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AESTRACT

The c¢bject of this thesis has been twofold. The
first ckject +was to develop FORTRAN versions of
several existing APL programs which were designed tc
analyze univariate data. In particular the programs
vere designed to test for exponentiality and normality
of the data and, bty secticnirg or jacknifing, ottain
estimates of sampling variances of sasplie moments.
The seccnd object of the thesis was tc use these
programs in a simulation study c¢f first-ccme
first-served queues in which the service times and the
inter-arrival times are exponentially distributed tut
dependent. The dependence is introduced ty using the
nixed moving average autoregresive structure
( EARMA(p,q) ) for exponential sequences introduced by

Lewis and co-workers. FPour models <¢f <correlated

gueues are introduced, giving autoccrrelatad and
cross~correlated service and arrival times in varicus
degrees. The simulation study gives a guantitative
idea «c¢f the effect cf correlation cn the mean waiting
time and the distriktution of the waiting time.
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The ccject of this thesis has been twofcld.

The first object was to develop FCETEAN versicns of
several existing APL programs which were designed tc aralyze
univariate data, in particular to test fcr exponentiality
and normality of the data and, ty sectioning or jackrifing
oktain estimates of variances of sample moments.

The seccnd object was to use these fprograms in a
simulaticn study of first-come first-served queues in which
the service times and the inter-arrival times are
exponentially distributed but dependent. 1The dependerce is
introduced by using the mixed moving average autoregressive
structure ( EARMA (p,g) ) for exponential sequences
introduced Lty Gaver and Lewis (1977), Lawrance and Levis
(1977), Jaccbs and 1lewis (1977) and lawrence and lLewis
(1978) . Four schemes are intrcduced which give
autocorrelated and cross-ccrrelated service and arrival
times in various degrees.

Since =nc apalytical properties of these queues can be
derived, their GFproperties are studied ky simulation.
Because the EARMA queues are neither —regenerative nor
Markovian there are several problems in the simulaticn study
of knowing when one can assume that a steady state has Lteen
reached in the simulation and of <c¢btaining confidence
intervals for estimated parameters. This prctlem is handled
by generating a number of independeant <sample paths and
ccmparing statistics obtained from the replicaticrs at
several pcints along the sample paths. Only the waiting
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tim€ prccess (WN) is studied in this thesis, not the state

Space prccess N(t).

Unfortunately the simulaticn study cf the EAEKMA-type
gueue was hampered by the size and sgeed cf the
IBM System 3é0/67 system at the Naval Postgraduate School.
Consequently the results were not as extensive as had teen
hcped fcr. Fairly detailed results are given for the case
where the service time process is autoregressive; one case
where the traffic intensity 1is 0.99 and the correlaticn
parameter 0.98, was intensively investigated. This gives
scme idea of the length of the transient in the gueue and of
the inflation of the mean waiting time Lkecause cf the
correlaticn in the service prccess. Some investigation of
the case where the service times and inter-arrival times are
cross-correlated are given.

In section II we describe the basic histograr and
statistics computation package ‘'HISTGS/F' and apply it to
t4o sets of telephone errcr data. In section III the
plotting w@method and the [fplotting Subrcutines 'YNCEFMEL!Y,
"EXPLT' are described and we test them with various
generated data. In section IV we describe the assessment of
variability Subroutines 'SECTN', 'JACK' and we apply ttem tc
telephone data set 1. In section V the Sukzcutine 'IIST' is
described and we apply it to two sets of telephone error
data. In section VI we describe and analyze the EARM2A (E,q)
model as well the program waich we developed in order to
simulate it. Computer program listings are provided after

section VI.




II. SUBROUTINE HISTGS/HISTE

A. DESCEKIPTION

Here the Subtoutine 'HISTGS/HISTFS' 1is presented.
'HISTGS/HISTFS' 1is wused for estimating the proktakility
density function <from a given set of data and at the same
time computing some tasic statistics. Easically this
Subroutine 1is the library FORTRAN-Subroutine HISTF/G, which
was created at N.P.S. by LC. W. Robinscn. It has Leen
mcdified ty adding the new entry point 'LIMIIS'.

The new sntry point may be used for wild data or for
data having a mixed distributicn. Therefore it is a tuseful
tcol for that user invclved with this kind cf data. Simply,
the wuser has to define those values in the range of data
(sectioning the data into several disjocint sections) that
hes/she Lelieves are useful cut points. For each secticn of
data the user may have the prcbability density functicn as
well as the basic statistics ( as HISTF/G dces ). Alsc by
sectioning the data over its range, the wuser may have a
histogram c¢f the random variable when it is conditioned to
ke between given limits.

The numter of sections that the entry pcinot 'LIMITS' can
accept is as many as 5C.

A ccamplete Jescription of how 'HISTGS/HISTFS' operatces
is given in the subroutine. Cn the other hand, a summary of

the subrcutine is given by typing on the terminal the
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ccmmand CESCEIBE HISTGS under CMS (Camkridce Monitor Systenm,
Ref. 4). TIyping 'DESCRIBE HISTGS' the following response
will be given on the terminal:

SUBRCUTINE HISTGS/HISTFS

'HISTGS/HISTF.' gives you a histogram cf a set of data
alcng with the estimate of a set of basic statistics. Also
it gives you the following ofptions:

1. Disglaying a swmoothed empirical prckability density
function cver the histcgraam,

2. Sectioning the data into several disjoint sections
(0o more thanm 50) anrd then having a histcgram ancé¢ the
estimate c¢f tasic statistics for each secticn,

3. Scaling the histograa,

4., Disglaying just the histogram (witk cr withcut the
density functicmo) and no statistics.

The estimated basic statistics are: Mean, Median,
TIrimean, Midrange, Geometric Mean, Harmonic Mean, Variance,
Standard Deviaticn, Coefficient cf variation, Mean
Deviation, Range, Midsgread, Third and Forth Central Mcment,
Skewness, Kurtosis, Betal, Beta2, Maximum, Minimun, and
guantiles.

CALLING SEQUENCES
CALL HISIGS ( X, N, NBAR )
CALL HISTFS ( X, N, NBAR )
CALL LIMITS ( X, N, XLIM, LINMS )
CALL NCSTIAS
CALL STATS
CALL PIXS ( SCALE )
CALL NCFIXS
CALL PRCMAX ( PSC )
CALL NCERMX
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ARGUMENTS
X Array of data values

N Number of data values

NEAR Number of bars in the histogram

XLIM Array of cut points

LIMS- Number of cut pcints

SCALE Vector of two values to scale the data

PSC A real variable (between 0. and 1.) defining
the maximum value of the prcbability axis.

If the entry point NOSTAS is called befcre «callinc any
of the entry points HISTFS, HISTGS, or LIMITS tken no
statistics are printed, otherwise the statistics are printad
ky default.

By calling the entry point FIXS the histcgram scale may
be <£fixed and remains set unless it is reset Lty another call
tc FIXS or allowed to float (the default) by calling NCFIXS.
The reason for fixing the scales is so that when ccmparing
mcre than one batch of data, we can get <ccgparably =scaled
histogrars.

By calling PROMAX, the maximum value of the prokcatility
axis (Y) can bes set to PSC, which will remain ir effect

until NOERMX is called (the default).

More infcrmaticn is given in tne subroutine.

B. USING 'HISTGS/HISTFS' WITH TELEPHONE DATA 1 AND
TELEPHONE DATA 2

Here 'HISIGS/HISTFS' has been used to plct the set cf
Telephone Data 1 and Telephone Data 2. The algorithmic




procedure for both sets of data is the same. That is, the
entry pcint 'HISTFS' 1is <called first and then the entry
point *'LIMITS'. Four cut points have been used (1, 2, 141,
86000) sectioning the data into three disjcint secticns as

fcllows:
Sectican 1 : Consists of data points X(_), such that
i
1 <X < 2
i)
Secticn 2 : Includes the data pcints x(_), such that
ol
2 S 't < 141,
i

Secticn 3 : 1Includes the data points x(.), such that
i

142 £ X < 86000.
i

No ¢print-out for secticn 1 is given because cf the
ccnstant value of the data pcints.

Figures 1 through 6 give the histogram and the tasic
statistics fcr both sets of data ( For the entire =set and
fcr secticns 2 and 3 ).

We observe that both of data sets are sc unruly that the
use of the entry pciat 'LIMITS' cf 'HISTGS' is suggestegd.

Observing Figures 1 and 4 we may conclude that bottk data
sets appear to Lke the same, having scme geometric or
éxpcnential distributicn. But as we ‘will see later this is
nct true. Thus the histogram, in that «case, which is
cktained by using just the entry point 'HISTFS' is nct
helpful and leads us tc a wrcng conclusion.

'LIMITS' is applied now to give us a useful answer :

Observing figures 2 and 5, obtained by using the entry
peint 'LIMITSY, we may conclude that the data sets dc not
have the =same distribution ( at least in that interval ).

In addition data set 2 is far from having a geometric cr an




expcnential distributicn, as it can be seen ty the histogram

of the entire set of data. This is a <ccnclusion which
cannot Le cktaiaed Ly without use of the entry pcint
CLINITS'.,

Observing also Figures 3 and 6 , where tke histcgraam of
the 3rd secticn frcm each data set is presented, we nmay
conclude that +this section of both data sets may have an
exponential distrikbuticn, but not the same cne.

The most important £facet of the data which appears is
the modes at about 124. The mode is much mcre apparert in
T<lephone Data 2. In fact closer investigaticn reveals that
this mode was due to leakage of dial pulses; this 1leakage
caused bit errors at multiples of 124 bits.

The akove is a gquick and informal analysis of the
Telephone Data Sets obtained by wusing the entry pcint
*LIMITS' of '"HISTGS/HISTFS', and the conclusicn is that toth
cf data sets are so unruly that any fcrmal characterizationm
cf their distribution is not so easily obtained. In
addition it 1is apparent that a mixed distribution gcverns
Eoth sets of data.

Having quickly analyzed bcth of the telephone data sets,

the use of entry pcint 'LIMITS! of the Sutrcutine
"HISTGS/dISTES' is cbvious.
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A. INTROLUCTION

Graphical methods of assessing the validity cf a
probability wmodel, and of estimating some tasic pararmeters
(especially lccation and scale parameters) have been widely
applied OVer many years. A variety of different
Frescriptions have been advanpnced for the plctting positicas,
that is, fcr the set of values at which the crdered
ckbservaticns in a sample should te plotted.

Plotting the <c¢rdered data is an infcrmal and guick
visual wmethcd for getting an impressicn of how taoe
distribution of data looks. Depending c¢n what is kncwn
akout the distributicn of the data there are many
probability plotting methods.

The Flctting Subroutines presented here, 'NORMPL' and
'EXPLT', use the method cf fplotting the crder statistics

( x(i) ) versus their expectad value ( E[x(i)] ) called
'SCORES' . This wmethocd does not require knowledge cf the
Cumulative Cistributicn Puncticn F(X) (except for its
assumed continuity). Therefore it may ke very attractive
fcr those whc kncw nothing abcut the data tc ke analyzed. In
addition the indication of the graph may lead the analyst to

further useful results.

Ahsaetad v




Using the Plotting Subroutines *NORMPL' and 'EXELT' cne
may analyze the resulting graphs obtained tc get an idea of
the distribution of the data.

.

B. DESCRIPTICN OF THE PLOTTING METHOD

The idea tehind this methcd, as abcve stated, is tc gplot

X versus E(X  J. i
i) i

It is wused where data x1, xz, e ety X arise as
n

independcnt observations of a continuous Karndom Variakble X

with a distritution function which is believed to have <scme
particular form F(x) . Then the ordered data

x x ’ .." x‘

lctted against E[X .
e13” Teg are p g L 25 ]

n) i)

If the mwmcdel for F(x) used to get z(x(_)] is true then
1
the resulting plot is a linear (regression) relationship and

should r[rlct, within 1limits of sample variations, as a

straight line. Barnett (2] gives the value cf E[X(_)] as a
5t

linear relaticn of the plotting position Xy That is:
i

B(X = m + sx

( <i>] (i> %
here @, and s, are the location and scale parameters. The
Mean and Variance of X are not necessary. As we see the
above relaticn uniguely defines the plotting positicn as @




X - o
€i)d

B[ ~=v= e ]

Therefore, if the model is correct the lipnearity will
probakly te evident. 1In addition if the resulting plot not
being 1linear 1leads us to reject the model, we may cet an
indicaticn of the type c¢f departure present and thus an
indicaticn of what actior tc take or what alternative mcdel
to use. It should be noted that the linearity of the graph
suggests informally that the model 1is true, but rnct tc
accept the mcdel. Additional formal tests must be done in
crder to accept the model.

C. SUBRCUTIXNE NCRMFL

1. Description

Subrcutine YNCEMPL', is used tc test a sample of
independent ckservations of a ccntinuous Randem Variakle X
having a distribution functicn which is believed to have the
Ncrmal fcra.

'NORMEL' sorts the data intc increasing CIrcCer to
create a set cf Order Statistics. Then the Order Statistics
are plctted versus either Ncrmal Sccres
(if n £ 50, n = pumber of data-points) or ictverse of the

-1
Standard Normal Cumulative Distributicn Function (F (3y)).,

(if n > 50).
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Evaluation of Normal Scores is tased on ccaputing

1) .

th
the Expected Value of the i Order Statistic ( E[x‘,)
1

This evaluation follows:

th

g(x(_)) be the density functicn cf the i Crder
i

Statistic of a saafgle x1, x2, Ssaly Ik frecm a population
n

having the Standard Ncrmal Cistribution F. Then g(x(,)) is
i

given by :

. .
e F 1-F £
g(x ) e e T 0 e

nt

= mmeemeleme—ee - e,

(i-1)! (n-i)!

- e e o - -

EfX 3 =J X g(x) dx

-

n!

(1) S eemcemm e ————a

(a=1)! (n=1)!




The value of expression (1) has been evaluated and
is given in (19]. This table gives the values of Normal
Scores frcm 1 to n/2 (for n<50). The values from (n/2)+1 to
n are evaluated using the symmetric expressicn :

E[X

—
n

- E[X )

i) Cpn=i+1)
Also

E(X ]=0, n = 2k+¢1 ,

(k+1)

fNCRMEL' usss the atove Normal sccres if n £ 50. For
n > 50 'NORMEL' computes its cwn Normal Sccres using the
program function 'INVNRM', which gives the value x c¢f the
inverse Standard Ncrmal distributicn (x = F-1(y),
0 sy=s 1). Justification of this is the fact that if the
data are really normally distributed then

E[x‘_)] F(i/(n+1) ). Therefore 'NORMPL' can accomcdate
i
acy sample size.

In addition to the plot givenm Ly 'NORMFL', the

Wilk-Shapiro test for ncrmality can be evaluated by the same
Subroutine. A detailed description of that test is giver in
(22)]. Howaver a summary of that test is presented here 1in
crder tc help us to describe how the prcgram works. The
Wilk-Shapiro test is based omn the statistic:

where:

X
b = a X = X k=r/2 n €vVen
=1t am1e1! (n=i+1) Tl e

[ 2




+ a (X -X e k=(n-1) /2, n odd

The coefficients (a ) are defined by:
i

n
a =2 Zmau,_ /C, 1= 1,2, 50
1 =t 3 1]
where:
m_ = E[X(j)], (That is the 'NORMAL SCCRESY)
J
llij= COV[X(i),X(j)], i'j = 1,2,--.,11
z t -1 -1
C =an o
where:
L}
D= (3 ,M ,.0.0
( 17957 n)
V= (u ), That is the nXn Covariancs Matrix.
i,J

There are some approximations asscciated with the
evaluaticn of these coefficients. However fcr n £ S5C the

(a,) are taktulated in the aktove-menticned paper ard the
i

frogram uses them by FCRTRAN DATA initializaticn staterments.




Fcr n>50 the (a ) are computed by the program using

i
the follcwing approximation method:

a, = 2m_/C, S [Pl R o

3 i
where C is given by the following Least-Square equation as a
function cf n:

2
C = =-2.722 + 4.083n -
dlsc, for n=1
2 F(n/2 + .5)
e ¥ 12 A SR E
z Mns2 + 1)
Ncte that a = a .

i n-i+1

Scme properties for the W Statistic can ke given

here, whica have been taken from the above mentiocned Gfpaper:

(a) . W is scale and origin invariant.

(b). W has a distribution which degends only c¢n the
samgle sizs n, for samgles from a Normal Distribution.

pi

(¢). W 1is statistically independent of S and of ¥ for

samples from a Normal Distributicn.

T 2L 2T
(d) . E[W ] = BE[(b J/E[(S ] for any r.
(¢) . The pmaximum value of W is 1 .

2
(f). The gipimum value of W is nal/(n-1).

(9) The half and first moments of W are given by:

s R M(n/2 -.95)
E( W ] = ---L--___-_;_; ;
C rm/2) 2
32 32 1
+
siny o LB2R

e




where:

P -1
R=23V nm

(b) . For n=3 the density of W is given as:

3 -1,42 =1y2
fa(u) " g~ (1-%) £ W /, .75 s w £ 1,

!NORMPL! is a FORTRAN-callable Subroutine with each
call returning (optionally) either a plct fcr a given set of
data or a value for the W Statistic or bozth.

The program is divided into three fparts:

The first part is the ccrtrol prcgram of *NOEMEL'.
In that part the 'Normal Scores' for n = 2(1)2¢ and
n = 26(2)S50 are stored along with the Sukrcutine Lty CATA
statements; on the other hand, the Normal Sccres for r > 50
are computed Lty calling the prcgram's functicn 'INVNEM'. In
tals part the user specifies Zust a glot cr just the value
of W or becth. The Library-Subrcutine 'PXSCRI' is wused by
the program.

The second part of the program ccunsists c¢f the
Subroutine 'PLOT' which accepts any data set to be tested
fer Normality. ‘'PLOT' itself scales the data accordirg to
its range and plots the scaled data along 110 egual spaced
pcsitions of the X-axis. No plot is given if the data has a
ccnstant value.

The third part of the program 1is +the 'WILK?'

Subroutine. In this Subroutine the «ccefficients (a))
i

{for n £ S0) of the W Statistic are stored wusing FCETRAN

PRV




DATA initialization statements. For n>50 the coefficients

(a ) are computed by the Subrcutine itself. This Subrcutine
i

also calls the 'INVNRM' Functicn to get the 'Normal Sccres!

tc be used fcr the ccamputaticn cf the (a ) 's when n > £0.
i

A ccmplete descripticn of how 'NOEMEL' operates is
given in the Subroutine. However a summary is obtained by
typing on the terminal DESCRIBE NORMPL. When the user tyres
the command DESCRIBE NCRMPL under the CMS environment the
fcllowing response is printed on the terminal:

SUBRCUTINE NCRMPL

"NORMEL! takes a set of data, =sorts it into
ascending order and uses the created Order Statistics for:

1. Plotting X‘_) versus either 'Normal Scores' (if
i

n £ 50, n = Sample size) or Inverse c¢f the wunit Ncrmal

Cumulative Distribution (that is:

x(.) versus Normal scores or F ( i/ (n+1) ) ,)
i

to see if there is a linear fit.
2. Computing the value of the W test Statistic

(Wilk-Shapirc test for normality).

It is called by:
CALL NCEMEL ( X, SCCRES, N, K )

ARGUMENTS
X Is the array containing the data
SCORES Is a work array of dimension N
N Is the number of data values
K User's option

For: K =1 A plot only ,




=
]
V]

The W-value is given ,
K =3 Both of the above are given.

Mcre informaticn is given in the sutrcutine.

If data are really Ncrmally distributed tken a
straight 1line is expected from the output. This is an
indicaticn that gives the wuser a <first feeling c¢f the
distribution of data. But if the plot is not linear then
the user has to reject the normality assumpticn. In
addition thne shape of the plct may lead the user to make an
alternative decision of what model he may use. For example:

(a) . Shape cf the form of Figure 7a suggests that
data are skewed to one side (specifically pcsitive values).
In that case an Expcnential model could te an approgriate

one. The histogram of the data is given in Figure 7b.

(b) . Shape of the form of Figure 8a <c¢an be
interpreted as data not as dispersed as the Ncrmal
Distribution. This set  of data may have a Unifcrm cr a
Triangular Distribution, and could, for instance, arise if
measuring tolerancss orf components hand-picked to lie within
tolerances. The asscciated histogram is given in Figure 8b.

(c) . Shape of the form of Figure 9Y9a indicates mucha
mcre dispersed data than Normal, but the data is symmetric,
prokably ccming frcm a Double Exponentiil or Cauchy
Distribution. The associated histogram is given in Figure
9b.

It should be ncted here that a straight 1line dces

nct always arise £frcm Normal data. Figure 10a for example




G

gives an indication that data are Normal (Straight 1line).
But these data have been generated by computer from a
Symmetric Triangular Distributicn in the range (0 to 2). On
the other hand figure 11a plots a data set cf size 50 again
from a Triangular (0 tc 2) distribution. Eut in this case
We observe that the graph is not a straigkt line. These
results desmcpnstrate the informality of +that Probakility
Flotting Method and in these cases tae user has to ccrntinue
testing the data by other formal tests. Nevertheless, since
this method is primarily an initial screening device, ecase
cf applicaticn 1is important. Figure 11t gives the
associated histogranm.
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The Subroutine 'NORMEL' has been used here tc test
for Normality some data =sets which were generated Lty the
ccmputer frcm varicus distrikutions. The fplots of these
data sets illustrate the advantages and disacvantages cf the
plotting Subroutine 'NCRMPL'.

Ckserving Figures 7a-b, 8a-b, 9%9a-t and 12a-t we may
note the follcwing:

(a) . Figure 12a shows a plot of a sample of 5C data
pcints frcm a Normal Distribution ( N(1000,1) ). As it was
expected a very straight 1lire is fitted. In additice to
that plot, <+the Subroutine 'NORMPL' uses +the opticr to
evaluate the 'WILK-SHAEIRO' test and the W-value is ccrputed
and printed cn the same figure. Comparing this value with
the percentage points cf the W-test which are given in [22],
for sample size n=50 we see that we may accegt the norgality
assumpticn with a significanse level = 02 < Figure 12b
gives the associated histogranm.

(£) . Figure 7a plcts a sample cf 200 data gcints
cf the Unit Expcnential distribution. Here the nonlinear
graph 1is otvious ( as is ezxpected ) and suggests tc
reject the ncrmality assumpticn of the data without dcing
any further formal test.

{(¢). Figure 8a gives a plot cf a =sample <cf =size
200 fros Unf%orm ( G, 1) generated data. The shape of
that plot indicates data not as dispersed as the ncrrmal,
thersfore the wuser is told to reject normality, getting at

the same time a suggestion that data wmay be Uniformly




distributed ( because of that particular shape of the
graph ).

(d) . Figure 9a suggests strcngly departure frcm a
Normality assumpticn. Indeed this set of data have tkeen
generated from a Cauchy Distribution and its shape really

indicates a symmetric distribution.
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S. Using 'NORMPL'! With Cost Overruas Lata

» *NORMPL' was used with the ccst cverruns data [6],

for the year 1950 to see if there is a linear fit. Lccking
L at Figure 13 we see that data may be Normally distrikbuted
‘ since the plct is very close to linear. Of ccurse scme data
L points deviate from the straight line, but taese points may

be considered as outliers.
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D. SUBRCUTINE EXPLT

Subroutine ‘'EXPLT' 1is indended tc be usec¢ for
testing a sauzple of independent observations c¢f a continuocus
random variable X with a distribution function which is
telieved to ke Expomnential, by plotting each of the Crder

Statistics X 0 versus its Expected Value, ard by estigating
(i
\ 3 <
the parameters dLand Xz of the observaticns ( XL' and Xz

introduced later).

This Subroutine sorts the data into increasing
crder, octaining the Order Statistics. The Crder Statistics
are then plctted versus Exponential Scores. These scores are
evaluated by the Subroutine. The Exponential Scores are the
expected value cf the Crder Statistics ( E[X ]1). They
are more €asily derived and computed than the ﬁormal Scores.
That is:

Let X be a random variable Expcoansntially distributed
with parameter A= 1
Then it is krcwn:

a X > 0,

£
x(x)

1]

>

m
-

F
x(x)

e

e . T A A7 P PGV o =



th
The Density cf the i Order Statistic is given by:

iy n-1 i-1 : n~-i
fx (x<i)) = n( i-1 ) FX(X(i)) ( Fx(x(i,)) fx(!(iﬁ

st
Thus for the 1 Order Statistic we have:

T n-1 X

(1= (1-e ) ) 2e

fx (x(l))
(1)
~DAX
1)
= nje s

Therefore x(1) is exponentially distributed with
paraaeter ﬂ =nux.
And for 3= 1 we have:

E[X ] = ===~ = ===

It can be rroved (see Feller [7]) that the n random

variables X X -X Y e 1R -X froam

’ -x ¢ x
(1) (2) (1) (3) (2) (n) (n-=1)
an Exponential random variable X with density functicn:
-Ax )
fx(x) = ae ; x >0 -
are independent and the density of the random variable

Y = X -k is given by:
(k) (k=1)

- Mn-k+1)y
fY‘Y) = (n~-k+1) e v y 2 0 c

That 1is, Y is an Expcnential randcam variakle with
parameter (c-k+1) A.




Therefore B[(Y)] 4is given by:

'EXPLT* derives the values of E[x")] using the
(i

apove formula and then it uses its Subroutine ?!'EPLCTI*' to

plct the Crder Statistics versus their expected value.

In addition to the plct, waich is ap informal and
gquick test for exponentiality the estimates of the
statistics XLand 61 provide another informal test since the
values cf 5& and Xl bave a constant value for arny

Expcnential distributicn:

1 1
E(Xx ~-X ] = cemmemeeen = ceeemee : for =1 .,
(k) (k=1) A(n-k+1) n~-k+1
This fact is used to derive z[x(,)], 1 F 2¢3pseegh -
i
That is: i
B{¥ ) =E[ ( L -X } B =X N . #
g (i) (1) (1-7) (i-1) (i-2) L
(X -X ) + X ]
(2) (1) (M)
= E[X ] + E(X -X s s
. 1) : (2) (V)
E[X =X . T+ B[E ~%
(-1 (i-2) (1)  (1-1)
1 1 1 1
= ww= $ mmmmmee § cme————- + ¢ —mm———-
n n=-2+1 n=-3+1 n-i+1
- 1
= 2 R i = 2,.-.3 -
k=1 n-k+1

A it et ' e i v



Ey definitior xLand KL are given by:

(X=1)
81 E{ 3 ] ’
(o)

(x-\‘)u
§o= B(===-—--]-3 .

du

Thus

o 3 2 Znige
=isos Bl - Ry G =]

.4 2 z 3
n el (E(X ]-r37AE[X I+ 3pEX] -9
Now

3 Y
E[X ] = x £ (x) dx
) X

(1]
[}
[}
[}
]
[}
|

The above inteqgral is that of the Gaamma density furction
with parameter o= 4, and since its value aquals 1 wve

have:




.

2
Ccmputing E[X ] ve have:

2 0. 2 -2AX
E[(X ] = J 2 aA@ dx
[~}
3-1 3 -
o [(3) 5“ X A e dx
3\2 5 T(3)
presa
a2
P SO
Alsc E(X] = A f .

b =g
1 6 § 2 y . 1
2 ene | svan & F emw w—es $§ emee e masal g
c3 33 P X 32 A 23

3 3
2 LR AR

Therefore the value of K\ equals 2 for any Expcnential
distributicn.

Alsc %z. is computing as follows:
4

IS st .

2

4 3 2 3 4 4
= E(X1 - 4pX ¢+ 6pX - UpX + Y] 70 = 3

e

4 3 Z 2 3 4 4
(2) (E(X ] = UpE[X ] ¢ 6y E[X ]‘“}'EIX]*T‘} /70 =3.




Therefore the value of Xl equals 6 for any
Expcnential céistributicn.

This fact is used by the Subroutine 'EXPLT' tc give
the user cne more informal test <ror exfpcnentiality. It
estimates the values of ¥, and ¥, and if [ # 2
and/or Y, # € then the data may not have an Expcnential
distributior.

Estisating the values of ¥, and Y,, ‘'EXPLT' uses
3 4
unkiased estimator fcr ¢, E[ (X-y) ] and E[(X-y) ] using

the formulas:

n Z 1/2
(X (X =X) / (n=1) ) ¢
i-1 i

Q
n

3 a-1n"
el 3 129 %y
f) ] (p=1) (n=2)

2 iy
-2)+3 X -X 4
(n(@=2)+3) (= (X -K) ) 3¢ (a-1) (2n-3)

- ——— - —— - —— - - - - - ———— - . - - ——————— - — ————

(n=1) (n~2) (n=3) n (n=2) (n=3)

4
E[ (X=p) ]




2. 'EXPIT' Structure

_——— i . e e

The Subroutine 'EXELT' is also a FCRTRAN callable
subroutine with each call producing a plot fcr the given set
of data and at the same time calculating and printirg the
estimated values of the parameters ‘BLand Xch the data.

Basically the program is divided intc two parts:

The first part is involved with all required
computaticns calculating the Exponential Scores ard the
various statistics needed to comEpute the XL and XL
parameters.

The seccnd part is the Subroutine 'EELOT'. 'EELQT?
scales the data points according to their range and glots
the scaled deta along 110 equal-spaced [pcsitions of the
X-axis. No plot is given if the data have ccnstant value or
if there exists a data point less than zerc.

A complete description of hcw 'EXELT! operates is
given by the Subroutine and a summary description is given
cn the terminal by tygping the command DESCRIEE EXPLT under
the CMS cpvironment. When the wuser types DESCRI3E EXELT
the following response is printed on the terminal:

SUGBRGUTINE EXPLT

YEXFIT' takes a set of data, =scrts it into
increasing «crder and plots the <created crder statistics
versus expcnential scores (expected values of crder

statistics) computed by :




X ] = El( £/(0=k+1) ), & % 1,2,00000
k=1

Mlsc, it computes the estimates of Y  and Y,
parameters.

It is called by :
CARLL BXELT ( X, SCOEES, N )

ARGUMENTS
X Is the array cortaining the data
SCORES Is a work array of dimension N

N Ts the number of data values

Mcre informaticn is given in the sutroutine.

3. Interpreting The Qutrut

If data have an Exponential distrikution then the
plot will tend to a straight line. But it should ke ncted
that the inverse is not generally true. The linearity cf the
graph 1is an indication only and gives the user a first
feeling of the distribution of data. If the plot is noz
linear, however, this suggests that they are not
Exponential. 1In addition the shape of the plot may lead the
user to make an alternative model selection.

Cn the other hand the values of the
statistics ﬁ.and 12 may be used to test informally tne
distribution of data. These values are an indicaticn culy
for the test for expcnentiality. If the estimate of Y, has
the value abcut 2 and the estimate of Y, has the value akcut
6 then it suggests that data may ke exponentially
distributed. But a departure of these values suggests that

data do nct have an exponential distributica.




_____ ith Data Generated rom Various

ng ‘EXPLT' i
b

“o
Listribu

The Subroutine 'EXPLTI' has been used here, plctting
data generated by the computer from varicus distriktuticnms,
in crder to get a visual sense of the behavicr of the plct.

Figure 14a gives +the gplot of 10C Uniform (0,1)
variates. Ocviously ncnlinearity governs the plot (as we
should <expect) and thus it =suggests derarture frca the
Exponential distributicn. Besides the nonlinearity <c¢f the
glot the estimates of ¥,and ¥, (0.1 and -1.15 respectively)
are far away from the ccrresgcnding values (2 and €) of
sxponentially distributed data. Figure 14b gives the
asscciated histogranm.

Figure 15a Elots variates generated frcm a
Triangular Symmetric distributicn (0,2). The nonlinearity
and the values of the estimates Xtand 81 suggest that one
reject the exponential assumption.

2
Figure 16 shows the plot of X generated variates

with 10 degrees of freedom. For the same reasons as akcve
the expcnential model is rejected.

Figure 17a plots Normally (N (1000,1)) distrituted
generated data and the nonlinearity of the plct is afpfparent.
Eesides the nonlinearity, the estimates of Y and X,
(.09 and -90.63) suggest not only tc reject the
Exponentiality of data but in addition lead us to test the
data fcr Normality. Figure 17b gives the associated

histogranm.




Figure 18 G[plots expcnentially gJenerated variates
with parameter A= 1. As we see the graph is linear an¢ the
user gets the idea that the data possibly are exponential.
Besides the linearity here, the values cf the estimates of
¥, aad XI (2.06 and 5.4) are close enougb to their true
values tc indicate an Exponential model.
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IV. SUERQUTINE LIST

A. DESCEIETICN

Another Subroutine presented in this thesis is the
Subrcutine 'IIST'. 1Its purpose is to list a given set of
data in ascending order and, taking advantage ocf 1like
cccurrences in the data, to print the ordered data in a
compressed form. This feature becomes highly useful when
listing a large number of data points that contain many
repeated values. It is also a tccl for firding
multiplicities in supposedly continucus data, and a
probability function =estimating roufine fcr data which is
kncwn to ke discrate.

A complete description cf how 'LIST'! cperates is given
in the Sukroutine. However a summary is given by typing
CESCRIBE LIST. When the user types the ccamand
CESCRIBE LIST under the <CMS environment the follcwing
response will be given on the terminal:

SUBRCUTINE LIST

'LIST' scrts a set of data into increasing order and
gives a 5-cclumn print-out as follows:
1st column: Serial number cf the first occurrence of
this value in the crdered List
2nd colusn: Value of ordered data-value

3rd column: Frequency c¢f cccurrence cf the value




4th cclumn: Percent for the value

Sth «c¢clusn: Graphical representation cf the frequency

for each value.

It is called by:

CALIL LIST (X, N)

where:

X Is the array of data

N Is the numper of data-values.

Mcre infcormation is given in the subroutine.

E. INTERERETIING THE OUTPUT

The grint-
of each data
same value 'II
cf «cccurrence
intergretaticn

1. First
cccurrence of
2. Second

3. Third
the value

4. Forth

5. Fifth

frequency for

out is a visual representaticn of the data and
value frequency. For data pcints havirng the

ST' will print this value once with the rnumkter

S. A 5-column output will ke grinted ard its

1S

column gives the serial numkter of the first

this value in the crdered List

column gives the value cf ordered data-value

column gives the frequency «c¢f occurrence of

column gives the percent for the value
column 1is a graphical representation cf the
each value.




Examgle:

Let 1, 1, 8, 3, 5, 1, 2, 2, 5, 6 be a given data set.

Then the crdered data will Dbe: X =X =X = 1,
(1) (2) ()

= 6. Then

(1Y)

¥ =X =2,%¥ =3, X _=Xx =X =5, X%
%) (3) (6) (7) (8) (9) (10)

the print-qut will have the follcwing foram:

SERIAL NUMBEE__ORDERED_DATA__FREQUENCY _PERCENT _PROE._GEAPH

1 1 3 S ¥ ¥k
4 2 2 o Z * %
6 3 1 1 *
7 5 3 <3 LA
10 6 1 .1 *

If there are no data-pcints baving a coammen value then
'LIST' gives this indication and prints crply the crdered
data. This haprens when data have a continuous
distribution.

C. USING *LIST' WITH TELEFECNE DATA 1 ANC TELEPHONE L[ATA 2

Subrcutine 'LIST' was wused with Telerhone Data 1
(Figure 19) and Telephone Data 2 (Figure 20) and a brief
analysis cf the output follows.

Lcoking at Figure 19 and Figure 20 we may get scme
informaticn cf each data set. It can be seen that toth of
the data sets contain a large number of multiple occurrences
cf the data value cne and data value two. As we can see
reading the fourth column the occurrence of cnes is 1¢% for
Telephone Data 1 and 24% for Telephone Data z.

78




Comparing also PFigures 19a-c, 20a-d we can se& that
multiple cccurrences happen in the range 1 to 24C for
Telerhone Data 1 and in the range 1 tc 132 for Telephcne
LCata 2.

Furthermcre, quick visuval informaticn concerning the
rangs where we have multiple occurrences can be cbtained
from the Prcbability Graph. Thus we <can see that for
Telephone Data 2 there is a regicn from 113 tc 132 where the
multiple cccurrences of values is larger than in neightoring
regicns. Therefore 'LIST' gives the user a useful tccl fer

analysis cf data.
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USING LIST WITH TELEPHCNE DATA SET 1.

Figure 19a -
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A. INTECCUCTION

In the previous secticns Prcbakility Flctting
Subroutines were pressanted fcr use in informal estimaticn of
the form of the distributicn of a set <¢f independent
ckservaticns. In ths present section subrcutines comfputing
the variability of some basic statistics are described.

We kncw that X (sample mean) is an unkiased estimatcr of
the populaticn mean ( = X fx(x) dx ), where X is a

pcpulaticn with unkncwn distribution (F*(x) ) and urxncwn
mean, and X , X , ..., X is a sample <c¢f independent

1 2 n
Cbservaticns from X. Furthermore we «can <compute the

Variance cf 1} as:

n xi
Var[(X] = Var[iga--—-]
2 === Var[{ 2 X ]
i

]
]
]
]
<
)
H
[ s |
<
—
1]
|
]
]
.




Thus we see it is possible to estimate the Var{X], even

2
if the rfpopulation Variance (@) 1is unkncwn, by simply
04
using the sample variance S as follcws: Var[{X] = S /n,

"

where S = ?i(x,-i) / (o-1) (an unbiased estimator of O°).
i

z
Therefore S /n is an untiased estimatcr cf Var[{X] also.
Furthermcre, especially for a Normal population, we can

cktain a ccnfidence interval for the aean using the
t-statistic.

Eut, alticugh fcr X there exists a direct assessment of
variability, for estimates cf other population paraeeters
such as Skewness, Kurtcsis, Coefficient of Variation, ard so
forth, this is not so simply cbtained. Thus several methods
have been introduced to ottain assessments of variatility
and for two cf them (Sectioning ¢f data and the Jacknife)
the Subrocutines 'SECTN' and 'JACK!' will be presented.

E. SUBRCUTINE SECTN

1. Lescription

'SECIN' Subroutine is used for assessing variatility
of estimates from data based on the Sectioning Method.

The tasic idea of this method is:
Assume we have n independent okservations & oy Koy
sevy X from a population with unkrcwn distritution

n

function qux). Let O be a parameter cf F (x) and

Q(n) = 94x1,x2,...,x ) be a statistic which estimates o .
n




A
Now we want to estimate the variance of 9(n) which is a
new Randcm Variable and we wcrk as follows:

1. Divide the sample into r disjoint sections. of
size ®m (r should be such that n=mr. If this is not fpossible
scme of the latter data is discarded). 2

2. PFer ceach section fcrm the same estimate 9i(n),
1 ® 1,24000,T o

3. Ccapute the average cf 9(0"),that G 30

- ¥ .
9() = --- =9 (@ ,
5ot R ST

dcing so, we have an estimate of O and

- 1 A
E(9m) ] = E(-—- = 9 (m)]
set Al L
1 ~
= ~=- zE[O(m) ]
T
= E(Om] ,
alsc we Lave:
- 1 -~
var{2(n) ] = Var[---_% 9. (m) ]
r i=1 i

1 E &
= == var[ = 9 (m) ]
2 i=1 1
L

= -1- Var[g(m)]

1 T S 2
2 mem === T (& (1)-Om))
T=la=g i

Sz
4 O (m)




Thus we see that Var( g(m)] and var( é(n) ] cen be
unbiasedly estimated from the sample variance of éﬂm), the
main advantage and the purpose of the secticning of data
method.

g Eut the main disadvantage of this method is that we
; wculd 1like r to be as large as poss;blezin order tc make

the variatility of the variance estimate S as sgall as
Fcssible. This however may be worse for the tias
properties c¢f the estimaticn procedure. Therefore the
choice cf r is a factor that should be considered.

It <should be noted here that if (m) are
approximacsly ncrmal variates (This can Lke tested Lty the
previous described Subroutine ‘*NORMPL') +then <confidence
intervals for the unkncwn parameter can ke obtained based
cn the t-Statistic, in the following way:

t
1/2 (1=-9/2), (x-1)
T

where:

é (n) 1is the wmean cf the sectioned data statistics
cttained from the column named 'mean' of the second table
('estimated fparameters of the sample parameters') cf the
EFrogram cutput.

S §(n) /1:1/2 is the standard deviation c¢f the
sectioned data statistics divided by the square root of the
numker of sections, obtained from the last column of the
same table of the program output.

3 the (1= &/2) quantile <c¢f the
(1= &/2) ,(c-1)

t-distributicn with r£-1 degrees cf treedoa.

90




r—

2. Program__Structure

'SECIN!', using the Secticning method, estimates the
fcllowing statistics: Mean, Median, Variance, Standard
Ceviaticn, Ccefficient of Variation, Skewness, Kurtosis,
Minimum, and Maximum. (The formulas which have been used tc
compute these estimates are described in the comments cf the
Subroutine.) The first table is then grinted by the
program, containing the values of these Gfarameters. Then
'SECTN', using the computed estimates of all sectiors for
€each parameter, estimates the Mean, Median, Variance,
Skewness, Ktrtosis, and Standard Deviaticn divided Lty the
square rcct c¢f the numker of sactions. The second takle is
printed ccntaining these values.

There are three restrictions in using 'SECTN':

1. The numker of secticns must be nc greater thar 100.
If it is, a diagnostic messace is printed and only estimates
from unsecticned data will be given.

2. The number of data values must be greater than 3;
ctherwise a diagnostic message is printed withcut any
calculaticn.

3. The size of each section must be greater tham 3. If
it is less tkan, or equal tc 3, then the program gives
estimates fcr the entire set of (unsectioned) data. A

diagnostic is printed.

A ccmplete description of hcw 'SECIN' operates is
given in the Subroutine. Furthermore, a Summary is given by
typing cn the termiual the ccmmand DESCRIBE SECTN under the
CMS envircnment. The following response will be given on

the terminal when the user types the above ccamand:




SUBRCUTINE SECTN

'SECTIN' is intended tc estimate a set of kasic
statistics ¢f a given set <c¢f observaticns using the
'Sectioning o¢f data method'. Also for each estimated
statistic, estimates of some basic statistics such as the
mean, standard Deviaticn, and so forth, are given.

It is called by :
CALL SECTN ( X, N, K)

where:
Is the array of data
N Is the number <¢f data values (must be greater
than 3)
K Is the number of desired sections (no greater
than 100)

Note: k should be a number which mirimizes the onumber of
data points that will have to be discarded. 'SECTN' fplaces
the data intc the equal size sections discarding any data
left over.

Fer k<3 or k>1C0 or (n/k)<3 only estimates from
unsectioned data will be given and no estimates fcr the

éstimated statistics will be computed.

Nc output is expected if n=<3 .

Mcre informaticn is given in the sukrcutine.




with TIslephbone Data Set 1

'SECIN' was used on Telephone Data Set 1 to assess
the variability in the Mean, Median, Variance, Standard
Deviaticn, Ccefficient of Vvariation, Skewness and Kurtcsis.

The 672 data-points c¢f Telephone Data Set 1 were
Ezoken dcwn into 16 disjoint sections with 42 data-points
per secticn. Because ¢f this break-down nc data-pcints were
discarded. Ccmpare the values <c¢cf row 'unsectioned! (see
figure 21) with the values of the correspcnding statistics
ccmputed Lty the Subroutine 'HISTGS/HISIFS!' (ses figure 1).
The values are the same.

Now if we want to assess the variatility in ary of
the above parameters we proceed as follows:

1. We take the mean (8 ) c£ the ©parameter, whose the
variability we want to assess, frcm the +table under
YESTIMATED EARAMETERS OF SAMPLE PARAMETEES?'.

2. We take, <from the same table, the value (S) frcm the
last column (STD. DEV./NS**_,5) for the same farameter.

3. Using the t-statistic with k-1 d.f. and the formula:

Ot st
(1=972) , (k=1)
we get a (1-®&) % confidence interval for the parameter,

In crder to find a 95% confidence interval fcr the
Skewness of Telephone LCata 1 we take:

D= 4.9343, s = .30312, t = 2,131 .
.975,15

Therefore the 95% confidence interval is:
4.9343 £ .30312%2.131 = 4.9343 + .6459%
===> [ 4.2884, 5.58(2].

T TSt 7%, T 1 2 T




It shculd be ncted here that the use of the Variance
estimate frcm the sectioned data in order tc get confidence
intervals of the vparameters is based on the normality
assumption and the independence of the estimates frcm the
sections. The normality will depend on the numker of
data-points ip each secticn, which should be kept large.
This requirement, however, conflicts with the need to make
the numkter of sections large to reduce the variability im
the estimate of the variance of the statistics. The
skewness estimates of each of the 16 secticns, cam te run
through the normal plotting routine to see whether the use

of the t-statistic confidence interval is valid.
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C. SUBROUTINE JACK

1. Description

This routine 1is wused for assessing variability of
estimates of data based on the Jacknife @wmethod, anc¢ for
reducing the bias in estimates also. It is particularly
useful fcr data with szall sample size.

A big picture cf the metbod has as fcllows:

Let 11, Xz, «esy X be a sample of 1n independent,
n

identically distributed observations from a population with
unkncwn distribution function Fx(x}. Alsc let O te aa
unknown parameter of Px(x) to Dbe estimated. Furthermcre
suppose a method (biased or wunbiased) is availaktle for

estimating 8 . Then we proceed as follows:

1. Divide the sample size into r disjoint groups, each of
size m (r should Lke such that n = amar., If this is not
possible scme of the last data-points will ke discarded.)

2. Compute the estimator é(n) of O based on all n = mr
cbservaticns. =

3. Comgute the estimator 9i(n-m) based on the n-nm

th

ctservaticns, having deleted the i gICcug.
~

4. Compute the so called 'PSEUDO VALUES' 8_(5):
-

~N ~ ~
9.(n) % T a(n) - (r-l)g.(n-m) 7 i ® 1,2yseepL
i ik




Then the Jacknife estimator is defined to ke the average of

Eseudo Values:

A 1 A
9m = -=- = O (n)
=11
2% £ q
= —== (r O(n) - (z=1). 9.(n-m) )
i=1 1
~ -1 ~
=t ) - = FE & (-m .
T i=1 1

Havirg so defined the Jacknife estimator it can be
proved that this estimator is an unbiased estimator cf o,
except fcr terms n_ ~and higher order, assuming that the
tias has the form cf E[ 9(n)] =D« a/n + terms of Ltigher
crder in n. That is, the Jacknifz estimatcr eliminates a
n- bias term. Namely if

~ -1 -2
Ef9@]=0+an +o0@ ) .

then we have:

L a -1 B =
£(9(n) ] = E[8@m) - ~-—— 2.9 (n-m ]
o i=1 i
~ -1 ~
= rE[d(n) ] - it .§ E[D, (n-m) ]
T i=1 i

-1 -2 -1 =
= r(9+ an + O ) ) - E---(r9+ i. + e C(r ‘))

L n-g n-=m
2 gB s aion ¥ e gped) (B seatencs w00
n m(c-1)
PR RARH o WaRn - IS e 5 IR

m(c-1)
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A special <case of Jacknife estimator carn be
mentioned bhere, called the 'Complete Jacknife Estiamatcr',
where r=n and n=1.

Scme fproperties of the Jacknife estir- follcw:

=2
1. It is ucbiased ug to order n .

2. The ‘'Eseudo values' can be used to obtain variance
estimates for the Jacknife estimator since they can be
considered (see {18]) as approx;matel‘ ;ndependent and
identically distributed. Thus (r(r=1)) Z (9 (n)-e(n))

[
should be an approximate estimate of Var[© (r)] ,

and
A 1/2
(%(n) -8) (z(z-1))

& & : 2172
(Z.(% () - %m ")
i=1 i

should be aprroximatelly distributed as a t-statistic with
=1 d.f. This procedure 1is particularly wuseful if the
number n cf data-points is small, but it must be wused with
care.

3. Por large n it can be shown that fcr the <ccuplete
Jacknife estimatcr, under very general conditions we have:

N ~
var{ O ()] ---> var{® ()] .
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2. PBrogiam__jtructure

Subrcutine 'JACK' is a FORTRAN-callable Subrcutine
3 which takes a set cf data, grcups it into r disjoint grcups

1 th
, and for each set of the r-i group computes and primnts in a

table the statistics: Mean, Median, Variance, Stardard
Ceviation, Ccefficient of Variation, Skewness and Kurtcsis.
The same statistics are also computed for the ungroupecé set
of data. Then, using these statistics, the Jacknife
estimatcor of the above parameters are computed and fgrinted
in another table alcng with its Variance and Standard
Ceviatiocn.

The program is divided into the mair program ard the
Subroutine JACKES. The main prcgram grougs the data and
successively calls the Subroutine 'JACKES' in order tc get
the estimates of the atove parameters for ungrouped data and
fcr each group as well. A table is then printed containing
the estimated parameters. The ‘'Pseudo-Values' fcr <each
parameter are alsc computed by the main program, ard are
used to compute the Jacknife estimator for <each parameter

and its Variance and Standard Deviation.

Tc avcid divisicn by zero the number cf observaticns
must be greater than three, ctherwise noc cutput is cgivea.
For the same reason the expressicn (r-1) (n/r) must eveluate
: tc greater than three, otherwise the program will give oaly
estimates cf ungrouped data.

A complete descripticn of how 'JACK' operates is

given in the Subroutine. A Summary is printed orn the

terminal ty typing DESCRIBE JACK under the CMS environment,
which resgonds:




SUBRCUTINE JACK

Jack is intended to estimate the statistics : Mean,
Median, Variance, Standard Deviation, Coefficient of
Variation, Skewness and Kurtosis of a given set of
independent <cbservaticns, wusing the Jacknife method. 1In
addition to tne above parameters which are given £fcr each
group, the Jacknife estimator along with its variance and
standard deviation is given fcor each parameter.

It is called by:

CALL JACK ( X, XS, STAT, N, IG )

where:

X is the array of data of dimensicn N

XS is a work array of dimension N (returns crdered
data)

STAT is a two-dimensional work array, dimensiored by
(16,7)

N is the number of data-values

IG is the number of groups plus cne (=r+1)

Ncte : L must be such a number as tc minimize the
number of data-pcocints that will have to be discarded. JACK
Flaces the data into the equal size groups discarding any
data left cver (last observations in <c¢rder of original
input).

Nc cutput is expected if N < 3. Furthermcre if
IG £ 2 or (Ic-2) (N/(IG-1)) < 3 only estimates for ungrouped

data will be given.

More informaticn is given in the Sukrcutine.
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Tc assess the wvariability in the Mean, Median,
Variance, Standard Ceviation, Coefficient of Variatiocn,
Skewness and Kurtosis cf Telepfone Data 1 the Subrocutine
YJACK' 1is now used. In order tc avoid to discarding amny of
the data-points we use 16 groups with 42 data-points fer
group.

Okserving figure 22 we see that the values of the
parameters for ungrouped data are exactly the same as the
corresponding values of the same parameters of figure 1
wonich was [froduced Ly using the Subroutine HISTGS/HISTFS.
Now in order to assess the variability in any of the akcve
parameters we have to use the t-statistic with (r-1)

d.f. alcng with the values rrinted under
*ESTIMATED JACKNIFE PARAMETEES' using:
Dt st

(1=-92), (-1
where 8'15 the Jacknife estimator and S is its Standard
Leviatico. Fcr example to assess the variakility of the
Skewness with a confidence level ©= ,05 we have:

® = 7.37321, s = .900118, t = 3.93% ,
.975,15

Therefore a §5% confidence interval of the Skewness is:
7.37321 £ .900118%*2.131 = 7.37321 £ 1.51815
===> [S.4551, 9.2914] .

This shculd be compared with the point estimate 4.5343 and
the confidence interval estimate [4.2884, 5.5802)] obtained
from suktroutine SECTN. The data is so skewed that one will
inevitably have trcukle here with the Jacknife procedure.
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VI.  SINGLE-SERVEE FIRSI-COME EIRSI-SERVED QUEUES WKITH
LEARMA! STRUCTURE

A. THE EAEKFA(P,Q) FRCCESS

The starting point for these processes is the defirition
cf a first-crder autcregressive model for a stationary
sequence of random variables {X }:

st

I =2 '+ &3 fom 0,180, s w

If the marginal distrikution of the X, ie fixed to Dbe
i
exponential with parameter A for all i;

-AX
P{X < x} = 1-e ; N> 0 x=2 QO
5

then € 1is zero with prcbability r and expcnential()) with
i

Frobability t™r. Thus

X Ww.p. T
=1
X = (1)
i
rx. + E‘ W-p. 1‘:,
=1 A
where {E } is a seguence of 1i.i.d. exgonential(d) random

i
variables. The process dc¢fined by (1) is the exponential
autoregressive process of ordec 1, the EAR (1) process. The
ccrrelaticn structure is ©(j) = ¢, J = Qy1p2pc0s
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The first order moving average expopential Ffrccess,
EMA (1) is defined as

éE, W.p. 4
1 Xg : "
x. = (o < < 1; 1 = o,t“,t‘,.-.)
i
bE + E v.p. (1-6)
i i-1 )
and has ccrrelations ?(1) = (1-5) and F(1) =05 Ji=12,3 .0
The general EMA(g) model takes the form
E w.p. Db
, éi p g+ 1
E + w.p. L
gq i gq-I i-1 g
x. =< e ® o 00 ® ® e o 9 0 (2)
i
E B ses o L w.p. b
gq X gq—1 i-1 1 i-g+1 ? 2
L&k 3 E, . % aee 26 F + E v.p. L
g 1 g=1 1-1 1 i-gq+1 i-g 1

for 0 5«@1, g‘, ey ggs ¢ 1 = 0,22, ... uhere
£

i = g+1,
44
b = =) vor =5 g 2122,
1 > g
(1-4) ... (1-4_) i=1 .
1

The serial correlations are given by the eguation

‘ q-+1
b b (1 =3 < gq)
v=73 vV V]

‘Q)(j) = corr (X ,X ) =
? & L=

0 (g+1 £ j <)




Tc ccnvert this EMA (9q) process into a mixed
autoregressive moving-average exponential prccess of crders
1 and g, called EMA(1,q) we replace E_ in (2) with

ik

rA Wepe E
i-g-1

TA + B W.pP. (1-1)
i=g=1 i-q

For further results on these G[frocesses and their
properties see Gaver and Lewis (1978), Lawrance and Lewis
(1977), Jaccbs and Llewis (1977), and Lasrance and lewis

(19738) .

E. USE CF AUTOREGRESSIVE (EAR(P)), MOVING AVERAGE (EXA(Q))
ANC MIXEL STEUCTURES (EARMA (P,Q)) IN MOLELLING QUEUES

Consider for simplicity a gqueue with a single ingput
stream and a single server, and a first-ccme-first-served
(FIFO) <service discigline. Let s , i = 0,1,2,... , dencte

1

th
the service time for the i arrival, and let ) G

i
h
i=1,2,... , denote times between arrival of the i and
; st : y
(i-1) custcmers. As 1s usual we assume that the first

customer (with service time So) arrives at time zerc and

finds the gueue emgty.

If the {S} and (X } sequences are i.i.d. exponential
i i
random variakles with parameters ) and Q respectively, we

have the M/M/1 queue.
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E_ be exponential ()) and independent, i = 0,+1,... ;
i

8‘ ke exponential (c) and independent, i = 0,+1,... .
i

We want to model queues with correlated (autocorrelated
and/or cross-correlated) service and inter-~arrival times,
the service and inter-arrival times bcth having marginally
exponential distributions. We also want the queing mcdel to
include the M/M/1 queue as a special case.

_ There are five simple possibilities which we put fcrward
i here, based orn the use of EARMA (p,q) FpLcCesses, givin¢ what
we call an EARMA MD/MD/I queue.

In what follcws let ps and px ke, respectively, the

crder of the autoregressive components of the service tinme

sequence {S } and the inter-arrival time seguence {X }, and
i i

let qs,gx be, respectively, the crder of the moving average

i component of (S} and (X }. These [fparameters carn take
; i i

i values C,1,... EE P = G g =05 the sequence is

independent; if p = 0, the process is purely moviang average '
and if ¢ = 0, then the process is purely autcregresive. |

The five possibilities or cases are as fcllowvs:

1) Let (S } be EARMA(F ,9 ) over {£ , E, PR
i S 'S i i-1

. let (X} = (€.}.
i i
Thus the arrivals are a Poissor process and the service §

times are autoccrrelated, i.e. a mixed autoregressive
moving average expcnential sequence.
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2} et s =B, 4 = 00,2, oor 3
pL =

let X e EARMA(P ,q9 ) over {5, & 4 ««-}-
i XX 3. i-1

Then the service times are independent and the arrival }
‘ process is non-Poisson because of the dependency Letween

? the inter-arrival times, i.e. the arrival process is a
1 point prccess with EARMA (p,g) structures.

Lace s

3) Let {S } ke EARMA(F ,9 ) cver (E , E , ec.}.
1 SIS al

i-1 *
Let (X } te EARMA(F ,9 ) OVer (&, & .4 eeo}- 3
i X X 1 =1
t The service and arrival [frocesses are autocorrelated,

but the two ©processes are indegendent. The marginal »
distributions of (S} and {X } are still exponential. !
3 i

4) To ccuple the two processes, with resultant degerdence
in the arrival and service processes, the simplest
procedurce seems to be the following.

Let {S } ke EARHA(;S,qS) in the following sense:
i

{S .} is EARMA(P ,q9 ) over {BE,, 2&, @& .4 sse} o
b & S 'S i > 1 N

Then if ¢ =&, i=0,1,2,... we have that (S } is an
i i i

autocccrrelated sequence and also cross-ccrrelated with

X =& 3, L., (S.,X} is a bivariate dependent
= i 1 1 8

sequence cf randcm variables with expopnential marginal

distributions, although (X } is still Poisson. Note
ol

g that the S sequence 1is an autccorrelated =seguence

i
because of the cross-coupling, tut not a pure
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BARuA(pS,qS) sequence, I+ does have an exponential

marginal distribution however.

As an example let Ps == qs = 1.

w0
(1]
o]

0
[}

(O

ta

W.Pp. A =2 &
1 %5 e 4 1°3

=dE +12 .p. (1—-43)
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In these equaticns one can replace & with X and +hen
i i

the cross-coupling between the sequences {S_ } and (X}
i o
becomes apparent.

Interpretation. We have positive correlation between S,
i

and gs previous inter-arrival times (when ps = 0y« I

108

e P 0o . S T TP e e, e 4 omen

S

e




41)

35)

(]
the E% 8 = i d=1pee; i-ps-1) are short, then S
i

will ke short if all the gs Frevious inter-arrival times

are short. This models the case where the server tends

to spsed up if the queue gets long. Cf cource he also
slows down when the queue gets shcrt and it is not
immediately clear what the effect on an average waiting
time will Ee.

Similar to 4 but {X } is EARBA(px,q ) over
1 X

€+ 2B 4 2ABE  4se. 2nd S =B .
i A i a 1-1 1 i

Interpretation is nct clear, but it would have the
same effect as balking in the input stream. If service
times get long (and presumably the gqueue gets long) then
inter-arrival times get 1lcng.

A wmcre general Fpossibility which allcws cne to mcdel
dependency iu ths input stream, in the =<service strean
and depenZiency vhich cougles them is as fcllows:

Let (L } be a unit expcnential independent sequerce, a
i

driving segquence.

Let {(E } te EARMA(fp ,q9 } over {(E , B, ,...}.
b S S 1 i-1

Let (X } ke EARMA(F ,9 } cVver (&, € _geee}e
i X X 1 i-1

Let {S } be EARMACEp ,g
L c c

) over {E , AD.¢ AD., _seee}e
L L 1 1

Let {X } te EARMACp ,q ) over {X , &l , oD, _,.«.}.
z c c i i 1

2 2 =
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This 1is a very general scheme which reduces tc all of
the previcus schemes as special cases. Fcr exaample if

E =g =p =g = 0, then vwe have case :. 1If
Cy CL C, C,
=1 =0 , =0 = = 0; = 0 (and
M A f o te e s Fy pci
and g are not equal to zero) we have case 4.
c
i

In all cases the basic equation fcr M/M/1 queue waiting
time W <still holds:

W = (§ +S ~X ) B Ky 2iene s

These eguations can be used to generate successive K s
n

in a simulation. We have not tcuched on hcw the correlated
sequences are started. This is somewhat artitrary as it is
not known (<except for the EMA (1) and MA (1) fprccesses) hcw to
start them <so as tc produce a staticnary expcngntial
sequence. The problem is aggravated, as in cases 4, 4 and

S, when we are dealing with tivariate exponertial seguences.

Tben the =@®arginal fprccesses may be stationary but nct the
tivariate prccess.




C. PROCGEFAM STFRUCTURE

1. General

Tc <simulate the EARMA(p,g) model, a FORTRAN PIcgram
has been written tc take care of all the existing cases of
that model and also of the M/M/1 queue. Lepending cn the
input values which the parameters (as descrited below) will
take, the r[program can be used for creating in each run a
particular case of the EARMA (p,q) dueue. Eecause of that
generality c¢f the program it is not suggested that it be
used for thcse EARMA cases where either the arrival times or
the service times c¢r both are not autccorrelated or
cross-correlated. The reascn for this suggestior is
efficiency. It 1is suggested for use with the EARM2(p,y)
cases where both arrival and service times are
autccorrelated and, furthermore, cross-ccrrelated with any
crder. 1The fprograam is divided into the main program and
into the Sukroutines BETAS, AUTOR and EARMA.

2. Maip Brogram

The wmain program rerforms all I/C operations and
calculaticas required for the desired statistics.
Specifically it is designed:

a) To read
1. 411 randcm number generator seeds required to
gensrate the sequences of the Exponential and Unifora
variates to be used during the executicn.
2. The values for the variables:
N : Number of arrivals to be generated.




M : Numkter of replicaticnms.
RX, RS : Arrival rate, service rate.
CEX, CBS, CPG : Taking the values 1 ¢cr 0 (1 fcr the

coupled process).
KX1, EX, KS1, KS : The order of mcvicg average for
arrival and service processes.

QXx1, CX, QS1, QS Taking the values 1 or 0 (1 for

autoregressive case). ”

Arrays with the values of 4?5 for

mcving average gart.

RHCX1, RHOX, RHCS1, RHCS : Parameter values for the
autoregressive garts.

EX, BX1, BS, BS1

E) To calculate and print

SuUMxX(1,4d); SUMXM(I,Jd);

SU¥S (I,Jd); SUMSM (I,Jd);

W(I,Jd);3 WM (I,4d);

WB(I,d); WME (I,Jd);

D(I,d); CM(I,J);

fecx I = 1,2,3,4, I = 1,240 08,
where:

(In what follows k gets the values N/4, N/2, 3N,4, N
£cr 1=1,2,3,4 respectively and J=1,2,...,H)
k (J) (J) th
X

SUMX(I,d) = £ X v the ¢ arrival for
r=1 ¢ T

th
the J replication in tae EARMA gqueue;

k (J) (J) th
SUMXM(I,Jd) = = (XNM) v (XH) tae r arrival
=1 T T

th
for the J replication in M/M/1 Cueue;

(J) (J) th :
1sr v Sr the ¢ service for

M

SU¥s (1,d) =

L

th
the J replication in the EARMA gueue;
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K (J) (J) th X
SUMSM(I,d) = g§1(sn)r ; (sn)r the r service

th
for the J replication in M/M/1 Cueue;

(J) (J) (J) (J)
W(I,J) = W = max W #8 =IE% 0
(1,9 = W g A e 0
) th ‘ . th
= waiting time of k arrival in J replicaticn
of the correlated queue;

J)
WM (I,d) = (WH): The same as W(I,J) but

fcr M/M/1 queue;

k (J)
WB(I,Jd) = X W /k
r=1rc
k (J)
AME(I,J) = X (WM) /k
=1 E

D(I,J) = {SUMS(I,J) - SUMX(I,J)},/K - 1/RS + 1/EX
DM (I,Jd) = (SUMSM(I,J) - SUMXM(I,J)},/K - 1/RS +1/RX
(J)

k
SUMSM(I,d) = X (SM) ’
r=1 T

Ncte: Between the group-variables (XX1, KX, Ks1, Ks), (cx1,
<X, Qst, ¢s), (cpx, cps, CEG), (RHOX1, RECX, RHOS1, RHCS)
and (BXx1, EX, BS1, BS) there are the f£cllowing relations:

1. The nuwmber of elements of each variatle (array) frocm
B-group should be the same as the value cf the correspcnding
variaktle frcas K-group.

2. The '0' value cf a variable from Q-grcup implies that
the correspcnding variable from R-group is nct needed.

3. The value '1' of CPG dominates any value of CEX, or
CES.

Any valid combination in the values of the atove
variables specially «c¢f the C-group, C-grcup and K-grcug (0
cr not 0), generates a particular EARMA(p,3) case and is

accepted Lty the prcgrasm.

"™




The <Lasic approach iu the main grogram is to
generate at oance and for each replication three independent
exponential sequences with parameters XL (arrival rate), SI
(service rate) and 1 (unit exponential) which are stored in
the arrays EXPXL, EXPSI and EXP1 resgectively. Ther the
Subroutine AUTOR which is involved with the autoregressive
part of the model is «called (if it is reeded for the
Farticular EARMA case). A lcop follows which is executed as
many times as the value of N. From the 1lcop the EARMA
Subroutine 1is called which is involved with the mcving
average part cf the model. The number of calls of Sukrcutine
EARMA derends on the particular case which is being rur. The
statistics and all infcrmaticn that will help us to analyze
the model are alsc computed inside the lccp and stored in
tne arrays described atkove. The program continues execution
until the desired statistics for all M reglications have
peen calculated and gathered. Then the cutput part of the
program fcllcws Wwhich gives us the values of calculated
statistics con paper and on punched cards fcr analysis.

This is a simple Subrcutine and its Gpurpose 1is tc¢
return an array SUMBX1/X/S1/S with element-values as
fcllcus:

I
SUMBX (I) = ‘2:1 EX(r) , I1=1,2,...,value of K-grcup
L=

to be wused for <the choice of the order in the moving
average. It is called at most 4 times during the executicn
and c¢nly if the K-group variables have value greater than
'"0e,




called only if

the siaulation

transterred and

Q-group variables equals 1.

5. <Subrcutine EARMA

==

in
th

This value is the I

has been mcdified

the

is greater thaa 0.

This is the main Subrcutine of the

arrival or the I

because

'AUTCR' accepts in each call an expcnential secuence
(generated previously) of variates and transfcrms it into an
autocorrelated sequence. It is called cnly if
For each Q—-grouf variable having
value 1 it is called M times.

nas been <created so that it can be used fcr all EARMA(f,q)
cases. EBecause of the generality quite a few parameters are
call just one value is returned.

th

of the 1oving average. It is
particular EARMA(pP,q) case «regquires !
moving average; that is only if any of the K-group variatles

Scme CPU-times have been gathered in the

of EARMA (p,q) cases,

360,67, FCRIRAN H compiler as follows:

N M
2000 500
500C £400

1000C <00
1000C¢ 500

K-GROUP QS1

0

0
0
0

C-GROUP TIME
0 9 Min. 51 Sec.
0 22 Min. 25 Sec.
0 43 Min. 30 Sec.
CPS=1 55 Min. 20 Sec.
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From these results we see that the value cf N is the main
factor that affects the CPU-time (linearly). We see also
that ons cf the C-group variables may increase the CEU-time

by 25%. We ignore the factor of M (it 4is another main
factor as N 1is) because we may stcp the prograk at any
replicaticn, getting the last random number generator se¢eds
and then continuing ancther time using these seeds.

D. ANALYSIS OF SIMULATION FESULTS

Since nc analytical properties of the EARMA (p,gq) Ecdels
can be derived, a simulaticn has been done to study their
properties. Eut as we have noticed, this program is a
general fprogram accomodating all EARMA(p,q) cases. Since
our study is limited to only the two cases kelow, 1in crder
to save CPBU-time a modified program has been usec that
simulates these particular two cases.

1. Queue with Dependent Service

The mcdel:

(X} =€,
i i
{5} is EARM2(1,0) over { B o E _p een}
i d i-1
That is:
CA, WsPs L
i-1
o where A = E
i 0
£a, + E w.p. (1-r)
i-1 i

Tc simulate this model we chose the values .25, .50,
.95, .99 for traffic intensity t and tae values .2%5, .50,
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.90, .95, .98 for the correlation r, in order to <cover a

representative range. In what follows the string S#tt#rr
stands fcr the run with t=tt and r=rr. That is the run
S#25#50 stands for the run with t=.25 and r=.50 PFor each t
and r we ran the program and the required statistics were
gathered, analyzed and ©fplotted wusing the Subroutines
HISTGS/FS, NCRMPL and EXPLT. The sample statistics from
HISTGS/FS were also tatulated separately frcs the figures so
that one could obtain an overall picture of whether . or not
the waiting times had converged in mean and in distritution
to the lisiting distritution.

From the analysis of all runs and plots we have the
fcllcwing results:

1. Simulating the type S#25#rr and S#5C#rr model (with
r =.25, .50 and .90) it was possible for the W and W to
reach the steady state for N=2000. On the cther hané for
the type S#25#rr and S#50#rr (with rr = .95, .98) it was
necessary tc go up to N=10000, in order for the W and W to
rsach the steady state. Thus we see that thke bLhigh
ccrrelaticn affects the choice cf the value cf N, requiring
N to increase as the correlation is increasing. Btt not
cnly the correlaticn affects the choice of N. The traffic
intensity affects it much more, since for thne type S#9S#rr
and S#99#rr the W and W do nct reach the steady state fcr
N=10000 even if ¢ is 1lovw. Because <c¢f the CPU-time
requirements we restricted ourselves tc a detailed study of
the particular case S#99#98 increasing =successively the

value of N ug to 320,0C0, where the W and W appear to be

close tc the steady state. Thus we may ccrnclude that tigh
traffic inptersity and/cr high ccrrelation «reguire a 1large
value of N in order to achieve steady state. Figures 23a
thrcugh 234, Z24a-24c, 25 and <z6a-264 Jjustify the akcve
cenclusicns. In figures 23a-23d, where we are dealing with
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th
the waiting time cf the 2000 (HZOOO) arrival for the case
t=0.50, r=0.25, we can see that HZOOO has convergec to a

value of about 6.3, and furthermore a straiglkt line afgears
in the Flct under EXPLT. We also <see approximate
ccnvergence for the correlated queue for the HZOOO' which is
presented «c¢n figures 28a-28c, and its value has ccnverged
to a value cf about 3.03 (figure 234). Note that the
introduction of <correlation into the service time has
increased the average waiting time from 2.5 tc about 3.03,
cr by approximately 20%.

We cannot say the same fcr figures 24a-24c wkere,
Eecause <c¢f .the bhigh ccrrelaticn (r=0.98) we do not have
ccnvergence of W and W, although N=10,000, and for figure

25 where, because cf the high traffic intensity (t=0.S9) we
dc not have ccnvergence of W and W. Figqures 26a-264 also
show us the non-ccnvergence of W, W, because of the high
correlaticn and the high trafzfic intensity (t=0.99,
r=0.98) . This 1is the case for which we eventually tad to
carry the simulaticn out to about N¥=500,000 to observe a
stationary qusue.
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EAR1 AUTOREGRESSIVE SERVICE TIME

WITH

QUEUE

EXPONENTIAL PLCTI (EXPLT) CF THE

WITHOUT ZEROS FROM TEE RUN
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S#25498;
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No OF ZEROS=354.

ES=10;
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WITH EAR1 AUTOREGRESSIVE SERVICE TIMES
HISTOGRAM OF THE CUMULATED AND AVERAGED

QUEUE

Figure 24e -

AND POISSON INPUT.

WAITING

500

THE RUN S#25#968;

FROM

w

TIMES

10000

.

ES=10

REPLICATICNS, RX=2.5,

127




1 o A TN R 1SS IS

00 3L70AZ9°G = TVHEWD 00 FLELNZOT = IVHWVD 2 YIVA 30 SYILINVAVS GIIVHILSE

n W = |
SIINN 00 3ELL°O = 4e0 * 37V2S-R m - D
SLIND  70-3999°0 = ses © 3TVIS-X H £y
(3
. )
w-o %9°0 Ls°o 15°0 LA Led 1€°0 LI4{ Lo o %0°0 o =
0000000000 0000000006000000000800000000000000000000% 000000000t totttearttdientsesettiesseter?terestrensisssscestete W77 0~ ~ (]
' L d
..... o L -
- . > g o=
& : B oA @
= n 8950 v > M
" 2 . o]
.e u = ~
50 + onELcL o e "
L d
5 . n 4 o o
. . n 9O Qo -
e + 00"t | - N
. * m W oEw
. v (4]
. o)
e gl v 5
“cee 4
. & H = .
. .. .. 5 &5 H 0o
o n Le8°t «“ = h.A m
.o m
= . - = 0 o -
s . . m O
2 n L6E° € u o H .\w
. . >
s ol Mo M
. = s =] )
e - S
. PY - =
. % = =] ﬂ
. 375 n s m
i N CES
- . D D - -3
. . m o o e
¢+ S60°S D = Mm &> ]
. n a H “ -]
.
. o
+ 199°S P S | o
g . 19 = v
: wa - &
.
n (X444 ] - H ©Q
. N O | -
n a &« @
. :teLs ﬁ 3 S
- =] =] n
o QA =B ~N
$38975 “NO03X3 ....... M w .M

00S = SYIVI GARIAAYO 210 HAAWANR




SLIRN L0-3096°0 = eee * 2TNOS-K

175} (=] o
SLINA  Z0-3999°0 = e ® FTVIS-X M M.. %
H <
H N
L) %9°0 LS°0 15°0 LN Le*) L€°0 nZ°0 (A% 1o "-0 =
Q....'....O......'..0'.0.....'0.'...'0..0'....00..00...0..0.0..0.0.00.0.0...'0..‘O....QIO.O"......Oo....'...l#' = *
-3 6LRz- sl =)
k g ©
.
2 > Mo
. g @m D
Pl ~ -
SRt n
L. -y
.o '3 L. =y Q =4
2 il > m
& . H o~ H
- s n 1
¢ onncL- n o
. 3 =-m =
s 6 |\ O
. v O ™
+ 096°)- m = Ny
* o ~—
. u o o
. . H H o
4+ 08N°)~ 5 O o ©o
. u L | o o
- M [N o n o~
A . - - 0 -
= -—— ——-- --- S e e e e e 000°0 o oA = o
.
* S o
* . =mn -
.
.. Tada g 1§
. .
o . H =2 =5 o~
< = — "
J + 096°) = 8 H
*
cee 2 m « UV
..... s D H o= ~
3 ¢ onny m D A n
. . D M H =
: o = H O
. -~ < [ ]
o ¥ s ¢ 616°1L = M
oo > g
. . I = 1 m
. .
== s esre o @A O a
. > 0 @ o
u N H m =
5 ‘68"t o Bx B
L]
. - - (o]
=0 o
S3INIDS TYREIN m W “ .“...
00S = SHIVI GFW3080 40 RAGWAR N a




e

e ) 5 e A O O B AR

° €=SE !£6°Z=XY 'ST#66#S NNY IHT 49 SYOILYIITITH 005=€ ROHJ GINIVLAO :(Za) ZX ONY ZS NIFNLIG SIINIEIIJIA GIOVEIAY AL IAY
(*233 yva (%) SaNIL uj~n~<. a3aLviownd ‘(00201 “00SL “000S ‘00SZ=R aSY) WO I “IN “0 + Im) SOUIZ INOHIIM D HIIA “SINIL ONTLYIVE
‘v § asv 7z S) SIWIT IDIAWIS QIIVINRAD ‘{n X IRV Z X) 0000L=N ANV 000G=N IV SIUIL TVAIWHVSILNI QILCTARND 20 SKOILAITIIISIT
ZRI §O0d SOIISILVIS 3ITIAVS IO NIIIVINAVI  °“ININI NOSSIDA QNV SAWIL FOTANIS FAISSIEOITOIOV LEVE HIIM 3p3ad - 67 ainbyg

= ~—— =" 000CCCO 00§ ocoeend cos “000000°C0G T COCCOCOTC0S ™ ~~ OOQCCCO *00S ~ — INNCCI2°0935 — "371S VdAS
: 89¢L911°0 §846611°0~ 5655€46°¢€ 90821162 €5cz12072 tivivisci "SO1AM
1906922°0 0559682°0 36296eL°1 R2€0929°1 6RIGELY" T (LETTILRS | SS3INMINS
86219000 1265900°0 v2106%02°11 15691%0° 01 C%c RG9S *B 5525662°3 *A30 "31S
e T = g€ 12000°0 T T 8#962000°C T " SRS0T10G°0 T T 9LICEN4 g T “T9GICERE N ~ ~ T ITLTSITTT T INVINISS
66%1000°C- %151000°0 - 555164L°L1 295856191 S122R0L €L 30291e€°C1 . NV 3d
— LA 2 a b A I VR € M NYH 2 M Hvg 1 M HikWNYd
00000°<6% 000C0°00S 00001 “€5% 00000°005 O0DIC°Z5% OODDO00S IDOCO €S2 DOCOL*COG CPGO®00S 000C°00S CGOCT00S ©000°33S  3I71S Vdd4c
1595€°5  363%€°S  £2223°1  0g018°1  1RSL€°Z  2BFI1€°2 Z2106L°0 02861°0  +620°0 $220°0 1712 €321°0 *S01eAN
n%06°1 6°€C6° 1 LIene"1 €LHe 1 L181%s°1 LAREL A IvbeET L 550%1°1 c560°0 69€c¢” fs02°0- forC*C- €S3INMINS
__%P9C6°22  £6GH5°22 GEE1Y°02 52369702  %1305°71  151%6°91 0€6€0°21 BZ%10°21 RESH"SE  O1:6°€2  7910°2¢__ 230€°g2 _ °*A30 *1S
€60€0°1  61920°1  LE515°0  €0%16°0  12292°0 99161°0 52596°0 13296°0  80%5°1 »250°1 12991 £2%9°1 (NV3d)S
2€906°€2 12199°€2 GH5LL2°22 90996°12 L6RAZI®ST (5729°R1 34%9€0°GI JI%28°%1 ¢Z0°TCEE +BE°S991 61°09¢f g00°f@n! ISEL
T e SO + 4 M (3 SO + ¢ M ZM SO ez hm IT®r SO+T M &S zs ' Z x ¥iAwvd
e Y i : N3N0 G3I1VIIWHOINN
0000000°005 ___0000000°00S_ J000000°CIS ____ 0OCOCGO°I0S  0GI000D°I0G  COCOCCI*COS  I7TIS _T4dS
885€C50°0 6G2R632°0~ 799¢R46"E oLvE9e2ee H2FERAS T 1051012°2 *Sn1¥Nv
TR Y Y L 26226L0°0 9%022L0°0 L0121 (XIS VRS L63%26¢ °1 5296299 °1 SSINMINS
- - - $£%2500°0 0€22202°) szaLLneca PR1GE28° 01 9IRIESE"® 12€0216°9 *A30 *1S
e e GHEE000FIL L E€TE00070 BOZ614S°0  €24C%8%°0 _ Z60€@1%°0  5%€52€°0  (NV3IWIS
26%2000°0- 226€C00°0- 3891911°02 168129291 162026%°G1 BIREESRTTT NY N
% a ca v v M HYP € M yva 2 M qvg I m Ylh¥vd

—000C0°68% 00G00°00S 0JI0C0°Z5% 0CO00°00S 00J00°€E5% 00000°00S JOOCO°Z6% IJOCO°0CS 002JI°3IS~ COIN°03C  CCI2C°IF3E~ DCCC-I26 "371S TS

85169°% 95C9° Y 21€59°2 9L2%9°2 2L9ect g€0oez 1 Ls0z8°0 bLE&4:0d 1131°C- 6631°0- EVI°e teLt o *Scidny
*1562°1 €352t 1522yt [ 2400 So061° 1 19181°1 51660°1 £8560°1 1120°0-~ $6€0°D~ €5)2°)- 1920°0~ $S NN
BL019°62 21219°62 85115°22 0€096°2Z 60%2%°31 SEIB% 61 1BLOZ"%T %S58G2°%1 [LLOR°1Y 94%0° 62 291L°2¢ 230€°¢ec *A30 °1S
TOIRST T T ZEE%ITT T ESZEOCT T I820°1 T BI528°0° %1928°0 $S049°0 ~ IILETT0 T 2698°T TBRRZT T TEIYTTTT T SZOCCTTT T tNVIANST
29€BL°B2 _BIJS1°B2 %I%35°S2 0C896°6Z 96966°22 H28L2°2Z €66%2°L1 56696°91 R9YI°0EEE  I11%°%991 2ZEI°99€€ LJ0°:B3Il _ NY 3N
- e SO + % M- En SO+ £ M 2N SO ¢+ 2 v (O} $S) + 1T M S 2SS b X T X YiWyvd

30303 @31v13u¥0)

130




TIMES
10000
2.97

€0 3920%20°1 HOKIXYW 2C 3¢/ NVZH WHYH
€0 42%€0356°% J1IINVIE 05° 50 3¢5€55%°L m:ua zc aonawwq.m ﬁ«u,..‘.m: 20 3¢E7 NYIA WD2D
mo 3065252°%  (AINIM) AXLANvOD qrc a0 3% 1)90° L VA0 ef Fogdheoty SONYM 2 3897 . 3DNYHILA ?
ST T 2D 386983 U TIRVIAIWTY ITIANVAD 06 10 3cl1IcH T SISTINOY 777 20 54€10%6°1 tC°35¢3 NVIWIIW = N
10 3%725%22°9 CIONTH) 3TLINVIR G2 CO 40e7362°1  SSIANVING 1037687059 20 329° NY AT YL 2
10 3J02e225°1 470INYND O 59 A12199%°L i 20 nzretivte Ao LS Z) Jusy NV i 4 o
20-3020095 2 ANWINIW L9 3zLw3%0°1 €W YC 398CT Y JONVIdVA 20 3142 NV Sd L ®m
NDEANBIYLSTIO SLN3W IVHINID HIHOIH ovayds N31 TvyiNg) H = -
> H 0
ST S ——— o i e T e e ) s m = =
20 9°6_ 20 32€°9_ 20 3%0°L 20 39L°S 20 3eH°y 20 icZ°¢ 2C 325°1__ 10 33%°9 n o m
20 Wﬂm 8 20 ﬁ.?.a — <C _ﬂ—.m _ z0 &._n.n Iy awm.w 29 w4~ 1 _ 23-476°2 = &
bboammmmanmind LA LA 28 D A Rl et d A A R L R R T R T T T ¢¢¢'o:.ocdto-o:.;oonc::.o:..oon.:. = +H <
sne SEs $4% 48 S04 SO® son L] a'o CEF H00 HUE S0 ¥OW BYP B00 Pvd Lee Br° e sud AEN * e > [=] (&)
i e (i) . EEE Rk She 2RE FU% G0S VW €2° s & ok c sue . - —
TTTT TN SR REE 10. ad kY Gk SIF BAE HAe 2w AR R R FIW bor HH
e sEE €03 bxs v %ew 4" k2% see el * tee 0 <« J
2 : O s sk 2% s5% £3° €23 2% et ° sss n = o
x sy e new C see et wad c sese ) =
e Bat c eks 246 oW & .
e e e e e *x° Eee wte ok 2 K~ KoM
e T *E3 *Re A R (4 - -]
| R e e S AE I S (T 5 0n = o
- HEN EL T b d s0s vl &
woe s 46 SUA * -] (=]
: s - e : S & w
e ) -e 3 T 0 -
o i
& u v gou unt o = =] =]
ML LT 5 % < -
| e L) = e oo o L s — L s : = .. m
e
S aas W . . -~ < O -
< = . W 3 * m @& O
: o s : < O *
. s 1 . W . . Mm O o
. n - tt T m
—1- e SRS R +
¢ n : . E H o
. : e W . H = .
: : & : x ® o
. . s AT . . n -
. g . . R e BN
r o, 2 W s T o f D = (2]
. o . . B D =B O
e L S 3 RO ] T < D M O ™
= 2 o : % O = m ™
. RN, : H B8
. o . .
. t . - s E
i ERE T . Thod 8 . I = O O
8 ML) . ’ e Bl ol i s . O of
L i 2 " & e g 7N 3 O
i o N = 2 o~
» w = » e0e o &
- la““llgqgiq FTETYSs TSy Id“ﬂj'"lﬁjﬂ‘a'dﬂﬂﬂqdllu FEETFSTEITEITYSTTIYET = TET¥sSE Yy T e P U e
] (J n 1 L4 2 L] ? 0 e 1 S 1 L 9 6 9 S Lt 11 22 11 0€E 22 t? 22 1€ LE 2 % vy sl " o
i Tig e 13% = 371S 314WvS S P N L S o e TUSIPININY ANy =2 = ™ .
oo N &= 0
by € ® G




00 32210€%°T = Z2VAWVYO 00 3%Eesz°1 = TVYHWYD T VAVO 40 SHILIWVHVL O AvHILCET
S1INN 00 3€11°) = ave 2 3IVIS-A
% TIAWN VC Sle6°S = e ® WS

6°0¢€S

8°leg 8= 9%t

L°1s?

9°AsS 3°359"

YZlLe

G50

zeant

AR R T L T Y T TR P T T P T Y TR oA (I

e o°c
TR 20670
LY i *

$36°C

seee

1zt

35951

€£62°2
wﬂr.n
wmm.n
1567 €
148 2

%90°3

$29°¢

SHIVE QINIONN 40 MIHWON

%5L°9

(A AZ TR X R R R R R R R R R R R e PR A R R R R RS X

$3402S *NCdX3I

TIMES

QUEUE WITH EAR1 AUTOREGRESSIVE SERVICE

Figure 26b -

EXPONENTIAL PLOT (EXPLI) OF THE WAITING

POISSON INPUT.

AND

;. m=500

S#99%98

RUN
No OF ZEROS=1S.

WITHOUT ZEROS FROM THE
REPLICATICNS, RX=2.97; RS=3

TIMES W

10000

.
1’
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QUEUE WITH EAR1 AUTCREGRESSIVE SERVICE TIMES

Figure 26c -

AND
TIMES W

(NORMPL) OF THE WAITING

NORMAL FIOT

INPUT.
WITHOUT ZEROS

POISSON
REPLICATIONS, RX=2.97; RS=3

S#99#938; m=500

RUN
No OF ZEROS=19.

THE

FROM

10000
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2. As for the steady state of the value cf E[W] and E[{W]
a large N was required for high t and/or r, also for the

steady state of the distibution c¢f W and W a 1large value

of N was required. 1Informally testing their distrituticns,
Eky using the Flotting Subroutines and the values of their
pFarameters skewness and kurtosis, we may conclude that:

(i) . The distritution of W, given that W>0, has an
expocnential form, if the plot results in a straight 1line
under EXPLT and the ZLand %Lparameters have the values of
about 2 and 6 respectively (see figures 23a-2z34). This is
true only if the steady state has been reached while it is
nct evident what their distribution is if the steady state
has not been reached. Thus ckserving the figures 24a-24d,
where the w10000 has not reached the steady state yet, we

can obtain ncthing abcut the distributicn of W.

Note that for +the M/M/1 gqueue the steady =state
distributicn of W, given <that W>0, is exponential. The
distribution is not known for the correlated queue and this
was cne of the objectives of this study.

(ii) . The distribution cf W has the ncrmal form if we

get a straight 1line under NORMEL and if the values of
skewness and kurtosis are arcund '0'. The normality
assumpticn hclds for the steady state «cnly, waile the
ncn~steady state distribution looks like an exponanticnal.

Figures 2z7a-27c give us the feeling that W10000 tas an

exponential form, since a straight line appearis under EXELT

(see figure 27b) and the parameters XL' thave the values
2.3 and 7.3 respectively. These are close to the =&actual

values 2 and 6 of the exponential distributicn. We can see




from the flcts that as the W gets close 'to the steady

state, it leaves the exponentional form and ccmes closer and
closer tc the normal form. Figures 28a-28c¢, 23d =shcw us

that 310000 has already reached the =steady state and

furthermcre its distritution has eventually taken the ncrmal
fcrm, since a straight line appears under NORMPL (figure
28c) and the skewness and kurtosis have the value .7 ard .8
respectively. Comgare its distributicn with the

distribution of V10000 of figure 27b where W is not in the

steady state. Again we may state here that convsrgerce to
the steady state of the distribution of % and W requires

much larger N than convergence to the steady state cf their
mean values for the same t and r. And alsc the higkter t
and/or r the larger N shculd be. As an example we can see

that even thcugh the =steady state (in value) of W for

S#25#98 type has Lkeen reached fcr N=10000, the steady state
in distribtuticn has nct been reached yet. See figures
24e-24g where we can oktserve that the distriktution of i10000
starts to leave the exponential form and to glol et the
ncrmal fcrm.
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Ccntinuing the analysis of the results we present

teloé the results we got from all runs, concerning¢ the

values of E(W] for various values of t, r, N.

N t r E(W](correlated) E[(W](M/M/1)
2000 .25 .25 «3720 .3332
2000 <25 .50 <4326 «3332
2000 <25 .90 .7578 .3332

10000 .25 .95 1.0576 .3332
10000 «25 .98 1.7077 .3332
2000 .50 .25 1.2106 .9985
2000 .50 .50 1.5811 .9985
2000 .50 .90 5.0785 .9985
10000 .50 .95 3.3196 .9985
10000 .50 .98 21.0542= .9985
10000 .95 .25 23.5651 18.3528
10000 +95 .50 33.3367 1€.3528
10000 .95 .50 123.9350* 16.3528
10000 «95 .95 196.2460%* 1€.3528
10000 .95 .98 342.9240% 18.3528
1000C <99 «29 62.3285%* 533371
10000 .99 .50 77.9370= 8363311
10000 «99 .90 193.9113=* 53.3371
10000 «99 +35 271.7713= 53.3371
100040 .99 .98 426.6750=* 53.3371

Note that these values have been scaled from the values
cktained in the sisulations by multiplying Ly RS. Thus for
t=0.50 and «r=0.25 the talkle gives E[W](correlated) as
1.2106; the value in Pigure 234 is 3.026x0.4=1.2106 . The
values marked * have nct converged.
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A study on these results gives us the following

cbservaticns:

1. Por given traffic intensity t the value of E[(W] is not
constant, as it is fcr M/M/1 queues, but it depends cn the
value of the correlaticn parameter r. Thus we see that the
value of E[(W ] increase, as the value cf r becomes larger
and larger. Furthermore from figure 29a, where E[%] is
plotted versus r we can see that the rate cf increment is
not constant (therefore is nct a linmear function of «r) but
it increases with r and eventually gces uf infinitely as r
gces to 1.

2. For given correlation r, we see that the value cf E[W]
incresases with t, the same as happens in the M/M/1 queue

(see figure 29b) . Eut regardless of the value of r, E[W] for
M/M/1 gqueue 1is always less than for the EARMA model. Thus
we may state that the waiting time of the autocorrelated
service time model is greater than the corresponding waitiag
time cf the M/M/1 model.
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Figure 29a - QUEUE WITH EAR1 AUTOREGFESSIVE SEFVICE
TIMES AND PCISSON INPUT. PLCT OF E(W] VERSUS r.
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Figure 29b - QUEJE WITH EAR1 AUTOREGRESSIVE SEFVICE
IIMES ANL PCISSON INPUT. PLCT OF E(W] VERSUS t.
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3. The values of E(W] for the type S#99498 model
increases with N following the curve in figure 30 a fact
that is known to happen in the ¥/M/1 queue also. We can see
from that figure that the rate of increment comes dcwr as N
increases and hcpefully should come to zerc as W reaches

the steady state. Ccmparing then the M/M/1 queue with the
correlated queue we can see that the M/M/1 gueue ccnverges
faster than the correlated especially when r is high. Thus
we can see frcm figures 32a-32c that both the value and
distributicn of the 710000 for M/M/1 queue have reached the
steady state, but the corresgcnding 710000 ct the correlated
gueue (figures 33a-d) has not (at least 1in its
distribution). (See the skewness and kurtcsis values for W1
EAR, W2 BAR, W3 BAR and W4 BAR in Figure 33é. These aprear
tc ke decreasing tc zero, but have certainly not reached
zero by N=10,000.) Looking at figure 31¢, we can cbkbtain
the result that neither W10000 fcr the correlated queue, or
K10000 fcr the unccrrelated queue has reached equilitrium.
This is because the skewness and kurtcsis values are
definitely nct close tc zero.
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Figure 30 - QUEUE WITH EAR1 AUTOREGRESSIVE SERVICE TIMES
AND POISSON INPUT. PIOT OF E[W] FROM THE KUN S#99#68, vs N.
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Ancther result oktained from the sipulation
concerns the comparison of ccnvergence cf % and W. Pror the
Erograms we have run we observe that W ccoverges slightly
faster than W (at least for low t and r). Also the standard
deviation of W is wmuch less than of W. 1In figqure 244 we can
see that W s880 has already reached the steady state but not
510000. Ccmpare also the values of their standard
deviaticns (.005 versus .2). Pigure 34 gives the results of

the type S#50#98 model for N=10000. We can see that while
W is already close tc the steady state, the fact that W has

nct reached it yet fcrces us tc continue the simulation by
increasing the value of N.
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2. Queue with C

The model for the crcss-correlated gueue is:

X =
(.} 6i
{S.} is EAEMA(1,1) over {( E, EKX/RS, . BRX/RS, ... }
3 1 1 i-1
That is:
,@E' W.Pp. é
5l
s. =
i
. + 2, v.p  (1-4)
i i
where
[ rA, WePs T

i-1
A.=1
i
=/ 3 + & RL/RS WepPe (1-E)
i

Again we chose the values .25, .50, .95, .99, for t
and .25, .50, .90, .S5, .98 fcr r and we run a total cf 20
runs to ccvar all ccmbinaticns of t and £, naming each run
as SC#ttérr.

Apalyzing the results obtained from the sizulaticn
We ckserve the fcllowirg:

1. The value of the traffic intensity ¢t ancé the

correlaticn r is the main factor for ccnvergence of W and W.
That 1is, high traffic intensity and/or high correlatioca
require N to be large in order for W and W to react tke
steady state. Thus simulating the models with t<.50 aad
£r<.95 for N=10000 it was possible for W and W to react the
steady state. In figures 35a-35d, 36a~36c we can se€e the
justificaticn of that conclusion. The values .107€ and

.0957 of W represent the steady state of

, and W
10000 10000
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the SC#50#25 model. On the other hand, regardless of the
value of t the models with r2.98 did not reach the =steady
state for N=10000 and regardless of the value of r the
pcdels with t2.95 did 1nct reach the steady state for
N=1C,000 . Figure 37 gives us the non-convergence of the
mcdel SC#99i25. Because of the high traffic intensity and
in crder to get the steady state of that model we have to
continue simulating by increasing the value cf N.
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2. High trafic intensity and correlaticn affects the
convergence of the distrituticn of W and W also.
Furthermore the steady state of their distributicns,
requires larger N than is required for the steady state of
their expected values. In examining that ccnclusicn, lcok
fcr example at the results of the simulated model SC#50#98,
where although W and W have already reached the steady

state for N=10000, their distribution has not <converged
yet. The above results have been cbtained from Figures

38a-38c, 3%9a-39d4 where W and W are rresanted. We
10000 10000

can see from these figures (38a-38c) that althcugh the value

£ ﬂ10000 has reached the steady state (see PFigure 394),
its distribution <cannot be characterized since the fplot
under EXELT (figure 38Lk) is not a straight 1line ané¢ the
parametars 6L=3.3u and &f11.0 are far away frcm the
desired values 2 and 6 . The same results can be okttained

from the figures 39a-39c which deal with W .
10C00
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3. To test the distribution of W and W we also usedé tnhe

Flotting sukroutines and the values of their skewness and
kurtosis parameters as we did with the queue with dependent
service.

The results obtained from the analysis are as
fcllcus:

(i) . Given +that W>0, we may say that W has an
exponential form, since the rlots under EXPLT Subrcutine
result in a straight line and the values of Zland zlare
around their actual values 2 and 6 resgpectively. For examgle
the SC#50#25 model (which is represented Lty the figures
35a-35d) , where the steady state has been reached, gave us a
straight line and the values 1.8 and 4.7
fcr j, and Ezrespectively. We have to state here that the
expcnential distributicn comes only if W has reachec the
steady state, and we cannot have the same result if the W is
still in a transient state.

(ii) Fcr the distributicn of W we can say that the
normality assumgtion is an afppropriate «cne, since the
graphs «cktained wunder NORMEL result in a straight 1lire and
the value cf skewness and kurtosis is arcund '0°. The
results, for example, obtained from the SC#z5#25 model gave
us a straight line under NORMEL and the values .17 amnc¢ -.05
fcr the skewness and kurtosis respectively (see figures
40a-40c) . The normality assumption holds if the W has
reached the steady state. At the begining c¢f the transient
state it is nct possible to characterize its distribution,

while when W is in a transient state we can see that its
distribution takes an exponential or a X fcrm. This is

left 1little by little as W comes close to the steady state
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and then eventually it takes the normal fcrm. The @mcdel
SC#25#95 1is a representative example cf that result. 1In

that model, although W has nct reached the steady state yet

(N=10000) e can observe the values of skewness having as
3.5, 1.8, 1.€ 1.5 and the values of kurtosis as 24.7, 7.2,
5.7, 4.3 for N=2500, 5000, 750C, 10000 respectivelly. 1That
is the values start frcm a high level, then ccme down, they
Fass frcm the actual values of 3L'3L fcr an expcnential
model and then continue decreasing and hopefully in the
steady state they should reach a value arcurd '0' where the
value cf skewness and kurtosis fcr the normal distribution.
The same assumptions are obtained analyzing the flcts of
that model also. That is for ©N=2500 the F[flots are not
linear wunder both EXPLT and NORMPL, for N=5000 a straight
line appears under EXPLT, for N=7500 and 10000 the ©Eglot
leaves gradually the straight line under EXEIT and begins to
give us a straight 1line under NOEMPL.
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4. The following values for W have been cktained frcm the
runs with various values of t and r and for N=10000

N t r E[W] E[(W](M/M/1)
1000¢ .25 .25 .1169 .3332
10000 .25 .50 <1724 .3332
10000 .25 .90 .3538 »3332
10000 .25 .95 .4075 .3332
10000 .25 .98 .4679 .3332
10000 .50 .25 .3831 .9985
10000 .50 .50 .5648 .9985
10000 .50 .90 1.4589 .9985
10000 .50 .95 2.1109 .9985
10006 .50 .98 3.7196% .9985
10000 .95 .25 10.4672 18.3528
10000 .95 .50 13.4784% 1€.3528
10000 .95 .90 29.1312% 1€.3528
10000 .95 .95 75.1180% 16.3528
10000 .95 .98 145.34 84 % 18.3528
10000 .99 .25 35.5986 % 53.3371
10000 .99 .50 43.1616% 53.3371
10000 .99 .90 98.9556 % 53.3371
10000 .99 .95 139.0167% 53,3371
10000 .99 .98 219.7920% 53.3371

Analyzing the above results we may state conclusicaos
as follcus:

(1) . Fcr a given traffic intensity t the value of W is
nct constant, but depends on the value of ccrrelaticn r, as
happens in the queue with dependent service. We okserve
also that W increases as r 1increases, but the rate of

increment is larger as r goes to 1, and very small for 1low




values cf r; therefore W is not a linear fuaction cf r.
Figure 41 gives the fplcts of W versus r for t = .25, .50,
.95, .98 and also for the M/M/1 queue (r=0). Furthermcre we
can observe that the value of W for the «ccrrelated gqueue,
ccmparing it with the result for the ¥/M/1 queue, is not
always greater as in the case «c¢f dependent service, but
depends cn the value of £, It is less for r<.50 and greater
for r2.90

(ii) . Pcr a given correlation the value of W incieases
as t increases. Furthermore high values of t cause higtk rate
cf increment, which becomes 1larger as the correlation
increases. Figure 42 gives the plots c¢f W versus t for
E =0, <25, 959, =90, 95, and .98 . Observinc that
figure we can see also that fcr a given t the order of
increment of W 1is for T = .25, .50, O, .90, .9%5, .98
respectively. Thus we can conclude that the waiting time
fcr the cross-correlated gqueue is generally greater than the
waiting time for M/M/1 queue when the correlation is high.

5. The 1last result obtained from the simulation of that
mocdel was the convergence of W and W. (These statistics
alsc converge in value and in distributicn slower then the
same statistics in M/M/1 queue). The mcdel SC#25#98 reveals
that W converges faster than W (see figure 43). Eut the
model SC#S9#50 gave us the conclusicn that W ccnverges
faster than W (see figqure 44). Thus we can state here that
fcr low values of t W converges faster tham W and <fcr high

values of t the opposite is true.
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