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PREFACE

The material contained in this report is a compilation of students' papers
coming out of my one semester graduate course at Saint Louis University,
Each of the papers is an expansion of a class lecture or topic. For various
reasons, not all of the papers submitted to satisfy course requirements have
been included.

The objective of the course was to develop insight into ways of applying

statistics to solve problems. It was not intended to be a course on statistics.
As a result, the papers are not a comprehensive coverage of these subjects.
Furthermore, they are not the last word on the subject. They are not author-
atative coverages of a subject, but more a description or interpretation of the

} subject by the student. However, they have been reviewed for technical con-
tent. The intention is to develop interest on the part of the reader to do
further investigating into statistics.

There was some effort made to keep the papers primarily on the subject
of applied meteorology. However, since the course included applications of
statistics to other fields, there are two papers which cover other subjects.
These papers cover applications which discuss techniques that can and, in
some cases, have been directly applied to meteorology elsewhere.

For those wishing some guidelines for more basic probability and statis-
tical material, I would recommend, in addition to the texts referred to in the
bibliography, books by: Wadsworth and Bryan, Hogg and Craig, Dixon and
Massey. An appendix includes copies of computer programs for doing some
of the analyses discussed in the report.

it s e s T

Time restrictions have made it impractical to properly edit the enclosed
papers for uniformity of content. The report has the character of a compila-
tion of preprints to a proceeding with each paper reflecting its own style of
presentation,
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CHAPTER 1

INTRODUCTION

by Maj Bruce D. Altenhof
1.1 Introduction.

This publication is the result of a St. Louis University graduate-level course on special topics
in Statistical Meteorology taught by Adjunct Professor, Dr. Robert G. Miller, in the 1977 spring
semester. Dr, Miller, a meteorological statistician, is the Chief Scientist for the Air Weather
Service. The objective of this text, like that of the course, is to create statistical insight into
-how to solve problems.

Two textbooks were used to supplement Dr, Miller's lecture material, The books were '""Multi-
variate Analysis: Techniques for Educational and Psychological Research' written by Macrice M.
Tatsuoka (1971) and '"Statistics: A Guide to the Unknown' edited by Judith M., Tanur and )y
Frederick Mosteller, William H. Kruskal, Richard F. Link, Richard S. Pieters, Gerald R.
Rising (1972). Tatsuoka's book is based on courses he taught in advanced-statistics and multi-
variate-analysis. It provides the additional information required by students to get a thorough
understanding of advanced statistical methods. Tanur's book explores ways in which statistics can
be applied to a variety of problem areas in society. The book contains 44 nontechnical examples
of applied statistics and the contributions made in all aspects of today's society (government,
business, science, etc).

In an effort to stimulate student interest and involvement, a class experiment was undertaken
on single-station forecasting and is included as a chapter.

1.2 Statistical Subjects.

Numerous statistical subjects were explained during the course. The main subjects in alpha-
betical order were:

(1) Analysis of Variance
(2) Analysis of Covariance
(3) Bayes' Theorem
(4) Canonical Correlation
(5) Clustering
(6) Decision Theory
(7) Markov Processes
(8) Monte Carlo
(9) Multiple Discriminant Analysis
(10) Multivariate Normal Distributions
(11) Nonparametric Procedures
(12) Orthogonal Polynomials
(13) Pattern Recognition
(14) Regression Analysis
(15) Significance Testing
(16) Simulation Techniques
(17) Stochastic Processes
(18) Transformations |

The Analysis of Variance (ANOVA) technique is a method for testing hypotheses concerning
means of several populations. The ANOVA technique was illustrated by depicting its application
to testing the relative merits of a new YMCA running program as compared to the program it A
replaced, Two test groups were analyzed, one used the old YMCA program and the other used the x
new running program., The analysis tested the mean values of the dependent variable (time to run f
a certain distance) for the two groups. In doing so, ANOVA allowed one to conclude whether there
was a difference between the two programs.




The statistical technique known as the analysis of covariance is an extension of the ANOVA to
take into account the possible effects, on the dependent variable, of one or more uncontrolled
variables (the covariates). In the above test of the YMCA running programs, it was determined
that the new program appeared to be better than the older program because the mean of the
variable considered (time to run a certain distance) was much lower under the new program.
After the test was conducted, it was determined that the age of the people tested was not uniform,
Age in this case was a covariate and may have had an effect on the dependent variable. The
analysis of covariance was then applied to permit an adjustment to be made--to sharpen the test
results. The analysis of covariance uses regression equations to make estimates of the dependent
variable from the known values of the predictor variable, which in this case was age.

Bayes' theorem on inverse probability or posterior probability was depicted by the following
examples: As a weatherman, suppose you have to make a forecast of the precipitation conditions
(rain, snow, or neither) at the inauguration in Washington DC one day in advance. All you have is
your trusty barometer. For years you have recorded the pressure on each Jan 19th, 9 AM EST,
and later took notice of what occurred the next day at the inauguration site. If you plotted the
relative frequency of occurrence of the precipitation conditions with respect to pressure, you
might get what is depicted in Figure 1-1,

FIGURE 1-1
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From climatology, you know that the probability of rain (Py) is . 20, probability of snow (Pg) is
.30, and the probability of neither occurring (Py) is .50. Bayes' Theorem can be written for
this situation as:

P, f(press/Rain)
P(Rain/Press) =

P,- f(press/Rain)+P, f(pres 8/Snow)+P, f(press/Neither)

P, f(press/snow)
P(Snow /Press) =

P,: f(press/Rain)+Pg- f(press/Snow)+Py f(press/Neither)

P, f(press/Neither)
l.’,- ((prcla]Rain)rlsr-f(preu]Snow):P:- f(press/Neither)

ok P(Neither/Press) =

o g i i Z el v '
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Now to determine the probabilities. You measure the pressure on 19 Jan at 9 AM EST and it is
1010mb. From the graph you determine that the f's for 1010 mb are as follows:

f(1010/R) = . 20 £(1010/8S) = . 50 f(1010/N) = , 40
Then:

P(Rain/1010mb)

(. 20)(. 20) o 385 - .2
(.20) (. 20)+(. 30){. 50)+(. 50)(. 40) .39

P(Snow/1010mb) (. 30)(. 50) = ,1

.39

W\

n
b
o

2]
o

P(Neither/1010mb) = (. 50)(.40) = .20 = s
.39 .39

Your forecast based on the use of Bayes' Theorem would be 10% chance of rain, 40% chance of
snow, and 50% of no precipitation for the inauguration.

In another example, suppose someone hands you a red ball and asks for the probabilities that
the ball was taken from urn 1, urn 2, or urn 3. You are given the following information:

URN 1 URN 2 URN 3
Contains Contains Contains

50 red balls 90 red balls 25 red balls
50 black balls 10 black balls 75 black balls

You also know a priori that the probability it came from Urn 1 is 1/3, from Urn 2 is 1/3, and from
Urn 3 is 1/3.

By applying Bayes' Theorem and using the above information, the probabilities are easily
determined by

P -P(red|Urn x)
P(Urn x|red) = B X x=1,2, 3
Pyrn x P(red|Urn x)
x=1
Therefore,
P(Urn 1/red) = (1/3)(. 50) R

(1/3)(. 50)+(1/3){. 90)+0/3)(. 25) 1.65

P(Urn 2/red) = 1/3)(. 90 2290 = g4
(an. so)+(I 173)(. 90)!+(173)_(. 28] 168

P(Urn 3/red) =_ (1/3)(. 25) AR | S Y ey
(1/3)(. 50)+(1/3)(. 90)+1/3)(. 25) 1.65 e




The statistical method of Canonical Correlation was created by an economist in 1935. 1(tis a
method by which one determines a linear combination of p predictors and a linear combination of
q criterion variables such that the correlation between these linear combinations in the total sample
is as large as possible. This technique has been used successfully in the insurance business. To
illustrate, let's consider the following example--Buyer vs Product. An insurance company will look
at all of its policies sold (Product) and lists them under categories such as policy size, policy type,
mode of payment, etc. The company then lists all the factors known about the buyers of the
product (e.g., age, sex, income, employment, etc)., From a complete canonical correlation
analysis of all variables, the company can determine, from the factors known about a potential
customer, which type of policy, amount of insurance, and payment plan the customer is most
likely to purchase, Its use in determining what policies a customer is most likely to buy saves
them considerable time, money and manpower. Another possible area of use for this method is in
meteorology. One should be able to infer tomorrow's set of weather variables from today's set of
weather variables,

Clustering is a method for identifying significant groups such as would be desired in market
research; e.g., What are the main markets that a company is operating in successfully? Again,
insurance companies have found this information extremely valuable for sales training, designing
new products, etc. In meteorology, clustering can be used in weather typing.

Decision Theory is a technique that is applied when there is uncertainty. The following
example will provide insight into this technique. Suppose you were planning the next day's work
for a construction team. You have a choice of three projects you can plan for; however, it
depends on whether it rains or doesn't rain as to what project you can accomplish, From past
experience, you know what losses you would incur if the weather doesn't agree with the project
you planned for., By putting this information in a decision matrix and applying decision theory,
you can minimize the potential for loss. Consider the following matrix,

t f
Sdkc o Do States of Nature
RAIN NO RAIN
A,y 10 0
Planning
A, 4 4
Action
A3 0 10

If the forecast for the next day was 100% for rain, you would plan for preject 3 or A,. If the fore-
cast was for 100% no rain, then you would plan for project 1 or A). However, there is usually
some uncertainty as to whether it will rain or not, For instance, there may be a 50% chance of
rain, By using the probability of rain in conjunction with the matrix, one arrives at the following:

RAIN NO RAIN
Probability | .5 o |
EXPECTED LOSSES
A, 10 0 =,5'10 +,5'0 = 5 units lost
A, 4 4 =.5'4 4+ .54 = 4 units lost
Aj 0 10 =,50+ .5 10 = 5 units lost




Based on this decision theory technique, you would plan for Project A, because it minimizes
your expected loss. Since at different times other probabilities for rain may be forecast (i.e.,
10%, 20%, 65%, 90%, etc), each can be entered into your calculations to minimize the potential
loss to your organization.

The "Markov Process'' is a statistical approach where knowing the last state of a process
tells you all you need to know to predict a future state.

A technique often used in statistics is the '"Monte Carlo' method. The Monte Carlo technique
is applied to stochastic processes which are based on a large number of variable factors. An
example of a process which is affected by many variables is the time it takes an individual to
drive home after work, A few of the variables are: time of day, traffic condition, weather, and
the individual's attitude--each of which has a wide range of variability., By keeping records over
a long period of time, one can graph the number of occurrences of particular times it takes to
get home,

no. of
occurrences

time (minutes) to get home

Using the technique of Monte Carlo, you can develop a model for simulating the time distribution
in place of collecting the information from actual experience.

Multiple Discriminant Analysis, or MDA,as it is frequently referred tq involves a more compli-
cated application (more variables) of Bayes’ Theorem. In this method, the variables are weighted
so that the groups separate from each other thus allowing the probabilities to become '"sharper."

The bivariate normal distribution is an extension of the univariate normal distribution to the
bivariate situation. For a univariate normal distribution of a variable X, every point on a line
represents a possible value of X. For the normal bivariate distribution of variable X and
variable Y, every point on a plane represents a possible pair of values. Application of the
bivariate normal distribution has been made in hurricane predictions.

Most statistical methods require assumptions about the distributions underlying a model.
Non-parametric methods, also called ''distribution-free'' statistical methods, are used for
making inferences without any assumption as to the form of distribution in the population.

Statistical methods using polynomials have been developed to reduce large data arrays to
ones of manageable size. It is possible, because of redundancies in data, to reduce the number
of observations needed to represent a given situation. Harrnonic functions and empirical
orthogonal functions are used to accomplish this data reduction also., Orthogonal polynomials
have been used to represent weather maps with only a few numbers.

Classification problems have long interested statisticians. 'Pattern Recognition'" is one
approach for determining which of several groups a particular individual ''resembles'' the most,
in terms of a specific set of measurable characteristics. In pattern recognition, one has at
hand a sample from each of K well-defined populations, Associated with each individual are
measurements on P variables that are deemed to be important in differentiating among the
several populations or groups. Now, we take a new individual whose group membership is
unknown, but for whom we can take measures on the same P variables. Using the measures,
one can classify him as a member of one of these K groups according to which he shows
greatest resemblance.

""Regression'' is the estimation, or prediction, of an unknown value of one variable from

known values of one or more other variables, In the simplest case, one variable is predicted from
a known value of another variable. The known variable is commonly called the independent

|




variable and the unknown variable, the one to be estimated, is called the dependent variable.
The relationship between the dependent variable and independent variable is given by regression
equations,

Significance testing is another important area of statistical analysis. It arises in a special
way through the use of screening procedures which try to find the best predictor variables.

Simulations have wide applications in statistics and various techniques will be discussed in
the text. Simulations are accomplished through modeling. By analyzing past data, models can
be developed which are used to simulate actual observed conditions. Once the model has been
developed, one can input into the model various parameters and determine or simulate what the
future (or predicted) effects will be of the input parameter on the model. The Monte Carlo
method is a simulation technique.

Stochastic processes, as stated earlier, are processes which are affected by a very large
number of variable factors in a nondeterministic {probabilistic) manner.

Another statistical subject covered in the course was that of transformations. The analysis
of data can be made efficient if data is made more compatible with the underlying models.

All of the above statistical subjects will be discussed in more detail and applied in various
combinations in the chapters of this report.

1.3 Chapter Contents.

This report contains 10 chapters. Each represents the individual student's efforts to exoand
and add details to the statistical methods presented by Dr. Miller during the class sessions.
Several chapters deal with a particular operational problem solved by employing statistical
methods,

Chapter 2 provides the preliminary mathematics for the study of statistical methods. It
gives an explanation on the presentation of data bases used for most statistical analysis work.
Matrices are illustrated since data are normally presented in this format. Problems with data
handling, such as missing or erroneous data, are discussed. Two methods of handling these
problems are shown. They are the prime number scheme and the error vectors with the logical
"OR'" statement, The concept of random variables is applied to statistical editing. The purpose
and history of transformations are highlighted, followed by a discussion on the transformation
to dummy variables. Detailed instructions are provided for the Crout reduction procedure, the
derivation of the auxiliary matrix from both symmetrical and nonsymmetrical matrices, and the
calculation of the inverse matrix. With a working knowledge of these preliminaries, one should
be able to understand the basic principles which make up the various methods of statistical
analysis discussed in the report.

In chapter 3, the topic of screening regression is covered. The screening or stepwise
procedure is a method of selecting significant independent variables and determining a rank order
listing of significant independent variables as related to a dependent variable, This technique
has application in meteorology where the independent variables are often considered as predictors
and the dependent variable is the predictand, The screening process allows one to find which of
a large number of possible predictors are most significant and uses these predictors in the
regression equation to predict future meteorological conditions. Background information on the
origin and development of the screening process is highlighted. The details of the screening
procedure, the tests of significance, and sevcral applications are thoroughly covered.

Chapter 4 discusses the application of multiple discriminant analysis (MDA) to precipitation
forecasting. The rationale for the use of MDA versus regression is covered. The chapter provides
insight into graphical interpretation, mathematical procedures, selection of predictors, and
estimation of probabilities.

1-6




Chapter 5 looks at the use of Regression Estimation of Event Probabilities (REEP) as a fore-
casting technique. The REEP prediction technique is discussed and an experiment using the
technique is examined.

Market Research is covered in Chapter 6 with an in-depth discussion of canonical correlation
and its use in determining the relationship between the buyer and the product. This type of
statistical information is a valuable management tool.

In chapter 7, a very detailed and thorough analysis of Markov processes and its use in
meteorology are presented. The chapter provides a review of matrix manipulations and concepts.
The Markov chain is defined. A comparison of the equivalent Markov model developed by Dr.
Miller is compared to the classical Markov model and is found to be much easier to develop and
apply to practical forecasting problems. The chapter shows that the simple yet powerful pre-
diction methods of the Markov type can successfully be applied to the problem of forecasting the
weather at a station, given only an initial observation from that station. This is known as single-
station forecasting,

Chapter 8 considers the problem of nonlinearity and a method for dealing with it. Boolean
algebra and a property of lattice theory are used to uncover nonlinear relationship.

The Delphi technique is explained in chapter 9. The Delphi technique is defined and its
method of application is presented. A detailed discussion of the Delphi process, as it was
applied to a class exercise, is provided as an excellent example of the technique,

In chapter 10, there is a write-up on the class experiment. The experiment applied a

statistical method to develop probability weather forecasts for Rickenbacker AFB. The
verification on independent data is presented.

1-7




CHAPTER 2
PRELIMINARY MATHEMATICS

by CAPT JIMMY N. FULFORD

DATA NOTATION

Most statistical analyses work from data bases. This data is normally presented in a matrix
format with the variables along the top and the observations along the side; e.g.:

A TYPICAL DATA ARRAY

VARIABLES
Observation X X X X
1
Number " ¢ = P
1 84 5 10 X 2 g 2;_
2 17 7 13 . A 4
3 32 4 16 s ¢ X 35 ‘
. =M
N 37 3 12 . 3 i 19J
Underlining signifies that M is a matrix. The variables, xj (i =1, ...,p), can be used for items

such as temperature, pressure, visibility, etc., and their values could be the hourly observations
of these variables at a weather station in raw or coded form.

PROBLEMS WITH DATA

When building a matrix of data there are certain problems associated with collecting and stor-
ing it. Raw data seldom comes in a neat form. There can be missing observations, questionable or
illogical information as well as other gross errors. Passing through the data by eye or with a
computer one can find missing or gross errors if the amount of data is small enough. Corrections
could then be made in most instances. If there is a large volume of data, the following two methods
could be used to keep track of missing data. One is the prime number scheme and the other uses
error vectors with the logical "OR" statement. Suppose that the following matrix represented p
variables such as temperature, dewpoint, pressure, etc., with N hourly observations (zeros signify-
ing missing data).

VARIABLES
Observation Xq Xp Xz X4 Xg . xp
Number - —
1 27 7 4 5 17 X 97
2 34 0 0 13 8 . 34
3 0 21 2 7 0 . 86
05 Ll
N 29 17 13 S e

Assign a prime number to each variable such as

xl Xz x3 X‘ xs x6 o e Ep Xp
& R TR A R
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Create a Prime Vector whose elements are equal to the product of the prime numbers associated with
missing data in a given row of observations.

PRIME

VECTOR xl Xz XS xa XS . Xp
o — p—— —
RS 4 T S
82 =18 2 34 0 0 13 8 - 34
a, =22 3 0 21 2 7 0 o - 186
a, =13 N 29 17 13 4 15 . 42
L1 - S ot

In the example shown, the first observation row has no missing or grossly erroneous data; therefore,
element a; of the prime vector is equal to zero. The second element, a,, of the prime vector is
equal to }S This is the product of prime members 3 and 5; therefore, X2 and X23 of the data matrix
are missing or erroneous. Element az of the prime vector is equal to 22 or the product of prime
numbers 2 and 11. This means that Xz jand x3 cof the data matrix are missing or erroneous. This
computational method to keep track oé’missing’data is easy to carry along as an extra vector for
gross editing for later reference for building a '"good" sample of required variables.

Another method uses the same size matrix as the data matrix but assigns zeros and ones for good
and bad data. For such a situation the results or "bits'" can be packed on the computer word. Zeros
are placed in the elements when the data is good and ones are used when the data is missing or in-

correct. Then a resultant vector is generated using a logical "OR" ~- Example:
e e2
.11 -4
110 0
2 {0 0
3 {0 1

= ¥ e, and e, are the error vectors
g o2 ;
associated with variables x; and

XZ.

N LO 0

- S

The symbol for logical "OR" is 6. The logic is as follows:

€
8 -l
¢ Fo¥ g
e
AT - F 3

If either e, or e, or both are equal to une, then the output is one. The output is zero only if both
ey and e, ate zer. 1In the example shown, observations 1 and 2 of x) and x, are good but observation

o

3 cannot be used if variable X, is required.

These two methods are examples of gross and expedient methods. If a thorough edit is desired,
then it should be performed statistically. In order to accomplish a statistical edit, it is neces- f
sary to be able to treat each variable numerically; that is, all qualitative variables must be con- ('«i

verted to random variables. To do this, each observed condition must be assigned a uumber. NOTE:
A Random Variable is a variable having a specified range of values with definite probabilities asso-
ciated with each. An example would be present weather which consists of qualitative variables,




e.g.: fog, snow, rain, thunderstorm, different cloud types, etc. For ease of operation, each of
these transformations can be given the values 0 and 1--referred to as dummy variables. Quantitative
variables may also need to be transformed; i.e., changing wind from degrees and speed to "u'" and 'v'"
components.

TRANSFORMATIONS

The purpose and history of transformations will be discussed before discussing the transforma-
tion of dummy variables.

Purpose of Transformations

Analysis of data will proceed easier if the effects are additive, and the variability of error
is symmetrical and near normal. The purpose of transformations is to approach these properties as
nearly as possible. Normally a transformation which improves one of the properties also improves
the other.

History
If N items are each drawn independently and at random from an infinite population where a pro-
portion P of the items have a property A, then the proportions P P5,P,,. . . of items possessing A

in the successive samples will be distributed in such a manner that, a$ the number of independent
samples increases without limit, the average of the P's will approach P and the mean of their
squared deviations from P will approach PX(1-P)/ N. In the language of statistics this is expressed
by stating that, if a sample of N items is drawn at random from an infinite population in which a
proportion P of the items have an attribute A, and if the proportion of items possessing A in the
sample is denoted by P, then:

Expected value of P = E(p) = P (2-1)

Variance of P = V(p) = P (1-P) (2-2)
N

Standard Deviation of P = ¢ (p) = lP (1-P) (2-3)
N

Equation (2-3) or equation (2-2), considered along with equation (2-1), states that observed propor-
tions P, based on successive independent random samples of size N, may be expected to be grouped
more closely about the true proportion P when N is large than when N is small. For fixed sample
size, their sampling variation about P will be greatest when P equals 1/2 and will decrease toward
zero as either P or 1-P approaches zero.

Dummy Variables

As stated earlier, in order to accomplish a statistical edit, qualitative variables must be
replaced as numbers. Dummy variables are normally designated by the letter Z. Table 2-1 shows how
the meteorological variable ceiling is transformed into five dummy variables which categorizes ceil-
ings into the height intervals shown.

TABLE 2-1
OBS NO. CEILING DUMMY VARIABLES

Feet 21 Zz 23 24 Zs
<100 200~400 500-900 1000-2900 23000

1 Unlimited 0 0 0 0 1
2 10,000 0 0 0 0 1
3 5,000 0 0 0 0 1
4 2,000 0 0 0 1 0
5 7,000 0 0 0 0 1
6 0 1 0 0 0 0
7 400 0 1 0 0 0
N Unlimited 0 0 0 0 0

As indicated in Table 2-1, ceiling is grouped into five classes. There are no values for numbers
such as 99 or 499 in these limits because ceiling is measured to the nearest hundred feet. Whenever
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the ceiling is $ 100 feet, as in observation 6, then dummy variable 1 is assigned a value of one and
dummy variables 2, 3, 4, and 5 are set equal to 0. Whenever the ceiling is in the range 200-400 feet,
as in observation 7, then dummy variable 2 takes on a value of 1 and dummy variables 1, 3, 4, and §
are equal to 0. If there are N observations of ceiling, then there will be N observations of each

of the five dummy variables.

If a continuous variable such as pressure or temperature is to be expressed with dummy vari-
ables, then it is necessary to separate the continuous values into classes. D. R. Cox(1957) devised
a method for dividing a continuous variable into K classes so that the grouping error is minimized
under certain conditions for a stated K. This method computes K-1 limits and then assigns dummy
variables exactly as before. The limits are computed as follows: Let X;, i =1, 2, .. . , N, be
the N values of the variable to be transformed to K dummy variables. Calculate:

N
Sy
i

N
b (x5 - ;)2 k
i=1

K-1 limits are then obtained by using these values to enter Table 2-2. For example, if three dummy
variables are desired (K=3) and X = 1, 0 = 2 then the two limits are 1 -.612 x 2 and 1 +.612 x 2 or
-.224 and +2.224. Obviously, there is some loss of resolution but the pay-off is a tremendous in-
crease in speed of computation if all variables are dummy variables. For a variable such as temper-
ature, it would perhaps take six divisions (K=5) to include the necessary resolution. This would
transform one integer X; into six dummy variables Zj, i = 1,...6.

TABLE 2-2

FACTORS FOR DETERMINING LIMITS

Limits
. =Y ! ) s Y ) b )
2| X
3| X - 0.6120] X + 0.6120
4| X-o0.980| % X + 0.9800
s| ¥ - 1.2300] X - 0.395¢ | X + 0.395¢ |X + 1.2300
6] X - 1.4492] X - 0.6600 | X X + 0.6600 | X + 1.4490
7] X - 1.6120) X - 0.8750 | X - 0.2800 |X + 0.2800 |X + 0.875¢ | X + 1.6110
8] X - 1.7485] ¥ - 1.0500 | X - 0.5000 |X X + 0.5000 | X + 1.0500 | X + 1.7480
9| X - 1.887%| X - 1.2250 | X - 0.7150 |X - 0.2320 {X + 0.2320 | X + 0.7150 | X + 1.2250 | X + 1.887%
13| X - 1.9800] X - 1.3340 | X - 0.8400 |X - 0.407¢ |X X+ 0.407% | X + 0.8400 | X + 1.3340 | X + 1.9800
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STATISTICAL ANALYSES

To do a thorough editing or to do most statistical analysis, the following quantities are
required:

SUMS
N
at%at- .t h =L X4
» » ’ i-‘l »
N
Xz.loxzzo...+X2N-£ XZi
» » i-l »
N
x,,'l + XP.Z R xp’N = z xP,i
i=1
SUM OF SQUARES
N
2 2 2 2
et hal o Yhae s Y
over all p variables: e
SUM OF CROSS PRODUCTS
N
e P E e T PRARERIL T T LW R

over all pairs leading to the elements of the following matrix:

N, N N N

5 X ) R R ¢ D G ORI D GRS

ju1 01 jup Osi 1,i i=1 0,i"2,i jag 1 P

N N f N N

I X 6 :X I X B X X e Bl o Xe L

i=1 0,i"1,1 jel s i1 1,i"2,1 i=1 1,i P'li

N N N o, N !

I X X E X5 X )L R S e oL (e

a1 00472,0 1,i%2,i fel 2,i i=1 2,i"P,i
X= : :

armotarm ve e

N N N N 2
£ L 2 Ryig g ST 3
g R R ity XU XY B j=1 00t
-
N
Where X, ;= 1, i =1, ...,N. Thus I X2, =N

i=1

The above matrix is sufficient to perform most statistical analyses. A reasonable sample where N =
10,000 observations and P = 100 variables would require over 50,000,000 multiplications (taking
account of symmetry in X). There are ways to avoid this large amount of computation. One is by the
use of dummy variables previously shown and the other is by the use of screening methods which will
be discussed in another section. Now we will examine a method of editing one of the X; variables
where i = 1, P. The particular X; will be expressed as Y. It is possible to estimate the value of
Y from the other P-1 variables s as

YR BXy 4 ByXy e e B (2-4)




N - -
where Y is omitted from the X;, i = 1,...,P variables, such that % (Yi - Yi)2 is a minimm. Y is
i=1
defined as Y estimate and X, = 1. Notice that with the inclusion of X,, the above equation now has
P terms since the particular Xj = Y is not included. In order to determine equation (2-4), it will
be advantageous to employ the Crout method.

CROUT METHOD

The Crout method is a modification of the Gauss reduction. It is well suited to the use of desk
calculators and electronic computers. In addition, the storage of auxiliary data is reduced.

The following data are used to derive the initial matrix I. Z's instead of X's are used since
the variables are assumed to be in dummy form.

Variables Zi' U5 TR, 8
VARIABLES

Observation ZO Zl Zz 23 =Y

Number p— P
1 R ETNER T e
2 T SR A
3 W Gah e
4 RS WL S
5 T Lkt oL
6 TSl SECE WS
7 T TR
8 ot oY S x b
9 Wt e
10 RS B
S— p—
Thus, 10 , 10 10
22, =10 L7, .2, . %2 Tz v e
A e 0 o AL
10 10, 10 10,
I W BT Sl SRR L T
i=1 i=1 je1 i=1
10 10, 10
$L L wEL ek N s
iag¥eb 58 T aptel fupled’s
— —
10
55
o- |4 24
433 4
e pee!

If a set of linear equations were being solved, then O would represent the initial matrix in the
Crout method. This will simplify the computations since the cross-product matrix is symmetrical,
and is a special case of the general Crout solution. A second example of the complete Crout method
will be shown after the symmetrical case.

Auxiliary Matrix

The first step is to derive from a given initial matrix O, an auxiliary matrix A. As the steps
in deriving the auxiliary matrix progress, each step is dependent upon the preceding steps. The
auxiliary matrix is evolved in a right-angle pattern branching from the main diagonal, i.e., the
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» diagonal starts at the upper left-hand corner and slopes downward to the right, To distinguish be-
tween the usual terms, column and row, which denote the entire vertical and horizontal arrays, we
shall use terms for partial columns and rows. Therefore, we define a vertical block (Symbol:

Vo, t = 1,2,...,n) as that part of a column and the elements between it. A horizontal block
(gy-bol: Hy, t = 1,2,...,n) is defined as that part of a row which lies to the right of the diagonal
element. These definitions are illustrated schematically in the following diagram.

Hy

.

Hs

Hy

Vl V2 V3 V‘ VS HS

DIAGRAM 2-1

The auxiliary matrix is completed in successive stages beginning with the first vertical block V
and then forming the first horizontal block Hj, next V, and then Hp, next V3 and then H3z, and con-
tinuing in a similar fashion throughout, alternating from vertical to horizontal and then to the

next vertical and horizontal -- vl'Hl'VZ'HZ'

following rules:

'vn'Hn‘ These blocks are formed according to the

j-1
ajj = aj; - 2 ajyags (i 2 j) (2-5)
K=1
‘{j =aj; (i <j) (2-6)
4 4
- — = -
an 2
21 %o e |
g S % Ay . e S
841 34 343 .Lﬂ Sl i ﬂ
B11.:%2 7B % A is the auxiliary matrix to be
. a2 a’ . determined by equations (2-5)
21 22 23 24 and (2-6) using the previously
A= P - - ] stated order.
31 232 a3z azy
a5 8 A ‘;4_]

In column V,, a;j = ajj since j-1 = 0.

~
w

4

Using equation 2-5

-—*




Row H1 uses equation (2-6)

al, y - §/10 = .5

afy = agy/a], = 4/10 = 4

= 851/8

ajq = 'il/‘fl =4/10 = .4

[~lg B A Al
|
S

§> F g

l__A
Using equation (2-5) - Column Vv,

.2‘2 = 322 - lilliz =5 - (S X .5) = 2.5
az, = agy - '31“12 =2-(4X .5) =0

‘32 = a4y - ‘;l‘fz =3-(4X.5)=1

¢ .5 .4 .4;
:i

»
—

~N ’__ ‘-___M_—|

Using equation (2-6) - Row H
ays = az)/az; = 0/2.5 =0

154 = ‘;2/‘52 = 1/2.5 = .4

e R

i

$ 28 0.0 .4

A= '
& 4 0 '
a1 ‘_j

| Using equation (2-5) - Column V3
‘53 - .33 - .illis - .52‘53 =4 - (14X .4) - (0X0) =2.4

aj3 = 845 - 87,8{3 - 855853 =3 - (4X .4) - (1X0) = 1.4

— —_—

SRV SELe S
£ 8 00 A
'S
% 4 0.0 2.4
| 4 1 1.4
i - o
8t |
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Using equation (2-6) - Row H3

154 = ';3/'33 = 1.4/2.4 = 58333

10 5 .4 .4

5 2.5 4@.0 .4

|
»
(=]
o
~
&

.58333
4 1 1.4

Using equation (2-5) - Column V4

844 = 844 - 341018 - 328, - 43R5

a£4 =4 - (4X .4) - (1X .4) - (1.4 X .58333)

G R e
£ 38 a0 M
4 0.0 2.4  .58333
4 1 1.4 1.183

. A
It can be shown that agq = 1.183 = £ (Y, - Y2
i=1

The solution to the coefficients of the estimate equation Y = By + BjZy + ByZ; is as follows:

B, = ajq = .58333

By = aj4 - 25358y = .4 - (0 X .58333) = .4

B, = aj4 - a12B; - aj3B;

B,'= .4 - (.5X .4) - (.4 X .58333) = -.0333

(o]

The above procedure for calculating coefficients will also apply for continuous variables.

To edit the dummy variable observations examine |Y - Y|.
for Y. If it is, say, <.01 reject a value of one for Y.

VARIABLES

Observation Z, 2y Z, Y
1 1 1 0 0
2 1 1 1 1
3 1 1 0 1
4 1 0 1 0
5 1 1 1 1
6 1 0 0 0
7 1 0 0 0
8 1 0 1 1
9 1 0 0 0
10 1 1 0 0

If it is, say, >.99 reject a value of zero

.367
.950
.367
.550
.950
-.033
-.033
.550
-.033

.367

1.183

[¥-Y]
.367

.050
.633
.550
.050
.033
.033
.450
.033

.367




Another feature of the auxiliary matrix that can be used for a statistical analysis, if the variables

are continuous, is with 2 N “ o
=X (¥ ~-Yy) / N.
i=1
Determinant

The determinant of the initial matrix is equal to the product of the diagonal elements of the
auxiliary matrix. The determinant of our initial matrix is therefore equal to 10X 25X 2.4 X
1.183 = 70.98.

Note: Since Y is the probability that Y = 1 you may use the following procedure to eliminate
values of Y > 1 or < 0.

If Y <O setY=0.

HY>1lsetY=1,
Non-Symmetrical Matrix

The procedure to determine the auxiliary matrix for a non-symmetrical matrix and the steps for
finding the inverse will now be shown. Suppose we have the following linear equations:

2x + 3y + z =8

x+4y + z =7

Xe Yyt 2zunh
The coefficient matrix is as follows:

2 3 1 817 812 343
0= 1 4 1 = a5 a5 a5g

1 1 2 a3 azy azg

The augmented matrix is as follows:

a, a4, 33 ¢y 2 3 1

]
M o= ay, 3y, 8 <, .Q.'E = 1 4 1
Cq SR T

a a a
31 32 Sfj

Using the coefficient matrix as our initial natifx, we then use the following equations td determine
the auxiliary matrix: J

j-1
ajj = ajy - i-l'{xlij 123 (2-7)
i-1
afy = 1 aiy - I sieig| <) (2-8)

a3

Equation (2-7) is identical to equation (2-5) used previously, Equation (2-8) is different since
the initial matrix is non-symmetrical. The format and order of determining the elements of A are
identical to the previous case. Therefore, a detailed explanation is not given but by using equa-
tions (2-7) and (2-8) A is as follows:
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The next step is to determine the C column which will then be used to determine the solution column
X whose elements are the required values of x, y, z or using different notation xq, Xy, x3. The
following two equations are used to determine the solution:

i-1
ef = _1 |ej - I ajyek (2-9)
ajj K=1
N

Xy = c{ - i "18{KXK (2-10)
=1

Using equation 2-9)

ci=cy/aj;=8/2=4

€2 = (e - 81c1)/a3;

cy) = (7 -(1x4))/2.5 = 1.2

ey = ey - aglcf - agzci)/ag3

cj = (5 - (1x4) - (- .5x1.2))/1.6 = 1

Using equation (2-10)

X, = ¢5 - azsxz = 1.2 - (.2x1) =1

X, =cj - aizxz -8jX3 =4 - (1.5x1) - (Sx1) =2

Therefore the solution to the original set of equations is X = Xp = 2
Xz 1
XS 1

Inverse Matrix Calculation

The procedure for determining the inverse matrix is to set ¢y = 1 and all the other ¢ values =

O where k = 1,...,3. Then the xx column becomes the kth column of the inverse matrix. In the pre-
vious example the c columns now become

1
Using the first column of C| 0| and equations (2-9) and (2-10):
0
cf=1/2= .5
¢35 % (0 - (1x.5))/2.5=-.2

ci = (0-(1x.5) - (-.5x-,2))/2.5= -,375

2- 11 3
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Xy = -.375

Xp = ~.2 -(.2 X -.375) = -.125

Xq = 5= £1.8 X «.1258) = (.8 X =.375) = (875
0

Using the second column |1 | and equations (2-9) and (2-10) yields the following:

0
ey = 0 Xz = \125
c; = .4 Xy = .375
c3 = .125 X1 = -,625
=
0

Using the third column | 0 | and equations (2-9) and (2-10) yields the following:

1
c; =0 Xg = .625
cé =0 Xy = w5148
c3 = .625 x; = -.125
The inverse matrix is therefore:
7 -5 -1
(.125) . -1 g g Pw K
-3 1 5
and, .

Xy = .87Sc1 - .625¢c7 - .125¢c3

x3 = ~.125¢; + .375¢cp - .125c3

x3 = ~.375¢c; + .125cp + .625c3

"
-

giving xq = 2, x2 = 1, and x3

The term .125 or 1/8 was common to all elements in the inverse and was therefore factored out. The
determination of an inverse matrix is particularly desirable when the set is to be solved for many
distinct sets of right-hand members. The inverse matrix is also useful in getting the standard
error of the regression coefficients (see Snedecor 1946).
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i CHAPTER 3
SCREENING REGRESSION

by CAPT WILLIAM S. WEAVING
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1. Introduction

The screening (or stepwise) procedure is a means of selecting significant independent variables

} and determining a rank order listing of these variables as related to a dependent variable. In
meteorology these independent variables (Xy, m=1, ..., M) are often considered as predictors and the
dependent variable (Y) as the predictand. Thus, the stepwise procedure will consider, in turn, all
the possible predictors by running tests on each independent variable and selecting the most signif-
icant variables. The procedure orders the independent variables by selecting the most significant
first, the next most significant next, and so forth. The order is not necessarily optimum. The
dependent variables are then used in the form of a multiple regression equation to predict the
expected value of a particular dependent variable (Y).

The number of variables considered to forecast phenomena such as severe storms, pressure pat-
terns, hurricanes and other meteorological variables is often considerable. The desired approach
is to find which of the possible predictors is most significant and use them in the regression
equation to predict future conditions of (Y). The screening process allows us to reach this goal.

Other reasons for using the screening process are as follows:

1) Meteorologists usually have a 'feel" for the predictors which are most significant, and
screening regression can be used to confirm this selection of variables based on the data.

2) Equations with fewer variables are easier to understand and hence more likely to gain
acceptance and to be used.

3) A subset of variables can provide a better prediction equation than the full set, even
though the full set has a higher multiple correlation coefficient (R). The primary reason for this
is that after you've considered a number of variables, any increase in the number of variables used
may only increase the amount of shrinkage on independent data. Thus, a point is reached where the
shrinkage occurs faster than R increases. It is therefore best to quit screening before this point
is reached.

Prior to initiating the screening process, the set of possible independent variables should be
shown to relate to the dependent variable(s). Experience or preliminary investigations can deter-
mine this. This is necessary because the use of regression analysis to "find" relationships, where
no physical facts show the relationship to exist, frequently leads to less than desirable results.

Also remember that the final equation is a result of the data base used to develop it. Changes
in the data base (e.g., additional data becomes available, new predictors are found, etc) will re-
quire periodic recomputation of the regression equation(s). Similarly, different equations will
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often arise when considering different time steps (i.e., 12, 24 or 48 hours in the future), indicat-
ing that some predictors are stronger than others for these various time steps.

The screening technique is not a new idea; it has its origins back in the early 1940's with J.G.
Bryan. It was further developed in the mid and late 1950's by M. A. Efroymson and R. G. Miller.
More recently, in the mid to late 1960's and early 1970's, it has been used in meteorology
by the Techniques Development Laboratory (TDL) with M. A. Alaka, et al, the Air Force Global Weather
Central (AFGWC) with R. C. Miller and others, the National Severe Storms Forecast Center (NSSFC)
with C. L. David and others. Many other groups have applied the procedure to a great many mete-
orological elements. Also, applications have not just been confined to the field of meteorology;
many other fields have also used screening regression. However, these other applications are beyond
the scope of this paper. I am sure you can visualize the utilization of the screening techni
such fields as insurance, the stock markets, and public opinion polling, to mention only a feu

Before we can consider the screening procedure itself, we must first consider some of the basic
concepts such as simple linear regression and multiple linear regression. The next few pages are
devoted to these preliminaries. Following that, we consider the screening procedure itself, test of
significance, and applications.

2. Linear Regression

First, consider the simple linear regression equation consisting of only one independent variable
(X) and one dependent variable (Y), where,

Y = a + bX (3-1)

Here the hat (~) represents estimated values.

This equation represents the best fitting straight line for a set of points regressing Y on X,
Of course, a is the intercept of the Y axis and b is slope of the line described by the equation.
By describing this line as the line of best fit for a set of data points, we have either visually
(for simple cases) or mathematically attempted to minimize the deviations of the points from the
line. Thus the resultant linear equation gives us the best prediction of Y for a given value of X.
Actually, the criterion of goodness or best fit that is employed is the principle of least squares.
Here the best fitting line is that one which minimizes the sum of squares of the deviations of the
observed values of Y from those predicted. Expressed mathematically, we wish to minimize

n ~
SSE = £ (Y - Y;)? (3-2)
i=1

where SSE has the common name Sum of Squares for Error, and Y; is the estimated value determined
from the linear equation and Y; is an observed value for observation i.

For this simple linear equation, the estimated value of b (the slope) for a sampling of data
points can be found by solving the following equation:

n L . n n n
gt vy g R el “iEIXiY{(iglxi) (iEIYi)
i (3-3)
I (x,-9?2 ()
if1 %70 L CTIL

Then a = Y - bX where the bar (X and Y) refers to mean values of observed data. Knowing the esti-
mated values of a and b, we can now determine estimated values of Y for given values of X

3. Multiple Regression

The multiple regression equation quickly becomes complex when a large number M of independent
variables (Xg, m = 1, ..., M) are considered. Computations considering just two variables
(one independent and one dependent) can easily be done on a desk calculator if the data sampling
isn't too large. However, when considering the many variables which may be used in multiple
regression problems, the number of computations soon becomes overwhelming. The modern digital
computer and the '"canned" multiple regression computer programs have eliminated the severe
restriction on the number of variables which can be used.

~———

!




A typical multiple regression equation would have the following form:

Y = aob1x10b2x20b3!30...’b-X.O...ODMXM (3-4)

Here M would be the number of predictors considered. It could also have a form similar to:

-~

= 2
Y @+ byx; ¢+ byxy + bsxf + bax2 + bsxix {2-5)

This is still considered a linear model, since the term linear means that the model is linear with
respect to the coefficients (bj). The regression coefficients bj (J = 1,2,3,... m,... M) are deter-
mined using the method of least squares.

When determining coefficients for a multiple regression equation, the method of least squares
can be applied in several ways. For example, the Crout technique could be used with dummy variables
as descrived in other papers in this report (see Chapters 2 and 7). The Gaussian elimination
technique could also be used.

4. Screening Regression

Textbooks such as Draper and Smith (1966) discuss several screening procedures, for example:
(a) all possible regressions, (b) backward elimination, (c) forward selection, (d) stepwise re-
gression and others. However, descriptions and comparisons of the various methods will be left
to the textbooks. Since screening is an improved version of the forward-selection procedure, we
will consider it in more detail. Miller (1962) defines this procedure as:

"The method of selecting predictors in a
forward stepwise manner from a set of possible
predictors where the criterion for selection
is the partial correlation coefficient."

The screening procedure begins by selecting the individual independent variable which is the "best'
predictor, namely as the predictor that maximizes the correlation coefficient. The correlation
coefficient squared is the proportion of the variation explained by the predictor. Next, the
screening procedure adds the variables to the equation sequentially, in order of importance.

At e,ch step, the variable added is the one which increases the explained sum of squares (and,
hence, R“) or equivalently reduces the residual sum of squares by the largest amount. The "best"
set of variables may not be included in the final equation as a result of this procedure. However,
the procedure provides an efficient method of developing "good'" regression equations.

Remember, however, that when you select and test single predictors, some of these single pre-
dictors will be unselected, while together they might contain significant information. Therefore,
you may want to make significance tests on combined variables as well.

However, Miller (1962) states that,

"In practice, . . . it has been found that

F* (F when predictors are selected) tends to
work well as a significance test only when
variables are considered singly. This may be

a consequence of the fact that a bias is intro-
duced in the regression coefficients as a result
of selection.”

We are now ready to select the first predictor which we will label x(1) as described by Miller
(1958) and Miller (1962). First, compute the total sum of squares of deviations from the mean (SST)

for variates Y and Xy(m = 1, ..., M) and the total sum of products of deviations from the means (SPT)
for variates Y and Xp(m = 1, ..., M). Mathematically the above is described as:
n _2
SST (Y) =L (Y4 -Y) , (3-7)
i=1
- 2
SST (Xm) = £ (Xmi - Xm)*, m=1, ... M (3-8)
i=1
n - —
SPT (YXp) = f Yi ~ Y)Xpi - Xp) m=1, ...,M (3-9)
=1
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F' Note that (3-7) and (3-8) are related to the variances of Y and Xy respectively; i.e., Var(Y) =
SST (Y) and Var(Xy) = SST(Xp). Also (3-9) is similar to the covariance of Y and Xy, i.e.,

n
Cov (YXgy) = SPT(YXp). He?e. as before, n represents the sample size considered and m represents the

n
predictor being considered. In Miller (1958) the multiple correlation coefficient (Rz) is described

as:
R2 - Covw) © (3-10)
Ya  Var(Y)VAR(Xy)

This was the criterion for selection used in that paper. However, in Miller (1962) the equiva-
lent criterion for selection is described.

2
RY%., 4 Cov(Y&) & SSF(X-) (3-11)

Var(Y) Var(X-) SSR(X-)

Where SSF(X) is the fitted sum of squares for Y on predictor x- and SSR(X‘) is the residual sum of
squares after fitting Y with predictor X,. The values for these two are determined by the following

formulas:
SSF(x,) = SPT(YXp) . (3-12)
SST (Xm)
i and
SSR(X,) = SST (Y) - SSF(Xp). (3-13)

Now use the following criterion to select the first predictor from all possible (M) predictors:

ssFx (1) > SSF(¥m) forallm=1, ...,M
ssr(x(1)) 7 ssiixg) (3-14)

Since this criterion ii , function of the test statistic, the usual F ratio cannot be used to
test the significance of X 1j, Usually, it would be the 95% level F expressed as,

Em*Pa i (3-15)
20

But in the stepwise or screening procedure, the 95% level is

F*

95" T -8, (3-16)

where P is the number of predictors M.

Remember that each time a variable is selected as a significant predictor, the value of P de-
creases by one and, thus, the probability level of F* gg should be adjusted accordingly.

This is significant when a small number of predictors are considered or as P approaches one.

Therefore, the predictor x(1) is considered significant if |

ssF(x(1)
= > F* -2), 3-17
(n Z)SSR(X ) F* g5 (1,n-2) ( )
where 'ff)"“'b°r’ 1 and n-2 within the parentheses represent the degrees of freedom, If, by this : :
test, X is deemed significant, it then becomes the first of r predictors to be selected from the e

original set of M possible predictors. Then the screening technique searches for the next signifi-
cant predictor. If, however, X'"/ is not significant, no predictors are selected.




To select the second significant predictor X(2), the following calculations are required:
n — -—
spr(x(Dxp) = 3 1(xi(l) - By e - T, (3-18)
i-
here m = 1, ...,M but Xy # x(1),

The criterion for choosing x(2) s

ssF(x() [x(1)y 5 ssF(xy[x(1)) for all m (3-19)
ssr(x (D) [x(D SSR (X | X (1)) Xp # X(1)
Remember that the line between the variables means that you are finding SSF of X(Z) given X(I).
Here,
ere 3
SSF (XpX()y =ser (x| | sstx(Dy  sprx My (3-20)
[ ] °
[sPT (x| | sPT (x(Dxy) sST(Xp)
yx (17]
[;)T( | S x(1))y,
sp‘r(Yxm)J
and
SSR (Xp|Xx(1)) = ssT(Y) - ssFx(1)) - ssp(x,|x(1)) (3-21)
» values for ssF (x(2))x(1)) ang ssr (x2))x(V)y are found in a similar fashion.

This second predictor is judged significant if

N-3) SSE(X(@)[x(1)y o, sy 3-22
(N-3) i ) > .95 (1,n-3) ( )

'
Remember that the mathematical symbol [ | represents the transpose of the matrix or vector within
brackets and [ ]~ represents the inverse of the matrix within brackets.

We can now set up the pattern for the selection of all other significant predictors x(s) in the
general form:

ssF(x(8) [x(1) . .x(3-1)y 5 sgp(x,|x(1) .. .x(s-1))

ssRX BT xT=Ty  ssrex, [X(0, . x(5-D)) (3-23)
where m-1, ...,M but X, # x(1)_, x(s-1),
SSF(Xy, [x(1) .. x(s-1)) = En(vx(l)) —
L]

spT(vx(s-1))
SPT(YX,,)




:
|
|
|

I~ s
ssT(x(1)) o Loserx(x(s-1)y sprox(Dxyy (!
serox(Wx(s=1y | sepex(s-1)) spr(x(s-Dxy|°
spT(x(Dxy) . . . serx(s-Dxp)  ssT(Xy) i
r;;r(vx(l))
i . sspx(1)y - . . . - sspex(s-D)x(1) | | | x(s-2),
spr(vx(5-1))
SPT(YX,,)
R o
and
SSR(Xp)X(D) . . . x(5-1)y = ssT(Y) - ssk(x(1))- ssF(x(2) |x(1))
et (1) (s-1)
i SSF(XmiX S X ) (3-25)
The Predictor X(S) is significant if:
N - s+ 1)] sspx(s)[x(1) x(s - 1))
Bt B fd. W~ (5 + 1 3-26
ssRx () (x(1) | x(s 7 1)y 7 Flosl s, e

Finally, the point is reached where the rest of the predictors or combinations thereof don't
show any significance and the screening procedure is terminated.

S. Applications of Screening Regression

As mentioned earlier, many different fields have made extensive use of the screening procedure.
However, since we are primarily interested in meteorological applications, we will mention only a
few of these meteorological applications in this section.

The purpose of this section is not to fully describe a few experiments but to tell you what the
experiment considered and direct you to the appropriate material if you desire to study these experi-
ments in more detail.

Three of the earlier experiments are described in studies in Statistical Weather Prediction
(1958) with Thomas F. Malone as project director. R. G. Miller was the author of the first experi-
ment. Here, the desired effect was to determine the predictability of several weather elements, 24
hours in advance at a number of stations. Altogether, seven weather variables were considered at
each of 48 stations in the U. S. Thus, each of the variables at all 48 stations were considered in
developing prediction equations for one or more predictands for each of the many stations tested.

The second experiment was authored by K. W. Veigas, R. G. Miller, and G. M. Howe. This experi-
ment considered the "Probabilistic Prediction of Hurricane Movements by Synoptic Climatology."
Selected hurricanes and tropical storms that occurred between 1928 and 1953 were used as the develop-
mental sample from which the prediction equations were devived. A total of 447 storms were con-
sidered. Ninety-five variables were considered for each of the storms.- Ninety-one of
these variables were grid pressure values. Two of the four remaining variables were position coordi-
nates for time (t=0) and the other two were position coordinates 24 hours prior to prediction time. |
The screening regression procedure then determined which of the 95 variables were the strongest
predictors. This experiment concluded that 'the surface pressure pattern does contain a useful
amount of information about the future movement of tropical cyclones for the subsequent twenty-four
hour period."

The third experiment was authored by R. G. Miller and G. M. Howe and considered the "Statistical o
Prediction of the 500-mb Pattern” over North America during January and February 1957. One 24-hour s
prediction equation was derived for each of the 46 points used in the predictand grid by the screen- ?

ing regression technique. This experiment concluded that, '"The predictions, which from an opera-
tional point of view are easily derived, produced results with errors of the same general magnitude
as those of the JNWP barotropic model in use at the time of comparison."
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R. C. Miller (1972), while working at AFGWC, used the screening procedure in a study of 328
tornado cases and found 14 significant parameters for forecasting severe storms. These parameters
are contained in his Technical Report 200 and listed in rank order.

David (1973) used screening regression to develop two period equations providing an early morning
determination of the severe thunderstorm potential for the day. He used Model Output Statistics (MOS
and screening regression to study the occurrence of severe thunderstorms within a radius of 120 nm of
32 stations through the central and eastern United States. For predictors he used the PE model fore-
cast data transmitted via teletype as FOUS bulletins and he used the observed 0600Z surface data.

For the first period equation, 12-, 18-, and 24-hour forecasts from the PE model for each of the
following predictors were screened: mean relative humidity for 3 layers, 6 hourly quantitative pre-
cipitation totals, vertical velocity at 700 mb, the lifted index, 1000-500 mb thickness, u and v
components of the mean wind of the boundary layer, mean potential temperature and mean pressure of
the boundary layer. For the second period, the only difference was that the 24-, 30-, and 36-hour
forecasts from the PE model were used. David concluded his report by simply stating that ". -
predictors from the PE model are very useful in forecasting areas of expected severe thunderstorm."

TDL, under M. A. Alaka, et al (1973), also described linear regression equations they developed
in their initial attempt to forecast the likelihood of thunderstorms or severe weather in the central,
eastern, and southern United States. Initially, they ran three experiments tc develop medium-range
prediction equations (6-24 hours). All three experiments used 24-hour forecasts from the National
Meteorological Center (NMC) 6-layer Primitive Equation Model and from the TDL Three-Dimensional Tra-
jectory Model as predictors. One hundred and three predictors were used in the initial experiment
consisting of dynamic and kinematic parameters, geopotential height and thickness, humidity, sta-
bility parameters, temperatures, winds, and miscellaneous parameters.

Initially the predictand was determined from nationally transmitted facsimile radar summary maps
and finally from manually digitized radar (MDR) data and severe reports.

TDL has continued improving their equations over the years. J. P. Charba (1975) described TDL's
short-range equation for severe local storms (2-6 hours after data observation time). The forecast
probabilities of tornadoes, hail, and damaging wind obtained from this equation are transmitted to
the NWS three times daily via teletype, for 90 nm x 135 nm (predictand) rectangular areas. Screen-
ing regression was also used to derive this equation. The predictors are derived mainly from ob-
served data (not MOS).

6. Conclusion

The examples mentioned in section 5 are only a few of a great many attempts made by statisticians
and meteorologists to simplify the task of dealing with a seemingly infinite number of variables.
While the attempts mentioned are by no means all inclusive, they do show a variety of ways in
which the screening procedure can be applied to the field of meteorology.

The screening procedure can be a useful procedure when a large number of predictors are con-
sidered and elimination of the insignificant ones is desired. There are, of course, shortcomings
such as the equations' dependency on the sample used to develop it, the necessity to update the
equations as the sampling data bases change or time steps change, the fact that the 'best" set of
variables may not be included in the final equation, and so on. However, as stated earlier in this
paper, the screening procedure can help meteorologists confirm their notions of which predictors are
most significant on the basis of theory.

et




Chapter 4
MULTIPLE DISCRIMINANT ANALYSIS
by Captain William W. Neubert
1. Rationale for Multiple Discriminant Analysis vs Regression.

Impetus for the use of the multiple discriminant analysis (MDA) technique in
establishing probabilities arises from a need to classify observed phenomenon into
pre-established groups. MDA is well suited to performing this classification where
the groups involved have no particular order or ranking.

Within a set of previously observed or recorded data, we might be interested in
learning where a new observation might fit into this group. That is, where does
our new observation lie with respect to the mean of the group? Such predictions
could best be handled through multiple regression. Suppose, however, that we have
several groups into which to classify our observations--no one group having any
particular rank or order with respect to any other group. We might, for example be
trying to generate the probability for the occurrence of a particular wind direction
or a certain type of precipitation. In these two examples the classes into which
we could separate the observed phenomena bear no ranking among them; i.e.,: snow
is neither better or worse than rain; it's just different. The need is clear,
however, for some method to predict into which of the unordered classes future
observations will fall. MDA provides one way to derive the probability fore-
casts for such events. Multiple regression techniques would be more appropriate
if we were dealing with ordered or scaled data such as temperature or wind velocity.
In summary, multiple regression helps define distinctions within groups; whereas,
discriminant analysis delineates distinctions between groups.

The discriminant function eliminates the need for looking at the measurements
one at a time, only to find that the overlap of the data obscures any conclusions
we might have been able to draw from the observations. MDA uses a set of weighted
coefficients as multiples of several of the selected variables to produce a sum
of products that is a single discriminant score. This score makes the best use
of all the information contained in the variables we have selected to use. Given
the groups involved, the computation develops the best set of weights possible from
the measurements, and, in effect, sifts out the important differences that best
separate the groups. The overlap in the raw data that had acted to obscure these
differences is then reduced or removed. The technique is improved, or limited as
the case may be, by the amount of information contained in the original predictor
variables about the phenomena we are trying to predict. (Rulon, 1951, pp 82-3).

2. Graphical Interpretation.

The fundamental idea of the discriminant function is best understood by viewing
a graphical depiction of the results. Suppose two variables, Xy and X, say, are
considered meteorologically significant in the forecasting of precipitation. We
wish to use the two variables to predict the occurrence of rain, or snow, or no
precipitation at all. The forecast is to be valid six hours from the time of the
observation of the values of X, and X,. Now, assume that we have accumulated a
sample of three years of data on the gwo variables. We also know the type of
weather that occurred six hours after the recording of the corresponding values
of X, and X,;. A graph can be constructed showing the values of Xy and X, and the
type of weaiher corresponding to each set of observations (Figure 1). The weather
would be coded with appropriate symbology: (*)=snow; (*)=rain; and (o)=none.

The object of this exercise would be to take newly observed values of our
predictors and, using the graph, produce a forecast of the probability of rain or
snow six hours hence. 1It is clear, however, that our graph of the raw predictors
has produced a great deal of overlap among data points, and that such a prediction
is all but impossible.

Now suppose we develop a particular computational technique that uses our
accumulated data to produce two new values:

Yl = lel » szz and Y2 = v3x1 V‘Xz.

4-1

. —
. g .
rART. Wi ad sl wd L A . " B oty & b




*=gnow
o=none
.=rain

NOTE: Figures 1 and 2 are exaggerated examples from

ficticious data, and are shown only to provide clarity
of meaning.

FPigure 1. Graph of Weather Predictand in raw predictor space .

The functions Y; and Y, are weighted sums of the original predictor variables and,
as we shall see, serve as a better tool for prediction than the raw predictors

alone. If we have carefully selected our predictors to include that set of vari-
ables that contain the most information about the phenomena we are trying to pre-

dict, then the plot of Y, and Y,;, with corresponding weather, might look something
like Pigure 2.

These new weighted sum functions, called discriminants, provide a great deal
more separation between the several distinct groups in our precipitation example.
When compared to the plot of the raw predictor data, we can easily see how the
discriminants "stretch" the data apart, reducing or eliminating the overlap. For
clarity, these two sample figures have been greatly exaggerated, and, thus, present
an oversimplified version of the results of a very complicated mathematical pro-
cess. (Tanur, 1972, pp. 376-80).
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Figure 2. Graph of Weather Predictand in Discriminant Space.

3. Mathematical Procedure.

In line with the simplified example discussed above, when the number of group
classifications exceeds two, the discriminant analysis becomes multi-dimensional.
If there are G of these groups, then there are G points in space each representing
one of the means of one of the G groups. If the number of predictor variables is
at least=G-1l, then these group means will define a discriminant space of G-1
dimensions (Bryan, 1951, p. 90).

The dimensions or directions delineate areas of major differences between the
groups. In principle components analysis the concept of dimensions or directions
in space is closely related to the algebraic idea of linear combinations. To study
the directions of group differences, then, we are tasked with finding linear combi-
nations of the original predictor variables that exhibit large differences in group
means. Multiple discriminant analysis is a technique for finding those combina-
tions that will separate the group means of the predictor variables to the maximum
degree allowed by the predictor variables we have chosen (Tatsuoka, 1971, p. 157).

Assume that we have G mutually exclusive and exhaustive groups into which we
are to classify future observations. We have chosen a group of predictors that
contain information about which of the G groups future observations will fall into.
We denote these predictors by X , numbering from p=1 ... to a total of P variables.
Assume we have a dependent la-pfo of data compiled from observations of our xp

predictors, and let the mumber of observations in each group of this sample
be nq(qnl,.,.p), so that




N -‘é L tetal dependent sample size, (1)

Now consider a generalized linear function of our predictors:
Y'Vixl*vzxz*. . .*vaP. 5 (2)

Y represents a general notation for our discriminant function; whereas, an individ-~
ual value might be Yiox (sample observation k, in group g, of discriminant function
j). We then note thgg for an individual discriminant Y,, that the sum of squares
between (among) groups is:

SSB(YI) -?;1 ng (YIE' - Y1. .)2' (3)

The complete notation for our first discriminant function for the kth observation
of group g becomes:

Tige ™ V11%1gx * V12%2ex * oot V1P pex, (¥)

The task is to determine the coefficients V,,, V;5,..Vjp so that the ratio of the
between groups sum of squares to the within groups sum of squares is a maximum.
We call this ratio the discriminant criterion and denote it as i; thus, the
maximized ratio is

Ay = ssB(y,) o
ssw(Y,)

This process of maximization can be carried out by expressing the sums of
squares as quadratic equations of the predictor variables and then applying dif-
ferential calculus to find maxima. However, the computation is greatly simplified
by using algebra (Bryan, 1951, pp90-95). Accordingly, we return to our predictor
variables X,, and for each of the G groups compute the raw sums and sum of squares
for each X, (p=1l,...,P). The pooled within group sum of squared deviations about
the group gean, ssw(xp), can be computed, since:

ssw(x) = = '%“_,1 (Xpex = Xpgl

(6)
n
G n ( s X pex)?
o LT B
g1 | k=i = PEK ng

’.10- QP).

The initial calculation of the raw sum and sum of squares will yield the total sum
of squared deviations about the grand mean, SST(xp), because:

n %
SS®(X,) = § T Xpe =%p,.)
g=1 k=1 G n (7)
a (2 0

G
- 2 #x;‘k‘
s (P*0+e0oP)

Subtracting the pooled within group sum of squares, SSW(X.), from the total sum of
squares, SST(X,) yields the sum of squared deviations between group means and the
grand mean. That is:

m(x,) - SST(XP) - 38'(!’) ’
(ml L OIP)

4-4




g=1 k=1 g=1
= 2
£y _)*
G (Z pek G n
- z k=1 -% E xm (8)

(P-ig-uop)

Additionally, the sums of cross products between each of the raw predictors
must be used to calculate the sum of products between and within groups for
variable X, and X _, let's say, with p,g=1,...,P and p # q. The notation is
SPW(xpxq) gnd SPB?xpxq). For the within groups determination we have:

G n
SPW(prq) = 2 3 (xpgk- ng-)(xqsk-x )

qsa
g4 e o 19Y
n n
ol n (3F Xpg) (0F Xqgn)
g x - k=1 k=1
= psle‘qsk
é?a. % e

(pe@=1y...0P1 P ¥ Q)

Using the raw sums and sum of crossproducts we can obtain the total sum of
products, SPT(xpxq),since:

G n
= (-4 - -
SPT(Iqu) 2 - 2} (xpsk x}..)(xqsk !q..)
g=1 k=1 (10)

¢ n ‘22) Zn‘ xpgk“?% Ensxqgk)
b ) Pad X pexXqax™ g.L_xﬂ_Tcl_.kﬂ_
g1 g’/: ng

k=1

(Ps@=1,..4P1 P ¥ q)
As before, the sum of products between groups SPB(X,X,) is obtained by subtracting
the sum of products within groups, SPW(Xqu). from ghg total sum of products,

SPT (xpxq); that is:

i (11)
SPB(X_X,) = SPT(X X,) = SPW(X;X,) (Peq®ls..csPs P # Q)

T ———
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This results since:

G n :
seR(x X)) = )0 ToF (Xp- Ky Rgg.- %)

q-u
g=1 k=1
G
- 12)
= Z ng(rpg- th . )(qun xq. n) (
g-

G
(4 s
T E
0231 Xqex! -(2;; k= 1 z:i =1
g= ng 2 n
g=1
(PnQ'lnu-oPl p ﬂQ)

A matrix W, representing the pooled within group matrix, is then constructed
from these derived quantities:

—
——

ssw(x,) SPW(X,X,)
SPW(X,X,)  SSW(X

SPW(X,Xp_s)  SPW(XyXp)
SPW(X,Xp_q)  SPW(X,Xp)

2)
I : . . (13)
SPW(X,Xp_,) SPW(XXp ) SSW(Xp_y) SPW(Xp_yXp)
SPW(X,X;)  SPW(X,Xp) SPW(Xp_4X ) SSW(Xp)

i e

-
-
-

The data previously accumulated from (12) about the sums of products between the
various groups is then used to construct a pooled between groups matrix B.

s s
SSB(Xi) SPB(XIXZ) v SPB(X1XP_1) SPB(XixP)

SPB(X,X,)  SSB(X,) « «« SPB(X,X, ,) SPB(X,Xp)
l- . . . . (14)

. . . .

SPB(X,Xp ) SPR(XXp_ ). . . SSB(Xp ) SPB(Xp_yXp)

SPB(XIXP) SPB(XZXP) . 8!9(1,_119) SSB(XP)
—

—_—

The computational procedure for deriving the discriminant functions will make
use of the fact that all the discriminants are calculated from these matrices W and
B. The actual process involves first pre-multiplying B by the inverse of W, and
then determining the eigenvalues and eigenvectors of the matrix that results. The
latter operation produces the solution to the determinant equation

wlp A1) =0 (15)
(1 = the unit matrix)
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The eigenvectors are solutions to the equation:

2 [w’la & )\.1:{ .= 0 (16)
; TR =] (j=1,...,min(G-1,P))

The elements of the eigenvectors (V ;) represent the weights to be applied to the
original X predictors in our linear function:

+
Y‘1 = lexl + ijxz AR R ijxP e
! (3'1.....min(G-1,P))
’The value(s) of are the roots of the characteristic equation resulting from

the expansion of thg determinant in (15); they represent the ratios of the corres-
ponding Yj's sum of squares between and within groups, namely:

S (T, -, )2
A _"s(.is-' joo)
g = —aL

G ng 2l 2
3 2 (Tig = Yy..)
g=1 k=1

(18)

(j'i.....llin(G-l.P))
(Miller, 1961, pp6-13)

The characteristic equation derived from E-lg will no doubt have several roots.
From each of these roots we can calculate an eigenvector Vj, the elements of which
represent a new set of combining weights... le,vjz... Vﬁ?. If these new elements

are used to form a second linear combination

A Vo Xy * Voo ko * . 4 VopXpt

the Y2 is a new discriminant function that is uncorrelated with Yl, but having its

ratio 23 of sum squares between groups to sum of squares within groups a maximum

- after A;. As the process continues, each successive Y is linearly uncorrelated
with any of the preceding linear combinations, and has its ratio of sum of squares
between and within groups a maximum. The values created (Yl, Yz,..., Ymin (G-l,P))

are the first, second, ...etc. discriminant functions for optimally differentiating
among the G groups. Thus, by having several discriminators, we are shown the

dimensions of the differences between groups and the direction along which maximum
group differences occur.

In principal component analysis the dimension corresponding to the first com-
ponent has maximum variance; whereas, the second component's dimension has maximum
variance among those uncorrelated with the first, and so on.

In MDA ), the ratio of between to within groups sums of squares, merely takes
the place of variance as the factor determining the various successive dimensions.
It should be noted, however, that in the discriminant space the axes are not neces-
sarily mutually orthogonal even though they are uncorrelated. Although the dis-
criminant function performs a linear transformation on the original X predictor

axe:ézt27 rotation that occurs may indeed be an oblique rotation (Tatsuoka,1971
PP =3).

We can reiterate the entire procedure in a stepwise fashion:

a. Assemble the within groups sum of squares from (6).

2
| 3
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b. Compute the total sum of squares about the grand mean, SST(XP), using (7).

c. Next, assemble the data from steps a and b and calculate the sum of squared
deviations between group means and the grand mean using:

ssa(xp) = ss'r(xp) - ssw(xp).

d. Compute the sum of products between groups using (10) and (12); and then
construct the matrix B as in (14).

e. Derive the matrix E—lg whose eigenvalues and eigenvectors we wish to find,
using (13) and (14).

f. Develop the characteristic equation for the matrix found in e using the
relation:

|wis -2zl =0

in expanded form.
g. Solve for the roots of the equation in step f.

h. These roots, 1., XZ' ...etc., are then used to determine the eigenvectors
Vy: V3, ...etc. whose e}ements are the weights to be applied to the original pre-
dictors in our linear relation for defining the various Y.s. The procedure for
finding these characteristic vectors, as outlined by Tatsdoka follows:

(1) For each given eigenvalue ., compute,or form the matrix wlp - Ajl
by subtracting Xj from each diagonal element of W~ "B.

(2) Compute the adjoint of the matrix W’lB-X.l,(adj W lB—X.E). The
adjoint or adjugate of a matrix is found by gathering” the cofactors~of all the
elements of the matrix and then using these cofactors to form a new matrix adj(a).
However, the new matrix is constructed so that the cofactor of the elements of the
first row of the original matrix A are now used to form the elements of the first
column of adj(A)-~those of the second row of the cofactor matrix become the second
column of the adj matrix, etc.

(3) Next divide the elements of any column of adj w-lp - A3I) by the
square root of the sum of the squares of these elements. The resulting numbers
are the elements of the eigenvector V.

i. Each value of ) 3 produces an eigenvector Vi whose elements are the weights
or coefficients in the llnear equation for each of the discriminant functions Y.

That is: L
Y11 Va1
V1 =19 M and V2 = vy,
Y13 b

are eigenvectors derived from discriminant criteria ) 1 and ) 2 (eigenvalues)
to be used to set up the linear relations

Yy o= VygXy + VK, + VK,
and Y2 = V2111 + vzzx2 + v23x3

respectively. (Tatsuoka, 1971, ppl€6~70).
4. Selecting the Predictors.

In applications of multiple regression analysis it is generally agreed among
researchers that most of whatever predictability is in a particular set of pre~
dictors is contained in a reasonably small subset of the total group. Indeed, the
sheer unreasonableness of the computations involved in evaluating huge matrices
constructed of all the predictors led to the development of a technique called
screening regression. This method was first developed by Joseph G. Bryan (1951). Its
purpose was to define a small group of the predictors that contairzd most of the
predicting information required.
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The technique determines which variable has the highest correlation wi?h the
predictand and chooses that variable as the first predictor. Of the remaining
variables, the predictor having the highest partial correlation, after the effegts
of the first predictor are removed, is the next one selected. The process continues-
-each successive selection being based on the highest partial correlation after the
effects of previously selected variables have been removed. The screening‘ceases
at a pre-determined point when further significant improvement is not obtalne@. IE
the original total set of predictor variables was large, this method may provide a
considerable savings in labor.

Such a stepw1se screening process has also been developed for applications to
MDA. Selection is made from a large set of variables to first find that variable
which provides the greatest degree of dlscslmlnatlon between groups as measured
by the generalized Mahalanob}s distance, . This is discussed later. This varia-
ble is our first predictor X Among the remaining P-1 variables_a second is
selected which together with the first gives the highest value of p2. This second
variable is denoted X(2). Added predictors continue to be selected in like manner--

always yielding a maximum value of D when combined with the previous predictors.
(Miller, 1961, pp34-36)

The extension of the Mahalanobis D2 to situations involving more than 2 groups

was first dsveloped by Rao (1952) and Bryan (1950). For P predictors the test
statistic D“p is defined as

2 1

D, =(n =G+ P) « trace W B (19)

W and B are the matrices defined eirlier and trace W !B refers to the sum of the

diagonal elements of the matrix W “B. n is one less than the_number of in-

dependent observations in the sample. The distribution of D“p is estimated, for
n large, as

p?p ™ X2(P(G-1)). (20)

A modification of this relation will be used to assist in determining if success-
ively selected predictors are statistically significant.

The actual screening procedure is applied as follows. For every one of the
P available predictors Xp (p=1,..,P) determine the quantities SSW(Xp) and SSB{XP).

Using these, find
Frar !.'1!(’(],) & ssa(_x_l) (21)
SSw(X
p (P-1...-0P)

To select the first predictor x(l),where the total may be r(r <P), we use the
criterion
trace W 1p(2(1)) > trace ¥” n(x y (22)
(p-llolaip)

if xY) can be determined to be statistically significant. A description of this
test is given later.
1
For the P-1 remaining variables calculate SPw(x(l)xp),and SPB(X( )X ). From
these and the values of st(xp) and SSB(xp) already computed we then detrive:

-1
ssw(x(1)) swu“’xp) ssp(x(1)) spn(x“)xp)
trace w-1B(x(M)X )= trace (23)
(1) (1)
seu(xMx) sswix)) spa(x(V)x ) ssB(x))
(P'io-noplxp # x(i))
4-9
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The selection of the second predictor X(z) (1)

already been selected. The criterion for X

%i)conditional on the fact that X has

is

trace W 1B(x(V)x(2)) 5 trace axx ) (24)
(p-linooop'xp ﬂ x(l))

again provided that x(z) is statistically significant. So then, a general form can
be used to choose those to be selected out of the remaining predictors; this is:

sbene !71§(x(1)x(2)..x(s-i)x(s)) > trace g’ig(x(l’x(z)..x(s‘i)xp)

(P-ioo-oP' x}.f x(lz...x(s-l))

The entire procedure continues until r predictors have been chosen. The tot
number of selected predictcrs r is completely determined when the variable X
fails to show statistical significance. (Miller, 1961, pp 43-47)

+1)

A particular predictor, say x(1) g deemed significant if
2 2 2 = 2
o - 05 » Xlem)(G-1). (25)

That is, Ehe criterion for deciding when to discontinue selection is based on Rao's
test on D
of a newly selected variable.

After choosing a predictor from a set of variables, a chi square test is per-
formed and the critical value of «* is set somewhat arbitrarily at .05. This
allows a 1/20 chance of the predictor chosen being significant when in fact it is
not. The test size is then designated as © = ,05. 1In our selection procedure,
however, a predictor variable is chosen out of the P total because it maximizes
some function of the test statistic. It is necessary, therefore, to consider at
what level of probability the critical value of «* should be set while still
allowing for only a 1/20 chance of error.

Let = * represent the probability that one or more of these predictors are
adjudged sionificant when, in reality, not one of the P total is significant. So,
1- = * = (1= = )P, provided that P tests are independent. If = is small, we assume
that (1- =)P approx. = (1~-P*). Then, (1- *=*) approx = (1-P= ), and then

[
o_ apprex,=_ox (26)
R P
Let xf. bé the critical chi square value when selection is performed, and
: Xoo = X, (27)
Then, if « denotes the desired size of the selection test, then

x:: :pprox.'xz _%‘:

P, again, is the total number of predictors possible, Therefore, the criti?g}
value of x ¢  for testing the significance of the sth gelected predictor X is:

xz‘ = ﬂ.
o (5z+1) Ll
(s=1,... WP)

Further, based on maximizing 02 as our selecttgn criterion and a lev?é)of signifi-
cance as expressed in (28), the test of the S selected predictor X is:

-
(02 - 03.) ) Xz(‘._.;(;.r)("'i) (29)

(§=1,...,P)
(Miller, 1961, pp.49-51)
4-10
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"3 5. Estimating Probabilities.

The application of MDA to meteorological parameters seems particularly well
suited to predicting the occurrence of events that can be classified into unordered
groups. Miller's original work demonstrated that problems can arise in achieving
adequate discrimination, if multivariate normality is not present. The original
idea had been to select predictors and obtain a posterior probabilities using
Bayes' theorem--assuming this normality and equal dispersion. It soon became
apparent that these assumptions were not always tenable.

The first effort that was successful in using more than just the first discrimi-
nant function was made when a rectangular area was constructed around a new obser-~
vation (Y;Y;) in the two dimensional discriminant space. Group relative frequencies
inside th}s area, constructed of observations of the development sample, were taken
as estimates of the conditional probability distribution. A method was then em-
ployed that used the idea of the Euclidean distance as a way of defining a more
desirable spherical area (neighborhood) about (Y1Y2). This method turned out to
be highly successful at providing valid probabilities in the multi-dimensional
space.

The procedure was first developed by Fix and Hodges (1951) and requires com-
puting the Euclidean distance D between the new observation (Y) and each of the
observations of the dependent sample. So, for all the N observations, determine
the weighted distances

1/2
' ) . . 2 )j . ' 2 x ' ’ 2
D(!'! xgk)' 'ﬁ"y,i - YISk) *..."‘X'1—(¥j -Yjsk) "‘..."ﬁ—(yt 'Ytsk) (30)
b kel,...ng
g.llcotc
where
' yi ™ Yi.. 0 YI“ g 1-.
YJ - Q ’ ngk - (31)
a’Y
J I xe,...m
-100030
- Peed t
and into which we have substituted Yj.., where
G n
Y. ® § 27 e
k=1 /2
1
r ~

‘i: ) By Yyg)
Z?f 2 jex - ELE:—_ (32)

J N=-1

(3=1,..,t)

e,
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The weights ) .(j=1,..,t) are the eigenvalues previously found. Here, they serve
as a means of p}oducinq an arbitrary metric in the discriminant space wbich accounts
for the relative importance of the discriminant functions. The metric in the dis-
criminant space is chosen so that each dimension j has zero mean and variance equal
to »./A, (3= 2,..,t), and the first discriminant function is transformed to have
unit vYaridnce.

The N distances D(y', Y'gk)r (kwl ... 00 g=1,..,G)5 are then ordered. The
point whose distances to y is the least is ranked as first, the next closest is
ranked second, etc., down to the point having the greatest distance. Next, a spher-
ical area is drawn around the point y by choosing the h(h <N) closest points. Asso-
ciated with each of these h points is a particular group which occurred subsequent
to the observation of that point. The ratio of the observed frequencies in egch of
the groups to the total number h qetermines estimates of the desired probabilities

59, (g=l, <u., G)

6. Applications to Precipitation Forecasting.

What followe next is a brief summary of one aspect of the research originally
performed by Miller in his 1961 work with the Hartford, Connecticut data.. The
example outlined was the more successful of the two projects undertaken, in that_
the results show a clearer discrimination between both amounts and types of preglpi-
tation. Some of the graphs and tables presented are taken directly from the origi-
nal work with the author's permission.

Discriminant analysis seems particularly applicable to the problem'of fore-
casting the type and amount of precipitation that will occur at a partlcu}ar_lgca-
tion at a specific time. The first step is to define the operationally significant
conditions, i.e., decide what phenomena we wish to predict, and how much of each
will be considered significant. Then divide or categorize the various phenomenon
(or degree of phenomenon occurring) into distinct groups. For economy of effgrt,
if the number of predictor variables is large, the screening technique shown in
section 4 may be applied.

For this particular example a set of five conditions, describing various types
and degrees of precipitation, were chosen as being operationally of interest.
(see Table 1). The forecasts are to be valid six hours after the daily observa-
tions (predictors) were noted. The data base consisted of an independent sample
of 221 observations over a 1 year period, and a dependent sample of 1096 observa-
tions over a prior 3 year period. A total of seven meteorological parameters
noted at each of twenty~five stations in the United States were chosen as repre-
senting the total number of predictor variables possible in the sample. From these
one-hundred and seventy-~five predictors a group of sixteen were shown to possess
significant information as determined from measures of the generalized distance D2,
Table 2 depicts the meteorological parameters in the total sample P; whereas, Table
3 shows the final sixteen selected along with the calculated values for trace
- *
W lg, Dg - D;-l' and x2.05‘ Miller points out that the physical significance
of just why one particular variable has greater utility in predicting the weather
over any other variable would be very difficg}t to ggyermine. Table 4 shows the
characteristic roots and vectors for g‘lg(x( = , and it is interesting to
note that in this example all four roots show statistical significance.

Each individual observation from the dependent and independent gamples was
plotted in two dimensions with one axis Y! and the other (Xz/A1)5 Y2. This is
according to the non-parametric procedure outlined in section 5. The construction
of the dimensions is done so as to enable a circle to correspond to the area
(neighborhood) described for the above mentioned non-parametric procedure for
estimating conditional group probabilities. 1In Figure 3 we see a composite of all
groups displayed, showing the fifty percent contour ellipses. Bivariate normality
is assumed without, necessarily, having equal dispersions. Figure 4 shows the dis-
tributions of the dependent and independent sample points for group one only. 'The
fifty percent contour ellipse for group one is projected onto this plot to show the
degree of bivariate normality obtained. These latter two graphical depictions
represent data for group one of the precipitation sample only. The remaining
groups have similar, though somewhat less dense, distributions; and they are not

shown for the sake of brevity. From these two and the remaining data plots Miller
was able to conclude the following:

4-12
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Table 1,

GROUP
NUMBER

DESCRIPTION OP THE PRECIPITATION GROUPS
FOR THE HARTFORD, CONNETICUT EXAMPLE,

CONDITIONS

No precipitation of any kind over the forecast
period,

Rain or freezing rain reported at some time over
the forecast period in the amount of at least a
trace but not more than ,05 inches, No snow or
sleet reported 2% any time over this period,

Snow or sleet reported at some time during the
forecast period in the amount of at least a trace
but not more than ,05 inches of melted water
equivalent,

Rain or freezing rain reported at some time dur-
ing the forecast period in the amount of greater
than ,05 inches, No snow or sleet reported at
any time over this interval,

Snow or sleet reported at some time over the
forecast period in the amount of greater than
.05 inches of melted water equivalent,

P 5 e e 28 et e
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Table 2 Available Meteorological Predictors,

ELEMENT

NOTATION

Sea Level Pressure

Past 3 hour change in sea level pressure

Dry bulb temperature
Temperature-dew point depression
East-West wind component
North~South wind component

Total cloud cover

(P)
A
T
T-Td
u

v

(N)

Table 2a, Specifications for the Preciplitatien Study,

SPECIFICATION NOTATION o
Number of groups G S
Observations in Group 1 ny 817
Observations in Group 2 n, 135
Observations in Group 3 ny 29
Observations in Group 4 ny, 92
Observations in Group 5 n5 23
Total dependent sample size N 1096
One less than the number of independent n 1095
observations in dependent sample
Total independent sample size M 221
Number of available predictors 175
Porecast interval(hrs,) 0-6 g
l
4-14
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Table 3 THE SELECTED PREDICTORS

SELECTED !
VARIABLE STATION ELEMENT | Trace W'B| D2-D? 2
8 LB Dg=Dg_3 X o5
x{1) | Boston, Massachusetts | N 0,267 291,30 21,68
x(2) | portland, Maine e | o2z | 168,33
x(3) | st, Ste. Marie, Mich, T 0.529 115,67
x(*) | Hartfora, Connecticut | -1, | 0,630 | 108,68
x{5) | Buffalo, New York T 0.737 114,60
x‘67 Boston, Massachusetts u 0.806 73.55
x(7) Hatteras, N.C, v 0.857 Sk, 11
x(® | Norfolk, Virginia /P | o.915 | 61.25
x(9) New York, New York T 0.962 49,40
x(19) | portland, Maine v 1,008 | 48,12
x{11) | Nantucket, Mass, v 1,053 | 46.85
x(lz) Norfolk, Virginia T 1,090 38,33
x(13) | oklahoma City, Okla. v 1,120 | 30.93
x{%) | carivou, Maine T 1,147 | 27.70
x“” Boston, Massachusetts T 1,184 37.78
x{16) | Alvany, New York v 1.211 27.43
i v
i
‘ 4-15
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Table 4

CHARACTERISTIC RooTs AND viCTors of w™'g (x{')...x(16))

FOR PRECIPITATION EXAMPLE

J (s) (s) (s) (s)
R v, vy v N
1 -30.093 | -8.343 | -59.516 | 10.390
2 15.336 | -3.952 -8.814 1.596
3 -0.043 -0.458 2.380 0.313
IO “’60385 -0.“9 "' .7'3 003102
5 2.310 | -0.014 -1.287 | -0.226
6 1.078 | -0.495 -3.480 0.472
1 -, 0533 '00053 0.185 00259
e -9.788 1.076 =0 .49 0.218
9 3.247 | -0.474 0.311 -0.662
10 1.677 | -1.052 1.316 | -0.349
" -1.881 -0.727 0.878 | -0.702
12 -1.579 | -0.115 0.686 0.387
13 -0.637 0.156 -1.495 0.041
14 -0.352 | -1.023 =3.242 | ~0.496
15 1.709 2.125 LM 0.661
16 1,000 1.000 1.000 1.000
Roots (A J) 0.925 0.158 0.091 0.037
1084 1n(1 + xJ) 710.0 158.3 9% .3 3941
xf;,(zi -2+ k7.9 Ik .8 41.6 38.3
4-16
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a. For the population distributions within each of the five groups the assump-
tions of bivariate normaljty and equal dispersions appear to be appropriate. Since
the selection criterion D has optimum properties under such conditions, we can
also assume that the predictors selected are those that the most information
for predictive purpos.s.

b. There appears to be good agreemer (dots) and
independent (crosses) sample observation:

The data from the one, two, three, s minant space was
then used to develop probability predic’ for the
dependent sample only and are given ju 1t were
derived.

These tables are arranged in grou ft to
right and the various meteorological gro ]

clude the number of forecasts made within Da-

bility (F); the number of actual occurrences
ted probability was in that range (U); the sum
casts (L P); the sum of the product 8! P and (1
and lastly the computed values for i

From these two and the remaining tables (not sho

a. The y 4 tests for validity on the group probabi
no general tendency for the probabilities to become less
ul, of additional discriminant functions--this despite ger '
X values.

b. The simplified picture shown in Figure 3 disguises the fact
less tendency for the probabilities to be sharpened for conditions of w, Wi
the second discriminant function Y; is used.

Vi,

Figure 3. Mean and fifty per con? contour ellipse, assuming bivariate normality, in

the modified discriminant space Y1 A2 y; for each group of the precipitation
example. 4/ P
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In addition, it was also found that a discrepancy exists between the number of dis-
criminant functions considered significant and the number actually producing the
best results in the independent data. In the independent data inclusion of a third
discriminant function produces marked deterioriation in the accuracies of the pre-
dicted probabilities; even though, all four of the discriminant functions tested
were found to be significant. (Miller, 1961, pp 95-130).

We can also draw a few more general conclusions from the data presented. Note
from Figure 3 that the vertical axis seems to "discriminate" groups 3 and 5(snow)
from groups 2 and 4(rain). Whereas, the horizontal axis seems to orient the groups
by degree of precipitation--with the lesser amounts to the right and the greater
amounts to the left. The success of the method can be measured to some extent by
looking at the most general classifications possible--the prediction of precipita-
tion or no precipitation. If we use the case where the probability of no precipita-
tion was 0.50 or greater as our standard for categorically predicting no precipita-
tion, the forecasts of no precipitation numbered 164 out of 221, with 144 correct.
Precipitation was forecast 57 out of 221 times with 46 correct. 1In the independent
data sample there was an overall percentage of 86% correct forecasts--in good
agreement with the dependent sample of 87%.

The effectiveness of the multiple discriminant analysis technique in producing
valid forecasts is demonstrated. The usefulness of MDA as a forecasting tool is,
however, limited by resources at hand. The computations are all but impossible and
highly impractical without the aid of a high speed computer. Further, other statis-
titccal methods, requiring much less labor, have recently come to light; and these
procedures may in the long run totally replace MDA as a predictive method.

(Tanur, 1972, pp 383-384)

Yy

Figure 4, Distribution of dependent sample peints(dots)

and independent sample points(crosses) in the modified

discriminant space p , for greup one,
Yo ‘Xz' Y
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Table 5.SUMMARY OF PEDBARILITY PEEDICTIONS FOR PRECIPITATION EXAMPLE USING I, ( DEFENTENT SAMPLE)
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Table 6. SUMMARY OF PROBABILITY PREDICTIONS POE PRECIPITATION EXAMPLE USING !‘ AND Y_ (DEPENDENT SAMFLE)
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CHAPTER 5

REGRESSION ESTIMATION OF EVENT PROBABILITIES

by CAPTAIN WENDELL POOL, JR.

This chapter discusses an application of Regression Estimation of Event
Probabilities (REEP) by Bryan and Singer (1965). Their project was a statistical
approach to predicting the probability of a first-term Navy recruit's reenlistment.

REEP was demonstrated as a useful prediction technique by Miller, Johnson. and
Sorenson: see Miller (1964). Its development resulted from efforts to make multiple
discriminant analysis more efficient.

Bryan and Singer studied the following problem:

Using available records on eligible first term electronics men
(e.g., age, education, test scores, length of

military duty, recruiting area) what sort of index or statistical
digest of this information can be devised so as best to distin-
guish eventual reenlistees from non-reenlistees?

Their approach was to identify the independent components of significant data
bearing on the question, then to develop a prediction formula into which an
individual's particular data could be inserted. These data, termed variables, were
selected from the expansive quantity of information compiled on each enlistee at
enlistment. The first phase of the Navy study involved a partial screening of the
possible significant variables, and eliminated many as not bearing on the question --
e.g., height, weight, color of hair. In the second phase, that in which Bryan and
Singer were involved, the variables were more carefully screened using a multiple
correlation approach. Reenlistment rates were calculated for one variable, while
holding one or more other variables constant.

A variable that is the object of prediction or estimation will be called the
predictand (in the present application, reenlistrent), and the variables used to
arrive at the prediction or estimation will be called predictors (for example,
age, education, test scores). The type of prediction problem under consideration
is that in which the predictand can assume any one of several distinct values, 4
levels, or states (in the application to reenlistment prediction there are two
states, to reenlist or not); and the object is to make use of the information
available in the predictors to estimate the respective probabilities associated
with each possible predictand state; that is, to estimate the chances that any

specified state will be the one that the predictand actually assumes in a given
instance.

Let the number of distinct states of the predictand be denoted by G. Unless
otherwise noted, these G states (the case in point has two states of G, to reenlist
or not) are exhaustive and mutually exclusive. If the predictors uniquely determine
the predictand, the probability is unity for some one predictand state, as fixed
by the predictors, and zero for all others. In a real situation, however, the
predicrors merely influence the probability by tending to favor the occurrences of

some states more than others, depending on the given values of the predictors, and
how the probability of occurrence 1is distributed over all G states. The statistical

problem is to describe this distribution in terms of the predictors.

REEP uses multiple regression analysis. A dummy variable D_ (g=1,2,...,G) is
associated with each state, g, of the predictand: D_= 1 if stafe g occurs; D_ = 0
if state g does not occur. Fach dummy variable D_, ¥n turn, is treated as a
predictand, to be estimated by a separate regress?on function (one for each dummy
predictand). The device of using a common set of predictors for all D_, as REEP

does, insures that the sum of the estimated probabilities will be idenGically equal i
to one in every instance.

In the strict definition of the term, a regression function defines the
conditional mean value of a predictand for any specified set of values of the
predictors. The true conditional mean value of a dummy variable, D _, is identically
equal to the relative frequency -- hence, the conditional probabiligy -- of the
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occurrence of state, g, under the conditions defined by the predictors. If the
exact mathematical specification of the regression function could be given, the true
conditional probabilities could be determined from it.

In actuality, the mathematical specification of the regression function is not
available. As a serviceable approximation to that function, REEP uses a linear
expansion in terms of dummy variables, constructed from the predictors. These dummy
variables can represent simple classes pertaining to individual variables, or, if
desired, compound classes made of combinations of two or more variables.

In the foregoing, the term "regression function" will be applied to the expan-
sion employed in REEP. The regression function Dg for Dg is of the form:

Dg = AOg + Algxl + Azgx2 NN AngM (g=1, ..,G) (5-1)
The predictors X3, X3,...,XM are selected by screening (see Chapter 3). The
base constant, Agg, and the coefficients Ajgr---+AMg are determined by 1egstsquares,
so as to minimize the average value for the?squared discrepancy (Dg - ﬁg) .
GA
VD) ) (5-2)
g=1 9

Following is an analytical proof of (5-2).

Expanding Equation (5-1):

A :

Dy = Agy + A X+ AgyXy + ou + Ay

Dy = Rgg + Byodtyt RogXy + . ¥ Ao’y i

.

D +
Dg = Bgg * AygXy * Agg¥y + .o * ByaXy

We shall prove that A + A AP = 1 and that A + A ¥ slee B = 0 for E
m= 1,2, .oo¢ My whgrglM isoghg number 8? selected predi@lors.szhis is gﬁfficient

to prove that D1 + D2 *+ vas ¥ DG =1,

The matrix equation for generating the regression coefficients in the g-th
equation in (5-3) is:

-1 ~
Ay = & Xy (5-4)

in which the separate terms are defined as follows:

Ag is a column vector with M + 1 elements, (Aog Alg “e s AMg’

C is a square matrix of order M + 1 consisting of sums, sums of squares, and
sums of cross-products of the predictor variables,

K o)
N le Ex2 vew XxM
2
e = le Xxl ):xlx2 oo lexM
. (5-5)
. > s
Tk TR Ix L 2 , ‘
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I All summations are from 1 to N, where N is the number of cases in the sample.

X' is an M + 1 by N matrix consisting of the individual values of the predictor
variables,

1 3 T
o L R T
xl = »
Eay o Syo L Nty
(5-6)
le XMZ o e XMN
i -l

D_is a column vector with N elements consisting of the individual values of
the g-gh dummy predictand,

D = (D D v e/ E) -
g Py 29 Ng’ EF)
Equation (5-4) expresses a single set of regression coefficients. The matrix
equation for all G sets of coefficients is

A-C-l

X'D (5-8)
where A is an M + 1 by G matrix consisting of the G column vectors A., A, ..., A_.
Similarly, D is an N by G matrix consisting of the G column vectors &1’ 32,_.‘ ’ SG'

Define a column vector, e, consisting of G elements, each of which is unity:
e= (1 1 ...1). Post-multiplying both sides of equation (5-8) by e gives

1

Ae = C “X'De

(5-9)
Note that Ae gives the sums that we require. That is, the m-th element of Ae is
Agt Am2 ¥ gvw ¥ AmG' and m ranges from zero through M.
Consider now the right-hand side of equation (5-9). De is a column vector with
N elements, of which the n-th element is:
D

+ eee
Py * * Py

2 G

This sum is identically equal to unity for all n, because one and only one of the
G states (g) must occur. Dg takes on the value 1, while remaining D's are equal
to zero.

nl

Consider X'De. This is a column vector with M x 1 elements:

(N Exl Exz oaie ZxM)
This is precisely the first column of the matrix C. Therefore

clx'pe=(1 0 0 ... 0) (5-10)
by the definition of the inverse of a matrix. Referring to equation (5-9), we see
that

A + A LAY TN B = 1

01 02 0G (5-11)

Ay *AL, ... ¢ Avg = 9 .l wlsdetivne M)

which was to be proved!
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Let us now return to the problem of the reenlistees. The next task is to
select the variables.

The first step is to break the ordinary variables into groups of dummy variables.
For example, age is broken into various (g) tentative dummy variables, Tq' such that:

'I‘l = 1 if age is less than 17 years
T, = ¥ if age 17 ~ 20*%
Ty =1 if age 20 ~ 22
T4 =1 if age 22 ~ 27
T5 = 1 if age 27-32
T6 = 1 if age is greater than 32 years.
* The upper limit of each group is not inclusive ~- i.e., 16-20 means 16 to
19:999 ...
The above dummy variables are exhaustive and mutually exclusive -- i.e., one

must occur, and no other will occur simultaneously. The division of the ordinary
variables into classes may be accomplished arbitrarily (e.g., 2 year steps) or
intuitively from prior experience (as in the above example). A caution is in order.
The predictor screening technique will not generate finer divisions, so in starting
out one should not combine possibly significant groups. The screening procedure
will safely accomplish this task and account for most of the predictive information.

Let the initial set of tentative dummy predictors under consideration be
designated as T,, Toyr wver Tge The screening involves the computation of variance-
ratio statistic& F,“where an“individual F tests the significance of an additional
predictor. If R)é denotes the multiple correlation coefficient computed from k
predictors, and d.f. stands for the estimated number of degrees of freedom left at
stage k, the variance ratio F used to test the k-th selection is given by the
equation

2

= R
gt
X

Assuming independent observations, the value of d4.f. for the k-th selection is
N -k - 1, where N is the sample size. See Miller (1964) for a proper level of
significance for F.

Screening accounts for all G predictand states simultaneously and is done as
follows. Compute a value of F for each tentative predictor T (g= 1, 2, ..., Q) in
relation to each dummy predictand D_ (g =1, 2, ..., G). At ¥he first stage of
predictor selection, there will be x Q values of F (since G values will be obtain-

« {d. £:) (5~12)

ORI

ed for each T ). Denote by x- the predictor that yields the largest single value
of F out of all of these G x Q values. This predictor xl is called the first
predictor.

The screening process is now repeated to select a second predictor. For each
Dg, trial multiple correlations using two predictors are computed. The two pre-
dictors on any trial are x1l,and one of the remaining T's. There will be G(Q - 1)
such multiple correlations with the same number of F-values. The trial predictor
yielding the largest value of F among these G(Q - 1) values is selected as the
second predictor and is denoted by x4.

The screening is continued tg select third, fourth, and further predictors
until S predictors x1, x2, ..., x° have been chosen. As each predictor is selected,
a statistical test comparing the highest computed F-value with a certain critical
value of F is employed to decide whether the proposed, selected predictor appears
to be useful. The termination point S is established by the fact that xS grsses
ghis test, but the next candidate (which, if successful, would be called xS fails
it.
The process just described is called forward screening to distinguish it from
a different, but related, selection progess, called backward screening. In back-
ward screening, a definite set of B (B -~ Q) trial predictors is chosen to begin
with, and a regression formula based on all B predictors is determined. The least a
important predictor is then identified by calculating the increase in mean square f
error due to the omission of each predictor, in turn, when the other B - 1 :
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predictors are retained. If the least important predictor is judged non-significant,
it is eliminated. The:tests are applied again to the remaining set of B - 1
predictors, and the deletion process is continued in a stepwise fashion, analogous
to that used in forward screening. Because forward screening can cope with a much

larger set of tentative predictors than can backward screening, it was chosen as
the method to be utilized in REEP.

The ordinary formulas for estimating the sampling variability of regression
constants do not hold when the predictors are required to meet preliminary tests of
significance, as they are in selective screening. The most important single ques-
tion to answer is not that of the sampling behavior of separate coefficients, but
rather that of the sampling behavior of the estimated regression function as a

whole. In REEP, the latter question is attacked by reserving an independent sample
for verification.

By a randomization technique, the initial sample is divided into two parts.
One part, usually the larger, is called the developmental sample and is used for all
processes involving setting up the problem -- objective dummying, predictor screen-
ing, fitting of constants. The other part, called the verification sample, is used
solely to obtain estimates of predictive accuracy when the regression formulas are
applied to independent data. The program can accept a developmental sample size of
about 10,000 and, if desired, an even larger sample size for verification.

Predictive performance is measured by the correspondence between Dy and Dg in
the verification sample. (D _ reduces to D_ if no adjustment is required because
probabilities cannot be less%than zero or greater than unity).

An overall measure of correspondence between Dg and D is given by the mean-
square error, as defined by the Brier P-Score. For a single probability forecast
of G states, the P-Score is defined as

G A 2
P-Score =t (D -D ) (5= 13}
gut A8

A P-Score of 0.0 indicates a perfect forecast; the poorest score is 2.0, which
results when for some value g, D = 1, whereas in fact there exists some other
value g' such that D_, = 1. In @omparing two forecasts of the same events, the
lower P-Score indicaPes the better forecast. For a series of N probability fore-
casts of G states, the P-Score is defined as follows:

N G X 2
P-Score = = L L D D .) (5-14)
Fial gug W g

Bryan and Singer used two types of variables in this application of REEP =--
univariate and bivariate.* In one model, Model A, only univariates were allowed to
be selected for predicting reenlistment action, while in their second model, Model
B, both univariates and bivariates were considered. Because of the completeness of
their work, we can evaluate how much, if any, improvement in prediction is obtained
by including bivariates as well as univariates.

Of 61 dummy variables under consideration as possible predictors in Model A,
seven were selected as significant by the screening procedure. Therefore, the REEP
regression function for estimating reenlistment rate is of the form:

* 1 7
D1 Bo + le . AR, B7x (5-15)

The selected predictors (designated by x's) and values of the regression
coefficients (B's) are given in Table 5-1. The notation xl represents the most sig-
nificant predictor, x2 the second most significant predictor, or more precisely
the most significant adjunct to xl, and so on in order of superscript, so that x
represents the seventh most significant. |

*

univariates are used here to mean dummy variable predictors while bivariates are |
joint dummy predictors.
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TABLE 5-1
TERMS IN Dl FOR MODEL A
: Additive 1 2 3 4 5 6 7
Predictor Symbol Conatant r™: X X X X X x
Regression Symbol B B B B B B B B
Coefficients 3 Q . 2 3 4 3 6 7
Value .272 -.063 ] .292 | .075] .059 | .281] -.047 | .082

To use the data in Table 5-1 for deriving a reenlistment rate for any given
individual is a relatively simple matter. The coefficients of the characteristics
that pertain to the individual are added to the baseline, the "additive constant".
For example, if none of the seven selected categories pertain to an individual,
then his predicted reenlistment rate is simply .272, which is a little above average.
If categories 1, 2, and 4 pertain, then his predicted probability is .560 (.272 -
.063 + .292 + .059), which is quite high.

The Brier P-Score for the developmental sample (N=6372) was .3703; that for the
verification sample (N=703) was .3707. Hence, overall predictive performance, as
measured by the Brier P-Score, was very nearly the same on the verification sample
as on the developmental sample, thus lending credence to the method. If the
population itself were to undergo basic changes in the relationships among the
variables, the present regression function should not be expected to apply.

In Model B, both univariate and bivariate predictors were made available for
selection. The results using Model B parallel those of Model A.

Of 214 dummy variables (61 univariates and 153 bivariates) considered as
possible predictors in Model B, seven were selected as significant by the screening
procedure. The REEP regression function for estimating reenlistment rate thus
reduced to the same form as in Model A.

~

X 7
PR S Cly R e C7y (5-16)

Both the selected predictors and the regression coefficients differed from those
derived in Model A. The selected predictors (designated by y's) and values of the
coefficients (C's) are shown in Table 2. As in Model A, the subscripts indicate
the rank order of selection.

TABLE 5-2

TERMS IN D1 FOR MODEL B

: Additive Yy y % Y Yy y Y
Predictor Symbol Conmtant 3 2 5 4 5 6 7
Regression Symbol € {5/ C Lo C C C {5
Coefficients Velos 9 1 2 3 4 3 ] L/

.257 | -.068 | .393 |-.053 |.096 .338| .056 | .071

The Brier P~ Score for the developmental sample of Model B (N = 6372) was
0.3687; that for the verification sample (N = 703) was 0.3694. The indicated
superiority of Model B over Model A, shown by the slightly (but statistically
significantly) lower P-Score of the former in the developmental sample, was verified
in the verification sample.

Bryan and Singer showed that both models yield valid estimates of reenlistment

probability, but that Model B had greater capacity for sorting out departures from
average. On comparing the predictors selected under the two models, it was found
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Fr that six of the seven selected predictors were closely related.

A study, such as that performed by Bryan and Singer, will remain valid as long
as there are no significant changes in either the predictors or their relative
weight. Consequently, the use of such a scheme should employ frequent verification
as an indicator of the need to update the model.

o




'. CHAPTER 6

CANONICAL CORRELATION APPLICATIONS

by Lt Jeanette M. Heumann

INTRODUCTION

The key to marketing success lies in matching a buyer with a product which will fill his or her
needs. A buyer study provides a concrete means of diagnosing the buyer-product relationship. A
buyer study will statistically relate buyer characteristics to product characteristics so that for
a given buyer, a probability distribution may be predicted as to the size and type of that buyer's
purchase. A study such as this, which examines buyer characteristics versus those of a particular
product, is an important management information tool. An in depth statistical analysis of this
relationship can provide a basis for company goal setting and planning. It will point out a
company's strengths and weaknesses in the area of their marketing operations. A buyer study should
examine several areas. It should tell who your buyers are and what products they are likely to buy.
Buyers may be identified by variables such as buyer sex, age, income, marital status, number of
dependents, and occupation. A buyer study alsr~ allows a company to evaluate its product performance
as compared to peer companies' product performance. In addition, a buyer study will identify a
company's principal markets. Markets are defined as groups of individuals who possess homogeneous
characteristics such as marital status, occupation, income, or age. Finally, a company buyer study
will clearly indicate, by means of a statistical study, what is sold to a company's principal

markets.
h Buyer studies have long been used by insurance companies to evaluate new markets or territories,
in selective advertising, in persistency evaluation, in quota setting, in appraising new product

potential, and in assisting new agents. The means by which a set of buyer characteristics or
variables are related to a set of product variables is through the use of statistical procedures
such as canonical correlation. This statistical procedure was initially developed by Hotelling
(1935).

Insurance companies can collect "families'" of information about buyers (sex, income, age,...
etc.). Canonical correlation methods treat these "families" of information as separate entities
and yet allow the probability of occurrence of one type of family information to be calculated
from another family of information.

This paper will examine work done by Dr. R. G. Miller for the Life Insurance Marketing and
Research Association (LIMRA) which discusses the buyer-product relationship as applied to the
insurance industry. This work relates buyer variables such as: Marital status

Age

Resident state

Income

Occupation

Age and income combined

Age, income, and sex combined
Income and occupation combined

to product variables such as:

Mode of payment

Type policy

Amount of policy

Policy premiums

Type of policy combined with mode
of payment

Approximately twenty thousand United States ordinary policies sold to adults in 1970 were used in
analyzing the probability of a particular individual buying one of a number of policies which
differed in size and type.

Terms and Mathematical Symbols

The following is a list of terms and symbols which will be used extensively in this paper |
and with which the reader should be familiar. %
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1. M - Underlining signifies a matrix
2: Xp~ Variable describing a product characteristic
3. yq— Variable describing a buyer characteristic
4, atp~coefficient of x
S. btq-coefficient of y
6. aand b - two sets of weights which maximize the correlation between the derived cancnical
variates
3 2 . ., R 1 2 & s q
where a= 1 |—;11 and b= 1 by, b
21 a,, . b3z
. : | t b
o tp| g tg
2o vy, V2, ooy Vp = Linear functions, where each V represents a linear combination of x variables
8. Wl, Woy weey Wp = Linear functions, where eifh W represents a linear combination of y variables
9. R - Correlation matrix where R -: Ryp | 512 i
PO
bRBagy-Bag
10. Rj: - The intercorrelation among the x's
11. Ry - The intercorrelation among y's
12. Rjp - The intercorrelation of x's and y's
13. Ry; - The transpose of 512
14. 1 - Lagrange multiplier
15. A =~ Wilk's criterion, a likelihood-ratio criterion
16. SSCP Matrix (S) - The sums of squares and cross products matrix; see Tatsuoka (1971)
17. WLLP - A whole life - limited pay insurance policy
18. WLCP - A whole life-continuous pay insurance policy
19. MODL - A modified l1ife insurance policy
20. ENDR - An endowment and retirement insurance policy
21. LEVT - Level term insurance policy, DECT - Decreasing term insurance policy
22. COMB - A combination policy
23. A posteriori probabilities - Conditional probabilities over the states of nature, or
predictand groups for given predictor values.
24. A priori probabilities - Unconditional probabilities over predictand groups of the states of
nature
25. Mahalanobis p? - A statistic utilized for testing the significance of P variates to discriminate
among two groups which have equal or unequal dispersion but, different means.
26. Unit matrix - A matrix which is symmetric and has diagonal elements equal to unity while all

other elements equal zero
6-2




Technical Details

As was mentioned earlier, the particular insurance case study being examined used approximately
20,000 ordinary policies sold in the United States in 1970. The study excluded from analysis the
following types of policies:

Policies on lives of residents of U.S. territories,
Canada, and other foreign countries,

Acquired reinsurance cases,

Individual credit insurance,

Group insurance,

Annuities without insurance,

Term conversions,

Single or double premium policies.

By examining the nonexcluded policies, it was possible to determine two sets of variables. The first
set of variables (x's) described product characteristics and made up the set of predictand variables.
The second set of variables described buyer characteristics and made up the set of predictor
variables. The interrelations between these two sets of measurements can be studied by canonical
correlation models. This statistical method provides the maximum correlation between the linear
functions of the two sets of variables. Each pair of these linear functions is determined so

that the correlation between the new pair of canonical variates is maximized where the maximiza-

tion of correlation is subject to the limitation that they are independent of linear combinations
derived previously.

The general nature of canonical correlation may be best explained using algebraic means.
First, consider two simultaneous sets of t equations that contain p predictand and q predictor
variables. From the two sets of equations as follows:

"Left Side" (Predictand Eaquations)

- allxl - a12x2 - sde alpxp

g ™ a?lxl +agXy +o... + a5p%p
b T T L

+ atzxz o AR Y T Al S

tp7p
"Right Side" (Predictor Equations)
s T bllyl + b12y2 = ovaw P blqu

2 b21yl + bzzy2 C AP b2qu

Wt = btlyl + bt2y2 L SRR quyq
(where t = min (p,q) )

We can then determine the sets of weights of a and b so that the correlation between V] and W) is
higher than that of any pair of linear functions of the x's and the y's. Likewise V, and W are
correlated higher than any pair of simultaneous equations other than V| and Wj. This hierarchy
of correlation is maintained all the way down to the V¢ and W, equations. For this relationship
to exist, the weights of a and b must be determined so as to maximize the relationship between
the derived canonical variates V and W. It should be noted that the special case where q>1 and
p=1 is a case of multiple regression and not one of canonical correlation. Canonical correlation
requires that there be both multiple predictors and multiple predictands involved. The size of

p or q determines the number of linear combinations that can be formed. If q is smaller than

p then, there will be q linear combinations formed. Likewise if p is smaller than q, then p
linear combinations will be formed. Each pair of the canonical variates V and W will have maximum
correlation, taking into account the restrection that each canonical variate (Vi or Wy) is
orthogonal to all other canonical variates on its side of the equation.

In geometric terms we can consider canonical correlation as a measure of the extent to which
individuals can occupy the relative positions in the p dimensional space as they do in q dimen-
sional space. Considering buyer-predictor variables versus the insurance product-predictand
variables might appear to possess little or nc .imilarity when the variables are compared scale
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for scale. However, canonical correlation methods readily show the system of correlation which
underlies the two sets of variables. The first step in the analysis of the canonical correlation
between the set of buyer variables and the insurance product variables is the solving of a and b.
This requires the correlation matrix R. Where R equals:

As can be readily seen from the above matrix, R is itself divided into four submatrices. The four
submatrices are obtained in the following manner:

R is the correlation between the x's

Xl X2 X3 xp
X, | T =
152 . 5% Tx. x
1"p
X 1 r
2
x2x3" rx X
2p
X
3 1 rxsxp
L : ,
gl o

Note: This matrix is represented as an upper right triangle matrix due to the fact that the
x~-x correlations composing the lower left triangle of the matrix are simply mirror images of the
upper right triangle correlations.

R,, is the correlation among the y's

22
Y1 Y Yz ot Yq
y 1 ¥
1 Y.y T
172 Ve ey T
15 y]yq
y 1 T
7 Yo¥ge o tyzyq
R =
=22 Y3 1 S ry:"yq
; 1
Yq e

Again, the Ry, matrix (like the Rj; matrix) may be displayed as an upper right triangle matrix.

521 is the correlation between the x's and the y's

Ry %y MW i, ol
y r T x. T
Y R At 1%
T T X
" I B LR % PR Yoty
Ea
ys | = r
¥ 2X ¥ <X e
31 872 £ ot ry3x
: ‘ P
3 o
X X
Ya'p yq P




And finally, LSP which is simply the transpose of Ry That is

Yl YZ Y3 Yq
X 3 . r o l
2 1*Y2 j#¥s o X,y
L7Cq
22 Tx Tx Tx rx
2] 225 2 Y3 e 2'Yq |
R,p, = *3 x + T x
-=12 3,)’1 XS'YZ '3-)'3 LR 3’yq
. ]
gl b PR B el R
pl 1 pl 2 p, 3 .. p' q ‘

The partitioned portions of R may then be substituted into the canonical equation

=1 ST 2
B12" BRyp Ryp” Ry - Af Ila; = 0.
NOTE: the above equation may also be written as
-1 -1 2 2
B Tt BT i EE Y

The equation for a, may be derived through the following procedure:
1. Let cy = Al (where i = 1, 2,...min p,q).

2. Since we are looking for linear functions that have maximum correlation and since the correla-
tion of a multiple of V and a multiple of W is the same as the correlation of V and W we can
make an arbitrary normalization of a and b.

This is done such that: 1= 1v2 = a'Rll

a
1= tw? = b'Ry, b .
3. a'Ry, a=Db'Ryy b=1.

4. W = !'_12 b .

5. Since the algebraic problem is to maximize (4) subject to (3),
let
F(a,b) =(a'R;, b)1/2))(a'Ry; a-1)4L/2u)b' Ry, b-1)

where ) and u are Lagrange multipliers and where the factors
1/2 are introduced for numerical convenience.

6. Then if we differentiate F with respect to a and b and set the

vectors of the derivatives equal to zero, we have:

Rk = Byg BMBy, 0% 0

7a
FL=BaavRypb=0
multipPlY 3¢ py a', and 2F by b'
Ta 7B
so that, a' R;, b - Aa'R,;a =0
b’ Rjya - ub' Ry, b = 0.

7. Since we know that a'R;, a = 1, and b'R,,b = 1, we can easily

see that
A= oy o= a'Ryob .
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i % T2y %0

B) Rps, -4 Ra by =

9. We can then derive a single matrix equation for a;

i
sy
a) xi RIZbi = Ai R11 a;

8. Thus we can write: a) -xig

or Ei if we multiply 8a by Ai and 8b by R22.

Wikt

10. If we then substitue from 9a into 9b...

. 2
8 el By ANy

3 2 2
B Bk, L) - By =0

=1 -1 2
0 By By Ry By -4 Dy

"
(=]

-1 - 2 = i i 2 A Xz respec-
Where lEll R, R Ry - I | = 0 and SRR satisfy equation 10a for A = A],...»A, resp

2 2

tively. The similar equations for bl""'gq occur when Af = Al, ...xq are substituted with

-1 i
(Ro2 B0y &3 BRyg - 25 Dby = 0

Note: the vector Ei may also be obtained from the equation

-1
By = B By 3000

The vectors a. and b. are then applied to standard score vectors to obtain the canonical
variates V and W. e cafionical correlation (R) between the ith pair of new composites is equal to
A.. The largest A.” is the square of the maxi possible correlation between the linear combina-
tions of the two séts of measurements (R2 max = A2). Also, if it is desired to find the coefficients
of the observed deviation scores, they cén be obtiined by dividing the elements a. and b. by the
standard deviation of the corresponding variables. ik i

An alternate but similar procedure for finding the canonical correlation between two sets of
variables, in this case buyer variables and product variables, is discussed by Tatsuoka in his book,
Multivariate Analysis: Techniques for Educational and Psychological Research. Tatsuoka considers
two sets of variables which each construct a linear combination:

V= alxl + azx2 $s's apxp

W= blyl + bzy2 slass L DY

q°q
From these linear functions, we must determine the two sets of coefficients a' = a,, a_, ... ap and
B - so as to maximize correlation between the two linear combinatidns.“ In order to

b,, b . b
do thi§ we must exﬁress the correlation between V and W as a function of a and b.

T -sz/[(ivz) (2"2)15

We may express the quantities Vz and WZ as quadratic forms in the following manner:
IV =a'§ a
S R
2
IN“=b'S b
2 Zyy=
The quantities S__ and S__ represent the Sums of Squares and Cross Products Matrices (SSCP). This
type matrix is méfitioned” In the Terms section of this paper and explained fully by Tatsuoka (1971).

We can also show that: I VW = a'S b, Where in this case S__ represents the pxq matrix of the
sums-of-products between the x variabl1&¥ and the y variables. UsiNg the above equalities, the
formula for T may be written in the following manner:

_ Y
T = 8'S, b/[a'S a) (b'S, b))
The maximizing weights of a and b are determined only up to proportionality constants. This is done
because, if nand vare two arbitrary constants of the same sign, the value of the correlation
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between V and W obtained by using the elements of n& and v as combining weights is seen to be
equal to the value which would result from the use of ajy and by as the weights,

The proportionality constants can be chosen so that:

This results in the denominator of a 'S, b/[(a'Sxxa) (b'S

yD: beln? equal to uni 7{
If Lagrange multipliers A/2 and u7§ are Thtroducea'a his time (the factors 1 are intro-
duced merely for numerical convenience), the the function which is to be maximized is

F(a,b) = a'Syb-(1/2) (a'S,,a-1)- (1/2) (b'Syyb-1) .

The next step involves taking the symbolic partial derivatives of F (a,b) with respect to a and

b. The two resulting equations are then each set equal to the null vector. This gives the following
equations:

BE = §xy§_A§xx§ L

2a

dF = a's__-ub's =0

- e B

which are the equations that must be satisfied by a and b in order to maximize the correlation co-

efficient r, The above two equations constitute sufficient conditions for the desired maximiza-
tion.

The next step is to premultiply the members of 3F/3a by a and to postmultiply the members
of 3F/3b' by b as follows:

IN

§xy Aa' Sy a) =0
Sx

a' Y -u(b' s b) =0

From the preceding two equations the relationship of a'S yb = X(a‘S

a) = u(d'S_ b) can easily
be seen. This relationship reduces to the form Yy

' = = i ' = ' =
a §xy2 A u by recalling that a Sa=bt §yy2 1

This clearly shows that both eigenvalues A and

achieved by the correlation coefficient r,,. Since

are equal to the maximum value that can be
A = yu we may replace A by u so that:

SxyR VEyya = 0

SxyR = VSyya
d - =

s =
...-J-x.a_ H §yy9.




1f we then assume S to be nonsingular, we may express b in terms of a as follows:

yy

b= (1/ws;l s, a

This expression may then be substituted for b:

=
SxylM/V ) Byy Byy al =8, a .

If we then premultiply both members of the above equation by u S;i we obtain the following
expressions:

Syx Sxy Syy Syx@ = ¥2 1Ia

=i g 1 2 i
'S—Xx §xy “yy §yx§.- H E _a_ =0
and in final form, - -1 2
s - =105
(Sxx Sxy Sgy Syx = > Da =0

From this equation it can be seen that the largest eigenvalue uz , of the quadruple matrix product
S-lxx S B x 8ives the square of the maximum correlation coefficient. It can also be

seen that® the elemen%s of the associated eigenvector aj provide the weights by which the x set of
variables need to be combined linearly to achieve this maximum correlation. The other combining
weight vector by may be easily obtained by substituting a; and Uy in the equation

(l/u1 —yy §yx a-
It is obvious then that other eigenvalues and vectors besides uq and a; may be obtained using
the general equations just developed. These equations may be utilized to determine weights a
and b when two sets of linear functions Vy,Vj, ...Ve and Wy,Wp,...Wp are present. We start out by
finding two sets of combining weights that will maximize the specified correlation coefficient
for the resulting pair of linear combinations. The elements of the vector which are associated
with the largest eigenvalue of a certain matrix make up the weights which lead to the desired
absclute maximum. This also holds true of the elements of the vectors associated with the second,
third, and final eigenvalues in descending order of magnitude in the sense that the pair of
linear combinations formed by the elements of the second vector has the largest value of the rele-
vant criterion among those that are not correlated with the first pair of linear combinations and
so forth. For any case of canonical correlation analysis, the linear combinations occur in two
sequences, one sequence for each of the two sets of variables. There is no correlation within each
sequence and between unmatched pairs of linear combinations across the two sequences. Therefore,
not only is Vy uncorrelated with VZ.V3,...or Vi,it is also uncorrelated with Wy Wy, ... or W.
It should be clear then that the only nonzero correlations occur between the corresponding members
of the paired linear combinations such as Vy, and Wy, or V, and Wj. Canonical variates is the term
used to denote pairs of linear orthogonal combinations. The number of canonical variate pairs
will equal the number of variables in the smaller variable set, that is the smaller of the two
numbers p or q. This is due to the fact that the rank of §~ 1 §xy -1 §yx- the quadruple product
matrix, whose efgenvectors and eigenvalues determine the canonical variates, is equal to q or p
whichever is the smaller.

An application of Bayes'Theorem is utilized to evaluate a posteriopri probabilities.
Specifically, this means that all of the possible "Left Side" combinations (L) will be enumerated
for which it is desired to obtain probabilities. There will be L < 2° "Left Side" combinations.
This may be performed for the set of "Right Side" conditions of W = W;, W2sWas ceey Wy by utilizing
the following equation:

£ (W[o)g !
P (L[W) = Z.,;___‘ (
If(Wog |
g= 1 * (where £ & 1,2,8,...;8) i
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and g, is the a priori probability of £. In this equation f (w|%) is assumed to be multivariate
normal for all L combinations with equal covariance matrix I, or
|£| ™" s
fw[?) = —— exp [-%(w-w‘ W) I (w-w —z)J
(2m s
where ¢ = 1, 2, 3, ...,L and W , the vector of values that are expected to be predicted from the

"Left Side" for the combination. The diagonal matrix I has elements whose values represent the
error variances between the pairs of linear combinations V; and Wy, V2 and W, V3 and W3,.., V. and
W¢. If on the other hand, we desire to find the probabilities for a set of "Right Side" R combina-
tions, we can do so in the following manner: There will be R<2P "Right Side" combinations. To per-

form this for the set of "Left Side'" conditions of V = Vg Vg Ve, by utilizing the following
equation
E(vlkgy
p&lY) =
POIRUAISER
where k=1,2,3,...,R and gy is the a priori probability of k, and f(v|k) is again assumed to be multi-
variate normal for all R combinations with equal covariance matrix I or
e [5( v) 7 (v )J
Y — exp | -%(v-y (v-v,
£(v]k) . Tk = W

where k = 1,2,3,...,R, and gk represents the vector of expected values predicted from the
" Left Side" for combination k. In the event that multivariate normality cannot be assumed, Fix
and Hodges (1951) wutilize a nonparametric procedure which should be examined.

Significance tests can be used to decide whether a significant linear relationship exists be-
tween the two sets of variables. It should be noted that, since discriminant analysis may be re-
garded as a special case of canonical correlation, significance tests for canonical variate pairs
will closely resemble those employed for discriminant analysis. The first step in describing the
procedure used in overall significance testing is to define Wilk's A criterion.

. 2
A= 131(1 Aj)

where q < p and where A is a statistic which is invercelyrelated to the strength of relationship:
the smaller the value of A, the greater the relationship strength. After A has been computed from
the previous equation, an overall significance test may be carried out on the canonical variate
pairs by using the chi-square approximation (xz). This X2 approximation for the distribution of A
will provide a test for the null hypothesis that p variates are not related to the q variates. The
following equality relates X° to A:

X2 - -[N-.5(p+q+1)] In A

with pg degrees of freedom and where N is the total sample size. If we reject the null hypothesis,
we can remove the contribution of the first root of A and then test the signtficance of q-1 roots
as follows: min (p,q)
A' = 1 (1-13),
g i
i=2

x2 = -[N-.5(p+q+1)] In A' which has (p-1) (q-1) degrees of freedom.

The general equation used for r roots remaygd(ﬁsq)

A' =1 (l-kf)

i=r+l
Where xz is distributed so that there are (p-r) (q-r) degrees of freedom.

It was originally thought that only the quantity Az and the corresponding canonical correlation
R =\  were of any interest. Further examination has shown that, depending upon the research question,
rSot! other than )7 may be relevant. It has been found that one or more subsets of the predictor
variables may be rllated to one or more of the respective subsets of the criterion or predictand
variables. The combination of variables in the predictor set y that are related to a predictand sub-
Set in x can be determined if we inspect the elements of the two vectors a, and b, which are associ-
ated with the quantity A.. We know that each A\, will be equal to the corrélation'between the linear
functions of the right afd left variables, whic* are formed by using b, and a, respectively. The :
chi-square approximation tests that have been defined will show how maﬁy of tﬁe functions allow !
statistical interpretation. |

As previously discussed, the insurance case study under examination involved a sample size
of approximately 20,000 U. S. policies. This particular case study utilized the following two sets
of variables: 3




if policy whole life continuous pay, 0 otherwise.
if policy whole life limited pay, 0 otherwise.

if policy modified 1life, O otherwise.

if policy endowment or retirement., 0 otherwise.
if policy level term, 0 otherwise.

if policy decreasing term, 0 otherwise.

if policy family plan or combination, 0 otherwise.

if policy others with term, 0 otherwise.
if policy > $50,000., O otherwise.

if policy $25,001-$50,000., O otherwise.
if policy $10,001-$25,000., O otherwise.
if policy $10,000., 0 otherwise.

if policy less than $10,000., 0 otherwise.

if female, 0 otherwise.

if 15-19 years old, 0 otherwise.

if 20-24 years old, 0 otherwise.

if 25-29 years old, 0 otherwise.

if 30-39 years old, 0 otherwise.

if single, O otherwise.

if married, 0 otherwise.

if divorced, widowed, separated, 0 otherwise.
if income <$3000., 0 otherwise,

if income $3000-4999., 0 otherwise.

if income $5000-7499., 0 otherwise.

if income $7500-9999, 0 otherwise.

if income $10,000-24,999., 0 otherwise.
if income $25,000. or over, 0 otherwise.
if not gainfully employed, 0 otherwise.
if occupation professional, 0 otherwise,

if occupation semiprofessional, 0 otherwise.

"Left Side'" Variables
Xl = 1
X2 = ]
XS L |
X4 = ]
XS S |
X6 = 1
X7 = 1
XS = 1
Kgy ™ 1
xlO = 1
xll 1
XlZ = 1
X13~ 1
"Right Side' Variables
¥ e 1 if male, O otherwise
 ; 2 = 1
Y e 1
Y e 1
> 5 = 1
b § 5.5 1
Y s 1
Y e 1
) e 1
 § 10% 1
T 1
Y 12 1
T ya &
Y g4 1
2 005 T i
Y 6 1
LA & o
Y1 1
Y 190 1

if student, 0 otherwise.
if housewife, 0 otherwise.

if all others, 0 otherwise.
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The sample under examination allowed the following @ priori probabilities to be estimated:

ESTIMATED A PRIORI DISTRIBUTION

POLICY AMOUNT VS POLICY TYPE

WLCP WLLP MODL BNDR LEVT DECT COMB OTHR TQTAL
>50K | 0.01 0.00 0.00 0.00 0.00 0.01 0.00 0,01 0.02
25-50K | 0.02 0,00 0.00 0,01 0.01 0,028 0.01 0.01 0,09
10-25K | 0.05 0.02 0.010 0,02 0.02 0,03 0.0k 0,02 0.20
10K | 0.10 0.0k 0,02 0,03 ©0.01 0,01 0,01 0,03 0.23
<10K | 0.20 0.15 0,03 0.04 0.00 0.00 0.00 0,04 0.46
TOTAL | 0.37 0.21 0.06 0.09 0.04 0.06 0,07 0.10 1.00

Three examples obtained by applying the results of the analysis are presented as follows:

Example 1 Buyer - The buyer is a single female, 40 or older, with an income of $3,000-4999. and she
is considered to be a semiprofessional.

ESTIMATED PROBABILITIES

POLICY AMOUNT VS POLICY TYPE
CT

WLCP WLLP MODL ENDR  LEVT COMB OTHR  TOTAL
>50 | 0,00 0.00 0,00 0,00 0.00 0,00 0,00 0,00 0.00
25-50K | 0,00 0,00 0,00 0,00 0,00 0.00 0,00 0.00 0.01
10-25K 0.0L. 0,01 0400 . 0,00 ' 0,00 0,00 . 06,001 10,00 . 0,03
19K | 0,03 0,03 0.0 0,01 0.00 0.00 0,01 0,01 0.09
<10K 0,25 ok 0,09 0,05 0,00 0,00 H.01° 0,04 0.87
TOPAL | 0.22 2,47 0,10 7 6,06 ©0.00 0.0L 0,03 0,05 1.00

In the above example, the predicted conditional distribution clearly indicates several things. It
indicates that there is only a 9% probability of this buyer purchasing a term type policy or any
policy combination involving term. This example also indicates that a buyer within this category
shows only a 13% probability of purchasing any policy greater than $10,000. In fact, the modal
value of the distribution is 447% that, if a buyer in this category buys, it will be a whole life-
limited pay policy under $10,000,

Example 2 Buyer - This is a married male buyer between twenty and tweunty four years of age. This
buyer has an annual income of $25,000. or greater and is not considered a professional or a semi-
professional.

ESTIMATED PROBABILITIES

POLICY AMOUNT VS POLICY TYPE
[[WICP WLLP MODL ENDR LEVI DECT COMB  OTHR TOTAL

>50K 1 0.0 0.00 0,00 0,00 ©0.00 0,01 0,00 ©0.01 0.0k
25-50K | 0.05 0.00 0.01 0,03 0.02 0.03 0.02 0.03 0.18
10-25€ | 0.12 0.03 0,01 0.0 0.04 0.07 0.06 0.06 0.uhk
0K }0.15 .02 0,00 0.03 0,01 0,02 0,01 0.0k 0.26
0.02

< 10K | 0.05 0,00 0.01 0,00 0.00 0,00 0,02 0.09

PORAL | 0.35 0,07 0.03  O.d) 0.08 0,12 0,09 0.36 200

{
|
3
i
The resolution of the combination between size of policy and type of policy is not as distinct as 3
was the case with example 1. The modal value of the distribution is only 13%, that if the potential {
buyer purchases a policy, it will be a whole life~continuous pay policy equal to $10,000. 3
Additionally, the predicted distribution shows that there is a 25% probability of a buyer in this M
6-11 3
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category, if he were to buy, purchasing a whole life-continuous pay type policy in the range of
$10,000. -25,000. . In fact, there is close to a 707 probability that, if a prospect purchases
a policy, it will be over $10,000.

Example 3 Buyer - This buyer is a male professional who is married and between the ages of thirty
and thirty nine and who has an annual income of between $10,000. and $24,999.

ESTIMATED PROBABILITIES

POLICY AMOUNT VS POLICY TYPE

WLCP WLLP MODL ENDR LEVI DECT COMB OTHR TOTAL
>%0K |0.01 0,00 0,00 0.01 0.00 0,00 0.00 0,01 0.03
25-50K 10,04 0,00 000 0,02 0,02 0.02 0,02" 0,02 0.15
10-25¢ |0.10 0,03 0,01 0.03 0.0k 0.06 0.07 0.0k 0.38
10K fo.12 0,03 0,0 0,03 0.0 0,02 0.01° 0.03 0.24
<I0K 10,11 6.0k  B/or 0,02 0,00 0,00  0.00 .0.03 0.21
POTAL: 110.38.0.10 40,08 . 0.10 {.0:07 - 0.00/ 0,20, O:12 1.00

The conditional probability distribution of Example 3 is similar to that shown by example 2, however,
there is a downward shift in policy size. This is no doubt due to the difference in annual income
between the Example 2 buyer and the Example 3 buyer. The modal value of Example 3's distribution

is 12%, that if the person buys, he will purchase a whole life-continuous pay policy with a value

of $10,000.

An illustration will now be given of how the above probability tables were obtained. Several
dimensions were used above, however, only one wiil be used in the Illustration:
Since we know that Az = R& Wy gives the maximum correlation between two variates, we can
actually draw a regre&slon lide whose equation is W; = Ry w, Y1 where the slope of the line is
a function of va W k *

A

wI =RV|W‘V\ From this line we may obtain the distribution
of buyers (dy) for a given product Py (40
products may be obtained out of the table)
Likewise, we may obtain dj for product Pj.
Then we obtain the probabilities of P and
Py for the buyer B on the W,axis, as shown,
using Bayes' Theorem.

i

Vi

P, P,

The above examples indicate the importance of canonical correlation methods as applied to the
buyer-product relationship.

Another important application of canonical correlation method deals with the manner in which
companies relate to one another based on what they sell and to whom they sell. Given an insurance
company's characteristics such as company size, whether it is stock or mutiial, ordinary or combina-
tion, we can determine the company's peers... insofar as how the company characteristics relate
to buyers and products sold.

The same sample was used in this analysis as was used to determine the buyer-product probabili-
ties. Some of the designated variables used in the analysis are as follows:

"Left Side" Variables "Right Side" Variables

Buyer and Product Company Characteristics

X; = Sex of buyer Yl = Type of company
6 -12
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Xz = Age of buyer Y2 = Age of company

x3 = Marital status Y3 = Volume of business

X4 = Qccupation Y4 = Area of operation

)(s = Income YS = Compensation plan

X6 = State of residence Y6 = Commissions paid

)(7 = Type of policy Y e Advertising expenses

X 8 = Size of policy Y g = Reserves

)(9 = Mode of payment Yg = Claims

X 10= Annualized premium Y 10= Participating or nonparticipating

Y e Assets
Y2 Licensed in New York

Y 13= Lapse rate

The following represents a graph of the first two right hand canonical variates wl and WZ. It

shows the plotted locations of 94 insurance companies that contributed to the 1970 LIMRA Buyer Study.
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A plot, in the wlwz space, of each of the 94 contributors to LIMRA's 1970 Buyer Study. The location

of each company point is a function of the company's characteristics. Each characteristic is
weighted according to how it relates to who buys company products and what is bought,




The W, dimension indicates that the buyers and products sold are related to the size of the
company and whether it is a stock or mutual company. 1In Wy 6 which is the second most significant
dimension, an ordinary company versus a combination company relationship with buyers and products
sold is indicated. From examining the results of this analysis it would seem that more homo-
geneous comparisons of buyer and product can be made by grouping companies on a size and type
basis. To determine the peers for a particular company, it would be appropriate to employ all
canonical variates in order to calculate Mahalanobis' distance (the weighted distance between
two points).

Discussion

Canonical correlation analysis may be regarded as a type of principal components analysis.
Thus, the rules by which canonical variates are interpreted are the same as those used to inter-
pret discriminant functions and principal components. The relative magnitudes and signs of
several combining weights, which define each of the canonical variates, are closely examined to
see if a meaningful interpretation can be given. This type of analysis can have widespread
applications. For example, canonical correlation analysis could prove highly useful in studying
the relationships between personality attributes and favorable career fields. It would be a
means by which to indicate "the right job for the right person." An application such as this
could increase job satisfaction among workers and save a company money by decreasing employee
turnover due to misplaced individuals.

The above example relates one area in which probability estimates could be formed by using
canonical correlation methods. The probabilistic structure of canonical correlation indicates
that the use of this type of statistical procedure can and should be further extended into the
areas of education, psychology, science and industry. It would seem to have numerous possible
applications in meteorology as well.
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Chapter 7

MARKOV PROCESSES
BY
CAPTAIN ROGER WHITON

1. Introduction.

Many mathematical idealizations or models of nature, as well as a fair number of actual physical
processes themselves, have the property that the outcome of any trial or event opportunity depends
only on the outcome of the immediately preceding trial. There is no dependency on the history of
earlier trials. Processes having this property are referred to as Markov processes or Markov
chains, after Andrei Andreevich Markov (1856-1922), whose 1906-1907 studies of the Brownian
motion of gas molecules in a closed container laid the groundwork for this subject and later led
to the investigation of dependence and stochastic processes. The first correct mathematical con-
struction of a Markov process with continuous trajectories is attributed to Norbert Wiener in 1923.
The general theory of Markov processes was developed in the 1930s and 1940s by A.N. Kolmogorov,

W. Feller, W. Doeblin, P. Levy, J. L. Doob,and others. Formulation of the Markov chain ante-

dated the principal mathematical development of stochastic processes. In retrospect it can be seen
that the Markov chain is actually an extremely simple, nevertheless elegant member of the class of
stochastic processes.

It is not difficult to imagine circumstances in which a Markov chain can apply. A classical
albeit somewhat artificial example is the random walk problem in which a person or object moves in
single steps from one position to another along a line, with one move permitted in each trial.

For each current position i, there exist conditional probabilities for a move from i to 1 + 1,
from 1 to 1 - 1, or from 1 to 1 (a "stationary move'"). The future move is made in accordance with
those conditional probabilities, but the determination of which probabilities apply is a function
strictly of the earlier trial, which determined the move to i. Under this conceptualization, the
history of moves preceding the one that put the body at i have exactly no bearing on the move now
at hand. Other examples, involving branching problems, multinomial trials, success run chains,
certain urn models, and mathematical diffusion models have been developed. With varying degrees
of success, the Markov concept has been applied to real phenomena such as paths of free electrons
in crystals, queuing problems and even brand selection preferences. Many natural phenomena,
however, exhibit complex dependencies and periodicities that tend to violate the simple Markov
requirement. Whether the Markov chain is a usefully valid model of these real phenomena depends
on the extent to which real world complexities violate the Markov concept and degrade its pre-
dictions. In general, the suitability of the Markov chain as a model of real phenomena is de-
termined by empirical test.

The weather has been considered to change from one state or condition to another according
to the Markov process, with the outcome of trial (or weather observation) n depending exclusively
on the outcome of the trial or observation n - 1 immediately preceding.

Before undertaking a discussion of Markov chains, let us review some simple concepts from
matrix algebra and probability theory.

2. Matrix Multiplication.

If Iy is an m x p matrix (m = number of rows i and p = number of columns j), and if ¥ is
a p x n matrix, the product = ® P of the two matrices exists. Such a product must be a
m x n matrix. The rule for formation of the matrix product is

Sy é'u by

1f t is an n-square matrix, then we can form all the powers of 1: namely:

B2 Lgaim

B - IR
Routines for matrix multiplication are normally resident in the mathematics libraries of computer
installations and are useful in the case of matrices larger than 3 x 3 or for chains of matrix
multiplicationa. Smaller problems are easily handled by manual methods.
3. Matrix Inversion.

1f X 1s a non-singular, m x m, square matrix, it has an inverse 1 such that

7=
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f where T is the identity matrix (consisting of all ones along the main diagonal).

The process of inverting a matrix is inherently more complex than that of matrix multiplication.
\ Computer library matrix inversion routines are correspondingly more valuable and more often used
than routines for matrix multiplication. While a variety of matrix inversion methods is available,
\ a simple technique usable for hand inversion of smaller matrices (up to 3 x 3 conveniently) is
illustrated below. This is not usually the method selected for computer implementation.

In the inversion of an m x m matrix Tby the method of cofactors, one first forms the
cofactor matrix A® of A. Each element ajj¢ of the cofactor matrix is the determinant of the minor
formed by deleting from the original matrix the row i and column j. For example,

allc ~ 322833 - ajziai2
ajpc = 821333 - 32333]

a
With the cofactor matrix AC available, the next step is to form the so called adjoint utrixx ’
which is simply the transpose of the cofactor matrix A®:

b A T .

Transposing a matrix is simple. One writes as the columns of the transpose those elements comprising
the rows of the original. Thus,

anc azlc B3lc
o Reyr - a]2¢ azzc  ajpc
} a]3c az3c  ajsc

With the adjoint matrix available, one forms the inverse of ? simply by dividing the adjoint matrix
a by the determinant |X) of the original matrix, i.e.,

-
g T T R ¢
-
Since lAI is a scalar, one simply divides each element ajja of the adjoint by that number to
obtain the inverse 1, This manual technique has been used to invert the matrices in this chapter
because they are all 3 x 3 or smaller. Technically, the method is referred to as Cramer's rule.

4, Fixed Vector or Fixed Point.

Consider the vector (row matrix)T having n components, where

-
g [ﬁl O R (SRR 0 | qn]
Such a vector is (1 x n) _-.dimensional. Provided the matrix K is square and (n x n), we can define
a (1 x n) matrix product q A. If, furthermore,
— -
Gl B B |

then we say that ?is "1eft fixed" (not chang;d) by its multiplication with &, Any vector -'g $0 is
a fixed vector (or so called fixed point) of if it is left fixed when multiplied by A. To illus-

trate, let us choose

| T = [n1 q2 ] (n = 2)
| SR et R tmnnwd)
&33 . %32

It - [(qyajy + apapy)  (mapn + az272))
1f ?'K = :, then
o R - S b
Qs 833 + 4 &3 * W@

ajpal)
F 92 ° U Ta; - a5y




If we are given, for example, the matrix,
&% 2 1
A
2 3

then we can develop any number of fixed vectors @ of the matrix ® simply by choosing arbitrary q3-
For example, if we select q) = -1 and qp * 1/2, giving

T - [ 12]

If, on the other hand, we select gy 2, then

-
SR e
These are two of infinitely many fixed vectors of 7:

5. Probability Vectors and Stochastic Matrices.

The probabilities associated with various states of a system may be expressed in terms of a
probabili(x;vector's having one element for each such state. For example, if the weather is
characterized in terms of three mutually exclusive and exhaustive states, "stormy," "unsettled"
and "fair" (states 1, 2 and 3, respectively), then the likelihood of occurrence of each state is
given by a probability vector 3:

7= [n P, |

We say that a vector,

-l‘). I [P1 P2 P3 cee Pj oo Pn-1 Pn]

is a probability vector if its components are non-negative and their sum is unity.

Extending this idea of probability as a vector, where the vector is a one-dimensional matrix,
we can express the likelihood of transition from one state to another as a stochastic matrix.
For example, in the three-state problem given above, if the present weather is 'unsettled" (state
2), then it can either change to "fair" (a 2,3 transition), change to "stormy" (a 2, 1 transition),
or remain the same (a 2,2 "transition"*). Thus, associated with present state 2 there are three
transition probabilities: pj1, P22 and pyy. Likewise, there are three other transition probabili-
ties associated with present state 1 and three more with present state 3. Plainly, the likelihood
of "change"* in the weather can in our three-state problem be characterized in terms of a 3 x 3 = 9-
component matrix:

P11 P12 P13

=}

o P2L.. P32 P33

P31d P32 P33

As it turns out, such a matrix is a stochastic matrix. In fact, it is a particular form of stochas-
tic matrix called a "transition matrix" which will be described in a later section. The proba-
bilities pij are conditional probabilities that state j will occur given the system is in state i.

In equivalent notation,
piy = P {ay | g

A square matrix ;‘-gﬁLPAJlis called a stochastic matrix if each of its rows is a probabilit
ector. If two matrices P} d4nd P, are stochastic, their product 15"7and all the powers P 1 ln5
*2" are also stochastic matrices.” A stochastic matrix ¥ is said to be regular if all the llenents

of any of its powers P? are positive. Zeroes or negative numbers are disqualifying.

Regular stochastic matrices have mathematically attrictive properties. If Pisa regular
stochastic matrix, cthen it follows that:

- Associated with ® 1s a unique fixed probability vector T each of whose components is
positive and for which, by definition,

-
8 A

*We are using 'change" and "transition'" in their extended sense, which includes the act of

remaining the same, or "persisting."
7-3
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- The sequence of powers of ?. namely, ?. ,2, 23, ..., approaches a matrix ?each of whose
rows is simply the fixed probability vector t.

- 1f 7 is any probability vector, then the sequence of vectors ;l"., :32, 3?3,... approaches
the unique fixed probability vector t.

Notice we said the fixed vector T is "unique," whereas fixed vectors in general are far from
unique. What makes unique is our insistence that it be more than an ordinary fixed vector. We
required that it also be a probability vector, the sum of whose elements is unity. This additional
constraint is sufficient to reduce the infinity of candidate fixed vectors of P to a single fixed
probability vector t, in other words, a unique fixed vector.

To see how this works, let us consider the transition matrix'F characterizing the three-state
weather problem discussed earlier:

We seek a fixed probability vector,

e
LA [tl t2 (l-tl-tz)]
such that
- -
TP=1

Performing the indicated matrix multiplication ‘t? and setting the product equal to the vector ?
yields the system,

PaL, et hity * gy ey M8y %, 0
P32 .. * (mg-pag )ty + (pag-pyp-lity =~ O
P33~ b ¥ (ey3-pagthiey + (pay-paatidey = 0

We can simplify the notation by using

& = o3} d = p32 g %P3y - 1
b = p1y-p31-1 e = p12-P32 h = pp3-p33+l
¢ = py1-P31 f = p2-p32-1 1 = py3-p33+l

which yields
l+btl+ct2 = 0
d+et) + ft, = 0

g"'htl*itz - 0

where obviously the final equation is superfluous. The problem reduces to one of solving two
simultaneous equations. From the first,

Bat BT K + bt

c
Using the second,
gy = fa - cd
ce - fb

Substituting the numerical values provided in the transition matrix, we obtain

i

a = 0.01 d = 0.09 g = =0.10 ]

b = -0.61 e = 0,41 h = 0.20 3

c = 0,09 f = =0.59 i = 0.50 s
7-4 !g

L

-




from these values, we obtain

t; = 0.0433 and ty = 0.1827
Therefore,
Eam 1l -ty = €3 = 07740
Hence,
—
t = [0.0433 0.1827 0.7740]

-
That T is indeed a fixed vector of P can be verified by performing the matrix multiplication tir
and noting that the product is equal to t within the limits of truncation error.

When the dimensionality, i.e., the number of Markov states, of the problem is large, the
straightforward algebraic method shown above for obtaining the fixed probability vector t becomes
unwieldy. Under these circumstances, matrix solutions may prove advantageous, since computational
routines for them are available in many computer libraries. Let us reconsider our set of simultan-
eous equations:

bty + ct; = =-a
ety + fitn i =d
or
b { tl -a
e L t2 -d
Hence,
ti] _ b el [-a
t2 I e £ ~-d
Taking the inverse,
ty f/{(bf-ce) ~c/(bf-ce)] f-a
t,] |e/(pf-ce)  blbf-ce) | |
(cd=-fa)/(bf-ce)
~ | (ae-bd) /(bf-ce)
and

--
t = [0.0433 0.1827  0.7740)

which was the result obtained previously by non-matrix methods.

One of the properties of the regular stochastic matrix ¥ is that the sequence of its powers
proaches the matrix T each of whose rows is simply the fixed probability vector t associated with
. In the present case,

(0.0433 0.1827 0.77401
—n
T = 0.0433  0.1827  0.7740
[ 0.0433  0.1827  0.7740]

We can illustrate this by forming some of the powers of the matrix T

[0.2110  0.4590  0.3300]
B2 0.0940  0.3360  0.5700
, [ 0.0220  0.1310  0.8470
7=
- ‘ 5
1
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0.1336  0.3647  0.5017 ]
P2 0.0769  0.2663  0.6568

0.0304 0.1527 0.8169_

0.0611 0.2225 0.7164 ]
B6.385 0.0507  0.1993  0.7500
0.0406  0.1765  0.7829 ]

[ 0.0441  0.1844  0.7715]

T2 pplls 0.0437 0.1834 0.7730

0.0432 0.1824 0.7744
Eventually,-$22 agrees wlth.? to the fourth decimal place.

The fact that the transition matrix ﬁ.converges to i'in sufficiently great powers gives the
fixed probability vector t a special meaning in the Markov process. As shown below, T represents
the long term likelihood of occurrence of each of the Markov states over many Markov '"trials."
Meteorologically, the T vector embodies the unconditional probabilities Py =P iaj)of each of the
Markov states, i.e., the climatological relative frequency of the states.

6. The Markov Process or Markov Chain.

The Markov chain is a mathematical model of the behavior of a system. When used to represent
actual systems, real processes or the behavior of nature, the Markov chain represents a simplified
generalization of complex, varied reality. Like any model, the Markov chain succeeds to a greater or
a lesser extent in portraying the actual behavior of real systems, depending on the extent to which
those systems correspond to the requirements of the model.

The Markov model of the behavior orf a system has two such requirements or defining properties:

- The system under consideration may be categorized as being in one of a finite number of
states a; the complete set of which, namely,

{3l 87 83 ... 84 .. 8g3 am}

constitutes the state space of the system.

- At each trial, the system has the opportunity either to change its state or to remain in
the same state. The outcome of any trial in terms of the state of the system depends at
most upon the outcome of the immediately preceding trial, and not upon any previous outcome.

The Markov process or so called finite Markov chain 1is a stochastic process embodying these
two model conditions. In the Markov process, we envision the state of the system changing from
ay to ay, where either 1 # j or { = j. This is termed an (5,, aj)- transition, or in short
an (i, j)-transition meaning the state a, occurs immediately after aj occurs. In other words, the
outcome of trial n is state a; and the o&tcome of trial n + 1 is state a;. The probability that
a system in state ay will undergo a transition to state aj is pyq, calleé a transition probability,

a conditional probapllity. As we discussed before, the transition probabilities pij form a
transition matrix

, an m x m stochastic matrix where m is the number of permitted states aj.

PRy MR eve. TP

Pl PR ese  POm
- 3 wvhere

i = Current state

J = Future state

Pei Pm2 +** Pum
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For each current state aj, the ith row of the transition matrix is the conditional probability
vector of all possible state outcomes in the next trial. The fact that is a regular stochastic
matrix guarantees each of its rows will be a probability vector.

Markov models have been used to attempt to represent changes in the weather as transitions
from one Markov state to another. These meteorological applications of the Markov model consider
nature has a new '"'trial" at each of N regularly spaced observation intervals At, where At
might logically be the weather observation interval of 1 hr. For each such trial, there must be
an outcome in the form of a Markov state aj.

We can illustrate by categorizing the behavior of the weather in terms of the same three
Markov states we considered before:

a; = Stormy ap = Unsettled a3 = Fair

This three-state Markov problem is an oversimplification used here for illustrative purposes.

In actual problems, in order to obtain needed resolution in the forecast scheme, there can be
hundreds of Markov states corresponding to realistically resolved discretizations of such observed
variables as ceiling, visibility, sea level pressure, temperature, dew point temperature, wind,
and others. Methods for handling n-state Markov chains will be discussed in a later section.
Meanwhile, the three-state problem will suffice to exemplify basic Markov concepts.

The foundation upon which any Markov analysis stands is historical data on the performance
of the system over many trials. In the meteorological sense, this historical data represents
climatologv and might be a list of weather observations such as that shown below:

Trial = Time* Outcome = State of Nature
1 aj
2 a)
3 as
4 ag
5 a,

If sufficient data are available, the sequence of trials and outcomes called climatology can
be converted into a Markov transition matrix P. For convenience, let us suppose our data have
ylelded the transition matrix discussed in section 5 above. The interpretation of the T matrix is
clear. Let us imagine that the current state is "unsettled" (ag = 1,1 = 2). Under thege cir-
cumstances, the applicable vector of conditional probabilities is the second row of the matrix,
i.e.,

P, = [0.1 0.5 0.4]
This probability vector indicates, given that the weather is now "unsettled," there is a 10 per-
cent likelihood conditions will change to "stormy," a 40 percent chance they will improve to
"fair," and a 50 percent chance the weather will remain the same. These probabilities can be
taken as a probabilistic forecast of the state of the system for one time step in the future, i.e.,
at time to + At, where to is the initial time. For the case where the transition matrix is

based on one-hour weather changes, the probability vector provides a one-hour probabilistic weather
forecast.

But can we apply the Markov model to weather changes? 1If we are to do so, the weather must
meet the condition that the outcome of any trial or weather observation depends only on the
outcome of the preceding trial or observation. It is by no means certain that this is the case.
Indeed the notorious dependency and periodicity of weather data suggest such a premise is not
true in general. Unlike the classical random walk and coin toss problems, in which the Markov

*Units are arbitrary and problem-dependent. In problems where observations at 1 hr intervals
are used to construct the transition matrix, @&t = 1 hr, and the unit of time is hours.
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requirement is met, or the urn problem without replacement, in which it is not, there are no

a priori means of ascertaining whether the weather meets the requirements of a Markov process.
On the other hand, the Markov chain may be sufficiently effective as a model of atmospheric
behavior to have skill in weather prediction. The best test is to state the process of weather
change in Markov terms and then to consider empirically the performance of the Markov model in
simulating weather events. If, for example, a long series of Markov predictions neither violates
climatology nor lacks skill in prognosis when applied to independent data, then the Markov model
can be considered applicable to weather events.

If our discussion were to end here, we might be justified in concluding the Markov concept
has little practical value, being limited merely to forecasts for the next trial, i.e., the next
observation time. In practice, the meteorologist prepares forecasts for several hours in advance,
not fust one. Fortunately, the Markov process readily extends to higher order transition proba-
bilities by means of an n-step Markov chain. This concept is discussed in the following section.

7. The n-Step Markov Chain and Higher Order Transition Probabilities.

Assuming the weather changes according to a Markov process in which '"trials" occur at intervals
of the normal hourly observation time, let us consider the problem of making a three-hour forecast
of "stormy," "unsettled" or "fair" in our three-state system, based on an initial state of "un-
settled"” (1 = 2).

If our problem had been to make a cne-hour forecast, the problem would have been simple.
The forecast result is simply the probability vector P2 discussed above. This is the trivial one~
step Markov process. Instead of this, our actual problem is the n-step Markov process, in which
n is three in this case.

Specifically, we desire the probability Pij () that the system changes from state aj to aj
in exactly n steps. In general, the n states of nature can be given as

ai(o)—o ak(l) — ak(z) i 3y ak(n-l)_. aj(n)

or in our particular three-step case,

(2)

2§29 —p ak(l) — ak(z) — aj(3)

The »robabilities p a(“) of the n-step transition from aj to a; form what is known as an n-step
transition matrix F{ . The n-step transition matrix turns oué to equal the nth power of the
original stochastic transition matrix P, Thus,

00 . P

In our three-state problem, we earlier calculated the third power of T as
0.1336 0.3647 0.5017
T . lo.0769  0.2663  0.6568
0.03%04 0.1527 0.8169

For the case of 1 = 2 initially, the conditional probabilities governing the three-hour forecast
would be

33 . [o.0769 0.2663  0.6568]
where the most likely event (with a 66 percent chance) is improvement in the weather. Note how
this contrasts with the one-hour forecast, where persistence of "unsettled" weather was most
likely:
3, - [o.1 0.5 0.4 ]
Since ¥ is a regular stochastic utrix, its powers approach the matrix T each of whose rows is |
simply the fixed probability vector t. We illustrated this before. For example, the forecast
for six hours (n = 6) is
¥, « [ 0.0507 0.1993  0.7500)
and for 12 hours (n = 12) is

32(12)- (0.0437 0.183%  0.7730]

f e —



At 24 hours we have
7,%% - fo.0433  0.1827 0.7740] = T

This convergence of-?(n) to T leads to the subject of the stationary distribution of regular
Markov chains.

8. Stationary Distribution of the Markov Chain.

If a Markov problem is characterized by a transition matrix.? that is regular, then the
sequence of n-step transition matrices P0 approaches the matrix each of whose rows is the fixed
probability vector t. Hence, for sufficiently many Markov steps (i.e., for long range forecasts),
the conditional probability pi'(n) that state a, occurs n steps after aj; becomes 1ndependen§~9f
the original state aj and approaches the componént ty of T, the fixed probability vector of P.

This leads to the concept that T represents the stationary distribution of the Markov chain,
i.e., that distribution of transition probabilitigﬁ that obtains after a large number of steps of
the Markov process. The fixed probability vector t, then, represents the long term likelihood
that state space a will obtain. The likelihood of state a, is given by the component ti in the
long run. In the meteorological sense, the fixed probability vector t represents climatology,
the expected long term relative frequency of occurrence of states of the weather.

The facg*fhat the transition matrix of forecast conditional probabilities.?“ approaches
climatology T as the forecast period n At lengthens is highly attractive from the point of
view of a practical prediction scheme. Almost any experienced forecaster, when asked for a
forecast beyond the period for which conventional prognostic techniques show skill, will turn to the
climatology to construct his "prog."

The convergence of P to the unchanging matrix of climatology ?.provides us with a useful
intuitive perception of how the Markov process works. We see that, as time goes on, the effect of
the initial state on the likelihood of occurrence of future states appears to "wear off." This
is a physically reasonable result. We would hardly expect this hour's observation of the visibility
at Spokane to have much bearing on the probability distribution of visibility states there a
year from now. On the other hand, the likelihood of visibility less than 1 mile there an hour
from now would be enhanced greatly if the current observation were to show visibility restrictions.

Thus we can think of the Markov chain as modeling the decorrelation of weather events over
time.

9. State Probability Distributions vs. Transitiou Probabilities.

So far we have considered only the conditional probabilities expressed in the Markov transition
matrix. Such a probability might, for example, be Plos the conditional probability, given the
system is in state 1, that it will change to state 2., For forecast purposes, however, it is often
more useful to have the forecast probabilities of occurrence of each of the Markov states a; for the

forecast time ¢t = t, + n Qt. We consider in this section how these state probabilities can be
obtained.

If pyp is the conditional probability of state 2 at time t given state 1 at time t,, and if q;
is the probability of state 1 at time t,, then the probability of state 2 at t is simply the product
of 9 Pyp- The probability q; is called an initial probability. There is actually a distribution
of initial probabilities, one for each Markov state, forming an initial probability vector:

T s w a3)

According to the reasoning we used above, the state probability distribution of the system at time
t is simply the product,

(n)

3P31
+ q2P22(n) & q3p32(n)
(n)

(n) {
P11 + Qszl‘n) +q
‘?(n)
q e qlplz(n)

(n)
b L K quzz(n) + q3P33

It some applications, particularly climatological ones, the initial probability distribution is
fractional and expresses the likelihood qq that the system will start in Markov state a3+ 1In
weather forecasting applications of the Markov model, however, there is usually no uncertainty about

=9
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the initial state, since that state is almost always the observation (at time ty) upon which the
forecast for time t is based. Accordingly, the initial probability distribution is generally a
vector consisting of all zeroes and a single one. If, for example, the initial state is 2
("unsettled"), then

T« 1)
and the forecast state probabilities for time t reduce to

T o [921(") pgy (™ r,”(n)]

This result can be verified by performing the matrix multiplication. Note that in obtaining
Pij n) . the entire matrix must be raised to the power n, not the elements separately.

It is apparent that the Markov model can generate a probabilistically expressed forecast
of the state of the weather at a future time t based on an observation of the state at time t,.
In section 11, we will address the complexity of n-state Markov models needed to express the
state of the weather in all its variety.

10. Eigenvalue Methods for Powers of Matrices.

In both the classical Markov analysis and the equivalent Markov approach to weather forecasting
(see section 11 below), obtaining the forecasi}for time t = t, + n At involves taking the nth
power of either the Markov transition matrix P or the equivalent Markov matrix of coefficients
B (or K)A For matrices whose dimensionality exceeds three, or for large n, taking powers of the
matrix explicitly is inconvenient. Even some small computers may be insufficiently equipped to do
this job efficiently. And in the absence of a computer or tables of powers of the matrix or
B, it becomes difficult to apply Markov techniques to real weather forecasting problems.

Fortunately a speedy, computationally simple means exists for taking powers of a matrix such
as T without performing the matrix multiplication explicitly. This method is equally suited to
human or computer use and should be resorted to whenever powers of a matrix are desired.

To obtain the nth power of any square matrix ?: one applies the rule given by Feller (1968,
pp 428~432):

Rt -_— -y - . e

XY,

B0 . )\n"lYl . nXx2y?2 L3 nX3Y3 ¥ ose N TEEER
1y:1%; )‘Zfziz M 3X3 m ¥l

Where m is the dimensionality of the m x m matrix'?, M is the ith eigenvalue of that matrix,

1?1 is the "left" eigenvector associated with Ai, and y; is the "right" eigenvector associated with
Aj. By "left" eigenvectors, we mean eigenvectors of the original matrix P. "Right" eigenvectors
are eigenvectors of its transpose ?'. Since all the left eigenvectors'? are column vectors (m x 1),
and all the right eigenvectors Y are vow vectors (1 x m), the products ??'are m X m square matrices,

the same size as the original matrix. On the other hand, the products Sﬂfare (' x 1y, 1.,
scalars. Since the eigenvalues A and their powers AD are also scalars, it is apparent that the
problem of taking the nt power of P reduces to that of taking the sum of m different m x m

matrices, each weighted by .ZE::?IZi~ Once the eigenvalues A; and assoctated left and right eigen-
vectors f( and ¥, are found, the process of obtaining P" by this rule becomes trivial.

Normally, finding eigenvalues and eigenvectors is done on a computer, using library subroutines.
To illustrate what the eigenvalues and eigenvectors are, however, we will solve one such problem by
hand, finding the eigenvalues and eigenvectors of the Markov transition matrix presented earlier.

The eigenvalues Af (also called characteristic values, characteristic roots, latent roots,
proper values or proper numbers) of a matrix P are the roots of the characteristic equation of
the matrix. The eigenvalues M are defined such that corresponding to each of them is a non-zero

- -~

P -K.i b M Xi

o
For P with dimensfons m x m, there exist m elgenvalues ‘i- The eigenvalues are scalars. To
each eigenvalue there corresponds an elgenvector'?i consisting of a column of m elements (right
elgenvectors, however, are considered row vectors).

From the equation above,
- >
P Ai ¥ « 0

o ® equivalent to
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where-T is the identity matrix. This is analogous to the system of simultaneous, homogeneous
equations,
- -
Ax=0

for whose non-trivial solution we require that the '"denominator determinant'" be zero, i.e., that
the matrix of coefficients be singular (not have an inverse). Mathematically,

- e
det A= |Al = o
leads to the solution vector X. In the case of our eigenvalue problem, we require
- - - -
det (P - \I) = |® -Aixl =0
This is called the characteristic equation of the matrix i
—»

B - AZ| =0

The m eigenvalues hi are the roots of the characteristic equation.

Let us expand the determinant and evaluate it:

004 o Ai 0.5 0.1
—
1B - AT - 0.1 0.5 = N 0.4 =0
0.01 0.09 = 0.9 =X

which yields the cubic equation,

A3 - 1.8 42 4 0.923 A - 0.123 0

n

Standard algebraic methods produce from this cubic the three roots,

Ay -« 1.0000
Ay = 0.5924
M = 0.2076

which are the eigenvalues ufjg. Associated with each eigenvalue )H is an eigenvector 1& of m
elements, obtainable from

B-AD X = 0

by substituting the appropriate eigenvalue )M and performing the matrix subtraction. Because Al

is less illustrative than the other eigenvalues, let us work with hz. The result is

. - -.
(B - AX) x; = 0

-0.1924 0.5000 0.1000] [x3»
0.1000  -0.0924 0.4000| |xp2| = ©
0.0100 0.0900 0.3076] |x3

This represents a homogeneous linear system. Solution by elimination produces the relations,

Xlz - -6.4909 x 32
X22 - -2.6971 x 32

This result shows that to each eigenvalue there corresponds an infinite number of eigenvectors.
We can obtain one of them by selecting Xqy ® 1. Then,

x12 -6.4909
X = |xp| = |-2.6971
X32 1.0000
7-11
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We can normalize this eigenvector in the usual way by having its largest element be +1. This can be
accomplished by dividing all the elements by a value equal to the first element. Then,

1.0000
X, = | 0.4152
-0.1541
By a similar process, we can obtain the eigenvectors corresponding to the remaining eigenvalues:
1.0000 1.0000
x, = [1.0000 *, = [-0.3920
1.0000 0.0365
The eigenvectors . are called "left" eigenvectors. We can find the '"right" eigenvectors ;.
by taking the transpose FP' of the matrix P and solving it, as above, for eigenvalues and eigenvec-

tors. The eigenvalues of the transpose will be the same as those of the original matrix, but the
eigenvectors will be different. Indeed, we find

¥, = [0.0560 0.2360 1.0000]
¥, = [-0.3078 -0.6922 1.0000]
¥3 = [-0.4935 1.0000 -0.5064]

To obtain the powers of F, we need the matrix products ;i;i and ;.;.. Simple matrix multipli-
cation produces i

[ 0.0560 0.2360 1.0000'
X¥; = | 0.0560  0.2360  1.0000 ¥1X; = 1.2920
[ 0.0560  0.2360  1.0000

[-0.3078  -0.6922  1.0000]
- N

X¥, = |-0.1279 -0.2876  0.4155 YoX, =-0.7495

L 0.0474  0.1066  -0.1541

[-0.4935 1.0000 ~0.5065
X3¥3 = | 0.1935 -0.3920  0.1985 ¥3%x; =-0.9041
-0.0180  0.0365 -0.0185,

We can obtain the 12th power of the matrix P by computing the following:

1o [0-0560 0.2360  1.0000]

812 I‘%EEB 0.0560 0.2360 1.0000
: 0.0560 0.2360  1.0000)

15 [0.3078 -0.6922  1.0000]

- 3280 10.1279 -0.2876  0.4155

L 0.0474 0.1066 =-0.1541

15 [0-4935  1.0000 -0.5065

0-2070 0.1935 -0.3920 0.1985

; -0.0180 0.0365 -0.0185]

with the result that

0.0441 0.1844 0.7715
#12 . [0.0437 0.1834 0.7730
0.0432 0.1824 0.7744
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Note that this result is exactly the same as P12 calculated earlier in this chapter by explicit
matrix manipulation. To implement this eigenvalue matrix multiplication method requires storing
either in core or on peripheral storage several m x m matrices %7 As shown in section 13 of this
chapter, it is almost never necessag* to retain all m of the matrices, since the higher order forms
contribute insignificantly to PM or B".

11. An Equivalent Markov Model Based on REEP.

We have seen that it is in principle possible to develop a prediction scheme in which weather
changes are modeled as a discrete time Markov process and which is based on a classical Markov
transition matrix P whose powers P" are used to prepare forecasts for n time steps in the future.
The skill of such a model will depend on the extent to which the weather behaves as required in
the Markov process.

There is an important practical limitation on the application of a classical Markov transition
matrix to real problems of prediction., The limitation is that the size of the transition matrix
itself grows exponentially with the number of predictors/predictands and the resolution of each
predictor/predictand. Consider, for example, a weather forecasting scheme involving the cloud
ceiling in five classes z] through z5, visibility in five classes zg through z)g, wind in nine
classes z]] through z]9, and altimeter setting in ten classes zpqg through 229, Under these
circumstances, the present or future weather is considered to be described by a 29-element binary
vector (zeroes and ones). This is a conservative scheme; actual prediction models would typically
encompass an order of magnitude greater number of binary or so called "dummy" variables. But let
us continue with this example for illustrative purposes.

To apply the classical Markov approach, we must determine how many Markov states there are in
the problem. FEach combination among the 29 elements of the observation vector constitutes one
such state, for example:

State

Bumber ZTL T g UG SRS e RS Al Ephy facden LU TR R XD
1 1 0 0 0 0 0 0
7 0 1 0 0 0 0 0 0
3 0 0 1 0 0 0 0 0

Each of the variables zp has two possible outcomes, zero or onme ("off"” or "on"). The dummy
variables in any one variable category (such as 2zg through z10 for the visibility category) are
mutually exclusive and exhaustive. Thus, within any category, one and only one z must be "on" at
a time. Under these circumstances, considering the first variable category alone, there are five
Markov states. For each of these, the second category produces five further states, for a total
of 5 +« 5 = 25 Markov states. For each of these 25 states, the third category produces nine,
giving a total of 25 - 9 = 225 states. The final category of ten classes brings the total to
225 - 10 = 2,250 Markov states! If nc is the number of binary variables zp in the cth category,
and if there are C categories, then the number of Markov states M is given by

C
M = T-T“c

c=l

For the easily imagined case of ten categories each containing ten dummy variable classes, the
number of Markov states is 1 x 1010 or 10 billion! Clearly the pursuit of a Markov transition
matrix of size (10 billion - 10 billion) is a hopeless exercise. An alternative is needed for
all except the simplest forecasting problems.

A prediction method that yields probabilistic forecasts comparable to those of the classical
Markov method but without the necessity of preparing a Markov transition matrix has been proposed
by Miller (1968) and used in the forecasting experiment described in chapter 10 of this report.
Because Miller's method is based on the Markov requirement for dependence of the current trial only
on the immediately preceding trial, because the predictions turn out to be comparable, and because
the proposed method also involves taking powers of a matrix, we will refer to Miller's technique
as an equivalent Markov model. This method appears to retain much of the beauty and simplicity of
the classical finite Markov chain while avoiding the overwhelming complexity occasioned by the
n-dimensionality in real world observations of the state of physical systems.

Consider, as before, that the present and future weather can be described in terms of C
classes of dummy variables z, The cth class contains n, dummies, and

-
[
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the total number of dummies. For mathematical convenience, an extra dummy variable z, is included
in the observation and forecast vectors P Thus,

z = [’o Z) Zp ee. Zp e Zpgy 'P)

Regression estimation of event probabilities (REEP, see chapter 5 of this report) makes
it possible to estimate the likelihood of occurrence of condition zp at time t, given the observed
conditions at time tq, i.e.,

B
Pr(zp't=1|zt°)

by means of regression equation of the form,

5
= = + + o 40
Pr(zp =1 fxe,) bp,OzO,to 25,151 it bp,ZZZ,to ] bp,pzp.to

where the coefficients b ,p are determined by a least squares technique and where the dummy
variables zp can be reduced in number by application of a method such as screening regression.

In the equivalent Markov approach, there must be as many predictands and prediction equations

as there are predictors, including zo, which is always unity both as a predictor and as a predictand.

Thus, a system of multiple linear regression equations of the REEP variety emerges as follows:

Pr(zo,;=1|3to) = bg,020,t0 + Y0,171,t0 * P0,222,t0 * --+ * PO, PZP ¢ty
Pr(zp ¢-1{%e) = b1,070,¢0 * P1,1%1,25 * P1,222,85 * -+ *+ P1,P%P ¢,
Pr(zz,e=1 1Ze,) = 2,070, + ©2,171,t, + b2,272,8, * -+ + b2, p2p ¢,

e e v v e

P'(zpvt=1 Eto) B bP-ozo’tO i bp)lzl$t0 = bP'zzz'to i S bP'PtPlto

In the example above involving 29 classes of ceiling, visibility, wind and altimeter setting,

P = 29, and there are 30 equations in 30 terms.** These equations form cne system of equationms,
not four separate systems for the four variable categories. Binding a variety of predictors and
predictands together in a single, jointly determined system gives the prediction scheme greater
skill than would be attainable using separate systems of equations.

This system of REEP equations can conveniently be represented in matrix form as

.

R = %o
where?is the §P+1)-1 column vector of probabilities of zp, 21, 27 ... 2Zp being "on" at time
t= to + £, is the similarly dimensioned column vector of observations z,, 15 5 ... 5, B
time t,. is the (P+1) * (P+1) matrix of REEP coefficients and represents a probability generating

function:

*lo is always unity in any observation or forecast.

**The added term and equation i{s due to z. bo,o must be unity, and all other b, terms must be
zero.
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To obtain the forecast probabilities R of the state of the system at time t = t, + At,
we need only postmultiply the matrix T with the observation vector ?rdescribing the weather at time

ty- To obtain a forecast for a time t = to + n At, which is n time steps in the future, one
simply uses the nth power of B as in the classical Markov technique:

- e

R = B

where the powers can be obtained by the eigenvalue technique discussed above.

It should be noted that although powers of B are used to obtain the forecast probabilities L
for several time steps in the future, the matrix B is nevertheless not equal to the Markov transi-

tion matrix P. It is rather the case that the forecast probabilities R are comparable to those
qP" produced by the classical Markov method. For a prediction scheme in one category, the
forecast probabilities are not just comparable; they are identical:

- -~ - -
qP = B"o

We have made the point that equivalent Markov forecasts are not in general identical to classi-
cal Markov forecasts, and we have used the term "comparable" to describe the agreement between the
two methods. Why don't the methods agree exactly? The reason is that no 100 x 100 matrix of REEP
coefficients can be expected to reproduce fully all the non-linear atmospheric state change
relationships embodied in a 10 billion x 10 billion Markov transition matrix i{ The REEP equations
in effect linearize the prediction scheme by neglecting the nonlinear Boolean combinations of
dummy variables that constitute most of the Markov states. If every such Boolean combination were
resurrected and made use of as a predictor in the equivalent Markov scheme, then the latter would
produce forecasts in exact agreement with those of the classical Markov model. Of course, at
that point the equivalent Markov scheme would be just as unwieldy in a practical forecast situation
as the classical Markov technique it is intended to replace. In practice, since the equivalent
Markov model is quite skillful in forecasting the weather ( See chapter 10 ), it is apparent that
linearizing the prediction scheme does not unacceptably impair the prognostic performance of the
model.

One special case exists in which the predictions of the equivalent Markov model agree exactly
with those of the classical technique. This is the case where the prediction scheme includes only
one variable category (e.g., ceiling alone or visibility alone, with no "additional" predictors).
In this case, each Markov state of the classical technique corresponds to exactly one binary
variable of the equivalent Markov model and the classical Markov model.

The equivalent Markov model has a number of features of special interest that make it attrac-
tive from the point of view of practical prediction:

- When using the equivalent Markov method, it is unnecessary to prepare an
explicit Markov transition probability matrix, which is often impracticably
large in real world prediction problems.

- The probability generating function ?: when subjected to eigenvalue analysis,
reveals the component of the forecast probability vector due to climatology
and the components due to higher order, mean-departure influences. The contribution of
climatology relative to the other terms is always readily obtainable in terms
of ratios of powers of normalized eigenvalues. Convergence of the Markov
process toward the steady climatological state is readily apparent through the
eigenvalue analysis.

-~ The model can accommodate uncertainty in specification of the initial state.
As is the case with the classical Markov method, one simply uses a probabilistic
initial vector instead of a deterministic one when conditions are not known
exactly. Thus, missing observations do not cripple the prediction scheme.
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r’ - Through the method of generalized statistical operators, discussed below, a single
equivalent Markov model can be made applicable to large regions or even to the

whole globe, making it unnecessary to prepare probability generating matrices E'for every

weather station. Network operators can also be used if necessary.

- Non-linear Boolean combinations of predictors/predictands as well as time lags
can be incorporated in the model. The time lag feature makes it possible in part to
circumvent the classical Markov model's independence of the outcome of trials earlier than
that immediately preceding.

- With wise choice of predictors and predictands, the equivalent Markov model can be
made to accommodate asynoptic data such as pilot reports, radar weather observations
and satellite information. The model can be run at any time a forecast is needed.

- The skill of the prediction scheme can be improved by incorporation of predictors
beyond the minimum set dictated by the requirement that each predictand must also
serve as a predictor. Naturally, when "additional" predictors are made use of,
corresponding "additional" predictands appear. In practice, this is handled either
by disregarding the superfluous predictions or by abbreviating the forecast
algorithm (matrix multiplication) such that the unneeded predictions are simply not made.

- The model is well suited for the use of a special class of predictors referred to as
model output statistics (MOS). Typically, MOS predictors are produced by numerical
weather prediction models and represent forecast values of various atmospheric parameters
applicable at some future time. Examples useful in visibility forecasting, to consider
one application, include vertical motion at 850 mb and winds at the top of the Ekman layer.
Under the "imperfect prog'" or MOS-approach to forecasting, statistical relations are
developed between these MOS predictors and the occurrence of the weather elements
being forecast, such as ceiling and visibil ‘ty. The equivalent Markov model can handle

both MOS predictors (imperfect prog appros -, and observed predictors (perfect prog

approach) in the same model equations. I the MOS predictors selected are appropriate to

the prediction task at hand, it can be expected that the skill of th- statistical scheme
will ride along on the skill of the dynamical model.

12. Equivalent Markov and Classical Markov Models: A Comparative Example.

It is not obvious that the equivalent Markov model presented above is in fact equivalent to
the classical finite Markov chain model given earlier. Rather than to prove the equivalency
mathematically, let us demonstrate it by means of an example. While less rigorous than a proof, the
example will highlight certain computational methods useful in application of the equivalent
Markov technique.

Consider the problem of forecasting the cloud ceiling at Kelly AFB, Texas. For simplicity, we

will pose this problem in terms of one predictor/predictand categorv, the ceiling itself. We
will subdivide the one category into three classes, zy, 2z and zj3, as follows:

Table 1

DUMMY VARIABLES AND MARKOV STATES
FOR CEILING HEIGHT PROBLEM

Dummy Variable Definition Markov State
zy 0 ftg CIG < 3,000 ft 1
7y 3,000 ft£CIG«15,000 ft 2
zq 15,000 ft&CIG 3

Because this problem has only one category of predictor/predictand, the Markov states exactly
parallel the dummy variables. This convenient property does not hold true for problems with more
than one predictor/predictand, and the lack of correspondence between dummies and states makes more
complex any comparison between equivalent Markov and classical Markov techniques. The classical
Markov method forecasts, for example, the probability of occurrence of Markov state 12, which is
a particular combination of dummy variables being "on," say z3, 2z, and z3). To get the
probability of one such dummy, say 24, being on, we would have to add the classical Markov proba-
bility forecasts for any Markov states in which 2z, is categorized as "on." Only then would we
have a forecast probability of z;, for comparison with the equivalent Markov forecast. It is to |
avold this firal step of adding the classical Markov predictions that we have limited the number {
of variable categories in this example to one.
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limited to 48 hours of actual ceiling observations for Kelly AFB, TX, during the period 11-12
April 1950. These are reproduced in Table 2. In practice, such a data base is much too small.

In general, periods of record four orders of magnitude longer than this are used to insure robust-
ness of the prediction scheme when applied to independent data.

b

|

|

\

P To permit the reader to verify these results by hand, the data base for this example has been

Table 2
48 HOURS OF OBSERVATIONS OF CLOUD CEILING AT KELLY AFB, TX
11-12 April 1950
Date/Time (L) Ceiling (ft) Markov State
11/00 800 1
01 800 1
02 800 3
03 2,500 1
04 2,600 1
05 1,700 1
06 2,300 1
07 3,000 2
08 3,000 2
09 4,500 2
10 25,000 3
11 25,000 3
12 25,000 3
13 25,000 3
14 None 3
15 None 3
16 None 3
37 None 3
18 None 3
19 25,000 3
20 25,000 3
21 5,000 2
20 4,500 2
23 4,000 2
12/00 10,000 2
01 11,000 2
02 900 1
03 800 1
04 7,000 2
05 1,000 1
06 7,000 2
07 500 1
08 600 1
09 7,000 2
10 1,900 1
11 1,900 1
12 25,000 3
13 25,000 3
14 25,000 3
15 25,000 3
16 25,000 3
17 25,000 3
18 25,000 3
19 25,000 3
20 25,000 3
21 25,000 3
22 25,000 3
23 1,900 1
13/00 1,600 1
i
H
:
-
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Explicit counting of Markov state_transitions in the data of Table 2 gives rise to the classical
Markov transition probability matrix P shown in Table 3. Note the dominance of persistence along
the main diagonal. Note also for the data base selected how unlikely it is that bad weather will
improve (see row 1). In this case, probably because of the limited data base used, the Markov
model will strongly predict deteriorating weather, given that conditions are already marginal
(see row 2). The greater dominance of persistence in good weather regimes is seen in row 3.

Table 3

MARKOV TRANSITION MATRIX*
FORMED BY EXPLICIT COUNTING OF STATE CHANGES

Final Markov State

1 2 3

1 | 0.6667 0.2667 0.0667 1.0000

(10) ( 4) (GRS} (15)

Initial

Markov 2 | 0.3636 0.5455 0.0909 1.0000

State ( 4) ( 6) (@R (11)
3 | 0.0455 0.0455 0.9091 1.0000

(i) (1) (20) (22)

It is apparent that we can make a l-hour weather forecast for time t = t, + At directly
from the transition probability matrix P in Table 3. The three possible forecasts, generated
from the three possible initial states, are shown in the first part of Table 4 below. It is like-
wise possible to make a 6-hour forecast for time t = t;, + 6 8t from the sixth power of P, where

0.4082 0.2924  0.299%
$6 = |0.3987 0.2871 0.3142

0.2041 0.1571 0.6388

The three possible 6-hour forecasts are also shown in Table 4:

Table 4

CLASSICAL MARKOV FORECASTS

Initial State Probability of Final State

Time 1 2 3 1 2 3
1-hour 1 0 0 0.6667 0.2667 0.0667
0 1 0 0.3636 0.5455 0.0999
0 0 1 0.0455 0.0455 0.9091
6~hour 1 0 0 0.4082 0.2924 0.2994
0 0 0.3987 0.2871 0.3142
0 0 1 0.2041 0.1571 0.6388

The question is, can these probabilistic forecasts be reproduced by the equivalent Markov
model presented above? To see whether this is possible, let us first transform our data into
binary, or so called "dummy" variables, including a 2z, variable that {s always on. Note that the
final state for the nth observation also serves as the initial state for the (n+l)th observation.
The data expressed in terms of dummy variables are shown in Table 5.

*Transition probabilities are shown as fractional values. Counts are shown as integers in
parentheses.
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Final State (t)

Zo,t

L

Table 5
£2 Lo

Initial State (tg)
E)to

MARKOV ANALYSIS IN TERMS OF DUMMY VARIABLES

SUITABLE FOR USE IN MULTIPLE LINEAR REGRESSION
i

Observation

COQCUCOOCCOCC rrmirirmt rd il sk pd 1 QOO0 COCOOOCOOC OO rmt vt vkt rod vkt ik ok ok vk ot OO
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Such matrices are also called

et et - M O CCOCOOCOCCOCOO0OO0O0O0CO0O 00O OO0 ™ N O mMmO~~mCOCOOOOOCCOOOC ™ -

ol et gk gk pd ek ok gk gk gk ot ok ot gk gk gk gk gk gk gk gk v ok ek pd ok gk gk gk gk ok ok gk gk g ok gk pd ok ok gk gk gk gk gk okt

COO0COCCOCOCO —rm —rmrmdedrd ;i il i OO0 O0ODO0OOCO0O0CO0OOCO OO C O O vt ot vl sl otk vk gk vt ok et ©
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10
48

41
42
43
44
45
46
47
From Table 5, the binary nature of the dummy variables makes it exceedingly simple to obtain

a sum of the squares and cross products matrix, such as that below.




S§SCP matrices. Note that this matrix is symmetrical. It is economical to retain only the upper
or lower triangular elements even though this may seem to make the programming more complex.

zzu,:oz Zz1 ¢, Z22,¢, 273 ¢, Ly, i
Zzl,to z’l,toz f’x,tozz,:o Z’l,coza,to zyt’l.to
S = |Zz.¢, Tr,e,72,0, E72,t,° T2y ¢%3,b, ZYt?2,t,
Zz3,t° 271,473, ¢, izz,tozil.to z‘B,toz lyt‘].to
Iy, z’l,toyc zzz,toyt ,-’3.t°yc z’tz A

In this notation, the second subscript on the z's, being ty,s, emphasizes the point that this is
predictor information, available at time ty. The variable y represents the predictand, valid at
time t. A y is used instead of z because the y stands for any of the three predictand z's:

y ™ 'z1 Q@r 2zZ5 Oor 23

There accordingly exist three y-rows for the SSCP matrix ?: Any one matrix Ercan accommodate only
one y-row, so in fact there are three SSCP matrices, Sp, §E and 33, each having the same first
four rows and a different y-row. Each matrix S will serve indirectly as the basis for development
of one REEP equation. In computational practice, the duplication among the three matrices

makes it unnecessary to carry all three of them, but we show them as distinct in Table 6 for
illustrative purposes.

Table 6

SSCP MATRICES § AND LEFT-OUT MATRICES L
FOR EQUIVALENT MARKOV PROBLEM

(Prepared from Data in Table $5)

[aa 15 11 22 15 [48 15 11 15
3 15 15 0 0 .10 2 15 15 .6 1o
L 51 ¢ 11 0 4 Ll = 11 0 11 4
A B O 2 T 15 10 4 15]
15 10 4 1 15] 3
[48 15 11 22 111 [én 1501 - 1]
- 8 15 0 0 % “ Es 48 -0 %
S 11 0 o, 6 L= |11 o0 11 6
| 22 0. 0 3201 £ VTR S B
; 2 e SR R R A )
' 4 18 11 22 22 [48 15 11 22]
ot 18 1820 0 - 1 o 12 S 1L T |
L T R T R | e S, [ R |
22 0 0 %2 %0 (2 3 1 v
92 "1 1w

The REEP equations cannot be derived directly from the SSCP matrices §.because the use of
mutually exclusive and exhavstive dummy variables gives rise to redundant rows and columns in such
matrices. For example, in the present case, all the information about the state of variable z3 is
given by the states of z) and zp. We must remove from each matrix S one redundant row and column
for each category of varfable. In the present example, there is only one variable category, the
ceiling; thus, we must delete one row and one column. Arbitrarily, we select the row and column
corresponding to z4 for deletion. The reduced matrices L in "left-out variable" form are also
shown in Table 6.
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Statistics texts such as Tatsuoka (1971) present the matrix formulation of multiple linear
regression problems. In the present case, we require only two regression equations in left-out
variable form:

&
Pr(zy, e=1[Ze,) = 31,0%,t0 * 31,171,t, + 21,222,¢,

Przz c=1|Fe,)) = 32,0%,t, * 32,1%1,5, * 32,2%2,¢,

where the regression equations are given by elements of the Crout auxiliary matrix T

=14
“

whose creation is discussed in chapter 2 above. In this case,

dis =
dar = 11
d5 = 1x
41 = a1

22 = 9295,

42 = 912441

d33 = 133 - djqdy; - dyqdy,

43 143 = dpady) - dy3dy,

bag - dg1d1g = dgodpy - d43dyy
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and the regression coefficients are

f e idg
LT d3.4 =~ 93 3%1.2

a3 0 = d) 4 -4y 331 2 - d; 28] 3

We shall show the computation of the regression coefficients aj; for the first "left-out"
regression equation and allow the reader to supply corresponding detail ipr the other two equations.
The Crout auxiliary matrix Dj corresponding to the left-out SSCP matrix Lj is

48.0000 0.3125 0.2292  0.3125
15.0000 Y0.3125 -0.3333 0.5152
11.0000 ~3.4375 723333, 0.3E82

15.0000 S.3125 2.3333  6.8333

The left-out regression coefficients are then

aj,0 = 0.04545 aj,, = 0.6212 ay,, = 0.3182

- Once the other regression coefficients have been computed, a left-out matrix of coefficients
A can be formed as follows:

ag,0 4,1 40,2 1.0000  0.0000  0.0000
X = [ay 0 a1 ap | = (o055 o0.6212  0.3182

a0 a5 4 a2 0.0455 0.2212 0.5000

Note that the first row is supplied to accommodate the trivial prediction equation,

-
Pf(zn_z=1lztn) sl R AL 0 1 N T L T

This first, or "zero" row must always consist of a one in the first element and zeroes in the
remaining elements because z and z to are both always one.
’ ’

Forecasts in the form

Pr = Az
or
Pr(zo, ¢ =1 Ee,) ap,0 20,1 ap,2] [zo,r,
Pr(zy e=1lZe )] = fay0 a1 a2 7L,
Pr(zy ¢=11&e ) az,0 42,1 a2.2| |z2,¢,
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F@ can be made from these equations as they stand. For example, for the initial conditions

o p, %1 e Ry ey = &

the left-out form of the equation predicts
Pr(zo,t) = 1.0000 + 0.0000 + 0.0000 = 1.0000
Pr(zl't) = 0,0455 + 0.0000 + 0.3182 = 0.3636

Pr(zZ,t) = 0.0455 + 0.0000 + 0.5000 = 0.5455

which is the same as the second line of Table 4. We can obtain Pr (z3 ¢) by subtraction:
’
Pr(z'}) me | A i Pr(zl) = P!‘(zz)

This "left-out" form of the REEP equations is inconvenient, in that it does not directly
produce a forecast for the left-out dummy variables except by subtraction. Moreover, it is not
dmvnnhyg to subsequent eigenvalue analysis. Ordinarily, therefore, one subjects the left-out
matrix A to a procedure known as PLODITE (putting the left-out dummies in the equation). The
PLODITE algorithm produces a matrix of regression coefficients b3 that includes a row and column
corresponding to each left-out dummy variable.

A general PLODITE algorithm in the form of the FORTRAN program PLDT is provided in appendix
A. We can describe that algorithm as it applies to the problem of treating our 3 x 3 matrix A.

- s : . : -
lhe first step is to identify the left-out variables and the rows and columns of B correspond-
i ing to them. In the present case, z4 has been left out, so we must supply a new column bi 3 and
3

ke 3 : :
row by ; in the matrix B of REEP coefficients:

bo,0 Yo,1 bYo,2 bo,3

1,0 ®1,1 bi1,2 By 3

=y
u

52,0

—-—itsd b3a B39 By

e
The "zero row" of B is trivial; it contains a one in the first element and zeroes in the others.
The next two rows use the algorithm,

L O B o A (B SR L R for 1 > 0
1 1
E: ‘Bt’l _'l 2 - aj,2 11’3
11 L
s Q
bl,? “ 89+ Q for 1 > O
bl,l e L i +Q for 1 30
bi,0 * i for & 2%

where ;l t is the mean of the ith predictand and can be obtained
’ L3 LLLAVRL LS
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can be made from these equations as they stand. For example, for the initial conditions
By ko'® 1 g T 0 92.¢, " 1
the left-out form of the equation predicts

Pr(zo,¢) = 1.0000 + 0.0000 + 0.0000 = 1.0000
Pr(zy,¢) = 0.0455 + 0.0000 + 0.3182 = 0.3636

Pr(zp () = 0.0455 + 0.0000 + 0.5000 = 0.5455

which is the same as the second line of Table 4. We can obtain Pr (z3 ¢) by subtraction:
P!‘(23) . Ck o Pr(zl) - Pr(zz)

This "left-out" form of the REEP equations is inconvenient, in that it does not directly
produce a forecast for the left-out dummy variables except by subtraction. Moreover, it is not
amenable to subsequent eigenvalue analysis. Ordinarily, therefore, one subjects the left-out
matrix A to a procedure known as PLODITE (putting the left-out dummies in the equation). The
PLODITE algorithm produces a matrix of regression coefficients B that includes a row and column
corresponding to each left-out dummy variable.

A general PLODITE algorithm in the form of the FORTRAN program PLDT is provided in appendix
A. We can describe that algorithm as it applies to the problem of treating our 3 x 3 matrix A.

The first step is to identify the left-out variables and the rows and columns of B correspond-
ing to them. In the present case, z3 has been left out, so we must supply a new column bi.3 and

row b3'j in the matrix B of REEP coefficients:

b%0,0 Yo,1 bg,2 bp,3

b1,0 d1,1 b1,2 by 3

wy
(]

b2,0 b2,1 b33 by 4
o [b30 b3y B33 B34

The "zero row" of B is trivial; it contains a one in the first element and zeroes in the others.
The next two rows use the algorithm,

Lo "i,lzl.:o o '1,2:2'g° for 1 > 0
= -ay1 %,% - 81,2 %ﬁ:—
s q
bio = 8 ,+Q for 1 5 0
bi,1 = a1 +Q for 1 30
bio = e for £ 0

where Et.t is the mean of the ith predictand and can be obtained from the first element of the
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final row of the left-out SSCP matrix ti by dividing the element by the number of observations N.
The final row of B in each variable category is obtained by summing the corresponding column
elements in the rows above it, using the rule that the bi,o must add columnwise to one within
each variable category, while the other bi.j must add to zero. Thus

2
b3 o = 1 - gxb"" - 23t

2
b3y = -Elbu for § >0

For the first row 1 = 1,

-0.6212(15/48) - 0.3182(11/48)

-0.2670 = 0
0.3182 - 0.2670 = 0.0511

o
-
N

]

0.6212 - 0.2670 = 0.3542

o
-
-
]

by,0 = (15/48) = 0.3125

When the same algorithm is applied to the row i = 2, the results are

by ,3 = -0.1837
by 2 = 0.3163
by,1 = 0.0375

bz’o = 0,2292

5y summation we obtain the row i = 3:

b3'3 = 0.4508
by g = -0.3674

b3.l - -0,3917
0.4583

b30

The complete matrix is
1.0000 0.0000 0.0000 0.0000

0.3125 0.352 0,0511 -0.2670 !

g -
0.2292 0.0375% 0.3163 -0.1837
0.4583 -0.3917 -0.3674 0.4508
This is the matrix of coefficients ¥ used in the equivalent Markov model to produce a

from the vector of initial conditions T:

T - W

forecast probability vector

Using ¥ and 1ts sixth power,




&

1.0000 0.0000 0.0000 0.0000
0.3125 0.0957 0.0862 -0.1084
0.2292 0.0632 0.0579 -0.0721

0.4583 -0.1590 -0.1441 0.1804

we can prepare f. :casts for 1 hour (n = 1) and 6 hours (n = 6). These equivalent Markov fore-
casts are shown in Table 7, which is in the same form as Table 4 containing the classical Markov
forecasts. Note that the results are identical, demonstrating the equivalence of the REEP
technique and the classical method.

Table 7

EQUIVALENT MARKOV FORECASTS

Inftfal State Probability of Final State
Time e T TR SR 2 3
1 - hour 1 1 0 0 1 0.6667 0.2667 0.0667
1 0 1 0 1 0.3636 0.5455 0.0909
1 0 0 1 1 0.0455 0.0455 0.9091
6 - hour 1 1 0 0 1 0.4082 0.2924 0.2944
1 0 1 0 1 0.3987 0.2871 0.3142
1 0 0 1 1 0.2041 0.1571 0.6388

In this section, we have demonstrated how an equivalent Markov probability generating function
in the form of a REEP matrix of regression coefficients ¥ can be created from historical weather
data and applied to a practical forecasting problem. A more extensive application of this tech-
nique is given in chapter 10. Our analysis is not complete at this point, however. The
probability generating function ¥ is rich in information regarding how and under what conditions
the weather changes, the degree to which it is predictable for different forecast periods, how
strongly climatology contributes to the forecast probabilities for various forecast lengths, and
the rate at which these forecast probabilities decay toward the vector of climatology. A part of
this information can be elicited from 3‘by eigenvalue analysis of the type discussed above for
obtaining powers of a matrix. In the following section, we will analyze the matrix 3'developed
from this example. Our analysis will be by the method of eigenvalues.

13. Hierachical Matrix Analysis of the Equivalent Markov Model.

The Markov chains encountered in practical weather forecasting problems are completely
ergodic in the sense that their limiting state probability distributions are independent of the
initial conditions. 1In section 8 above, dealing with the classical Markov model, we saw this as
a result of the fact that Markov transition matrices for weather forecasting problems are regular,
bringing about a stationary distribution of the Markov chain after sufficiently many steps n.

The forecast probabilities produced by the Markov model will, with increasing length of the fore-
cast period, converge toward the steady state vector of a priori climatological probabilities as
the system gradually "forgets" its initial state.

Convergence toward the steady climatological state, an attractive feature of the classical
Markov model, is also seen in the equivalent Markov model. Although the matrix B of REEP coeffi-
cients is not regular, nevertheless increasing powers of B do converge to the zero-order hierarchi-
cal form E; having as its first column the climatological expectation of each of the predictor
dummy variables and having zero in all other positions:

.
b

zs 0 0 O ... O
% 0 0 0 ... 0
= b for P=m - 1
& B 00 8 we

SO ee sse ses e e
B

- Y i

As it turns out, the matrix of climatology U; and all the other hierarchical forms, which ‘,E

represent mean-departure terms, are given by the eigenvalue method for obtaining powers of the >
probability generating function B: ¥y
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where C. = X.7, ¥,, etc., and where m is the dimensionality of the m x m matrix B. The

4 ar T =7
total nun'ber__o? du}my v:lsr{ables P is one less than m dge to the presence of z,. A; is the ith
eigenvalue, X; its associated "left" eigenvector, and y; the associated "right" eigenvector.
The C. are the hierarchical matrices of order i and have the same dimensions as the m x m matrix B.

Counting Co, there are formally m hierarchical forms Ci.

The algorithm is the same as that given in section 10 above, except the index i has in this
case been started at zero to emphasize the special role of T as a zero-order term, being the
climatological expectation or a priori, unconditional probability of occurrence of each of the
dummy variables.

The multipliers of each of the hierarchical forms C. are scalars, which we can consider
weighting factors: &

n - -

w. = ). /Yy.X.

Therefore,

where w_ is always unity. The weighting factors w. for i > O become small with increasing forecast
period ?larger n). At sufficiently large n, there*ore, the contribution from the higher order

terms i > O becomes negligible, and converges to climatology, i.e., o Mathematically,
-~ W=l s
limB" = lim wiCi = w€C = ¢+.°
n-»ce neoe =0
" We can see this_in the Kelly AFB cloud ceiling example by subjecting the 4 x 4 probability
generating function B for that problem to hierarchical eigenvalue analysis. The results, in terms

of hierarchical matrices and weighting factors, are shown in Table 8.
Table 8

| EIGENVALUE ANALYSIS OF REEP COEFFICIENT MATRIX B
l POR KELLY AFB, TX, CEILING PROBLEM | |

[1.0000 0.0000 0.0000 O

@, = [0-3125 0.0000 0.0000 ©
0.2292 0.0000 0.0000 0.000

[0.4583 0.0000 0.0000 O

vo =1

0.0000 0.0000 0.0000 0.0000
. 0.8327° € - [0.0000 0.5292 0.4797 -0.6007
1.8481 1 0.0000 0.3518 0.3189 -0.3993
0.0000 -0.8810 -0.7987  1.0000]

jc |

0.0000 0.0000 0.0000 0.0000
! v, = 0:2885" &, - |0-0000 0.6706 -0.9562 0.0209
;’ 2 " 16715 2 0.0000 -0.7012 1.0000 -0.0219 1
! [0.0000 0.0307 -0.0438 0.0010

As the data in Table 6 or the first row of the Crout auxiliary B in the preceding section
! confirm, é indeed turns out to be the matrix of climatology, i.e., the predictor means:*

*As explained above, only in cases like the Kelly example, where each Markov state corresponds
to exactly one binary variable, can we expect to find exact agreement between the classical Markov
and equivalent Markov models. In models containing more than one category of variable (e.g.,
visibility as well as ceiling), the equivalent Markov model neglects certain Boolean combinations
- of predictors that would form Markov states in the classical model. Depending on the additivity
2 R characteristics of the variables selected for inclusion in the model, this neglect of Boolean
; oM combinations has a greater or lesser effect on the faithfulness with which the equivalent Markov
Lo model reproduces the behavior of the classical mode. One immediate consequence of the lack of

3 exact correspondence between the equivalent and classical techniques is seen in C_, which will not
give the predictor means exactly except in simple cases like the Kelly example. In general, the
climatological means will be well approximated by '?. however. In fact, any significant departure
of from climatology is evidence of non-additivlt? and gives us warning to examine closely the
model's performance on independent data. 7-26




= 0.2292 z

sy 0.4583

’ zo,to = 1.0000 zl,to = 0.3125 z %
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Although the matrix B is 4 x 4 in size, it contains one dependent row (and column).
Accordingly, the number of non-zero eigenvalues is 4-1 = 3, and there is no hierarchical form E;.

How long, i.e., to how great a value of n, %hould we retain terms w163 and wZE}? If we
require accuracy to the third decimal place in BM, then any variation in the third decimal place
of the weighting factors wj is necessarily significant. In this case, such a requirement results
in keeping the first-order term C] until n exceeds 34, and the second-order term C2 until n
exceeds five. Thus, in obtaining powers of i'beyond the first few, substantial computational
savings are possible by abbreviating the matrix polynomial to be evaluated. More important, we
see that the first-order mean departure term has in this case a noticeable effect for at least
34 hours, while the second-order mean departure term becomes negligible after five hours. In
other words, if our criterion for convergence to climatology is agreement in the third decimal
place, we can say the system converges to climatology in roughly 36 hours. This can be thought
of as the "time to stationarity” 7T. Only during this time can the Markov model forecast
probabilities other than the long term climatological expectation. Beyond T, the model fore-
casts only climatology.

There likely exist better criteria than agreement to an arbitrary number of decimal places J
for establishing 7 and for deciding when terms in the matrix polynomial become negligible. One
such criterion would be to retain only such terms wiC; for a particular forecast period n At
that contribute significantly to improving the Brier P-score. Thus the cutoff for each term
could be obtained by verifying the equivalent Markov model on independent data for forecasts of
length n At. Trial forecasts could be made and verified using first-order terms only (0,1),
then using first- and second-order (0, 1,2), then (0, 1, 2, 3), etc., until added terms no longer
significantly improve the P-score. We note that there is no need to verify the zero-order term
alone, since the P-score for a forecast of pure climatology can be calculated analytically
(Brier and Allen, 1951):

E - 2
o R e ;ltj

where 23 is the mean of the jth dummy variable, and where there are P such dummies. Obviously
it is not possible to calculate analytically the Brier P-scores for the classical or equivalent
Markov models themselves, since these scores depend on the representativeness, robustness and
inherent predictive skill of the particular model developed. Good models will produce good P- i p
scores, and bad models will do badly. Nor even is it possible to prescribe analytically the {
relative improvement in P-score brought about by retention of each hierarchical form. If the
improvement could be calculated, then we could obtain the actual P-scores by using Pelimo 28

the baseline P-score. Since we have already shown logically that the absolute P-scores cannot be
determined analytically, it follows that the relative improvement in P is likewise not obtainable

by analytical means.

Whatever the exact method of obtaining the time to stationarity T, we can always regard
T as an indirect measure of the potential skill of a Markov or equivalent Markov model. In
general terms, the skill of a forecast technique is its ability to improve over some baseline
objective forecast method such as random chance (forecasting the weather by dice), persistence
(forecasting the weather will not change), or climatology (forecasting the mean). Using clima-
tology as our no-skill baseline, we can see that a Markov prognostic scheme that converges to
climatology in a time 2°< At will never make anything other than a climatological forecast. Such
a scheme can never exhibit skili relative to climatology. In our Kelly example, on the other hand,
the probability generating function B" does not converge to climatology to the third decimal place !
for about 36 hours. In other words, the model has 36 hours in which to make forecasts that differ
somewhat from climatology, for better or for worse depending on the effectiveness of the model.
The longer the time to stationarity 7T, the greater is the "skill opportunity" in the prognostic
model. This is not to say, of course, that models with long T will necessarily be more skillful
than those with short 7. The Kelly equivalent Markov model is a case in point. Despite its
relatively long T, this model would not likely show much skill in a test using independent data,
since it was developed from an inadequate dependent data set. Nevertheless, if two Markov models
are comparable in other respects, it can be expected that the one with longer time to stationarity
Twill exhibit greater skill than the other relative to climatology.
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A hierarchical matrix analysis such as that shown in Table 8 can sometimes be used to gain

added physical insight into the operationof the prognostic technique in terms of the atmospheric
variables whose behavior is being modeled. Consider, for example, the third row of the hierarchical
matrix E} in Table 8. This column contributes to the forecast probabilities only if the observed
ceiling is 23, i.e., 3,000 - 15,000 ft. In cases where zj is observed, the effect of element

(3,3) of &, s to give added weight to persistence of z; in the short range, whereas elements

(2,3) of C2 and (4,3) of T] sharpen the probabilistic persistence forecast by decreasing the likeli-
hood of weather change. Since é{ is felt considerably more strongly than C; because of its
larger weighting factor, the effect of (4,3) of C, dominates (2,3) of ¢, and the second most

likely short range event (after persistence, the most likely) is deterioragion of the weather from

z, to z,. Note that the heavy short range weight on persistence (3,3) of c2 must yield after
several  hours to a favored deterioration of the weather, shown by the balance between (2,3) and
é4,3) of & . Only the greater a priori probability of good weather, shown in (4,1) of C_, prevents
1 from nuiing a "landslide Prediction" of z;, the lowest ceiling. Nevertheless, C is gufficiently
strong to tilt the forecast probabilities in the direction of z; for several hours (see the six
hour forecast in Table 7 and the displayed forecast probabilities in Figure 4).

This sort of analysis is shown in graphical form in Figures 1 - 4, which display the forecast
probabilities as a function of time for ceiling categories 2], 22 and z3 based on an initial con-

dition of zj, Moreover, in Figures 1 - 3, the probability contribution due to the hierarchical
matrix forms C,, C; and Cy are also shown as a function of time. Clearly, the transient effect
of persistence, which causes z, to be the most probable category for the first 1 1/2 hours, is

mostly due to E}. the most "short lived" hierarchical form. The forecast of lowering ceiling,

which holds from t = 1.5 to t = 8.5, is due principally to E}, with the decreasing

probability of z; in the first_two hours being due to Eg. The convergence of the forecast pro-
babilities toward climatolegy E; operates at all times and is seen to dominate beyond 3 hours.

Thus we see in'EE very short range "probability forces" at work favoring persistence. In
the present case, these forces are operating on a time scale of several hours. In C] we see
longer range "forces" at work over time scales of approximately a half day. It is from this
source that the predicted deterioration of the weather emerges. Finally, we see in C, that

climatology, operating most strongly beyond 12 hours, exerts an influence toward improving the
ceiling.
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14. The Ornstein-Uhlenbeck Process: Continuous Variates.

The classical Markov and equivalent Markov models require discretization
of predictors and predictands into several classes, which we refer to as dummy or binary variables.
Some atmospheric variables (such as the "present weather' elements, tornado, hail, thunder, etc.)
are quite naturally treated in terms of dummy variables, which may be either "on'" or "off."
Other atmospheric elements such as temperature, pressure and the like are distributed continuously,
and any effort to categorize them involves some loss of information. The classical Markov and
equivalent Markov models trade decreased resolution in some of the variates for the important
ability to include more chan one variable in the prediction scheme. These additional predictors,
if selected appropriately, impart increased prognostic skill to the classical and equivalent
Markov models, particularly in forecasting the weather beyond 3 - 4 hours in the future.

For some purposes, particularly forecasting very short range weather changes on the order of
minutes to 1 - 2 hours, the decreased resolution in the variate to be forecast might not always
be remunerated by the increased forecasting skill provided by use of additional predictors. This
is physically reasonable. We would naturally expect the probability demnsity function of the
visibility 15 minutes from now to be influenced more by the present visibility than by some other
predictor such as dewpoint depression or even wind speed. Under these circumstances, the prognos-
tic scheme used to make the 15-minute forecast might do better to make use of a thorough observa-
tion of the preseni visibility than to incorporate a host of additional predictors. In a case
such as this, a Markov process involving a continuous variate might prove more skillful than either
the classical or equivalent Markov techniques.

Gringorten (1966, 1968, 1971, 1972) has adapted for meteorological use a special class of the
Markov chain called the Ornstein-Uhlenbeck process in which a single, continuous variate serves
as both predictor and (through a time lag) predictand. Hering and Quick (1974) have employed
this model with remarkable success in forecasting the atmospheric extinction coefficient
3 (m ") for 15, 30, 60 and 180 minutes in the Air Force Geophysics Laboratory's Mesonet Experi-
ment. The success of this single station forecasting method warrants its discussion here.

Assuming a first-order Markov process, in which the outcome of trial n depends at most on the
outcome of trial n-1,* in the stationary Ornstein-Uhlenbeck process the normalized variable y
(having mean of zero and variance of 1) exhibits serial correlation given by

fnat = e-anlt

where Pn At is the correlation between observations separated by an interval of time n At
(At is the unit in which time is measured, e.g., 1 hour), and € 1is the so called serial
correlation coefficient or autocorrelation coefficient between observations y (t) and y(t +

n At) separated by time interval n A t, which is any multiple of the basic unit of time At
characteristic of the problem. The constant a need not be expressly determined, as it does not
appear in the final equation.

Let Po be the correlation coefficient between observations y(t) and y(t + At) separated
by one unit of time At. Then,
at -aAt

[ = e

1f the process is Markov, then the correlation coefficient between observations y(t) and y(t +
n At) separated by an arbitrary interval of time n At, which may be fractional, is given by

e - pon at

Under the Ornstein-Uhlenbeck stochastic process, the value ¥¢ of the continuous variate at
time t is related to an earlier value y, by the expression,

ve = Cyo+ Y1 -@&p

vhere p is a normalized probability and where @ is the correlation between y¢ and y, separated
by the interval n At.

*Hering (1977) reports that experimentation with higher order Markov processes involving the
outcome of n-2, n-3, etc., in the Ornstein-Uhlenbeck context did not produce significant improve-
ment in the performance of the forecast scheme.
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The Ornstein-Uhlenbeck model presented here has been tested and given extensive use in the
Air Force Geophysics Labcratory's Mesonet Experiment, where it has been used both as guidance for
subjective forecasters and as a control against which to measure the skill of various forecasting
methods. As applied in the Mesonet Experiment, the model forecasts the extinction coefficient
6 (m~l) in the form of the normalized variable y, where at initial time to,

Yo = kin@,« £

The extinction coefficient at initial time t; is &, and k and f are coefficients that depend on
time of day and season. Details are available in Tahnk (1975). The unit of time At in this
application is 1 hour, so time is given as

t = n At

in hours (0.25 hours to 3 hours). Therefore, the Ornstein-Uhlenbeck model of a first-order

Markov process is
Yo = ¥o &t ‘/1 = (ec,t)z p

where p is a normalized probability that a certain threshold y. will be exceeded and is obtained
directly from the climatological record as explained in Gringorten (1972). The autocorrelation
FL is also determined from data but may be "tuned" to improve model performance.

The model equation, as written, produces a forecast of the most probable normalized extinction
coefficient y¢ for time t based on exponential decay of the autocorrelation coefficient with time.
But because y is a normalized variable with mean of zero and variance of one, tables of the normal
probability integral can be consulted or the normal distribution integrated numerically to obtain
the probability of exceeding selected operationally significant thresholds. Once the '"constants"
have been determined, this model requires only an initial, uncategorized observation y, of the
parameter being forecast in order to estimate the most probable future value y, and various
"exceedance" probabilities. If Y, is observed continuously, the computer can make available
continuous forecasts of yg.

Hering and Quick (1974) report, based on the first year of the model's use in the Mesonet
Experiment, that the model proved difficult for conventional forecasters to beat in 15-minute,
30-minute, l-hour and 3-hour forecasts, especially in the 15- and 30-minute forecasting. Fore-
casters equipped with Mesonet data could make about a 10 percent improvement in Rank Probability
Score over the Markov model in 15- and 30-minute forecasting but could not sustain this improve-
ment at 1 and 3 hours. In 3-hour forecasting, the Markov model actually beat the conventional
forecasters, who were denied Mesonet information. Percentage improvement in Rank Probability
Score above the score produced by forecasts of pure climatclogy was 71, 60, 39 and 23 percent
for 15-minute, 30-minute, l-hour and 3-hour forecasts, respectively. The Markov probabilities
were much less biased toward pessimism than were the subjective forecasts. Because the Markov
model tends to dampen a perturbation with time as the model gradually "forgets" its initial
state, the Markov probabilities were not as sharply cast as were the subjective probabilities.

A model such as this is limited by its lack of "additional" predictors, i.e., elements other
than that being forecast. The simple exponential decorrelation that forms the basis of the model
almost never produces a forecast of worsening weather. Under these circumstances, it is interest-
ing to speculate how much improvement in forecast performance could be realized by introducing
models containing more meteorology than the Ornstein-Uhlenbeck scheme provides. Tahnk (1975) re-
ports the results of a test in which the performance of two regression-based models was compared
with that of the Ornstein-Uhlenbeck model. One of the regression models was a REEP prediction
scheme not much different from the REEP-based equivalent Markov model discussed earlier in this
chapter., The other competing model was based on classical multiple linear regression equations
with continuous variables, the predictors being selected by a stepwise scheme. Neither of the
competing schemes was limited to single-station predictors, and in fact both regression schemes
heavily chose network predictors* in preference to single station predictors during model
development.

In tests using independent data, the REEP-based technique proved much more skillful than the
Ornstein-Uhlenbeck model in 15-, 30- and 60-minute forecasting, producing Heidke skill scores
of 6.8%, 19.2% and 13.4% relative to Ornstein-Uhlenbeck for the respective forecast periods
indicated. The stepwise regression scheme using continuous variables did about as well as the
REEP technique at 15-minute forecasting but showed negative skill relative to the Ornstein-
Uhlenbeck model at 30 and 60 minutes.

*See section 16 of this chapter.
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Stepwise did better than REEP at forecasting the onset of worsening conditions but did so at
the expense of a high onset false alarm rate. Both regression models did better than the
Ornstein-Uhlenbeck at forecasting onsets. Not unexpectedly, all three models found forecasting
improving weather a much easier task than forecasting deterioration. Nevertheless, the stepwise
regression scheme hardly did better than the Ornstein-Uhlenbeck model at this task, whereas the
REEP technique picked up almost twice as many of the improving situations as did either of the
other methods.

Tahnk (1975) made a special study of the usefulness of the REEP technique in cases of radia-
tion fog only and found that in this more difficult situation REEP was less skillful than the
Ornstein-Uhlenbeck model at 15-minute forecasting (-4.1% Heidke skill score). At 30 and 60
minutes, however, REEP beat Ornstein-Uhlenbeck by a wide margin (25.6 and 38.9%, respectively).

In a final experiment, Tahnk (1975) limited the REEP technique to selection of single
station predictors only, i.e., Mesonet observations for the Hanscom AFB reservation itself.
The rederived REEP equations were then tested relative to the Ornstein-Uhlenbeck model using
independent data. The test was not restricted to radiation fog cases. The restricted REEP
model showed large negative skill relative to the Ornstein-Uhlenbeck technique for all forecast
periods. It thus appears important, at least in the mesoscale context, to allow the REEP model
to select network predictors if these are available. At the synoptic scale, use of network
predictors may not offer correspondingly large improvements in forecasting skill, although at
least some gain is generally achieved by including network predictors. Chapter 10 of this
volume presents a synoptic scale forecasting experiment in which the equivalent Markov or REEP
technique is limited to single station predictors yet shows appreciable forecasting skill.

15. Ancillary Models.
a. General.
More often than not, the user of weather information needs more than a simple forecast,
Pr(zy, 2], 22 «++ Zp)¢

of the probability of the weather at some future time t. Reconnaissance mission planners, tacti-
cal commanders and even construction project superintendants are likely to want to know, for

example, "What's the probability the weather will be good 24 hours from now and will stay good for

six hours after that?"*

In fact, a well posed question such as this defines the weather element of the customer's
mission success indicator (MSI), provided an objective meaning can be ‘ound for the customer's
term, "good weather.'" More important, the manner in which the question is posed gives away the
secret of its solution. Let us write the question graphically:

What {is the probability that ...
..the weather will be ..the weather will stay
goed 24 hours from now..) and good for 6 hours after T
hat..

We can write this in a slightly more mathematical form, using Pr(M) as the probability that the
weather will be good enough for the mission to proceed.

Pr(M) = q(W=G at t] = to + 24) - p(W=G at t] thru t7]| W=G at t;)
where both q and p are probabilities, W represents the "weather," G stands for "good," and
By = tpFidn = 1) At
for At = 1 hour.
We say that the customer's question gives away the solution to his problem because both the

question (see the graphical form) and its mathematical statement are in two parts. We need both
the forecast probability that the weather will be good at t;, i.e.,

p(w-c at tl)

*This is simply one example of the many such questions that can be posed under actual opera-
tional circumstances.
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and the continuous run probability, i.e.,

p(W=G at t; thru t, | W=G at t;)
of good weather for six more hours.

The models described in this chapter and elsewhere in the volume address themselves for the
most part to the classical forecasting problem of obtaining p(W=G at t;) for some future time t;.
The second part of problems such as that presented above is often best solved by methods different
from but related to those used for the first part. We can conveniently consider here only a
few of the methods developed in the literature. We will call these ancillary models because they
are best suited to the "second part" of weather support problems such as that described above. In
keeping with the subject matter of this chapter, only single station methods of the Markov
type will be treated.

b. Continuous Run Probabilities by Markov Process: Hot and Cool Spells or Wet and Dry Periods.

When we are interested in particular sequences of Markov states, such as the probability of
a cool day (C) following four consecutive hot days (H), i.e., Pr(Hl. Hp, H3, C4), we need not
construct the whole Markov transition matrix because we are interested only in certain elements
of the matrix. Sakamoto (1970) found that under a first order Markov process, the probability
of a particular sequence of Markov states a; is given by

Pr(nl, aj, aj ... a;) =
q(a)) p(azfa)) p(a3zjaz) ... p(anlom-1)
where the subscripts refer to the sequence number of the Markov trial and where q represents the

initial probability. In the particular case of three consecutive hot days followed by a cold
day, the algorithm is

Pr(H), Hp, H3, C4) = q(H)) p(H2|H)) p(H3|H;) p(C4lH3)

Obviously, the conditional probabilities p(ajl aj) are first order Markov transition probabili-
ties, given in this case by

Final State

c M
Pcc * Pch =
c p(cC|C) p(H|C)
Initial
State
Phe * Phh ™
H p(ClH) p(HIH)

for the two-state hot/cold system.
In a first order Markov model, the outcome of trial n is presumed to depend only on the out-
come of trial n - 1 immediately preceding. In a second order Markov model, trial n {s affected

not only by n -~ 1 but also by n - 2. Sakamoto (1970) shows that a second order Markov chain for
the same example would be written as

Pr(dy, Hy, Hy, C)) = q(H)) p(Hy|H|) p(H3|Hy, H) p(Cy Ry, Ry)

where the conditional probabilities can involve as much as two days prior to the day of interest.
A third order chain would be

Pr(Hy, Ha, H3, C4) = q(H1) p(Hz|H)) p(H3[Hz, H)) p(C4lH3, H, Hy)

involving the conditional probability that day m will be cold given that days m - 1, m - 2 and
m - 3 were hot,
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Sakamoto found that the manner in which the Markov states, "cold day" and "hot day," were
defined affects the performance of the resulting Markov chain in modeling the continuous run

probabilities (e.g., Pr(H;,H2,H3,C4)). In fact, choice of a threshold used to define a hot or
cold day proved to be a factor in determining the suitability of a particular order of the Markov
chain model. Inappropriate thresholds may force the use of a second order chain, an eventuality
that might be avoided by use of thresholds better suited to the prediction problem at hand.

Use of arbitrary temperatures (e.g., 86°F, 89°F, ...) to define hot and cold days proved
unsuitable in the context of either a first order or a second order Markov chain. More effective
were definitions based on a certain number of degrees above a moving weekly mean maximum (e.g.,
3°F, 6°F, 99F, ... above the moving mean). Even with relative thresholds such as this, it was
shown that the value of the relative threshold (e.g., 6° or 9°) dramatically affects the perform—
ance of the Markov model and the suitability of a particular order of the chain.

By resorting to relative criteria for "hot" and '"cold" days, Sakamoto found he was able to
use a first order Markov chain to approximate the probability of hot and cold spells of various
lengths. Use of second order Markov models produced a slight improvement in the resulting proba-
bilities, but the small gain in precision was not sufficient to justify the added computational
expense in developing and applying the more complex models.

Similar work in applying first order Markov chains to cool and hot spells has been reported
by Caskey (1954) and Spiegel (1966), who indicated the first order model applied well enough.
Caskey (1964) applied the model of Gabriel and Neumann (1962), discussed below, to the problem of
calculating the probability of cold spells in London. The model equation is

pr(c,n) = [i - p(clO)] peclc)" n2n,

where Pr(C,n) represents the probability of n days of cold (C) weather, i.e., a cold spell of

n days' duration. The conditional probabilities p(C | C) represent the likelihood that a day will
be cold given that the previous day was cold, a constant independent of n. Note that the expon-

ent is not the number of days of the cold spell n but rather the number of days by which the cold

spell exceeds the baseline length n,, given by Caskey as four. This is because the probability
that a cold spell of length ng will continue k further days is p(C|C)K, where

k = n - ngo

Other authors have considered whether sequences of wet and dry days can adequately be
represented by first order Markov chains. Caskey (1963), Feyerherm and Bark (1965) and Gabriel
and Neumann (1962) report that the first order Markov process is generally adequate for this
purpose, although in some cases it has not been completely satisfactory. Spiegel (1966) and
Feyerherm and Bark (1965) tested higher order Markov models. While these models did show slight
improvement over the first order Markov chain, the improvement did not seem to justify the
greater computational expense involved in development and application of the more complex models.

c. Probability of Precipitation or No Precipitation in an Interval of Time.

I1f we consider that there are two kinds of days, dry (D) and wet (W), then the probability
Pr(W,n) that precipitation will occur at some time during an interval of n days can be given in
terms of the probability q(W,n-1) of precipitation in n-1 days and the conditional probability
p(W,n | D, n-1) of a wet nth day following a period of n-1 dry days.

As is the case in many combinatorial problems, this problem is best solved by considering the

complementary probabilities, i.e., the probability of dry weather. The probability Pr(D,n) of

n consecutive dry days is simply one minus the probability Pr(W,n) of precipitation occurrence on
any day among the n days. Mathematically,

Pr(D,n) = 1 - Pr(W,n)

Likewise, the conditional probability of a dry day following a period of n-1 dry days is simply
one minus the conditional probability p(w.nl D, n-1) of a wet day following n-1 dry days, 1i.e.,

p(D,n| D,n-1) = 1 - p(W,n | D, n-1)

and the marginal probability q(D,n-1) of n-1 dry days is one minus the marginal probability
q(W,n-1) of n-1 wet days:

q(D,n=1) = 1 - q(W,n-1)
Thus the probability of n consecutive dry days is

Pr(D,n) = q(D,n=1) p(D,n| D,n=1)
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In terms of complementary probabilities, this is

1-Pr(W,n) = [1-gq(Wn-1)]«[1-p(W,n]|D,n-1)]
Expanding and rearranging the equation yields the recursive form,

Pr(W,n) = q(W,n-1) » [1 - p(w,nl D, n-l)] + p(H,nI D,n-1)

If the process is first order Markov, the conditional probability p(w,nl D,n~1) that the
nth day will be wet following n-1 dry days is influenced solely by whether the day immediately
preceding day n is dry or wet. For consistency with our earlier notation, let us say that for
the first order Markov process,

p(W,n| D,n-1) = p(WI| D)
Under these circumstances, the model equation becomes

Pr(W,n) = q@W,n-1) *» [ 1 - pwl D)] + p(WlD)

Caskey (1963) shows that this equation reduces to

Pr(W,n) = 1 - [1 -qw][1 - pw|D)™?

where q(W) is the marginal probability of any day being wet.

I1f this model equation is to be applied to real problems, then values of q(W) and p(W|D) must
be obtained from the historical data. Two choices are open. Either we can estimate both q(W)
and p(W|D) directly from the data; or we can obtain p(w|D) and p(wlw) from the data and then
obtain q(W) from the identity of Gabriel and Neumann (1962):

; q®) = pWID) « L1-pwlw + p|d] !

Consistent with our notation, p(W | W) is the conditional probability that a day will be wet given
that the previous day was wet.

In applying this model to actual rainfall data, Caskey (1963) found that sequences of wet
and dry days can be represented adequately by the first order Markov chain.

A first order Markov model suitable for estimating the probability of wet and dry spells of
arbitrary length, the probability of exactly s wet days among n days following a wet or dry day,
the probability of s wet days among any n days, and the probability of a weather cycle of n days
has been formulated by Gabriel and Neumann (1957, 1962) and Gabriel (1959), who found the model
fits Tel Aviv daily rainfall data quite well.

In developing the model, Gabriel and Nuemann (1957) reasoned that the lengths of wet and
dry spells conform to a so called "geometric” distribution (Feller, 1950, p 217) to a good
degree of approximation. Under the geometric distribution, the probability that a positive,
integral-valued random variable X equals a particular integer k is given by

Pr(X=k) = [1 - p] pk.1

where k = 1, 2, 3, ... and p is a conditional probability. We can particularize this to the
problem of wet and dry spells. We reason that p(W|l W) is the probability of a wet day followed
by another wet day, i.e., the probability of two wet days in sequence. Likewise, the probability
of three wet days in sequence is

p(WIW) pwIw

and of four wet days is
plw  p|w  pwlw
! Generalizing, it is apparent that the probability of k wet days in a row is

pwjwyk-l

which can be interpreted as the probability that a wet day will be followed by k-1 wet days.
The probability p(D | W) that a wet day will be followed by a dry day is the complement of
p(W | W), so

pOIW) = 1 - pwlw
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We may think of a wet spell as a sequence of k wet days terminated by at least one dry day. Thus

the probability of a wet spell of exactly k days is the probability of k wet days followed by
a dry day, or

Pr(w,k) = p(D| W) «p|wk?
or
Prwk) = [1 - plw] . pw | w*L

which is identical with Feller's geometrical distribution, given above. The same reasoning
can be used to obtain the probability of a dry spell of length k:

Ped,k) = [1-p0 D))« p|D*?

Obviously, we are working with a Markov transition matrix:

Current Day

Dry (D) Wet !!2
Dry ppp = °(D[D) Pow = p(WID)
(0]
Previous
Day
Vet pyp = o(D|W) Py = o(Wlw)
W

so that

p(D|D) + p(W|D) = 1
p(DIW) + p(WIwW = 1
In such a model, the probability of rainfall i days after a wet day is
Pei,WH) = q)  + [1 - qllpiw - pwID]]
where q(W) is the marginal probability of a wet day, given by

q(W) = p(WiD)
1-pMWIW +pW|[D)

The probability of rainfall i days after a dry day is, by analogy,
Pr(W,D+) = qM) + q) -+ [pM|w - pwID]?! 3

It is apparent that both Pr(W,W+i) and Pr(W,D+i), the probabilities of rainfall i days after a
wet or dry day, respectively, both converge to q(W), the marginal probability of a wet day, with

increasing 1. This is the Markov process gradually "forgetting" its initial state. The marginal
probability may be estimated from

aw) = p@[D)+[ 1-pw|w + pwin]!

as shown above.

Defining a weather cycle as a combination of a wet spell and an adjacent dry spell, Gabriel
and Neumann (1962) found the probability of a weather cycle of length n days is !

1-p@|D)] ™1 - pw|we-l
Pr(C,n) = p(W|D)e« [ 1-pWw '")JI [ ] l
1-pMW|[D) - pWlwW J

The probability of exactly s wet days among n days following a wet day is

Pr(sWiwem) = pWIW)® [1 - p(winy]™"® -
L, LI i=2tim] pm”

7-39 e




S —

where

n+Y- |[28-0¢%] for s<n
Cl -
0 for s=n (and sum then involves only this term)

and where a and b are the least integers not smaller than (/2) (c-1) and (1/2c, respectively.
Similarly, the probability of exactly s wet days among n days following a dry day is

Pr(svipr) = pWIM°® [1 - pwin)]"* -
o yla

where

n+%- |2s-n-%| for s>0
g, 0 { )}

0 for s=0 (and sum then involves only this term

The probability of s wet among any n days is
Pr(sW|n) = q(W) Pr(sW|win) + E. - q(W)] Pr(sW|D+n)

Gabriel and Neumann (1962) suggest that the close fit of their simple, first order Markov
model to daily rainfall in Tel Aviv implies the distribution of wet and dry spells is not
"periodic" or "harmonic" to any appreciable extent in the location and at the scale considered.
Furthermore, in order to fit the Markov model's requirement for the independence of day n rainfall
from that on any day earlier than n-1, the daily rainfall -- at least at Tel Aviv -- must be
among those weather elemente that "decouple" or decorrelate rapidly. Presumably, certain other
weather elements might not decouple as fast as the daily rainfall and might therefore not be
modeled as well by a first order Markov process. Other weather elements might decouple faster,
perhaps allowing use of a model in which the weather on day n is assumed to be entirely independent
of weather on all previous days. The Bernoulli process (Bernoulli trials), whose outcomes conform
to the binomial distribution, might then be a more appropriate model than the Markov chain.

16. Development of the Regression Equations: Generalized vs. Localized Operators.

We have seen that an equivalent Markov prognostic model can be developed by using a multiple
linear regression scheme to produce a probability generating function T in matrix form. Screen-
ing regression would logically be used to select the predictors included in the multiple linear
regression relationships whose coefficients define T

Left unresolved in this analysis has been the fundamental question of what shall be included
in the data set to be fed to screening regression to establish the multiple linear regression
relationships. Classically, the approach has been to use only predictand data from the individual
station for which forecasts are desired. The resulting multiple linear regression prediction
equations (and probability generating function ) then apply only at the station in question.
There might in addition be an effort to stratify the data by season, thus obtaining several |
sets of statistical prediction equations, each peculiar to a particular station and season.
Such sets of equations are said to be localized operators in that their applicability is local
in space, time, or both. By far the greater number of local forecast studies have been made in
this way (George, 1960), presumably because their authors felt better skill could be obtained
by particularizing the predictands to one time and place.

This concept has beea successfully challenged by Harris, Bryan and MacMonegle (1963), who
advanced the concept of a generalized statistical operator as a viable alternative to the localized
operator. A ralized rator is a statistically derived specification or prediction equation

hat ha

mes of year and at different geographical

locations




' Under the generalized operator concept, data are not stratified by predictand station and
season but rather are grouped by continent-size region or possibly into a single, worldwide sample.
Under those circumstances, the prediction equations derived apply at any location in the region or
werld, not just at one point. It is well to point out that although the statistical prediction
equations thus developed are generalized and apply over a large geographical region, the predictor
values have to be computed separately for each point at which the equations are to be solved.
Otherwise, of course, the scheme would predict homogeneous weather over the entire region.

The justification for the generalized operator concept is ultimately that the atmosphere obeys
the same physical laws over Tennessee that it obeys over Texas, Tahiti or Tibet. There is no
seasonal or geographical variability in the universal physical laws governing the motion, composi-
tion and state of the atmospheric fluid. Therefore, if statistical relationships can somehow be
made to capture the essential physics of the atmosphere rather than be dominated by temporal and
spatial variation in the absolute value of some of the atmosphere's variables, then the prognostic
applicability of those relationships will not be limited in space and time.

Indeed, generalized operators are not new. Dynamical weather prediction models arz among the
best examples of generalized deterministic operators. In these models, known physical laws are
expressed mathematically in the form of a somewhat simplified model of the atmosphere. Analogous
to these generalized hydrodynamical equations in the deterministic domain are the generalized
statistical operators in the domain of uncertainty. Limitations in numerical weather prediction
models and error in meteorological observations now prevent dynamical, deterministic prediction of
surface weather elements such as ceiling and visibility. Under these circumstances, statistical
operators in a mixed dynamical-statistical prediction scheme can help bridge the gap between model
capabilities and user expectations, producing probabilistic forecasts of surface weather elements
based on dynamical predictions of upper air patterns.

From a practical point of view, there exist several reasons for preferring generalized
statistical operators over their localized equivalents:

- The meteorologist is frequently required to forecast the weather at a location
having either no historical weather data at all or having a period of record in-
adequate for preparation of classical, localized operator forecast studies. Part
of the job of the military meteorologist is to prepare himself to forecast for
Bare Bases, remote sites and forward areas that he never heard of before being
asked to forecast for them.

~ Where there is a sudden demand for forecasts for many locations--as there
would be in wartime--the derivation of a host of localized statistical operators may <4
require more time than is available or involve too great a cost.

For these reasons, it is well to proceed as far as possible with the generalized operator
concept. To do so, means must be found by which to subtract climatic and seasonal variability
from the atmospheric variables entering the prediction scheme as predictors and predictands. It
is not unreasonable to expect some success in this search to remove geography and season. Our
science shows us that whereas the absolute values of many atmospheric variables may be influenced
by seasonal climatic regime and location, it is often the relative measures such as changes and
gradients in parameters like pressure or moisture that dictate the production of weather. Accord-
ingly, it ought to be possible to treat or somehow transform these atmospheric variables such

i that their seasonal and geographical variability is removed. Simple methods of doing this are to

i use sea level pressure instead of station pressure, to give the temperature in terms of its devia-

. tion from the normal, or to use wind anomaly in lieu of raw wind data. We shall see below that
better means are available for doing this sort of thing. For now, it suffices to know that we

will have removed as much as possible of the geographical and seasonal variability of the parameters
to be used as predictors and predictands in a generalized statistical operator.

How does the generalized operator work? As shown in Figure 5, one starts.by removing the
geographical and seasonal variability from the parameters X, to be used as predictors. Sometimes
in addition one normalizes the variables if one's prediction scheme requires normally distributed
input data. The treated predictors are shown as Xy in Figure 5. Next the treated predictors are
fed to the generalized statistical operator, which might be an equivalent Markov regression scheme

| such as the one discussed above, or perhaps a discriminant function. The output of the generalized
operator is a probabilistic forecast P(Yj) for each Y4. A reverse transformation is used to obtain
P(Y,) for Y, in the society's conventional units of measurement. The statistical operator is
Riac =¥ |-n1r-1 in that it is used for all locations and times, whereas the transformations and inverse
- transformations are local, being peculiar to a time and place.

JE—————
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Figure S. Use of a generalized statistical onerator.

Generalized statistical operators such as this are of two types, the single station operator
and the network operator. In short period prediction, persistence dominates and the observation
at the station itself is found to provide a large share of the information necessary for successful
prediction. Only the single station operator will be discussed to any great extent in this chapter.

Harris, Bryan and MacMonegle (1963) developed generalized statistical operators of both the
single station and the network type for terminal forecasting at arbitrary locations over extensive
geographical areas. The single station operators could use as predictors only data from the predic-
tand location itself. Predictands included ceiling, visibility and total cloud amount in 2, 3,

6, 12, 18 and 24-hour forecasts. Predictors emphasized the primary Sutcliffe development equation
terms, vorticity advection and thermal (thickness) advection. Developed from dependent data, the
generalized operators were tested against a withheld, or independent data sample.

To remove seasonal and geographical variability from parameters used as predictors and
predictands, Harris, et al, used transformed variables called standardized anomalies. These are
essentially the anomaly A(Xij) of the ith observation of the jth variable Xj. where

A(Xgp) = (X4 - i.j)
N

: # - 1
" N i=]1

expressed in units of the variability of the variable. Specifically, the standardized anomaly
s(xtj) of the ith observation of the jth variable is given by

S(x”) - -ﬁj__.’_
a(Xy)

where O(X,) is the standard dcvt:tion of the jth vnthblc. Both X,, and @(Xy) are local to the
time and pldce where Xy is ob

J
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3 Why divide by the standard deviation? This is done because the natural variability of the
weather differs from one place to another. Probability theory and common sense tell us that "an
anomaly is much more anomalous" if it represents a 20 deviation from the mean than if it constitutes
a mere 10 deviation. Therefore, the standardized anomaly, which represents the mean departure in
terms of the number of standard deviations by which it departs from the mean, is better related
to the probability density of the variable X, than the raw anomaly A (X

the standardized anomaly is more free of seasonal and geographical vari
itself.

i4) would be. Furthermore,
agility than is the anomaly

With normalized predictor and predictand data expressed in terms of standardized anomalies,

Harris, et al, (1963) then used the method of screening regression to develop predictor/predictand
relationships.

To test whether the generalized operator concept could compete effectively with the more
traditional method of developing single-station relationships, Harris, et al, developed two sets
of predictor/predictand relations, each constructed from a different dependent data set:

-~ The generalized operator, single-station relations were developed by
combining normalized standard anomaly data from several nearby stations,
with the data from one other station being withheld. For example, one data
group included Syracuse, NY; Brattleboro, VT; Hanscom Field, MA, and Providence,
RI, with Westover AFB, MA, being withheld.

- The localized operator, single-station relations were developed using only
data from the station withheld from the generalized operator data set, i.e.,
Westover AFB.

The predictors and predictands selected from the generalized operator forecasting relations were
also used in the localized operator equations.

With two sets of single station prediction equations developed--one generalized operator set
and one localized operator set--both sets were used to make forecasts on independent data for the
withheld station ( i.e.,Westover AFB). A simple persistence forecast was also run as a baseline
for evaluation of forecasting skill. Two scores were used to compare performance of the competing

forecast schemes: percentage of hits and the Heidke skill score. Prefigurance and postagreement
were also computed.

In ceiling forecasts, both techniques beat persistence beyond about 6 - 8 hours, and the
generalized single station operator performed about as well as the localized single station equation.
The same picture held for visibility, except the statistical forecast techniques beat persistence
at all forecast periods beyond 2 hours. In forecasting the total cloud amount, both single station
techniques lost to persistence for all forecast periods, although the generalized operator method
again did about as well (or as poorly) as the localized operator technique.

Harris, et al, felt that the power of their prediction scheme was not seriously limited by
its use of a multiple linear regression equation to generate the forecast probabilities. Although
the regression equation itself is assuredly linear, the predictands need not be. In fact, Harris,
et al, (1963, 1965) used as one of their predictors the highly non-linear vorticity advection:

.V“ ‘ u.,_z + - 3’_( vy + vazy

Although prognostic techniques based on a network approach are strictly beyond the scope of
a chapter on single station forecasting, it is well to point out that Harris, et al, (1963) tested
generalized network operators as well as generalized single station operators. The network opera-
i tors, except for forecasts less than about 3 hours, improved upon persistence in ceiling, visibility
) and total cloud amount forecasting. The network techniques were in general less skillful than
single station methods for short range forecasts (less than about 3 - 6 hours), while at the longer
! forecast periods, the networks' ability to diagnose the advection of meteorological fields gave
them the edge over single station techniques. Interestingly, although the single station approach
had significantly fewer "hits" than persistence at all forecast periods in predicting total cloud
amount, the network techniques had more hits than persistence for all such cloud amount forecasts
except the 2-hour one. It appears cloud amount forecasting benefits more from having available
a spatial field of information than does either ceiling or visibility forecasting.

RPN
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: In 1965, Harris, Bryan and MacMonegle extended their 1963 work using generalized operators.
They retained their basic predictive scheme in which the probability of surface weather elements
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was forecast by generalized statistical operators using as predictors only parameters derivable
from 500, 700 and 1000 mb analyses. The earlier equations (Harris, et al, 1963) emphasized

the primary Sutcliffe terms, vorticity advection and thermal (thickness) advection. The later work
(Harris, et al, 1965) included as predictors such permanent effects as orography and coastal in-
fluence, the former providing a means of including forced vertical motion and the latter providing
for moisture sources. Also included as predictors were time-of-day parameterizations of the inci-
dent solar radiation. In contrast to today's model output statistics (MOS), Harris, et al,
employed a "perfect prog" concept, where predictors were taken from analyses rather than prognoses.
In the 1965 work, five predictands were used: ceiling, visibility, total cloud amount, integrated
operating condition (ceiling/visibility categories), and occurrence of precipitation. The general-
ized operators for each predictand were developed based on a sample of 16 stations spread evenly
throughout the United States east of 100°W. Another sample of 15 stations for the same area was
withheld from development and used as independent data in later tests of the method. Altogether,
data from 31 stations were used either as a development sample or an independent test sample.

Three sets of prediction equations were prepared. The first set was permitted to use only the
purely meteorological parameters used in the 1963 work, such as vorticity advection and thickness
advection. The second set of equations was permitted to use these plus the orographic and coastal
effects terms. In deriving the final set of equations, the screening regression scheme was also
permitted to select radiation (time-of-day) parameters. Having three sets of prediction equations
allowed the authors to examine the incremental prognostic value provided by the additive terms.

It was found that the orographic and coastal effects predictors added significant information to
the estimation of all predictands in one or more seasons of the year. Forecast results along the
West Coast and along the eastern slopes of the Rockies were particularly improved by the orographic
and coastal effects terms. The time-of-day or radiation parameters added even more significant
information when permitted to enter the schemes for forecasting all elements except precipitation.
In fact, time-of-day was selected more frequently than any other predictor in equations forecasting
the visibility.

The prediction schemes of Harris, et al, (1965) improved upon "pure climatology' forecasts
for all predictands and all seasons, with the greatest improvement occurring during fall and winter.
The relations derived held up when applied to independent data. The prognostic schemes proved
weakest in mountainous regions. The method using generalized operators was able to relate changes
in upper air patterns used as predictors to changes in surface weather (predictands). The pre-
dictand fields could be analyzed much as weather maps themselves are. Features showed continuity
in space and time and retained a good correspondence with upper air patterns. The statistical
methods were able to produce realistically tight gradients separating large regions of fair skies
from small areas of adverse weather.

In applying the method of generalized operators, there are three problems to be overcome.

First, predictors must be devised that adequately characterize the physical processes produc-
ing the weather elements being forecast. Parameters such as thickness advection, vorticity advec-
tion and pressure change are good candidates. The parameters devised as predictors must be feasible
for computation on an operational basis.

Second, climatological biasing of the values of the predictor and predictand parameters
selected must somehow be removed or the resulting prediction equations will be unduly specific to
one place and time.

Third, physical characteristics of a particular locality may generate strong predictor/
predictand relationships that are not generally valid over the region as a whole. These local
effects must not be allowed to contaminate the generalized operator. It is generally possible to
devise and add to the list of candidate predictors various parameterizations of local effects
(e.g., station elevation, onshore component of the wind). Then, the generalized statistical rela-
tionship is developed from a sample of data including many stations. Under these circumstances,
there should only be minimal contamination of the generalized operator by station-peculiar re-
lationships.

17. Single Station Forecasting Models in an Operational Setting.

Single station forecasting techniques such as those presented in this chapter are particularly
feasible for operational application because of their simplicity. Once such a model is developed,
the user can obtain a probabilistic forecast of all future states of the weather at his location
simply by entering the conditions he observes at the time the forecast is made. No observations
from outlying stations are needed. If the forecasting model {s developed as a generalized opera-
tor, such that it has wide applicability over a large region, then the model constitutes a powerful,
mobile, stand-alone weather support capability, accompanying the forecaster on a tactical operation,
jumping with him into an assault zone, or moving with him from place to place as the command element
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he supports is relocated. Provided forecasts are desired only for the forecaster's immediate
vicinity, the models presented in this chapter have no need of weather communications. Nor do
these models depend on uncertain assistance from centralized weather support facilities that may
themselves be under attack or may be otherwise occupied with higher priority tasks.

A tactical scenario for single station Markov models is not difficult to imagine. Under
extremely primitive circumstances, the forecasteg_gould be equipped sigply with a small book
containing the several hierarchical matrix forms C{ needed to compute B in the equivalent Markov
model. The actual computations could be done by hand, requiring at most 5-10 minutes to compute
the probability of each weather element whose forecast is desired. Under more permissive circum-
stances, the forecasts could be prepared automatically by a microprocessor or a programmable hand
calculator. The equivalent Markov model for forecasting the ceiling at Kelly AFB, for example,
fits easily into today's rugged Hewlett-Packard 67 programmabie calculator. In developed weather
support facilities such as the Tactical Weather System (TWS) or Automated Weather Dissemination
System (AWDS), today's small, highly reliable minicomputers would not be challenged at all by the
simple computational tasks involved in making single station forecasts by the methods we have
described.

Indeed, models such as this can form the basis of automated meteorological watch and short
range forecasting to be performed at the highly automated weather stations of the future. At
centralized weather support facilities such as the Air Force Global Weather Central (AFGWC), these
models can be expected to bridge the gap between initial time and the period 12-24 hours later
when numerical weather prediction models finally stabilize and begin to provide useful forecast
guidance through model output statistics (MOS). With both AFGWC and the weather stations using the
same prognostic models for at least the first 12 hours or so, compatibility of forecasts among
the various facilities is insured.

18. Summary and Conclusions.

We have seen that simple, yet powerful prediction methods of the Markov type can successfully
be applied to the problem of forecasting the weather at a station, given an initial observation
of the weather at that station only. This is single station forecasting by means of statistical
prognostic models.

An equivalent Markov model due to Miller (1968) has been treated in detail and found to be
comparable to the classical Markov model but much easier to develop and apply to practical fore-
casting problems. The same model is applied to a large scale prediction problem in chapter 10
of this volume. It is shown that the equivalent Markov model can make use of predictors produced
by the model output statistics (MOS) method or on the other hand can be applied in the tactical
context, where key data are often denied and single station methods are needed. In the context
of weather support at developed facilities such as the minicomputer-equipped weather stations of
the future, the equivalent Markov model is proposed as a means of generating probabilistic fore-
casts that bridge the gap between the current observation and the first useful numerical prognoses.
Use of models such as this both at weather centrals and in the field would insure compatibility
of forecasts.

Decision assistance to specialized users such as mission planners and command and control
is shown to benefit from the use of so called ancillary models, which make use of the probabilis-
tic predictions generated by the equivalent Markov technique.

It is shown that by using appropriate generalized operators it becomes possible to devise
a very small number of single station forecasting methods that, taken together, are capable of
generating single station (or network) forecasts for any location in the world, including those for
which local climatology is not yet available. Thus a small repertoire of equivalent Markov schemes
and an appropriate supporting system of ancillary models can adequately prepare a weather service
to meet a wide range of peacetime and wartime weather support requirements, some of which may be
difficult to anticipate and tedious to prepare for by other means.
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1 Introduction

In meteorology the ability to predict the weather at some time later utilizing the
weather parameters that are measured at the present time is a goal that has been long
sought by meteorologists. One problem is that there is uncertainty involved as to
the relationships between the present and future weather parameters. Therefore, the
use of probabilities facilitates the expression of these uncertainties. The various
statistical methods of estimating prediction probabilities all have their weaknesses.
One weakness that is common to several methods is the inability to account for non-
linear relationships of a joint relationship type. This chapter addresses that problem.

The definition of the prediction problem in terms of the present weather para-
meters (predictors) and the weather parameters that we wish to predict at some time
in the future (predictands) is as follows:

Predictors: X = xl' xz, v g, X
Predictands: Y = Y

wswy &
= (1)

1 Ygreeer Yoo ¥ (2)

where X and Y are vector guantities and the X 5+ etc. represent present temperature,
clouds, winds, etc. and Yl' Yz' etc. represen% temperature, clouds, winds, etc. at a
later time.

Using statistical methods, the objective is to predict f(¥|X), the conditional
distribution of Y given X. For example, using linear regression, if one_wanted to
prodict tommorrow's mean temperature Tl, given today's mean temperature To, f(Tl,l
To) would be depicted as in Figure 1.

8-1

N

= ;Mm’- <A -




If the conditional distribution is known the solution is somewhat easier; if the
distribution is not known then one can perform a piecewise estimation of f(Y’g) as
depicted in Figure 2.

Some of the statistical techniques that are available to predict f(!{!) dre as
follows (Miller, 1969):

a. Contingency methods: These methods are weak because cell frequencies
become small or nonexistent when the number of predictors increases or the sample is
small.

b. Stepwise regression (Miller, 1962) works well when the predictors and
predictands are continuous and f(Y|X)is Gaussian; this method is parametric.

c. Nonparametric Discriminant Analysis (Miller, 1962): Miller (1969) men-
tions that this method is very powerful, but computationally burdensome and there-
fore infeasible. Nonparametric refers to the fact that the distribution is unknown.

(Siegel, 1956). Additivity is assumed to hold.

4. Regression Estimation of Event Probabilities (REEP), (Miller, 1964) is a
stepwise regression procedure where the predictors and predictands are zero-one
variables. It is powerful like Nonparametric Discriminant Analysis, but the calcul-
ations are not as burdensome and therefore it is not infeasible. It is also non-
parametric. Additivity is assumed in REEP.

Figure 1. Conditional Distri-
bution of T, (tomorrow's mean
Temperature} Given T _(today's
mean Temperature). or

(T, Tg)

E(Ty)

(Y [X)

Actual

Figure 2. Piecewise Estimation
O of Conditional Distribution
(Miller, 1969).
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Two binary operations and an operation of complementation can be defined using
the Venn diagram. The "cap" operation,, equates to the intersection of the two
subclasses or predictors and is also the Boolean logical and operation, symbolized by
®. The "cup" operation, U, or the union, equates to everything within the two
sub-classes and is the Boolean logical or operation which is symbolized by 0. The
complementation operation is symbolized by a "— " and means everything within the
population outside of the subclass. Figure 4 depicts with a Venn diagram these
operations utilizing predictors X; and X,

N
A set of N predictors has 22 possible Booic2n functions. For the two predictors

Xy and X, , therefore, 16 possible Boolean functions oxist. Table 2 depicts the 16
possible Boolean functions, their arithmetic equivalent, and their corresponding
Venn diagrams (Miller, 1969).

The logical or and logicaland Boolean operators can be defined as in Tables 3
and 4 respectively. The 13th function in Table 2 is usually defined as the exclusive
or operator (Table 5).

cap 3 Zup
- ) s :
X, XU x,
Xa Xy Complemer i/
X2
7
Figure 4. Cap, cup, and complementation operations (Flegg, 1964)

When N is large, any tests of the significance of each Boolean function with
regard to a particular predictand would be prohibitive in time and effort. However,
out of 16 possible Boolean predictors, only seven depict situations that add informa-
tion. To illustrate this fact, assume that two predictors, X, and X, , are defined
as follows: : “ i

X1 - <cloud ceiling <200 feet
Xy - Visibility <1/2 mile

I1f we were concerned with predicting the probability that an airfield would be below
landing minimums at some later time, these two conditions would very possibly be
predictors.

Using the Boolean functions !rom Table 2, the physical explanations would be as
given in "Table 6. As can be seen from the table, only three cf the Boolean predictors
would not be redundant and would addy any information beyond that provided by the REEP
formulation. They are Xl, Xz, and xl OXZ. The remaining thirteen are derivable as linear functions
of these three.

Miller (1969) used the fact that there is a partial ordering amongst the 22N possible Boolean
functions to develop an algorithmic method of uncovering the joint predictive information that one
is looking for and further reduce the testing for significance of the Booiean functions. This partial
ordering is the lattice property.

Figure 5 depicts a non-Boolean lattice of the devisors of 12 and depicts the idea of partial
ordering. All numbers connected by lines moving upward in the figure are devisors of the higher
numbers. In a Boolean lattice the devisor property is not applicable, but a subset property can be
depicted in a similar manner as in Figure 6. Each node on this lattice of the predictors X, and X
represents a subset of the nodes connected to it upwards in the lattice. For example, refe¥ring tg
the numbers of the Boolean functions in Table 2 which are shown on Figure 6, Function 11 is a subset
of Functions 2, 13, and 5. These functions are then subsets of Functions 3 and 8, 3 and 9, and
8 and 9 respectively. Figure 7 depicts the same Boolean lattice in zero-one notation.

The basic principle underlying the SLAM is that if a Boolean node in the lattice is significantly
related to a particular predictand, one must decide whether to proceed up or down in the lattice in
order to obtain more information or more refined information. If the Boolean function is significant-
ly related to the predictand, it may be reflecting more important sources of information based upon
its position in the lattice (Miller, 1969).
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2. Nonlinearity

One weakness is common to all of the statistical methods discussed earlier except
the contingen:y methods; nonlinear information contained in the joint relationships
among the predictors must be known a priori. In linear relationships the effects of
the predictors are additive, while in nonlinear relationships the effects are not
additive (siegel, 1956). Tukey (1949) discusses nonadditivity and suggests a test
for it.

An example of nonadditivity best illustrates this property. Suppose that one has
the following eqguation:

Prob (¥Ywl) = .2 + 2X; +#+ - 2X,y ¢3)

where X, and X; are zero-one variables. Their relationship to the probability that
¥Y=1 is shown in Table 1. The effects of the two predictors in this table may have
been determined by using contingency methods. If neither X, nor X, are "on" (equal
one), i.e., neither occurred and are zero, the probability that ¥=1 is .2. Like-
wise, if either X; or Xjis "on" the probability is .4 (from Equation 3). However,

if both X, and X2 are "on" the probability that ¥Y=1 is .9 while Equation 3 would give
a probability of .6. This relationship is nonadditive or nonlinear because the
effects of the predictors are nonadditive. Had Equation 3 been of the form

Prob (Y=1) = .2 + .2X;+ .2X, + .3X;X, (4)
then the effects of the predictors would have been additive.

Table 1. Relationships of Predictors X; and X; to Prob (¥Y=1).

Predictor Xy
0 1
0 e . .4
Predictor X,
1 .4 .9

3. Screening Lattice Algorithm (SLAM)

Miller (1969) developed an algorithm to overcome this weakness in REEP. This
algorithm, the screening lattice algorithm (SLAM), can be used to find joint pre-
dictive information among the predictors.

The SLAM utilizes Boolean algebra and lattices to find the joint relationships.
In order to use Boolean algebra, all of the predictors must be considered as zero-one
variables. Since the REEP predictors are zero-one variables, this algorithm can
easily be utilized in conjunction with REEP.

Flegg (1964) offers an explanation of the Boolean algebra and Boolean functions
that the SLAM employs. Utilizing Boolean algebra one can study the significance of
relations between classes (Flegg, 1964).

If one has two predictors, X) and X;, which are elements of the total population of predictors,
they and their relationships can be depicted using a Venn diagram and they can be considered as sub-
classes of the total population. This pair of predictors is shown in Figure 3.

X1

Figure 3. Venn Diagram
8-3

e — .

— —— " —
- - sl o B o . . — Jz

=




Tx

-
-

X X
Nx ® Hx NxCAx
Nx ® Hx NxD ._”x
Tx Ty
Tx Tx

1

wexbetrqg uuaa

(6961

jusarearnby
oT3I9WYITAY

‘ISTTITW pu®e p96T ’‘bbHaTJ)

uoT3doung ueafood

S§I030TpPaxd oM IO03J suoT3lduUng uearood

uor3zexadp Axeurg

IoqunN uorjoung

T °19qeL




£ 1% 4 (4 1 4 !
XX = % X0 x - ol | (N 2
- s 1T :
¥ . - 3 >
Ty - % x ® 'y Le 0 'z ot
n/; = z T A 1
X @ X X0°X 6
©
'
©®
i
oIy o+ x - 1 ‘e Cxnlx 8 :
IxTx o« & - 1 *s & %z Cxn'x L
my . iy Ty 9
wexbetrg uuap juafeainbyg uotrTiodoung ueafood uotaeiadQ Axeutg IaqunN uor3loung
OFESERATS (*3u0d) z 21qelL
4




1 ) I 91
{
|
0 g ? sT
A
~ e
. :
@ %
CxTx+lxTxeZx-Tx-1 (Zxe'x) @ (%x8lx) (Zxa'x) U (Zxalx) vl
Nxaxlmx.ﬂxlwx +Ix Amxgﬂxv € ANMQHXV ANxDHxVCANmDAWC €1
Txlx+Zx-Tx-1 ’x @ x Txulx z1
wexbetrqg uuaA juareatTnbg uor3oung ueafoog uoryexadpo Aaeutqg Iaquny uor3oung
orT3LswWYylTay
(*3uo)) z a1qel
U e - - - 4




Boolean
Function

1.

-
‘.

o

11.
12,

13.

14,

15.

e 4 16.

Table 3. Logical or Operator (Miller, 1969).

® X,=0 X,=1
4 1
X,=0 0
X, =1 1 1

Table 4. Logical and Operator (Miller, 1969).

[} X2=0 X2=l
XI'O 0 0
X;=1 0 1
Table 5. Exclusive or Operator (Miller, 1969).
Exclusive <3

oF X2=0 Xz—l
Xl=0 0
Xl=1 1 0

Table 6. Boolean Predictors for Ceiling <200 feet (Xl) and Visibility <1/2 mile (XZ)'

Physical Remarks
Explanation

Ceiling <200 ft
Visibility <1/2 mi

Ceiling <200 ft
or Visibility <1/2 mi

Ceiling <200 ft
and Visibility <1/2 mi

Ceiling >200 ft Redundant with No. 1. (Use 1 or 5)
Visibility >1/2 mi Redundant with No. 2. (Use 2 or 6)

Ceiling <200 ft
or Visibility 3_1/2 mi

Ceiling >200 ft
or Visibility <1/2 mi

Ceiling >200 ft Redundant with No. 4. (Use 4 or 9)
or Visibility >1/2 mi

Ceiling <200 ft Redundant with No. 8., (Use 8 or 10)
and Visibility >1/2 mi

Ceiling >200 ft Redundant with No. 7. (Use 7 or 11)
and Visibility <1/2 mi

Ceiling >200 ft Redundant with No. 3. (Use 3 or 12)
and Visibility >1/2 mi

(Ceiling > 200 ft
or Visibility >1/2 mi)
and (Ceiling <200 ft or
Visibility <1/2 mi)
(Ceiling >200 ft or Redundant with No. 13 (Use 13 or 14)
Visibility <1/2 mi) and
(Ceiling <200 ft or
Visibility >1/2 mi)
Gives no meaningful information.

Gives no meaningful information.
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The resulting algorithm (SLAM) is as follows (Miller, 1969):

a. Run the straight REEP on the data (X on Yg).
b. Select the X's which are significantly related (singly) to Yg.

c. Select significant exclusive ors among the unselected pairs of X's from
step b. s U i L0

d. Generate all of the Boolean ands, ors, and nots between the pairs selected
in steps b and c.

e. Select those generated in step d that add significant information over the
REEP variables of step a and the raw pair making up the generated variable.

f. Continue generating and selecting until convergence.

g. Run a final REEP on a set of predictors consisting of all variables selected
as significant in any of the above steps.

According to Miller (1964), the following procedure can be used to select the
predictors in the REEP procedure: From the set of the P individual predictors,
select the first predictor X3, such that it contributes most significantly (better
than chance) with regard to one of the G predictands (see Equations 1 and 2);
the predictor X;, has a computed F distribution statistic that is larger than any one
of G computed statistics for the remaining P-1 predictors.

In the same manner the other predictors X,, x3, .» X_predictors can be
selected when they are considered in conjunctzon with the preceding predictors. The
selection process continues until X, is not satisfactorily significant. At each
of the r selection stages the G posst%le computed F statistics are compared with a
critical value of F_. The size = is given by the equation (Miller, 1964).

« = 1 (5)
20 P - (S - 1)

\

where S is the number of predictors that have already been selected.

Likewise, a selection procedure for selecting the Boolean predictors can use the
F test where the size = is given by Equation 5.

4. Applications of SLAM

Simulated experiment: To test the algorithm, a set of data was generated which
contained a preassigned relationship. The objective was to determine how closely
the original relationship could be reconstructed.

Specifically, one hundred data vectors were generated using random numbers each
consisting of ten thousand elements, as shown in Table 1.

Observation < - Variables
=X 2 P an Y
1 ar 76 | X),2 <v+ X3 100 ¥,
. ¥2.1 v Y et & U Y,
X
3 X3,1 3,2 <+« X3 100 Y,
10000 X X
o .o Y
10000,1 10000, 2 %1 0660 ;109 R
Table 1
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The individual observations are either zero or one. A one was assigned to an
observation if a selected random number r (0 <r < 1.00) was exceeded by the percent-
age desired for that variable. The 100 percentages were extracted from a random
number table. Once the data matrix of Table 1 was constructed the following four
Boolean variables were derived:

z, = (xloxz) 0)(3

1
2, = (x;, 0%,)

2y = (X, 0%,) O (X;0X,)
e Tl

Further, a linear function was constructed which has all the features of a REEP
equation, i.e., estimates the probability that the predictand Y's observation value
is a one. For this simulated experiment the "REEP" equation is

Logical Form:

Prob(Y=1) = .399 + .2392; + .1372; + .257Z3 - .3842,

or

Arithmetical Form:

A A A A
s o 199 ‘ 2§9x X 0.3 1;7
.A - .144X2 0y 1%2 = - Xl 3 " x1x4
5 Ag Ry Ag
=.257X;Xg- .239x2x3+ .257x2x4+ .239x1x2x3
Ag Ajo
- 257 *, 280K X
25 x1x2x4 25 1 2X4X5
From this equation each of the 10,000 observations of the Y vector were deter-
mined. Namely, a random number between zero and one was drawn and if its value was
exceeded by the equation estimate a one was inserted in the Y vector for that obser-
vation otherwise a zero was inserted. The data were then subjected to a computer

program which carried out the steps in the algorithm.

The results are shown below in arithmetical form.

Constructed Reconstructed

AO (Additive Constant) .399 .399
A, (x,) -.144 -.149
Az (xlxz) -.239 -.245
AJ (X1X3) -.239 -.245
A, (X,X,) +137 <123
As (x,%g) -.257 -.248

6 (szs) -.239 -.245
A, (XyXg) .257 .277
Ag (Xy1X5X3) .239 .245
Ag (xlxle) -.257 .000
AIO (XIXZX‘XS) .257 .000

It should be pointed out that the last two terms are not as different as might
be interpreted at first glance. The simultaneous event X;X;X;occurred 27 times in
10,000 while the event X1X,X4Xg occurred 15 times. Thus, the lack of fit affects
only 12 observations out of 10,000 since the coefficients on the last two terms
nullify each other. This lack of fit may be attributed to the fact that statistical
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significance was required of all Boolean functions selected. For the sample size
used this small contribution failed to exceed the chosen significance level
(= = [085).%

It was concluded that reconstruction was performed to a satisfactory degree.

Further experiments: Three data bases were used to test SLAM. Each of these
consisted of real world observations. The first of these, the Travelers automobile
insurance data and the problem requiring solution, motivated the development of
SLAM under the Travelers Environment and Man contracc.

(1) Data Base: The Travelers Insurance Companies real-time data files.
Given: The predictors were the items recorded on the applications of 8,000
insureds, such as, sex, age, state of residence, use class, past
driving record, occupation, etc. The predictand selected for study

was the event that one or more claims would be submitted by the in-
sured over the following twelve month period.

Objective: Predict the probability that the insured would submit one or more
claims over the next twelve month period.

Solution: The equation determined from SLAM and the associated selected pre-
dictors were:

Travelers Insurance Companies Data

Coefficients Selected Predictors
«073 (Additive Constant)
.145 NE Resident and Use Class 87
« 137 Vermont Resident
.064 Age 68-72 and Small Land Area State of
Residence
.068 NE Resident and Use Class 37
.056 Use Class 97
.044 Washington, D.C. Resident
- .044 Use Class 88
= ,033 Idaho Resident
= 033 Low Population to Land Area State
of Residence
.024 Occupation (Skilled, Unskilled, Technical,
Factory Worker)
.024 State of Residence has Mandatory Inspection
.023 Use Class 87
.015 Accident Prior to 1966
-. 20185 Low Population Growth State of Residence

Independent Data Results:

Base REEP SLAM
Information** 2871 .2838 2792
P scors** .1497 .1496 .1495
Hits 7348 7348 7348
Discussion: The predictors selected appear to be reasonable. The importance of
each predictor can be interpreted as follows: When a predictor's

condition is satisfied (its value is equal to unity) the amount of
the corresponding coefficient is added to the additive constant
(the first coefficient shown). Should the condition not be satis-
fied nothing is added. Thus, a New England resident in Use Class
87 will have .145 added to the probability that he will be submit-
ting one or more claims within the twelve month period in question.

*This 5% level of significance has been adjusted for the number of predictors
screened. For a discussion of this point see Miller (1962).
**Smaller values are preferred.
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(2) Data Base:

If an average claim is, say $500, then a New England applicant
satisfying Use Class 87 (unmarried; male; 21-24 years old,
pleasure, work, or business use but not farmer; mileage im-
material) should have his pure premium increased by $72.50 to
offset the added risk he represents to the insurance company.
An independent test was made to determine the reliability

of the selected predictors and of their coefficience. For an
independent sample of 8,000 observations, the equation verified
its reliability and skill over straight REEP.

The Connecticut State Highway Department accident data.

Given: The predictors were the characteristics recorded on 5,000 car-
car accidents in Connecticut. These included such items as:
location, hour of day, day of year, age of driver considered
the victim, model year of automobiles, contributing factor, type
of vehicle and violation.

Objective: Predict the probability that the driver considered to be at
fault was twenty years old or less.

Solution: The equation was determined from SLAM and the associated
selected predictors were:

Connecticut State Highway Department Data
Coefficients Selected Predictors
« 261 (Additive Constant)
-.218 Driver Under the Influence
.159 Hardtop and Darkness with Highway Illuminated
.142 Convertible
-.142 Convertible and Darkness with Highway Illuminated
.082 Vehicle Type Unknown (Other than Sports Car)
-.078 Model Year 1962
-.073 Daylight
<073 = Daylight and 8 PM - 9 PM
Independent Data Results:
LY
Base REEP Q SLAM
Information* .5421 .5241 5214
P Score* .344s8 . 3441 .3434 s B
Hits 3189 3189 3189

Discussion:

(3) Data Base:

Given:

Objective:

Interpretations can be made regarding the importance of the
selected predictors. For example, since most problem drivers are
alcoholics and since few young drivers are alcoholics, it seems
reasonable that .218 would be subtracted from the probability that
the driver at fault is <20 given that the driver was under the
influence. The independent sample of 5,000 cases confirms the
stability and effectivensss of the SLAM procedure.

United States Weather Bureau records for Hartford, Connecticut.

The predictors were the observed weather elements at forecast

visi-

time, such as:
bility,

wind,

temperature,

cloud types,

ceiling height,

humidity,

weather

(haze,

fog, rain,

sSnow,

etc.),

time of day and day of year. The predictand chosen was the event
that there would be no weather one hour after forecast time.

there would be no weather
one hour in advance.

Predict the probability that
no fog, no rain, no snow, etc.)

(no haze,

*Smaller values are preferred.
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Solution: The equation determined from SLAM and the associated selected
predictors were:

Hartford, Connecticut Weather Data

Coefficient Selected Predictors
,078 (Additive Constant)
.166 NO WEATHER
.045 CIG UNLIMITED
.058 CIG 1000-5000 feet
.284 VIS 15 miles .
.266 VIS 10-14 miles
.191 VIS 7-9 miles
.161 JANUARY
.052 AUGUST
-.083 RLH 90-100%
-.064 WDR SE
.058 WSD 10-18 knots
» 152 (NO WEATHER) (CTL SC)
-.161 (NO WEATHER) (CTL FS)
.005 (NO WEATHER) (CTU NS, ST)
-.161 (NO WEATHER) (JANUARY)
-.161 (CTL FS) (JANUARY)
-.266 (CTL FS) (VIS 10-14" miles)
-.116 (CIG 1000-5000 feet) (WSD 10-18 knots)
-.266 (VIS 10-14 miles) (LIGHT RAIN)
.005 (NO WEATHER) (WSD 2-8 knots) (CTU NS, ST)
.161 (NO WEATHER) (WSD 2-8 knots) (CTL FS)
+16) (NO WEATHER) (CTL FS) (JANUARY)
.266 (WSD 2-8 miles) (CTL FS) (VIS 10-14 miles)
.161 (WSD 2-8 miles)) (CTL FS) (JANUARY)
.266 (CTL FS) (VIS 10-14 miles) (LIGHT RAIN)
.297 (CIG 1000-5000 feet) (DBT 71-80°) (VIS 3-6 miles)
-.161 (WSD 2-8 miles) (NO WEATHER) (JANUARY) (CTL FS)
-.266 (WSD 2-8 miles) (CTL FS) (VIS 10-14 miles)

(LIGHT RAIN)

Discussion: A note of caution needs to be raised in this example. The
selected predictors shown and their corresponding coefficients
resulted from a very liberal test of significance. It turns
out that no Boolean predictors showed significance at the usual
5% level over and above the predictors selected using straight
REEP. The predictors shown are being presented only for illus-
trative purposes. The fact that none of the Booleans showed
significance at the 5% level for such a short period weather fore-
cast seem- highly plausible. A more reasonable data base for un-
coverir Boolean predictors would have been for forecasts of
longer range but unfortunately none was readily available.

5. Conclusion:

This report has presented unc method for dealing with nonlinearity or nonadditiv-
ity in predicting meteoroloaical events with statistical methods. This method, the
SLAM, has the following features (Miller, 1969):

a. The SLAM is nonparametric; no information about the underlying distri-
bution is required.

b. The SLAM is multivariate.
¢. The SLAM is nonlinear.

d. The SLAM handles qualitative variables easily.
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its position in the lattice (Miller, 1969). : |
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W e. The results are interpretable.
f. Operational applications are easy to perform.
g. The SLAM handles missing, erroneous, or incomplete data systematically.
h. The SLAM processes large numbers of variables efficiently.

i. The SLAM processes large numbers of observations efficiently.

Further tests of the SLAM in meteorological applications should be performed to
determine its superiority or non-supericrity over other methods.




CHAPTER 9
DELPHI TECHNIQUE

by Lt Col James W. Taylor

1. Introduction,

For the systems analyst, such techniques as regression analysis, linear programming, and
others too numerous to mention, are the tools of the trade. However, there is a class of pro-
blems for which the purely quantitative methods available to the analyst are either not appropriate,
or have not yet been developed. For example, in the area of politics and strategy for military
planning, the analyst must assess the probable intentions of the enemy by weighing and evaluating
a tremendous amount of nonquantifiable data. An example is the development of the U.S. military
role in space (Frye, 1968, p. 311). One method that might be used to address problems is the
Delphi technique.

2. What Is Delphi?

Developed by Olaf Helmer (1963), the Delphi technique is a methodology used to arrive at a
consensus of opinion. By using the opinions of '"experts' and by providing feedback, these
experts are permitted to evaluate their own opinions in light of the opinions of others, and to
make adjustments in their evaluations. After several iterations, a consensus of opinion is
generally achieved, which, when quantifiable, has been found to be very accurate.

The originators of the Delphi technique believed it to be a possible method of forecasting
future events. In fact, one of the first applications of Delphi, in 1948, was to use the "expert"
judgements or opinions of horse racing handicappers to obtain a better estimate of a horse's
chance of winning (Quade, 1968, p 334). Since then it has been used by several different organi-
zations in a wide variety of applications. For example, Corning Glass Works used the Delphi
technique to forecast electronic sales in the consumer oriented, industrial, and governmental
business sectors five and ten years in the future (Johnson, 1976, pp 52-56). The U, S. Air
Force used this technique in an attempt to quantify the distribution of quality required by the Air
Force among the nonprior service accessions. It was felt that recruiting only enlisted personnel
having a college degree (the high extreme) would lead to inefficiency and boredom, while recruit-
ing only non-bigh school graduates would not permit the Air Force to carry out its mission. The
Delphi technique was applied in an attempt to quantify a distribution of quality that would enable
the Air Force to do its job (Taylor, et al, 1972, p 44).

3. How A Delphi Experiment Is Conducted.

With this brief overview of what the Delphi technique is, it is appropriate to explain how a
Delphi experiment would be conducted. Of course, the problem to be answered must have been
determined and the decision to use the Delphi technique made in advance.

The first step would be to select the panel of "experts', personnel with some knowledge and/or
experience in the issues to be addressed. But how many experts are needed? What background
qualifies a person as an "expert'?

The first question is easier to answer. Research has shown that 10 to 15 panel members are
generally sufficient to furnish reliable results, Fewer than 10 members may not provide adequate
information and feedback to obtain reliable results, while more than 15 may seriously complicate
the handling of the data (Johnson, 1976, p 52).

The second question, '"What constitutes an expert?' is more difficult, One method of side-
stepping the answer is to evaluate, or rank order, the panel members by their demonstrated
"expertise' in the field, and then assign relative weights to their inputs after the responses are
in (Helmer, 1963, p 5), A method that might be used to rank order the panel members--to be able
to say that Mr, X is more of an "expert'' than Mr, Y--would be to have potential panel members




name the person he believes is the most knowledgeable in the field, By determining those who
received the most votes, a panel of highly qualified experts could be selected (Nat Def Uni, 1976,
p 2). Another method might be for those conducting the Delphi experiment to rank order the
potential panel members by their past performance: How correct have they been in previous

forecasts.

However, Olaf Helmer's original Delphi applications did not consider the relative degree of
expertise of the panel. What is required is that the viewpoints of all panel members have a
chance of being heard,

Another important point concerning the panel and the Delphi technique is that of nonattribution,
or anonymity. Panel members must be free to state the reasons for their beliefs or choices with-
out fear of ridicule (Quade, 1968, p 334).

A final question concerning panel membership--Are there enough resources within the organi-
zation from which a panel of experts can be drawn, or must we go outside the organization; and
are these experts willing to participate? The willingness to participate factor can be enhanced if,
in the beginning of the experiment, the benefits and rewards to be gained by the panel members be
explained. To accomplish this, three factors should be adequately covered at the start:

1. The purpose of the study,
2. An explanation of the Delphi technique and why it was selected, and
3. The benefits to the panel members of participation in the experiment.

As Jeffrey L. Johnson pointed out (Johnson, 1976, p 53), the Delphi technique is based upon
feedback. The panel members have the benefit of the opinions of other experts and will be
increasing their own knowledge. If they are unfamiliar with the Delphi technique, they will be
able to learn it, and will possibly be able to apply it in doing their own forecasting in the future.
These benefits, by themselves, may be sufficient to encourage enough participation from within
the organization. If not, the only recourses available are to go outside the organization, and,
possibly, have to pay for the experts' knowledge and opinions.

4. A Delphi Example.

A graduate meteorological course in applied statistics given by St. Louis University at Scott
Air Force Base, Illinois in the spring of 1977, offered an excellent opportunity to conduct a
Delphi experiment. Most of the students in the class were Air Force weather officers, or
officers who had had considerable experience in the weather career field. In addition, there
were other personnel available at Scott AFB working in this field, e.g., the Weather Service War
Planner in the headquarters of the Military Airlift Command.

As part of the class project, it was decided that by conducting a Delphi experiment, the class
members, by serving on the panel, would gain some understanding of the Delphi procedures and,
at the same time, it might be possible to answer a difficult meteorological question--namely,
"What factors - if any - are causing the weather to change?"

The topic is a broad one; therefore, it was necessary in the beginning to restrict the area of
discussion, By weather was meant, for example, last winter's extreme cold spell in the midwest
and the drought in the Pacific northwest. By change was meant a trend over a period of five to
ten years (as opposed to day to day changes or changes occuring over thousands of years.) So
what we were interested in discovering were:

1. Is the weather changing?

2, If it is changing, what factors could be causing these changes? and

3. What is the relative importance of each of these factors in afi'ecting a change in the
weather?
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With this overview of the purpose of the study, the Delphi technique was then explained to the
class. They would be asked for their opinions on what was causing the weather to change. These
opinions would then be collected, analyzed, and returned to them for a next iteration. In this way,
everyone would have the benefit of the entire class' knowledge, and would be able to evaluate their
own responses in this light.

The next several pages are the questionnaires which were submitted to the class. The first
questionnaire on page 9-3 served to elicit fresh ideas on what factors may contribute to affecting
a change in the weather. Thirty-four different factors were listed by the class in response to that
questionnaire. These are listed in the second iteration questionnaire on pages 9-4 and 9-5.

Of particular note is item number 34 on page 9-5. Well over half of the class indicated that
there had been no significant change in the weather; that the unusual cold or drought spells that
have been experienced are well within accepted probability limits. However, at the same time,
those who indicated that there had been no significant change in the weather also listed other
factors (from the first 33 on the list) that were causing the weather to change.

Therefore, in order to continue with the experiment, to more fully demonstrate the Delphi
technique, item 34 was omitted from any further consideration. It would have been fruitless to
ask what is causing the weather to change if all agree that the weather is not changing. This
could be the real conclusion of the study. The variability of the weather that has been experienced
in the last few years may well be just normal variation.

However, to continue the Delphi experiment further, it was decided to delete this response.

WHAT IS CAUSING THE WEATHER TO CHANGE?
A DELPHI APPLICATION

This questionnaire has been developed to elicit your ideas and
opinions on what factors have an influence on changing the
weather. This questionnaire is being used, rather than a face-
to-face confrontation over a conference table, to enable you to
express all of your ideas, even those you consider half-baked
or far out. In other words, it's a brainstorming session with-
out fear of ridicule and an iterative process with feedback.

We have two primary objectives in this effort. The first will
be to identif¥ those factors that may be causing a change in

the weather or exampIe, exhausts from the internal combustion
engine); while the second objective will be to measure or

uantify the contribution of each factor in changing the weather.
iFor example, industrialization of agriculture--permitting vast
areas of land to be denuded of vegetation--may be a more
significant factor than automobile emissions in affecting the
weather.)

With this as an overview, we request that you list in the space !
below those factors that you believe may be influencing the

weather. The results will be analyzed, tabulated and returned

to you during the next class meeting. y




WHAT IS CAUSING THE WEATHER TO CHANGE?
A DELPHI APPLICATION

2. The following tabulation represents those factors you have
indicated which may be influencing the weather. We would like
your judgement of the relative importance of each of these
factors. Specifically--in the short range of five to ten years--
how important was each factor in affecting a change in the
weather? For each factor, please check only one box, consider
each factor separately.
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1. Increase in carbon dioxide in upper
atmosphere (products of combustion).

2. Solar cycles causing change in average
earth temperature.

3. Changes in earth's internal magnetic
field.

4. Changes in ocean currents.
5. Heat island effect of large cities.

6. Previous year's large deviations from
mean climatic conditions.

7. Ionospheric heating caused by radio
energy propagation.

8. Irrigation, water management activ~
ities.

§ 9. Geothermal heat source variations
over large areas of land or beneath
ocean floors.

10. Increased agricultural efforts.

9-4




FACTORS (Cont)

IMPORTANT
IMPORTANT
SLIGHTLY
IMPORTANT
UNIMPORTANT

VERY

11. Changes in ozone layer.

12. shift in long wave pattern that
caused persisting high pressure
ridge in Pacific/California region.

13. Industrialization.

14. Significant depreciation of total
available potential energy contained
on the earth.

15. Rocket fuel affluents.

16. Nuclear testing in the atmosphere.

17. Underground nuclear tests.

18. Radioactive isotopes in atmosphere.

19. Change in position of polar jet

stream.

} 20. Pollution--causing increased number
of condensation nuclei in the atmos-
phere.

21. Changes in earth's albedo caused by
irrigation; denuded of vegetation.

22. Secret Soviet (Russian/Chinese)
weapons.

23. Increased airline flights.
24. satellites.

25. Stratospheric warming/cooling.

w 26. Change in infrared flux density in
‘ lower atmosphere.

: 27. Increased coverage of land with con-
crete and asphalt, depleting aspira-
tion sources of moisture.

| 28. Vietnam War.

29. Spray cans destroying the ozone layer.
30. Weather modification efforts.
3l. Volcanic ash.

{ 32. variation in the earth's elliptical
: orbit around the sun.

!
i 33. variation in the inclination of the

earth's axis with respect to the
elliptical orbit about the sun.

34. No change (or change within normal
variation).

9-5
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rl The second questionnaire was then given to the class. (At this point, item 34 was still being

considered.) The class members--the Delphi panel--were then asked to evaluate the relative
importance of each of the 34 factors in its ability to affect a change in the weather. They were
asked to rate each factor either '"Very Important, ' "Important, ' ""Slightly Important, ' or
"Unimportant.'" Table | summarizes the results. Two-thirds of the class (14 out of 21) believed
that there has been no change in the weather, rating item 34 as either '"Important' or '"Very
Important. " On the other hand, one of the ideas submitted on the first iteration was rated
"Unimportant' by the entire panel--number 24, satellites, This demonstrates one of the good
features of Delphi~-it allows all participants to express an idea, no matter how farfetched,
without fear of ridicule.

DISTRIBUTION OF RESPONSES ON THE SECOND ITERATION QUESTIONNAIRE

Response 1 2 3 4
Item No
1 3 8 8 2
2 2 5 7 7
3 0 0 4 17
4 4 6 2 9
5 1 6 7 7!
6 1 5 2 13
7 0 0 2 19
8 0 5 9 7
9 0 2 5 14
10 0 3 12 6
11 2 7 7 5
12 4 5 4 8
i 13 0 7 11 3
14 1 1 2 17
15 0 1 4 16
16 0 3 6 12
17 0 1 4 16
18 0 2 5 14
19 5 5 3 8
20 4 6 6 5
21 0 5 8 8
22 0 0 5 16
23 0 1 10 10
24 0 0 0 21
25 3 4 4 10
26 0 3 6 12
27 0 3 7 11
28 0 0 1 20
29 0 2 8 11
30 0 2 5 14
31 1 5 5 10
32 3 2 3 13
33 3 2 2 14
34 9 S 3 4
TABLE 1
e
(‘ -
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The next problem was to evaluate these subjective ratings to determine which were the more
important factors in influencing a change in the weather. Several weighting schemes were applied
to the different subjective judgements., The following factors were the most important: pollution,
a shift in the long wave pattern, change in the ozone layer, change in ocean currents, the heat
island effect of large cities, changes in the earth's albedo, and geothermal heat source variations
over a large area of the earth.

It was necessary to limit the number of important factors to be analyzed ir the next iteration
for two reasons. First, the technique described by Thomas L. Saaty (1973), using an eigenvalue
analysis, was to be used to evaluate the relative importance or contribution of these factors.
Unless the matrices developed are kept small, the task of evaluating or comparing each factor
with every other factor, one at a time, becomes enormous. S=cond, the computer available to
the author would solve the eigenvalue problem only for small (nine by nine) matrices.
only the eight factors mentioned above were included in the third iteration.

Therefore,

WHAT IS CAUSING THE WEATHER TO CHANGE?
A DELPHI APPLICATION

3.

The attached tabulation represents those factors you have

indicated which may be influencing the weather.

We would like

your judgement of the relative importance of each of these

factors.

Specifically--in the short range of five to ten

years--how influential was each factor in affecting a change
in the weather? As a preliminary means of establishing the
relative importance of each factor, the following order is

defined:

DEGREE
OF IMPORTANCE

1

2, 4, 6

RECIPROCALS OF
ABOVE NON-ZERO
NUMBERS

DEFINITION

EQUAL IMPORTANCE

WEAK IMPORTANCE
OF ONE FACTOR
OVER ANOTHER

STRONG IMPORTANCE
OF ONE FACTOR OVER
ANOTHER

DEMONSTRATED IMPOR-
TANCE

INTERMEDIATE VALUES

IF FACTOR i HAS VALUE
X WHEN COMPARED TO
FACTOR j, THEN j HAS
THE RECIPROCAL VALUE

4 WHEN COMPARED WITH i
X

EXPLANATION

TWO FACTORS ARE
EQUAL IN THEIR
ABILITY TO AFFECT
WEATHER CHANGES

THERE IS SOME CON-
VICTION THAT ONE
FACTOR HAS MORE
INFLUENCE THAN
THE OTHER

STRONG BELIEF THAT
LOGICAL CRITERIA
EXIST TO SHOW THAT
ONE FACTOR IS MORE
IMPORTANT THAN THE
OTHER FACTOR

ABSOLUTE CONVICTION
AS TO THE IMPORTANCE
OF ONE FACTOR OVER
ANOTHER

WHEN COMPROMISE IS
NEEDED

With these definitions, please evaluate each of the factors in
the left column against the factors listed in the top row.

9-7

b TG g e




-

i
!
!
1
|
|

COMPARISON OF FACTORS WITH RESPECT

TO INFLUENCE ON THE WEATHER

‘THE ATMOS-

“OF
{PHERE (MANY CAUSES)

!'POLLUTION
'CHANGE IN OCEAN CURRENTS

{CHANGES IN THE EARTH'S
{ALBEDO (INCLUDING AGRI-

i

VARIATIONS OVER A LARGE

2 AREA

{CHANGE IN OZONE LAYER
'GEOTHERMAL HEAT SOURCE

SHIFT IN LONG WAVE
'HEAT ISLAND EFFECT OF

/PATTERN (AND/OR JET
:STREAM)

.SOLAR CYCLES
CULTURE)

t
H
i

POLLUTION OF THE ATMOSPHERE
(MANY CAUSES)

SHIFT IN LONG WAVE PATTERN
(AND/OR JET STREAM)
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CHANGE IN OZONE LAYER

—— ———ead

CHANGE IN OCEAN CURRENTS

SOLAR CYCLES

HEAT ISLAND EFFECT OF
LARGE CITIES

CHANGES IN THE EARTH'S

ALBEDO (INCLUDING AGRICUL-

THRE)

GEOTHERMAL HEAT SOURCE

VARIATIONS OVER A LARGE
—-AREA

The instructions for the third iteration questionnaire are shown on page 9-7. Each panel
member was asked to compare each of the factors against every other factor, one at a time, and
then to indicate the degree of influence one factor had over the other in affecting a change in the
weather.

For example, items in the vertical column were compared against solar cycles across the
top. For example, if it were believed that there existed logical criteria to show that pollution
is more important than solar cycles in influencing the weather, the panel member would place
a "'5" in the first row, fifth column position. Then the reciprocal value "1/5" would be placed
in the opposite position--in the fifth row, first column.

When two items were rated equal in their ability to influence the weather, or when a factor
was rated aga‘nst itself, a "1'" would be placed in that position. Thus, the main diagonal of the
matrix would contain only 1's.

The responses of all panel members were analyzed to obtain the median. With this informa-
tion, the matrix shown on page 9-9 was obtained. The eigenvalue of this matrix is slightly less
than 9, and, thus, not too far from the consistent value 8, The eigenvector corresponding to this
largest eigenvalue, normalized so that the sum of the individual terms is 1, is given by:

X=(0.12 0.18 0.13 0.10 0.26 0.06 0.11 0.04)
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COMPARISON OF FACTORS WITH RESPECT

TO INFLUENCE ON THE WEATHER
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POLLUTION OF THE ATMOSPHERE
(MANY CAUSES) 1 1 i 1 1/5 2 3 3
SHIFT IN LONG WAVE PATTERN
(AND/OR JET STREAM) 1 1 5 1 8 1 2 1 5
CHANGE IN OZONE LAYER 1 Jansl 1 1 1 3 1 3
CHANGE IN OCEAN CURRENTS 1 1 1 1 1/3 2 : 3
SOLAR CYCLES 5 1 1 3 1 4 3 5
HEAT ISLAND EFFECT OF
LARGE CITIES 172 11/2|1/3 |1/2 |1/4 i 1 1
CHANGES IN THE EARTH'S
ALBEDO (1HCLUDING AGRICUL- 1/3 1 1 k 1/3 1 | 3
—TURE)}
GEOTHERMAL HEAT SOURCE
VARIATIONS OVER A LARGE 1/311/5 {1/3 |1/3 |1/5 ) ! 1/3 1
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The Delphi panel was then asked to reevaluate their previous inputs in light of this new infor-
mation. The results of this fourth iteration did not change the matrix entries., Thus, the
figures above are really the final result.

5. Conclusion.
The several conclusions resulting from this exercise fall into two areas.

First, with regard to the experiment itself, it must be emphasized how important it is that
the instructions in the beginning be clear and understood by all of the participants. In this
experiment, even to the last iteration, there were one or two panel members who were unclear
about the purpose of the effort., Also, adequate time must be furnished to the participants to
accurately complete the questionnaires, In this exercise, which was generally accomplished in
class during a break period, not enough time was afforded the panel members to really evaluate
their inputs, or to furnish sound reasons for their positions,
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The second area deals with the results of the study. It appears from the eigenvector on page
9-9 that the dominant factor influencing the weather is the solar cycle. One must remember,
however, that we have assumed that the weather is changing. We threw out the reason that the
changes we have experienced are within normal probability limits,
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CHAPTER 10
RESULTS OF A SINGLE STATION FORECASTING EXPERIMENT

Robert G. Miller
Roger C. Whiton
Michael J. Kelly, Jr

Headquarters Air Weather Service
Scott Air Force Base, Illinois

ABSTRACT

I'his paper describes a forecasting experiment performed using actual single
station data for Rickenbacker AFB, Ohio. The model used, suggested by
Miller (1968), employs the principle of multivariate regression in a Markov
process. The model predicts the probability distribution of the following
observed weather elements: temperature, dew-point depression, station
pressure, crosswinds, wind direction and speed, sky cover, ceiling, visi-
bility, and weather elements including haze and smoke, blowing conditions,
fog and ground fog, freezing precipitation, rain and drizzle, snow, rain
showers, snow showers, and also-the condition of no weather. At forecast
time the system uses all of these elements as predictors, plus day of year,
time of day, and the most recent 3~hour pressure change. An extension

is being formulated using eigenfunctions which allows predictions at any
future time, not just at discrete points. Results of nearly 30, 000 indepen-
dent forecasts are described, where comparisons using the Brier score
and hits are made against persistence and conditional climatology (ceiling
and visibility only).

1. INTRODUCTION

The Air Weather Service (AWS) requires a variety of approaches to weather forecasting in
order to provide military weather support across a full spectrum of conflict scenarios. Peacetime
weather support, strategic and tactical activities, and support to command and control agencies
demand a highly developed, computer based, centralized production system. In certain tactical
conflicts, on the other hand, there is a need for a stand-alone forecasting method, a technique
that can be used skillfully by a weatherman, when circumstances deny his standard communications.,

To meet the need for such a capability, we conducted adevelopment effort, known as the
Single Station Forecasting Experiment. This paper will cover the purpose of the experiment, the
data used, the methodology employed, the results obtained, and possible extensions to the model.

2., PURPOSE

There were at least six reasons for undertaking this experiment: (1) The AWS Commander
requested it, (2) A single station capability was strongly advocated by the AWS wing commanders P
(3) Military exercises suggested the desirability of a stand alone forecast capability, (4) Circum-
stances of no communication with the centralized production system required it , (5) A fast, com-
pact simulator of both weather observations and forecasts was required for input into the Defense
Department's war gaming models and (6) Automated statistical forecasting algorithms under
development, such as found in the Modular Automated Weather System test at Scott AFB, could
use multiple elements as predictors,

The capability would have value in two typical operational scenarios:

* New Forecaster - a relatively new, inexperienced forecaster deployed to Europe
or Korea--first time in area, in need of guidance.

* Army Field Support - a non-communication situation, Must provide weather fore-
casts having only the current observation,
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The goal was to provide the AWS forecaster with a stand alone capability for making probability

forecasts,

3.

4.

DATA

Let us address the details of the experiment. First the data specifications:
Specifications*:

Location--Rickenbacker AFB, Ohio
Forecast intervals--3 hours
Predictors (single station only):
Day of year
Time of day
Temperature--dew-point depression
Sea level pressure
Cross wind
Wind rose
Wind speed
Temperature
Sky cover
Ceiling
Visibility
Weather (smoke, dust or haze; blowing snow, dust or sand; fog; frozen
precipitation; rain or drizzle; snow; rain showers; snow showers;
thunderstorms; none)
Pressure change (past 3 hours)
Elements predicted--same as above except DOY, TOD, which are deterministic
and 4P which is irrelevant
Data sample--10 years dependent, 10 years independent (29, 154 new forecast
situations)

Note the absence of vital cloud information, cloud layer height, cloud layer amount,
and cloud type for low, middle or high conditions.

METHODOLOGY

The statistical method employed in this experiment is that of multivariate regression,

suggested by Miller (1968). That is, many variables are predicted with the same set of predictors.
One other condition also exists., All of the predictors are either one or zero (on or off). The
regression predicts the probability that a condition is on or off. The following depicts such an

arrangement,
OBSERVATION PREDICTAND ELEMENTS
DOY TOD TD ... DIG <200' ... P
DOY
TOD
TD

Predictor CIG <200'
Elements .

AP

C1G<200'

PROBABILITY PREDICTIONS

#*See Appendix for details
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The predictors are shown as rows, the predictands as columns, Note that both involve the
exact same elements. For this problem there were 153 predictors,

The objective is to multiply the observation, made up of ones and zeros, times the regression
coefficients in a particular column, such as the one shown for ceiling <200'., The result is the

probability that in three hours, « ceiling “200' will be observed. That probability is entered into
the probability prediction row, as arc all the other predicted probabilities,
Mathematically this is expressed as
Beo'a

where P is the row vector of predicted probabilities, 8" is the transpose of the observation
column vector 6, and Ais the matrix of regression coefficients where each column constitutes
the regression coefficients for a particular predictand. This formulation generalizes to

f’r i AT
when an estimate of the probability is desired, under a Markov assumption, for T units of time

into the future. The basic unit of time in this experiment was 3 hours. Therefore, to estimate
the probabilities for 6 hours, T=2,

5. RESULTS

The following summarizes the results for independent 3 and 6 hour forecasts on 29, 154
forecast situations:

* Regression is superior to persistence on number of hits for all variables
except snow at 5 hours. X

* Regression is superior to conditional climatology in terms of hits and
Brier score for visibility and ceiling.

Specifically, for 3 hour forecasts, the comparison between multivariate regression and per-
sistence is shown below in terms of the number of correct forecasts (hits):

Weather NUMBER OF HITS

Elements Regression Persistence Difference
Wind speed 28022 27761 + 261
Cross wind 28932 28848 + 84
Temperature 22299 22152 + 147
Visibility 24061 23317 + 744
Ceiling 21360 20995 + 365
Sky cover 17361 17313 + 48
Rain 27990 27944 + 46
Rain showers 28327 27902 + 425
Snow 28427 28496 - 69
Snow showers 28779 28616 + 163
Thunderstorms 28894 28729 + 165
Freezing precipitation 29114 29096 + 18
Smoke or haze 25292 25026 + 266
Blowing snow or sand 29100 29090 + 10
No weather 24063 23776 + 287

In making this comparison, the probabilistic regression forecasts were categoriz-d by
selecting the condition with the highest forecast probability, Remember that persistence is a
formidable competitor at 3 hours. The visibility and ceiling results are especially impressive.
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" I'he 6 hour comparisons are as follows:

Weather NUMBER OF HITS

Elements Regression Persistence Difference
Wind speed 27984 27390 * 594
Cross wind 28928 28766 +- 162
Temperature 19152 17253 + 1899
Visibility 23439 21807 + 1632
Ceiling 19423 18300 + 1123
Sky cover 15066 14162 + 904
Rain 27870 27528 + 342
Rain showers 28323 27706 £ 1617
Snow 28374 28238 136
Snow showers 28775 28544 + 231
Thunderstorms 28890 28656 + 234
Freezing precipitation 29110 29076 + 34
Smoke or haze 23431 23104 + 327
Blowing snow or sand 29096 29084 .
No weather 22344 21664 + 680

For verifying the probabilities, regression is compared with the stiff competitor, conditional
climatology, using the well known Brier score. Smaller values are better. The differences are
highly significant statistically. That is,.the likelihood of achieving differences of these magnitudes
by pure chance is practically zero.

COMPARATIVE STATISTIC
Brier Probability Score*

Weather Conditional

Element Regression Climatology Difference
Visibility .2564 AT 2 . 0169%%

3 hr
Ceiling “3TH5 . 4043 . 0288%*
Visibility .2998 Sk ild) L 0177%%

6 hr
Ceiling . 4397 . 4763 . 0366%%

6. DISCUSSION

The statistical method employed does not require a large computer to make the forecasts, It
did require some heavy computing to achieve the results, for which we acknowledge the assistance
of these installations: Saint Louis University, the USAF Environmental Technical Applications
Center, the Military Airlift Command Data Automation, and the Defense Commercial Communica-
tions Office,

The more important features of the procedure are:

Skillful ~ Consistently superior to persistence and conditional climatology.

Objective - No judgment is needed, Two different people should get the
identical answer,

Distribution Free - No need to make any assumption such as normality,

* Smaller values are better
#** Highly statistically “ignificant
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Multivariate - Same predictors used for many predictands.
Fast - Operates in real time.
Easy to Use - Can be run on a small calculator or by hand.

Asynoptic Data - Should a special observation be warranted, a new prediction can
be made with these data, PIREPs, radar, satellite, or intermediate times are no
real problem.

Nonlinear - The zero-one predictors are weighted separately over the range of
the original weather variable.

Interpretable - To see the effect of any observed condition on the predicted
probability, just look at its coefficient.

Variable Threshold - It is a simple matter to set new limits on the predictand
desired. Merely add the coefficients or the probabilities for the categories
needed, Since all weather elements have only a finite number of digits of
accuracy, it will require only the inclusion of each possible value as a predictand.

Growth Potential - Improvements in statistical methods, computers, observa-
tional accuracy, or new measurements, like satellite, radar, solar, can be added
to make the forecasts better, Incidentally, other things might also enhance the
forecast accuracy such as: one hour equations, stepwise selection of predictors,
time-change predictors, and interactions among predictors,

7. EXTENSIONS OF THE MODEL

To make predictions at 6 hours, the 3 hour regression coefficient matrix was squared utilizing

a Markov assumption. Another approach to making a 6 hour forecast from the 3 hour regression
coefficients would have been to enter the 3 hour forecasted probabilities into the observation

vector and have it reprocessed, A more general alternative would be to use eigenfunctions. This

would, in principal, permit predictions into the future with time as a continuum,

The formulation of this latter alternative has been made and tested on a more limited set of
data than was used in the single station experiment. It worked as expected, Furthermore, the
need for computer storage was greatly reduced, since eigenvectors were used instead of a
coefficient matrix,

When the predictors include time of day and day of year, the eigensolution produces complex
roots and vectors., A computational difficulty arises when solving large matrices of this type.
Research on this problem is in progress,

Another extension in the model introduces the concept of generalized operators, where one
matrix of regression coefficients applies at more than one geographical location, Similar appli-
cations have been successful in other contexts (see Harris, Bryan and MacMonegle, 1963 and
1965), Research in this area is continuing.
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Appendix A: Details of the Single Station Forecast Experiment

This Appendix describes the data used and the predictor/predictand categories for the experi-
ment .

A magnetic tape of hourly surface weather observations for Rickenbacker AFB, Ohio, was obtained
from the United States Air Force Environmental Technical Applications Center. These data were orig-
inally hand punched and are believed to be of good quality. The expected quality of the data, and
time constraints dictated that we not edit the data. The dependent (1946-1955) and independent
(1956-1965) samples consisted of 24,384 and 29,154 observations respectively. If an observation
contained a missing element, it was not used.

Table A-1 describes the elements and categories that were verified. They were selected on the
basis of operational significance. For example, read the three wind speed categories as 1) 0 to <

14, 2) greater than 14 but = 24 and 3) greater than 24.

Table A-2 describes the predictor elements and categories. The predictors were chosen subjec-
tively. Elements were chosen because they were available on the data tape. Cloud type, for exam-
ple, was not used as a predictor, since it was not available for part of the 20-year period of
record. Predictor categories were defined to align with the verification categories, and to assure
an adequate number of occurrences for each category.

Table A-1. Verification Elements and Categories

No. of
Element Categories Categories
Wind Speed (Kts) 3 0514 €24<w
Cross Wind (Kts) 2 0SS 14<w
Temperature (°F) 6 Absolute @ < 15 € 31 € 49 € 67 € 84 < »
Visibility (mi) 6 < el w2 €5 <5 X ®
Ceiling Height (ft) 6 0 < 200 < 500 < 1000 < 3000 < 10000 < @«
Sky Cover 4 Clear or partial obscuration; scattered;
broken; overcast or total obscuration
Rain 2 Yes or No
Rain Showers 2 Yes or No
Snow 2 Yes or No
Snow Showers 2 Yes or No
Thunderstorm 2 Yes or No
Freezing 2 Yes or No
Fog, Haze, or Smoke 2 Yes or No
Blowing Dust, Sand, or Snow 2 Yes or No
No Weather 2 Yes or No
d
i
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Table A-2.

Element
Day of Year
Hour of Day (2)

Temperature-Dewpoint
Depression (©)

Sea-Level Pressure (my)
Crosswind (Kts)

Wind Rose (° and Kts)

Wind Speed (Kts)

Temperature (°F)

Sky Cover

Ceiling Height (ft)

Visibility (mi)

Smoke, Haze, Dust
Blowing Dust, Sand, or Snow
Fog

Rain or Drizzle

Freezing Rain or Drizzle
Rain

Snow

Rain Showers

Snow Showers
Thunderstorm

No Weather

Pressure Change (3 hour, mb)

Predictor Elements and Categories

No. of
Categories Categories

26 1€ 14 & 28 S dsee 5 366

8 00; 03; 06 09: 12; 15; 18: 21

11 01 €2 T3 <4<E <6 <8< 10< 15 <20< %

5 0 <1000 < 1010 € 1020 < 1035 < =

2 05148 w

: Calm and variable;

1~ 45, 0'< 10 <=

46- 90, 0 < 10 < =
91-135, 0 < 10 < =
136-180, 0 < 10 < =
181-225, 0 < 15 < »
226-270, 0 < 15 < ®
271-515, 0 < 15 <
316-360, 0 < 15 <

6 0<2<6<10<15<20<w®

13 Absolute § <5 <10 <15 24 < 31 <40 < 49 < 58
<67 <76 <8489 <w

4 Clear or partial obscuration; scattered;

broken; overcast

or total obscuration

21 0 < 200 < 400 < 500 < 600 < 700 < 800 < 900
< 1000 < 1100 < 1600 < 2100 < 2600 < 3000
< 3600 < 4100 < 6000 < 10000 < 11000 < 13000
< unlimited; unlimited

—
~N

ok e,

Yes or No
Yes or No
Yes or No
Yes or No
Yes or No
Yes or No
Yes or No
Yes or No
Yes or No
Yes or No
Yes or No

NN NDNNDNDNNNN

~
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Appendix A
PLODITE PROGRAM

PLODTTE/MQCEL=VERSIUN A-02/16 APR 77
PURPOSE~-~

GIVEN A MATRIX OF CQOEFFICIENTS *A+ FROM WHICH YHE gkDUNDANT
COLUMNS AND ROWS HAVE BEEN REMOVED TO FACILITATE ANALYSIS,
PROGRAM USES 'PLODITE' METWOD TQ PREPARE A LARGER MATRIX
'4' CONTAINING THE LEFT-OUT COLUMNS ANpD ROWS,

DESCRIPT|ON--

PKOGRAM CONSTITUTES A GENERAL PLODITE ALGORITHM, IN THAT IY

IS CESIGANED TO ACCEPT AN *ADIMAvo*NDIMA* SQUARE MATRIX +A+ OF
ANY SI2E IN WHICH ANY NUMBER OF VARIABLES MAY APPEAR AND IN
WHICH ThE LEFT-0UT DUMMY VARKIABLES MAY OCCUPY ANY POSITION WITHW
IN THE VARIABLE BLOCK ASSIGBNED YO TWEIR CATEGORY WITHIN EACH
CATEGQRY, HWOWEVER, QONE AND ONLY ONE VARIABLE HUS* HAVE BEEN
DELETED, EACH CATEGORY MUST HAVE ONE LEFT-QUT DUMMY,

THE USER SPECIFIEg THE NUMBER OF VARIABLE CAYEGORIEg (E.G,,
CEILING, VISIBILITY, WIND) AND YHE NUMBER OF DUMMY VARIABLES
USEL 1O CESCRIBE EACH SUCH CATEGORY?! THE NUMBER OF DUMMIES
MAY VARY FRQM ONE CATEGORY TO ANOTHER, THE USEr THMEN SPECI-
FIES, FOR EACH CATEGORY, WWiCH oF TWE DUMMIES WAS BEEN LEFT
OWT (E.G., FOR THIRD CATEGORY, DUMMY 4 IS DELEYED, FOR
FQURTH CATEGORY, DUMMY 2 IS LEFT OUT, ETC,),

IN ADDITION TO PARAMETFRS SPECIFIED ,BOVE, PROGRAM INPYT MUST
INCLUCE A VECTOR EQUAL TO FIRST ROW OF CROUT SUM=«OF~SQUARES-
AND~CROSS-PRODUCTS (SSCP) MATRIX, SUPPLIED ON FILE 'IFILEL."
TH!S VECTOR CONTAINS TME NUMBER OF QBSERVATIONS IN ITS

FIRST ELEMENT, SUM OF *Z1* IN SECOND, SUM BF 'Z22' IN THIRD,
ETC., TWE PROGRAM DIVIDES To GET THE MEANS. THE GATRIX tA' IS
SUPPLIEL ON FILE 'TFILE2' IN TRANSPQSED FQRM, |T IS RE-
TRANSPOSED wWHILE BEING READ 1IN,

PROGRAM CUTPUT lg THE EXPANDED NATRIX '8¢ IN OglIGINAL FOgM,
NOT TRANSPOSED TO MATCW INPYT, THE 'B' MATRIX IS ALWAYS
PRINTEDs IN ADDITION, THE VYSER MAY SPECIEY THAT THE 'B°
MATRIX BE OVLTPUT TO CARDS OR TARE. AS PROVIDED VIA JCL.

INTER-COMPUTER COMPATBIL]YY [S FACILITATED BY LSE OF
VARIABLE FILE CODES AND NON-yENDOR UNIQUE FQRTRAN T,

INPUT/QUTPLT REOQUIREMENTS -~

FILE CONTENTS MEDIA FC NORM VAL
sYSIN PRNBL NAME, PARMS»

VAR[ABLE STRUC-

TURE SYS DSK IRFAD L]
SYSQUT PRINTED OUTPUT SYS DSK IPRINT 6
DATA INPUT 3 SSCP VECTYOR TP/DK/CD IFILEY 10
DATA INPUT 2 A MATRIX TP/DK/CD IFILER 11
ALT OUTPUT B MATRIX TP/DKR/CD 1UY 20

STRUCTURE OF INPUT DATA FILE IREADw-
CAgC COLUMNS FIELD  FORMAT  DEgCRIPYION
1 1-72 IPROB(J)Y 1844 PROBLEM tvIYLE, NUMBER, DAYE

A-1

s S 02 o e A AR o y g TR T e
k S e Ll kst




F 62 ¢ 2 4 IFLGA 11 REQUEST PR? MYRX A ON IPRINT
63 ¢ 8 {FLGE 11 REQUEST WwRITE MTRX B ON 10UTY
04 c 12 IFLGC 11 REQUEST PRINT SSCP ON IPRINT
65 c 3 1- 4  NCATEG 14 NUMBER DWMMY VARIABLE CATE~-
66 c GORIES
67 c 4 1- 4  NZ(NG) 14 NUMBER DUMMY VARIABLES IN EACH
68 c 5- 8 NZ(NG) 14 VARIABLE CATEGORY
69 c 9-12 NZ(NG) 14
70 c Erc Erc
71 c 5 1- 4 NOUT(NC) 14 LOcAL NUMBER [NDJCAT|Ng [NDEX
72 ¢ S- 8 NOUT(NC) 14 OF TWE LEFT-0UT VARIABLE IN
73 c 9-12  NOUT(NC) 14 EACH CATEGQRY
74 c ETC ETC
75 c
76 c STRUCTURE CF (NPUT DATA FILE [FILE3--

77 c

78 c (10 BE SUPPLIED)

79 G

40 A STRUCTURE QF INPUT DATA FILE IFILE2--

a1 c

82 c (10 BE gUPPLIED)

a3 c

o4 R Y Y R F R YRR 2

05 c . .

06 ¢ ® WARNING .,. IFILE2 MUgT BE [N THE FORM OF THF TRANg-~e

a7 c ® PCSE OF MATRIX A, WITh '2ERQ~-COLUMN' MISSING, THE

88 c o 'ZERO~cOLLUMN' OF THE TRANSPOSE IS, OF COURSE, THE e

o9 c » 'ZERO~ROW' OF THE ACTUAL A-MATRIX? .

v0 c . .

91 c GRRERRCINRNANENNLONEIENINNQERIRRRTINNGRONINGEIGNBRORIRRENS

92 c

93 c MOLEL-VERSION HISTORY -~

94 c

5 ¢ MODEL-VERSIQON A-0N1, 24 MARCKW 1977-- ORIGINAL MOLEL-VERSION,
96 ¢

97 ¢ MCDEL-VERgION A-02, 16 APRI| 1977-- REVIGED METHOD QF INgERY-
v8 ¢ ING LEFT-0UT ROWS OF MATRIX B, EARLIER MODEL-VERSION

99 ¢ PLACED ROWS LAST [N BLOCK OF ROWS CORRESPONDING TO A VARIABLE
100 £ CATEGORY, NEW VERSION INSERTS THE LEFT-OUT ROW AT TS
11 c APPROPRIATE POS|TION IN ACCORDANCE WITH NUMBER OF LEFT-0OUT
102 € VARIAJLE 'NQUT.' REVISED VERSION ALSO DISPLAYS QUMMY VARIABLE
103 c COUNT NZ(NC):

104 ¢
105 c PROGRAMMER -~

106 ¢

197 c CAPT ROGER C., WHITON

108 (=

109 ¢

140 DIMENSION IPRGB(18), NZ(3), NOUT(3), A(7,7), B(1N,10),

111 ° SSCP(7)

112 c

113 % FILE CCDES, IREAD 1Is sYSIN, IPRINT Is PRINTER-DIRECTED

114 c SYSOUT, 'IFILEL1' CONTAINS FIRST ROW QF CROUY SSCP MATRIX ('22°'
145 ¢ IN OTHER PROGRAMS, 'SSCP' IN THIS ONE), ‘'IFILER' CONTAINS THE
116 c MATRIX *p,* *1QUT* IS OPTION,L PUNCH OR T,PE OYTRUT,
147 C

1.8 IREAD s b
119 IPRINT = 6

120 IFiLtel 10

121 IFILE2 *= 11

122 jour = 20

123 c
124 c HEADERg., 'IPROB' [g PROBLEM 7|TLE FOR DIgPLAY Ag BANNER
12% ¢ on OU?PUT.
126 c
127 WRITE CIPRINT,6000)
128 6000 FORMAT (1H1/1Xs °*SAINY LOUIS UNIVERSITY'/1X, *DEPARTMENT OF °,
149 ® '"EARTH ANC ATMOSPHMERIC SCIENCES'///1X, '~-PLODITE MATRIX TREAT',

AN i Tt + 1 Z",— v A




150
131
1482
133
144
135
136
137
148
1d9
140
141
142
143
144
145
146
147
148
149

151
152
153
154
155
126
157
158
159
160
161
162
103
164
165
106
167
108
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
164
185
186
187
188
169
190
191
192
193
194
195
196
197
198

& 'MENT=='//)

READ (JREAL,5000) (TPROB(JXx), Jx = 1,18)
5000 FORMAT (184A4)

WRITE (IPRINT,6010) CIPROB(JX), JX = 1,18)
6310 FOKMAT (1HO0. 'PROBLEM-- ', 150, 18a4)

RE,D FL,GS FOR DETERMINING OUTPUT MEDI,, 'g' MpTRIX IS ,LkaYS
PRINTED, BUT [F "[F_GB' IS ON, ADDITIONA OUTPUT To FIE
“JOUT' IS MADE. IF '"IFLGA' 1S ONvy MATRIX 'A' 1S ALSO OUTPUT.
IF *IFLGC' [S ON, CROUT SSCP VYECTOR IS DISPLAYED,

o000

READ (IREAC,5040) IFLG,, IFLGg, IFLGC

MATRIX OF COEFFICIENTS ACI,J) §N LEFT-QUT VARIABLE FDgM IS CONe
SIDERED PARTITIONED INTO A Z0-ROW (1 IN FIRST POSITION FOLLOWED
BY 2EROES)» AN AO-COLUMN (LEFTMOST CO%EHN). AND THEN
NCLASS » NCLASS PARTITIONS OF COEFFICIENTS, NCATEG: Is THE
NUMBER OF CUMMY VARIABLE CATEGORIES IN TWE REGRESS|ON SCWEME,
FOR EXAMPLE, A SCHEME IN CEILING, VISIBILITY AND WIND (5
CLASSES OF CEJLING, 6 CLASSES OF VISIBILITY, 9 CLASSES OF WIND)
WOULD HAVE NCATEG = 3+ 'NC' IS INDEX OF CATEGORIES» NC = 1.
NCATEG. FOR EACH SUCH CATEGORY: NZ(NC) GIVES NUMBER QOF DUMMY
VARIABLE CLASSES (INGLUDING LEFT-QuUTS) INTO wHICH THE Nc-TH
cATEGQRY IS SUBDIVIDED., 1IN TWE E¥AMPLE ABOYE, NZ(1) = 5,

NZ(2) = 64 NC(3) & 9. READ 'NCATBG' AND 'NZ.'

OO0 o000 00

READ (IREAL,5030) NCATEG

5010 ForMaT (18149)
READ (JREAL,5040) (NZ(NC)s» NC = 1,NCATEG)

READ WhICH VARIABLES NOUT(NE) ARE LEFT OUT FROM A(],J), 'NOUT’
1S THE NOLT=-Th VARIABLE IN THE NC~TH CATEGORY, READ 'NOUT,*
CHECKING YO SEE IT DOES NOT EXCEED 'NZ.'

OoOoOo0on

READ (IREAL,5030) (NOUT(NC), NC = 1,NCATEG)
DO 100 NC = 1,NCATEG
IF (nouTiNC? LLE, NZONC)) GO TD 100
WRITE (IPRINT,6020) NC, NOUT(NC), NZ(NC)
6020 FORMAT (1H0: YERROR:«s+ "» |4, 'TH LEFT=Q0UT VAR]JABLE NUMBER WAS ',
s l4a73x, 'EXCEEDS NHMaEk OF DyMMY vaRIABLES (', 14, *) IN v,
« 'CATEGORY /21X, 'PRoGRAM STOPSY)
STQP
100 CONTINGE

c
c THERE MUST BE AT LEAST ONE LEFT-OUY VARIABLE IN EACH CATEGORY,
c

DO 200 NC = 1,NCATEG
IF (NOLT(NC) .GT, 0) GO TO 200
WRITE C(IPRINT.6030) NE» NOUTING)
6030 FORMAT (yH0» 'ERROR.-. 's 14+ 'TH LEFT=OUT VARIABLE NUMBER WAS '
.S;aszx. 'skhouLp BE GREATER TH,N ZERO'/1X, 'PROGRaM STOPS')

200 CONT Ny

CALCULATE SIZE OF LEFT=0UY navax! *A' AND RESTQRED MATRIX '8¢
AND DISPLAY RESULTS, 'NVRBLZ IS NUMBER OF DUMMIES, NCLUDING
20, 'NVRBOT' IS NUMBER OF LEFT-0UT VARIABLES, 'NDIMA' IS
uxHE?SIONALIYV OF MATRIX 'A»' AND 'NDIMB' 1S DIMENSJONALITY OF
MATRIX 'B,’'

laEeTelalalelye}

NVRBLZ = 1

DO 300 NC = 1,NCATEG

NVRBLZ = NVRBLZ ¢ NZ(NG)
300 CONTINUVE

NVRBOT = NC‘TEG

NpiM8 = NvRgLZ

NDIMA = NCIMB -~ NVRBOY
WRITE (IPRINT,6040) NCATEG, NVRBLZs1, NVRBOT, NDIMA, NDIMA,
® NDIMBs ANDINMB
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199
200
201
202
203
204
205
206
207
208

209
230
211
242
213
244
215
216
517
218
219
220
221
222
223
224
245
226
227
248
229
230
231
232
233
234
235
236
237
2458
259
240
241
242
243
244
245
246
247
248
249
2%
2%1
222
253

54

25
256
257
258
259
260
201
262
263
204
265
266
267

6040 FORMAT (1M » "NUMBER DUMMY VARIABLGE CATEGORIES<- ', T48, 14/1X,
*NUMBER DUMMY VARJABLES EXCLUDING 20-- ', 748, 4,1x,

*NUMBER OF LEFT=0UT DUMMY VARJABLEGS~= '+ T48: 14/1X,
'UIMENSIONALITY OF LEFT=OUT MATRIX A== ', 748, l4, " o 1, las1X,
'DIMENSIONALITY OF PLODITE QUTPUY MATRIX B-- t, T4B, 14, ' « ',
14/7/77)

DISPLAY NUMBER OF DUMMY VARIABLES IN EACW CATEGORY,

oaooo

WRITE (IPRINT,6043)

6043 FORMAT (1HO, *DQUMMY VARIABLES NZ2(NE) IN VARIABLE CATEGORY NC--’//
® 1Xs 1004Xs 'NC's» 2Xs ' NZ ")/
WRITE (IPRINT,6046) (Ng» NZ(Ng), Ng = 1,NCATEG)

c DISPLAY LEFT-OUT CUMMY VARIABLE NUMBERg,

HRITE (IPRINT,6045)
6045 FORMAT (1HO, 'LEFT=0UY DUMMY VARJARLES NOUT(NC) IN VARIABLE ',
e 'CATEGORY NC==~ '//1X, 10(4X, 'NC'i 2X, 'NOUT')//)
WRITE (IPRINT»6046) (NC» NOUT(NC)» NC s 1:NCATEG)
6046 FORM,T (4x, 13, 2x, 13, 4x, 13, 2x; 13, 4x, 13, 3x, I3, 4x, 13,
e 2X, 13, 4X, 13, 2X, 13, 4X, 13, 2%, 13, 4X, 13, 2X, 13, 4X,
e 13, 2%, 130 4x, lsi 2X» 13, 4ax, 13) 2!. 13’

READ FIRST ROW OF CROUT sSCP MATRIX. FIRgT ELEMENT g NUMBER
OF CASES IN SAMPLE. NEXT 1S SUM GF +Z1+, NEXY SUM OF 122+, ETC,
DIVIDE BY NUMBER OF CASES TO GET MEANS, NOTE THAT TN]S
CROUT IS [N LEFT-0UT VARIABLE FORA,

o000

READ (IFILE1,5015) (sgCP(UX), UX = 1,NDIMA)
5015 FORMAT (6F32.0)
DO 400 JX = 2,NDIMA
SSCP(JX) = SSCP(JX) s SSCP(})
400 CONTINUE

DIsPLAY CRCLT VECTQR IF 'IFLGC' IS ON,

oo0ooO

IF CIFLGC LLE. 0) GO TQ 450
WRITE (IPRINT,6050)
6050 FORMAT (1HO.» 'FIRST ROW OF SUM OF SQUARES ANP CROSS PRODUCTS '
® 'MATRIX (N+ MEANS)=-= '//)
WRITE (IPRINT,8060)
6060 FORMAT (1H , 4%, *NV', 3X, +SigMaA Y', 8X, 'NV', 3X,
s 'SIGMA V'y 7X, 'NV', 3X, 'S1G6MA V', B8X, 'NV*, 3X, 'SIGMA V',
e 8x, 'NV', 3X. 'SIGMA v'//)
WRITE (IPRINT+6070) (JXs SSCP(JX)r JX = L/NDIMA)
6070 FORMAT (aH , 2x, l4, 1x, E12,5, 4x, 13, 1x, E12.5, 3x., 13, 1x,
e £12,5, ‘X. 13, 1'0 E12.5, 4X, 13, 1X, El12.5)

READ MATRIX AC([,J), 1T WAS BEEN PREPABED IN TME FQRM OF YTRANG-
POSE, SO READ IT [N TRANSPOSED FORM SUCH THAT WHEN A(l.,J)
RESIDES IN CORE IT WILL BE IN ORIGINAL FORM, ROWS 'I' WILL
CURRESPONE TO THE REGRESSION EQUATIONS: AND COLUMNS *'J' WILL
CORRESPONE 10 VARIAGLES IN THE EQUATIONS, NOTE THAT THE *A!
MATRIX SUPPLIED ON 'IFILE2' 1S MISSING THE *ZERO-ROW,' THUS
THE READINS IS INTO AREAS OF THE MATRIX BEYOND THE ZERO=~ROMW,
THE ZERO ROW ]S LATER SUPPLIED.

OoOoOocoOoOOo0O0000

450 READ (IFILE2,5020) ((AC1,J), 1 = 2oNDINA), J = 1,NCIMA)
5020 FORMAT (6E13.5, 2X)

c
¢ SUPPLY ZERQ=ROW.
¢
DO 525 J = 1,NDIMA
A(l,J) = 0,0
525 CONTINVE
Atl,1) = 1,0
c ELEMENT ,(3.1) SHOULD gE UNITY ,ND TAKBS ROLE OF ,(0,0). RESY
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268
269
270
271
272
273
274
275
276
277
278
279
280
281
282

264
205
206
287
288
289
2%0
291
292
293
294
295
296
297
298
299
300
301
302
303
304
3u5
306
307
308
309
310
311
342
333
3te
3,5

16

7
318
319
320
321
3e2
323
324
325
326
327
328
329
350
3s1
342
343
334
3385
RETY

c
C
c

a0 o0

o000

oo

OO0 o0 aoOooo

6080

6nQ

6120

6130

625

650

660

670
700

705

710

725

740

OF ROW 1 SWOU_LD BE ZERDES, €OPY THIS [NTO 8,!

Bl1,1) = A‘lli’

HRITE (IPQINT.OOBO) 3(131,

FORMAT (1HQ, 'FIRST OR ''ZERQ''-ROW-- '//S5X, 'B(i,1) 1S ',
s E12,5,5x, 'ALL OTHER B(1,J) SET TQ ZERO')

DO 600 J = 2.NDIMB

Btl,¥) = 0,0

CONTINVE

DISPLAY MATRIX *A* [F *IFLGA' ]g ON.

IF (IFLGA ,LE. 0) GO 710 650

WRITE (IPRINT,6120)

FORMAT (1H1, 'QRIGINAL MATRIX *'A'* IN LEFT-QUT VARIABLE ',
® 'FORM== '4/77)

WRITE (IPRINT, 6130

FORMAT (1H o Ty *1', T, rgr, T15, "ACJ) "4 67X, 'J', SX,
e 'ACY)'))

DO 625 1 = 1,NDIMA

WRITE (IPRINT,8100) |

WRITE (IPRINT,6105) (J, AC],J)e J # 1,NDIMA)

CONTINLE

[-L00P GOES DOWN THROUGH 'NEATEG' BLOCKS OF RAWS 4N BOTH Al
AND '@’

DO 2500 ICATEG = 1,NCATEG

*IPOINT' PCINTS TO FIRST ROW OF 'B® IN PARTITION BEING TREATED,
*IPTSS' POINTS TO INDEX OF 'SSCP' AND "A' ARRAYS CORRESPONDING TO
PROPER ELEMENT OF 'B,°'

IpoINT = 2

IPTSS = ¢

IF (ICATEG .EQ, 3) GO 71O 705
DO 700 IX = 1+1CATEG-

IpoINT = XPC}NT ¢ NZ(IX)
IP1SS = IPGINT - Ix

conTINVE

*IVOUT' POINTS TO LEFT-0UT RON OF §-MATRIX APPLICABLE IN PRESENY
BLOCK OF ]-ROWS, IT MUST BE COMPYUTED ONCE FOR EACK !=ROW
BLOCK CORRESPONDING YO VARIABLE CATEGQRY,

Ivoutr = 1

IF CICATEG .EQ, 1) GO TO 715
DO 730 IX = 34 ]CATEG-1

JVOUT = JVOUT ¢ NZ(IX)
CONTINLE

IVOUT = [VOUT ¢ NOUT(ICATEG)

ADV;NCE THROUGK AN T1-BLOCK, *I' Is ABSOLUTE INDEX [N '8’
ARRAY,

DO 2000 | = IPQINT,IPOINT+NZ(ICATEG)~1

gKIP THE LEFT=-0QUT ROW 'IVOyrT,"*

IF ¢ JEG. IVOUT) GO TO 2000

FIND THE APPROPRIATE ROW NOF 'A' FROM WHICH TO TAKE TWE COEFFIle
CIENTS USGD IN PREPARING LEFT-0UY *Br?! THIS NFED BE DONE
ONLY OUNCE FOR EACHW '1,!

Ia =1

IF CICATEG .EQ, 1) GO YO 77%

DO 770 IXx & 1,]CATEG-1
IA = TA * (NZUIX) = 1)
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] b =
>

b

?ﬂ 337 770 CONTINUE
358 775 Do 7280 Ix = IPOINT,!
339 IF ¢1X ,eEQ, [VQUT) GO TO 780
340 A 1A ¢+ &
341 780 CONTINUE
342 c
343 c J-LDOP GOEg ACROSS THRUUGH 'NCATEG® BLOCKg OF COLUMNg, FIRgT
344 C CULUMN IS ALWAYS OMITTED BECAUSE [T IS TREATED SEPARATELY
345 & BELOW,
346 c
347 - ZERD THE B-ACCUMULATOR ('BACCUM') USED TO SET THE 'B0' COLUMN,
348 C
349 BACCUM = 0,0
320 C
351 DO 1500 JCATEG 2 1,NCAYEG
352 C
353 c *JPOINT' PCINTS TO FIRST CULUMN OF 'B' IN PARTITION BEING
354 ¢ TREATED,
355 C
396 790 JPOINT = 2
357 IF (UCATEG .EQ, 1) GO TO 825
328 Do 800 yx = 1, cATEG-1
329 JPOINT = JPCINT * NZ(JX)
360 800 ConvINyE
Jo1 C
362 C ' JeNDB' 1§ END OF J-SCAN IN B-ARRAY,
303 C
304 825 JENDE = JPOINT + NL(JCATES) - 1
365 c
366 C FIRST sUPPLY THE 'b' CQRRESPOANDING TO THE LEFT=-0UY 'A,' THE

3 367 c NOUT(JCATEG)-TH AeVALUE 1S LEFT OUT, COMPUTE ABSOLUTE INDEX
368 - *JOUT' OF LEFT-OUT 'R.'
309 c
370 JOUT = JPOINT « NOUTC(JCATEG) - 1
371 c
372 c COMPyTE INCEX LIMITS IN A-ARRAY FCR A-VALUES TO BF UGED IN COM-
373 C PUTING THE LEFT=0UT 'a.t THE TRICK IS THATY ALL OF THe A-
374 c VALUES WILL ALWAYS BE USED IN THIS STEP, ONF NEFLC ONLY MULTIPLY
375 c TREM BY AFPROPRIATE SSCP ELEMENTS, ADD, AND CHANGE SIGN, ‘
376 c
377 840 JBGNA s 2
378 JENDA = JBGANA # (N2(1) - 2)
379 IF (JCATEG .EQG. 1) GO 7O 900
38 DO B5n UA = 1+ JCATEG-Y
391 JINE = ENZEJAY ~ 12
342 JRUN, = vglh, ¢ JINe
303 JENDA = JBGMNA ¢ NZ(Ja+1) - 2
304 850 CONTINLE
3a5 C
306 ¢ SELECTING A's FROM ROW tJA' AND BETWEEN 'JBGNA' AND +JENDA' AND
307 c 'S FROM CORRESPONDINGLY J-INDEXED SSCP=VECTOR, PERFORM MULTI-
3s8 c PLICATION TO PREPARE THE LEFT-0UT 'B,° ‘
309 c |
390 900 B(I,90LT) = 0.0 ‘
391 DO 957 JA = UBGNA,JENDA
392 Bl1,00u0T) = U], 0UT) & € AC[A,JA) o SSCP(JUA) )
393 950 CONTINUE
394 B(l,JOUT) = =B(I1,J0UT)
375 c
396 c SAVE Th1S LEFT=0UT *3' AS CORRECTIQON TERM TO BE APPLIED TO THE
3v7 (o OTHER A'S IN [TH ROW (QF B-ARRAY,
398 ¢
399 960 @ = B8C1,00LT) ‘
400 c 4
401 c ACCUMULATE ALL LEFT-0UT B's FORK TKE ROW 'I' BEING TREATED, THE &
4?2 c ACCUMULLATEL TOTAL WILL LATER BE USED IN PREPARING ELEMENTS e 4
403 c Bl 1), g
404 c
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45
406
497
498
409
MY
411
412
4,3
414
415
436
a7
438
419
440
441
422
423
424
43
426
'PYi
428
429
430
431
432
433
4354
435
436
37
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
438
459
460
461
482
463
464
465
466
467
468
469
470
471
472
473

965

OOOO00OO0ODO0O 0

9790

98¢
1000
1010

1500

ocoooOoOoooaaaaaaan aoaan

1900
2000

OoOOOO0OoO00

2020

2050

2070
2090
2095
2100
2110
2500

o0

BACCUM = BACCUM « O

NOW THE TAgK IS 1O FILL THWE REMAINING B's IN ROW '] FOR
J = JPOINT,JENDB FOR J NOT EGUAL 10 'JOUT* (ALREADY COMPUTED,
SKIP),

FIND JA-INLEX QOF ARRAY a1 CORRESPONDING YO THWE 'JPOINT' ELEMENT
OF ARRAY 'B.' THEN EXTRACY NZ(JCATEG)~1 A~VALUES FROM ARRAY,
CORRECT THEM WITK Q» AND STORE IN ASCENDING LOCATIONS OF 'B,!
SKIPPING THE 'JOUT* ELEMENT ALREADY TREATED.

JA = 1

IF (JCATEG .EQ, 1) GO TO 1000
DO 980 JUX 2 1,JCATEG-1

JA = JA Y (NZ(yX) = 1)
CONTINUE

J = JPOINT

JA = JA ¢+ |

IF (JA ,GT, NDIMA) GO TO 1500
TEMPO = A(JA,JA) *+ 0O

18 (Y «EQe JOUY)Y J ® g ¢ 1

IF (J «GT. JENDB) GO TO 1500
gtlsd) = TEMPO

I T |

IF ¢J ,GT. JENDB) GO TQ 1500
GO TO 1010

PRUGRAM BRANCHES TO HERE WHEN A J-CATEGORY !g COMPLETE, Thls
1S TERMINATION OF J-LOOP,

CONT [NVE

WHEN ALL J=CATEGOR]Eg FOR A GIVEN §-ROW ARE COMPLETE, THE =
ROW ACVANCE LOOP TERMINATES HERE, NEWY ]-ROW IN BLOCK OF I~
ROWS CONSTITUTING PRESENT 1-CATEGORY,

BEFORE GOING TO NEW |-ROW, SUPPLY THE 'BO' TERM FOR THE ROW
BEING TREATED, THIS IS SUM OF LEFT-0BT BtS (1BACCUM') SUBTRACTED
FROM THE 'A' CORRESPONDING TO 1ng= 1-ROW. [N OTHER WQRDS:
THE g(1,1) TEKMS ARE EQUAL TO THE MEARS OF THE ASSOCILTED
P“ELlcTANLS (NOT PREDICTORS), v1a' WAS A_READY BEEN COM-
PUTED AS THE [~INDEX QF 'A' CORRESPONDING TO THE I=INDEX
oF 'B,°

B(l,1) = A(la,1) - BACCUM
conTINVE

WHEN ALL I-ROWS IN PRESENY 1-CATEGORY ARE COMPLETE, [-L00P TER~
MINATES HERE FOR A NEw [~CATEGORY (NEW BLOCK OF !-ROWS),

FIRST WE MUST TREAT THE IVOUT-TH §-ROW AS NEGATIVE QF SUM OF
THOSE BEFORE ]T, *80' COLUMN ADDS 7O ONE. OTKERS TO ZERO,

Ix = Iyour

p0 2050 v = 1,MDIMB

BCIX,u) = 0,0

CONTINUVE

po 2100 y = 1,NDIMB

?9 z?9o | = IPOKNY01901NToNz(chTEG) 1
Tvoyt) G0 10 2090

a(lX.Jl = i(lX.J) ¢ 81,4

CONT INVE

BUIX,d) = =BUIXsJ)

CONTINVE

BCIX,1) = 4.0 » a(lx.x)

CONTINVE

WMEN PROGRAM CONTROL ARRIVEg AT THIs POINYT, THE B-MATRIX g COM=

PLETE AND REARY FOR OYTPUT, ALWAYS PRINT THWE MATRIX, OUTPUY
TO FILE '10UT! IS OPT]ONAL, DEPENDING ON OUTPUY FLAG 'IFLGB,!
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474 c If WRITTEN, 'JOUT' CAN BE ADDRESSED TO TAPEs DISK OR CARDS, AS
rg 475 c PROV'ICED N JCL,

476 ¢

477 WRITE (IPRINT,6090)

478 6090 FOKMAT (1H1, 'PLODJTE QUTPUT MATRIX 11Bri== o///)

479 WRITE (IPRINT,6095)

480 6095 FORMAT (1K o+ Tds» '['s 19, 'y, T15e 'BCJ)'r 6(7Xy 'J's 5X,

401 s 'o(d)'))

482 pO® 3000 | = 1,MDMb

4u3 WRITE (IPRjNT,6100) |

454 6100 FORMAT (1KHO0, T2, 19)

485 WRITE (IPRINT#610%) (Js BClsy)s J & 1+§DIMB)

496 6105 FORMAT (7154 2Xo¢ 130 1Xe E11egq* 2X» 132 41X+ E31e4? 2%X0 130 1X»

487 s Fl11.,4, 2X, ng 1%, E11.4, 2X, 131 i1X, E11.4, 2X, 135 iX, E11.4,

408 e 2%, 14, 1X, E11,4)

459 3000 CONTINLE

450 IF C(IFLGB ,LE. 0) GO TO 4000

el | DO 330¢ | = 1°NDMB

492 WRITE (10UT+6130) (B(I1sJd)» J = 1+NBDIMB)

453 6110 FORMAT (5E15.,8)

494 3190 CONTINLUE

495 REwWIND 10UT

496 c

4y7 ' TERMINATION.

498 ¢

499 4000 STUP

500 ENL
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0001
0002

v003
0004
0005
Jugeé

wou7

000s
0009

0GCi0
ooll

0012
0013
uile
uo15
0016
uol7
0018
0019
002v
00<i

0022

ov23
0524

Cogs

000

0027
0028
0029
0030
0031
0032
0033

Appendix B

CROUT PROGRAM

C THIS PROGRAM PKODUCES REGRESSIUN COEFFICIENTS USING THE CRUUT
C FORwWARUD-OBACKWAKD SOLUTION METHOD
G

DIMENSIUN SSKR( <£0)

REAL®8 A( 20, 20)48( 2Cy 20)eY( 20, 20)

REAU Ns THE CROER UF THE SQUARE MATRIX A. NM,THE NUMBER CF
PKEDICTANDS APPEARING IN THE SSCP PREDICTUR-PREOICTAND MATRI X,

[aNaEakal

READ(54900) NyNM
900 FURMAT(213)

NP=N+1
NL=N=-1
C
C READ IN THE SSCP PREDICTUR MATRIX
C
READ(5,901L) ((A(I9Jd)eJd=LeN)sl=1,N)
G
C READ THE S5CP PREDICTUR — PREDICTAND MATRIX.
C

KEAD(59901) ((Y(Lsd)eJd=14N)yl=1,4NM)
901 FURMAT( 7F5.0)
C
C BEGIN CALCULATING THE CROUT AUXILIARY MATRIX BY GETTING THE FIRST RUW
C
DU Llu I=¢Z4N
10 Al(ly L)=A(1,1)/ALL,1)

C
C CUMPLETE THE CROUT AUXILIAKY MATRIX
C
DO 206 J=24N
DU 3u I=J,N
JS=J-1
DC 40 L=1,4°S
AlToJ)=Al1,J)=-A(l,LI*¥A(L,JI
40 CONTINUE
IF(J«EQel) GO TU 30
ALy 1)=A(1,J0/7A0J04)
30 CONTINUE
20 CUNTINUE
C
C K REPRESENTS THE VAKRIABLE FUR WHICH YOU ARE DERIEVING CUEFFICIENTS
C
DO 500 K=1,NM
C
C AUGMENT THE CROUT AUXILIARY MATRIX BY MAKING A LAST RUW wlITH THE
C K TH KUW OF THE SSCP PREDICTOGR—=PREDICTAND MATRIX.
DO 50 M=1,N
0 A(NPoM)=Y (K M)

PLACE THE 1 ST ELEMENT UF THE K TH ROW INTO THE LAST DIAGONAL ELEMENT
OF THE AUGMENTED AuXILIARY

AINPyNP)=Y (K, 1)
START TO CALCULATE THE ADOITIONAL ROW AND COLUMN
ALLyNP)=A(NP,L)/ALLy1L)

COMPLETE PROCESSING THE ADUITIONAL RUW AND COLUMN AS IN 2C LOOP ABOVE

oo o060 oo w

DO 200 J=2,NP
JS=4~1
DU 40C L=14JS

400 AINP ¢ J)=A(NPoJI=A(NP,LI*A(LyJ)
IF(J.EU.NP) GO TU 200
ALJyNPI=AINPoJ) /ALY I)

200 CUNT INUE
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oEGIN CALCULATING THE COEFFICICNTS FOR THE K TH VARIABLE BY GETTING THE
LAST CUEFFICIENT

sl aEalal

vuise BIKyN)=A(N,NP)
3035 DG 450 J=1,NL
0035 JJ=N=J
PEY BlKyJU)=ALJJIyNP)
PEY") DC 30U L=1,4
003y LL=NP-L
004y 300 BUKe JJ)=B(KoJU)—A(JI LL)*B(KsLL)
Joal 450 CCNTINUE
G
C CALCULATE THE RESIOUAL SUM OF SQUARES
C
0042 SSRIK)=A(NP NP)/A(L,y1)
C043 500 CONT INUE
C
C QUTPUT THE COEFFICIENTS
C
0J44 00U 600 K=1,NM
Uo45 WRITE(6¢902)K 4 SSRI(K)
0046 902 FURMAT (1HO, 16,4k 14.6)
0047 WRITE(6¢903) (JyB(KyJ)ed=1yN)
Uu4es 903 FURMATIO(I5,£15.0))
0049 600 COUNTINUE
0050 STUP
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C
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C

Appendix C
REGRESSION ESTIMATION OF EVENT PROBABILITIES
(REEP)

DESCRIPTICN

PERFORMS REEP ANALYSIS( SEE CHAPTER 5 ) GIVEN THE CRCSSPRODUCT

MATRIX AMONG A SET OF PREDICTORS(ZZ) AND THE CROSSPRODUCT MATRIX

BETWEEN A SET UF PREDICTANDS ANL PREDICTORS(YZ).

SCREENING IS PERFORMED AMONG THE PREDICTORS TO MAXIMIZE THE PREDICTABILITY
FOR A GROUP OF PREDICTANDS. ALL OF THE PREDICTANDS IN A GROUP ARE

DUMMY VARIABLES, USUALLY MUTUALLY EXCLUSIVE AND EXHAUSTIVE.

NOTE THAT THE URDINARY F TEST IS NOT APPRPRGPRIATE WHEN SELECTING

PREDICTURS BY A SCREENING PRUCEDURE. [T IS RECOMMENDED THAT THE PRUBABILITY
LEVEL OF THE TEST Bt MADE A FUNCTION GF THE NUMBER OF POSSIBLE PREDICTORS(IP),
SPECIFICALLYy (1 = L/ (23%IP)). THUS AN ORDINARY 95%, LEVEL WITHOUT SCREENING
WOULD BE (1-1/20). SINCE MOST STATISTICAL TABLES SUCH AS HALD'S CO NOT COVEP
THe SITUATION OF A LARGE NUMBER OF PREDICTORS, IT IS SUGGESTED THAT THE
INVERTED PAULSON APPROXIMATION BE USED TO ARRIVE AT THE CRITICAL F VALUE.

A FACTOK W IS USED TO APPRUPRIATELY REDUCE THE NUMBER OF SAMPLE CASES

BECAUSE OF SERIAL CORRELATION., FOR EXAMPLE, IF ONLY EVERY EIGTH OBSERVATION
CAN BE CUNSIDEKED INDEPENDENT, SET W EQUAL TO 8.

TINVERTED PAUSON F”mx/mm Fen,n, )’ahr atb'- Ea L1 a.)f!‘ 1CE~-u-0Ke 1 ]
a.-n-q‘;. and bt)- [e*-c-)KE ]

WHERE K IS THE NUMBER UF STANDARD DEVIATIONS THE ACCUMULATED PROBABILITY &
IS FURM THE MEAN OF THE NURMAL DISTRIBUTION,

INPUT
CARDS COL FMT NAME DESCRIPTION
1 -3 13 P NUMBER OF PREDICTORS. ZZ IS AN IP X IP MATRIX
4-6 I3 MM NUMBER OF PREDICTANDS. YZ IS AN MM X [P MATRIX
-9 I3 1G NUMBER COF PREDICTAND GROUPS«( E«Ge CEILING,
VISIBILITY, PRESSURE, ETC)
16-12 13 166 MAXIMUM NUMBER OF PREDICTAND DUMMY CATEGORIES
IN ANY CF THE IG PREUICTAND GRUUPS.
2 -3 I3 N{l,1G) DEFINES THE START POINT FOR EACH OF THE IG PREDICTAND
GROUPS.
. 4-5 13 N(2,1G) DEFINES THE END POINT FOR EACH OF THE IG PREDICTAND
. GROUPS.

FOR EXAMPLEs SUPPOSE CEILING IS GROUP 2 AND ITS DUMMY PREDICTANDS ARE FROM
20 TO 26 IN THE YZ MATRIX. THEN N(1,2)=20 AND N(2,2)= 26. THERE WILL BE
IG CARDS CF THIS TYPE.

1G#2 1-10 F5.1 FCRIT CRITICAL F VALUE.
6~10 FS5.,1 W FACTOR THAT IS DIVIDED INTO THE NUMBER OF

OBSERVATIONS TG GET THE NUMBER OF INDEPENDENT 0BS.
ZZ AND YZ MUST ALSO BE INPUT AND THIS IS DONE VIA SUBRUUTINE SCRNIP.

IN THE SCRNIP LISTING PROVIDED, ZZ AND YZ ARE READ FRUM TAPE. ZZ IS A
L31x 131 MATRIX AND YZ IS A 131 X 130 MATRIX WHICH MUST BE TRANSPOSED.

PROGRAMMER ~ DR ROBERT Ge MILLER AND CAPT MICHAEL KELLY
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DIMENSION Z2Z(1314131)9Y4(1314131)+8(254132)42(132,132),Y(25,132),
EN(Z2922) 9 1S1132), TEMP(L132)+TRCI25) +sTRP(25)sTRBIR5)sBEST(132),
*SSR(ZY9)

DATA TRC,TKP,TRB/75%0./

DATA BEST/132%0./

READ(5,90C) IP¢MM,IG,yIGG

900 FORMAT(4]3)
READ(54,9UL) (IN(LoJddol=142)0d=1,1G)
501 FURMAT(213)
READ(5,602) FCRITyw
902 FURMAT(2F5.1)
C SCRNIP IS AN INPUT SUBROUTINE. IP AND MM ARE PASSED TO DEFINE THE
C SIZE OF 21 AND YZ, THE CRCSS PRCDUCT MATRICES MENTIONED ABOVE.

CALL SCRNIP(IPsMM,22,Y2)

1TT=0

NP=0

I1S(1)=1

C RESTART PUINT FOR NEW PREDICTAND GROUP
1000 1I1T=0
C L DEFINES THE PREDICTOR BEING CUNSIDEREDe

L=1

Zllyl)=22(1,41)

C NP INDICATES THE PREDICTAND GROUP YOU ARE WORKING WITH

NP=NP+]

C KB AND KE DEFINE LIMITS OF THE NP PREDICTAND GROUP

KB=N(1,NP)

h KE=N(2,NP)
KSZE=KE-KB+1

DC 1100 M=KB,KE

[T=1T+1

Y(ITel)=YZ(M,1)

C TRANSFORM TO SUM OF SQUARES OF DEVIATIONS FROM THE MEAN.

TRPUIT)=Y(IT1)=Y(IT,1)%%2/2(1,1)

1100 CONTINUE
C RESTART POQINT FOQ SELECTING NEXT PREDICTOR
2200 17=1
X=0.
100 DO 55 J=2,1°P
C TEST TU SEE IF PREDICTOR wAS PREVIOUSLY SELECTED.

DO 5 I=1,L
1F(J-ISLI)) 5,55,5
- CONTINUE
C LOAD TEMP wITH POSSIBLE PREDICTGR
DO 10 I=1,L
K=1S(])
TEMP(1)=22(KyJ}
10 CONT INUE
LT=L+1
C LOAD 5UM UF SQUARES OF PREDICTCR INTC TEMP, A WGRK SPACE.
TEMP(LT)I=L2(J,4J)
C LOAD Y
DO 15 M=KB,KE
[TT=1TT+1
YUITTLT)=YZIM,J)
ITi=1S(L)
YOITT,L)=YL(MuITI)
15 CONT INUE
ITT=0
C TEST TO DETERMINE IF FIRST PREDICTOP
IF(L=2) 27,208,428
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C AUGMENY TEMP
28 LLT=LT=-1
CO 2C LL=2,LLT
LLN=LL~-1
DU 2% LN=1,LLN
TEMP (LL)=TEMP(LL)-TEMP(LN)*Z(LN,LL)
l5 CONTINUE
20 CONT INUE
et DU 22 LN=1,L
TEMP(LT)=TEMP(LT)=TEMP(LN)**2/Z(LNyLN)
22 CONT INUE
[T=KS2E
IF(L=-2) 37,38,38
38 DU 30 M=1,IT
DC 35 LL=L,L
Kl=LL-1
C AUGMENT Y
DC 31 KK=1,yK]
Y(MgLL)=Y (MoLLI-Y(MyKK)*Z(KKoLL)
31 CCONT INUF
35 COUNTINUE
30 CGNT INUE
37 D0 32 M=1,IT
DO 34 LL=1,L
YAMLT)=Y (M LT) =Y (M, LLISTEMPILL)/ Z(LL,LL)
34 CONTINUE
32 CCNT INUE

DU 4u M=1,IT

C DIAGUNAL TEST
IF(TEMP(LT)-1l.E-6) 55,55,43

43 TE=Y(MoLT)*&2/TEMP(LT)
TRCAM)=TRP(M)=TF

C TEST FOk MAX RATIC
IFCTF/TRC(M)=-X) 40,40,45

45 X=TF/TRC(M)

[J=4
DO 47 KK=1,LT

C TRANSFER TEMP INTOU BEST
BEST(KK)=TEMP(KK)

47 CUNTINUE
00 400 MM=1,IT
TREB(MM)=TRP (MM) =Y (MM, LT)**2/TEMP(LT)

400 CONT INUE

40 CUNT INUE

55 CUNTINUE

C DO SIGNIFICANCL TEST
[FCUX®ZZ0Ly L) /W=LT)~FCRIT) 2000,2000,2100

2100 ITT=0
L=L+]

C PREDICTOR IS SIGNIFICANT- INCORPURATE INTO Z.
D0 550 KK=1,LT
LILyKK)=BEST(KK)

550 CONT INUVE
[IT=LT-1
U0 420 KK=1,11T
Z(KKyLI=BEST(KK)/Z (KK KK)

420 CONT INUE
IstL)=1J
00 450 M=1,1T
TRP(M)=TRB(M)

450 CONTINUVE

C TEST TU SEE IF LAST PREDICTOR.
IF(L-1P) 2200,2200,2000

Cc-3

SO e




C PERFURM BACK SOULUTIUN
2L00 M=NP+l
LT=L+1
DC 5000 K=1,KSZE
C TACK ADDITIUNAL ROW ON 2
DO SClC J=1,L
ZLT e JI=Y K, J)
5010 CONTINUE
| C TACK ACDITIONAL COL ON 2
00 5020 J=1l.L
ZUJyLT )=V (K W J)/ LI J)
5u20 CONTINUE

Z(LT LT)=Y(Ky1)
C DETERMINE THE RESIDUAL SUM OF SQUARES
DU 5030 J=1,L
‘ LT oLT)=Z (LT 4LT)=2(LT 3 J)*2(JyLT)
5030 CONTINUE
C BEGIN CALCULATING THE COEFFICIENTS
NS=LT
NL=L~-1
BIKsL )=Z(L o#NS)
DU 5040 J=1,NL
Jd=L=-J
BIKyJJI=2LJJ4NS)
DO 5050 I=144
LS=NS—1
BIKyJI)=BIKJJII=Z(JIyLS)*B(KsLS)
5050 CONTINUE
5040 CONT INUE
} C CALCULATE THE RESIOUAL VARIANCE
SSR(KI=ZINSeNSI/L(1s1)
5000 CUNTINUE
C QUTPUT THE COEFFICIENTS
WRITE(6,904) NP
GG4  FURMAT(*1 THIS IS PREDICTAND GROUP NUMBER *,13)
DO 6CC0 K=1,KSZE
WRITE(61905) KySSRIK)
505  FORMAT('O THE RESIDUAL VARIANCE FOR THE *,I3, t
¢ PREDICTAND IS *,F9.6)
WRITE(€6,90¢) K
906  FORMAT('OBELUW ARE THE PRECICTOR NUMBEKS AND COEFFIC IENTS FOR ¢
€, THE *,13,* PREDICTAND')
WRITE(6+907)(JeISUJ) sBIKed)ed=1yL)
90T  FURMAT(4(2144E15.6))
6000 CUNTINUE
C HAVE YUU DCNE ALL PREDICTAND GRUUPS,
1F(NP=IG) 100043000, 3000
3000 STOP
END

SUBFOUTINE SCRNIPLIP MMyZZyY2)
i DIMENSION ZZ(1314131),Y2(131,131)
: READ(Ly900) ((ZZ(14d)sd=1yIP)yl=1,1P)
C TRANSPUSE OF YZ 1S NEEDED
! READ(29900) ((YZ(Jol)ed=LoMM),l=1,1P)
’ 900 FORMAT(145F7.0)
i WRITE(6,4901) g
? 901 FORMAT(*]l BELCW IS THE 22 MATRIX') 3
§ WRITE(69902) ((1oJdell(14d)ed=LyIP)yl=1,1P)
902 FURMAT(5(214,F1C.0)7)
l WRITE(64903)
] 903 FORMAT(*] BELUW IS THE YZ MATRIX?)
‘ WRITE(6,902) ((1ydo¥2{lsd)sd=lelP)ol= MM}
KETURN

END
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