll

d 21 — 121

d31 — 131

d41 — l4j

— d21 / d 11

— d 31 /

d 14 — d~~ /

d22 — ~~ - d12d 21

d 32 — 132 — d12d 31

d42 — ~~~ - d 1.,d41

d23 — d 32 / d 22

— d42 /d 22

d33 - 133 - d 13d 31 - d 23 d 32

— 143 - 413d41 - d23d42

— d43 / d 33

d4~ — 1 44 - d41 d 14 - d42 d 24 -
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and the regression coefficients are

~1 ,2 
— d 3 4

a 1 1  — d 2 4  — d2 3 a1 2

a1 0  d 1 4  - d 1 ,3a 1 ,2 — d1 2 a1 ,1

We shal l  show the V~,n~1t Ition of the regression coefficients ai~ 
for the first “left—out ”

regression equation and i l i w  the r e ade r  t o  supply corresponding detail for the other two equations.

The Crou t  a u x i l i a r y  m a t r i x  II I c~ rresponding to the left—out SSCP matrix L 1 is

68 .0000 0.3125 0.2292 0.3125

15.0000 10.3125 -0.3333 0.5152
D 1

11.0000 -3 .4375 7 .3333 0.3182

15.0000 5.3125 2.3333 6.8331

The lef t—out regression coefficients are then

~ 1 ,0 0.04545 
~ l 1  — 0.6212 a 1 2  0.3182

Once the other regression c o e f f i c ien t s  have been computed , a lef t—out matrix of coefficients

A can be forme d as fo l lows :

~o o  a0,1 ~O 2  1.0000 0.0000 0.0000

— 
~i,o a1 ,1 ~1 2  — 0.0455 0.6212 0.3182

a2 0  ~2 ,l 
a2 2  0.0!~S~ 0.2212 0.5000

Note tha t the f i r s t  row is supp lied 1 ,o-commodate the trivial prediction equation ,

~‘ ~~, l 7’1 , t 0 +

This first , or “zero” row must always consist of a one in t i e  first element and z,’roes in the

remaining elements because z0~~ and z0 t0 
are both always one.

Forecasts in the form

— A z

or

~O , O ~0,1 ~0,2 zO ,t0

Pr (z i ,t~~itf t0) ~i ,O a 1 ,1 p 1 ,2 Zl ,t0

Pr (x 2 ,~ l I ~~t0
) p2 ,0 ~2,l ~2,2 

Z2 ,t,,
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con he made from these equations is they stand. For examp le , for the initial conditions

= I z l ,t0 
— 0 z2,t — 1

the l e ft— lit ‘rn of the n l ; t  i n  predicts

P r ( z 0 , t)  1.0000 + 0.0000 ~ 0.0000 1.0000

V Pr(zt ,t) 0.0455 + 0.0000 + 0.3182 — 0.3636

Pr(72 ,t) — 0.0455 + 0.0000 4- 0.5000 = 0.5455

wh ich is  the sante as the second line of Table 4. We can obtain Pr (z
3~~~) by subtraction:

Pr (z3) = 1 — Pr(z1) — Pr(z2)

Th is “ left — out ” form of the REEP equations is inconvenient , in th at it does not directly
pr ince a f o r e e , i s t  for the i t _ u t dummy vari3hles except by subtracti on. Moreover , it is not

t su hs eq i - n t  i gen v ilti analysis. Ordinarily, therefore , one subjects the left—out
md tr i x -

fl t o  pr -ed uce known as PLODITE (putting the le ft—out dummies in the equation). The
PL (IDIF F i i  p c i  thm pr du cx a matrix of regression coefficient s ~ that includes a row and column
ot responil rig t o  e Oil t I c  i — i t  dummy variable.

A ~~~~~- r I I  I’LODITE il gorlthm in the form 1 the FORTRAN program PI.DT is provided in appendix
\ .  We ~V O t I  doxcrihc h~i t tl gori thm us it applies to the prob l em of t ccut jug our 3 x 3 matrix

V IV I1C f i r s t step i s  t o  ident ilv the left—o ut variables and rh rows and columns of correspond—
itig to t hem. In t h e  pr~~ r nt case , z~ has been left out , SO we must supply new column b 1 ~ 

and
row I) .

~ in t lii’ mi t r ix I REEP c c  If i c lent s

b0 0  b0 1  b0 2  h0 3

h 1 0  b 1 1  b 1 2  b 1 3

h 2 0  h2 1  b 2 2  b2 3

~~~~ h 3 ,0 h 1 1  b 3 2  h 3 3

Thi i~ i V r r ow ’ of is t r i v i o l ;  It it in~ a one in the first element and zeroes in the others.
The next two rows use the uigorithm ,

— 
~
5i ,l7I ,t0 

- 5i 2?2 t0 
for I > 0

I i 7 1 i 1
— -a~~ —— ~ - aj ,7 T__i_,_

1 1 ,1 1 ,1

C

b 1 2  — 5i ?  + fo r  I ) 0

— S j , j  4- for i ) (I

— 7t ,t f o r  j > 0

where ,~~ 
Is the mean of the ith I i  l t,l t i i and can he ol’tsii,i’d - V
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can be made from these equations as they stand. For example, for the initial conditions

— 0 Z2,t0 
— I

the left—out form of the equation predicts

Pr(z o t )  — 1.0000 + 0.0000 + 0.0000 — 1.0000

Pr(zt t) — 0.0455 + 0.0000 + 0.3182 — 0.3636

Pr (x2~~) - 0.0455 + 0,0000 + 0.5000 — 0.5455

which is the same as the second line of Table 4. We can obtain Pr (z3 t ) by subtraction:

Pr(z 3) = 1 — Pr ( z~ ) — Pr (z2)

This “left—out ” form of the REEP equations is inconvenient , in that it does not directly
produce a forecast for the left—out dummy variables except by subtraction . Moreover, it is not
amenable to subsequent eigenvalue analysis. Ordinarily, therefore , one subjects the left—out
matrix A to a procedure known as PLODITE (putting the left—out dummies in the equation). The
PLODITE algorithm produces a matrix of regression coefficients I that includes a row and column
corresponding to each left—out dummy variable.

A general PLODITE algorithm in the form of the FORTRAN program PLDT is provided in appendix
A. We can describe that algorithm as it applies to the problem of treating our 3 x 3 matrix A.

The first step is to identify the left—out variables and the rows and columns of ~ correspond-ing to them. In the present case, z3 has been left out , so we must supply a new column bi 3 androw b3,~ in the matrix B of REEP coefficients:

b0,0 b0,1 b0,2 b0,3

— 

b 1 ,~ b 1 1  b 1 ,2 b 1 ,3

b2,0 b2 1  b2,2 b2 3

~~~~~~. b 3 ,0 b 3 1  b 3 2  b 3,3

The “zero row” of is trivial; it contains a one in the first element and zeroes in the others .
The next two rows use the algorithm,

b1,3 — -
~i,l~ 1 ,t0 

- •i ,2 2 ,t0 for i > 0

t i 2 11 3

1 ,L 1,1

m

b 1 ,2 — •j 2 ~~~Q for t )0

b1,1 — aj,~ + Q for t ) 0

— ~~~~ for i ) 0

whe re is the mean of the ith predtcr.nct and can be obtained from the first element of the
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P final row of the left—out SSCP .atriz tj by dividing the element by the number of observations N.
The final row of t in each variable category is obtained by summing the corresponding columu
el~~~nte in the rows above it, using the rule tha t the bj,0 must add coluanwis. to one within
each variable category, while the other bjj must add to zero. Thus

b3,0 — I - ~~ bt o  — 3, t

b 3,j — .
~~~

bt,j for 1 ) 0

For the first row i — 1,

b1,3 — -0.6212(15/48) - 0.3182(11/48)

— -0.2670 — 0

b1 2  — 0.3182 - 0.2670 — 0.0511
b1,1 — 0.6212 - 0.2670 — 0.3542
b1,0 — (15/48) — 0.3125

When the same algorithm is applied to the row i — 2, the results are

b2,3 — -0.1837

b2,2 — 0.3163

b2,1 — 0.0375 
(

b2 0  — 0.2292

)y s u a tion we obtain the row i — 3:

b3,3 • 0.4508

b3,2 • -0.3674

— -0.3917

b3 0  — 0.4583

The co~~l.t. metr ix is
1.0000 0.0000 0.0000 0.0000

0.3125 0.3542 0.0511 -0.2670
I-

0.2292 0.0375 0. 3163 -0.1837

0.4583 -0.3917 -0.3674 0.4508

This is the matrix of UI? coefficient. I used in th . equivale nt 14.rkov model to produce a
foreca st probability vector I f rom the vector of initial conditions T~

1 _ I bo

Using I and its sixth power,
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1.0000 0.0000 0.0000 0.0000

0.3125 0.0957 0.0862 -0.1084
-

0.2292 0.0632 0.0579 -0.0721

0.4583 -0.1590 -0.1441 0.1804

we can prepare t ... ~casts for 1 hour (n — 1) and 6 hours (n — 6). These equivalent Markov fore-
casts are shown in Table 7, which is in the same form as Table 4 containing the classical Markov
forecasts. Note that the results are identical , demonstrating the equivalence of the REEP
technique and the classical method.

Table 1

EQUIVALENT MAR KOV FORECASTS

Initia l State Probability of Final State

Time ~9_ 1 2 3 0 1 2 3

I - hour 1 1 0 0 1 0.6667 0.2667 0.0667
1 0 1 0 1 0. 3636 0.5455 0.0909
1 0 0 1 1 0.0455 0.0455 0.9091

6 - hour 1 1 0 0 1 0.4082 0.2924 0.2944
1 0 1 0 1 0.3987 0.2871 0.3142
1 0 0 1 1 0.204 1 0.1571 0.6388

In this section, we have demonstrated how an equivalent Markov probability generating function
in the form of a REEP matrix of regression coefficients I can be created from historical weather
data and applied to a practical forecasting problem. A more extensive application of this tech-
nique is given in chapter 10. Our analysis is not complete at this point, however. The
probability generating function T is rich in information regarding how and under what conditions
the weather changes, the degree to which it is predictable for different forecast periods, how
strongly climatology contributes to the forecast probabilities for various forecast lengths, and
the rate at which these forecast probabilities decay toward the vector of climatology . A part of
this information can be elicited from I by eigenvalue analysis of the type discussed above for
obtaining powers of a matrix. In the following section, we will analyze the ma tr ix 1’ developed
from this example. Our analysis will be by the method of eigenvalues.

13. Hierachical Matrix Analysis of the Equivalent Harkov Model.

The Markov chains encountered in practical weather forecasting problems are completely
ergodic in the sense that their limiting state probability distributions are independent of the
initial conditions. in section 8 above, dealing with the classical Markov model, we saw this as
a result of the fact that Markov transition matrices for weather forecasting problems are regular,
bringing about a atationsry distribution of the Markov chain after sufficiently many steps n.
The forecast probabilities produced by the Ilarkov model will , with increasing length of the fore-
cast period, converge toward the steady state vector of a priori climatological probabilities as
the system gradually “forgets” its initial state.

Convergence toward the steady climetological state, an attrac tive fea ture of the classical
Ma rkov model , is also seen in the equivalent Markov model. Although the matrix I of REEF coeffi-
cients is no t regular , nevertheless increasing powers of f do converge to the zero—order hierarchi-
cal form ~~ having as its first column the climatological expectation of each of the predictord u y  variables and having zero in all other positions:

o 0 0  0 ... 0

0 0  0 ... 0

- ‘2 ::: .
~~~

. 

for p~~~~ -

0 0 0 ... 0

As it turns out, the matrix of c1imat2j~~~ and all the other hierarchical forms , which
represent mean—departure terms, are given by the .igsnvalue method for obtaining powers of the
probability generating function 1:
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where - 

~‘/ 
, 

~~

‘ 
- , etc., and where m is the dimensionality of the m x m matrix ~~~ The

total number~o~ du~iny vAriables P is one less than is d~e to the presence of z0 . A~ is the ith
eiqe~value, X1 its associated ~

‘ left” eigenvectOr, and yj the associated “right’ eigenvector.
The C. are the hierarchical matrices of order i and have the same dimensions as the m x m matrix B.
Counting C0, 

there are formally m hierarchical forms ~~~~ .

The algorithm is the same as that given in section 10 above, except the index i has in this
case been started at zero to emphasize the special role of r as a zero-order term, being the
climatological expectation or a priori, unconditional probabIlity of occurrence of each of the
dummy variables .

The multipliers of each of the hierarchical forms ~~
‘
. are scalars, which we can consider

weigh ting factors : nWi = X
i /

Therefore,
B 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where w is always unity. The weighting factors w. for i > 0 become small with increasing forecast
period ?larger n). At sufficiently j~ rge n , therefore, the contribution from the higher order
terms i > 0 becomes negligible, and 8 converges to climatology , i.e., ~~~~ . Mathematically,

m— l
lim ~~ - 1ti~ V~ C~ - w0 C0 -

~~~ —0

We can see this in the Kelly AFB cloud ceiling example by subjecting the 4 x 4 probability
genera ting function ~ for that problem to hierarchical eigenvalue analysis. The results, in terms
of hierarchical matrices and weighting factors , are shown in Table 8.

Table 8

ETCENVALUE ANALYSIS OF REEF COE FFICIENT MAIEIX I 
-

:

FOR KELLY AU , TX , CEILING PROBLEM

1.0000 0.0000 0.0000 o.0oocf~
1 0.3125 0.0000 0.0000 0.0000 !

V0 ° — 
0.2292 0.0000 0.0000 0.00001
0.4583 0.0000 0.0000 o.0000J
0.0000 0.0000 0.0000 0.00001

w — 
O.8327’~ ~ — 

0.0000 0.5292 0.4797 -0.6007 I
~ 1.8481 ~ 0.0000 0.3518 0.3189 -0.3993 1

0.0000 -0.8810 -0.7987 1.0000J

0.0000 0.0000 0.0000 0.00001
0.2883m ~~ 

— 
0.0000 0.6706 -0.9562 0.0209

V2 — 
1.6715 2 0.0000 -0.7012 1.0000 —0.0219

0.0000 0.0307 -0.0438 0.0013

As t~~~ data in Table 6 or the first row of the Crout auxiliary 
‘
~~ in the preceding section

confirm. C0 
indeed turns out to be the matrix of climatology, i.e., the predictor means:

As explained above , only in cases like the Kelly example , where each t4arkov state corresponds
to exactly one binary variable, can we expect to find exact agreement between the classical Markov
and equivalent Ma rkov models. In models containing more than one category of variable (e.g.,
visibili ty as well as ceiling), the equivalent t4arkov model neglects certain Boolean combinations • 

~~~~~ 
-

of predictors that would form Markov states in the classical model. Depending on the additivity
characteristics of the variables selected for inclusion in the model , this neglect of Boolean •~•~ ‘~~

combinations has a greater or lesser effect on the faithfulness with which the equivalent Markov
model reproduces the behavior of the classical mode. One immediate consequence of the lack of - 

-

exact correspondence between the equivalent and classical techniques is seen in ~~~
‘
, which will not

give the predictor means exactly except in simple ~~ses like the Kelly example. ?n genera l , the
Cli~~to 1ogica1 means w i l l  be well approximated by~~~, however. In fact , any significant departure

* 
of C from climatology is evidence of non-additivit9 and gives us warning to examine closely the

~~~~~~~~~ ~~~~~ 
- 

model’s performanc, on independent data. 7..26
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t 
— 1.0000 z

1 — 0.3125 z 2 - 0.2292 Z 3 t — 0.4583
‘0 ‘0 ~ O ‘ 0

Although the matrix I Is 4 x 4 in size, it contains one dependent row (and column).
A~..ordingly, the number of non-zero eigenvalues is 4-1 - 3, and there is no hierarchical form ’

~~.

How long, i.e., to how great a value of n, Zhould we retain terms w1~
’
1 and w2~~7 If we

require accuracy to the third decimal place in B~, then any variation in the third decimal place
of the weighting factors w1 is n~~essarily significant. In this case, such a requirement results
in keeping the first—order term Cl until n e21,ceeds 34. and the second—order term 

‘
~~

‘
~ until n

exceeds five. Thus, in obtaining powers of ~ beyond the first few, substantial computational
savings are possible by abbreviating the matrix polynomial to be evaluated. More important , we
see that the first—order mean departure term has in this case a noticeable effect for at least
34 hours, while the second—order mean departure term becomes negligible after five hours. In
other words, if our criterion for convergence to climatology is agreement in the third decimal
place, we can say the system converges to climatology in roughly 36 hours. This can be thought
of as the “ time to s ta t ionar i ty ” 2’. Only during this time can the Markov model forecast
probabilities other than the long term climatological expectation. Beyond t, the model fore-
casts only climatology.

There likely exist better criteria than agreement to an arbitrary number of decimal places
for establishing t and for deciding when terms in ~Q~e matrix polynomial become negligible. One
such criterion would be to retain only such terms wj~i 

for a particular forecast period n ~~t
that contribute significantly to improving the Brier P—score. Thus the cutoff for each term
could be obtained by verifying the equivalent Markov model on independent data for forecaste of
length a ~~t. Trial forecasts could be made and verified using first—order terms only (0,1),
then using first— and second—order (0, 1,2), then (0, 1, 2, 3), etc., until added terms no longer
significantly improve the P—score. We note that there is no need to verify the zero—order term
alone, since the P—score for a forecast of pure climatology can be calculated analytically
(Brier and Allen , 1951) :

t’climo — ~

where is the mean of the jth dummy variable , and where there are P such dummies. Obviously
it is not possible to calculate analytically the Brier P—scores for the classical or equivalent
Narkov models themselves, since these scores depend on the representativeness. robustness and
inherent predictive skill of the particular model developed. Good models will produce good P—
scores, and bad models will do badly. Nor even is it possible to prescribe analytically the
relative improvement in P—score brought about by retention of each hierarchical form. If the
improvement could be calculated , then we could obtain the actual P—scores by using 

~cl imo ~~
the baseline P—score. Since we have already shown logically that the absolute P—scores cannot be
determined analytically, it follows that the relative improvement in P is likewise not obtainable
by analytical means.

Whatever the exact method of obtaining the time to atationarity V, we can always regard
V as an indirect measure of the potential skill of a Markov or equivalent Markov model. In
general terms, the skill of a forecast technique is its ability to improve over some baseline
objective forecast method such as random chance (forecasting the weather by dice), persistence
(forecasting the weather will not change), or climatology (forecasting the mean). Using clima-
tology as our no—skill baseline, we can see that a Narkov prognostic scheme that converges to
climatology in a time 2’ ~~t will never make anything other than a climatological forecast. Such
a scheme can never exhibit skili reljtive to climatology. In our Kelly example, on the other hand,
the probability generating function in does not converge to climatology to the third decimal place
for about 36 hours. In other words, the model has 36 hours in which to make forecasts that differ
somewhat from climatology , for better or for worse depending on the effectiveness of the model.
The longer the time to ststionarity 2’, the greater is the “skill opportunity” in the prognostic
model. This is not to say , of course, that models witb long 2’ will necessarily be more skillful
than those with short ?. The Kelly equivalent Markov model is a case in point. Despite its
relatively long 2’, this model would not likely show much skill in a test using independent da ta,
since it was developed from an inadequate dependent data set. Nevertheless , if two Msrkov models 

—ar. comparable in other respects , it can be expected that the one with longer time to atationarity
twill exhibit greater skill than the other relative to climatology
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A hierarchical matrix analysis such as that shown in Table 8 can sometimes be used to gain
added physical insight into the operation of the prognostic technique in terms of the atmospheric
variables whose behavior is being modeled. Consider, for example, the third row of the hierarchical
matrix ~~~~ in Table 8. This column contributes to the forecast probabilities only if the observed
ceiling is z2, i.e., 3,000 — 15,000 ft. In cases where z2 is observed, the effec t of element
(3,3) of ‘

~~~~ is to give added weight to persistence of z2 in the short range , whereas elements
(2 .3) of ~~~~ and (4,3) of 

~
‘l sha~pen the probabilistic persistence forecast by decreasing the likeli-

hood of weather change. Since ~
j is felt conaid,~rably more strongly than~~

’
2 because of its

larger weighting factor, the effect of (4,3) of C1 dominates (2,3) of ~~~~ , and the second most
likely short range event (after persistence, the most likely) is deterioration of the weather from
z2 to Zl• Note that the heavy short range weight on persistence (3,3) of C2 must yield afterseveral hours to a favored deterioration of the weather, shown by the balance between ~2,3) and
f4.3) of . Only the greater a priori probability of good weather , shown in (4,l~ of C • prevents

from mahng a “landslide Prediction” of a1, the lowest ceiling. Nevertheless, C1 is sufficiently
strong to tilt the forecast probabilities in the direction of z1 for several hours (see the six
hour forecast in Table 7 and the displayed forecast probabilities in Figure 4).

This sort of analysis is shown in graphical form in Figures 1 — 4, which display the forecast
probabilities as a function of time for ceiling categories Z

~ Z2 and Z3 based on an initial con-
dition of a2. ~~~~over~~~n Figures 1 — 3, the probability contribution due to the hierarchical
matr ix forms ~~~~ , C1 and C2 are also shown as a function of time. Clearly, the transient effect
of persistence~,which causes 22 to be the most probable category for the first 1 1/2 hours, ismostly due to ~~~~~, the most “short lived” hierarchical form. The forecast of lowering ceiling,
which holds from t — 1.5 to t — 8.5, is due principaliy to ~j , with the decreasing
probability of z~ in the first two hours being due to ~~~~ . The convergence of the forecast pro-
babilities toward climatology 

~~, 
operates at all times and is seen to dominate beyond 3 hours.

Thus we see in ’
~~ very short range “probab ility for ces” at work favoring persistence. In

the present case, these forces are operating on a time scale of several hours. In ’
~~ we see

longer range “forces” at work over time scales of approximately a half day. It is from this
source that the predicted deterioration of the weather emerges. Finally, we see in 

~
‘o that

climatology, operating most strongly beyond 12 hours, exerts an influence toward improving the
ceiling.
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14. The Ornstein—Ublenbeck Process: Continuous Variates.

The classical Markov and cq~ivalent Markov models require discretization
of predictors and predictands into several classes, which we refer to as dummy or binary variables.
Some atmospheric variables (such as the “present weather” elements , tornado, hail , thunder , etc.)
are quite naturally treated in terms of dummy variables , which may be either “on” or “off.”
Other atmospheric elements such as temperature , pressure and the like are distributed continuously,
and any effort to categorize them involves some loss of information . The classical Markov and
equivalent Markov models trade decreased resolution in some of the variates for the important
ability to include more ,han one variable in the prediction scheme . These additional predictors,
if selected appropriately, impart increased prognostic skill to the classical and equivalent
Markov models, particularly in forecasting the weather beyond 3 — 4 hours in the future .

For some purposes, particularly forecasting !! ~~ 
short range weather changes on the order of

minutes to 1 — 2 hours, the decreased resolution in the variate to be forecast might not always
be remunerated by the increased forecasting økill provided by use of additional predictors. This
is physically reasonable. We would naturally expect the probability density function of the
visibility 15 minutes from now to be influenced more by the present visibility than by some other
predictor such as dewpoint depression or even wind speed. Under these circumstances , the prognos-
tic scheme used to make the 15—minute forecast might do better to make use of a thorough observa-
tion of the presen,. vIsibility than to incorporate a host of additional predictors . In a case
such as this, a Markov process involving a continuous variate might prove more skillful than either
the classical or equivalent Markov techniques.

Gringorten (1966, 1968, 1971, 1972) has adapted for meteorological use a special class of the
Markov chain called the Ornstein—Uhleabeck process in which a single, continuous variate serves
as both predictor and (through a time lag) predictand. Hering and Quick (1974) have employed
this m~del with remarkable success in forecasting the atmospheric extinction coefficient
~T (m ) for 15, 30, 60 and 180 minutes in the Air Force Geophysics Laboratory ’s Mesonet Experi-
ment. The success of this single station forecasting method warrants its discussion here.

Assuming a first—order Markov process, in which the Outcome of trial n depends at most on th~
Outcome of trial n_l ,* in the stationary OrnsteIn—Uhlenbeck process the normalized variable y
(having mean of zero and variance of 1) exhibits serial correlation given by

( n M  -

where Pn ~~t is the correlation between observations separated by an interval of time n 4t( ~~t is the unit in which time is measured, e.g., 1 hour), and • is the so called serial
correlation coefficient or autocorrelati~n coefficient between observations y (t) and y(t +
n ~~t )  separated by time interval n A t, which is any multiple of the basic unit of time 4 t
characteristic of the problem . The constant a need not be expressly determined , as it does not
appear in the final equation.

Let e0 be the correlation coefficient between observations y(t) and y(t + ~ t) separated
by one unit of time ~~t. Then,

At -nAt
- e

If the process is Markov, then the correlation coefficient between observations y(t) and y( t +
a At) separated by an arbitrary interval of time a ~~t , which may be fractional , Is given by

— ‘0

Under the Orn stein—Uh lenbeck stochastic process , the value w~ of the continuous variate at
tiae t is related to an earlier value y0 by the expression,

- 
~~Yo I~1 —

where p is a normalized probability and where e is the correlation between Yt and y0 separa ted
by the interval n 4 t .

CHer ing (1977) reports that experimentation with higher order Markov processes involving the
outcome of n—2, n—3, etc., in the Ornstein—Uhlenbeck context did not produce significant improve-
ment in the performance of the forecast scheme.
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The Ornstein—Uhlenbeck model presented here has been tested and given extensive use in the
Air Force Geophysics LabcLctory ’s Mesonet Experiment , where i t  has been used both as guidance for
subjective forecasters and as a control against which to measure the skill of various forecasting
methods. As applied in the Mesonet Experiment , the model forecasts the extinction coefficient

~ (n—I ) in the form of the normal ized va r iab le  y ,  where .. at i n i t i a l  t ime t o ,

- k 1n00+ f

The extinction coefficient at initial time to IS 
~~~, and k and f are  c o e f f i c i e n ts tha t depend on

time of day and season. Details are available in Tahnk (1975). The unit ~f time ~~ t in this

~pp lication Is 1 hour , so t ime is given as

t — n ~~ t

in hours (0.25 hours to 3 hours). Therefore , the Ornstein—Uhlenbeck model of a first—order
Markov pr ocess is

y0 + Ji (et )2 P

wI-ere p is a normalized probability that a certain threshold Yc w i l l  be ex ceeded an d is ob tained
~directlv from the climatological record as explained in Gringorten (1972). The autocorrelation

E~, is also determined from data but may be “tuned” to improve model performance.

Th e model equ ation , as written , produces a forecast of the most probable normalized extinct jen
C,leff~ cieflt y~ for t ime t based on exponential decay of the autocorrelation coefficient with time.
But bec-aitse y is a normalized variable with c~ean of zero and variance of one , tables of the normal
probability Integral can be consulted or the normal distribution Integrated numericall y to ob tain
the probability of exceeding selected operationall y significan t thresholds. Once the “constants”
have been de termined , this  model r equ i res  only an ini t ia l , uncategorized observation y0 of t i l e
p a r a m e t e r  being f o r e c a s t  in order  to e s t i m a t e  the most probable f u t u r e  v a l u e  y~ and v a r i ou s
“ exceedance ” probab i lit ies.  If  y0 is observed con t inuous l y, the computer can make a v a i l a b l e
continuous forecasts of Yt~

11€-ring and Quick (1974) report , based on the first year of the model’ s use in the Mesonet
E x p e r i m e n t , that the model proved difficult for conventional forecasters to beat in 15—minute ,
30—min ute , 1—hour and 3—hour forecasts, especially in the 15— and 30—minute forecasting. Fore-
casters equipped with Mesonet data could make about a 10 percent improvement in Rank Probability
Score over the Markov model in 15— and 30—minute forecasting but could not sustain this improve-
men t a’: 1 and 3 hours. In 3—hour forecasting, the Markov model actuall y beat the conven t iona l
f o r e c a s t e r s, who were denied Mesonet information . Percentage improvement in Rank Probability
Score above the score produced by forecas ts of pure c l ima tology was 71, 60 , 39 and 23 percent
for 15—minu te , 30—minute , 1—hour and 3—hour forecasts , respec tively . The Markov probabilities
were much less biased toward pessimism than were the subjective forecasts. Because the Markov
model tends to dampen a perturbation with time as the model gradually “f orge ts” its initial
state , the Markov probabilities were not as sharply cast as were the subjective probabilitie s.

A model such as this Is limited by its lack of “addi t ional ” predictors , i.e., element s other
than tha t being forecast. The simple exponential decorrelation that forms the basis of the model
almost never produces a forecast of worsening weather. Under these circumstances , i t is in teres t-
ing to speculate how much improvement in forecast performance could be realized by introducing
models containing more meteorology than the Ornstein—Uhlenbeck scheme provides. Tahnk (1975) re-
por ts the results of a test in which the performance of two regression—based models was compared
with that of the Ornst e ln—Ub lenbeck model. One of the regression models was a REEP pred ic t ion
scheme not much different from the REEF—based equivalent Markov model discussed earlier In this
chap ter. The other competing model was based on classical multiple l inear regression equations
wi th continuous variables , the predictors being selected by a stepwise scheme . Neither of the
competing schemes was limi ted to sing le—station predictors , and in fac t bo th regression schemes
heavily chose network predictors* in preference to single station predictors during moth !
development.

In tests using independent data , the REEP—baaed technique proved much more skillful than the
Ornstsin-Uhlenbeck model in 15— , 30— and 60—minute forecasting, producing Heidke skill scores
of 6.8%, 19.22 and 13.4% relative to 0rnstein -UhlerF-~~l for the respective forecast p e r i o d s
indicated . The atepwise regression scheme using continuous variables did about as w i ll as the
REEP technique at 15—minute forecasting bu t showed negative skill relative to the Ornstein—
Ublenbeck model at 30 and 60 minutes.

*See sec tion 16 of this chapter.
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Stepwise did better than REEF at forecasting the onset of worsening conditions but did so at
the expense of a high onset false alarm rate. Both regression models did better than the
Ornsteln—Uhlenbeck at forecasting onsets. Not unexpectedly, all three models found forecasting
improving weather a much easier task than forecasting deterioration . Nevertheless , the stepwise
regression scheme hardly did better than the Ornstein—Uhlenbeck model at this task, whereas the
REEF technique picked up almost twice as many of the improving situations as did either of the
other methods.

Tahnk (1975) made a special study of the usefulness of the REEF technique in cases of radia-
tion fog onl y and found that in this more difficult situation REEF was less skillful than the
Ornsteln—Uhlenbeck model at 15—m inut o forecasting (—4.1% Heidke skill score). At 30 and 60
minutes , however , REEF bea t Ornstein—Uhlenbeck by a wide margin (25.6 and 38.9%, respectively).

In a final experiment , Tahnk (1975) limited the REEF technique to selection of single
station predictors only, I.e., Mesonet observations for the Hanscom AFB reservation itself.
The rederived KEEP equations were then tested relative to the Ornatein—Uhienbeck model using
independent data. The test was not restricted to radiation fog cases. The restricted REEF
model showed large negative skill relative to the Ornstein—Uhlenbeck technique for all forecast
periods. It thus appears important , at least in the mesoscale context , to allow the REEF model
to select network predictors if these are available. At the synoptic scale, use of network
predictors may not offer corresponding ly large improvements in forecasting skill , although at
least some gain is generally achieved by including network predictors. Chapter 10 of this
volume presents a synoptic scale forecasting experiment in which the equivalent Markov or REEF
technique is limited to sing le station predictors yet shows appreciable forecasting skill.

15. Ancillar y Models.

a. General.

More often than not , the user of weather information needs more than a simple forecast ,

Pr(z0, ~i. Z2 ~~~~

of the probability of the weather at some future time t. Reconnaissance mission planners, tacti-
cal commanders and even construction project superintendants are likely to want to know , for
examp l e, “What ’s the probability the weather will be good 24 hours from now and will stay good for
six hours af ter that?”*

In fact , a well posed question such as this defines the weather elament of the customer ’s
mission success indicator (MSI), provided an objective meaning can be ~o’jnd for the customer ’s
term , “good weather. ’ More important , the manner in which the question is posed gives away the
secret of Its solution . Let us write the ques t ion graphically:

Wha t is the probability that

weather will be 
~ 

(..the weather will stay
’
~

~ 
good 24 hours from now..) ~~~ ~good for 6 hours after ( ?

)

We can write this in a sl i g h t ly mor e mathematical form , using Pr(M) as the probability that the
weather will be good enough for the mission to proceed.

Pr(M) — q(W—G at t~ — t ,, + 24) . p(W G at tI thru t7 W G  at

where both q and p are probab ilities , W represents the “weather ,” C stands for “good ,” and

t~ — t 1 + (ii — 1) ~~t

for ~~t — 1 hour.

We say that the custome r ’s question gives away the solutior to his problem because both the
question (see the graphical form) and its mathematical statement are in two parts. We need both
the forecast probability that the weather will be good at t1, i.e.,

p(W—G at t 1)

*This Is simply one example of the many such qu€-stions that can be posed under actual opera-
tional circumstances.
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and the continuous run probability, i.e.,

p (W C at t1 thru t7 I W—G at t1)
of good weather for six more hours.

The models described in this chapter and elsewhere in the volume address themselves for the
most part to the classical forecast4~g_problem of obtaining p(W—C at t1) for some future time t1.
The second part of problems such as that presented above is often best solved by methods different
from but related to those used for the first part. We can conveniently consider here only a
few of the methods developed in the literature. We will call these ancillary models because they
are best suited to the “second part” of weather support problems such as that described above. In
keeping with the subject matter of this chapter , only single station methods of the Markov
type will be treated.

b. Continuous Run Probabilities by Markov Process: Hot and Cool Spells or Wet and Dry Periods.

When we are interested in particular sequences of Markov states, such as the probability of
a cool day (C) following four consecutive hot days (H), i.e., Pr (H 1, H2, H3, C4), we need not
construct the whole Markov transition matrix because we are interested only in certain elements
of the matrix. Saksmoto (1970) found that under a first order Markov process, the probability
of a particular sequence of Markow states a1 is given by

P~~(a 1, 2 ’ a3 ... a..~) —

q(a1) p (a2 (al)  p(a3 1a2) ... P(~mI~ m— l )

where the subscripts refer to the sequence number of the Markov trial and where q represents the
initial probability. In the particular case of three consecutive hot days followed by a cold
day, the algorithm is

Pr(01, 
~~~~ 

H3, C~) — q(H1) p(R2IH1) p(H31H2) p(C41H3)

Obviously, the conditional probabilities P(aj aj) are first order Markov transition probabili-
ties, given in this case by

Final State

‘a.
Pcc Pch

C p(CIC) pQi~C)
Initial 

__________________

Sta te

Phc Phh
~ p (CIH) p(H{R)

for the two—state hot/cold system.

In a first order Markov model , the outcome of trial n is presumed to depend only on the Out-
come of trial a — 1 ininediately preceding. In a second order Markov model, trial n 4g affected
not only by n — 1 but also by n — 2. Sakamoto (1970) shove that a second order Markov chain for
the same example would oe written as

Pr (H 1, H2, H3, C4) — q(H1) pØI2IH 1) p0431H 2, x1) p(C~~H3, R2)

where the conditional probabilities can involve as much as two days prior to the day of interest.
A third order chain would be

Pr(H j, 112 ,  113, C4) — q(H~) p(H 2~H 1) p(H 31112, H i) p(C41H3, 112, ~i)

involving the conditional probability that day m will be cold given that days m — 1, m — 2 and
•— 3 were hot.
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Sakamoto found that the manner in which the Markov states, “cold day” and “hot day,” were
defined affects the performance of the resulting Markov chain in modeling the continuous run
probabilities (e.g., Pr (Hl,H2,H3,C4)). In fact , choice of a threshold used to define a hot or
cold day proved to be a factor in determining the suitability of a particular order of the Markov
chain model. Inappropriate thresholds may force the use of a second order chain , an eventuality
that might be avoided by use of thresholds better suited to the prediction problem at hand.

Use of arbitrary temperatures (e.g., 86°F, 89°F, .,.) to define hot and cold days proved
unsuitable in the context of either a first order or a second order Markov chain. More effective
were definitions based on a certain number of degrees above a moving weekly mean maximum (e.g.,
3°F, 6°F. 9°F, ... above the moving mean). Even with relative thresholds such as this , It was
shown that the value of the relative threshold (e.g., 60 or 90) dramatically affects the perform-
snce of the Markov model and the suitability of a particular order of the chain.

By resorting to relative criteria for “hot” and “cold” days, Sakamoto found he was able to
use a first order Markov chain to approximate the probability of hot and cold spells of various
lengths. Use of second order Markov models produced a slight improvement in the resulting proba-
bilities , but the small gain in precision was not sufficient to justify the added computational
expense in developing and applying the more complex models.

Similar work in applying first order Markov chains to cool and hot spells has been reported
by Caskey (1964) and Spiegel (1966), who indicated the first order model applied well enough.
Caskey (1964) applied the model of Gabriel and Neumann (1962), discussed below , to the problem of
calculating the probability of cold spells In London. The model equation is

r n-n 0Pr(C ,n) — - p(CIC)j p (CIC) n ) fl0
where Pr(C,n) represents the probability of n days of cold (C) weather , i.e., a cold spell of
n days’ duration. The conditional probabilities p(C C) represent the likelihood that a day will
be cold given that the previous day was cold , a constant independent of n. Note that the expon-
ent is not the number of days of the cold spell n but rather the number of days by which the cold
spell exceeds the baseline length n~ , given by Caskey as four. This is because the probability
that a cold spell of length n0 will continue k further days is p(CIC)k, where

k — n - n0

Other authors have considered whether sequences of wet and dry days can adequately be
represented by first order Markov chains. Caskey (1963), Feyerherm and Bark (1965) and Gabriel
and Neumann (1962) report that the first order Markov process is generally adequate for this
purpose , although in some cases it has not been completely satisfactory. Spiegel (1966) and
Feyerherm and Bark (1965) tested higher order Markov models. While these models did show slight
improvement over the first order Markov chain , the improvement did not seem to justify the
greater computational expense involved in development and app lication of the more complex models.

c. Probability of Precipitation or No Precipitation in an Interval of Time.

If we consider that there are two kinds of days, dry (D) and wet (W), then the probability
Pr (W ,n) that precipitation will occur at some t ime during an interval of n days can be given in
terms of the probability q(W,n—l) of precipitation in n—i days and the conditional probability
p(W,n I 0, n—I ) of a wet nth day following a period of n—l dry days.

As is the case in many combinatorial problems , this problem is best solved by considering the
complementary probabilities , i.e., the probability of dry weather. The probability Pr(0,n) of
n consecutive dry days is simply one minus the probability Pr(W,n) of precipitation occurrence on
any day among the n days. Mathematically ,

Pr(D,n) — 1 — Pr(W,n)

Likewise, the conditional probability of a dry day following a period of n—l dry days is simply
one minus the conditional probability p(W,n D, n—i) of a wet day following n—l dry days , i.e.,

p(D,n D ,n—1) — 1 — p(W,n I 0, n—l)
and the marginal probability q(D,n—l ) of n— l dry days is one minus the marginal probability
q( W ,n—l) of n—i wet days:

q(D,n— l) — 1 — q(W,n—l)

Thus the probability of n consecutive dry days is

Pr (D ,n) — q(D ,n— l) p(D,n I D,n—l)
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• 
In terms of complementary probabilities , this is

1 — Pr (W ,n) — [1 — q(W,n—1)] . [1 — p(W,n j D,n—l)]

Expanding and rearranging the equation yields the recursive form,

Pr(W,n) — q(W,n—l) . [1  — p(W,n I 0, n—l)] + p(W,nl D,n—l)

If the process is first order Markov, the conditional probability p(W,n I D,n—l) that the
nth day will be wet following n—i dry days is influenced solely by whether the day inmiediately
preceding day n is dry or wet. For consistency with our earlier notation , let us say that for
the first order Markov process.

p (W,n I D,n—l) — p(W I D)

Under these circumstances , the model equation becomes

Pr(W,n) — q(W,n—l) • [ 1 — p(W I 0)) + p(W I D)

Caskey (1963) shows that this equation reduces to

Pr(W,n) — 1 — [1 — q(W)] • [ 1 — p(W I D)) n—l

where q(W) is the marginal probability of any day being wet .

If this model equation is to be applied to real problems , then values of q(W) and p(WID) must
be obtained from the historical data. Two choices are open. Either we can estimate both q(W)
and p(W J D) directly from the data; or we can obtain p(W I D) and p (WIW) from the data and then
obtain q(W) from the identity of Gabriel and Neumann (1962):

q(W) — p(W I D) • 1 1 — p(W I W) + p(W I D)J —l
Consistent wi th  our notation, p (W W) is the conditional probability that a day will be wet given
that the previous day was wet.

In applying this model to actual rainfall data , Caskey (1963) found that sequences of vet
and dry days car, be represented adequately by the first order Markov chain.

A first order Markov model suitable for estimating the probability of wet and dry spells of
arbitrary length , the probability of exactly a wet days among n days following a vet or dry day,
the probability of a wet days among any n days, and the probability of a weather cycle of a days
has been formulated by Gabriel and Neumann (1957, 1962) and Gabriel (1959) , who found the model
fits Tel Aviv daily rainfall data quite well.

In developing the model, Gabriel and Nuemann (1957) reasoned that the lengths of wet and
dry spells conform to a so called “geometric” distribution (Feller, 1950, p 217) to a good
degree of approximation . Under the geometric distribution , the probability that a positive,
integral—valued random variable X equals a particular integer k is given by

Pr(X—k) — — j k—l

where k — 1, 2, 3, ,.. and p is a conditional probability . We can particularize this to the
problem of vet and dry spells. We reason that p(W t W) is the probability of a wet day followed
by another wet day, i.e., the probability of two wet days in sequence. Likewise, the probability
of three wet days in sequence is

p(W I W) p(W I W)

and of four wet days is

p(W I W) p(W W) p(W I W)

Generalizing, it is apparent that the probability of k wet days in a row is

p (WjW)k 4

which can be interpreted as the probability that a vet day will be followed by k—i wet days. - i~,’
Th. probability p(D W) that a wet day will be followed by a dry day ii the complement of
p(W I W), so

p(D 1W ) — 1 — p(W I W)
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We may think of a wet spell as a sequence of k wet days terminated by at least one dry day. Thus
the probability of a wet spell of exactly k days is the probabilit y of k wet days followed by
a dry day, or

Pr(W ,k) — p(D I W) . p(W I W)k~~
or

Pr(W,k) — [1 — p(WIW)) . p (W I W) k~l

which is identical with Feller ’s geometrical distribution , given above. The same reasoning
can be used to obtain the probability of a dry spell of length k:

Pr(D,k) — [1 — p(D I 0)] . p (D I 0)k_l

Obviously , we are working wi th a Markov transition matrix:

Current Day

Dry (D) Wet (W)

~~~ POD — o(DID) p
~w 

— p (WID)

Previous 
_____________________

~~~~! PWD — o(DIW) pi’~j — n (WIW)
1~2

so that

p(DID) + p(W ID) 1

p(DIW) + p(W 1W) — 1

In such a model , the probability of rainfall i days after a wet day is

Pr (W ,W+i) — q (W)  + [i — q(W)J.[p(W I W) — p(W ID) )’

where q (W) is the marginal probability of a wet day, given by

q(W) - p (WJD)
1 -  p(W I W) + p(W I D)

The probability of rainfall i days after a dry day is, by analogy .

Pr(W,D+i) = q (W) + q(W) . [ p(W I W) — p(W I D)) ~
It is apparent that both Pr(W,W+i) and Pr(W ,D+i), the probabilities of rainfall i days after a
wet or dry day, respectively, both converge to q(W), the marginal probability of a wet day, with
increasing 1. This is the Markov process gradually “forgetting” its initial state. The marginal
probability may be estimated from

q (w) — p (W D) . ( 1 — p (W 1W ) + p (W I D) ] — l

as shown above.

Defining a weather cycle as a combination of a vet spell and an adjacent dry spell, Gabriel
and Neumann (1962) found the probability of a weather cycle of length n days is

( [1 — p(W 
~ 
D) 3 n—i p (W I

Pr (C,n) — p (W I D) . (i — p(W J W)) 5
t 1 — p (W I 0) — p(W I H)

The probability of exactly s vet days among n days following a wet day is

Pr(sWIW+n) S p (WIW) [1 - p(VID) ]m_ ’ . -
~

ç~1 faj fn .,s .flft - p(W ,W )~I
b 1p(WID) 1’

~~ L~JL b-i .J [L - p (W I D~J j, (wlW)J
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where

(n + ¼ - 12s-n+%I for s ( n
ci — 1

(0 for s n  (and sum them involves only this ter m)

and where a and b are the least integers not smaller than 4/Z) (c—i )  an d G/ ~ c , respectively.
Similarly, the probability of exactly 5 wet days among n days following a dry day ii

Pr(5W ID+m) — p(WIW) 
~~ 

-

~5o rs-i1rn-s~rt - p(VIW)1’ rpcwID)lb

~~ ~ -lJ~, a J~,l - p(W ID)j Lp(~11W)J

where

+ ¼ - 12s-n-¼ 1 for s > O
C — .
° j

~o for s O  (and sum then involve s only this term)

The probability of a vet among any a days is

Pr(sW In) — q(W) Pr( sW~W+n) + [I - q (W)] Pr(sWID+n)

Gabriel and Neumann (1962) suggest that the close fit of their simple , f irst order Ilarkov
model to daily rainfall in Tel Aviv implies the distribution of wet and dry spells is not
“periodic” or “ha rmonic” to any appreciable extent in the location and at the scale considered.
Furthermore, in order to fit the Markov model ’s requirement for the independ ence of day n rainfall
from that on any day earlier than n—i , the daily rainfall —— at least at Tel Aviv -— must be
among those weather elements that “decouple” or decorrelate rapidly. Presumably , certain other
weather elements might not decouple as fast as the daily rainfall and might therefore not be
modeled as well by a first order Markov process. Other weather elements might decouple faster,
perhaps allowing use of a model in which the weather on day a is assumed to be entirely independent
of weather on all previous days. The Bernoulli process (Bernoulli trials), whose outcomes conform
to the binomial distribution , might then be a more appropriate model than the Markov chain.

16. Developmen t of the Regression Equations: Generalized vs. Localized Operators.

We have seen that an •quivalent 1’Iarkov prognostic model can be developed by using a multiple
linear regression scheme to produce a probability generating function 1’ in matrix form. Screen-
ing regression would logically be uaed to select the predictors included in the multiple linear

7 regression rela tionships whose coefficients define f~
Left unresolved in thi. ana lysis has been th. fundamental question of what shall be included

in the data set to be fed to screening regression to establish the .ultip le linear regression
relationships. Classically, the appro ach has be.n to use only predictand data from the individual
station for which forecasts are desired. The resulting multiple linear regression prediction
equation. (and probability generating func tion ~~) then apply only at the stat ion in question .
There •igbt in addition b. an effort to stratify the data by season , thus obtaining several
sets of statistical prediction equations, each peculiar to a particular station and season.
Such sets of equations ar. said to be localized operators in that their applicability i. local
in space, time , or both. By far th. grea ter number of local forecast studies have been made in
this way (George , 1960), presumably because their authors felt better skill could be obtained
by particularizing the predictands to one time and place.

This concept has been successfully challenged by Harris , Bryan and MacKon.gle (1963) , who
advanced th. concept of a generalized statistical operator as a viable a~t.rnative to the localized
operetor. A gnneraliasd operator is a statistically derived specification or pr.diction equation
that ha. general applicability throughout different times of year and at di f fe ren t  geographical
locations (Harris, et .1, 1963).
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Under the generalized operator concept , data are not stratified by predicrand station and
season but rather are grouped by continent—site region or possibly into a single, worldwide sample.
Under those circumstances , the prediction equations derived apply at any location in the region or
world , not just at one point. It is well to point Out that although the statistical prediction
equations thus developed are generalized and apply over a large geographical region, the predictor
vnlues have to be computed separately for each point at which the equations are to be solved.
Otherwise , of course , the scheme would predict homogeneous weather over the entire region.

The justification for the generalized operator concept is ultimately that the atmosphere obeys
the same physical laws over Tennessee that it obeys over Texas, Tahiti or Tibet. There is no
seasonal or geographical variability in the universal physical laws governing the motion , composi-
tion and state of the atmospheric fluid. Therefore, if statistical relationships can somehow be
made to capture the essential physics of the atmosphere rather than be dominated by temporal and
spatial variation in the absolute value of some of the atmosphere ’s variables, then the prognostic
applicability of those relationships will not be limited in space and time.

Indeed , generalized operators are not new. Dynamical weather prediction models ars among the
best examples of generalized deterministic operators . In these models, known physical laws are
expressed mathematically in the form of a somewhat simplified model of the atmosphere. Analogous
to these generalized hydrodynamical equations in the deterministic domain are the generalized
statistical operators in the domain of uncertainty. Limitations in numerical weather prediction
models and error in meteorological observations now prevent dynamical, deterministic prediction of
surface weather elements such as ceiling and visibility . Under these circumstances, statistical
operators in a mixed dynamical—statistical prediction scheme can help bridge the gap between model
capabilities and user expectations , producing probabilistic forecasts of surface weather elements
based on dynamical predictions of upper air patterns.

From a practical point of vi~w, there exist several reasons for preferring generalized
statistical operators over their localized equivalents:

— The meteorologist is frequently required to forecast the weather at a location
having either no historical weather data at all or having a period of record in-
adequate for preparation of classical, localized operator forecast studies. Part
of the job of the military meteorologist is to prepare himself to forecast for
Bare Bases, remote sites and forward areas that he never heard of before being
asked to forecast for them.

— Where there is a sudden demand for forecasts for many locations——as there
would be in wart ime——the derivation of a host of localized statistical operators may
require more time than is available or involve too great a cost.

For these reasons, it La well to proceed as far as possible with the generalized operator
concept. To do so, means must be found by which to subtract climatic and seasonal variability
from the atmospheric variables entering the prediction scheme as predictors and predictands. It
is not unreasonable to expect some success in this search to remove geography and season. Our
science shows us that whereas the absolute values of many atmospheric variables may be influenced
by seasonal climatic regime and location , it is often the relative measures such as changes and
gradients in parameters like pressure or moisture that dictate the production of weather. Accord—
ingly, it ought to be possible to t reat  or somehow transform these atmospheric variables such
that their seasonal and geographical variability is removed. Simple methods of doing this are to
use sea level pressure instead of station pressure, to give the temperature in ter ms of its devia-
tion from the norma l , or to use wind anomaly in lieu of raw wind data. We shall see below that
better means are available for doing this sort of thing. For now, it suffices to know that we
will have removed as much as possible of the geographical and seasonal variability of the parameters
to be used as predictors and predictands in a generalized stat is t ical  operator.

How does the generalized operator work? As shown in Figure 5, one starts by removing the
geographical and seasonal variability from the parameters to be used as predictors. Sometimes
in addit ion one normalizes the variables if one ’s prediction scheme requires normally distributed
input data. The treated predictors are shown as in Figure 5. Next the treated predictors are
fed to the generalized statistical operator , which might be an equivalen t Markov regression scheme
such as the one discussed above, or perhaps a discriminant function. The output of the generalized
operator is a probabilistic forecast P(Tj) for each Yj .  A reverse transformation is used to obtain ~~~~~ I
P(Y 4) for y in the society ’s conven tional units of measurement. The stat is t ical  operator is
gen4ral In ~bat it Is used for all locations and tiaes, whereas the transformations and inverse
t ran sformat ions  are local , being peculiar to a time and place.

_ _ _  
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Figure 5. Use of a generalized statistical onerator.

Generalized statistical operators such as this are of two types, the single station operator
and the network operator. In short period prediction, persistence dominates and the observation
at the station itself is found to provide a large share of the information necessary for successful
prediction. Only the single station operator will be discussed to any great extent in this chapter.

Harris, Bryan and MacMonegle (1963) developed generalized statistical operators of both the
single station and the network type f o r  terminal forecasting at arbitrary locations over extensive
geographical areas. The single station operators could use as predictors only data from the predic—
tend location Itself. Predictands included ceiling, visibility and total cloud amount in 2, 3,
6 , 12, 18 and 24—hour forecasts. Predictors emphasized the primary Sutcliffe development equation
terms, vorticity advection and thermal (thickness) advection. Developed from dependent data, the
generalized operators were tested against a withheld , or independent data sample,

To remove seasonal and geographical variability from parameters used as predictors and
predictands, Harris, et al , used transformed variables called standardized anomalies. These are
essentially the anomaly A(Xij) of the ith observation of the jth variable Xj. where

A(X ij) — (Xjj - L
j
)

—

expressed in units of the variability of the variable. Specifically, the standardized anomaly
S(Xjj) of the ith observa t ion of the jth variable is given by

S(X jj) — 
X j1~ - X .,

where ~ (L) 1. the standard d.vigtion of the jth variable. Both 1. and I(Xj) are local to the
time and place where is observed. i
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Why div ide by the sta nda rd dev iation ? This is done because the natural variabilit y of the
weather d i f fe rs  fro. one place to another. Probability theory end comson sense tell us that “an
anomaly is much more anomalous ” if it represents a 2~ deviation from the mean than if it constitutes
a mere 16 deviation. Therefore, the standardized anomaly, which represents the mean departure in
terms of the number of standard deviations by which it departs from the mean , is better related
to the probability density of the variable than the raw anomaly A (X ii) would be. Furthermore,
the standardized anomaly is more free of seasonal and geographical variaBility than is the anomaly
i tself .

With normalized predictor and predictand data expressed in terms of standardized anomalies,
Harris, et al , (1963) then used the method of screening regression to develop predictor/predictsnd
relationships .

To test whether the generalized operator concept could compete effectively with the more
traditional method of developing single—station relationships , Harris , et al, developed two sets
of predictor/predictand relations , each constructed from a different dependent data set:

— The generalized operator , single—station relations were developed by
combining normalized standard anomaly data from several nearby stations.
with the data from one other station being withheld . Fot example, one data
group included Syracuse, NY; Brattleboro , VT; Hanscom Field , MA , and Providence ,
RI , with Westover API. MA , being withheld.

— The localized operator , single—station relations were developed using only
data from the station withheld from the generalized operator data set , i.e.,
Westover APB.

The predictors and predictands selected from the generalized operator forecasting relations were
also used in the localized operator equations.

With two set, of single station prediction equations developed——one generalized operator set
and one localized operator set——both sets were used to make forecasts on independent data for the
withheld station ( i.e.,Westover AFB). A simple persistence forecast was also run as a baseline
for evaluat ion of forecast ing sk i l l .  Two scores were used to compare performance of the competing
forecast schemes: percentage of hits and the Heidke skill score. Prefigurance and postagreement
were also computed.

In ceiling forecasts, both techniques beat persistence beyond about 6 — 8 hours, and the
generalized single station operator performed about as well as the localized single station equation.
The same picture held for visibility, except the statistical forecast techniques beat persistence
at all forecast periods beyond 2 hours. In forecasting the total cloud amount , both single station
technique s lost to persistence for all forecast periods, although the generalized operator method
again did about as well (or as poorly) as the localized operator technique.

Harris, et al, felt that the power of their prediction scheme was not seriously limited by
its use of a multiple linear regression equation to generate the forecast probabilities. Although
the regression equation itself is assuredl y l inear , the predic tands need not be. In fact , Harris,
et al , (1963, 1965) used as one of their predictors the hi ghly non—linear vorticity advection:

VflC - 
~~fl2 

+ af(~~) - v~~ (~~ ) +

Although prognostic techniques based on a network approach are strictly beyond the scope of
a chapter on single station forecasting, it is well to point out that Harris , et al , (1963) tested
generalized network operators a. well as generalized single station operators. The network opera-
tor s , except for forecasts less than abou t 3 hours , improved upon persistence in ceiling, visibility
and total cloud amoun t forecasting. The netwo rk techniques were in general lees skillful than
single station methods for short range forecas ts (less than ebout 3 — 6 hours), while at the longer
forecast period s, the networks ’ ability to diagnose the advection of meteorological fields gave
the. the edge over single station techniques. interestin gly, althoug h the single station approach
had significantly fewe r “hi ts” th an persistence at all forecast periods in predicting total cloud
amoun t , th e network techniques had more hits than persistence for all such cloud amount forecasts
except the 2—hour one . It appears cloud smoun t forecasting benefits more from having available - - - -

a spatial field of  information than does either ceiling or visibility forecasting. - -

In 1965, Harris, Bryan and NacMonsgle extended their 1963 work using generalized operators.
Th y retained their basic predictive scheme in which the probability of surface weather elements
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was forecast by generalized statistical operators using as predictors only parameters derivable
from 500, 700 and 1000 eb analyses. The earlier equations (Harris , et al , 1963) emphasized
the primary Sutcliffe terms, vorticity advection and therma l (thickness) advection. The later work
(Harris, et al , 1965) included as predictors such permanent effects as orography and coastal in-
fluence , the former providing a means of including forced vertical motion and the latter providing
for moisture sources. Also included as predictors were t ime—of—day parameterizations of the m ci—
dent solar radiation . In contrast to today ’s model output statistics (MOS), Harris , et al,
emp loyed a “perfec t prog” concept , where predictors were taken from analyses rather than prognoses.
In the 1965 work , five predictands were used: ceiling, visibility, total cloud amount , integrated
operating condition (ceiling/visibility categories), and occurrence of precipitation . The general—
Ized operators for each predictand were developed based on a sample of 16 stations spread evenly
throughout the United States east of 100°V. Another sample of 15 stations for the same area was
withheld from development and used as independent data in later tests of the method . Altogether .
data from 31 stations were used either as a development samp le or an independent test sample.

Three sets of prediction equations were prepared. The first set was permitted to use only the
purely meteorological parameters used in the 1963 work, such as vorticity advection and thickness
advection. The second set of equations was permitted to use these plus the orographic and coastal
effects terms. In deriving the final set of equations , the screening regression scheme was also
permitted to select radiation (time—of—day) parameters. Having three sets of prediction equations
allowed the authors to examine the incremental prognostic value provided by the additive terms.
It was found that the orographic and coastal effects predictors added significant information to
the estimation of all predictands in one or more seasons of the year. Forecast results along the
West Coast and along the eastern slopes of the Rockies were particularly improved by the orographic
and coastal effects terms. The time—of—day or radiation parameters added even more significant
information when permitted to enter the schemes for forecasting all elements except precipitation.
In fact , time—of—day was selected more frequently than any other predictor in equations forecasting
the visibility.

The prediction schemes of Harris, et al, (1965) improved upon “pure climatology” forecasts
for all predictand a and all seasons, with the greatest improvement occurring during fall and winter.
The relations derived held up when applied to independent data. The prognostic schemes proved
weakest in mountainous regions. The method using generalized operators was able to relate chan3es
in upper sir patterns used as predictors to changes in surface weather (predictands). The pre-
dictand fields could be analyzed much as weather maps themselves are. Features showed continuity
in space and time and retained a good correspondence with upper air patterns. The statistical
methods were able to produce realistically tight gradients separating large regions of fair skies
from small areas of adverse weather.

In applying the method of generalized operators, there are three problems to be overcome.

First , predictors must be devised that adequately characterize the physical processes produc-
ing the weather elements being forecast. Parameters such as thickness advection , vorticity advec—
tion and pressure change are good candidates. The parameters devised as predictors must be feasible
for computation on an operational basis.

Second , climatological biasing of the values of the predictor and predictand parameters
selected must somehow be removed or the resulting prediction equations will be unduly specific to
one place and time .

Th ird , physical characteristics of a particular locality may generate strong predictor/
predictand relationships that are not generally valid over the region as a whole. These local
effects must not be allowed to contaminate the generalized operator. It is generally possible to
devise and add to the list of candidate predictors various parameterizations of local effects
(e.g., station elevation, onshore component of the wind). Then, the generalized statistical rela-
tionship is developed from a sample of data including many stations. Under these circumstances,
there should only be minimal contamination of the generalized operator by station—peculiar re—
ist ionships.

17. Single Station Forecasting Models in an Operational Setting .

Single station forecasting techniques such as thoae presented in this chapter are particularly
feasible for operational application because of their simplicity. Once such a model is developed.
the user can obtain a probabilistic forecast of all future states of the weather at his location
simply by entering the conditions he observes at the time the forecast is made , No observations P
from outlying stations are needed . If the forecasting model is developed as a generalized opera—
tor , such that it has wide applicability over a large region , then the model constitutes a powerful,
mobile , stand—alone w.ath.r support capability, accompanying the forecaster on a tactical operation ,
jumping with him into an assault zone , or moving with him from place to place as the comeand element
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he supports is relocated . Provided forecasts are desirt~d only for the forecaster ’s immediate
vicinity, the models presented in this chapter have no need of weather communic ations. Nor do
these models depend on uncertain assistance from centralized weather support facilities that may
themselves be under attack or may be otherwise occupied with higher priority tasks.

A tactical scenario for single station Markov models is not difficult to imagine. Under
extremely primitive circumstances , the forecaster could be equipped simp ly with a small book
containing the several hierarchical matrix forms C~ needed to compute ~n in the equivalent Markov
model. The actual computations could be done by hand , requiring at most 5—10 mInutes to compute
the probability of each weather element whose forecast is desired. Under more permissive circum-
stances , the forecasts could be prepared automatically by a microprocessor or a programmable hand
calculator. The equivale nt Markov model for forecasting the ceiling at Kelly AFB , for example ,
fits easily into today ’s rugged Hewlett—Packard 67 programmable calculator. In developed weather
support facilities such as the Tactical Weather System (TWS) or Automated Weather Dissemination
System (AWDS), today ’s small , highly reliable miricompu ters would not be challenged at all by the
simple computational tasks involved in making single station forecasts by the methods we have
described .

Indeed , models such as this can form the basis of automated meteorological watch and short
range forecasting to be performed at the highly automated weather stations of the future. At
centralized weather support facilities such as the Air Force Global Weather Central (AFGWC), these
models can be expected to bridge the gap between initial time and the period 12—24 hours later
when numerical weather prediction models finally stabilize and begin to provide useful forecast
guidance through model output statistics (MOS). With both AFGWC and the weather stations using the
same prognostic models for at least the first 12 hours or so, compatibility of forecasts among
the various facilities is insured.

18. Summary and Conclusions.

We have seen that simple , yet powerful prediction methods of the Markov type can successfully
be applied to the problem of forecasting the weather at a station , given an initial observation
of the weather at that station only. This is single station forecasting by means of s tat ist ical
prognostic models.

An equivalent Markov model due to Miller (1968) has been treated in detail and found to be
comparable to the classical Markov model but much easier to develop and apply to practical fore-
casting problems. The same model is app lied to a large scale prediction problem in chapter 10
of this volume . It is shown that the equivalent Markov model can make use of predictors produced
by the model output statistics (MOS) method or on the other hand can be applied in the tactical
context , where key data are often denied and single station methods are needed . In the context
of weather support at developed facilities such as the minicomputer—equipped weather stations of
the future , the equivalent Markov model is proposed as a means of generating probabilistic fore-
caSts that bridge the gap between the current observation and the first useful numerical prognoses.
Use of models such as th i s  both at weather centrals and in the field would insure compatibility
of forecasts.

Decision assistance to specialized users such as mission planners and command and control
is shown to benefit from the use of so called ancillary models , which make use of the probabili s—
tic predictions generated by the equivalent Markov technique .

It is shown that by using appropriate generalized operatora it becomes possible to devise
a very smell number of single station forecasting methods that , taken together , are capable of
generating single atation (or network) forecasts for any location In the world, including those for
which local climatology is not yet available. Thus a small repertoire of equivalent Markov schemes
and an appropriate supporting system of ancillary models can adequately prepare a weather service
to meet a wide range of peacetime and wartime weather support requirements , some of which may be
difficult to anticipate and tedious to prepare for by other means.

I
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1. In troduction

In meteorology the ability to predict the weather at some time later utilizing the
weather parameters that are measured at the present time is a goal that has been long
sought by meteorologists. One problem is that there is uncertainty involved as to
the relationships between the present and future weather parameters. Therefore, the
use of probabilities facilitates the expression of these uncertainties. The various

J statistical methods of estimating prediction probabilities all have their weaknesses.
One w e a k n e s s  t h a t  is common to several methods is the inabilit y to account for non—
linear relationships of a joint relationship type. This chapter addresses that problem .

The definition of the prediction problem in terms of the present weather para-
meters (predictors) and the weather parameters that we wish to predict at some time
in the future (predictands) is as follows~

Predictors: IC — IC1, X2 Xi,, . . . . X~, (1)

Predictands: ! Y 1~ Y2 ~G 
(2)

where X and Y are Vector q~ antities and the X , X 2 ,  etc. represent present temperature ,
clouds , winds , etc. and Y 1,  Y 2 ,  etc. represent temperature , clouds , winds , etc. at a
later time .

Using statistical methods , the objective is to predict f(Y~ X) , the conditional
distribution of Y given 

~~~
. For example , using linear regression , if one wanted to

predict tommorrow ’s mean temperature T1, given today ’s mean temperature T0, f ( T 1 , I
T~ ) would be depicted as in Figure 1.
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If the conditional distribution is known the solution is somewhat easier ; if t~~e
distribution is not known then one can perform a piecewise estimation of f(Y~ x) as
dep icted in Figure 2.

‘ome of the statistical techniques that are available to predict f (Y~~x) 
are as

foll ows (Miller . 1969):

a. Contingency methods: These methods are weak because cell frequencies
become small or nonexistent when the number of predictors increases or the sample is
small

b. S te p w i s e  r e g r e s s i o n (Mi l ler , 1962)  w o r k s  we l l  when the pre d ic tor s and
predicta zo1~ are Continuous and f (Y IX)is Gaussian; this method is parametric.

c . Nonparametric Discriminant Analysis (Miller , 1962): Miller (1969) men-
tions that this method is very powerful , bu t compu ta t ionally burdensome an d there-
fore inf easible. Nonparametric refers to the fact that the distribution is unknown .
(Siegel, 1956). Addit ivity is assumed to hold.

d. Regression Estimation of Event Probabilities (REEP), (Miller , 1964) is a
stepwise regression procedure where the predictors and predictands are zero-one
variables. It is powerful like Nonparametric Discriminant Analysis , but the calcul-
ations are not as burdensome and therefore it is not infeasible. It is also non—
parametric . Additivity is assumed in REEP.

E~~~) 
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Two b i n a r y  o p e r a t i o n s  a n d  a r  o p e r a t i o n  of c o m p l e m e n t a t i o n  c a n  be d e f i n e d  u s i n g
the Venn diagram. The “cap operation, 0, equates to the intersection of the two
s u b c l a s s e s  or p r e d i c t o r s  and  is a l s o  t h e  B o o l e a n  l o g i c a l  a n d  o p e r a t i o n , s y m b o l i z e d  by
e. The “cup ” operation , U , or the union , equates to everything within tOe two
sub-classes and is the Boolean logical or operation which is symbolized by Ii. The
complementation operation is symbolized by a “— a and means everything within the
population outside of the subclass. Figure 4 depicts with a Venn diagram th ’-s e
operations utilizing predictors X 1 and X 2 -

2~A set of N predictors has 2 possible 000i — n functions. For the two predictors
and X 2 , therefore , 16 po s s i b l e  B o o l e a n  f u n c t i o n s  cx i st .  T a b l e  2 d e p i c t s  t h e  16

pos sible B o o l e a n  f u n c t i o n s , t h e i r a r i t h m e t i c  e q u i v a l e n t , ~~~ t h e i r  co r r e s p o n d i n g
Ven n diagrams (Miller , 1969).

The log ical or 
- 
and logical and Boolean operators can be defined a-; in Tables 3

and 4 respectively. The 13th function in Table 2 is usually defined as the exclusive
or operator (Table 5).

-

~:~~
-< . 

J 
‘~~~~~~~~~~~~~2 

l L)
~~2

_________ ~~ _________ 

-

F i g u r e  4 .  Cap , cap , and  c o m p l e m e n t a t i o n  o p e r a t i o n s  (F l e q g , 1964)

W h e n  N is l a r g e , any tests o f the significance of each Boolcan function with
r e g a r d  to  a p a r t i c u l a r p r e d i c t a n d  w o u l d  be p r o h i b i t i v e  i n  t i m e  and  e f f o r t .  H o w e v e r ,
o u t  of 16 p o s s i b l e  B o o l e a n  p r e d i c t o r s , o n l y  s e v e n  d e p i c t  s i t u a t i o n s  t h a t  add  i n f o r m a -
n o n .  To i l l u s t r a t e  t h i s  f a c t , assum e th a t two p r ed i ctors , and  X 2 , a r e  d e f i n e d
as f o l l o w s :  -

X 1 — c l o u d  c e i l i n g  < 2 0 0  f e e t
X 2 — V i s i b i l i t y  <1/2  m i l e

I f  we w e r e  c o n c e r n e d  w i t h  p r e d i c t i n g  t h e  p r o b a b i l i t y  t h a t  an  a i r f i e l d  w o u l d  be b e l o w
l a n d i n g  m i n i m u m s  at some later t i m e , t h e s e  two  c o n d i t i o n s  w o u l d  v e r y  p o s s i b ly be
p r edi~ t o r s .

U s i n g  t h e  Bo ole a n  f u n c t i o n s  k r o m  T a b l e  2 , t h e  p h y s i c a l  e x p l a n a t i o n s  w o u l d  be as
given in ‘:able 6 .  As ca n be seen  f r o m  t h e  t a b l e , o n l y  t h r e e  cf  t h e  B o o l e a n  p r e d i c t o r s
would nor be redundant and would adds any i n f o r m a t i o n  b e y o n d  t h a t  p r o v i d e d  by t h e  R E F - P
formulation. They a re X 1, X2, and X

1 
8X

2
. The remaining thirteen are derivable as linear functions

of these three . 

2 N
Miller (1969) used the fact that there is a partial ordering amongst the 2 possible Boolean

f u n c t i o n s  to develop an a l g o r i t h m i c  method of uncovering the j o i n t  p r e d i c t iv e  i n f o r m a t i o n  tha t  one
is l ooking for and further reduce the testing for significance of t he  Boolean functions. This parti al
ordering is the lattice property.

Figure 5 depicts a non-Boolean lattice of the devisors of 12 and depicts the idea of partial
ordering. All numbers connected by lines moving upward in the figure are devisors of the hi gher
numbers . In a Boolean lattice the devisor property is not applicable , but a subset property can be
depicted in a similar manner as in Figure 6. Each node on this lattice of the predictors X 1 and \ ,
represents a subset of the nodes connected to i t  upwards in the l a t ti c e .  For example , r e f er r i n g  t~
the numbers of the Boolean functions in Table 2 which are shown on Figure 6, Func ti on 11 is a subse t
of Functions 2, 13 , and 5. These functions are then subsets of Functions 3 and 8, 3 and 9, and _

; -8 and 9 respectively. Figure 7 depicts the same Boolean lattice in zero-one iota t i ,n .

The basic princi ple underlying the SLAM is that if a Boolean node in the la tt i ce is s ign i f i can t ly
related to a particular predictand , one must decide whether to proceed up or down in the lattice in
order to obtain more information or more refined information. If the Boolesn function is significant-
ly related t) the predictand , It may be reflecting more important sources of information based upon
i ts position in the lattice (Miller , 1969).
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2 . N o n l i n e a r ity

One w e a k n e ss is common to a l l  of the  s t a t i s t i c a l  methods discussed earlier except
the continger,:y m e t h o d s ;  nonlinear information contained in the joint relationships
among the predictors must be known a pri ori . In l inear  relat ionships the effects of
the predictors are additive, while in nonlinear relationships the effects are not
additive (Siegel , 1956). Tukey (1949) discusses nonadditivity and suggests a test
for it.

Au example of nonadditivity beat illustrates this property. Suppose that one has
the following equation :

Prob (Y”l) — .2 + .2X 1 + .2X 2 ( 3 )

where IC1 and IC 2 are zero-one variables. Their rela tionship to the probability that

Y— l is shown in Table 1. The effects of the two predictors in this table may have
been de termined by using contingency methods. If neither X 1 nor  X 2 a r e  “on ” ( e q u a l
one), i.e., neither occurred and are  ze ro , t h e  p r o b a b i l i t y  t h a t  Y~~l is .2, Like-
wise , if either or X 2is “on ” the probability is .4 (from Equation 3). However ,
if both X 1 and  X 2 are “on ” the probabil ity that Y=1 is .9 while Equation 3 would g i ve
a probabili ty of .6. This relationship is nonadditive or nonlinear because the
e f f ect s of t h e  p r e d i c t o r s  are nonadditive. Had Equation 3 been of the form

P rob (Y ~~l)  . 2  + .2X 1+ .2X 2 + .3X 1X2 (4)

then the effects of the predictors would have been additive.

Tab le  1. Relationships of Predictors X 1 and X 2 to Prob (Y~~l).

1 Predictor X2

— 
0 1

0 • .  . 4

Predictor IC1 
—

1 .4 .9

3. Screening Lattice Algorithm (SLAM )

Miller (1969) developed an algorithm to overcome t h i s  w e a k n e s s  i n  R E E P .  T h i s
a l g o r i t h m , the  sc r e e n i n g  l a t t i c e  a l g o r i t h m  ( S L A M )  , can be used to f i n d  jo i n t pre-
d ictive information among the predictors.

The SLAM u t i l i z e s  B o o l e a n  a l g e b r a  a n d  l a t t i c e s  to f i n d  t h e  j o i n t  r e l a t i o n s h i p s .
In order to use Boolean algebra , all of the predictors must be considered as zero-one
variables. Since the REEP predictors are zero—one variables, this algorithm can
easily be u tilized in conjunction with REEP.

F l e g g  (1 96 4 )  offers an explanation of the Boolean algebra and Boolean functions
that the SLAM employs. Utilizing Boolean algebra one can study the significance of
relations between classes (Flegg, 1964).

If one has two predictors , X1 and IC2, wh ich are elemen ts of the total popula ti on of pred ictors ,
they and their relationshi ps can be depi cted using a Venn diagram and they can be considered as sub-
classes of the total population. This pair of predictors is shown in Figure 3.

Figure 3. Venn Diagram
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Table 3. Logical or Operator (Miller , 1969).

8 X 2=0 X 2 =l

x l =0 0 1

X1
=l 1 1

Table 4. Logical and Operator (Miller , 1969) .

8 X2~
O X2=l

x 1~ O 0 0

X 1~ l 0 1

Table 5. Exclusive or Operator (Miller , 1969).
Exc lusive 

~or 2 2
X 1=O 0 1

x l~ l 1 0

Table 6. Boolean Predictors for Ceil ing <200 feet (X
1
) and V i s i b i l i t y  <1/2 mile  (X 2 ) .

Boolean Phys ical Remarks
Function Explanation

1. Ceiling <200 ft

2. Vi s ib i l i t y  <1/2 mi

3. Ceiling <200 ft
or Vi s ib i l i t y  <1/2 mi

4. Ceiling <200 ft
and V i s i b i l i t y  <1/2 mi

5. Ceiling >200 ft Redundant with No. 1. (Use 1 or 5)

6. Visibility >1/2 mi Redundant with No. 2, (Use 2 or 6)

7. Ceiling <200 ft
or Vis ib i l i ty  > 1/2 mi

8. Ceiling >200 ft
or V i s i b i l i t y  <1/2 mi

9. Ceiling >200 ft Redundant with No. 4. (Usc 4 or 9)
or V i s i b i l i t y  >1 /2  mi

10. Ceiling <200 ft Redundant with No. 8. (Use 8 or 10)
and Visibility >1/2 mi

11 . Ceiling >200 ft Redundant with No. 7. (Use 7 or 11)
and Visibility <1/2 mi

12. Ceiling >200 ft Redundant with No. 3. (Use 3 or 12)
and VisiEil lty  >1 /2  mi

13 . (Ceiling > 200 ft
or Visibility >1/2 mi)
and (Ceil ing <200 ft or
VT~ibili ty <1/2 mi)

14. (Ceiling >200 ft or Redundant with No. 13 (Use ~3 or 14)
VIsibil ity <1/2 aT~ and(CeilIng <200 ft or
Visibility ~1/2 ml )is. Gives no meaningful information . I -

~

16. Gives no meaningful information.
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Figure 5. The Lattice of the Divisors of 12 (Miller , 1969). ,~V •~~
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The resulting algorithm (SLAM ) is as follows (Miller , 1969) :

a .  Run the st r a ig ) ~t kEEP o n t h e  d a t a  ( X on Y g ) .

b. Selec t  the X ’ s which a r e  significantly related (singly) to Yg~

c. Select significant exclusive ors among the unselected pairs of X ’ s from
step b.

d. Generate all of the Boolean ands , ors , and nots between the pairs 8elected
in steps b and c.

e.  Sele ct those  g e n e r a t e d  i n  s tep  d t ha t  add s i g n i f i c a n t  i n f o r m a t i o n  over  t h e
REEP variables of step a and the raw pair making up the generated variable.

f. Continue generating and selecting until convergence.

g. Run a final REF.P on a set of predictors consisting of all variables selected
as s i g n i f i c a n t  in any of the above steps.

According to Miller (1964), the following procedure can be used to select the
predictors in the kEEP procedure: From the set of the P individual predictors,
select the first predictor X1, such that it contributes most significantly (better
than chance) with regard to one of the G predictands (see Equations 1 and 2);
the predictor IC1, has a computed F distribution statistic that is larger than any one
of G computed statistics for the remaining P—l predictors.

In the same manner the other predictors X 2~ IC3, . . .~~ 
X~ pr e d i c t o r s  r a n  be

selected when they are considered in conjunction with the preceding predictors. The
selection process c o n t i n u e s  un til X r 1 is not satisfactorily significant. At each
of the r aelection stages the G possiSle computed F statistics are compared with a
critical value of F,,. The size ~ is given by the equation (Miller , 1964)

— 1 (5)
20 P — (S - 1) - -

wh.r. S is the number of predictors that have already been selected .

L i k e w i s e ,  a se lec t ion  procedure for selecting the Boolean predictors can use the
F test where th. size is g iv en by Equation 5 .

4. Applications of SLAM

S i m u l a t e d  e x p e r i m e n t :  To test  the  a l g o r i t h m , a set of d a t a  was  g e n e r a t e d  w h i c h
contained a preassigned relationship. The objective was to determine how closely
th. original relationship could be reconstructed.

Specifically, one hundred data vectors were generated using random numbers each
consisting of ten thousand elements, as shown in Table 1.

VariablesObserva t ion
xl . . .  x100

1 x1 1  IC1 2  . . . x1 100

2 IC2 ,1 X 2,2 . . . x2 100

3 X 3 , l  X
3 2  . . . X 3 ,1~~~ 

V
3

10000 X X
10000,1 10000 ,2 . .. X10000 100 

Y
10000 ~~~~~• . -

Table 1

8-12 1
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The individual observations are either zero or one. A one was assigned to an
observation if a selected random number r (0< r < 1.00) was exceeded by the percent—
age des i red  f o r  that variable. The 100 perc~ hti~es were extracted from a random
number table. Once the data matrix of Table 1 was constructed the following four
Boole an v a r i a b l e s  were  d e r i v e d :

( X
1

8 X
2

) 8 X
3

— (X 1 1x 4 )

Z 3 = (IC 2 B X 4) B (IC 1 B x 5
)

z4 —

Further , a linear function was constructed which has all the features of a kEEP
equation . i.e., es timates the probability that the predictand V’ s observation value
is a one. For this simulated experiment t h e  “ R E E P ”  equa t i o n  is

Logical Form:

Prob (Y 1) .399 + .239Z1 + .137Z 2 + .257Z 3 — .384Z4

or

Arithmetical Form:
A A A A A

Prob(Y—1 ) — 0 1 2 3 4
.399 — .l44X 2 — .2 3 9 I C

1
X 2 

— .239X 1X 3 + .137X 1X4
A
5 A 6 

A
7 A 8

— .2 5 7 X 1X 5— .239IC
2X 3

+ .257X
2X4

+ .239X
1
X
2X 3

A9 A 10
- .257X

1
X
2
X
4
# .257X

1
X
2
X
4
X
5

Prom this equation each of the 10 ,000 observa tions of the V vector were deter-
mined . Namely, a random number between zero and one was drawn and if its value was
exceeded by the equation estimate a one was inserted in the Y vector for that obser-
vation otherwise a zero was inserted. The data were then subjected to a computer
program which carried Out the steps in the algorithm.

The results are shown below in ari thmetical form.

Cons tructed Reconstructed

A0 
(Additive Constant) .399 .399

A 1 (X
2
) — .144 — .149

A 2 
(X

1x 2
) — .239 — .245

A 3 ( X
1
x 3

) — .239 — .245

A 4 
(X

1
X
4
) .137 .123

A 5 (x
1
x
5
) — .257 — .248

A 6 (X 2IC3) — .239 — .245

A 7 (X 2 X 4 ) . 2 5 7  . 2 7 7

A
8 ( X 1 X 2X 3 ) .239 .245

A
9 

(X
1
X
2
X
4
) - .257 .000 • 

- —
~~~ 

(X 1X 2X 4X 5 ) 257 000 a.

.4 
~~ , It .hould be pointed  out th.t the last two terms are not as d i f f e r e n t  as might

be interpreted at f i r s t  g l ance .  The s i m u l t a n e o u s  event  X 1 X 2 x4 occur r ed 27 t imes in
10,000 while t l,s even t X 1X 2X4X 5 occurred 15 times. Thu., the lack of fit affects - - -

- 
- --. only 12 obs•rvat iona out of 10, 000 s inc,  the c o e f f i c i e n t s  on th . l as t  two terms 

•
nullify each oth.r. This lack of fit may be attributed to the fact that statistical
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significance was required of all Boolean functions selected . For the sample size
used  th i s  s m a l l  con t r i bu t i on  f a i l e d  to e x c e e d  the c h o s e n  s i g n i f i c a n c e  l e v e l
(— — .05).’

It was concluded that reconstruction was performed to a satisfactory degree .

Fur ther experiments: Three data bases were used to test SLAM . Each of these
consisted of real world observations. The first of these , the Travelers automobile
insura nce data and the problem requiring Solution , motiva ted the development of
SLA M under the Travelers Environment and Man contract .

(1) Data Base: The Travelers Insurance Companies real—time data files.

Given: The predictors were the items recorded on the applications of 8,000
i n s u r e d s , such  as , s ex , a g e , s t a t e  of r e s i d e n c e, u se  c l a s s , p a s t
d r i v i n g  record , occupation , etc. The predictand selected for study
was the event that one or more claims would be submitted by the in-
sured over the followin g twelve month period.

Object ive: Predict the probability that the insured would submit one or more
claims over the next twelve month period.

Solu tion: The equation determined from SLAM and the associated selected pre-
dic tors were:

Travelers Insurance Companies Da ta

Co e f f i c i e nts Se lected P r e d i c tors

.073 (Additive Constant)

.145 NE Reside nt and Use Class 87

.137 Vermon t Resident

.064 Age 68-72 and Small Land Area State of
R e s i d e n c e

.068 NE Resident and Use Class 37

.056 Use C l a s s  97

.044 W a s h i n gton , D.C. Resident
— .044 Use Class 88
- .0 3 3  Id a h o  R e s i d e n t
- .03 3 Low Population to Land Area State

of R e s i d e n c e
.024  O c c u p a t i o n  ( S k i l l e d , Un skilled , T e c h n i c a l ,

Factory Worker)
.024 Sta te of Residence has Mandatory Inspection
.023 Use Class 87
.015 Acci dent Prior to 1966

— .015 Low Popula tion Growth State of Residence

Independen t Data Results:

Base  R E E P  S L A M

I n f o r m a t i on ’’ .2871 .2838 .2792
P s co re ** .1497 .1496 .1495
H i t s  7 3 4 8  7348  7348

Diacussion : The p r e d i c t o r s  s e l e c t e d  appea r  to be reasonable. The importance of
each predict oi can be interpreted as follows: When a predictor ’s
condi tion is satisfied (its value is equal to unity) the amount of
the corresponding coefficient is added to the additive constant
(the first coefficient ahown). Should the condition not be satis-
fied nothing is added. Thus , a New England resident in  Use  C l a s s
87 will have .145 added to the probability that he will be submit-
ting one or more claims within the twelve month period in question.

_ _ _ _ _ _ _  I-*
• ‘This  5% l e v e l  of s i g n i f i c a n c e  has  been a d j u s t e d  f o r  the  number  of p r e d i c t o r s

screened . For a discussion of this point see Miller (1962).
‘‘Smaller values are preferred .
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If an average claim is , say $500 , then a New England applicant
s a t i s f yin g Use Class 87 (unmarried; male; 21—24 years old,
plea sure , w o r k , o r b u s i n e s s  u s e  bu t no t f a r m e r ; m i l e a g e  im-
ma terial) should have his pure premium increased by $72.50 to
o f f s e t the a d d e d r i s k  he re p r e s e n ts to the i n s u r a n c e  c o m p a n y .
An independen t test was made to determine the reliability
of the selected predictors and of their coefficience. For an
i n d e p e n d e nt s a m p l e  of 8 ,000 o b s e r v a t i o n s , the e q u a t i o n  v e r i f i e d
i ts reliability and skill over straight REEP.

(2) Da ta Base: The Connecticut State Highway Department accident data.

Given : The predictors were the characteristics recorded on 5 ,000 car-
car ac cidents in Connecticut. These included such items as:
loca t ion , h o u r  of d a y ,  d a y  of y e a r , age  of d r i v e r  c o n s i d e r e d
the v i c t im , model year of automobiles , con t r i b u t i ng fac tor, type
of vehicle and violation.

Objec tive: Predict the probability that the driver considered to be at
f a u l t w a s  t w e n ty y e a r s  old  or l e s s .

Solu tion: The equation was determined from SLAM and the associated
s e l e c t e d  p r e d i ctors  w e r e :

Connec ticut State Hi g h w a y  D e p a r tm e n t D a t a

Coefficien ts Selected Predictors

.261 (Additive Constant)
- .218 Driver Under the Influence
.159 Hardtop and Darkness with Highway Illuminated
.142 Convertible

- . 142 Convertible and Darkness with Highway Illuminated
.082 Vehicle Type Unknown (Other than Sports Car)

— .078 Model Year 1962
— .073 Dayligh t
.073 ~~ Dayligh t and 8 PM — 9 PM

Independent Data Results:
t

Base  R E E P  ~ SLAM

Information ’ .5421 .5241 .5214
P Score’ .3448 .3441 .3434 k
H i ts 3189 3189 3189

Disc u s s i o n :  I n t e r p r e t a t i o n s  can  be made  r e g a r d i n g  t h e  i m p o r t a n c e  of  t h e
selec ted predictors. For example, s i n c e  mos t p r o b l e m  d r i v e r s  a r e
a l c o h o l i c s  and since few young drivers are alcoholics , i t seeI!~s
reasonable that .218 would be subtracted from the probability that
the driver at fault is <20 given that the driver was under the
influence. The independent sample of 5 ,000 cas e s c o n f i r m s  t h e
stability and effectivensss of the SLAM procedure.

(3) Da ta Base: United States Weather Bureau records for Hartford , Connec ticut.

Given : The predictors were the observed weather elements at forecast
time , such as : temperature, c loud  types , ceiling heigh t , visi-
b i l i t y ,  w i n d , h u m i d i ty ,  wea ther (haze , fo g , rain, snow , etc.),
time of day and day of year. The predictand chosen was the event
that there would be no weather one hour after forecast time.

Objective: Predict the probability t’— ’- there would be no weather (no haze ,
no fog, no rain, no snow, etc.) one hour in advance. ~~~~~~

‘Sm a l l e r  v a l u e s  a re  preferred.
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Solu tion: The equation determined from SLAM and the associates selected
pr edictors were:

Har tford, Connecticut Weather Data

Coefficie nt Select€~d Predic tors

,078 (Additive Constant)
.166 NO WEATHER
.045  CI G U N L I M I T E D
.058  C I G  1 0 0 0 — 5 0 0 0  f e e t
.284 VIS 15 miles - -

.266 VIS 10—14 miles

.191 VI S 7—9 miles

.161 J A N U A R Y

.052 A UGUST
— .083 RLH 90—100%
-.064 WDR SE
.058 WSD 10-18 knots
. 152 ( N O  W E A T H E R )  ( C T L  S C )

- . 161 ( N O  W E A T H E R )  (CTL F S )
.005 ( N O W E A T H E R )  (C TU NS, ST)

- .1 61 ( N O  W E A T H E R )  ( J A N U A R Y )
- . 161 (CTL L’S) (JANUARY)
— .266 (CTL L’S) (VIS 10—14’ m i l e s )
— .11 6 (CIG 1000—5000 feet) (WSD 10—18 knots)
— .266 (VIS 10—14 miles) (LIGHT RAIN)

.0 0 5  ( N O  W E A T H E R )  ( W S D  2 — 8  k n o t s)  ( CTU NS , ST)

. 161 ( N O  W E A T H E R )  ( W S D  2-8 knots) (CTL FS)

.161 (NO WEATHER) (CTh L’S) (JANUARY)

. 2 6 6  ( W S D  2 — 8  m i l e s )  ( C T L  L ’ S )  ( V I S  10—14 m i l e s)

.161 (WSD 2-8 miles)) (CTL FS) (JANUARY)

.266 (CTL FS) (VIS 10-14 miles) (LIGHT RAIN)

.297 (CIG 1000—5000 feet) (DBT 7l_ 800) (VIS 3- 6 miles)
- .161 (WSD 2— 8 miles) (NO WEATHER) (JANUARY) (CTL L’S)
— .266 (WSD 2— 8 miles) (CTL FS) (VIS 10—14 miles)

( L I GHT R A I N )

Discussion: A note of caution needs to be raised in this example. The
selec ted predictors shown and their corresponding coefficients
r e s u l t e d  f r o m  a v e r y  l i b e r a l  t e s t  of s i g n i f i c a n c e .  I t  t u r n s
ou t that no Boolean predictors showed significance at the usual
5% level over and above the predictors selected using straight
REEP . The predictors shown are being presented only for illus-
trative purposes. The fact that none of the Booleans showed
significance at the 5% level for such a short period weather fore-
cas t seem !-ighly plausible. A more reasonable data base for un-
cov e ri~~-J L 3 o o l e a n  predictors would have been for forecasts of
l o n g e r  r a n g e  L~~ unfor tunately none was readily available.

5. Conclusion:

This rep ort has presented e method for dealing with nonlinearity or nonadditiv-
ity in predicting meteoroI~~iic aJ events with st,atistical methods. This method , the
SLAM , has the following features (Miller , 1969):

a. The SLAM is nonparametric ; no information about the underlying distri-
bution is required.

3
b. The SLAM is multi - ~riate.

c. The SLAM is nonlinear.

d The Sl.At~ h a n d l e s  q u a l i t a ti v e  variables easily



I ts position in the lattice (Miller , 1969). 
- - - 

J 
- - - 

-

- - 
8 — 4  

I

e. The results are interpretable .

f. Operational applications are easy to perform .

g. The SLAM handles missing, erroneous , or incomplete data systematically .

h. The SLAM processes large numbers of variables efficiently .

i. The SLAM processes large numbers of observations efficiently .

Further tests of the SLAM in meteorological applications should be performed to
determine its superiority or non-superiority over other methods .
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CHAPTER 9

DELPHI TECHNIQUE

by Lt Gui James W . Tay lor

1. I n t r o d u c t i o n.

For the  sy~~t e ms  ana l y s t , s u c h  t e c h n i q u e s  a s  r eg r e s s i o n  anai y s i~~, l i n e a r  p r og r a m m i n g ,  and
o t h e r s  too n u m e r o u s  to men t ion , a r e  the tools of the trade. However, there is a class of pro-
blems for which the purel y qua ntitative methods available to the analys t are e i ther  not appropr ia te ,
or have j o t  ye t  been developed . For examp le , in the a rea  of p o l i t i c s  a nd ~‘ r a t egy  fo r m i l i t a r y
pl a n n i n g, the  a nal ys t  mus t  assess  the  probable  i n t e n t i o n s  of the  enemy by we i ghin g and eva lua t i n g
a t remendous  amount  of nonquant i f i able  data . A n  examp le is the development  of the U . S . m i l i t a ry
role in space (Frye, 1968 , p. 311). One method tha t  mi ght be used to ad dr ess pr ob l ems is the
Delphi technique.

Z. What Is Delphi?

Developed by Olaf Helmer (1963), the Delphi technique is a methodology used to arrive at a
consensus of op i n ion . By u s i n g  the opinions of ‘ experts ” and by providing feedback, th ese
experts are permitted to e v a l u a t e  thei r own op inio ns in li ght of the opinions of others , and to
make ad iustments in their evaiuat~ons. Ai t~- r several iterations , a consensus of opinion is
generall y achieved , which , w h e n  q u a n t i f i a b l e , has been found to be very ccurate .

The ori gina tors of the Delphi technique believed it to be a possible method of forecasting
future events. In fact, one of the li rs; app lications of D-~lphi , in 1948, was to use the expert’
jud gements  or opinions of horse racing handicappers to obtain a better estimate of a horse ’s
chance of w i n n i n g  (Q uade , 1968 , p 3 3 4 ) -  Since t ;i en  it  has been used by seve ra l  d i f f e r e n t  organi-
zat ions  in  a wide var ie ty  of app l ica t ions .  For examp le , Corning Glass W o r k s  used the Del phi
techni que to f o r e c a s t  e l ec t ron ic  sales in the consumer  o r ien ted , i n d u s t r i a l , and gove r n m e n t a l
business  sec to r s  f ive  and ten yea r s  in the f u t u r e  (Johnson , 1976 , pp 52-56) . The U. S. A i r
Force used this technique  in an a t t e mp t  to q u a n t i f y the di~~t r i  u t i on  of q u a l i t y  requi red  by the A i r
Force amon g the nonpr ior  s e r - i c e  a - -ce s s ions .  It was  fe l t  that r e c r u i t i ng  onl y enl is ted person nel
h a v i n g a col le ge de gr ee ( the  hi gh ext r e m e )  would lead to ine f f i c i ency  an ’ 1 bo redom , whi le  rec ru i t -
ing onl y n o n - h i g h scho ol  g r adua t e s  would not p e r m i t  the Air  Force to c a r r y  out i t s  miss ion . The
Del phi techni que  was  app lied in an a t t e mp t  to quan t i f y a d i s t r i b u t i o n  of q u a l i t y  tha t  would enable
the A i r  Force to do i ts  job (Taylor , et al , 1972 , p 44) .

3. How A Del phi Exper iment  Is Conducted.

Wi th  thi s b r i e f  overview of wha t the Del phi t e c h n i q ue is , it  is app rop r i a t e  to  exp lain how a
Del phi ex pe r imen t  would be conducted.  Of course , the problem to be answered  must  have been
d ete r mined and the d ecis ion to use  t h e Del phi t e c h n i que  made in advance.

The fi r s t  s tep would be to select  the panel  of ‘ ex per ts , personnel  w i th  some knowled ge and /o r
expe r i ence  in the issues  to be addressed .  But  how m a ny  exper t s  a r e  needed ? What back ground
q u a l i f i e s  a person  as an “expe r t ”?

The f i r s t  q u e s t i o n  is eas ie r  t o  a n s w e r . R e s e a r c h  has  show n that 10 to 15 panel members  a r e
g e n e r a l l y su f f i c i e n t  to f u r n i s h  r e l i ab le  r e s u l t s . Fewer  than  10 m e m b e r s  may no t  provide adequate
info r m a t i o n  and feedback to obtain  r e l i a b l e  r e s u l t s , whi le  more than 15 may ser ious l y complic a te
the handli ng of the data (Johnson . 1976 , p 5 2 ) .

The second q ue st io n , “Wha t cons t i t u t e s  an e x p e r t ? ”  is more  d i f f i cu l t .  One method of side-
ste pping the a n s w e r  is to evaluate , or r ank  order , the panel members  by their  d e mun s t r a t e d
“~ xper t ise ” i n the f ie ld , and then  ass ign  r e l a t ive  wei g hts to the i r  inputs  a f ter  the responses are
in (Helmer , 1963 , p 5). A method that mi ght be used to rank order  the panel members-  -to be able 

bto - ay that  Mr. X is more of an “expert ” than Mr . Y- -would be to have potential  panel members
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4 name the person  he b e l i e v e s  is the  most  knowled geable  in the f ie ld .  By dete r m i n i n g  those who
r e c e iv e d  the mos t v o t e s , a p a n e )  of h i g hl y q u a l i f i e d  e x p e r t s  could be se lected (Nat Def lJni . 1976 ,

p 2). A n o t h e r method n i i g ht Lu- f o r  t hose  co nduc t ing  the Del phi expe r imen t  to r a n k  order  the
p o t e n t i a l  panel i r i c m h , -r s  by the ir past  p e r f o rm a n e:  How u r r e c t  have they been in previous
I Ca st  5.

H , ,wt - v er , Olaf l l e l m er ’ s or i gina l Del phi a pp l ic a t ions  did not cons ider  the re la t ive  degree of
e .x~~’ r t  ise  of t h e  panel . W h a t  is required is tha t  th e  v i e w p o i n t s  of all panel members have a
chance  f being Lu-~,rd .

A u ther important point concerning the panel and the Delphi technique is that of nonattribution,

or anony : i i it y .  Panel member s  m u s t  be free to state the reasons for their beliefs or choices with-

out  f ea r  f r i d i c u l e  (Quade , 1968 , p 334)

A fi nal  ques t ion  c o n c e r ni n g  panel membership- -A r e  there  enoug h resources  wi th in  the organi-
zation f r o m  which  a panel of exper t s  can be d rawn , or mus t  we go outs ide the organizat ion;  and
a re  t h ese  expe r t s  w i l l i n g  to p a r t i c i pate ? The w i l l i n g n e s s  to par t ic i pate f ac to r  can be enhanced if ,
i i i  the  be gi n n i n g  of the  ex p e r i m e n t , the b e n e f i t s  a nd r ew a rds to be gai n ed by the panel members  be
exp la ined .  To accompl i sh  th i s , th ree fac to r s  should be adequatel y covered at the s tar t :

1. The purpose of the  stud y,

? . A n  exp la na t i  n of the  Del phi te chniqu e and wh y it wa s selected , and

3. The b e n e f i t s  to the panel members  of pa r tici pat ion in the uxper iment .

A s  J eff r ey L. Johnson pointed out (Johnson , 1976 , p 53), the Del phi technique is based upon
f e e d b a c k . The panel m e m b e r s  have the benefi t  of the opinions of othe r experts and will  be
i n c r e a s i n g t h e i r  own knowled ge. If they are  unfamiliar with the Del phi technique, the y wil l  be

able to learn i t , and v i i i  poss ib ly be abl e to app ly it in doing the i r  own forecas t ing  in the future .
These  b e n e f i t s , by th et ’-i selves , may be su f f i c i en t  to encourage enough part icipat ion f rom wi th in
the organ i za t i on .  If not , the only r ecourses  avai lable  a re  to go outside the organization , and ,
possibl y, ha’~e to pay for the experts ’ knowledge and op i n ions .

4. A Delphi Example .

A gr adua te  meteor olog ic a l c o u r s e  in a pp lied s t a t i s t i c s  given by St. Louis Univers i ty  at Scott
Ai r Force Base, Illin ois in the spring of 1977 , of fe r ed an exce l l en t  oppor tun i t y  to cond u ct a

Del p hi e x per i m e nt. M o st  of the s tudents  in the c lass  w e r e  Air  Force wea the r  off icers , or
of f i c e r s  who had had cons iderab le  exper ience  in the wea ther  ca reer  f ie ld .  In addit ion , the re
w e re o the r  personne l  ava i lab le  at Scott A F B  working  in thi s f ield , e . g . ,  the Weather Service War
P lanne r  in  the headqua r t e rs  of the Mi l i t a ry  A i r l i f t  Command .

As part of the c lass  project , it  was decided that by conduc t ing a Del phi exper iment , t he c lass

m e m bc r s , by s e r v i n g  on the panel , would gain some u n d e r s t a nd i n g  of the Del phi procedures  and ,
at  the sam e t ;n j ’ , i t  mi ght be possible to answer a di f f i c u l t  meteo r ological quest ion --nameiv ,
“W h a t  fac tors  - if any - a r e  caus ing  the weather to c h a n g e ? ”

The t op ic i s  a broad one; the re fo re , it wa s n ecessa ry in the beg inning to r e s t r i c t  the area of
d i sc  u s s io n. By w e a t h e r  was  meant , for  examp le , l~ st wi n te r ’s ex t reme cold spell in the midwest
and the drought in the Pacific northwest. By change was meant a trend over a period of five to
ten years (as opposed to day to day changes  or changes occuring over thousand s of years .  ) So
what we were interested in discovering were:

I. Is the weather chang ing ?

2 . If i t  is  chang ing, what  f ac to r s  could be caus ing  these changes? and

3, What is the relative importance of each of these factors in affecting a change in the
w e a t h e r ?
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4 W i t h t h i s  ove r view of the  pu rpose o f t h e  st udy, the Del phi techni que was then exp lained to the
c lass . They would be asked for t h e i r  o p i n i on s  on w h a t  was  c a u s i n g  the w e a t h e r  to change . These
opinions would then be col lected , a n a l y z e d , and r e t u rned  to them fo r  a n e x t  i t e ra t ion .  In th is  way,
eve ryone would have the benef i t  of the en t i r e  class ’ knowled ge , a nd would be able to evaluate their
own responses  in th i s  li g ht .

The next  severa l  pages  a r e  the q u e s t i o n n a i r e s  w h i c h  w e r e  submi t t ed  to the c lass . The f i r s t
q u e s t i o n n a i r e  on page 9-3 served to e l i c i t  f r e s h  ideas on what  f a c t or s  may c o n t r i b u t e  to a f f ec t i ng
a change in the wea the r .  Th i r t y - f o u r  d i f f e r e n t  f ac to r s  w e r e  l is ted b y the class in response  to t h a t
question ’- ’P ire.  These a r e  l i s ted  in the second i t e r a t i o n  q u e s t i o n n a i r e  on pages 9-4 and 9-5.
Of p a r t i c u l a r  note is i t em number  34 on page 9-5 . Well  ove r half of the  c lass  indica ted  that
th ere had been no s ign i f ican t  change in the wea the r ;  that  the unusual  cold or droug ht  spel ls  tha t
have been exper ienced  a r e  wel l  w i t h i n  accep ted probabi l ity  l i m i t s . Howeve r , at the sa me t ime ,
those who i ndicated that  t h e r e  had been no si g n i f i c a n t  c h a n g e  in  the wea the r  a lso l isted other
f actors ( f rom the f i r s t  33 on the l i s t )  that w e r e  caus ing  the w e a t h e r  to change.

There fo re , in orde r to cont inue  wi th  the exper imen t , to more ful l y de mo n s t r a t e  the Del phi
t echni q ue , i t em 34 was  omit ted f r o m  any fu r t he r  cons ide ra t ion .  It would have been f r u i t l e s s  to
a sk wha t is caus ing  the w e a t h e r  to change if all agree  tha t  the w e a t h e r  is not chang in g. Th i s
could be the real con - lus ~on of the st udy. The va r i a b i l i t y  of the wea the r  that  has  been exper ienced
i n the las t  few yea r s  may well  be jus t  normal  va r i a t ion .

However , to continue the Del phi expe r imen t  f u r t h e r , it  was  decided to de le te  this  response .

WHAT IS CAUSING THE WEATH ER TO CHANGE?
A DELPHI APPLICATION

This questionnaire has been developed to elicit your ideas and
opinions on what factors have an influence on changing the
weather. This questionnaire is being used , rather than a f ace—
to-face confrontation over a conference table , to enable you to
express all of your ideas, even those you consider half-baked
or far out. In other words, it’s a brainstorming session with-
out fear of ridicule and an iterative process with feedback ,

We have two primary objectives in this effort. The first will
be to identify those factors that may be causing a change in
the weather (for exarn~T~7 exhausts from the internal combustion
engine); while the second objective will be to measure or
quantify the contribution of each factor in changing the weather.
(For example , industrialization of agriculture--permitting vast
areas of land to be denuded of vegetation--may be a more
significant factor than automobile emissions in affe~ ETi~g theweather . )

With this as art overview , we request that you list in the space
below those factors that you believe may be influencing the
wea ther. The results will be analyzed , tabulated and returned
to you during the next class meeting.
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WHAT IS CAUS ING THE WEATHER TO CHANGE?
A DELPHI APPLICATION

2. The following tabulation represents those factors you have
indicated which may be influencing the weather. We would like
your judgement of the relative importance of each of these
factors. Specifically--in the short range of five to ten years—-
how important was each factor in affecting a change in the
weather? For each factor , please check only one box , consider
each factor separately.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

J 2 ~~~~2

FACTOR 
_ _ _ _  —

1. Increase in carbon dioxide in upper
atmosphere (products of combustion).

2. Solar cycles causing change in average
earth temperature.

3. Changes in earth ’s internal magnetic
field.

4. Changes in ocean currents.

5. Heat island effect of large cities.

6. Previous year ’s large deviations from
mean climatic conditions.

7. Ionospheric heating caused by radio
energy propagation.

8. Irrigation , water management activ-
ities.

9. Geothermal heat source variations
over large areas of land or beneath
ocean floors.

10. Increased agricultural efforts.
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FACTORS (Cont) 
____

11. Changes in ozone layer.

12. Shift in long wave pattern that
caused persisting high pressure
ridge in Pacific/California region.

13. Industrialization .

14. Significant depreciation of total
available potential energy contained
on the earth.

15. Rocket fuel affluents.

16. Nuclear testing in the atmosphere.

17. Underground nuclear tests.

18. Radioactive isotopes in atmosphere.

19. Change in position of polar jet
stream.

20. Pollution—-causing increased number
of condensation nuclei in the atmos-
phere.

21. Changes in earth ’s albedo caused by
irrigation ; denuded of vegetation.

22. Secret Soviet (Russian/Chinese)
weapons.

23. Increased airline flights.

24. Satellites.

25. Stratospheric warming/cooling.

26. Change in infrared flux density in
lower a tmosphere .

27 .  Increased coverage of land with con-
crete and asphalt , depleting aspira-
tion sources of moisture.

28.  Vietnam War .

29. Spray cans destroying the ozone layer

30. Weather modification efforts.

31. Volcanic ash.

32.  Variation in the earth ’s ell ipt ical - - - ‘ . -
orbit around the sun .

33.  Variation in the inclination of the - - -

earth’s axis with respect to the
elliptical orbit about the sun.

34. No change (or change within normal
variation).

_ _  _ _  - - 

-



The second questionnaire was then given to the class. (At this point, item 34 was still being
considered.) The class members--the Delphi panel--were then asked to evaluate the relative
importance of each of the 34 factors in its ability to affect a change in the weather. They were
asked to rate each factor either “Very Important, “ “Important, ‘ “Slightly Important, “ or
“Unimportant. “ Table 1 summarizes the results. Two-thirds of the class (14 out of 21) believed
that there has been no change in the weather, rating item 34 as either “Important” or “Very
Important. ” On the other hand, one of the ideas submitted on the first iteration was rated
‘U~dmportant” by the entire panel- -number 24, satelli tes. This demonstrates one of the good
featu—es of Delphi--it allow s all participants to express an idea, no matter how farfetched,
without fear of ridicule .

DISTRIBUTION OF RESPONSES ON THE SECOND ITERATION QUESTIONNAIRE

Response 1 2 3 4
Item No

1 3 8 8 2
2 2 5 7 7
3 0 0 4 17
4 4 6 2 9
5 1 6 7 7
6 1 5 2 13
7 0 0 2 19
8 0 5 9 7
9 0 2 5 14

10 0 3 12 6
11 2 7 7 5
12 4 5 4 8
13 0 7 11 3
14 1 1 2 17
15 0 1 4 16
16 0 3 6 12
1’l 0 1 4 16
18 0 2 5 14
19 5 5 3 8
20 4 6 6 5
21 0 5 8 8
22 0 0 5 16
23 0 1 10 10
24 0 0 0 2 1
25 3 4 4 10
26 0 3 6 12
27 0 3 7 11
28 0 0 1 20
29 0 2 8 11
30 0 2 5 14
31 1 5 5 10
32 3 2 3 13
33 3 2 2 14
34 9 5 3 4

TABLE 1
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V The next problem vas to evaluate these subjective ratings to determ i ne which w crc the more
Im por t an t  f a c t o r s  in  i n f l u e n c i n g  a change  in the w e a t h e r .  Several wei g h t i ng  s ch e m , - s  w , r e  a pp l ied
to the  d i f f e r e n t  sub j ec t i ve  jud gements . The fo l l owing  fa c t o r s  w e r e  the  most  i m p o r t a n t :  pull it i on ,
a s h i f t  in the lo ng wave p a t t e r n , cha nge in the ozone l a y e r , c h a n g e  in  ocean  cu r r e n t s , the  he at
isla nd effect of large cities , changes in the earth’s albedo, and geothermal heat suur e variations
over a large area of the earth.

It was necessary to limit the number of important factors to be anal yzed  i n  ~he next iterati on
for two reasons . First, the technique described by Thomas L. Saaty (1973), using an cigenva l ic
ana lysis , was to be used to evaluate the relative importance or contribution of thcse fa~- tors .
Unless the matrices developed are kept small , the task of evaluatin g or comparing e a c h  f a c t o r
wi th every other factor , one a t a t ime, become s enormous, Second , the computer available to
the author would solve the ei genvalue problem only for small (nine by nine) matriucs . Therefore ,
only the eight factors mentioned above were included in the third iteration.

WHAT IS CAUSING THE WEATHER TO CHANGE?
A DELPHI APPLICATION

3. The attached tabulation represents those factors you have
indicated which may be influencing the weather. We would like
your judgement of the relative importance of each of these
factors. Specifically--in the short range of five to ten
years--how influential was each factor in affecting a change
in the weather? As a preliminary means of establishing the
relative importance of each factor , the following order is
defined :

DEGRE E
OF IMPORTANCE DEFINITION EXPLANATION

1 EQUAL IMPORTANCE TWO FACTORS ARE
EQUAL IN THEIR
ABILITY TO AFFECT
WEATHER CHANGES

3 WEAK IMPORTANCE THERE IS SOME CON-
OF ONE FACTOR VICTION THAT ONE
OVER ANOTHER FACTOR HAS MORE

INFLUENCE THAN
THE OTHER

5 STRONG IMPORTANCE STRONG BELIEF THAT
OF ONE FACTOR OVER LOGICAL CRITERIA
ANOTHER EXIST TO SHOW THAT

ONE FACTOR IS MORE
IMPORTANT THAN THE
OTHER FACTOR

7 DEMONSTRATED IMPOR- ABSOLUTE CONVICTION
TANCE AS TO THE IMPORTANCE

OF ONE FACTOR OVER
ANOTHER

2, 4, 6 INTERMEDIATE VALUES WHEN COMPROMISE IS
NEEDED

RECIPROCALS OP IF FACTOR i HAS VALUE
ABOVE NON -ZERO X WHEN COMPARED TO
NUMBERS FACTOR j, THEN j  HAS

THE RECIPROCAL VALUE
I WHEN COMPARED WITH i
x

With these definitions , please evalua te each of the factors in
the left column against the factors listed in the top row .
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COMPARISON OF FACTORS WITH RESPECT

TO INFLUENCE ON THE WEATHER
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POLLUTION OF THE ATMOSPHERE
(MANY CAUSES )

SHIFT IN LONG WAVE PATTERN 
—

(AND/OR JET STREAM ) 
--.- -- - - - - — - -~~~~~~--. ~~~~~ -- -  - - - . -- .~~~~~ -

CHANGE IN OZONE LAYER 
— —

CHANGE IN OCEAN CURRENTS

SOLA R CYCLES

HEAT ISLAN D EFFECT OF
LARGE CITIES

CHANGES IN THE EARTH’S
ALBEDO (INCLUDING AGRICUL-
‘NIRP’) - —

GEOTHERMAL HEAT SOURC E
VARIATIONS OVER A LARGE
_ _ _- --

The instruc tions for the third iteration questionnaire are shown on page 9-7. Each panel
member  was asked to compare  each of the f ac to r s  against  every  other fac tor , one a t a ti me, and
then to indicate the degree of influence one factor had over the other in a f f e c t i n g  a change in the
weather.

For example, items in the vertical column were compared against solar cycles across the
top. For example , if it were believed that there existed logical criteria to show that pollution
is more impor tant than solar cycles in influencing the weather , the panel member would place
a “5 in the first row, fifth column position. Then the reci procal  va lue  “ 1 /5”  would be placed
in  the opposi te  p o s it i o n - - i n  the f i f t h  row , f i r s t  column.

When two it em S we re rated equal in the i r  abi l i ty  to in f luence  the weather , or when a factor
was ra ted aga- i s t  i t se lf , a “ 1” wo uld be placed in tha t posi t ion.  Thus , the main diagonal of the
m a t r i x  would con ta in  onl y l ’ s .

The responses  of all panel members  were  ana lyzed to obtain the median. With this informa - - -

- - - tio n , the m a t r i x  shown on page 9-9 was obtained. The ei genvalue of this ma t r ix  is sli ghtl y less
tha n 9 , and , th u s, not too fa r  f rom the consis tent  value 8. The el genvector cor responding  to this

— 
l a r g e s t  eigenvalue , no rma l i zed  so tha t the sum of the individual t e rms  is 1, is given by:

:-~~ x = (0.12 0.18 0.13 0.10 0.26 0.06 0.11 0.04)
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COMPARISON OF FACTORS WITH RESPECT

TO INFLUENCE ON THE WEATHER
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POLLUTION OF THE ATMOSPHERE
(MANY CAUSES) 1 1 1 1 1/5 2 3 3

SHIFT IN LONG WAVE PATTERN
(AND/OR JET STREAM) 1 1 5 1 1. 2 1. 5

CHANGE IN OZONE LAYER 1 1/5 1 1 1 3 1 3

CHANGE IN OCEAN CURRENTS 1 1 1 1 1/3 2 1 3

SOLAR CYCLES 5 1 1 3 1 4 3 5

HEAT ISLAND EFFECT OF
LARGE CITIES 1/2 1/2 1/3 1/2 1/4 1 1 1

CHANGES IN THE EARTH’S
ALBEDO (1PICLUDING AGRICUL- 1/3 1 1 1 1/3 1 1 3
~ tl~ V) —

GEOTHERMAL HEAT SOURCE
VARIATIONS OVER A LARGE 1/3 1/5 1/3 1/3 1/5 1 1/3 1

The Delphi panel was then asked to reevaluate their previous inputs in light of this new infor-
mation. The resul ts  of this fourth i teration did not change the matr ix  entr ies .  Thus , the
fi gures above are reall y the fina l result .

5. Conclusion .

The several conclusions resulting from this exercise fall  into two areas.

First , with regard to the experiment itself , it must  be emphasized how important  it is that
the instructions in the beginning be clear and understood by all of the participants. In this
experiment, even to the last i terat ion , there were  one or two panel members  who w e r e  unclear
about the purpose of the effort .  Also , adequate time must be furnished to the participants to
accuratel y complete the questionnaires. In thi s exercise, which was generally accomplished in
class during a break period , not enough t ime was afforded the panel members to reall y eva luate
their Inputs , or to furnish  sound reasons for their  positions. -:
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The second area deals with the re .ult s of the stud y. It appears f rom the ei genvector  on page
9-9 that the dominant factor influencing the weather  is the solar cyc le .  One must  remember,
however , that we have assumed that  the wea the r  is chang in g. We th r ew out the reason that the

changes we have experienced a re  w i t h i n  normal  probabi l i ty  l imi t s .

—

~ 
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CHAPTER 10

RESULTS OF A SING LE sTA rIoN FORECASTING EXPERIMENT

Rober t G. Miller
Roger C. Whiton

Mi ut -I J. Kell y, Jr

Headq uarters Air W &- , ,t h , - r  Service
5 i t t  Air Force has’- , Illi nois

ABSTRACT

Fhis paper describes a forecasting experiment pen n -n e d  using actual sing le

~!;t t i o ii d; tu i - n  Rickenbaclc -r AFB , Ohio. The model used , s ug g e s t e d  by
\ l i l I - r  ( l ~~iil- ~) ,  emp loy s the  p r i n c i p le of m u l t i v a r i a te  r e g r e s s i o n  in  a Markov
pr oc&-- --~~. The moth-I pr edicts the probability dis tribution of the following
o b se rv i - t i  w - a t } ,-r -h- mei i ts : t e m p e r a t u r e, d e w -p o i nt  d ep r e s s i o n , s t a t i o n
p r - s s u r - , r sswind s, wind direction and speed , sk y cover , c e i l i ng ,  v i s i —
b ilit\ , and  a e a t her  elements includin g haze and smoke, b l o w i n g  c o n d i t i o n s ,
fog and ground ~ , free zing preci p i ta t ion , rain and drizzle , snow , rain
sho w er s , snoa showers , and also-the condition of no weather. At forecast
t i m -  the system u ses  all i f  the-si- elements as predict ors , plus day of year ,
I i me i du’., and the most recent 3-hour pressure change. An extension
i s  b e i i i ~ form ulated u s i n g  ei g e nfu n c t i o n s  w h i c h  a l l o w s  p r e d i c t i o n s  a t  a n y
f u t i n - t i m e - , not j u s t  a t  d i s c ret e  po in t s . R e s u l t s  of n e a r l y 30 , 000 indepen-
d -,1 t  j r - c a s t s  a r e  d e s c r i b e d , w h e r e  c o mp ar i s o n s  using the Brier score
and hits ar, mad - against persistence and cond i t iona l  c l i m a t o l o g y  ( c e i l i ng
and visib i l ity onl y).

1. INrR0DUCTI0N

Th.- Air i ea ther  Service ( A W S )  r e q u i re s  a v a r i e t y  of approaches to weather forecasting in
orde r  t o  p r ov i d e  m i l i t a r y  w e a t h e r  suppor t  a c r o s s  a f u l l  s p e c t r u m  of c o n f l i c t  s cen a r i o s . P e a ce t i m e
w e a t h e r  S I j i p o r t , s t r a t e g ic and t a c t i c a l  a c t i V i t i e s , a nd suppor t  to command and cont ro l  ag e n c ie s
d, - r n a r d  a h i g h l y ( i - v - l o p e d , compute r based , cen t r a l i zed  p r o d u c t i o n  s y s tem .  In c e r t a i n  t a c t i c a l
c t - l h  i s , ot i  the oth e r hand , t h e r e  is a need for  a s t and-a lone  fo r e c a s t i n g  method , a t echn i que
tha t  car  h~- used s k i l l f u l l y by a w e a t h e r m a n , w h e n  c i r c u m s t a n c e s  deny his  st andard communica t i ons .

I o ‘n et  the need for su ch  a c apab i l i t y ,  we condu cted a deve lopment  e f fo r t , know n as the
Sin g l- S t a t i o n  Foreca s t i ng  Ex p e r i m e n t .  This paper wil l  cov e r  the purpose of the e x p e r i m e n t , the
da t a  ‘ed , T b -  me - t h o d ol o g y  emp loyed , the r e s u l t s  obtained , and poss ib le  ex ten sions t i  the model.

2. PURPOSE

Ther ,-  w er e  at lea s t  s i x  r easons  for  u n d e r t a k i n g  th i s  e x p e r i m e n t :  ( 1)  Ti e- A W S  Commander
requested i t  , (~~) A s ing le s t a t i o n  ca p a b i l i t y  w a s  s t r ong l y advoca ted  b y t h e  AW S a ing ‘~o mm a n der s
(I) M I i t a r~ ex - r - i s , s  suggested the desirabilit y of a stand alone fort- , ast capabilit y, (4) Cir um—

ii i i ,  urn i ’inication v - i t  h the - n t r a l i z e d  prod u t i n  svs tern requ r d  i t  ( 
~) A fast, corn —

pa - i sim ulator of both weather o b s e r v a t i o n s  and f o r e c a s t s  was required for input into the Defense
Department ’s war gaining models and (6) Automated statistical f u r - ,  ast in g al g o r i t h m s  unde r
d ev . - I o p m e nt , such  a s  found in the  Modular Au t om a t e d  W e a t he r  Sy s tem  t e s t  at  ~ t t  A F B , could
a s -  m u l t i p le e l e m e nt s  as p r e d i c - t r a .

rhe c a p a b i l i t s  wo uld hav e  va lue  in two typ ic al ope ra t iona l  s cena r ios :

N w  1~ore caster - a relativel y new , inexperienced fo recaster deployed to Li r ju- -
- 

- 
- -

or K r - a  - - f i r . .t l i t , - i n  a re-a , in need 1 gu idance .

A r r r i ~ ~ ield  Sup port  - a n o n - c o m m u n i c a t i o n  s i t ua t ion . Mus t  p rovide  w e a t h e r  fo re -
c a s t s  havi ng onl y the  c u r r e n t  obse rva t ion .
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The goal was to provide the AWS forecaster with a stand alone capability for making probabili ty
forecasts.

3. DATA

Let us add re s s  the details of the experiment. First the data specifications:

Specifications C:

Location- -Rickenbacker  AFB , Ohio
Forecast  i n t e r v al s - - 3  hours
P red i c to r s  (sing le station onl y):

Day of yea r
Time of day

Tempera tu re  - -dew_point  depres sion
Sea level pressure
Cross wind
Wind rose
Wind speed

Temperature
Sky cover
Ceiling
Visibility

Wea ther ( smoke, dust or haze; blowing snow , dust  or sand; fog; f rozen
prec i pit a t ion;  rain or drizzle;  snow ; rain showers; snow showers;
thunders torms;  none)

P res su re  change (past  3 hours)
Elements  predicted- -same as above except DOY , TOD, w hich a r e d ete rm ini stic

and IF  which  is i r relevant
Data sample--tO years dependent, 10 years independent (29, 154 nev. fo recas t

s i tua t ions )

Note the absence of vital cloud information , cloud layer hei ght , cloud layer amount ,
and cloud type for low, middle1 or high conditions.

4. METHODOLOGY

The s tat is t ical  method employed in thi s experiment is that of multivariate regression,
suggested by Miller (1968). That is , many variables are predicted with the same set of p redic tors .
One other condition also exists . All of the predictors are  either one or zero (on or off). The
regression predicts  the probability that  a condition is on or off.  The following depicts such an
ar rangement .

OBSERVA TION PREDICTAND ELEMENTS
DOY TOD TD ... DIG <200’ .. P

DOY
TOD
TD

Predictor CIG <200’
Elements -

A P  
_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _

It~-irCIG<200’

~~ ______  

I I I I
~- - - PROBABILITY PREDICTIONS

*See A ppendix for details
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The predict ors are shown as rows, the predictands as columns . Note that both involve thr.
exact same elements . For this problem there were 153 predi ctors .

rhe- objective is to multiply the observation, made up of ones and zeros, times the regression
c o e f f i c i e n ts  in a p a r t i c u l a r  c o l u m n , su c i  as th - one shown for  c e i l i ng  < Z O O ’ . Th e r e s u l t  is the
p r o b a b i l i ty  t h a t  in t h r e e  h o u r s , - ce-i l  g ~2OO’ v--ill be observed . That probability is en tered into
the  p r o b~~b i l i t y  p r e d i c t i o n  r e , as  ar  1 the o the r  pr ed i c t e d pr o b a b i l i t i e s.

M a t h e m a t i c a l ly t h i s  is - x p r e - s - ~~-d as

where  P is the row vector of predicted probabilities , F~’ is the t ranspose of the observation
column vecto r ~ , and A is the mat r ix of r egr ession coe f f i c i e n ts whe r e eac h col u mn cons t i tu tes
the regression coefficient s for a particular predictand. This fo rmula t ion  genera l izes  to

~T ~~O ,A T

when an estimate of the probability is desired , under a Markov assumption, for T units of time
into the future. rhe  basic unit of t ime in this  exper iment  was 3 hours .  There fore , to estimate
the probabilities for  6 hours , T z 2 .

5. RESULTS

The following summarizes the r e su l t s  for independent 3 and 6 hour fo recas t s  on 29, 154
fore cast  s i tua t ions :

R e g r e s s i o n  is super ior  to pers is tence  on number of hi ts  for  all variables
exce pt snow at 3 hou rs . -

- R e g r e s s i o n  is supe r io r  to co nd i t ional cli ma tolo gy in t e rms  of hits and
B r i e r  score for visibil i ty and ceiling.

Sp e c i f i call y, for 3 hour forecas ts , the comparison between mult ivan iate  regression and per-
s is tence  i s shown below in t e r m s  of the number  of cor rec t  fo recas t s  (h i t s ) :

Weather NUMBER OF HITS
Elemen t s  R egr e s s i o n  Pe r s i s t ence  Di f f e r e n c e

Wind speed 28022 27761 + 261
Cross wind 2893Z 28848 4 84
Temperature 22299 22152 + 147
Visi bi l i t y 2406 1 2 3317 + 744
Cei l in g 21360 20995 + 365
Sky cover 1736 1 17313 + 48
Rain a799o 27944 -s- 46
Rain showers 28327 27902 + 425
Snow 28427 28496 - 69

Stiow showers 28779 28616 + 163
T h u n d e r s t o r m s  28894 28729 + 165
Freezing precipitation 29114 29096 + 18
Smoke or haze 25292 25026 + 266
Blowing snow or sand 29100 29090 4 10
No weather 24063 23776 4 287

In making this comparison, the probabilistic regression forecasts were categoriz d by
selecting the condition with the highest forecast probability. Re member that persistence is a
formidable competitor at 3 hours.  The v is ib i l i ty  and cei l ing resu l t s  a re  especial l y impress ive .
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The 6 h o u r  c oi np a r t  s ins  a r e  as f o l l o w s:

W ,-otli,- r NUMBER OF HITS

Elements R~~~~~~ ion Persistu-in e D i f f e r e n c e

W i n d  speed 27984 27390 + 594
Cr ss wind 28928 28766 + 162
T-tii pe rat re 19152 17253 + 1899
V i s i b i l i t y  2 34 3 9  218 07 + 1632
Ce i l ing  19423 18300 + 112 3
Sk~ cover 15066 14162 + 904

R a i n  27870 27528 + 342
Rain show- rs 28323 27706 + 617
Snow 28374 28238 + 136

Snow showers 28775 28544 + 231
T h u n d e r s t o r m s  28890 2 86e -6  + 234
F r e e z i n g  p r e c i pi t a t i o n  29110  29076 + 34
Smoke or haze 23431 23104 + 327
Blowing snow or sand 29096 29084 + 12
No w e a t h e r  22344 21664 + 680

E r  v. r if y ing  the  p r o b a b i l i t i e s , regression is compared with the s t i f f  compe t it o r , condi t iona l
c l i m a t o l ogy ,  u s i n g  the  w e l l  known  B r i e r  score .  S m a l l e r  v : t ) -s a r e  b e t t e r . The differences are

hi ghl y significant statisticall y. That is . - t h e -  l ike l ihood of ach iev ing  d i f f e r e n c e s  of these magnitudes
by pure chance is practicall y zero .

COMPA RA TIVE STATISTIC
B r i e r  Probabi l i ty  Score *

W eather Conditional

E l e m e n t  R e g r e s  sion Climatology D i f f e r e n c e

V i s i b i l i ty  . 2 5 64 .2732 . 01695*

3 h r
~Ceiling . 3755 .4043 . 0288**

(Visil, li ty .2998 .3175 .0177*5

6 h r

~cethng . 4397 . 4763 . 0366 5*

6. DISCUSSION

The s t a t i s t i ca l  method employed does not r equ i re  a l a rge -  c o m p u t e r  to make the f o r e c a s t s. It
d id r e q u i r e  some heavy comput ing  to achieve  the  r e su l t s , fo r which  we acknowled g e the a s s i s ta nce

f t he a . -  i n s t a l l a t i o n s :  Saint Louis U n i v e r s i t y ,  the USA F E n v i r o n m e n t a l  Technica l  A pp l i c a t i o n s
C e nt e r , t he M i l i t a r y  Ai r l i f t  Command D at a  Auto m at ion , and the Defense  Commerc i a l  Communica-
t i o n s  Offic e .

Th ’- more  imp or tan t  f e a t u r e s  of the p r o c  edure  ar~~:

Sk i l l f u l  - C o n s i s t e n t l y su pe r io r  to p e r s i s t e n c e  and condi t ional  c l imatology.

Object i v , -  - No judgment is needed , Two different people should get the
identical answer.

Distribution Fre.- - No need to make any assumption such as normality.

* Smaller values are better
5* Hig hl y st a t i s t o - a l l e  ‘n i f i c a n t
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Mult ivar ia te  - Same predictors used for many predictande .

Fast - Operates  in real time.

Easy to Use - Can be run  on a small calculator or by hand .

Asynopt ic  Data - Should a special observat ion be war ran ted , a new prediction ca n
be made w i t h  these data . PIREPs , radar , sa te l l i t e , or i n t e r m e d i a t e  t ime8  are  no
r eal problem.

Nonlinear - The zero-one predic tors  are  weig hted separate l y over the range of
the ori ginal weather variable.

In terpre table  - To see the effect  of any observed condition on the predicted
probabili ty,  jus t  look at itS coefficient .

Variable Threshold - It is a simple mat te r  to Set new l imits  on the p red i .t and
desired . Merel y add the coeff icients  or the probabili t ies for the ca tegor ies
needed . Since all wea ther  elements have only a finite number of di gits of
accuracy ,  it wil l  require only the inclusion of each possible value as a predictand .

Growth Potential  - Improvements in s ta t is t ical  method s, computers , obse rva-
tional a c c u r a c y ,  or new measu remen t s, like satellite, radar , solar , can be added
to make the torecast8 better.  Incidentally, other things mi ght also enhance the
f o r e c a s t  accuracy  such as:  one hour  equations , st epw ise select ion of predic to r s,
t ime-change  predictors , and interactions among predictors .

7 , EXTENSIONS OF THE MODEL

To make predictions at 6 h o u r s , the  3 hour  regress ion  coeff ic ient  matr ix  was squared ut i l iz ing
a Markov assumpt ion .  Ano the r  approach to making a 6 hour fo recas t  f rom the 3 hour regression
coefficients would have  been to en te r  the 3 hour forecas ted  probabili t ies into the observation
vector and have it reprocessed . A more general alternative would be to u se ei genfunctions. This
would, in principal, permit  predic t ions  into the f u t u r e  with t ime as a cont inuum .

The formulation of this latter alternative has been made and tested on a more limited set of
data tha n was used in the sing le sta t ion experiment. It worked as expected . Fur the rmore, the
need for computer  s torage was great ly  reduced , since eigenvectors were  used instead of a
coefficient matrix.

When the predictors include time of day and day of year, the ei gensolution produces complex
roots and vectors. A computational difficulty arises when solving large matrices of this type.
Research on this problem is in progress .

Another  extension in the model introduces the concept of general ized operators , where  one
matrix of regress ion coeff icients  app lies at more than one geographical locat ion . Similar appli-
catlons have been success fu l  in other  contexts  (see Harr is , Bryan and Ma cMoneg le , 1963 and
1965). Research in this area is continuing.
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Appendix A: Uetails of the Single Station Forecast Experiment

Th i s  A p p e n d i x  d e s c rib e s  t h e  d a t a  used and the  p r o d i c t o r / p r e d i c t a n d  ca tegor ies  for the experi-
men

1 m a g n e t i c  r a p e  of h o u r l y  s u n - f a c e -  s-either observations for R i c k e n b a c k e r  AFB , Ohio , was obtained
from t he  U n i t e d  S t a t -s Air Forc e hnvironment al Technical Applications Center. These data were orig-
inally hand p iini ~ he- d and ir e - believed to he of good quality. The expected quality of the data , and
t i m e  ee eni- . t r u i n t s  di ctated that we not e d i t  t h e  d a t ; i  The dependent  ( 1946-1955) and independent
( 19 56-19 t -t S)  samp les  co n s i s t e d  of 2-1 , 3~~- 1 and 29 , l~.4 o b s e r v a t i o n s  r e sp e c t i v e l y .  I f  an observation
c o n t u i n c d  a missing element , i t was not used .

T a b l e  - 1 - I  d e s cr i b e s  t h e  e l e m e n t s  and cat e g o r i e s  t h a t  were ve r i f i ed . They were selected on the
b a s i s  o n operational significance. For example , read the three wind speed categories as 1) 0 to ~
I I , 2) gr e- it c- r than 14 hot ~ 4 and 3) grea ter than 24.

Tab le  -1-2 d e s c r i b e s  t he  p r e d i c t o r  e l e m e n t s  and c a te g o r i e s .  The p r e d i c t o r s  were chosen subj ec-
t i v e l y  E l e m e n t s  were chosen because they were available on the data tape. Cloud type , for exam-
ple , was not used as a predictor , since it was not available for part of the 20-year period of
record Predic tor categories were defined to align with the verification categories , and to assure
an i d c q u j t e  number of occurrences for each category

Ta b l e  A - I .  V e r i f i c a t i o n  E l e m e r t s  and Ca tegories

No.  of
Element Categories Categories

W i n d  Speed ( K t s )  3 0 ~ 14 ~ 24 < ~

r oss  Wind (Kts) 2 0 ~ 14 < ~

Temperature (°F) 6 Absolu te 0 ~ 15 ~ 31 ~ 49 ~ 67 ~ 84 <

Visibili ty (ci) 6 0 < ~~< 1 < 2 < 3 < 6 <

C eiling heig ht (ft) 6 0 < 200 < 500 < 1000 < 3000 < 10000 <

Sky Cover 4 Clear or partial obscuration ; scattered ;
broken ; overcast or t o t a l  obscurat ion

Rain 2 Yes or No
Rain Showers 2 Yes or No
Snow 2 Yes or No
Snow Showers 2 Yes or No
Thunderstorm 2 Yes or No
Freezing 2 Yes or No
Fog , Haze , or Smoke 2 Yes or No
B l o w i n g  Dust , Sand , or Snow 2 Yes or No
No Weather 2 Yes or No

~~- ~~~~~
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4 Table A-2. Predictor Elements and Categories

No.  of
Element Catel2r ie s  Categories

Day of Year 26 1 ~ 14 ~ 28 ~ 
.
~~~
.. 

~ 3~ 5

Hour of Day (Z) 8 00; 03; 06; 09; 12; 15; 18; 21

Temperature-Dewpoint 11 0 < I < 2 < 3 4 < S ~ 6 < 8 < 10 15 < 20 <
Depress ion (0)

Sea-Level  Pressure (mb ) 5 0 ~ 1000 ~ 1010 ~ 1020 ~ 1035 <

Crosswind (Kt s )  2 0 < 14 ~

Wind nose (° and Kts) 17 Calm and variable ;
1- 45, 0 < 10 <

46- 90, 0 < 10 <
91-135 , 0 < 10 <
136-180 , 0 < 10 <
181-225 , 0 < 15 <
226-270 , 0 < 15 <
271-315 , 0 < 15 <
316-360 , 0 C 15 C

Wind Speed (Kts) 6 0 < 2 < 6 C 10 < 15 < 20 < ~

Temperature (°F) 13 Absolute 0 ~ S ~ 10 
5 15 ~ 24 ~ 31 ~ 40 ~ 49 ~ 58

~ 67 ~ 76 ~ 84 < 89 C

Sky Cover 4 Clear or partial obscuration ; scattered ;
broken; overcast or total obscuration

Cei l ing  Height ( f t )  21 0 < 200 < 400 C 500 < 600 < 700 < 800 C 900
< 1000 C 1100 C 1600 C 2100 < 2600 C 3000
C 3600 < 4100 C 6000 C 10000 C 11000 < 13000
C unlimited ; unlimited

Visibility (ci ) 12 0 C ½ C 3/4 < 1 C 1½ C 2 C 2½ C 3 C 4 C 5 < 6

Smoke , Haze , Dust 2 Yes or No
Blow ing Dust , Sand , or Snow 2 Ye s or No
Fog 2 Ye s or No
Rain or Drizzle 2 Yes or No
Freezing Rain or Drizzle 2 Yes or No
Rain 2 Yes or No
Snow 2 Yes or No
Ra in Showe rs 2 Yes or No
Snow Showers 2 Yes or No
Thunders torm 2 Yes or No
No Weather 2 Yes or No

Pressure Change (3 hour, mb)  7 - ~ < - 3 . 9  -2.0 < - .9 C 1.0 C 2 . 0  C 4 .0  C ~

1 0 7
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Appendix A

PLODITE PROGRAM

1 ~P~~~T PLODI IE / MQCEL .VERSIUN A—02 /16 APR 77
2 c
3 C PUR POSE--
4 C
5 C GIVEN A M AT R IX OF COE~ FlC IEN T S ‘A ’ F ROM W $ I C I . I  Th E qEDUNDA F’.’!
6 C COLUMNS AND ROWS HAVE BEEN REMOVED TO FACILITA T E ANALYSIS,
7 C P R O G R A M  L SE S  ‘Pi ,O D ! T E ’  MET HO D TO PREPARE A LARGER MA TR IX

• c ‘~~~‘ CON TAINING ~~ E L E F T ~~O UT C O L U M N S  A N D  R O W S ,
9 C

3,0 C DES C M I P T I O N _ _
1,1 C
3,2 C P R O G R A M CO”J~~T I T U T E c  A G E N E R A L  P L O D I T E  A L G O R I T H M , IN T H A T  IT
3,3 C IS CES IGNED TO ACCEP T AN ‘ND!MA ’ .’N DIMA ’ SOUARE MAYPII X ‘A ’ OF
34 C ANY SIZE iN WHICH ANY NUMBER OF VA R IAd L E S MAY APP EA R AND IN
35 C W H ICH THE LEF T— OUT DUMMY VARIA BLE S MA Y OCCUPY AN Y POSITIO N W ITH

C IN THE VA RIA B LE BLOCK ASS ION ED TO TVEIR CATEGOR Y WIT H IN EACH
37 C CATEGORY, HOWEVER , ONE AN D ONLY ONE VARIA BLE MUSf HAVE BEE N

C DELtTED , EACH CATEGOR Y MUST NA M E ONE LEFT—OUT DUMMY ,
3,9 C

C THE U5ER SPECIFI Es THE NUMBER OF VA R IABLE CAT EOO R IE S (E,G ,,
C C E I L I N G ,  V I S I B I L I T Y , WIND) AN D THE NUMBER OF DUMMY V A R I A B L E S
C USEC TO C E S C R I 8 E  E A C H  SUCP CATE GOR Y Z THE NUMBER OF DUMM IES

M AY V A RY FROM ONE C A T E G O R Y  TO A N0T ~~~R , THE USER THEN spEc!.-
C FIES , F 0 R EACH CA TE G O RY , W i, ICI ’I IF TWE DUMMIE S WA S BEEN LEF T

25 C OU T (E.G. . FOR T HIR D CATEGO RY , OUNM’( 4 IS D E LET ~ D, FOR26 C FOURTH CAIE GO R Y , DUMMY 2 15 LEFT OUT, ETC. ),
c
C IN AD D IT ION TO PARA M ET FR S SPECIFIED A BOV E~ P R O G R AM INPUT MUST
C INCLUDE A VECTO R EOUAL TO FIRST ROW OF CROU’T sUM— or-S QUARES-

30 C AND—C ROSS—PRODUCTS (SSCP) MATRI X . SUPPLIED ON FILE ‘In LEt, ’
.il C TiiTS VEC TOR CO N TA IN S TWE NUMBER OF QBSERVATIONS IN ITS
32 C FIRST ELEMENT , SUM OF ‘ZI’ IN SECOND, SUM OF ‘Z~~’ IN THIR D ,
43 C ETC, THE PROGRA M DIV IDE S T0 GET THE MEAN S. TWE MA TR IX ‘A’ I S
44 C SIJPPLIEC UN FILE ‘IF-I L E2 ’ IN TRANS POSED FORM . IT IS RE—

C TRANSPO SED NHI LE BEING READ IN ,
46 C
17 C PROG RAM O UTPUT I S THE EXPAN DED MAT R IX ‘d~ IN O Q I G I N A L  FO R M.
IS C NOT TRANSPOSED TO MATC W INPUT. T HE ‘B’ MATRIX IS A LWAYS
39 C PR IN TeD , IN ADDI TI O N . THE USER MAY SPECIF Y THAT THE ‘B’
40 C MAT R IX hE OUTPUT TQ CAPLIS OR TAPE. AS PROV I DED V IA .JCL .
41 C
42 C INTE R .CCMPUTER COMP A T I9I L I TY IS FAC IL ITAT ED BY USE OF
43 C VAR IA B LE FILE CODES AND NOP, vENDOR UNIQUE FQRT DAN IV~44 C
45 C INPUT /OUTPUT PEOUIRF ME NT S— -
46 C
47 C FILE CONTE N T5 MEDIA ~C NORM VAL
4’ C
49 C SY SIN PROWL NAME, PARMS .

C V ARIABL E STRUC—
C T U R E SYS ØSK IRFA D S

52 C SYSCUT PRINTED OUTPUT SYS OSK IPR IPdT 6

C DATA INPUT I SSCP VECTOR TP/DK/CD IFIL!1 30
54 C DATA INPUT 2 A MA TR IX TP/DM/CD IFIs.E2 31

C AL T OUTPLT B MATRIX TP/DK/CD IQUT 20
56 C
57 C STRUCTURE QF INPUT DATA FILE IREAD.-

C
C CA pC COL U M N S  FTEL P FO p MA T DE SC R IPTiON

61 C 1 1-72 IPRO$ (JI ISA4 PROBLEM TITLE. NUMBER , DATE

A-I

—~~~- —- -~~~
--

~~-~~~~~- - - - _t



~~‘ 62 C 2 4 jFLCA Ii REQUEST PR? MY RX A ON IPRINT
C • U’LGb Ii, REQUEST WRITE MTRX B ON lOUT
C 12 IFLOC 11 REQUEST PN~ NY SScP ON IPR INT

45 C 3 1- 4 NCAT EG 14 NUMBER O~ MMY VA R IAB LE CATE—
66 C GORIES
67 C 4 1 ~ NZ (NC) 14 NUMBER DUMMY VARIABLES IN EACH
66 C 5- • NZ (NC) 14 VARI ABLE CATEGORY
69 C 

~~~ 
NZ(NC ) 14

70 c ETC ETC
71 C 5 1- 4 NOUT(NC ) 14 LOCAL NUMBER IN D ICA T IN G INDEX
72 C 5- 8 NOUT (NC) 14 OF THE LE FT— OUT VARIABLE IN
/3 C 9—12 NOUT(NC) 14 EACH CATEGO RY
74 C EIC ETC
75 C
7

6 

C ST PI UCTu RE CF 1NPUT D A T A  FILE IFILII—
77 C
78 C ~T O BE S UPPLIED )
79 C
dO C STNUCT~ RE CF INPU T DATA FILE IFILE Z——
dl C
62 C (T O BE SUPPLIED )

C
C 0. **•.ê.~ .....*I......*..... ...l.••e... *•ee •.. *.•...a. .

o5 C
o6 C • W A R N I N G  . , .  I F I L E ~ MUST BE IN THE FORM OF THF TRAN S~

.
C • PCSE OF MA TRIX A, W IT H ‘ZERO—C OLUMN’ MISS ING, THE a
C • IZE RO_C OLLMN~ OF TH E TR A NSPOS E Is , OF COURSE. THE •

09 C • ‘LERO .RUW ’ OF THE A CTUA L A _ M A tRI X ~’
C •

91 C •..~
C

93 C M O L E L - V E R S I O N  H I ~~T O R ~~— —c
C MUDE L~ VER SIQP4 A -ni, 24 MARCW 1977—— 0RI~~INAL MOCEL—VERSION .

96 C
C MCDE L—V ER SION A —O ~~, 16 APRI L ~9~ 7— — REVI SED ME THOD QF INS ERT—
C ING L E F T - O U T  ROw S OF MATR IX ‘8,’ EARLIER MODEL-VERSION

99 C PLACED ROWS LAST iN RUOCK OF RØWS CORRESPONDING TO A VARIABLE
100 C CAT EGORY . NEW VERSION INSERTS THE LEFT—OUT ROW AT ITS
1~J 1 C APP sO PR IA TE POSIT iON IN ACCORDANCE W ITH NUMBER OF LEFT—OUT
102 C VA RIA dLE ‘NQUT. ’ REVISED VERSION ALSO DISPLA YS DUMMY VARIABLE
103 C COUNT NZ (NC).
1Q4 C

105 C PROGRA MM ER__
1.06 C
107 C CA PT ROGER C, W HI TON
108 C
iU~ C
13,0 DIMEN SION IPRCB (18, NZ(3), NOUT (3). 4(7,7)~ B(1’~,iO),13,1. • SSCP (7)
13,2 C
13,3 C FILE CCDES, IREA D 1$ S”SIN, IPRIN T IS PR I N T E R~ DIREC TED
13,4 C SYSOUT , ‘IFILEt ’ CONTAINS FIRST ROW OF CROUT SSCP MATR IX (‘U’

13,5 C IN OTHEW PROGRAMS, ‘SSCP’ IN THIS ONE), ‘IFIIJ2’ CONTA INS THE
13,6 C MA TRIX ‘A. ’ ‘lOUT’ IS OPTION A L P WNC W OR T APE OUTPUT ,
13,7 C
13,8 IRLA C ‘

1.3,9 IPRIN T 6
1.20 IFILcI 10
121 IFILL2 11
122 lOuT ‘ 20
123 C
124 C HE A DE R S. ‘IPROB’ Is PROBLEM TITLE FOR DI $PL AY A S W ANNER

f i~~ c ON OUTPUT ,
-. 

- 
~~

- - - - , ~- --i 126 C
127 WR ITE (IPRIP,T,6000)
128 6000 FORMAT (3,H1/1X, ‘SAINT LOUI$ UNIYERSITY ’IIX , ‘DEPARTMENT OF ‘~~129 • ‘EART H ANC ATNOSPNFRIC ~~~~~~~~~~~~~~ ‘.—P~.o~ ?TE MA TR IX TREAT ’ , - -
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130 • ‘M E N T — — ’ / / )
141 READ ( I R E A C , S 0 0 0 )  ( I I - ’ R Q B ( JX ) .  Jx • 1,18)
1.32 50 0 0  FOR M A T  ( 1 8A 4 )
133 W R I T E  ( I P R I NT , 6 0 1 0 )  C I P R O B ( J X ) ,  ,.JX  = 1..18)

6010 FOHMA T (XHQ . ‘PR OBLEM-- ‘ , T5Q, 1644)
135 C
1.36 C RE A D F

~.A GS FOR D E T E R M I N I N G  O U T P U T  MEDI A ,  ‘ 8 ’ M A TR IX I S  A L N A YS

1.37 C PR IN T ED, B U T  F ‘ IF LGB’ IS ON, AD D IT IONA L O U T P U T  T O FIL E
148 C ‘lO U T ’ I S  MADE. IF ‘IFLGA ’ IS ON, MATR IX ‘A ’ IS ALSO OUTPUT ,
1.39 C IF ‘ I F L O C ’  IS O N .  CRO LJT SSCP V E C T O R  IS D I S P L A Y E D .
140 C
141 R E A D ( I R E A C , 5 O 1 . O )  IFLCIA ,  I F L G 8, I F L G c
1.4 2 C
143 C M A T R I X  OF C O E F F I C I E N T S  A ( I , J )  ~N L E F T — O U T  V A R IA BLE FDqM I~ CO Nr
144 C S L O E R E D  P A R T I T I O N ~~r) I N T O  A Z O — R O W  (1 IN FIRST POSITION FOL LCWE D
j45 C BY ZEROES ), AN A O — C O L U M N  ( L E F T M O S T  COLUMN). A ND T h EN
1.46 C N C L A S S  • N C L A S S  PA R T I T I O N S  OF C O E F F I C I E N T S , I N I C A T E G I  I~ THE
147 C NUMBE R OF DUMMY V A R I A B L E  C A T E G O R I E S  IN T HE REG R ES S IO N SC HEME .
148 C FOR E X A M P L E ,  A SC HEME IN C E I L I N G .  V I S I B I L I T Y  A ND HIND ( 5
149 C CLASSES OF C E I L I N G .  6 C LASSES OF M IS I 8 I L I 1Y ~ 9 C L A S S E S  OF W I N O )

C WOU LD HAVE NCAT EG 3’  ‘ NC ’  IS IN DEX OF C A T E G O R I E S .  NC 1’
151 C N CAT Ec . . . FOR EACH SUCH C A T E G O R Y .  NZ ( NC )  G I V E S  NUMU ER OF ~UM MV
152 C V A R I A 8LE CL ASSES (INCLUD ING L E F T _ O U T S )  I NTO WHI C H T HE N C _ T H
153 C CA T EGO RY 1S SUBDI V IDED , IN T HE EXA MPLE ABO VE. Pd Z (1) 5.
15 4 C N4~~~) 6, NC~ 3

) 9. READ ‘NCATBG ’ AND ‘NZ. ’
1~ 5 C
156 READ (IREAC,5Ot O ) NCATEG
157 So lo  FOM MAT (181 4,
1~ 8 RE AD (IREAC .503,O ) (NZ (NC). NC : 1,NCA TEG)
159 C
t o O  C READ ~ IICH VAR IABL E S NOUT (NC) ARE LEFT OUT FROM A (I,J ), ‘NO ~~T ’
1.61 C IS Ts.~ N O U T— TH VA R IABLE IN THE NC~~TH CATEGORY , REA D ‘MOOT, ’
1.62 C1.ECKIN G TO SEE IT DOES NOT EXCEED ‘NZ. ’
103 C
1.04 RE A D (IRE AC .511 3 ,0) (NOUT(NC). NC S 1.NCA TEG)
1.65 00 100 NC ‘ 1 .NCA T EG
106 IF ~N’DI. T~~N C 1 .LE. NZ (P4C)) GO TQ 100
167 WRITE (IPRINT, 4D20 ) NC , NOUT(NC). NZ(NC)
108 6o

~~o FOR MAT ( 3, HQ .  ‘ERROH . ‘ ‘  ‘ . 14. ‘TH LEFT—OUT VAR I AB LE NUMBER WAS ‘ ‘
1.69 • I4/1x, ‘ExCEEDS NIJMB EH o~ DUMMY VA RI AB LES ‘ . 1~~, ‘~~ IN ‘ ,
170 • ~CA TEGO RY $ /1X , •PROG R AM STOPS.)
171 STOP
172 100 CON TIN~,F173 C
1.74 C THERE M US T BE A T  L E A S T  ONE L E F T — O U T  V A R IABLE IN EAC H C A T E G O R Y ,
175 C
1/6 DO 200 NC ‘ 1,NCATEG
17 7 IF (NOUT(NC) .GT~ 0)  GO TO 200
178 WRIT E ( I P R I N T . ó O ” O )  NC. N O U T ( N C )

6Q3Q FO~~MA T (3,HO . ‘ERRO R ’S, ‘. 14. ‘TH LEFT OUT V A R IA B L E  NUMBER WAS ‘.

180 • I4/3,x, ‘SHOULD ~E GRE A TER TH A N ZERO’/1.X, PROGR A M STOPS’)
181 ST O P
182 200 CONT I NUE
183 C
184 C CALCULA TE sI 2E OF LEFT OUT MAT R I X ‘A ’ AND R E S TO R ED MAT R IX ‘B’
185 C AND DISPLAY RESULTS, ‘PdVRBL Z’ IS NUMBER OF D U M M I E S ,  INC LUDI NG
186 C Z~ . ‘NVR BCT’ IS N U M N E R  OF L E F T — O G T  VAR IA B LES , ‘N DIM A ’ IS

C D I M E N S I O N A L I T Y  OF M A T R I X  ‘A . ’ A N D  ‘ N D I M B ’  I S  D I M E N S I O N A L I T Y  OF
188 C M AT R IX ‘B, ’

C
190 NVRBL Z • 1.
191 DO 300 MC a 1,NCATEG
1.92 NVRBL Z • NVRBLi • NZ (NC) - , - -

300 CONT INUE
1.94 NVRBO T • NCA TEG - 

~~~~~~~~~~ 
-

195 ND1 MB • N~sR ~~t.~
196 NO IMA • NEIM S — NvRaO ’ !
197 WR4TE (IPR INT ,6O4 0) NCATEG , P~èVR8L7.1, ~V R 9OT. ND IWA, NOI MA.
,98 • “ d D I M A ,  P.01MB
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199 6040 FONM AT UN , ‘NU MBER DUMMY VARIABLE CAT EGORI ES~.— ‘ . T4$, 14/1*.
200 • ‘NUMB ~ R DUM MY VAR IA B L E S EXCLUDING ZO—— ‘. y4$, I~~,1x,201 • ‘NUNBtR OF LEFT— OUT DUMMY VAR IABLES—— ‘. 148. 14/1*,
202 • ‘LIMEN S 1O P~A LITY OF LEFT—OUT MATR IX A—— ‘ . T48, 14, ‘ • ‘ , l4/~ X .203 • ~DI M ENSION ALlY T OF PLODITE OUTPUT MAT RI X B—— ? .  Y48, 14, ‘ a
2U4 • 14//fl
205 C
206 C DISPLA T NUMBER OF OU MMY VARIAB LE S IN EACH CATEGOR Y .
20 7 C
209 WRITE (IPRINT,6043)
209 6043 FORMA T (1)1 0, ‘ D U MMY V A R I A B L E S  N Z( N( )  IN V A R I A B L E  C A T E G O R Y  NC__ 1//
21.0 • IX. 1O(~~X, ‘NC’ . 2*! ‘ NZ ‘)//)
23, 1. WR i TE (IPRINT,60 46 ) (N C. NZ (N C), NC • 1, N CA T E G
23,2 C
23,3 C DIS PLA T L E F T — O U T  DUMMY V A R IA B L E  NUMBERS,
23,4 C
23,5 W R I T E  ( I P RIN T ,6045)
23,6 6045 FORMAT ( 1)4 0.  ‘L E F T — O U T  DUMMY V A R I A ~~L .ES NOU TCN C ) IN VARIABLE ‘ .
2 3 , 7  • ‘CATEGORY NC —— ‘ // I X .  10 ( 4*,  ‘NC’ 4 2X1 ‘NOUT ’I i/)
21.~ WRITE (IPRIN T.6O46) (NC’ NQUT (NC)’ NC $ 1 .N C A T E G )
23,9 6046 FORM A T (4*, 13, 2*, 13, 4*. 13, 2X~ 13, 4*, 13 , 2 *,  13, 4* , I3~
220 • 2*. 13, 4*, 13. 2*, 13. 4*, 1.3 . 2*. 13, 4X , 13. 2* , 13. 4X ,
221 • 13. 2*. 13, 4*. 13 , 2*. 13, 4 X .  13. 2*, 13)
222 C
223 C READ FiRST ROW OF CROUT 55CP MATR I X . FIR ST ELE MENT IS NUMBER
224 C OF CASE S IN SAMPLE. NEXT IS SUM OF ‘it’ . NEXT SUM QP ‘22’ . ETC ,
2~ 5 C D IV I D E  àY NUMbER OF CASES TO GET MEANS ,  NOTE THAT THIS
226 C CHOUT IS IN LEFT—OUT VAR IABLE FORM .
227 C
228 READ (IF1LE1.5015) (SSCP (J X), ,jX • 1,NDIMA )
229 5015 FORMAT ( O F 3 ,2 . O )
230 DO ~oo ,JX ‘ 2 .NDIMA
231 SSCPCJ X) : SSCP (JX) / SSCP (i~
232 400 CONTI N UE
233 C
244 C DI5PLA T CR CUI VECTOR IF ‘IFLGC ’ Is ON.
245 C
236 IF ( I F L G C  • LE.  0)  GO TO 450
237 WRITE (IPRINT ,6O5O )
248 6050 FOR MAT ( iHO. ‘ F IRST  ROW OF SUM OF SQUARES AN~ CROSS PRO DUCTS ‘~~

• ‘MATRIX (N. ME A NS)—— ‘II)
240 WR ITE (IPR INT ,6O6O)
241 6060 FOR MA T (3,H , 4* , ‘NV ’ , 3* , ~SIG MA ~~‘ ‘ 8* , ‘NV ’, 3*,
242 • ‘SIGMA V ’, 7*, ‘MV ’, 3X , ‘SIG MA V ’. 8*. ‘NV ’, 3*, ‘S I G M A  V ’,
243 • 8*. ‘NV ’ , 3*. ‘SIGMA V’11 )
244 WRITE (IPRINT .6070) LiX’ 3SCP ,jn~ .JX • 1.’NO IMA)
245 6070 FORM AT (3,H • 2*, 1 4, j~~, E1.2,5, 4X~ 

1 3, lXt E12,5. 3X. 13, IX .
246 • E12,5, 4*• 13, 1~ , E12.5. 4*, 13, jX , E12.5)
247 C
248 C READ MATRI X A (I,.J ), IT HA 5 BEEN PREPABED IN THE FORM OF TRAPI$-
249 C POSE. SO READ IT IN TRAN%pOSEp FORM SUCH THAT WHEN 4(1..))
2~~o C RESIDES I). CORE IT WI LL BE I). ORIGINAL FORM 0 ROWS ‘I’ WILl..
2)1 C CORRESPOND TO THE REGHESSION EQUATIONS . AND COLUMNS ‘.1’ WILL
2 2 CORRESPONC TO VARIA B LES IN THE EO 8AT IONS . MOTE THAT THE ‘A’
2)3 C MA TRI A SUPPLIED ON ‘IFILE2’ IS MISSI NG THE hZER0.R0W .~ TH U S
254 C THE R~ AI~IN 3 IS INTO A REA S OF THE MAT R IX BEYOND THE ZERO— ROW .

C T u E ZERO RO W IS LATE R SUPPLIED.
2,6 C
257 450 RE AD (IFILE2,5020) ~~A II.J ). I • 2.NDItIA), ,J ‘ 1,NCIMA)
258 3020 FO,4MAT (6E1J.5, 2*)

C
260 C SUPPLY ZERO_ ROW,
201 C
262 00 523 J • i,NDIMA
263 A(1 ,J) • 0,0
244 525 CONTINUE
2*5 A (l .1) • 1 ,0
2*6 C

‘4 - 

- 267 C ELEM ENt ~(1.1) SHOULD BE UNITY 4N0 T A Kes ROLE QF *(O.O). REST
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248 C OF W O W 1 SHOU LD BE ZEROES . COPY iN!5 IN TO ‘9,’
249 C
270 8(1.1) • 4 ( 1 .1)
271 W p I T E  ( IP R I N T . 0 0 8 O )  3( 1,1)
272 608 0 F O R M A T  ( 1NQ. ‘ F I R S T  OR ‘ ‘ Z E R Q ’ ’ — R O M — —  ‘/ / 5* , ‘9(1,1) 15 ‘.
273 • E12 ,S,SX . ‘ALL OTHER 8(1,.)) SET TO ZERO’ )
274 DO 600 j • 2 .Np1M9
275 B(1.~~) a 0,0
276 600 CONTINUE
27 7 C
278 C DIS PLA Y M AT R I X ‘A’ IF ‘IFLGA ’ Is ON.
279 C
280 IF (IFLGA ,L~~. 0

) 00 TO 630
281 w R i T E  C I P R 1 N T , 6 1 2 0 )
282 6120 ) O N M A T  (1HI , ‘ O R I G I N A L  M A T R I X  ‘ ‘A ’ ’  IN L E F T — O U T  V A R I A B L E  ‘ .

• ‘,~OR M -— ‘///)
W R I T E  C I P P I N T . 4 1 3 0 )

2o5 6130 FO R MA T ( 1k , T 4 ,  ‘I’ . T9, ‘,j’, T j 5, ‘At.))’1 4(7*, ~~~~~~ 5*.
2o6 • ‘AL)’))
287 DO 625 I = 1 ,NCIM A
288 WR ITE (IPPINT,6100) I
289 WRIT E ( 1 P R I N T , 610 5) C.), 4(1,.)). .4 $ 1,IjD!14A)
2~ O 625 C O N T I N U E
291
292 1—L 00

~ GOES DOWN THROUGH ‘NCATEG’ BLOCKS OF ~~W S ,N B O T H  ‘A ’
293 C AND ‘a .’
294 C
295 650 DO 2500 ICATEG t ,NCA TEG
296 C
297 C ‘IPO IN T ’ PO INTS TO FIRST R O W OF ‘B’ IN PAR T ITION BEING TREATED.
298 C ‘IPTSS’ POINTS TO INDEX OF ‘SSCP’ AND ‘ A ’  AR RAYS CORRESPONDING TO
299 C PROPE R ELEMENT OF ‘B. ’
300 C
30 1 6~~Q I P c I N T  = 2
302 jPT S 5 =
303 IF ( 1 C A T E G  ,E0, 1) GO TO 705
3~ 4 DO ~OO I X • 1,ICA TEG— 1
3o5 1PO IN T = IPC INT • NZ (IX )
306 670 IPIS5 IPO INT — IX
307 700 CON T IN UE
308 C
3~ 9 C ‘ I V O U T ’  P O I N T S  TO L E F T — O U T  p0 W OF N_ MATR IX APP LICA BLE IN PRESENT
33,0 C BLOC K OF I-ROW S , IT M U S T  BE COMPUTED ONCE FOR EACH I-ROW
33,1 C BLOC K CO RRESP O NDING Y C V A R I A B L E  C A T E G O R Y .
3)2 C
33,3 705 IVOUT • 1
31.4 IF C ICA T EC .EO , 1.) GO TO 715

DO 
~1O 

IX • i .jCAT EG— 1
31.6 Iv)JUT • IVO L T • NZ (IX)
33,7 710 CO NTIN UE
33,8 715 IVQUT = IV OU T • NOUT( ICA TCG )
33,9 C
340 C A DV AN CE THROUG H AN I—B L OC K , ‘ I ’  I~ AB S O LUTE INDEX IN ‘B’
321 C A R RAY ,
322 c
323 7’) 00 24 ) 00 1 • L P O ! N T , I P O I N T . N Z ( I C A T E G ) — 1
344 C
325 C S K IP  T HE L E F T — O U T  ROW ‘ I V O U T ,’
326 C
347 IF (~ .EG .  IV O U T )  GO T O 2000
328 C
329 C F IND THE A PPR O PR 1ATF ROW OF ‘A’ FROM WHICH YD TAKE THE CO!FP’I.
340 C CI E NT S US ED IN PREPAR ING L E F T - O U T  ‘B’ :  T H!S NFED BE DONE
3.A1 ONLY ONCE FOR EAC H ‘I ,’
33? C
333 74 0 IA • I
334 IF ( I C A T E G  .EO ,  1~ GO tO 773
335 oo 770  IX • 1 . I C A T E G — 1
336 IA • I A  • ( t s Z ( IX )  • 1)

A- S
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3,~7 ‘O C 0 r ~T I N~~E
338 77~ U O 7~~fl l~ I p O I N T ,I
3~ 9 IF ~~X .E 0 , IV O U T ) GO TO 780
340 IA  T A  • 1 -

341 7R0 C0\~~1N~,E342
343 C J-LO Q P GUE~ ACRO SS THROUGH ~NC A T E G , BLOCK S OF C~ LUMN S. F ! R 5 T
344 C ~~~~~~ I S  A L W A Y S  O M I T T E D  ~EC A U SE I T IS  TP E A T E D SFP~ RATE L Y

c
346 C
347 C ~~kT) TP ’ E B .A cCU M U LA TOR (‘BA CC UM ’ ) USED TO SET THE ‘80’ COLUMN ,
3’o B C
349 B A L C ~.” 0 .0
3~~O C
3~~1 DO 1~~rT 1) S~~’ A T E G  = 1,~~C A T E G
3~ 2 C
3o3 C ‘-j~ Q I \1 ’ PC INT S Tr’J FIP~~T C LLUP’N OF ‘B’ TN PA WT ~~~I r ~N I~E I N G
3,4 C Y N E A T h O .
3,5 C
3t~6 79D S~~U T N ’ 2
3~~7 I~ LCA ’~~G , E Q ,  1) GO TO B25
378 y~ B~~0 jx l...C A T E G — 1
37 9 J PO I NT  = jPCI~~1 • N 7 ( J X )
3o0 b!T~ C~~~~iI~~~~E

3o1 C
302 -

~ ‘ J~~~E1’  1’ E N ~’ OF ,~-SCAN IN B- A R RA y ,
3o 3 C
304 o7S JE\ = ,, P C I N T  ‘ \

~~~JCA TE~~
) — 1

305 c
3o6 C F I - ~S T  ~~~~ L ’

~ 
T~- E ‘b’  rQ RH E5 P O N D I N G  TO THE L .EFT—C UT ‘-4 . ’ T HE

367 C UT (.~CA T~~G )— T k A — V A L U E  IS LEFT Co T , CO M PUTE A~ SCLU TE INDEX
308 C ‘ O ~~T’ cr LL r T — O L T  ‘B . ’
30 9 C
370 j O .~T J P 0 I~~~T • N~~f~(JCA TEG ) — 1
311 C
372 C CO- P~..~~ l ’ C E X  ~. I Mt 1 5  T N  A — A R R A Y  FOR A— V A L U E S  TO ~~ U S ED IN CO M—
3/3 ~~ T INu THE LE FT—O U T ‘~~~~. T H E T R I C K  iS T H A T  A LL Cf T Hc A —
3/ 4 C ~~LoE S ~ TL L A LWAYS ~E U~~~C IN T H I S  S T E ~’, ONE NEFC O NLY M U L T I P LY
3/5 C ~r EM bY A F P R O P R I A T E  SSCP t L E H E N T S .  ADD, AND CHA NCE S I G N ,
3 / 6  C
3/7 0 4 0  ,JR~.NA
3/8 ~~~~ ~PGNA • ( N L ( j )  — 2)

IF UC AT EG .~~C ,  1) CO 10 900
3b~ DO ~~~ JA • 1.~~C A T t G ~~
3~ 1 J I N C  = ( N Z C J A )  1)
3d 2 J8~’N A : ..~BGN A •
3o3 J END~ = ..BG N A • N 7 (JA+ 1 ) - 2
3c~4 850 CON T INO E

c
3o 6 C SELEC T1N G £ ‘~~ F ROM PL-4 ‘ I A ’  A ”~ dET WEEN ‘J t3G NA ’ ANU ‘JEND ’ AND
3o 7 C Z ’ S  r H O M  C O R R ~ SPO N DINo L Y ~- 1ND E XE D SSCP—VE CT OR, PE RFORM M ULTI—
3~ 5 C P L I C A T I O N  TO PRE PARE THE LEFT—OUT ‘B.’
3 09 C
3V0 900 b (I .~~OL~T) ‘ 0 . 0
391 DO 951 JA • .J R G NA , ,~EN!~A
392 8(I,.,C, T~ ~(I..)OoT) • C A ( IA ,J A ) • SSCP C JA ) )
3V3 950 C C~~T I N o E
3~ 4 b(l ,.~OUT) i — B ( I , J O I J T )

c
396 C SA V E T~~IS L E F T — O U T  ‘d ’  A S C O R R E C T I O N  T E R M t O  BE A P P L I E D  T O THE
397 C C T H E R  A ’S  IN I T H  ~~~~ OF B — A R R A Y ,
398 C
399 9 Q  ~ = B 1I..~fl L T )  - -

40 0 C j-~~
-

4~ 1 C A CUUM1i~ ATE A LL LE FT- OUT d ’5 FOR THE ROB ‘I ’ BEING T R E A T E D .  T hE
4 0 2  C Ac ~~o ’~ . 1 A T ED T C T * ~.. W II . L  L A T E R  9E USED IN PR FPARI NO ELEMENT S

C 8 I I . 1 ) .
C

F,
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4~ 5 96) BA CC U M • B A C C U M  • 0
406 C
4 07  C NO W THE TA SK IS TO FIL L TUE RE MA INING B’s IN RO W ‘I’  FOR
408 C JPO~ N1,jEND8 FOR ~ NOT EGOA L 10 ‘.)OUT’ CA L Q EA DY COMPUTED,
4 Q9 S K I P ) ,

C
43,1 C FIND .JA _ IN CEX CF ARRA Y ‘A’ CO RRE SPO N DIn G TO TUE ‘JPOINT’ ELEMENT
43,2 C 0” AR WA Y ‘B. ’ TRtN EXTRACT KL(JCATEG) ..1 A .VALUES FROM ARRAY ,
43,3 C CORR ECT THEM H IT H 0, AND STORE IN ASCEN DING LOCATIONS OF ‘B. ’
43,4 C SKIPPING THE ‘ JOU T ’  ELEMENT ALREADY TREATED ,
43,5 C
43,6 97Q ~A = I
43,7 iF (oCATEG ,EQ, ~) GO TO 1000
41.8 DO 980 JX s 1,~~CA TEG- 1
43,9 J A • JA • ( N L ( , J X )  — 1)
440 98Q CON TINUE
421 1000 J oPOIN T
422 1010 JA = JA • 3,
423 iF ( J A  .G T , ND~~M A )  GO TO 1500
444 TEMPO A (IA,JA ) • 0

IF ( 1  . EG .  ,JO UT ) .4 = ~ • 
1

426 IF  ( ,J . G T .  .,JE NPB) 00 TO 1500
447 9 1 ..) = TEMPO
428 .4 • 3,
449 IF C~ .G T .  J ENC B1 GO TQ 1500
440 GO TO 101.0
431 C
432 g PR O GRA M BRANC HE S TO HERE W HEN A .)~~G A T E G O R Y  IS C OM P LETE,  TH IS
453 C IS T E R M INA TION OF .4-LOOP,
434 C
435 1500 CONT I N UE
446 C
437 C W REN A LL J . CATE GOR I ES FOR A G I V E N  I— RO W ARE COM P LETE,  THE I-
438 C ROW A C V A N C E  LOOP T F R H I N A T E S  H ERE,  NEW I — R O W  IN BLOCK OF I—
439 ROWS CONSTI TUTING PRESENT I—CATEGORY ,
440 ç
441 C BEFORE GUI NG TO NEW 1—RO W , SU PPL Y T HE ‘80’ TERM FOR THE ROW
442 C BEI N G TREATED, THIS IS SUM OF LEFT OOT B’S (‘BACCUM ’) SUBTRACTE D
443 C FROM THE ‘A’ C0RR~ S POND ING TO TH IS  I — R O W .  IN OTHER WORDS .

C THE 8 ( 1, 1)  TE R MS A R E EQ UAL TO THE ME A I9S OF THE A S S O C I A TED
C PUEUI C TA p~~S (NOT PR E D I C T O RS ) ‘TA’ HA S A LREADY BEEN C O i l—

446 C POlED AS THE I—I NDEX OF ‘A ’ CORRE SPOND ING TO THE I—I NDEX
C O~ ‘B, ’

448
449 1900 8 (1,3,) = A ( T A , 3 ,)  — BACCUM
4)0 2000  CON T INUE
4)1 C
452 C WHEN ALL I.RO W S IN PRES ENT I_ CATE GOR Y A RE COM’LETE, I—LOOP tE4—
4)3 C MI NA T E S HERE FOR A NEH I—CAT E GO RY (NEW BLOCK QF I — R O W S ) ,
4~~~4 

C F I R S T  WE MUST T R E A T  THE IV O U T — T H  I — R O W  AS N E G A T I V E  OF SUM OF
4~ 5 C THOSE BEFORE IT , ‘~~O ’  CO LUM N ADD S TO ONE. OT H ERS TO ZERO,
4)6  C
4) 7 2020 lx a IV O U T
4)8 g O 2050 .~ ‘ l, N D I M U
4)9 8C j X ,j~ • 0 . 0
400 2050 CON TIN UE
441 DO 2100 ~ a

~0 2 Q~~0 I • LPOIN T .IPO INT.NZ(I CAT EG ) 1
443 I F  (I ,EQ. IV OO T ) lao ~o 2090
444 2070 B C L X ,J ) • 1 (1* ,.)) •
465 2090 CONTINUE
466 2OqS B (IX ,J) a — B ( I X , , J )
447 2~ O O CON TIN UE
448 2110 8 (LX ,1) • ~ .O • B (1X,1)
449 2500 CONTINUE
470 C
47 1 C W HEN P R O G R A M  CON T RO L A R R IV E 5  A T  T HIs  POI NT ,  T HE B — M A T R I X  Ic C O P I
£72  C PLE TE AND R EA O Y FOR O UTPUT , A L W A V ~ PR INT THE M A T R I X .  OuT PUT
473 C TO F ILE ‘ l O U T ’  IS O P T IO N A L ,  DEPENDING ON OUTP UT F LA G ‘ IFLGB , ’
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4 4 74  C IF W R I T T E N ,  ‘l O U T ’  CAN BE A DDRES SED TO TAP E~ DISK OR CARDS , *3
47 5 C P R O V ! C E C  IN JCL ,
476 C
477 WR I T E (IPRINT,60 90)
478 6090 FO N M A T  (3,H3., ‘PLODI TE OUTPUT M A T R I X  ‘‘B ’ ’—— .1/I)
4/9 wRi T E (I PR IN T. 6 095)
400 6095 FO RMAT (1H • 74. ‘I’ . i~~, ‘ . 4’ . T 15. ‘B(,fl ’. 6(7K. ‘ . 4 ’ , 5x.
40 1 •
482 DO 3000  I •
403 W R j T ~ 

( I P R I NT , Ô 1 0 0 )  I
4 04  6100 FORMAT (IWO, T2. 13)
405 WR I TE (IPPINT. 410 5) (.4, 8 (1.,)), ,) $ linDIM B )

~1D5 FO R MAT (15’ ~X ’ 13’ 1Y. E11’4’ 2X’ 13’ lx . E1t’4’ 2X’ 13’ IX’
4 ö 7  • Fil, 4, ~X , 13, 1Y , E 1 l .4 ,  2x. 13, I X .  E 1 I , 4 , 2 K ,  13, ~X ,  Ei1,4.
4o8 • 2~~. 13 . 1~~. E3,1,4 )
4o9 3000 CO , T INU E
4~ O IF (IF LGb ,LE. 0) O~ TQ 4 0 0 0

DO 3
~~O~ 

1 i . N D I M B
492 W R I T E  ( I O U T ’ 6 1 1 O )  ( R ( I . J ) ’  .4 = 1,NDIMB )
4a 3 6j10 FO~(M A T (5E3,5,8)

3i10 CO NTI~~~E
REMIN D  lOUT

4 9 8  C

4 9 7  C TE RM INA T ICN .
498  C
49 9  4 0 0 0  5T ~~P
5 J 0 E N ~

_ _  
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Appendix B

CROUT PROGRAM
C Tt i lS PRO GRAM P~ OOULES ki~,,RE 55ILN COEFFIC IENTS USING THE CROUT
C l-UR~~A kU— o4 Cxw A Rt )  S( J LUT ICJF ’, METHOD
C

0001 DIMENSI O N S R 1  ~O)
0002 REAL *O A l ~0, 2O),L~( 2C, 201,Y( 20, 20)

C
C R EAL ) N. THE (JRuER LI~ THE SG UARE MAT R IX A. NM ,T HE IUM~~EM GF
C PkEO1CT .~NL)5 APP EA KINO UI THE SSC P PKEQICTUK— PREOLC TA ND MAT R IX .
C

v003 R E A D ( 5 ,~~00)  N, N M
0004 900 F U R MA T I2 I J )
0005
0 u06 N L = N — 1

C
C READ IN  THE SSCP PREDICTOR MATRIX
C

~Uu7 R EA O ( 5 , 9 0 L )  ( ( A ( 1 , J j  ,J=I ,N) , I 1,N)
C
C REAL) THE ~.SC P P R E D I C T O R  — PREDICTAND M A T R I X .
C

0000 RLe~D (5,901I ((Y (I,J),J—I ,N),I=1,NMI
o009 901 FORMAT ( 7F5.oI

C
C 8E~.IN C A iC U L A T I N G  THE ( R O U T  A U X I L I A R Y  M A T R I X  OY ~ E TT IN(, T h E  FI - ’~’T Ri,,~.

C
uOiO DL) lu I—~~,N
3011 10 A(1,I i=A(I,I1 /A (t .1)

C
C COMPLETE THE CR001 AUXILIARY MATR IX
C

0012 DO 20 J 2,N
.4013 Di) Jv I~~J,N
u014 JS J—L
00 15 00 4u L= 1,JS
0016 Al1, j)—A( I,J)—A (l,L )*A (L ,J~

40 C O N T INU E
0018 IF (J.EJ .I) GO TO 30
0019 ALa , I 1— A l I .01 /A( J .J1
0020 30 CONTINU E

20 CONT INUE
C
C K R E P R E S E N T S  THE vA r ~ IAb LE  FUR WHICH Y O U  ARE DE R IEV IN G C t) E I-FICIL -’~TS
C

0022 00 500 K 1,NM
C
C AUGMENT THE CREjUT A UXILIA RY MAT R IX bY MAKINI., A LAST Row aITH THE
C K TH RUN OF TilE sSCP PREDICTCR—PREDICTANO MAT RIX.

0023 00 So
0024 50 A ( N P , M ) — Y ( K , M )

C
C PL A CE THE I ST E L E M E NT iJF THE K TM ROW iNTO THE LAST DIAGONAL ELEMENT
C OF THE AUGMENTE D A uX I L I A R Y
C

A l NP , NP) IX, 1)
C
C STA RT TO CALCU LATE THE AD DITIONAL ROW AND COLUMN
C

( OO ~~o A U , N P )— A ( N P ,j ) / A ( L , 1 )
C
C COMPLETE PROCES SING THE AD UlT t ONAL RUN AND CL’LUMN AS IN 20 L ODi’ Ab OVE
C

0027 DL) 200 J 2,NP
0028 JS J—L
0029 DO 40~ L-1,JS
0030 400 A ( N P,01 A ( N P , J ,— A ( N P , L ) *A ( L , J 1
0031 IFIJ .EW .NP) GO TO 200
0032 A (J,NPI .A INP,JI/A (J,J)
0033 200 CONT INUE

- - B-’
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C
C aEG IN CALCULATING THE C O E F F I C I E N T S  FOR THE K TM V A R IA B L E  BY G E T T I N G  THE
C L A S T  CUEFI- IC LENT
C

81K,  N) A ( N , N P I

~03 5 00 ‘.,0 J=1,NL
0036 JJ N—J

OCX, J~~)~~A ( JJ,NP)
uOio DO 3ui. L 1 , J
u0,~~ LL— NP - — L
00... 300 OLK,00)=b(K, JJ )—A (JJ ,LLI*B( K,LL )
004 L 4~i) CC NT INUL

C
C CA LCULATE THE R[~~I OUAL SUM (iF SQUARES
C

OO4~ S S K C X } = A ( N P , N P I/ A ( L , I )
0043 500 CONTINUE

C
C OUTPUT THE CUEI - FI C I~ NTS
C

004’. DL) t 0 0  K 1,M4
004 5  v . R IT E I 6 ,90 2 1 K ,S S R( K 1
0046 902 FLiRMATL1HO,lb ,E14.6)
0047 ~R IT E ( b , 9 0 3 1  (J ,b lK ,j I ,J=1,N)
0048 40~ FURMA T (6C I5,115.blI
0049 600 CONTINUE
0050 STOP

B- 2
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Appendix C

REGRESSION ESTIMAT ION OF EVENT PROBABILITIE S

(REEP)

C DE S C P I PT I L ~
C
C PERFORMS REEP A N A L Y S I S I  SEE C H A P T E R  5 I G I V E N  THE C R CSSP RO DUCT
C MAT RI X AMONG A S[T OF PRED ICTORS (ZL ) AND THE CKOSSPR000CT MAT R IX
C BET W EEN A SET  LI- P R E D I C T A N D S  AN L P R E O I C T O R S ( Y L ) .
C SCREENING IS PERFORMED AMONG THE P R EDICTOR S TO M A X I M I L E  THE P R E D I C T A B I L I T Y
C FOR A OR CUP OF PR EDICTANDS.  ALL OF T HE PRE DICTANDS IN A GROUP ARE
C DUMMY VARIA B L E S, USUALLY MUTUALLY EXCL USIVE AND EXHAUSTIVE.
C
C NOTE THA T THE ORD I N A R Y  F TEST IS NOT AP PPPRGPRIA TE W HEN SELECTING
C PRED ICT UIc S bY A SCREENING PRUCEL) URE. I T  IS RECOMMENDED THAT THE PRU t3ANILI TY
C L E V E L  U~ THE T E S T  BC MADE A FUNC T ION OF THE NUMBER OF POSSI B LE  P R E D I C T O R S ( I P I ,
C S P E C I F i C A L L Y ,  ( 1  — 1/ 1 2 0* I P) I .  THUS AN ORD INA RY 95L LEVEL W ITHOUT SCP [ENIP~GC WOULD BE ( 1— 1 / 2 0 ) .  S INC E MOST S T A T I S T I C A L  T A B L E S  SUCH AS HALO ’S  DO NOT COVER
C Th E S I T U A T I O N  OF A LARGE NUMBE R OF P R E D I C T O R S ,  IT IS SUGG ESTED T H A T  THE
C INVERTED PAULSLN A P P R O X I M A T ION BE USED TO A R R I V E  AT THE C R I T I C A L  F VALU E .
C A FACTOR N IS USED TO APPRL) PI4IAT ELY REDUCE THE NUMBER OF SAMPLE CASES
C BECAUS E OF S ERIAL C O R R E L A T ION. FOR E X A M P L E ,  IF ONLY EVERY E I G T H O B S E R V A T I O N
C CAN BE C(JNS IDERLD INDEPENDENT , SET ~ EI, UA L TO a.
C 

—7 3
XdVWT) P4UION #r

~ i~I b s1— j~ 
‘ L

C WHE R E K IS  THE NUMBER OF STANDA R D D E V I A T I O N S  THE ACCU M ULATED P R O B A B I L I T Y  £
C IS FO RM THE M EAN Oh- THE NURMA L D I S T R I B U T I Q N .
C
C INPUT
C
C CARDS CUE Fill NAME DESCRIPTION
C I I— .~ I i IP NUMBER OF PREDICTORS. ZZ IS AN IP x IP MATRIX
C 4— 6 13 MM NUMBER OF P R E D I C T A N D S .  YZ IS  AN MM X IP M A T R I X
C 1— 9 Ii lo NUMBER OF PREDICTAN D GROUPS. ( E.G. CF ILING,
C V I S I B I L I T Y , P R E S S U R E ,  ETC I
C IL— li 13 lOG MAXIMU M NUMBER OF PRE DIC T AN D DUMMY C A T E G O R I E S
C IN ANY LF THE IG PRF I~iCT AN D GROUPS.
C 2 1— 3 13 N(1,IG) DEFINES THE START POINT FOR EACH OF THE IC PREDICTAN T )
C GRCUPS.
C • 4—5 Ii N(2,IGI DEFINES THE END POINT FOR EACH OF THE IC P R E D I C T A N O
C • GROUPS.
C .
C FOR EXA MP LE, SUPPOSE CE iL ING IS GROUP 2 AND ITS DUMMY PREDICTAN DS ARE FROM
C 20 TO 26 IN THE Yl MATRIX. THEN N (1,21—20 AND N(2,2) 26. THERE N ILE BE
C 10 CARDS CF THIS TYPE.
C
C IGi 2 1—10 F5.1 FCRIT CRITICAL F VALUE .
C 6— lu F5.L N FACTOR THA T IS DIVIDED INTO THE NUMBER OF

C OBSERVATIONS TO GET THE NUMBER OF INDEPENDENT OBS.
C
C IL AND YL MUST ALSO bE INPUT AND THIS IS DIME VIA SUBRUUTINE SCRNIP.
C IN THE SCRNIP LISTIN G PROVIDED, Li AND YZ ARE READ F ROM T A P E .  ii IS A
C 1 31x 131 MATRIX AND vz IS A 131 X 130 MA TRIX WHICH MUST BE TRANSPOSED.
C
C
C PROG RAMMER — D~ RO BERT 0. M ILLER AND CAPT MICHAEL KELLY
C
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DIMENSION ZL ( l 3 1, 1 3 1 ), YL U 3 L, 1 3 1 )  , b ( 2 5 , 13 2) ,Z ( i 3 2 ,1 3 2 1 ,Y ( 2 5 , 13 2) ,

*Nt~~,i2),IS ( 1i2J ,TEMP(132J,TkC (25),TRPI25 ),TRI3 (25),B€ST (13Z),
*SSP C 25)
DATA TKC,TRP,TRB/75*O./
DATA BEST/L32*O./
.4E AO (5,900) IP,MM ,IG,IGG

900 FORMAT( 413)
REAO(5,9011 C (N( I,JI,L—1 ,2 ),J— L . (03

901 FURMAT I2 I3 )
REAO(5,9O2) I-CR IT,w

~O2 FURMAT(2F5.I1
C SCK N IP IS AN INPUT SUbROUTINE. IP AND MM ARE PASSED TO DEFINE THE
C SIZE Of IL AND Y L ,  THE CRCSS PRODUCT MATRICES MENTIONED ABOVE.

CALL SCRNIk (IP,MM ,ZZ,YL)
I T T—0

ISCI )—1
C REST ART POINT FOR NEW PHEDICTAND GROUP
1000 IT— O
C L DEFINES THE PREDICTOR BEING CONSIDERED.

L 1
It 1, 1 I— Lit 1, 1)

C NP INDICATES THE PREDICTAND GROUP YOU ARE WORK ING WITH
NP ~I P.1

C KB AND X E D E F I N E  L I M I T S  OF THE NP PRED ICTAND GROUP
KB NI 1,NP)
XE— Nt 2, NP
KSLE KE—K8+1
DC 1100 M KB,KE
I T — I T.1
Yl IT , LI— YZ I M , 1)

C TRA NSFORM TO SUM OF SQUARES OF DEVIATIONS FROM THE MEAN.
TMP C I T  ) Y 1  IT , 1)—Vt IT,i)**2/Z 11,1)

1100 C GN I I N UE
C R E S T A R T  P O I N T  FOR S F L E CT I N G  NEXT  P R E D I C T O R

2200 I T — I
X = Q .

100 DO 55 Ja2,IP
C TEST TO SEE IF PREDICTOR wAS PREVIOUSLY SELECTED.

DO 5 1—1.1
IF (J—IS (I)I 5,55,5

5 CONTINUE
C LOA D T E M P  W I T H  P O S S I B L E  PR E D I C T O R

DC 10 1—1 .1
K .ISC I )
TENP ( I )—LZ (K,J1

10 C O N T I N U E
L T — L + 1

C LOAD SUM Of SQUARES OF PREDICICK INTO TEMP , A WORK SPACE.
TE MPILT )—LLI J,J)

C LOA D Y
DO 15 M.KB,KE
ITT— ITT +1
V i i  TT ,LT) YZ (M,J)
ITL— 15(1)
Y (I~~T ,L)—YL( M ,IT I1

15 CONTINuE
I T T O

C TEST TO DETERMINE IF FIRST PREDICTOP
IF (L—2) 27,28.28
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C AUL .MENT T E MP
28 LIT—I T— I

CO 2C LL 2,LLT
LEN—IL— I
DL) IS LN—L ,LLN
T E M P  I L I ) T E MP I E L )— T E M P ( I N ) * Z CL N ,L L J

25 CONTINUE
20 CONT INU E
~~1 DL) 22 LN—I ,L

TE MP (LT )=TEMP(LT )—TCMP(LN )**2/ZILN,LXI
22 CONT I NUE

IT— K SLE
IFCE —2 ) 31,38,3d

38 Do 3o M zl ,IT
DC 35 IL=L,L
K 1= 11—1

C A U G M E N T  V
DC 31 K K— I,Kl
Y ( M , L L)=Y (M , L L)— Y (M , KK ) * f lK I c ,L L )

i i  C C N T I N U F
35 CONTINUE
30 CON TINU E
37 00 .~i M = I ,IT

DO 34 L1 1,L
Y (M,LT I = Y IM ,LT)—Y IM,LL)*TE MP(1L)/ 1111,11)

34 C ONT INUE
32 CONTINUE

DL 4u M-1 ,IT
C DI AGONAL TEST

IFC T IMP(LT I—L .E 61 55,55,43
43 TF— V (M.1T)*s2/TEMP~ Lfl

TRC (M )— TRP(M )—TF
C TEST FOR MAX RATIO

IFI TF/TRC (M )—X ) 40,40,45
45 X— T F /TpCCM)

IJ=J
00 47 KK~~L,L TC TR A N S F E R  TE MP I N T O  3E S T
BEST C XX I*TU MP ~KK I

47 CONTINUE
DO 400 MM—1 ,IT
TRB( MM J— TR P (MM J— y (MM ,LT)**2/TEMP (LT)

400 CONTINUE
40 C UN T I N U E
55 CON T I N U E
C DO SIGNIFICANC E TEST

II-(( X *jL (L,j)/W— LTI—F CRIT) 2000,2000,2100
2100 ITT— U

L L +  I
C PREDICTOR IS SIGN IFICANT— INCORPORATE INTO Z.

DO 5S0 KK L,LT
LI L, XK)—BES T(KK)

550 CONTINUE
I IT— LT— 1
UU 42C XK I,IIT
Z (XX .1 ).t~E5T( XX I/i (KR , XXI

‘.20 CONTINUE
ISCL)—I J
00 450 M-1 ,IT
TKP (MIaTRB(M )

450 CUNTINIJ E
C TEST TO SEE IF LAST PREDICTOR.

1F (1—IP ) 2200,2200,2000 ~~~~~~~~~~~~~ -
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C p~~~~~~hM hAC K S O L U T I O N
2 L 0 0  M~ NP+~

I T=t . + I
DC 5~~0O K 1,KSLE

C T ACK ADDI TI ONAL ROW ON 1
DC 5~.IC J~~I,L
LILT ,J)=V(K,J)

5 i 1 3  CONTINUE
C TACK A L O I T I U N A L  CC L UN 1

DO 5 0 20  J=I,L
Z(J,IT )=Y(K,J)/L(J,J )

5~.2O CtN T IN C F

2 (IT , IT )=Y IX , 1)
C U E T~~~M I Nt T O E ~~~~IDUAL SUM OF SQ UA hE S

DO ~O3O J 1,L
L1 LT ,L T )~~Z 1 L I ,1T)— L(IT ,JI*L (J,LTI

SuJ O CL~.1 1NUL
C r~€ GIN CALCULA TINt. THE COE FF ICIENTS

~S=L I
N L = I— j
B (K, L )=ttI ,NSi
00 504C J 1,NL
J J - L — J
B(K,JJ) 1tJJ , NS)
00 5050 I= 1, J
I S NS— I
BC K , JJ I — B IN ,J J1 1( JJ, LS) (K .L SI

C U S O  C ON T I NUE
5C40 C ON T I NUE
C CA L C U L A T E  THE ~E5IUUAL VAR IANC E

5S~< ( K 3 = / ( N S , N S I / I(L, i I
,000 CONTINUE
C O UTPU T Till C O E F F I C I E N T S

A R I T C ( t , 9 0 4 )  NP
,04 FLkM AT I’I THIS IS PR EDI CTAN D GROUP NUMBER ‘.13 )

DC 6C 00 K~~I , K SiE
~kITF (6,905) K,SSk (K)

9u5 F ( J R M A T ( ’ O  THE R F S I U U A L  VARIANCE FOR THE ‘,I 3,
•‘ R R F D I C T A N D  IS ‘,F9.6)
nRIT [(L,900 ) K

900 F L R M A T ( ’O B F L UN  Ai’ E T H E P R E C I C T O R  NUMBE RS AND C O E F F I C I E N T S F OR
* ,‘T hE ‘ ,13, ’ PRED I C T A N D ’ )

,iPITE (6,907I (0, IS (JI ,B(K,J),J— 1,L)
907 FIJRMAT(4 ( 2I4 , E I ~~.6))
6000 CONTINUE
C HAVE YUU DCNE AL L PRE DICTAND GROUPS.

I h - C N P— IG) 1000,3000,3000
3000 STOP

END

,Uh~ (JUTIFE SCRNIPIIP,MM,ZZ ,YL)
DI MENSION l it 131,131),YL(1 31,131)

~EAU( l,9o0) ((11(1 ,J ),J= I ,IPhI—1 ,IPI
C T R A NS POSE UI- Y L IS NEEDED

~EAO(2 ,9OO) I (Yl(J,II ,J— L ,MM),I.1,IP)
‘100 FQRMA T(145F 1.Q)

WRITE 16,901)
901 ‘~U~ M A T t ’ I  BELOw IS THE Li MATRIX’)

WR ITE 16,9023 ((1 ,J,LL ( I ,J ),J I, IP), IaI,IP)
902 ECRMAT (512I4 ,FL C .0I/3

,,R I TI (6,903)

~O3 FO WMAT (’l BELUW IS THE YZ MATRIX ’)
WRITE( 6~ 9iJL) ((I,J, Yi (I,JI,J—j,jp) , (—j,MMI -~ 

-

r R(TURN

Li. S NOVINOUT PNIITINN OflICL I T$ S-.1$7774/N NSINO NO. N
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