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ABSTRACT

The cnject of this thesis has been twofold. lh €
first ctject ~as to develop FORTRAN versions of

several existing APL px.ograms which were designed tc

analyze univariate data . In particular the programs

were designed to test for exponentiality and normality

of the data and , by secticnirg or jacknifing, obtain

estimates of sampling variances of salpie moments .

The seccnd object of the thesis was to use these
programs in a simulation study of first—ccie

first—served queues in which the service times and the

inter—arrival times are exponentially distributed but

dependent. The dependence is introduced by using the

mixed ‘oving average autoregresiv~ structure

EAR~ A (p,g) ) tor exponential sequences introduced by

Lewis and co— workers. Pour models ci correla ted

queue s are introduce d, giving autocorrelatad and
cross—correlate d service and arrival  t i m e s  in v a r iou s
degrees. The simulation study gives a quantitative
idea ci the effect ci correlation on the mean waiting
time and the distribution of the waiting time.
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I .  ~~~0DU C TIQ

The objec t  of this thesis has been t w o f cl d .

The first object was to develop FCBTBAN versicns of

several existing IPL programs which were des igned to ar a l y z e
un ivar i a te  data, in particula r to test fcr exponentiality

and normality of the data and , by sectioning or jackrifing
obtain estimates of variances of sample moments.

The second object was to use these programs in a
siiuulaticn study of first—come first—served queues in which

the service times and the inter—arrival times are

exponentially distributed but dependent . The dependerce is

introduced by using the mixed moving average autoregressive

structure ( EARMA (p,q) ) for exponential sequences

introduced by Gayer and Lewis (1977), Lawranc e an d Lewis
(1977), Jacobs and Lewis (19 77) and Lawrence an d Lewis
(1978) . Pour  schemes are introduced which give

au tocorrelated and cross—ccrrelated service and arrival

times in various degrees.

Since no analy tical properties of these queues can be
derived , their properties are studied by simulation.

Because the EARMA queues are neither regenerative nor

Narkovian there are several problems in the simulation study

of knowing when one can assume that a steady state has been

reached in the simula tion and of obtaining confidence
intervals for estimated parameters. This prctleza is handled

by generating a number of independent sample paths and

ccmparin g statistics obtained from the replicaticrs at

several pcin ts along the sample paths. Only the waiting

16 
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t ime prccess ( W )  is studied in this thesis, not the state

space prccess N ( t )

Unfortunately the siinulaticn study cf the EARNA—type

queue was hampered by the size and speed of the

IBM System 3~ 0/67 system at the Naval Postgraduate School.

Consequentl y the results were not as ex tens ive  as had been
hoped fcr. Fairly detailed results are given for the case

where the service time process is autoregressive ; one case

where the traffic intensity is 0.99 and the correlation

parameter 0.98, was intensively investigated. This gives

scac idea of the length of the transient in the queue and of

the inflation of the wean waiting time because of the

correlaticn in the service prccess. Some investigation of

tne case where the service times and inter—arrival timEs are

cross—correlated are given.

In section II we describe the basic histogram and
statistics computation package ‘HISTGS/F’ and apply it to

two sets of telephone errcr data. In section III the

plottin g method and the plotting Subroutines ‘NCP~ EI’,

‘BXPLT’ are descrined and we test them with various

generated data. In section IV we describe the assessment of

var iab i l i ty  Subrout ines  ‘S E C T N ’ , ‘JACK ’ and we apply  t h e n  to
telephone data set 1. Ia section V the  Subroutine ‘LIST’ is

described and we apply it to two sets of telephone error

data. In section VI we describe and analyze the EARNI(p,g )

mo del as well the program which we developed in order to

simulate it. Computer program listings are provided after

section VI.

17
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II. 
~~~~~~~~~ ~I L ~~~~I~

A. DESCRIP TION

Here the Subtoutine ‘HI STGS/HISTPS’ is presented.

‘HI STGS/UISTES’ is used for estimating the probability

density function from a given set of data and at the same

time computing some basic statistics. Basically this

Subroutine is the library FORTRAN—Subroutine HISTF/G, w hich
was created at N.P.S. by D. W. Robinson. It has teen

mcdified by adding the new entry point ‘LIMITS’ .

The new entry poin t may be used for wild data or for
data having a mixed distribution. Therefore it is a tseful

tccl for that user invclved with this kind cf data. Simp ly,

the user has to define those values in the range of data

(section ing the data into several disjoint sections) that
he/she believes are useful cut points. For each secticn of

data the user way have the probability density functicn as

well as the basic statistics ( as HISTF/G does ) . Alsc by

sectioning the data over its range, the user may have a
h i s togram CL the random variable when it is conditioned to

be be tween  given l imits.

The num ber of sections that the entry pcint ‘LIMITS’ can
accept  is as m any  as 5C.

A ccmplete description of how ‘HISTGS/BISTFS ’ opera~~s
is given in the subrou tine. Cn the other hand , a summary of

the subrcutine is given by typing on the terminal the

-—-- -
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ccmm an d LE SCSIBE RISTGS under CIIS (Cambr idçe  ~onitor S y s t e m ,
R e f .  4) . typ ing  ‘DESCRIBE BISTGS ’ the fol lowing response
will, be given  on the terminal:

SUBRCUTIU HISTGS/HISTPS

‘HISTGS/bISTP~~’ gives you a histogram cf a set of data —

along with the estimate of a set of basic statistics. Also

it gives you the following options:

1. Displaying a smoothed empirical probability density

function cver the histcgraw ,

2. Sectioning the data into several disjoint sections

(no more than 50) and then having a histcgram an~ the

estimate of basic statistics for each sectica ,

3. Scaling the histogram ,

4. Displaying just the histogram (wi-t b cr withc~ t the

densi ty function) and no statistics.

The tstimated basic statistics are: Mean , Me d ian ,
trimean , Midrange , Geometric Mean , Harmonic M ean , V ariance ,
Standard Deviation , Coefficient Cf Variation , Mean
Deviation , Range , Zlidspread , Third and Forth Central Mcm ent ,
Skewness , Ki~rtosis, Beta l , Beta2, Maximum , Minimu m , and

~uan tiles.

CALLING SEQUENCES

CALL HISIGS ( X , N, N E AR
CALL HISTFS ( X , N , N EA R )
CALL LIMIT S ( X , N, XLI M , L I M S  )
CALL NCS I AS

CA LL STATS

CALL PIES ( SCALE )
CALL NCEIXS

CALL P R C M ~~E ( PSC )

CALL NOPEME
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A R G U M E N T S
X A r r a y  of data values
N N u m b e r  of data  values
NEA R N u m b e r  of bars in the  histogram
ILIN Array of cut points

LIM S- N u m b e r  of cut pcints
SCALE Vector  of two values to scale the  data
PSC A real variable (between 0. and 1.) defining

the maximum value of the probanility axis.

If the entry point NOSTAS is called befcre callinç any

of the entry points UISTFS, HISTGS, or LIMITS then no
statistics are printed , otherwise the statistics are prin ted
by d e f a u l t .

By calling the ent ry po in t  P115 the h i st cg ram scal e may
be f i x e d  and remains  set unless it is reset  ty ano the r  call
to P115 or allowed to floa t (the de fau l t )  b y  calling NCP IXS.
The reason for fixing the scales is so that when ccmparin g

mcre than one batch of data, we can get ccmparably scaled

histograms.

By calling PRO MAX , the maximum value of the probability

axis (Y ) can be set to PSC, which will remain in effect

un til NOEHNX is called (the default)

More infcrmaticn is given in tue subroutine.

B. USING ‘HISTG S/HISTFS’ WITH TELE2UON~ DATA 1 AND

T ELEP H ON E D A T A  2

Here ‘HISIGS/HISTFS’ has been used to pict the set of

T e l e p h o n e  D a t a  1 and Telephone Data 2. The algorithmic



procedure  fo r  both sets of data is the same.  That is , the
entry point ‘HIS TPS’ is called f i r s t  and  then the  en t ry
point ‘LIMITS’ . Four cut points have been used (1 , 2, 114 1 ,

86000) sectioning the data into three disjcint secticns as

fc.l.lows:
Section 1 : Consists of data points X , such that

1~~~~X < 2 .(j )
Secticn 2 : Inc ludes  the  data pc int s  x , such tha t

2 ~ I < 1111.
(j)

Secticn 3 : Includes the  data poin ts  X , such that

142 ~ I < 86000.(j)

No print—out for secticu 1 is given because of the

ccnstan t va lue  of the data pcints .

Figures 1 through 6 giv e the histogram and the basic

statistics f c r  both sets of data ( For the entire set and

icr secticns 2 and 3 ) .

We observe that both of data sets are sc unruly that the

use of the entry pcint ‘LIMITS’ of ‘HISTGS ’ is suggested.

Observing Figures 1 and 4 we may conc lude  that  both data
sets appear to be the same , havin g scme geometric or

exp cn e n ti a l  d istr ibut icn .  B u t  as we will see later th i s  is
not true. Thus the histogram , in that case , whic h is
obtained by using just the entry point ‘HISTFS ’ is not

he lp fu l  and leads us to a w r cn g  conclu sion.

‘LIMIT S’ is applied now to give us a useful answer
Observ ing  f i gu res  2 and 5 , obtained by using the en t ry

point ‘L I M I T S ’ , we may conclude that  t h e  da t a  sets dc not
have the same dis tribution ( at least in that interval )

In addition data set 2 is far from having a geometric cr an 
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exponen tial distributicn, as it can be seen by the histogram

of the entire set of data. This is a ccnclusion which

cannot be cbtained by without use of the entry point

‘LIMITS ’ .

Observing also Pigures 3 and 6 , where the histcgram of

the 3rd s€cticn from each data set is presented , w e may
conclude that this section of both data sets may have an
exponential distnibuticn, bu t not the same cne.

The most important facet of the data which appears is

the modes at about 124. The mode is much icre apparent in

Telephone Data 2. In fact closer investigaticn reveals that

this mode was due to leakage of dial pulses; this leakage

caused bit errors at multiples of 124 bits.

The above is a quick and informal analysis of the

Telephone Data Sets obtained by using the entry pcint

‘LIMITS’ of ‘HISTG S/HISTFS’, and the conclusicn is that both

of data sets are so unr uly that any formal characterization

ci their distribution is not so easily obtained. In

addition it is apparent that a mixed distribution gcverns

both sets of data.

H aving  quickly  analyzed both of the te lephon e data sets,
the use of entry pcint ‘LIMITS’ of the  S ub r c u t in e
‘HI STG S/ HI STPS ’  is obvious .
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III.. PLOTTING SUBROUTINES

A. INTROCUCTION

Graphical  methods of assessing the val idi ty  cf a
probabi l ity  model, and of estimating some tasic paraffeters

(Especially iccation and scale parameters) have been ~idely
applied over man y years. A var i e ty  of different

prescriptions have been advanced for the plctting positicns,

that is, fcr the set of values at which the cidered

cbservaticns in a sample should te plotted.

Plotting the crdered data is an in±crmaJ. and g~iick

visual wethcd for getting an iznpressicn of how tue
distribution of data looks. Depending cn wha t is known

about the distributicn of the data there are many

probabili ty plotting m ethods.

The Plotting Subroutines presented here , ‘NOR~ PL’ and

‘EXP LT’, use the method cf plotting the crder statistics

( X . 
) versus their expected value ( E(X 3 ) called

‘1~‘SCORES’ This method does not require knowledge cf the
C u m u l a t i v e  Cistribution Functicn F(x) (except for its

assumed continuity). Therefore it may be very attractive

for those whc kncw nothin g about the data tc be analyzed. In

addition the indication of the graph may lead the anal yst to

f u r t h e r  u s e f u l  results .
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I
Using the Plotting Subroutines ‘NORMPL ’ and ‘EIELT’ one

may analyze the resulting graphs obtained tc get an id€a of

the distribution of the data.

2. DESCRIPTICN O.F THE PLOTTING METHOD

The idea behind this wetbcd , as ab cv e state d, is tc plot

I versus E(X 3.
Ci ’  Cj )  H

It is used where data I , I , ..., I arise as
1 2 n

independent  observations of a cont inuous Random Variable I

with a distributio n function which is believed to have scme

particular form F (x) Then the ordered data

I , I , .. ., I are plctted against E[X 3.
C l) (2) ( fl )

If the model for F(x) used to get 2(1 3 is true then

the resulting plot is a linear (regression) relationship and

shoul d plo t, within limits of sample variations , as a
straight line. Barnett L2 .] gives the value cf E(X 3 as a

~~i)

linear relation of the plotting position x . That is:
(~3~)

E(X ] = m + s x
Ci) Cj)

here m, an d s, are the location and scale parameters. The

sean and Variance of I are not necessary. As we see the

above re.laticn uniguely defines the plotting positlcn as
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2(1 — m ]
(i)x =

s

I — m
C j )

= E ( - — — — — — — — — — ]
S

Therefore , if the ~odel is correc t the linearity will
probably be evident. In addition if the resulting plot not

being linear leads us to reject the model , we may ge t an
iadicaticn of the type cf departure present and thus an

indicat icn of what action tc take or what alternative mcdel. 
—

to use. It should be noted that the linearity of the graph

sugges ts informally that the model is true , but nct to
accept t he  model . Addi t ional  fo rma l  tests must  be done in
cider to accept the model .

C. SUBRCUTINE NCRM PL

C 1. 
~~~~~~~t~22

Sub rcu tine ‘N CRMPL ’, is use d tc test a sam p l e  of
i n d ep e n d en t  cbservat ions of a ccntinuous Random Variable I

havin g a distrib ution functicn which is believed to have the

Ncrmal fcrm .

‘NOR~ PL’ sorts the data into increasing cider to

create a set of Order Statistics. Then the Cider Statistics

are plctted versus either Ncrmal ~ccres
(if n ~ 50, n = number of data—points) or inverse of the

—1
Standard Normal Cumulative Distributicn Function (F (y)),

(if n ) 50).
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Evaluation of Normal Scores is based on computing

th
the Expected Value of the i Order Statistic ( 2(1 

• 3 )

This evaluation follows:

Let

th
g (x ) be the density functicn cf the i Cider

~~1~

Statistic of a sample I , I , ~~~~. .,  I frcm a population
1 2 a

havin g the Standard Ncrmal Cistribution F. Then g(x ) is
C .’ )

given by :

nI i— i n—i
g (x ) = F (x ) (1—F (x ) )  f (xCj) (i—i)? (n—i)? ~ 

(j) X (j) X (j)

as  i— i n—i I 
P Q Z ,

( i— i ) ’  (n—i)!

where:

2
/2

1 (j)
Z = f (x ) e

I (j) 1,2
(2 T~)

2
1 —u /2

P = F  (I ) = 1  C ,

X Ci )  1 1/ 2

~c~(2 ‘•l )

- Q 1—P

N cw
(ot

~

E ( I  x g (x) dx
C i. )

i— i n—i
(1)  =  ~~x Z P  Q dx

(i— 1)~ (n — i ) ~ )
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The value of expression (1) has been evaluated and

is given in (19). This table gives the values of Normal

Scores from 1 to n/2 (for n~ 50) . The values from (n/2)+l to

n are evalua ted using the symmetric expressicn :

2(1 ) — E[ X 3(j) (n—i+ 1 )

Also

2(1 3 = 0, a = 2k+1 ,

(k+1)

‘N OB~ 2L’ uses the a bove Normal sccres if n ~ 50. For

n > 50 ‘Noa~ 2L’ compu tes its cwn Normal Scores using the

program function ‘IN VNR~~’, which gives the value x cf the

inverse Standard Ncrmal distributicn (x = F (y),

O � y ~ 1). Justification of this is tne fact that if the

data are really normally distributed then

2(2 3 F- ( i/(n+ 1) ) . Therefore ‘N ORMPL ’ can accoiicdate

any sample size.

In ad dition to the plot given ty ‘NORNPL’, the

~ilk— Shapiro test for nor mality can be evaluated by the same

Subroutine. A detailed descript ion of that test is giver, in

(22]. However a summary of that test is presented here in

order to help us to describe how the pr cgraw works. The

Wilk—Shapiro test is based on the statistic:

2
b

W = ———
2

S

w here:

IC
b = ,~~~~~ a • (I . 

— I ) , k=r/ 2, n ev en
i.=1 n—i.+1 (n—r+1) (i.)
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b = a (X —2 ) 4 a (I — x + •~~~~.

~ 
(~~ ) Cl ) n— i (n— i) ~2)

+ a (I —x ), k= (n—1)/2 , n odd
k+2 (k+2) Ck~

2 n 2

1=1 1

The coefficients (a ) are defined by:
3.

n
a = Z m u  I /C , i = 1,2,...,n

3. 3 1 3 3 . J
where :

in = E [X ], (That is the ‘NORMAL SCCBE3’)
(j)

ii = C ov~ X ,X 3,  i,j  = 1 ,2,...,n
(~~~) (j)

2 ‘ —1 — i
C~~~~ V V in

where :

in = (i i  ,w ,...in
1 2  n

V = (U  ) ,  That is the ala Covariance Matrix.
1,)

There are some approximations asscciated with the

evaluation of these coefficients. However fcr a � SC the

(a ) are tabulated in the  ab o v e — m e n t i o n e d  paper  aid  the
1.

program uses them by FCBTRAN DATA initialization state~ ents.
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Fct n>50 the (a) are computed by the program using

the following approximation method :

a = 2m /C, i = 1 ,2,...,n—1
3. 1.

wh e re  C is g iven  by the fo l l owing  Leas t—Square  equation as a
func tion of n :

2
C = —2.722 + 4.083a

Alsc, for n 1

2 r (n/2 + .5)

1 1/2

~ r(~/2 + 1)

Note that a = a •
i n—i+ l

Some pro p er ties for  the W Sta tistic can be given
here , wbicii have been taken from the above mentioned paper:

(a) . W is scal e and or ig in  invar ian t .
(b) . i has a distribution which depends only on the

sample size n , for samples from a Normal Distribution.

(C)  . ‘
~ is stat istically independen t  of S and of ~ for

samples from a Normal Distribution.

r 2r 2r
(d) . E(W 3 = E(b ],‘E(S 3 f o r  a n y  r .

(e). The maximum value of W is 1

2
(f). The iinimum value of W is na /(n—1) .

(g) . The half and first ~o men ts of W a re given by:

= ~~~~~~~~~~~ ,
1/2

C 
~~

(
~~
/

~~
) 2

2 2
B (2 +1)

2(W) = 
2

C (n—i)
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where:

2 — 1
B =  m V  in

(h). For n=3 the dens ity of W is given as:

3 _ 1/2  — 1/ 2
f (w) = —— — (1—w) v , .75 ~ w ~ 1.W

2. 
~~~~~~~~~~~~~~~~~~

‘NORMPL’ is a FORTRAN—ca llable Subroutine with eacn

call, returning (optionally) either a pict fc: a given set of

data or a value for the W Statistic or both.

The progra m is divided into three parts:

The first part is the control prcgram of ‘NOEMP L’ .

In that part the ‘Normal Scores’ for n = 2 (1)25 and

a = 26(2) 50 are stored along with the Subrcutine by CATA

statements; on the other hand , the Normal Sccres for n > 50

are computed by callin g the prcgrain ’s fu nc ticn ‘INY NEM ’. if l
this part the user specifies just a plot ci just the value

of W or bcth . The Library—Subroutine ‘PXSCET’ is used by

tne program .

The second par t of the program ccnsis’cs of the

Subroutine ‘PLOT’ which accepts any data set to be tested

for Normality. ‘PLOT’ itself scales the data according to

its ran ge an d plo ts the scale d da ta along 110 equal  spaced
positions of the X—axis. No plot is given if the data has a

constant value.

The third part of the program is the ‘WILK’

Subroutine. In this Subroutine the ccefficients (a
3.

(for n � SO) of the ~ Statistic are stored using FCBTEAN

36
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DATA initialization statements. For n>50 the coefficients

(a ) are computed by the Subroutine itself. This Subrcutine
2.

also calls the ‘IN VN RM’ Functicn to get the ‘Normal Sccres ’
to be used for the ccwputaticn cf the (a) ‘s when a > SO.

A ccmplete description of how ‘NOEMPL ’ opera tes is
given in the Subro utine. However a summary is obtained by

typing on the terminal DESCRIBE NORMPL . Wh€n the user types

the command DE SCRIB E NCRM PL under the CMS environmen t the
fcllowing response is printed on the terminal:

SUBRCUTINE NCR~PL

‘N ORMPL’ takes a set of data, sorts it into

ascending order and uses the created Order Statistics for:

1. Plotting I versus either ‘Normal Scores ’ (if
(i)

n � 50, n = Sample size) or Inverse cf the unit ticrinal

Cumula tive Distr ibu tion (tha t is:
—1

I versus Normal scores or F ( i/(n+1) ) , )
(i)

to see if there is a. linear fit.

2. Computing the value of the W test Statistic

(i~ilk—Shapi:c test for normality).

It is called by:
CALL N C E M P L  ( X , SCCRES , N , K

A R GU M ENTS
I Is the array containing the data

SCORES Is a work a r ray  of d imension  N
N Is the number of data values

IC User ’s op tion .
For: K = 1 A plo t only
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K = 2 The W—val ue is given

K = 3 Both of the above are given.

Mcr e in fo rm a t i cn  is give n in the  s ubr ou t i n e .

3. ~~~~~&~~~a ~~ ~~~~~

If data are really Ncrmally distributed then a

straight line is expected from the output. This is an

indication that gives the user a first feeling of the

dis tribution of data . But if the plo t is not linea: then
the user has to reject the normality assumpticn. In

ad dition tn e sha pe of the pict n ay lea d the user to m ake an
alternative decision of what model he nay use. For example:

(a) . Shap e of the form of Figure 7a suggests that

data are skewed to one side (specifically pcsitive values).

In that case an Expcnential aodel could be an appropriate

one. The histogra m of the data is given in Figure 7b .

(b) . Shape of the form of Figure 8a can be

interpreted as data not as dispersed as the I~crmal
Distribution. This set - of data may have a Unifcra ci a

Triangular Distribution , an d could , fo r  ins tance , arise if
measuring tolerances of components hand—picked to lie within

tolerances. The associated histogram is g i v e n  in F i g u r e  Sb.

(C )  . Shape of the f o r m  of Fi gure Sn indicates much
m ore  disperse d data th an Normal , but the data is symmetric ,

proba bly coming  f r c m  a Dou ble Expon en tial or Cauchy
Distribution. The associated histogra m is given in Figure

Sb.

It should be ncted here that a straight line does

act always arise frcm Normal data . Figure lOa for example
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gives an indication tha t  data  are N o r m a l  (S t r a igh t  l ine) .
But these data have been generated by computer from a

Symmetric Triangul ar Distribution in the r a n g e  (0 to 2). On

the other hand figure h a ,  plots a data set of size 50 again
from a Trian gular (0 tc 2) distribution. Eut in this case

we observe that the g raph  is not a straight line. These

results demonstrate the informality of that Probatility

Plotting Method and in these cases the user has to ccntinue

testing the data by other formal tests. Nevertheless, since
this me tho d is primarily an initial screening device , ease
cf application is important. Figure lit gives the

associated histogram .

IH
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The Subroutine ‘NORZ~~L’ has been UsEd here tc test

for Noraality some data sets which were generated ty the

compu ter from various distributions. The slots of these

data sets illustrate the advantages and disad~antages cf the
plotting Subroutin e ‘NCRIIPL’.

Ctserving Figures 7a— b, 8a— b, 9a— b and 12a—t we way

note the follcwing:

(a) . Figure 12a sho ws a. plot of a sample of 5C data
çcints f rc m a Normal Distribution ( N (l00 0 ,1) ). As it was

expected a very straight line is fitted. In addition to

that plot, the Subroutine ‘NORMPL’ uses the optic: to
evaluate the IWILK_ SaA~IROt test and the W—v alue is ccmpited

an d printed cn the same figure. Com~aring this value with

the percentage points Cf the W—test which are given in [2 2 ],
for sample size n=50 we see that we way accept the normality

assuwpticn with a significanse level = . 02  . Fi gure 12b

gives the associated histogram.

(b)  . Figure  7a plots a sample  of 200 data ~cints
o~ the Unit Expcnential distribution . Hete the nonlinear

graph is otvious ( as is expected ) and suggests tc

re ject the ncrmality assumption of the data without dcing

any further formal test.

(C) . Figure 8a gives a plot of a sample cf size

200 fro m Uni’4orm ( 0, 1 ) generated data. The shape of

that plot indicates data nor as dispersed as the ncrmal ,

therefore the user is told to reject normality, getting at

the same time a suggestion that data way be Uniformly
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distributed C because of that particular shape of the

graph ). -
~~~~

(d)- . Figure 9a suggests strcngly departure frcm a

Normality assumption. Indeed this set of data have teen

generated from a Cauchy Distribution and its shape really

indicates a symmet ric distribution. -
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5. Us~ng 
~~~~~~~~~~~ 

with 
~~~~ ~~~~~~~~ &.~fl

‘N OENPL ’ was used with the ccst overruns data (6),

for the year 1950 to see if there is a linear fit. Lccking

at Figure 13 we see that data may be Normally distributed

since the pAct is very close to linear . Of ccurse scme data

points deviate from the straight line , but these points may
be considered as outliers.

I
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Figure 13 — COST O V E R R O N S  CA T A
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D. SUBRCUTINE EXPLT

1. fl~~~~~~~~~E.t.i Qfl

Subroutine ‘EXPLT’ is indended tc be used for

testing a sa~ ple of independent observations of a continuous
random variable X with a distribution function which is

believed -to be Exponential, by plotting each of the Crder
Statistics X versus its Expected Value, a~ d by estiaating

ii)
the parameters 

~L and 
~
( of the observa ticns ( ~, and

intro duced later)

This Subroutine sorts the data into increasing

crder , obtaining the Order Statistics. The Crder Statistics

are then ~J.ctted versus Exponential Scores. These scores are
evaluate d by the Subroutine. The Exponential Scores ate the

ex pected value cf the Crd.er Sta tistics ( E(X ]  )  . They
. a ~i)ate more easily derived and computed than the Normal Scores.

Tha t is:

Let X be a random variable Exponentially distributed

wi th parame ter ) 1

Then it is krcwn :

f (x ) = ~~~~~ , ~~~~, x > 0

-

P z )  = 1—e , ~~~~ , x > 0.
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a- a-~~~~~~a-~~~~~~~~~~~

The Density cf the i Order Statistic is given by:

n— i i— i n—i
f (x ) = n( ) F (x ) (1—F (x ) )  f (x ax i— i  X C i ) x ~~~~ X (i~(j )

st
Thus for the 1 Order Statistic we have:

~~~C 1)  n— i ~~~(1)

f ( x )  = n (i— (1—e ) ) ~e

(1)
- n .~x( 1 )

Therefore X 
1 

is exponen tially distributed with

parame ter ‘
~~~ = n ~

And for ~~= 1 we have:
1 1

E (X ) = — — — - - = — — —
(1) n~ .4 n

It can be proved (see Feller [7]) that the a random

var ia bles X , X —X , x — x , ... , X —x f rom
(1) (2) (1) (3) (2) (a) (n—i)

an Exponen tial random variable X with density functicn :

f (x) = ~e , x > 0 ,

are independent and the density of the random variable

= X — i~ given by :
(k) (k—i )

—

f (y) = (n—k+1) 2~e , y ) 0

Tha t is, Y is an Ex ponential randc~ varia bl€ with

parame ter (t—k+1) ~
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-therefore E[1) is given by:

1
E(X —X ] , for 1 *

(k) (k—i) ~(n—k+i) n—k+1

ihis fact is used to derive E(X 3, i = 2,3,...,n
(i)

that is:

E( X ) = E( (X —x ) + —X ) + • •  • +
U) (i) (i—i) (i—i) (i—2)

(X —x ) + X  3
(2) (1) (1)

= E[X )+E [X — x 3 + .. . +
(1) (2) (1)

—x J + E ( X —X ]
(i—i) (i—2) (i) (i—i) - 

I

1 -1 -1 1 
+ U ..  + 

n u—2+i n—3+1 n—i+1

= I——— ——— _
,

k=1 n— k+ 1

‘EXPLT ’ derives the values of E (X 3 usirg the
U)

anove formula and then it uses its Subroutine ‘EPL CT’ to

plct the Crder Statistics versus their expected value.

In addition to the plot, which is an informal and

quick test for exponentiality the estimates of the

statistics and ~~ provide another infortual test since the

values of and have a constant value for any

Expcnen tial distribution:
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Ey definitior and are given by:

3
(X — 

r)

4
(X— ~)

~ l
= E [———————— ] — 3

~ L4

Thus

1 3
= — — — E[(X—~) 3

= —— — E (X  — 3X~~ + 3X~~ —~ t 3

1 3 2 2 3
(1)  = — — — (E(X 3 — 3 ~1AEf X 3 + 3~ 4E(IJ ~~~0~

N o v
3 (

~~~ 3
E(X 3 = J x f (x) dx

ç~ 3 -u
= j0 x ~~e dx

~ 4—1 4 —~ x
r’(~ ) \ x  ~ e d x .

.~ 3 Jo ~
(
~

)

the above integral is tha t of the Gamma density furction

wi th para me ter c/. 4, and since its value equals 1 we

have:

3 3’ 6
S

.1
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I.

2
Computing E(X 3 we have:

2 ,~~~2E(X ) i x  ~~e dx
a

3— 1 .3 —~xr(3) ~°~ x e dx

~2 )~ ~~(3)

2

Alsc E (X] = —
~~~~

— =

Substituting in (1) we have:

‘
~t = E (_i~

_
~
t2__ ]

1 6 1 2 1 
3 + 3  )

~ -~~2

3 3
~ (2/j~~) 2 ~

Therefore the value of equals 2 for any Exj~cn en tial
distributict .

Alsc ‘
~~~~~ is compu ting as follows:

‘4
4X—~)

14

4 .3 2 2  3 4 4
E(X — 4)41 + 5 o ~~~ — 4 ~~~I +  

~~~ic- 
— 3

4 3 2 2 3 4 4
(2) = (E[X I — 4)4E C X 3 + 6y E(X 3 — 4~J

J ELX ] + 3 ~~~~~~
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5__a-

~~
.a-

~~~~~~~ - --a--~~ .a-a-~~~~~~ - - - -  -a.~~~~~. a- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- -~~~~~~

Eut
4 4

£ f X J =  ) x  ~e dx
0

~ 5— 1 5 —~ x
— 

r(~
) x )

~ e dx

~ r(5)
‘4

Thus
1 24 1 6 1 2 1 1 1 

4 + 6  4 + — — — ) — 3
~ ~4 ~ ~3 ~2 12

4 4
= ) ~ ( 9 / ) ) — 3  6

Therefore the value of ~~ equals  6 i c r  any
Expcnen tial distributica .

This fact is used by the Subroutine ‘EXPLT’ tc give

the user cue more informal test for expcnentiality. It

estima tes the values of ‘
~~~~ and ~~ and if * 2

and/or ~~* 6 then the data may not have an Expcnential

distribution.

Es tim a ting the values  of ~ and ~~~~~~ , ‘EXPLT’ uses
3 4

un biased estimator icr ~~~~~~, E( (X— ~) 3 and E( (X— s
)~) ] using

the formulas:

a 2 1/2
a = ( .Z (1 — 2 )  / (n—i) ) ,

i—i ~~.

a
5 ( 1 - I )

3 121 2.
E( (X—r) 3 = n — ——(n—i) (n—2)

a
(n (fl—2) +3) (.~~ 

(X — X )  ) ~14 i 1  2. 3 ~ (n—i) (2n—3)
E( (I—~1) 3 =

(n—i) (n—2) (n—3) fl (n—2) (n—3)
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2. ~~~~~

The Subrou tine ‘EXP LT’ is also a ~CRTR A N callable
subroutine with each call producing a plot fcr the given set

of data and at the same time calculating and printirg the

estimated values of the paramete rs ~~ and of the data.

Easicaily the program is divided intc two parts:

The first part is involved wi th all required

com putations calculating the Exponential Scores ard the

various statistics needed to compute the and

parameters.

The seccnd part is the Subroutine ‘EPL OT’. ‘EPL OT’

sca~.es tne data points according to their range and plots

the scaled data along 110 equal—spaced pcsitions of the

I—axis. No plot is given if the data have ccnstan t value or

if there exists a data point less than zerc.

~ complete description of h cw ‘EXELT ’ operates is

given by the Subroutine and a summary description is given

on the terminal ~y typing the command DB SCR IE E E XPLT under
the CNS environment. Whe n the user types DESCRI3E EXELT

the following respon se is printed on the terminal :

S U B R O U T I N E  EXP L T

‘EXPIT’ takes a set of data , scr ts i t in to
increasing crder and plots the created crder statistics

versus expcnen tial scores (expected val~ €s of crder

sta tistics) compu ted by :
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2.
E(X 3 = 

~~~~~ ( i/(n—k+1) ), i = i ,2,...,n
(1)

k= 1

A.lsc, it compu tes the estima tes of and
parameters.

It is called by :

CALL EX E LT ( I, SCOSES , N

A R G U M E N T S
X Is the array containing the data

SCORES Is a work array of dimension N

N Is thE number of data values

acre inforinaticn is given in the subroutine.

3. In te rp ret i~ ,g ~~~ _Q,~t~~ut  H

If data have an Exponential distribution then the

plot will tend to a straight line. But it should be acted

that the inverse is not generally true . The linearity cf the

graph is an indication only and gives the user a first

feeling of the distr ibution of data. If the plot is not.

l inear , how ever , this suggests that they are not

Exponen tial. In addition the shape of the plot may lead the

user to make an alternative model selection.

Ca the other hand the values of the

statistics and ‘

~~~~~ 

may be used to test informally tne

distribution of data. These values ace an indicaticn only

for the test for expcnentiality . If the estimate of ~ has
the value abcut 2 and -the estimate of ~~has the valuE abcut

6 then it suggests that data may t€ exponentially

distributed. But a departure of these values suggests that

data do nct have an exponential distribution.
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4. .~ng ~~~~~~~ Yi~~ ~~~~~~~~~~~~ ~~~~~~ L~~2~! !~~i2~a~

The Subroutine ‘EXPLI’ has been used here , plctting
data generated by the computer from varicus distrituticns,

in crder to ge t a visual sense of the behavict of the pict.

Figure lL4a gives the plot of 1CC Uniform (0,1)

variates. Obviously ncnlinearity governs the plot (as we

should expect) and thus it suggests departure frcw the

Exponential distr ibuticn. Besides the nonlinearity of the

plot -the estimates of ~~and ~~ (0.1 and —1.1 E respectively)

are far away f rom the ccrresp cndin g values (2 and 6) of
exponen tially distributed data. Figure 14b gives the

associated histogram.

Figure iSa plots variates generated frcm a

Triangular Symmetric distribution (0,2). The nonlinearity

and the values of the estimates ~~and ~ sug gest tha t one
reject the exponen tial assumption.

2
Figure 16 shows the plot of X generated variates

wi th 10 degrees of freedom. For the same reasons as above

the exponential model is rejected.

Figure i7a plots Normally (N(1000 ,1)) distributed

generated data and the nonlinearity of the pict is apparent.

Eesides the nonlinearity, the estimates of and ~~
(.09 and —~).63) suggest not only tc reject the

Exponen tiality of data but in addition lead us to test the

data tot Normality. Figure 17b gives the associated

histogram . -
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Figure 18 plots expcnentiafly generated variates

wi t h  parameter 2~= 1. As we see the graph is linear and the

user gets the idea that the data possibly are exponential.

Besides the linearity here, the values of the estimates of

and ~~ (2.06 and 5.4) are close enough to their true

values tc indicate an Exponentia l model.
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IV, SUEROUTINE LIST

~~. DESC~ IPTI C N

Another Subrout ine presented in this thesis is the

Subrcutine ‘LIST’. Its purpose is to list a given set of

da ta in ascending or der an d, taking a dvan tage of like
cccurrences in the data , to FEint the ordered data in a

compressed form. This featur e becomes highly useful when

listing a large number of data points that contain many

repeated values. It is also a tccl for fiEding

multiplicities in supposedly continuous data, atd a

probability function estimating roufine fcr data which is

kncwn to te discrete.

A comple te  descript ion cf how ‘LIST’ cperates is given
in the  S u b ro Gt i n e .  However a summary is g iven  b y typ ing
DESCRI B E LIST.  When  the user types the cc~ mand

EE SCRIB E LIST under the CMS environment the follcving

response wi l l  be given on the  terminal :

SU B R C U TI N E LIST

‘LIST’ scrts a set of data into increasing order and

gives a 5—column print—out as follows:

1st column: Seria l number of the first occurrence of

this value in the crdered List

2n d column: Value of ordered data—value

3rd . column: i0requ€ncy of cccurrence of the value
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4th cclumn: Percent for the value

5th cclumn: Graphical representation cf the frequency

for each value.

It is called by:

CALL LIST ( K, N

where :
K Is the array of data
N Is the n u m n e r  of data—values.

sore informa tion is given in the subroutine.

E. INTERFEETIN G THE OUTPUT

The print—ou t is a visual representaticn of the data and

of each data value frequency. For data pcints having the —

same va lue  ‘LIST’ will print this value once with the number

of occurrences. A 5—column ou tput will te printed ard its

i nt e rp r e tat i cn  is:
1. First column gives the  serial n u a t er  of the  f i r s t

cccurrence of this value in the crdered List

2. Second co lumn gives the value  cf o r d e r e d  data—value

3. Thir d co lumn gives the  f requency  Cf occurrence  of
the va lue

4. For th  column gives the  percent  f o r  t h e  value
5. f if t h  column is a graphical  r e p r e se n t a t i o n  of the

f r e q u e n c y  fo r  each value .
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Let 1, 1, 5, 3, 5, 1, 2, 2, 5, 6 be a given data set.

Then the crdered data vii]. be: K =X =X = 1,
(1)  (2)  (3)

K =X = 2 , 1 = 3 , K =1 =1 = 5 , 1 = 6 .  Then
(4) (5) (6) (7) (8) (9) (10)

t he  p r i n t — o u t  will, hav e  the fol lcwing f o rm :

1 1 3 .3

4 2 2 .2
6 3 1 .1 *

7 5 3 •3
10 6 1 .1 *

If there are no data—pcints having a comm cn value then

‘LI ST’ gives this indication and prints cnly the crd€red

data . This happens when data have a continuous

distribution.

C. USING ‘LIST’ ~ITJ1 TELZ~ ECNE DAT A 1 AN D TELEPHONE EATA 2

Subrou tine ‘LIST’ was used wi th Telephone  Data 1

(f igure 19) and Telephone Data 2 (Figure  20) and a brief
analysis  of the output follows.

Looking  at F i g u r e  19 and Figure  20 we may ge t  scme
i n f o rm a t i c n  cf each da ta set. It can be seen that  b o t h  of
the data sets conta in  a large num ber of mul tiple occurrences
of the  d a t a  va lue  cne and data value two. As we can see
reading the  fo u r t h  column t he  occurrence of cnes is 1S% for
Telephone Data 1 and 2L 1% for  Telephone Data ~
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Comparing also Figures 19a—c, 20a— d we can see that

multiple cccurrences happen in the range 1 to 2LI C for

Telephone Data 1 and in the range 1 to 132 for Telepbcne

Data 2.

Fur the rm cr e , quick visual inforuiaticn concerning the

range where we have multiple occurrences can be cbtained

from the Probability Graph. Thus we can see that for

Telephone Data 2 there is a regicn from 113 tc 132 where the

multiple cccurrenc es of values is larger than in neighboring

regicns. Therefore ‘LIST’ gives the user a useful tcc.1 for

analysis of data .

t
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S!RI~~L ~D83U OI CEB !D O~ TA F1!QUE~ CtES PU~~ENt  PR08&DtLI?Y cup 8

1 0.100000008 31 128 0 . l~~Oli~ SS5SSSSISS5I55SSSSSSU*S5SSS5SSS*SSSSS5IS
129 O.2C000000! 01 59 0 .08036
183 0I30000000! 01 28 0 .04 1 6 7  ~~~~~~~~~~~~~~~211 0.140000000! 01 22 0 . 3 3 2 7 1 4  S 5” S S S
233 0.S00000oos 01 17 0 . 02 5 3 0  SS~~

..
250 0.6C0 00000E 01 11 0 0 1 6 3 7  555

~5l 0.700300009 0 3  *0 0.31488
27) 0.80000000! 01 12 0.0 1795 S5**
283 0.900000002 01 lii 0.02083
297 0 . IC 000000E 02 9 0 .0 1339  .5.
306 0 .11000000! 02 10 0 .01898 ‘.5
316 0 .12000000!  02 1* 0 .0 16 37  5..
327 0 .13000000 !  02 6 0 a 0 0 8 9 3  55
33 3  0. !UOI300 QOE 0 2 0.00893
339 0.1500303,)! 32 0 3089 3
3 145  0. l uCO)002 !  02 8 0 .01190  555

-353 0 1 7 3 0 ) 0 ) O !  02  - ) 0119 0 55

361 0. 3 90 0 0 0 0 0 !  02 5 0.00 114 13 .5
366 0. 19003003!  02 12 0 . 2 1 7 8 6  .5..
378 C. 20 0000 002  02 0 00149
379 0.21000000! 02 0.007118 5 4
3841 6 a 2 2 0 0 0 0 0 2 E  32 0 .00784
380 0.2302u000f  02 3 0 . 0 0148 6  5
192 0.24000),30! 32 7 0 . 3 104 2
399 0 .2 53 0 32 0 ) !  02 3 0 .0 0 14146  S
10 2 0. .~ta002U0,)E 02  0 .00113 6
‘405 0 .27300000 !  02 0 .302 913
4 0 7 0.28000030!  32  3 OaOOhI14b S
‘410 0 .2 9 ) 02 0 00 !  02 0 .007 144  *1
141 5  0.~~C 0 O ~~02 0 2 3 . 0 0 1 3 9 3  SI
‘421 0 .3 1300000 !  02 O a O O S 9 i  5
425 0 .32000000 !  02 0 .00595 5
‘4 29 0 .3303 1003 !  02 0.002 118
‘ 131 0. 3 1 3 0 0 0 0 0 0 o  02 0 .00595 *
‘435 0.J~~000u ,Ue 02 3 0 .001146 5
‘438 0 .3 10000002 02 2 0 . 0 0 2 9 8  *1140 0.31,00)000!  02 2 - 0. 002 943 U
(1142 0 .393 00300 9  02 1 0 .3 0 14 9
1111 1 0. ~ 00 0 ll 0 0 0 E  02 2 0. 0fl7~1l4 *4 145 -110030130! 02 2 0.002011 *‘414 7 0 a 4 3 0 0 0 0 0 0 2  02 1 3 .00 140
448 0. 1413000000! 02 0 . 2 0 11 49
449 0.~~5000000! 02 44 3 .30595  I

3.~~t,02U0UU! 02 3 0 . 0 0 4 1 4 6  *‘456 0. 4 7 30 30 0 0 2  02 1 0 .00149
457 0. 31300 ’) 000! 02 2 3 .0 02 9 8  5
‘159 0. 14900000 0 !  02 1 0 .00149

0. 5030 11000! 02  0 . 0 0 1 1 4 9
4 4 1 1  0 .5 1000000 !  32 2 0 .00298 5
‘4 113 0 .523 000302  32 1 0 .0 0 14 9
4611 0 .53030020 !  02 0 .00 1149
146 5 C . 5 I 0 3 0 0 0 3 !  02  3 0 . 0 0 1 4 4 6
‘4b8 0 .5500 )030 !  02 2 0 .0 0 2 9 8  5
~ 70 0 5 b J 0 0 0 3 2 E  02 2 0 .002 98  5
1472 0. 5~~00Q00f l !  02  2 3 .00298
4714 0 .5 13000002 !  32 1 0.01) 7 1 4 9
4 15 0 .43333033 !  02 2 0 .002913 5
‘477 C 63000000! 02 3 0 100446 I
4 80 0 . 4 4 4 0 0 0 0 0 0 2  02 1 3 .0 0 1 4 9
4 9 1  0. b50000009 02 2 3 .00298
‘183 U.Ia Ia0000009 3 2
4 3 14 C . 6 8 3 0 0 3 0 0 2  32 3 0 .304 ’~~ *487 0 .69000000! 02 0 .0 014 9
1388 0. 70000000!  02 0 .03 149
1489 0 .730000002 02 1 0. 1)0 189
490 0 .7 14000000!  32 2 0 .00298
s92 0. 75000 0302 32 0 . 0 0 14 0
‘493 3 .79000000!  02 3 3 a 0 0 8 1 4 8  5
‘496 0 830000 )09  02 1 0 . 0 0 1 1 4 9
48 7 0 .8403000 02  32 0 .30149

0.8-14000 03(3! 02 1 0 .301 149
£499 0.88000000 ! 02 2 0.00298 I
50 1 0. 890000002 02 1 0 00 149
502 C.90000000 !  02 2 3 .00298 I
~ 311 0 .91000000!  02 1 0 .3 0 14 9

OS 0a9)0000IJ 0 !  02 1 0 00 149
506 0. 950000008 02  1 £h0 0 149

Figure 19a — U SIN G LIST WITH TELEPHCNE DATA SET 1.
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507 0.98000000! 02 1 0.00149
508 0.99000000! 02 1 0.00149
509 0 .10600000! 03 1 0.00149
510 0.10900000 ! 03 1 0 .00149
511 0.11100000!  03 1 0 .00 149
512 0.11200000 ! 03 2 0 .00298 *
514 0 .11300000!  03 1 0 .001 44 9
515 0.11600000! 03 1 0 .0014 9
516 0.11700000! 03 1 0 . 0 0 1 4 4 9— 517 0.11900000! 03 1 0.00 149
518 0.12000000! 3-3 4 0.00595 *
522 0.12100000! 03 2 0 .00298
524 0.12200000 ! 03 2 0.00298 *526 0. 12300000! 03 44 0 .00595 *530 0 .124 00000 ! 03 3 - 0 .00 444 6  *
533 0. 12800000! 03 1 0 .00149
534 0.13500000! 03 1 0 .00149

• 535 0. 14200000 ! 03 1 0 .0014 9
536 0. 14800000! 03 1 0.001’~9
537 0 .15300000!  03 1 0 .001 4 9
538 0 .15b00000fr~ 03 1 0 .00149
539 0 . l S a 0 0 0 0 0 E  03 1 0 .0014 9
544 0 0 .16100000 !  03 1 0 .00 149
54 1 0 . 16500000 !  03 1 0.00 149
542 0. 17500000! 03 1 0 .00 14 9
544 3 0. 17500000 ! 03 1 0.00 144 9
5 344 0. 17700000! 03 1 0 .0014 9
545 0. 18300000! 03 1 0 .00 149
5136 0 . 18600000 !  03 1 0 .00 149
513 7 0 . 18700000 !  03  1 0 .00 149
544 8 0 .19200000 !  03 1 0 . 0 0 1 4 9
549 0. 19300000 !  03 1 0 .0014 9
550 0. 202000 00 !  03 1 - 0 .0014 9
551 0 .2 1700000 !  03 2 0 .00298 *553 0 .224 000 30 !  03 1 0 .00149
554 0 .24600000 !  03 1 0 .00 149
5 55 0 .22800000 !  03  3 0 .00 1346 *558 0 .2 3 100000!  03 1 0 .0 014 9
559 0. 23400000 !  03 1 0 .0014 9
560 0 .2 3700000 !  03 1 0 . 0 0 14 9
56 1 0 .23 900000 !  03 2 0 .00298  *5 6 3  0 .24000000! 03 13 0 .00 59 5  *567 0 .244 100000 !  03 1 0 . 0 0 1 1 3 9
568 0. 244 00000!  03 1 0 .00 14 9
569 0 .248 00000 !  03 1 0 . 0 0 1 4 4 9
570 0 .24 900000 !  03 1 0 .001 139
571 0 .25100000 !  03 1 0 . 0 0 1 4 4 9
572 0 .25200000 !  03 1 0.00 1139
573 0.27000000!  03 1 0 . 0 0 1 4 4 9
5 7 4 4  0 . 2 79 0 0 0 0 0 !  03 1 0 .0 0 149
575 0 .28600000 !  03 1 0 .001 44 9
576 0 .2970 3000 !  03 1 0 .00149
577 0.30300000!  03 1 0 .00 149
578 0 .2 12 00003 !  03 1 0 .00 149
579 0 .31800000 !  03 1 0 .0014 9
580 0 .34100000 !  03 1 0 .0 01 44 9
581 0 .3544 0000 0!  03 1 0 .0014 9
582 0. 35000000 !  03  1 0 . 0 0 1 4 4 9
583 0. 36 1300000 !  03 1 0 . 0 0 14 9
584 0. 37000000 !  03 1 0 . 0 0 1 4 9
585 0 .39000000 ! 03 1 0 . 0 0 1 4 4 9
586 0 .394 00000 !  03  1 0 . 0 0 1 49
587 0 .43 500000 !  03  1 0 .00149
588 0. 4450 00000 !  03 1 0 .0014 9
589 0. 44 6 500000 ! 03 1 0 .00 149
590 0. 34 7300000 !  03 1 0 .0014 9
591 0 .480000 00 !  0 3  1 0 .00 149
592 0 .4 4 9 1 0 0 0 0 0~ 03 1 0.001 34 9
593 0 .549 00000 !  03 1 0 .00 14 9
594 0 .5000 300 0 !  03 2 0 .00298 *
596 0 .60900000 !  03 1 0 .00 1449
597 0 .6210 0000 !  03 1 0 .00149
598 0 .71 100000 !  03 1 0 .0014 9
599 0 .8 1700000 !  03 1 0 . 0 0 1 49
600 0 .83600000 !  03 1 0 .0 0 1 4 4 9
601 0 .9270000 0 !  03 1 0 .0014 9
602 0 . 11~~~0000E 044 1 0 . 0 0 1 3 4 9
60) 0. 11 500000 ! 044 1 0.00 114 9
60(4 0 . 12 70 0000 !  044 1 0 . 0 0 1 4 9
605 . 0. 2890000 ! 013 1 0 . 0 0 1 4 4 9

Figur e 19b — USING LIST WITH TELEPHCNE DATA SET

(cont.)

81

~

a-

a--



a- - --~~~~~~~~~~ - Wa-- — a-• -a--- -~~a-a---~~~~~~ - -~~~~~~~~~~

I

606 0. 2980000 ! 04 1 0.00149607 0. 3050000! 0(4 1 0.00149608 0. 3280000! 014 1 0.00149609 0. 3480000 ! 034 1 0.00149610 0. 3550000! 044 1 0.001349611 0. 4120000! 014 1 0.001449612 0. 4290000! 044 1 0.001349613 0. .4890000! 04 1 0.00149614 0.14930000! 04 - 1 0.001349615 0.15100000! 04 1 0.00149616 0.15190000! 04 1 0.00144°617 0. 15470000! 04 1 0.0014618 0.16330000! 0l4 1 0.0014619 0.17870000! 044 1 0.0014620 0.20720000! 04 1 - 0.0014621 0.24830000! 04 1 0.0012622 0.28060000! 04 1 0.00 149623 0.29620000! 04 1 0.0014496234 0.30260000! 04 1 0.1)01449625 0.3~ 01Q0U0E 0~4 1 0.001349626 0.35930000! 34 1 0.001449627 0.35850000! 044 1 0.00149628 0.39520000! 014 1 0.00149629 0.41570000! 04 1 0.00149630 0.434690000! 04 1 0.00149631 0.620d0000E 04 1 0.00149632 0.761340000! 0L4 1 0.00149633 0.83220000! 014 1 0.001496313 0.9C1S0000! 014 1 0.00149635 0.96250000! 04 1 0.00149636 0.98060000! 04 1 0.001149637 0.98180000! 04 1 0.00149638 0. 10154000! 05 1 0.00149639 0.10398000! 05 1 0.001496~ 0 0. 10451000! 05 1 0.001349641 0. 10939000! 05 1 0.001496342 0.11280000! 05 0.00 449 - ;5143 0.134347000! 05 0.00 396344 0. 14385000! 05 0.00 49645 0.15155000! 35 0.00 149646 0. 152944000! 05 0.00 49647 0. 15504000! 05 0.00 139648 0. 15847000! 05 0.00 49649 0.15858000! 05 0.001349650 0. 16280000! 05 0.00139651 0.16299000! 05 0.001149652 0. 16361000! 05 - 0.00149653 0. 6408000! 05 0.001496514 0. 6817000! 05 0.00149655 0. 7174000! 05 0.00149656 0. 7667000! 05 0.0014657 0. 8218000! 05 0.0014658 0. 8649000! 05 1 0.00134659 0. 9461000! 05 1 0.OOlo660 0.21848000! 05 1 0 .00134661 0.23499000! 05 1 0.00114 -,
662 0.24692000! 05 1 0. 10149663 0.26443000! 05 1 0.001496614 0.30974000! 05 1 0.00149665 0.35644000! 05 1 0.001449666 0. 36003000 ! 05 1 0 .0014 9 - •667 0. 340131000 ! 05 1 0.00149
668 0.47120000! 05 1 0.001449
669 0.347592000! 05 1 0.00149670 0.61710000! 05 1 0.001149671 0.69775000! 05 1 - 0.00149672 0.85993000! 05 1 0.00149

~~~ 19c — USIN G LIST WITH TELEPHCNE DATA SET

(Cont.)
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SUIAL ~0~8!I 0l0!k!O D(1T& !R!Q0!1ICX!S PEPC!N? P!0B&8XLITT GRAP!

1 0.10000000! “ 178 0.241185 **ISI*S5II*IIISSS5I5IIIII5ISS *$ISI...I.I
179 0.200000002 01 36 0.0~489 1  15 1*1*55
215 0.30000000 ! 01 11 0.01495 *5
226 0.80000000 ! 1 6 0.00815 I
23 2  0.50000000! 01 6 0.00815 I
238 0.60000000! 3 5 0.00679 5
2143 0. 70030000! 0 7  5 0 .00679 I
248 0.80000000 ! 1 (.4 0.00543
252 0.90000000 ! 01 ‘1 0.00514) S
256 0.10000000! 02 9 0.01223 II
265 0.11000000! 02 - 2 0.00272
2117 0. 12203000! 02 3 0.001408
270 0.1300000,)! 02 0.00336
27 1 0.14000300! 72 0.00136
272 3. 11000000! 02 0.001)5
2 73 0. 114000000! 02 4 0.00543 I
277 0. 19000030! 02 0.00136
278 0.2 13000309 02 0.007)6
279 0.22303040! 02 0.00136
2130 0.2~~0J0C3U! 02 3 0.00408 S
283 0.250000)00 02 3 0.001408 I
286 0. 250-43030! 02 2 0.00272
238 0 . 2 7 0 0 0 0 0 0 !  02 0.00136
2139 0. 32000033! 02 3 0.001408 5
2132 3.320030000 02 0.001)6
294 0.3140004000 02 0.001311
294 0.~~0 0 J Q 0 J 0 !  02 2 0.00272
295 0. ’4 2 0 0 3 0 u00 ~2 0 . 0 0 1 3 1 4
29 7 0 . 3~~J O 3 u 3 0 2  2 1 3 . 0 0 7 3 6
298 3 . 1 4 ) 0 0 0 0 0 0 2  2 - 3 . 3 0 5 1 4 3  I
302 0. s a 0 2 0 u J O !  2 0 . 0 0 1 3 6
30 3  0. 1 4 9 3 0 0 0 0 0 2  2 9 0 . 0 1 2 2 )  SI
312 0 . 502 03 0 3 0 !  2 14 3 . 0 0 5 4 3  I
3)6 O . 5) 0 0 2 0 u J !  ~2 3 0.00’408 I
319 0. 5 1 4 0 30 0 0 0 !  02  2 0 . 0 0 2 7 2
3 2 1  0 .5 80 0 0 0 0 0 !  03 14 0 . 0 0 5 4 3  *325 0 .57000000 !  42 3 • 0. 004 08 5
328 2 . 5 1 4 00 - 4 0 0 0 !  32 0 .0 0 1 3 6
329 0.50200300! 32 3 0.004043 5
332 0.520000000 02 2 0.00272
33 14 0 .6 2 0 03 02 0 !  3 2 3 0.00409 *
337 0.63000000! 02 0.00136
338 0.64000000! 02 ‘4 0.30543 *342 0.05300000! 02 3 0.004014
3445 0.65000000! 02 14 0.005143 *
3449 0 .6 7 0 0 0 0 0 0 . 4  02  0 . 0 0 1 3 6
350 0.68000200! 02 5 0.0(1679 I

C . b - 3 0 0 0 0 i O 8  02 3 ( 3 . 3 0 1 4 , 3 1 3  5
358 0. 70003000! 02 3 3.0014013 S
36 1 0.710020009 02 5 0.00679
366 0.7 3 0 0 0 000! 02  0.00 146
367 3.740000006 02 3.30136
3118 0.7~~000000E 02 0.001311
369 0.76000000! 02 0. 00 136
370 3.77002000! 02 0.00336
31 1 0.81000000! 02 - 0.003)8
312 . 0. 841000002! 02 0.0013u
3 7 3  0 .88000003 !  02 0 . 3 0 3 ) 6
37(4 0 .89000030 !  02 0 . 3 0 135
375 0.93000000! 02 0.00136
376 0.95000000! 02 0.001)6
317 0.96000030! 02 1 0 .00136
318 0.97000033! 02 0.00136
379 0.99000000! 02 3 0.30409 •
382 0.100000009 03 0.00136
383 0. 10100000! 03 3 . 3 0 1 ( 6
384 0.10500000! 03 0 . 0 0 1 3 6
335 0. 30600000! 03 3.01)306 -3136 0. 10700000! 03 1 0 .001341
3137 0.10800000 ! 0) 3.007)6
.34313 0 . 110000002 03 1 0 . 0 0 1 3 6
389 0.11100030! 03 1 0 .0 0 1 3 6
390 0. (2000 009 33 0 .0 0 1 16
37 1  0 . 11 30 03 00 !  03 (4 0 . 00 5 4 3  *
395 0. 314000008 03  3 0.0013043 5
3913 3. 13 50 0 0 0 0 !  0 3  0 . 3 0 1 3 6
3941 0. 16 ) 0 03(3! 03 ‘4 0 . 30 3 83  I

3 . 1 3 700230! 0.3 1 0.30136

Figure 20a - USIN G LIST WITH £ELEPHCNE DA TA SET 2.
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4034 0.11800000 ! 03 5 0.00679 *
3409 0.11900000! 03 8 0.01087
3417 0.12000000! 03 9 0.01223 5*
426 0.12100000E 03 7 0.00951 5*
1433 0.12200000! 03 12 0.01630 *5*
344 5 0.12300000! 03 8 0.01087 **453 0.12400000! 03 7 0.00951
3460 0. 12500000! 03 9 0.01223
4469 0. 12600000! 03 6 0.00815 *34 7 5 0. 12700000 ! 03 3 0 .00 34 08 *1478 0.12800000! 03- 2 0.002721480 0. 12900000! 03 44 0 .00 543 *
4484 0.13000000! 03 3 0.00406 *4487 0.132 00000! 03 3 0.00408 *
490 0.13300000! 03 2 0.00272
‘492 0. 13700000! 03 1 0.00136
493 0. 114000000! 03 1 0.00136
4694 0 . 14300000!  03 1 0 .00136
1695 0.15200000! 03 1 0.00136
496 0.15800000! 03 1 0.00136
497 0.16600000! 03 1 0.00136
498 0.16900000! 03 2 0.00272
500 0.17000300! 03 1 0.00136
501 0. 17300000! 03 2 0.00272
503 0.17600000! 03 1 0.00136
5044 0.17800000! 03 1 0.00136
505 0.18000030! 03 2 0.00272
507 0.18200000! 03 1 0.00136
508 0.18500000! 03 1 0.00 136
509 0. 16700000! 03 1 0 .00136
510 0.19000000! 03 1 0.00136
511 0.19400000! 03 1 (3.00136
512 0. 19500030! 03 1 0.00136
513 0. 19900000! 03 1 0.00136
514 0.20600000 ! 03 1 0.00136
515 0. 20900000! 03 1 0.00136
516 0.21600000! 03 1 0.00136
517 0 .22900000 !  03 1 0 .0 0 1 3 6
518 0.23000000! 03 1 3 . 0 013 6
519 0 .23 7 00000 !  03 1 0 .00136
520 0.23900000! 03 3 0.003408 *
523 0.213000000! 03 2 0.00272525 0.2 14100000 !  0-3 1 0 . 0 0 1 3 6
526 0 .24 4 0 0 0 30 !  03 - 2 0.00272
528 0.24700000! 03 2 0 .00272
530 0 .248 00000 !  03 2 0 .00272
532 0.25000000! 03 1 0.00136
533 0 .25100000 !  03 1 0 .00136
53 44 0 .2544 000 00 !  03 2 0 .00272
536 0 .25500000 !  03 2 0 .00272
538 0.25600000! 03 1 0 .00136
539 0.25800000! 03 1 0.00136
540 0 .27200000!  03 1 0 .0 0 1 3 5
541 0.27500000! 03 1 0.00136
542 0.243000000! 03 1 0.00136
543 0.29800000! 03 1 0.00136
5444 0.3 1800000 !  03 1 0 .0 0 1 3 6
545 0 .3 24 0 0 0 0 0 !  03 1 0 .00136
546 0 .34000000 !  03 1 0 .00 116
547 0.3 13400000!  03 1 0 . 0 0 1 3 6
534 8 0 .334 600000 !  03 1 0 . 0 0 1 3 6
549 0 .35900000 !  03 1 0 . 0 0 1 3 6
550 0.36500000! 03 2 0.00272
552 0. 36700000! 03 1 0.00136
553 0.37700000! 03 1 0.00136
5534 0.38000000! 03 1 0.001)6
555 0 .387 00000 !  03  1 0 .00 136
556 0 . 4 4 1 3 0 0 0 0 0 !  03 1 0 .00136
557 0.41800000!  03 1 0 .0 0 136
558 0 .42900000 !  03  1 0 .00 136
559 0 . 45 3 0 00 03 !  33 1 0 .00136
560 0.14o600000E 03 1 0.00136
561 0.47200030! 03 1 0.00135
562 0.50300000! 03 2 0.00272
5644 0.531300000! 03 1 0.00136
565 0. 50700000! 03 1 0.00 136
566 0.51000000! 03 1 0.30136
567 0.511400000! 03 1 0.0013b
568 0.51700000! 03 1 0.30116
569 0 . 5 2 8 0 0 0 0 0 C  03 1 0 .00 136

Figure 20b — USIN G LIST WITH TELEPHCNE DATA SET 2
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570 0.57000000! 03 1 0.00136
571 0.57200000E 03 1 0.00136
572 0.58600000! 03 1 0.00136
573 0.58700000 ! 03 1 0.00136
574 0.60100000! 03 1 0.00136
575 0.61400000! 03 1 0.00136
576 0.62400000! 03 1 0.00136
577 0.64000000! 03 1 0.00136
578 0.66300000! 03 1 0.00136
579 0.71400000! 03 1 0.00136
580 0.71600000! 03 2 0.00272
582 0.74000000! 03 1 0.00136
583 0.74200000! 03 2 0.00272
585 0.79100000! 03 1 0.00136
586 0.85300000! 03 1 0.00136
587 0.85200000! (30 1 0.00 1 36
588 0.86600000! 1 0.00136
589 0.87500000! 1 0.00136
590 0.843500000! 1 0.00136
591 0.89400000! 3 1 0.00136
592 0.92600000! 1 0.00136
593 0.92800000! v .~ 1 0.00136
5944 0.94100000! 03 1 0.00136
595 0.97600000! 03 1 0.00136
596 0.99100000! 03 1 0.00136
597 0.102100002 04 1 0.00136
598 0.10230000! 043 1 0.00136
599 0. C620000! 014 1 0.00136
600 0.10860000! 04 2 0.00272
602 0.11070000! 04 1 0.00136
603 0.11190000! 04 1 0.00136
6044 0.1125000 0! 034 1 0.00136
605 0. 12310000! 044 1 0.00136
606 0.12500000! 04 1 0.001)6
607 0. 12613000! 04 2 0.00272
609 0.12960000! 04 1 0.00136
610 0. 13670000! 034 1 0.00136
611 0.134120000! 044 1 0.00 136
612 0.144130000 ! 034 1 0.00136
613 0. 1~4ó200J0! 04 1 0.00136
6134 0. 134330000! 04 1 0.00136
615 0.14970000! 034 1 0.00136
616 0.15040000! 044 1 0.00136
617 0. 5170000! 044 1 0.00136
638 0. 15340000! (334 1 0.00136
619 0. 1535000 0! 04 2 0.00272
621 0.15620000! 0(4 1 0.00 136
622 0. 15940000! (334 1 0.00136
623 0.15950000! 0’4 1 0.00136
624 0. 36030000! 014 1 0.00136
625 0.1ó520000! 04 1 0.00136
626 0.1b530000E 04 1 0.00136
627 0.16930000! 04 1 0.00136
628 0.17000000! 04 1 0.00 136
629 0. 17150000! 04 1 0.00136
630 0. 17500000! 04 1 0.00136
631 0.17550000! 014 1 0.00136
632 0.17860000! 04 1 0.00136
633 0.18220003! 04 1 0.00136
6344 0. 18240000! 09 1 0.00 36
635 0. 18550000! 04 1 0.00136
636 0. 18770000! 04 1 0.00136
637 0. 8930000! 04 1 0.00136
638 0.18970000! 04 1 0.00136
639 0.19230000! 04 0.00136
640 0.19640000! 04 1 0.00136
6341 0.19650000! 04 1 0.00136
6442 0.20510000! 04 1 0.00136
643~ 0.20630000! 044 1 0. 00136
6489 0. 21670000 ! 044 1 0 . 00 136
64 5 0 .21850000!  04 2 0 .002 72
6147 0.22080000! 04 1 0.00 1 36
6168 0.22530000! 014 1 0.00136
649 0.22500000! 04 1 0.00136
650 0.22710000! 04 1 0.00136
651 0.22670000! 0L4 I 0.00~~36652 0.23160000! 04 1 0.00136
653 0.23210000! 04 1 0.30 1 IS6544 0.234290000! 0~ 1 0.00136
655 0.234390000! 04 1 0.00136

Figure 20c - USING LIST WITH TELEP~ C N E DAT A SET .

(cont.)
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656 0.24680000! 04 0.00136
657 0.246720000! 04 0.00136
658 0.2C4900000E Ol~ 0.00 36
659 0.26840000! 04 0.00 36
660 0.27930000! 04 - 0.00 36
661 0.28820000! 04 0.00 36
662 0.28910000 ! 034 0.00 36
66 3 0 .29380000 ! 044 0 .0013666 44 0 .30800000 !  04 - 0.00 3666 5 0.31170000 ! 0 34 0.00 36
666 0.31 650000! 04 0.00 36
667 0.32860000! 04 1 0.00 36
668 0.33150000! 04 0.00 36669 0 .33780000 !  04 0.00 3667 0 0 .35100000 !  04 . 0.00 36 —671 0.38070000 E 034 0.00 36
67 2 0 .3837000 0! 04 0 .00 136
673 0 .343~~0O000E 04 0 .001366748 0.385430000! 04 0.00136
675 0.38790000E 04 0.00136
676 0.38880000! 04 0.00136
677 0 .39440000 !  04 0 .0013667 8 0 .39780000 !  04 0.00 36
679 0.133730000! 04 0.00136
680 0.133930000! 04 0.00136
681 0. 135120000 ! 04 0 .0 0 1 3 668 2 0 . 46 3 7 0 0 0 0 !  04 0 .00136
68 3 0 .47590000 !  04 0.00 36
643 4 0 .48 350000! 04 0 .00136
68 5 0 .52160000! 04 0.00 36686 0. 54 920000 !  04 0 .00136
687 0. 56520000 ! 0 13 0 .00 36
688 0. 5754 0000 !  04 0.00 36
643 9 0 .6 1850000 !  04 0 .00136
690 0.6 2 1310000 !  04 0.00 36691 0 .63 720000 ! 04 0 .0 0 1 3 6
69 2 0 .63850000 !  04 0.00 36
693 0. 66 590000! 04 0.00 36
694 0 .58 160000!  04 0.00 36
695 0 .68210000 !  04 0.00 36696 0 .73070000 !  0’4 1 0 .00136
697 0. 73 290000 ! 04 0 .00 136
690 0 . 77L4 6 000 0E 0L3 1 0.00 36
699 0 .79 270000! 04 0.00 -36700 0 .30390000 !  0 13 0.00 35
701 0.80 530000! 04 0.00 36
702 0 .83 530000!  04 0.00 36
703 0.88470000 !  0L4 0 .00136
70 44 0 .92060000 !  04 1 0 .00136
705 0 .92560000 !  04 1 0.00 36
706 0 .95170000 !  04 0 .0 0 1 3 6
707 0. 954 10000!  04 0 . 0 0 13 6
708 0 .9 5620000 ! 04 0 .0013 5
709 0 .99650000!  04 4 0 .00 3
710 0. 160 20000 ! 05 0 .0 0 13 6
711 0 . 10375000 !  05 1 0 .0 0 1 3 6
712 0 .168 )7000 !  05 1 0 .00136
713 0.10918000! 05 1 0.00 36
714 0. 12042000 !  05 1 0.00 36
715 0 . 12793000 !  05 1 0 . 0 0 1 3 6
716 0. 13012000! 05 1 0. 00 1)6
717 0 . 13179000 !  05 0.00 36
718 0. 1146 92000! 05 1 0 . 0 0 13 6
719 0 .15825000 !  05 1 0 .00 36
720 0 .16877000! 05 1 0.00136
721 0. 18885000! 05 1 0.00136
722 0. 19273000! 05 1 0.00 36
723 0 .196 96000 !  05 1 0 . 0 0 1 3 6  3
724 0. 198149030 ! 05 1 0 . 0 0 1 3 6
725 0. 19851000 ! 05 1 0 .00136
726 0 . 2 C 8 3 4 6 0 0 0 E  05 1 0 .0 0 1 3 6
727 0 .21414 0000!  05 1 0.00 36
728 0. 2 14573000 !  05 1 0 . 0 0 1 3 6
729 0 .24 77000 0 !  05 1 0 . 0 0 1 3 6730 0 .2627 43 000 !  05 1 0 .00 36
731 0 .2723 8000 !  05 1 0 . 0 0 1 3 6
732 0. 281330 00!  05 1 0 . 0 0 1 3 6
733 0 .29913000 !  05 1 0.00 3673i~ 0 .3 9 8 6 7 0 0 0 !  0 5 1 0.00 36
735 0 .5 3 1 3 8 0 0 0 !  05 1 0 . 0 0 1 3 6
736 “ 0.6727 1000! 05 1 0.00 36

Figure 20d — USING LIST WITH TELEPHCNE DAT A SET 2
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V. A SSESSMENT OF VARIABILITY ~CUTINES

A.  IN T B C DU CT 1O N

In the previous sections Probability £lctting

Subroutines were presented fCE use in informal estiwaticn of

tue form of the distributi.cn of a set cf independent

observations. In the present section subroutines computing

the variability of some basic statistics are described.

We kncw that X (sample mean) is an unbiased estima-tcz of

the populaticu mean ( = x f (x) dx ) , w here X is a

pcpulaticn with unkncwn distribution (F (x) ) and ur :kncwn

m ean , and ~ , X , • . . ,  X is a sample cf in de p en den t
1 2 a

cbservaticns from X. Furthermore we can comput e the

Variance cf I as:

x
a i.

Var [X] = V a r C E— — — — ]
3. 1 13

1 a
= ——— Var( Z X )

2 1 1  i
a

11
= — — — V a r [ X ]  =

2 a
a
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Thus we see it is possible to estimate the Var (X], even
if the population Variance ( 

~~~~ ) is u n k n c w n , by simply
. . 2 2

using the sample variance S as follcws : Var (Z] = S ,n,
2 _ 2

wh ere S = X (X —X) / (n—i) (an unbiased estimator of O~ ) .
3:6

4
Therefore S /n is an unbiased estimator of Var[!] also.

Fur thermcre , especially for a Normal population , we can
cttain a ccnfidence interval for the mean using the

t—sta t i s t i c.

nut , although fcr I there exists a direct assessment of

variability, for es tima tes of o ther popu la tion para me ters
such as Skewness , ~(ur tcsis, Coefficien t of Varia tion , ar d so
forth , this is not so ~iw ply obtained. Thus several methods

have been introduced to obtain assessments of variability

and for two of them (Sectioning cf data and the Jacicnife)

the Subroutines ‘SECTN’ and ‘JACK’ w ill be presented.

B. SUBECUTINE SECT N

1. &~ 2.t~ 2~

‘SECIN’ Subroutin e is used for ass ess ing  variability

of estimates from data based on the Sectioning l’lethod .

The basic idea of this ~ethod is:
As sume we have a in d epen dent obse rva t ions X , X ,

X from a population with unictcwn distribution

functi~ n F ~z). Let 9 be a parameter cf F (x) and
x x

S(n) = (1 ,X ,...,X ) be a statistic which estimates 9

1 2  a
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~ow we want to estimate the variance of 9-en) which is a
new Ran dca Variable and we work as follows:

1. Divide the sample into r disjoint sections . of
size a (r should be such that n=mr. If this is not possible

scme of the latter data is discarded).

2. 7cr each section form the same estimate 9j (a),

=

3. Ccmput e the average of 9~(.w~),that is:

- 1 r~~
~~(n) = — - —  

~~~~9 (m)
r a 1  1

acing so, ~e have an estima te of 9 and

- 1 r~~E( 9(n) J = EC——— 
•~~~~~ 9 (a)  )

r i=1 i

1 —
= —— — :E(~~(ui) ]t

= P(9(n~)] ,

also we h a v e :

Var(~~(n) ] = Var [——— Z ~ (a) ]r i. 1 i

1
= — —— Var[~~~~~ ( m) 32 i= 1 i

E

1
= —— — Var (9(m)]

r

= --- --- X (~~~~ 
(m)-~~(n))r r- 1 i=1 1

1 2
= 

r 9(m)

- -  
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Thus we see that Var( 9 (a)  ] and Var( 9(n) ) can be

unbiasedly estimated from the sample variance of 8~( m ) , tne
main advan tage and the purpose of the sectioning of data

me thod.

But the main disadvantage of this method is that we

would like r to be as large as possible in order tc make

the variab il i t y  of the variance estima te S as s mal l  as
possible. This however may be worse for the bias

properties of the estimaticn procedure. Therefore the

choice of : is a. factor that should be considered.

It should be noted here that if (a) are

ap proximately normal variates (This can be tested by the

previous described Subroutine ‘NORNPL’) then confidence

intervals for the unkncwn parame ter can be obtained based

on the t—Stati.stic, in the fol lowing way :

S —
9 ( n )  

t
1/2 ( i — ’~/2), (r—1)r

wnere :
9 (a)  is the mean of the sec tioned data statis tics

obtained from the column named ‘me an ’ of the second table

(‘estimated parameters of the sample parameters ’) cf the

program output.
1/2

S — Ir is the standard deviatio n of the
9 (a )

sectioned data statistics divided by the sguare root of the

num ber of sections, obtained from the last column of the

same tanle of the program output .

t is the (1— ~/2) quantile c-f the
(1— ~/2) , (r—1)

t—distnibuticn with r-1 degrees of freedom .

- 

90 

-



- a-~~~~~~~~~~~~~ a-a-•a- 
~fla-a- -a-’ ~~ ra-, - a -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ a- •~~~ •a-a-~a- ! --- -——-——- --a- ’ -— - -

~~~~~~~

2. ~~~~~~~~~~~~~~~~~~ 
-

‘SECIN’, using the Sectioning me tho d, estima tes the
fcllowing statistics: Mean, Me dian, Variance, Standard

~eviaticn, Ccefficient of Variation , Skewness , Kur tosis,

Minimu m , and Maxim um . (The formulas which have been used to

compu te these estimates are described in the comments cf the

Subroutine.) The first table is then printed by the

program , con taining the values of these parameters . Then

‘SECTN’ , us ing  th e compu ted estima tes of a l l  sec ti o r s  for
each parame ter, es timates the Mean , Me d ian , Var ianc e, —

Skewness , Ktrtosis, and Standard Deviaticn divided by the

square rcct of the number of sections. The second table is

printed ccntaining these values.

There are three restrictions in using ‘SECTN’:

1. The number of sections must be no greater that 100.

If it is , a diagnostic message is printed and only estimates

from unsectioned data will be given.

2. The number of da ta value s mus t be grea ter than 3 ;
otherw ise  a dia gnostic message  is pr in ted withcu~ any
ca lcu la t ion .

3. The size of each section must be greater than 3. If - -

it is less than , or equal tc 3, then the p rogram g ives
estimates fcr the entire set of (unsectioned) data. A

diagnos tic i~ printed.

A ccaplete description of how ‘SECIN ’ o pera tes is
given in the Subroutine. Furthermore , a Summary is given by

typing on the terminal the ccmmand DESCRIBi SECTN under the

CMS envircnw€nt. The following response will be given on

the termina l  when the use r types  the above ccm m an d :
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SU BBCUTINE SECTN

‘SECTN’ is intended to estimate a set of basic

statistics of a given set cf observaticns using the

‘Sectioning of data method ’. Also for each estimated

statistic, es timates of some basic sta tistics such as the
mean , standard Deviation, and so for th, are given.

It is call ed b y : -

CALL S E C T N  ( X, N , K

where:
X Is the array of da ta
N Is the num ber of da ta values (mus t b e grea ter

than 3)

K Is the number of desired sections (no greater

than 100)

No te: k shoul d b e a num ber which minimizes the num b er of
data points that will have to be discarded. ‘SECTN’ places
the data into the equal size sections discarding any data

left over.

Pcr k~ 3 or k>1CO or (n/k)~~3 onl y estima tes f rom
unsec tioned data w i l l  be g iven  an d no es t im ates f c r  the
estimated statistics will be computed.

Sc output is exp ected if n~3 .

Mcre informa ticn is given in the subtcutine .
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3. ~~~ ~~~~~~ !4~~~i~ ~~~~~~~~~ ~~~~ ~~~ .1

-: ‘S ECIN ’ was used on Telephone Data Set 1 to assess
the variability in the Mean , Median , Variance , Standard
De via ticn , Ccef f i c ien t of Varia tion , Skewness and Kurtcsis.

The 672 data—points cf Telephone Data Set 1 were

broken dcwn into 16 disjoint sections with L42 data—points

per section. Because of this break—down ac data—pcints were

discarded. Ccmpar e the values of row ‘unsectioned’ (see

figure 21) with the values of the correspcnding statistics

ccmputed by the Subroutin e ‘HISTGS/HISTFS ’ (see figure 1).

The values are the same.

Now if we wan t to assess the var ia b i l i ty in a r y  of
the anove parame ters  w e procee d as f o l l o w s :

1. We ta1~e the mea n (
~~) of the p arame ter , whos e the

variability we want to assess, f r om the table un der
‘ES~I IMATED PARAMETER S OF SAMPLE PAR AME TE~ 5’.

2. We take, f r om the same table , the va lu e (S) f r c a  the
last column (STD. DEV ./NS**.5) for the same parameter.

3. Using the t—statistic with k—i d.f. and the formula:

9 ± st
( 1 — ° ~i’2) , ( k— 1 )

we get a (1—0.4% confidence interval for the parameter.

in crder to find a 95% confidence interval fcr the

Skewness of Telephone Cata. 1 we take:

~ 4 .934 3 , S = .30312 , t = 2.131
.975,15

Therefore the 95% confidence interval is:

4.9343 ± .30312*2.131 = ‘4.9343 ± .64595

===> (‘4.2884, 5.58C2].
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It shculd be noted here that the use of the Variance

estimate frcm the sectioned data in order tc get confidence

intervals of the parameters is based on the normality

assumption and the independence of the estimates f r c m  the
sections . The normality will depend on the number of

data—points in each section, which should be kept large.

This re quiremen t, however, confl icts wit h the need to make
the  number  of sections large to reduce the  var iabi l i ty in
the estimate of the variance of the statistics . The

skewness estimates of each of the 16 sections, can be run
through the normal plotting routine to sea whether the use

of the t—statistic confidence interval is valid.
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Figure 21 — USING SECTN WITH TELEP11C~ E DATA SU 1.
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C. S U B R O U T I N E  JACK

1. 
~&~~~~~t12~

This routine is used for assessing variability of

estimates of data based on the Jacknife method , and for

reducing th~ bias in estimates also. It is particularly

useful fcr data with saall sample size.

A big picture cf the method has as ~cLlows:
Let ~ , X , ..., X be a sample of a independen t,

1 2 a

iden tically distributed observations from a population with

unknown di~ tzibutioa function F (x). Alsc let te an

unknown parameter of F (X) to be estimated. Furtherincre

suppose a method (biased or unbiased) is available for

estimating ~ . Then we proceed as follows:

1. Divide the sample size into r disjoint groups , each of
size m (r shoul d be such that n = ar. If this is not

possible scine of the last data—points will be discarded.)

2. Compute the estim ator ~ (a) of 9 b ased on all n =

cbservaticns .

3. Compute the estimator ~ (n— in ) based on the n— in
1

th
ctservacions , having deleted the i grcup .

4. Compute the so called ‘PSEUDO VALU ES’ & (n) :

9 (n) = r ~~(n) 
- (r—1)9 (n-m) , i = 1 ,2,...,r



~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~- - — • ~~~~~~~~~~~~~~~~~~~~

Then the Jacknife estimator is defined to te the average o±

Pseudo Values:

A 1
9~n) = — —— S (n)

r i=l i

= ( ~~~~~~ 
— (r—1) ,~~~9~ 1n—m) )

r— 1 r ~= r ( 1(n) Z ~~~~ . (n — ui )
E i 1  2.

HaviEg so defined the Jacknife estimator it can be

proved that this estimator is an unbiased estimator cf 9,
excep t for terms n and higher order , assuming that the

bias has tne form cf E[ ~~(n) 3 = + a/n + terms of higher

crder in n. That is, the Jacknifa estimatcr eliminates a
—1

n bias tern . Namely if
-1 -2

9 (n )  :i = Li + an + 0 (n )
then we have:

A r— 1 r~~E(8(n) 3 = E[r&(n) — ——— Z $ (n—ui ) 3
r .].=1 i

I -~~I~~~ E
= rE[ Q(n) 3 •Z E(9 (n —ui )  3r i= 1 i

—1 — 2 r— 1 ~ ra r — 2
= r ( V + an + 0 ( n  ) ) — — — — (rC~ + — —— + — — — C ( f l  ) )

r n — i  n— ui

ra a
= r~~~+ —— — — + ... — (r—1 )  ( ( 1+  + . . .)

a 1 ( r — 1)

~ r a ( r — 1 ) a  ~
= C~~~+ + ... —E L ’  + + • • •n m (r—1 )
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A special case of Jacknife  est iaator cat be
icat ioned  he re , called the ‘Complete  Jackni fe  Estimator ’,

where  r=n and w= 1.

Scme proper t ies  of the  Jacknife  esti!: f ol lcw :
—2

1. It is unb iased  u p  to order  a
2. The ‘p seudo values ’ can be used to obtain variance

estimates fo r  the  Jackn ife est imator s ince they  can be
considered (see £ 1 8 ] )  as approx ima te l~ independen t  and

— 1  r 2
identically dis t r ibuted.  Thus  (r (r— 1) )  ~ (S (n )  — 9 ( n ) )

i= 1 i
should be an app rox ima te  es t imate  of Var (~~- ( t )  3
and

(9( n) - S ) (r (r - 1 ))  
1/2

( Z  (~~~(n )  — 9 2 1/2
i=1 2.

should be a pp r o x im a te l l y  d i s t r ibu ted  as a t—sta t ist ic  wi th
r — 1  d . f .  This çroc€dure  is pa r t i cu la r ly  use fu l  if the
n u m b e r  n cf da ta—poin t s  is small , but it must be used wi th
care.

3. For large n it can be shown that icr the ccup].ete

Jacknife est~ zaccr , under very general conditions we have:

Var ( 9 (a) 3 — — —> Var [ ~ (a) 3
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Subrcu tjne ‘JACK’ is a FORTRAN—callable Subrcutine

which  takes a set of data , groups  it in to  r dis joint  groups
th

and for each set of the r— i. group computes and prints in a

table the statistics: Mean , Nedian, Variance, S t ar d a r d
Devia t ion , Cce .ffic ient  of Varia tion , Skewness and Kurtcsis .
The same statistics are also computed  for  the  u n g r o u p e d  set
of da ta .  Then , using these statistics, the J a c k n ife
es t imator  of the above pa r ame te r s  are c o m p u t e d  and p r in ted
in a n o t h e r  table alcag wi th  its Var i ance  and Standard
Devia tion.

The program is divided into the main program and tne

Subroutine J4ICKES. The main prcgram groups the data and

successively calls the Su broutine ‘JACKES ’ in order tc get

the estimates of the above parameters for ungrouped da t.a and

icr each group as well. A table is then printed containing

the estimated parameters. The ‘Pseudo—Value s’ for each

parame ter are also compu ted by the main progr am , an d are
used to compute the Jacknife estimator for each parameter

and its Variance and Standar d Deviation.

Tc avoid divisicu by zero the number cf observaticas

must be gr€ater tha n three , ctherwise no ou tpu t is given.
For the same reason the  express ion ( r — 1)  (n / i )  mus t e v a l u a te
tc grea ter  than three , otherw ise  the p rog ram will give  only
es timates of ung rouped  data.

A complet e descr ip t ion of how ‘JA CK’ opera tes is
given  in the Subrout ine .  A Summary  is pr in ted  on the
te rmina l  by typing DESCRIBE JACK under  the CMS e n v i r o n m e n t,

which  r e s p o n d s :
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SUERCUTINE JACK

Jack is in tended to est imate  the statistics : dean ,
median, Variance , Standard Deviation , Coefficient of
Var ia t ion , Skewness and Kurtosis  of a given set of

• independen t  cb servaticns, using the Jackn i f e  me thod .  In
addition to tue above p arame ters which are given for  each
group, the Jacknite est imator  along w i t h  its va r i ance  and
standard deviation is given for each parameter.

It is called by:

CALl. JACK ( X , AS , STAT , N , IG
where:

X is the array of data of dimensicn N

• A S is a work array of dimension N (returns crdered

data)

STAT is a two—dimensional work array, dimensione d by

(IG ,7)

N is the number of da ta—value s

IC is the number of groups plus one (=r+1)

Ncte  : r mus t be such a n u m b er  as tc ui~~D~~W~~ZE the

num ber of data—points tha t will have to be discarded. JACK

places the data into the equal size groups discarding any

data left over (last observations in cider of original

input)

Nc cutput is expected if N � 3. Furtheruicre if

IC ~ 2 or (IG—2) (N ,’(IG—l ) ) ~ 3 only estima tes for  u n g r o u p e d

data will be given .

sore informa ticn is given iD the Subicutine.
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3. ~~~~~~~~~~~~~~~~~~~~~~~~~

Ic assess the variability in the sean , Median ,
Variance , Standard Deviation , Coefficient of Variation ,

Skewness and Kurtosis of Telepfone Data 1 the Subroutine

‘JACK’ is now used. In order tc avoid to discarding any of

the data—poin ts we use 16 groups with 42 data—points per

• group.

Observin g figure 22 we see that the values of the

parameters for ungrouped data are exactly the same as the

corresponding values of the same parameters of figure 1

which was ~coduced by using the S u b r o u t in e  HI STG S/HI STFS .
Now in order to assess the variability in any of the abcve

parameters we have to use the t—statistic with (i—i)

d.f. alcng with the values printed under

‘E STIMATED JACKNIFE PABAMETEES’ using :
9 ±

(1— ’~f2) , (r—1)

where is the Jacknife estimator and S is its Standard

teviaticn . Fcr example to assess the variability of the

Skewness with a confidence level ~~~= .05 we have :

~~~~= 7.37321 , S = .900118, t = 2 .131
.975,15

There fo re  a S5~ confidence interval of the Skewness is:

7.37321 ± .900118*2.131 = 7.37321 ± 1.S1815

= >  [5.455 1 , 9.2914 ]

This shculd be compared with the point estimate 4.9343 and

the confidence interval estimate £4.288~ , 5.5802] obtained

iro• su broutine SECTN. The data is so skewed that one will

inevitably have tr cuble here with the Jacknife p r o c e d u r e .
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VI. ~~~~~~~~~~~~ ~~~~~~~~~ ~~~~
‘EABMA’ STRUCTURE

A . THE EAB~ .A (P,Q) PBCCESS

The starting point for these processes is the defirition

cf a first—crder autcregressive model for a stationary

sequence of Eandoal variables fX )- :
2.

x = rX + i = O , ± 1 ,±2 , ...
2. i 1  3.

I~ the marginal distribution of the X is fixed to be
3.

exponen t2.aJ. w ith parameter ?~ for aU. i;

2(1 ~ x) = 1—c , ~~~) 0 , x� 0
3.

t hen  E is zero with probability r and expcnential (-)j with
3.

probability t2..r. Thus

frx W .~~~. E

I. =.
~ ( 1 )

i i

‘rX + E w .p . 1—r ,
i— i i

where (E J is a sequence of i .i .d .  exponen tia1 (~) r andom
2.

varia~ 1es. The process d~ fined  by (1) is the e x p o n e n t i a l
autoregressive process of order 1 , the E A R ( 1 )  process . The
ccrrelaticn structure is r(j) = r~~, j  = 0,1,2,... .
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The first order moving average exponen tial prccess,

EMA (1) is defined as

(.~~E V .P. 4’
I 1.

I. = (0 ~~~ ~ 1; i =

+ E w.p. (1—i)
1 i 1

and has ccrrela t ions  ?( 1) = ( 1— i) and ? ( i )  = 0 , j  = 2 ,3,...

The genera] . E~~A (q) model takes the f o r m

w .p. b
g ~. g+i

~ +~~~~
‘ E v.p . b

g i q— 1 i—i g

X = (2)

+ E + . . .  + w.p. b
g i g— 1 i—i 1 i—q+ 1 2

4’E +
~~~~~~ 

E + ... + é E  + E  v.p .
g i g — 1  i— i  1 i— g+1 i— q

fo r  0 , 4’, . . .,  
~~ 

� 1; i = 0,±2 , . . .  w here
1 ~ q

f ,9 i = q+1 ,

b = 2.~ ( 1 — ( )  . . .  ( 1— ~~~)4 ’  q ~ i � 2,i I g l i— i
L ( i — d )  . . .  ( 1—4 ’) i 1

q 2.

The serial correla tions are given by the e~ uation

g— +1
r b b ( 1 j
I v=j V v+j

(j )  = corr (X ,1 ) =
0 (q +1 ~ I

1 0’4

- ~~~~~-~~~~~~~~~ ‘~~- — —  ‘ - --- -‘- -~~ T~ T .  • - ‘~~~~~~ — -~~~~~~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



Tc ccnvert this EMA (q) process into a mixed

autoregressive moving—average exponential prccess of crders

1 and q, called EMA (1 ,g) we replace B in (2) with
i—q

I rA v.p.

A J
i—q 1

I rA + E v.p. (1—r)
i—g— 1

For fur ther results on these p rocesses and their
properties see Gay er and Lewis (1978) , Laurance an d Lewis

(1977), Jacobs and Lew is (1977), and Lavra.nce and Lewis

( 1 9 7 d )

E. USE CF AUTOREGRESSIV E (EAR(Pfl , L~0VING AVERAGE (E~ A (~))

ANt M IXE t STRU CTUR ES (EARMA (P ,Q)) IN ~1OEELLING QUEUES

Consider for simplicity a queue with a single input

stream and a single server , and a first—ccme—first—served

(FIF O) service discipline. Let S , i = 0 ,1,2 ,... , denote
3.

th
the service time for the i arrival, and let X~,3.

th
i = 1 ,2,... , denote times between arrival of the i and

zt
41— 1) custcmers. As is usual we assume that the first

cus tomer (with service time S ) arrives at tine zerc and
0

finds the queue emp ty.

If the (S J and (X ) sequences are i.i.d. exponential
i i

ran dom variables with parameters 
-~~ and  a respectively, we

have the ~/M ,’1 que ue .
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Now let

B be exponential~~ ) and independen t, i =

3.

be exponential (c&) and independent , i = 0 ,+1 ,... .
3.

We wan t  to model queues w i th  correlated (au tocor re lated
and/or cross—correlated) service and inter—arrival times ,
the service and inter—arrival times bcth having marginally

exponen tial distributions. We also want the queing model to

include the M/N,’l queue as a special case.

There are five simple possib ilities which we put fcrward

here , based on the use of EA RM A (p,g ) processes , g i v i ng  wha t
we cal]. an EARMA SD/MD/I queue.

In wha t foilcus let and p be , respectively, the

crder of the 
~~~~~~~~~~~~~~ 

componen ts of the service time

sequence (S J and the inter—arrival time sequence (X ) ,  and
i i

let ~~,g be , respec tively , the crder of the movin g average

componen t of (S 3 and (X 3 . These parameters car. take
i I

values C ,1 If p = 0, g = 0, the sequence is

independen t; if p = 0, the process is pur ely moving average
an d if g = 0, then the process is purely autcregresive .

The five possi bilities or cases are as fcllow s:

1) Let 1S} be EARMA (p ,g ) over fE , B ,
3. S S 1 i — i

let (X) = ( s ) .

Thus th e arrivals are a Poisson process and the service
times are autocorrelated , i.e. a mixed autoregressive

moving average expcnential sequence.
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2) Let S = B , i = 0,1 ,2, ... ;
3. 2.

let X be EARLIA (p ,q ) over (~ , ,
i X X 2. 1 1

Then the service times are independent and the arrival

process is non—Poisson because of the dependency bEtween

the inter—arrival times, i.e. the arrival process is a

point piccess with EARMA(p,g ) structures.

3) Let (S 3 be EARMA(p ,g ) cver (E , E , . . .) - .

i S S 3. i 1

Let (X 3 be E~ RMA (p ,q ) over (~~
, 

~ , . .. }.
i X X  ~~. i — i

The service an d arrival processes are autocorrej.ated,

but the two processes are independent. The marginal

distributions of (S 3 and (X 3 are still exponential.
i i

4) To couple the two processes , with resultant deper.dcnce

in the arrival and service processes , the simplest

procedure seems to be the following.

Let (S 3 be EARMA (p ,q ) in the following sense:
i S S

(S) is EABMA (p ,g ) over (E , 2 : : .a,  ~~a. ~ . . .)
3. S 5 1 ) ~. ~~~ i—i

Then if X = ~~, i = 0,1,2,... we have that (S} is an
1 2. 2.

autoccrrelated sequence and also cross—ccrrelat€d with

{X = ~ 3 , i.e. (S , X 3 is a bivariate dependent
i i i i

sequence Cf random variables with exponential marginal

distributions, although (X 3 is still Poisson. Note
2.

that the S sequence is an autccorrela ted sequen ce
3.

because of the cross—coupling, but not a pure
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E A R M A ( p ,g ) sequence . It does have an exponent ia l

margina l distribution however .

As an example  let PS 
= 1 , = 1.

Let

S E

= € E  ~~~~~~ A =

= + A v.p. (1—€)

S = ~~E w.p. 
~~
‘ A = rA v . p .  r

2 
= + A w.p. (1—J ) 

2 

= r U~~~~• ( 1—r )

S = 1E v.p . £ A = rA w . p .  r
3. S i  S i i 1

= E + A w . p .  (1— ) = rA ~~~~~~~ v .p .  ( 1—r)
S i  i S i—i  .;‘~~~~

In these equaticns one can replace e wi th  X and  then
I i

the cross—coupling betwee n the sequences (S 3 and (X 3
1 3.

becomes apparent.

~~~~~ation. We have positive correlation between S
3.

and g previous inter—arrival times (when p = 0 ) .  If
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the .~~, S (j = i,i— 1 ,..., i—p —1) are short , t h E n  S~j S 2.

will be short if all the g previous inter—arrival times

are short. this modei~ ~~~~~~ ~~~~~~~~ ~~~~~ ~~~ ser~~~ te~~~

~~~~~~~~~~ ~~~~~~~~ Cf cource he also
slows do w n  when the  queue  gets shcrt and it is not
immedia te ly  clear wha t the effect  on an average  w a i t i n g
time will be.

4 ’)  Similar  to L& but (X 3 is EA~~ A (p ,g ) over
i X X

, ~E ,... and S = B
j O~~ i ~~~~i-1 i i

I n t e r p r e t a t i o n  is nct clear , bu t  it woul d h a v e  the
same e f f ec t  as balking in the inpu t  s t r e am .  If sErvice
times get long (and presumably the queue gets long) then

i n t e r — ar r i v a l  t imes get lcng.

5) A acre general  possibility which al] .cws one to mcde] .
d e p e n d e n c y  i~ th~ input s t ream , in the  service s t r eam
and depen ’~.ency b- h ich couples them is as fcl lows:

Let (E 3 be a un i t  expcnentia] .  i n d e p e n d e n t  s e q u er ce , a
3.

driv ing sequence.

Let (1 3 be EABMA(p ,q 3 over (B , E , . . .] .
i S S i i—i

Let (
~~~~

) be E A R ~ A ( p  ,g  3 cver (~~, ~2. X X  2. 1 1

Let I S )  be E A R M A ( p ,q ) over (Z , )D , ~D , . . .) - .
1. CL c L 2. 1 1— 1

L et I X )  be E A B M A ( p ,q ) over  (I , GD , o.D ,...}.
2. C~ Ca 3. 2. i 1

109

h. ~~~~~~~~~~~~~~~~~~~~ 
_ - _—----—_ - ‘ -. —

~~~~~~~~~~~~~~~~~~
— 

- - -



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ - - -~~~~~~~~ —---.-.-.-_-. - -- - - -

Thia is a very  general  scheme which  reduces tc all of
the previous schemes as special cases. Ecr example  if

p = = p = g = 0 , then we have  case 3. If
C~ C 1 C4 C~

g = 1, p 0 , 4’ = 0 , p = g = 0; p = 0 (an d p
CL Ct C~ S S C~

and g are not equal to zero) we have case 4.
Ci

In all cases the  basic equat ion f o r  M/ M / 1  queue wa i ting
time W still holds:

n

W = 0
0

+
= (J + 5 — x ) n = 1 , 2 , . . .

n+ 1  n n n+ 1

These equa tions can be used to genera te successive ~ s
a

i.n a simulation. We have not tcuched on h c w the co r r e l a t ed
sequences are started. This is somewhat arbitrar y as it is

not known  (except for the EMA(1 ) and M1 (1) processes) bcw to

star t  them so as tc produce a s t a t i o n a r y  expcnEntial

sequence. The problem is aggravated , as in cases 4, 4 and

5, when we are dealing with bivariate exponential sequences.

t h e n  the  m a r g i n a l  prccesses m a y  be s t a t i o n a r y  but no t  the
b ivar i a t e  prccess.
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C. PROGEAM STEUCTURE

1. General

Ic simula te the EAEMA (p,q) model, a POETRA N P: cgr aw
has been written tc take care of all the existing cases of

tha t mo del an d also of the ~/M/1 queue. tepending cn the

input values which the parameters (as described below) will

take, the program can be used for creating in each run a

particular case of the EAR~ A(p,g) queue. Beca use of that

generality cf the program it is not suggested that it be

used for those EAR MA cases where  either the arr ival  tim es  or
the service times ci both are not autccorrelated or

cross—correla ted. The reascn for this suggestion is

efficiency. It is suggested for use with the EAEM~~(p,~)

cases where both arrival and service times are

autocorr elated and , furthermore , cross—correlated with any

cider. the program is divided into the main program and

into the Subroutines BETAS , A UTO R and EA R~L~.

2.

The main program performs all I/C operations and

calculaticns req uired for the desired statistics.

Specifically it is designed :

a) To r ead
1. All randcw n u m b e r  genera tor  seeds r e q u i r e d  to

genera te the sequences of the Exponential and Uniform

varia tes to be used during the executicn.

2. The values for the variables:

N : Num ber of arrivals to be generatEd.
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N : ~uinber of replicaticns.
EX , BS : A rr ival  ra te, service rate.
CP X , CP S , CP G : Tak ing  the  values 1 ci 0 (1 f c r  the

coupled process)
KX1 , FX , KS1 , KS : The order of m o v i n g  ave rage  fo r

ar r ival  and service processes.
Q X 1 , ~X , QS 1, QS : Taking the values 1 or 0 (1 for

autoregressive case).

EX , EX 1 , ES , BS1 : A rrays with the values of 4’5 for
mcving average part.

RbOX 1 , RH OX, BffCS1, RECS : Parameter values for the

autoregressive parts.

b) to calcula te and pr in t
S U N X (I ,J) ; S U M X N (I ,J ) ;
SU E S  (1,3) ; SUM SN (1,3)
W 11,3) ; WM (1,3) ;

WE (1,3) ; W~ B (1,3)

D (1 ,3) ; C M (1 ,3)

fc r  I = 1 , 2 , 3 ,4 , 3 =

w h e r e :
(In wha t fo llows K ge ts the values N ,”4 , N/2 , 3N ,’4, N

fcr 1=1 ,2,3,4 respectively and J=1 ,2,...,N)

K (J) (3) th
SUNX(I ,J) = Z X , X the r a r r i v a l  for

r=1 r r

th
the  3 replica tion 2.f l  tue EA RN A queue ;

K (3) (3) th
SUN~ N(I,3) = ~ (XN) , (XN) the r arrival

r r
th

for the J replication in N/N/i çueue ;

k (3) (3) th
SUNS (1,3) = ij S , S the r s e rv i ce  for  —

r=1 r r

th .the 3 replication in the EARNA gucue;
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I

K (3) (3) th
SUN SM (1,3) = Z ( S N )  , (S N )  the r service

r= 1 r r
th

f o r  the J repl icat ion in N /N / i  çueue;

(3) (J) (3) (3)
= W = m a x (  (W 

k — i  
+ S — X 

k~~~
’ 0]

tb th
= waiting t ime of k arrival in 3 replicaticn

of the correlated queue ;

(3)
WM (I,J) = ( W N )  The same as W ( I ,J) but

fcr N/N/i queue ;

k (3)
c J B ( I ,J) = Z-W /k

r= 1 r

K (3)
W N E 4 I ,3) = ~~ (WM) /k

r=i r

D ( I ,J) = ( SUN S (I ,J) — SUNX (I,J)J,’K — 1/E S + 1,’EX

D N I I ,J) = (SUNS N (I,J) — S U N X Z I (I , J ) ) / K  — 1/ R S  + 1/ a x

K (3)
SUNSN (I,J) = Z (SN)

r= 1 r

Ncte: Between the group—variables (KX 1 , KX , KS 1 , KS), ( C x i ,

~X , QS1 , QS), (CPX, CPS, CPG) , ( R H O X 1 , BE C~~, R H O S 1 , RHCS)

and (Bfl , EX , ES 1 , E S) there are the following relations:

1. The number of elements of each variable (array) from

B— group should be the same as the valu e cf th€ correspcnding - 
-

variable from K—group.

2. The ‘0’ value of a variable from Q—grc up implies that

the corresponding variable from R—group is not needed.

3. The value ‘1’ of CPG domin ates any value of CPX , or
cpS.

Any valid combination in the values of the above

variables special ly of the c—group, C—group and K— grcup (0

cr not 0 ) ,  genera tes  a pa r t i cu la r  E A R N A ( p , g )  case a n d  is
accepted by the  p r o g r a m .

j



The basic approach  i.4 the main program is to
generate at once and for each replication three i n d e p e n d e n t
exponen t ia l  sequences with parameters XL (arr ival  r a t e ) ,  SL
(service rate) and 1 (unit exponential) which are stored in

the arrays EXPIL, EXPSL and EXP1 respectively. Ther the

Subroutine AUTOR which is involved with the autoregressive

part of the model is called (if it is reeded for the

part icular  E A R M A  case) . A icop follows which is executed as

many t imes as the value of N. Prom the loop the  E A B M A
Subrou t i ne  is called which is invo lved  with the  m cv in g
average pa r t  of the model .  The number  of cal ls  of S u br c u t in e
E A R I I A depends  on the  par t icular  case w h i c h  is being r u n .  The
statistics and  all i .nfcrmat icn that will he lp  us to a n a l y z e
the model are  also computed  inside the locp and s tored  in
tue a r r ays  described above.  The progra m continues execution

unt i l  the desired statistics for all N replications have

been calculated and gathered. Then the o u t p u t  part of the
program fcl lcws whic h gives us the  values  of ca lcula ted
statistics on paper and on punched cards fcr analysis.

3. Subrcutine BETAS

This is a simple Subrcutine and its purpose is to

return an array SUMBX1/X/S1/S with element—values as

fc l lows:
I

SU ~ B X 4 I )  = % B X ( r ) , I = 1, 2 ,..., v alue  of K — g r c u p
r= 1

to be used for the  choice of the order  in t h e  moving
average . It is called at most  4 t imes d u r in g  the e x e c u t i o n
and  on ly  if the K — g r o u p  va r iab les  have  v a l u e  g rea te r  than
‘0 g .
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‘A U T C H ’  accepts in each call an exp cnent ial  seçuence
(genera ted  previous ly)  of variates and t r an s f c rm s  it into an
au tocor re la ted  seq uence. It is called only if any of the
Q— gr ou p  variables equals 1. Pot each Q—group variable having

va lue  1 it is called N t imes.

5 .  c~t~ & ~~~~~~~~

This is the main Subrcutine of the program and it

has been crea ted so that it can be used f c r  all E A R M A (p ,g)
cases. Because of the generality quite a few parameters are

transferred and in each call just one value is returned.

th th
This ~alue is the I arrival or the I serv ice  time as it

has been modified because of the moving average. It is

called only if the particular EARMA(p,q ) cas e requi res
movin g average; that is only if any of the K—group variables

is greater than 0.

6. 1~me re~ u irement s

Scme CPU—times have been gathered in the course of

the simulation of some EARMA (p,q) cases, using tbe IBM
360,67 , P C R I R A N  ~ compiler as follows:

N N K — G R O U P  QS 1 C—GROUP TIME
2000  500 0 1 0 9 M m .  51 Sec .
500C 500 0 1 0 22 M m .  25 Sec.

10000 500 0 1 0 (43 M m .  30 Sec.
10000 500 0 1 CP S 1 55 M m .  20 Sec.
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Erow these  results we see tha t the value of N is thE  main
fac tor  tha t  a f f ec t s  the C P U — t i m e  ( l inear ly)  . We see also
that  one of the C — g r o u p  variables may increase the  CP U — t i m e
by 25 % .  We ignore the factor of N (it is another  main
fac tor  as N is) because we may stcp t h e  program at any
replicaticn , getting the last random number generator seeds

and taen continuing another time using these seeds.

0. A N A U S I S  OF SI M U L A T I ON PE SU LTS

Since mc analytical properties of the EA RMA (p,q) models

can be der ived , a simulation has been done to s tudy  their
properties. But as we have noticed , this program is a

general program accomodating all EARMA(p ,q) cases. Since

our study is limited to only the two cases below , in crder

to save CPU—time a modified program has been used that

s imula tes  these  par t icular  t w o  cases.

1. ~ ueue  with ~~~~~~ Ser vice

The mcdel :

i x j  =

1 1

( S }  is E&RMA (1 ,0) over ( B , B , ...
1 1 i — i

Tha t  is:

~~rA w . p .  r
I i— i

~ = <  where A = E
i I 0 0& tA . + B v.p. (1—r)

i—i

To simulate this model we chose the values .25 , .50,

.95, .99 for traffic intensity t and the values .25, .50,
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.90 , .95 , .98 for the correlation r , in o rde r  to cover  a
r e p r e s e n t a t i v e  range .  In wha t follows the  string S#t t#r r
s tands fc r  the run wi th  t=tt  and r=rr . That  is the  run
S*25*50 s tands for  the run  with  t= .25 and r .50 For each t
and r we ran the program and the requited statistics were

gathered , analyzed and plotted using the Subroutines

HISTGS/F S , N CR N PL and EXPLT. The sample statistics from

HISTGS/PS were also tabulated separately frcm the figures so

that one could obtain an overall picture of whether - or not

the waiting times had converged  in mean and in distribution
to tu e  limiting distribution.

Prom the analysis of a l l  runs  and plots we h a v e  tne
fc l lcwin g resul ts:

1. Simulating the type S*25*rr and S#5C#rr model (with

r .25, .50 and .90) it was possible for the ~ and ~ to

reach the steady state for N=2000. On the other hand for

the type S*25*rr and S*50*rr (with rr = .95 , .98) it was

necessary to go up to N=10000, in order for  the W an d to
reach the steady state. Thus we see that the high
correlaticn affects the choice of the value of N, r e q u i r i n g
H to increase as the correlation is increasing. Ect not

cnly the corr e lat icn a f f e c t s  the choice of N. The traffic

i n t e n s i t y  a f f e c t s  it muc h more , since fo r  tn e  type  5a95 *r r
and S*99f rr  the W and do no t  reach t he  s t E a d y  s t a t e  fo r
N = 10000 even if r is low.  Because of the C P U — t i m e
r e q u i r e m e n t s  we restricted ourselves  to a. d etailed stu d y of
the particular case S#99*98 increasing successively the

value of N up to 320,OC O, where the W and ~ appear to be

close to the steady state. Thus ye may ccnclude that high

traffic intensity and/cr high ccrrelation reguir e a large

value of N in order to achieve steady state. Figures 23a

through 23d , 2Lea— 24c, 25 and ~6a—26 d justify the abcve

conclusicns. In figures 23a—23d , where we are dealin* with
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th
the waiting time of the 2000 (W ) arrival for the case

2000
t=0 .50 , r =0 .25 , we can see t hat W has  converged to a

2000
value of about  6.3 , and f u r t h e r m o r e  a s tr a i g t t  line a p p e a r s
in the plot under EXPLT. We also see approximate

ccnvergence for the correlated queue for the ~ , which  is
2000

presented cm figures 28a—28c, and its value has converged

to a value cf about 3.03 (figure 23d) . Note t h a t  the
introduction of correlation into the service time has

increased the average waiting time from 2.5 tc about 3.03,

cr by approximatel y 20%.

We cannot say the same Icr figures 24a—24c wh ere ,

because cf .the high ccrrelaticn (r=0.98) we do not have

convergence of W and W , although N=10,000, an d for f i g u r e

25 wher e, because cI the high traffic intensity (t=C.S9) we

do not have ccnvecgence of W and V. Figures 26a—26d also

show us the non—convergence of W , ~~, becau se  of the high
correlaticn and the high traffic intensity (t=C.99 ,

:0.98) . This is the case for which we eventually had to

carry tne simulatica out to about N=500 ,000 to observe a

stationary queue .
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2. As fo r  the s teady state of the value cf E ( W ]  a n d  E [W ]
a large N was require d fo r  high t and/or  r , also for  the

steady state of the distibution Cf W and W a large value

of N was required. Informally testing their distrituticns,

hy using the Plotting Subroutines and the values of their

parameters skewness and kurtosis , we n ay conclude tha t :

(i) • The distribution of W , given tha t  W>0 , has an
exponen tial form , if the plot results  in a str a igh t line
under EXPLT and the ]Land ~L carameters have the values of

about 2 and 6 respectively (see figures 23a’-23d). This is

true only if the steady state has been reache d wh ile it is
nct evident hhat their distribution is if the steady state

has not been reached. Thus observing the figures 24a—24d ,

where  the W has not reached the  s teady state ye t , we
1c000

can obtain ncthing about the distributicn of ~~~.

Note that for  the ~/~/1 queue the steady state

distributicn of W , given that W>0 , is eiponen tial. The

distribution is not known f o r  the  cor re la ted  queue  and  this

was cne of the objectives of this study.

(ii) T h e  dis trib u tion of ~ has the nc z~ al f o r m  if we

get a straight line under NORNPL and if the values of

skewness  and  kur tosis are around ‘0’ . The nor aality
a s s u w p t i cn  hclds fo r  the steady state cn ly ,  wh i l e  the
ncn—s teady state distribution looks like an exponent~ cnal.

Pigures  27a—27c give us the feel ing tha t W l a s  an
10000

exponen tial form , since a straight line appeazs under EXPLT

(see figure 27b) and the parameters  h~ ~~~have the  values
2.3 and 7.3 respectively1 These are close to the ac tua l
values  2 and 6 of the exponen t i a l  d i s t r. ibu t i c n .  We can see
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f rom the p icts that  as the ~ gets close 
•
to the  s teady

state, it leaves the exponentional form and ccmes closer and

closer ‘to the  normal form . Fi gures 28a—28c , 23d shc w us
tha t has alread y reache d the stea d y sta te and

10000

furthermcre its distribution has eventually taken the ncrmal

f c rm , since a straight line appears under NORMPL (figure

2ac) and the  skewness and kur tos i s  have  thE value .7 an d .8
r e s p e ct i v e l y .  Comp are  its distrib u ticn wi th the
distribution of ‘W of f i g u r e  27b where  ‘

~~ is no t in the
10000

stead y state.  again we nay state here that conv ergen ce  to

the s teady state of the  dis t r ibut ion of W a n d  ~ requires

much  l a rger  N than convergence to the s t e a d y  state cf the i r
mean values  for  the  sane t and r.  And alsc the h i gh e r  t
and/or r the  larger  N shou ld  be. As an example  we can see

tha t even th cugh the steady state (in value) of ‘ for

5*25*98 t yp e  has been reached fc r  N = 10 0 00 , the  s teady state
in distribution has nct been reache d y e t .  See f i gu res
2 L ~e—24g  where we can observe that the distribution of ~

I 10000
starts to leave the exponential form and to go tc the

normal fcrm .
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Ccn tinuing the a n a l y s i s  of the resul ts we present
te low the  results we got froa  all runs , concerninç  the

values  of E [ ]  for  various values of t , r , N .

N t r E ( W ]( c o r r e l a t e d )  E(~~] (M / M / 1)
2000 .25 .25 .3720 .3332
200 0 .25 .50 .4326 .3332

2000 .25 .90 .7578 .3332
10000 .25 .95 1.0576 .3332
10000 .25 .98 1.7077 .3332

2000 .50 .25 1.2106 .9985

2000 .50 .50 1.5811 .9985
2000 .50 .90 5.0785 .9985

10000 .50 .95 9.3196 .9985

10000 .50 .98 21.0542 * .9985

10000 .95 .25 23.565 1 18.3528
10000 .95 .50 3.3.3367 18.3528

10000 .95 .90 123.9350* 18.3528

10000 .95 .95 196 .2460* 18.3528

10000 .95 .98 342.924 0 * 18.3528

10000 .99 .25 62.3285* 53 .3371

10000 .99 .50 77.9370* 53.3371

10000 .99 .90 193.9113* 53 .3371

10000 .99 .95 27 1.7713 * 52.3371
10000 .99 .98 426.6750* 53 .3371

Note that these values have  been scaled trout the ~alues

cttained in the  si•ulaUons by m u l t i p l y i n g  b y  R E .  Thus  for
t~~0 .5O and r=0.25 the table gives E(~~]gcorrelated) as

1.2106; the value in Figure  23d is 3 . 02 6x 0 . 4 1.21 06 . The
values aarked * hav~ nct converged .
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A s tudy on these results gives us the fo l lowing
cb serva t i cns :  

-

1. For g iven  tr a f f i c  in tens i ty  t the  va lue  of E ( W ]  is not
constan t , as it is fcr  N / N/ i  que ue s, but  it depends cn the
value  of the correlaticn paramete r  r . Thus  we see t h at  the

value of E( ’ ] increase , as the  value of r becomes larger
and larger .  F ur thermore  f r om  f igur e 29a , where E E ’~ ] is
Flotted versus r we can see t h a t  the r a te  cf i n c r em En t  is
not constant (therefore is nct a linear f u n c t i o n  of r) but

it increases with r and eventually gces u~ infin i tely as r
goes to 1.

2. For given correlation :, we see that the value of E(7]

increases h it h  t , the sa te  as happ ens  it  the N/N/ i queue

(see f i g u r e  29b) . Hu t regardless of the  v a l u e  of r , E(f l  for
N/N/ i q u e u e  is a l w a y s  less than  for the EAR NA node!. Thus

we may state that the wai t in g time of the au tocor re la ted
service t ime model is greater  than  the  corr€s~ on ding wa i ting
t ime of the N/N/ i model .
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3. The values of E ( W ]  f o r  the type  S#99*98 model

increases with N following the curve in figure 30 a tact

that is known to happen in the N/N/i queue also. We can see

from that figure that the rate of increment comes dcwn as N

increases an d hcpefully should come to zerc as W reaches

the steady state. Ccmparinq then the N/N/i queue with the

correla ted queue we can see that the N/N/i queue ccnverges

fas te r  than the correlated especially when r is high. Thus

we can see f r o m  f i gu re s  32a—32c that both the va lue  and
distributicn of the ~ for  N/N/i queue have reached the

10000
steady s t a t e , but the corres~ cn d ing I of the correla ted

10000
queue ( f igures  33a— d) has not (at least in its

distriDution) . (See the skewness and kur tcs i s  values for  W i
EAR , W2 EA R , W3 EAR and W4 BAR in Figure 3.3c . These appear

to be decreasing tc zero, b u t have certa in ly  not reac hed
zero by N 1 0 ,000.) Looking at figure 31c , we can cb tain
tne result that neither W fcr the correlated queue , or

- 10000

1 fcr the uncc rt e la ted  queue has r e a c h e d  e q u i l ib r i um .
10000

This is because the skewness  and ku rt c si s  va lues  are
d e f i n i t e l y  nct  close tc zero.
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An ctber  result obtained froi the siiruiation

concerns the coi~arison of convergence of W and ‘
. Froa the

~rograas we have run we observe that W ccnverges slightly

faster than W (at least for low t and r) . Also the s t a n d a r d
deviation of ‘W is .uch less than of W. In figure 24d we can
see that 1 has already reached the steady state but not

10000
Cclpare also the values of their s t anda rd

10000
deviatic~s (.005 versus .2) . Figure 3L$ gives the  results  of
the type s,50*98 iodel for N=10000. We can see that while

‘
~~ is a l ready  close tc the stead y state, the  tact that W has

not reached it yet fcrces us to continue the simulation by

increasing the value of N.

160

-~~~~~~~ --——~~-4- - - . I -  -
~~~~~~~~~~~~~~~~~~~~ rn ~ _ _



- _ _ _ _ _ _

a1 • —0 _  C
5 4 4 . U

~~~~ 4 _ ~~~~~~ . 0 o  ~ ~ ~ O 0 1 0 1~~~ 4 0 0  I ~
•— •— •~ ~ 

-~ -3 - ~ - 11.4 413 01 C ,9 13 01
I’, 7’ I~ 1 4 3 5  .0 - - - ‘p .113 .

~ 0 4 1  0 ~ 0
I ‘I~ 01 II 71 (13 113 4. C, ‘41 .0 .313 4. “4 01 ~ III ‘ 3 1 4

‘1 5 4 1 3 0 VI 154 0 ~ 
- “13 ‘3 Cl ‘ 0 eC - 01 C

2 I ~ I I • I I S • I I I I I  - C 39
.0~~~~~~~ S1 1 3 ”J 0 1 1 3*5 ~ 3 ‘ 3 l’ 1 3 7 13  9 5 .

— •0 - ~ ~ ~ — 7 ’ - ~1 ~- I
~ N 

~ ~ ~ 
: C l j  ~ - 4 . 4 9 0 0 1

III 01 4 L 0 10 0  ~ ~ ; 0 13 fl5 4. . s C I I Jfl I ~~~~~4)
I~~

0 .r C’s 71 4)~~~~~~~~ 0 - 0-  II) ~~~~ 7’ ~‘ C l  3 - 74 — Ill
*5 $1) 71 ~ l 4 .  ~ - 4 . 0 7 ’  91 115 4 . .  I.. (31 01. 71 ‘0 03 0 1 7 3  Cl - - I • ~ “ 171 ~ 4 UI 514) .I3 1 1 0 0  ~ I ~~~~~Ø 0 s 4 . 9 9  13 - 54 03 01 lO

~r . . . . . .  
:- - .31 

~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- 

I ~7 ) 0 1 7 4*
01 — 0  - 3

_ 
~ ~~~~~7 1 ) ;  7 3 5 . I  II

Si 
~ 

I 
~ ~~~l ~ 51

C O W I U 0 1 SU  ~ I ~~~~~~~~~~~ 71 1 3 :  - ~~~~~51 (0
I— 74 31I 14 $3’ 0.5 ~ 3413 _ 7 1  _ l 4 .  5$5~~ O i - U  10 I.
.1~ ‘71 SI 05 43 0 - ‘I,’ —~~ $“ 13 3.1 4. I ~ 4 N 39

—I ~~ 01 19.1 23 41 010 I ~~ 4. C3~~~Cl 3 1 1 3.3 0 I 51 4% *4 251
01 II, .9 CI 3313 4. I 94 0 - 7 1  — C I  0~ ~ 41 01 74 5

~~ I C I I C I  ~ 01 1 0 ( 1 1 1 1  ~ - 515 C 20.41 14 4. CI ~~ I31 ~ 0 0 j 3 ~5 Ill ~~ ~~~~l ~ 01 4. u~I

~ 
— N  - I - 9 1 -  SI

~ 
314 , - 3113~~ ~ 0 0 0 3 1 1

4’ 0 54 4 . 9 1 251 0 7 1 0 17 ’0 1 0  44, * 4 7 1 ( 01 91. 4 1 3  13 ~~ 7~ 0 4) 12’ Cl ~~ ~~ 
~~0 0 ~ 01 .9 9 4. -7 -0 41 0115 -3 ‘3 - 0 33 01 9 ~~~~~~ (13 -3 VI 442 71 ~~ 01 ~~ ~~

71 ~1 4 1 3 0  311 13 4’ 371 4. 442 0 0 ~ SI ‘9 1(’ CI 4. II 11.1 ‘0 ~? ‘0 13 ~ ~ ~~
4 4 ) 7 1 7 1 4  01 III 0 .t 01 4) 713 91 — C ~ 31 01 I- 0 iC ‘I 33 , .7 4. _ 7’ ~ . IC 13 ~~ 

*1 .4 01
— 0 4  _ 9_ .0 4. 0 (13 114 .71 13 0 .. 13 1’S ‘3 41 3.) 0 4. 11.1 41 43 4. 4. 4.

75 I S I l l S  ~~ 0 15 .1 141 4. 0 - S) I I ~~~~C I I I  ~~ 0 0 U 43 0 0 *1 01 01 51
0 0 0 C l 0 0 00 7 1 * 4 1 3  j c , c~ C O O S

4% * 4 0  I .  1 1 1 1 1  3 — o  I l l I l l  -5 U 4 * 4
$ 14 0 0 ‘3 0 4. 0 - 41 (0 0 4. 0 0 0 4.

p 0 j - - I 1 0  39 . 3 5

~~ 
7 1 3 4 10 341 - 913 , 9 0 1* 0 14. I 4 _ _ Q

4 1 * 5 0 1 . 0 0 1 0  - 4 1 0 1 ’ 7 5 4 )  13 - * 5 4 . 05 1 4 4 1 4 . 0  (3 - 1114 P14 ,12 4. , 2 Q  - 0 3 1 1
11.3 *5 3513 II’S ‘0 . 3 0 9.1 Cl 0 J 1 1 3 4 .  9 4 0 3 9

4 1 1 3 ) 3 7 1 7 1 3’S 4. - - * 4 9 * 4 3 1 3 4 .  ‘ 3 4£ I C  C I I I  124 -4? 9 4 3 5 3 — 0 £ 1 1 1 5 1 1  7’ I’I 1’ 4 PC’S 0 .. 9 4 . 0 1 9 1 4 0 0 1  0 , 7’ 4 1 , 9 0 0  Q 0 - 0 90 1112 9 1 1 4 4 1 7 1 7 1 1 3
- — 51 14’S ‘4’ 7’ ,~~ ~~ - I 131 - 91 95 ‘0 11’. Il 13- CS CI 4 .7 ’  13’ *4 ‘3 1 4 4  314~~ 1’4 3 3 * 5 5 . 3 0 1 1 3

- - 1 $ 0 5 4  ~C 9 1 I  13 1 3 4 . 1 2 7 1 7 1 1 3  5 1 3 4 4 .44 —
4% 4 1 4 . 3 -7 1 4 3 7 1 0  4. 0 0. 0 5 1 0  ‘31 4 1 7 1 0 1 1 . 4 0 1 1 3: C 1 1 1 3 0 0 0 ’  4 1 1 3  ~U . 9 0* 4 I.~~~0 4 . 1 3  14 .0  9 4 . 4 5 1 1 4 1 4 0  0 0 1 3— 0 ( 3  — 331 1.1

0 1 0 1 4  1.1 0 4 .  I , I l I l l  - *4 4 % * 4 7 ’ 4 1 313 714 1 0 541
+ — 0 .9 4. 4) 0 0 0 0 0 ‘3 3-5 - CI — 4. 4. .1 4’ 0 (0 4. 0 0 0 (3 5.15

4) ‘4) 54 ‘4) .1 13 I - I C? - — 13 — — .1 4 I : I 0 ~~ ~~ 0 54.
04 I C I I I I  131 313 *4 I l l I l l 4) U 0

533 1 * 4 1 3 0 1 . 9 * 4 1 3  - 13 - 3 3 0 ’ 31’1 2 p 3 3  I 133 Q Q
3 1  4% - ‘4 C13 5.4 - 3  - ( 1 3 -  1 31 0 0 0
‘34 - 113 I 1 II 

- 95 ‘3 531 4)

514 13% 14.3 51~~~~~~~ 4 ,~~~1
3,4 Ill ~5I 1JI 444 ~~ I~~~~ -5J~~~$O I I P S l,.l — *— *4 51 41 41 0 4% — IA II’S 4. 9 0 C - *4 0 — 7’ 0 ~ ‘ ~1 33 7’ *4 0 33 to 344(0 9. ~4 .9 CI .9 LI 4 11 4) ‘0 3’ 513 0 — — ‘7 -0 -0 0 CI — —. I’S III 11,4 ‘3

3011 — 5 1 4 . 3 7 14 1 0  ‘0 0 . 7’  01 0 7 1 )  14~~~~.5 l0 0.1 4. 01 . 9 9 4  ~‘ 0 ’ ’3  1 - -— -  4 1 5 1 C S  13 ... 4 . 4  11.3 0 4 - 915 31) *4 0 1 0 1 4 .  . 7 4 .3 9 4 3 4 )33
51 01 1 4 1 1 1 1  1.1 .4 01 I 7 1 40  44 4. I~~~~~~~~I I l I  7 1 31) ~~44 .7 ~~~~41 . 9 7 1 3  7 3 0 9 4 4 ,11. 0 — 0 : 0 3 1 4  3 - .9 . 1 0 4 . 0 1 0 0  ~~~~~‘ 3 5~~~~~I
534 514 I4~ I I I I I C I  I - • I C I I I

- ~
1? ~ 5 112 N I,) 45 4. 13 41 01? - 111 4-4 Cl .9 Ii 4% 144 - 41 51 ‘3 (31 4.
U 14 4 . 9 4 * 4 , 9 3 1 1(3 I 3 : 1 3  41 311 7 13 - - S O _ N

- - 13 9 4 1 1 .7 ‘ 7 . 4 3  I I 171 0 144
• 4 ) 1 1 1 . ’ S 5 - 3  I • - I ( 4 141 (II

.7 11 3 0 . 1 . _a  *4 4 1 3  I - II 0 1 3 5 4  
$

— I 4 5 1 1 4  1 1 . 1 1 1 1  — S It’S ~~ 5 4 .0*4 3 0 7 1 1 3 3 3  4% — 7 1 5 4 . 0 1 1 3  I 0 3 1 3 3 1 . 3 7 1 1 3 :  4% .0 *4 ~4 . 7 4 171 53 354. 4 1 3 4 .  4 71 .30 *4 7 1 4 . 1 %  4 I) 4. 1 3 1 3 7 1 . 9 0 .3  4 * •  I.
Ii 3 ‘0 I 4) 45 ‘ P - ~1 3 1 2 ’, 4 0 3  51

- ~~~~3 4 4 1 0 3 3  - 
I - .9 0 0 .  ~~~~3 1 3 3  —

III 01 13’ 4. 13 13 .3 I’ 41 7’ -‘ 01 *. 4 3 .3 ‘3 - ,,
~ ~~ 

.
~ ~

. 
~ 

,.
~ 

314
‘0~ 4 1 0 9 4 1 4  94 ~~~~0 4 ) 4 1 , 9 0  I 7 1 7’ 5 , 9 5 .0 11% 1 3 3 3  0 — ~‘

1 3 . 9 9 1 4(3 I~~~~I C I I I .7 30 *4 33 I I I  I I I  1I3~~~ 4 5 4
1.4 1 9 4 0 1 _ U  01 *4 0 — ~~~~ . 0 1 4  I 4 ) 4 1 00 0, 4. 3 3 0 0 0( 3 0  4 1 5 1 0 1

4’ 914 13 I I I I  C - .I’I 334 1 1 1 1 1  o ‘0
5 1 4 1 , 5 00 1 3  131 I . 1 1 4 9 1 50 0 0 :  - 4) (II 3 9 4
Ihl 4 U I I Ill - — 0~~ 51 ‘3.1 — I 4% 4. - -

- 
$ 4I4 , . 5 + 5

- - 
- 7 ) 5 1  .4

- 9 . 5 1 4 . 0 1 3 9 0  3 - 7 0 * 0 1 1 3  I 0 4 1 4 ) 1 3  7 ’ 1 3  9 5 * 4 . 9  7 1 5 1 .4
• “~ 4 . 4 ’  0 ,~ 

.13 ?  9 1 . 1  *4 ‘3 - ‘ 7 I t . 7’  ~~~~0 .  x -~~~ 14 44~ 0 4 ’  ~ 0 1 9 5  S N531 (14 313 — Id’ 41 3 4. ‘I ~f ‘C) 01 I’S 3-4 114 I’S ‘3’ ‘4 II I’d 0 - C 4. 1 71 9’. .7 33 4. — 31)
• ‘0 I . 0 1 0 1 - 1 43 3 :  ‘0 1113 4. 9 1 1 3 , 9 7 1

115 4.I 4 I I I I  *4 41 0 I 3  41 .9 I I I I .  . 9 0 7 . 7 1 7 1 0 1
5 2 0 1 7 1 0 . 0 1 4 .  - * 4 0 4 50 4 . 0  I I 4 0 3 3 4 1 _ 1 3  - Il’I~~~~~

O
~~~~~~

4. 1 7 1 1  ‘ 4 5 1 3I3~~~~~~~~~~~~* 4 I  01~~~~~ -~~~

4. C4~~ Ø , . ~~~3 1 4 C I 0  01 0 0 3 0 0 3 3

— (‘4 ,9 .9 41 1j I - 7’~~~ 1( - 7 , 9 7 1  II) . - 413 .4 1 4 ’  511
‘3 0 . — S’S _ Il - I ~~~~~~~~~~~~~~~~ — 3-1 -01

.7 . 4 4 4 4 1 ( 3 1 4 4  3 - 3 5 1 3 .  - 4.- 
- - I I ) 1’4 1 1 3  

~~ 0 0 01
5 311 I I I S ‘71 I I I C I $ 5 1 5 1 4 . 3 4  - -%jI 1.1$ . 1 4 1 4 1 1 3  1.5 111 9 1 4 — 0 33 - 4 1 — 4 . 0 0 0 -  4. 4 1 . 9 U~~~~ ‘~l 5 4 I S 0  $

.7 I 4 I ‘ 4  4. ‘.~~~~lt 0 ‘3 .9 “5 I 0 4. s I J  “ ,S h I  91. ci .. _ a
114 .13 1 0 J~~~0 —4 914 13 “4 3 4 1 3 1  51 0 1 1 1 ) 13 ‘ 0 . 4 0 1 5 1I I 4. 3 3 ?  0 1 1 5 . 1 0  I ‘0 * 4 - 4 ) 4 1 4 1 00  1,4 0

I I O 7 1 4 0 1 1 3  - 4 0 * 4 0 1 4 1 ( 3  0 1 0 1C l~~ 0 0 lOt fl 914 . 33 —s 01 3 ~0 - 01 0’ ‘3 C) 7’ 11,4 ~ — ‘3 - a -a# 4 1 4 ,44 4 5 5 1 1 0  3 .11 ‘7 4 1 3 - i  *4 0 1 . 3 0 00  — 4 0 4 ’U Id
1133 4 ’ N0 ~~~~~~9 . ” 0  I I I I I I  lId 71~~~~~~~~~~~~ .’4 ~~I I t I C  I C  14

55 ~ ~~~~ - “ “4 ~~~‘~~~~‘~~~~~ 
~~ ~~~~~~~~~~~~~~~~~~~~~~ ‘ °~~~~~~ ‘~~~~° ° ~~~~ ~~

~ U 0 0 ( 3  ‘51) - - # 1 4 4 7 1’3 I I  - 4~ 
0 1 9 3 171

I ‘1 914 — I “4 - - 4. 0 51 13
— I ssj I ‘C 4 1 1  - - 3, 51

I - - I- I I 135 ‘ 4 ) 4
I 134 44 53 3 9 5 5 ,31
I I ’ f l  ‘4 - 1 15) 1 1 1 1  * 4 1  I 4’ ~‘11 I 1 3 0 1 . 4

5 — 51 34) .4 CI — 3’ 4) I — - ‘4. — 41 IA I — 4% — 3’ 54% I 73 4%
— ‘44 53. 14 551 — Z -55 .1. VI 11% 134 ‘54 .11 01 — 3 od ~J V~I 4) * 44 5.1 C4% 3 ( 3  I 1 2 3 ?  13 4% 4 . 1 3  4. 4% C C ) ? 3
4% Z’ Is-4 1 ..3 £ 2 4 4  5 .4 2 sI 1 _p ~~ 4% .~ ~~~~~~~~~~~ 3 4 4 1 ,2 ‘53• C 4  1 3 5 2 04~~~~~ .7 4 0 .  I _ 7 1  a 51 4 . 4 .  1 3 3 3 0 1 .  51 4 4 %  • .35 0 3 .
5. 154 4 3 4 1 3  0. , s s — —  4 3 4 %  2. 1 . —  4. 1 3 3 .  3. C l .- 0 . 4 3 4 %

4% 4’ 0) 10 4% 113 4’ 4’ 4’ 1 ~‘ 4’ 0’ 4’ 51 4’ 4% 4’ 4’ 4’ ‘~‘ 
3-C

I - - 3 1 0 1 1 413
-.4 114 Cl 73
93 3-3 -. 51

161

- - _ - ~ --~~~~ - -~~~~~ - - -~~— —-~~ - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~ 



2. QueuE wits Cross-Correlated Service lime

The mode] . f o r  the crcss—corre lated queue  is:

1X .) =

j S )  is ~ A~~~A ( 1 , 1) over { E , RX/~ S, RX/RS , ... )

1 1 1 i 1

That is:

1~E~ v . p .
S . = “ ~
1 

~~g E + A  v.p (1—s )

where
IrA v.p. r

i—i 

—rA 1 + ~ RX / RS v.p. (1 r)
1

Again we chose the values .25, .50 , .95, .99, for t
and .25, .50, .90, .95, .98 fcr r and we run a total cf 20

runs  to ccver  a-il ccatinaticns of t and r, naming each run
as SC#tt#rr.

Analyzing the results obtained from the si~ uia ticn
we cb se rve the fcliowirg:

1. The value of the traffic intensity t an~ the

correiaticn z is the main f ac to r  for  c o n v e r g e n c e  of W an3  V.
That  is , high traffic intensity and/or high corre1a t io~
require N to be large in order  for  W and to react ‘the
steady state. Thus simulating the models with t~ .50 and

r~~.95 for N= 10000 it was possible for W and to react the

steady state. In figures 35a—35d , 36a— 36c we can see the

justificaticn of that conclusion. The values .107E and

.0957 of ~ , and ~ represe nt the s teady state of
10000 10000
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the 5Ci50*25 model . On the other hand , regardless of the

value of t the models with t-~ .98 did not reach the steady

state for N=10000 and regardless of the value of r the
rcd€ls with t�.95 did not reach the steady state for

N= 1G ,000 . Figure 37 gives us the non—convergence of the

model sC*99125. because of the high traffic intensity and

in crder to get the  steady state of t ha t  model  w~ have to

cont inue s imula t ing  by increasing the value cf N.
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2. h igh trafic intensity and correlaticn affects the
convergence of the distri~uticn of W and W also.
PurthermoEe the steady state of their distributicns,

requires larger N than is required for the steady state of

their expected valties. In exa~nining that ccnclusicn , icok
icr exa~~le at th e results of the simulated model SC*50198,
w h e r e  a l t h o u g h  W and ‘

~~~ have a l ready reached t h e  s teady

state for N=10000, their distr ibution has  not converged

‘et. The above results have been obtained from Figures

~8a—38c , ~Sa— 39d where W and are presented. We
10000 10000

can see frow tnese figures (38a—38c) that although the value

cf W ha~ reache d the steady state (see Figure 39d),
10000

its distribution cannot be characterized since the Flot

under ~XHT (figur e 38t) is not a straight line a n d  the
par am e te r s  

~~~~~~~ 
and ~~~11.0 are far away f rca the

desired values 2 and 6 . Ihe same resu l t s  can be obtained
from the figures 39a—39c which deal with ‘

10 COO
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figure 36a — QUEUE WL TH CROSS—CORRELATEe SERVICE TIME

SEQUENCE ANC POISSON INPUT . HISTOGR~~ OF T~ E C U M U L A T E D  A N D
A V ERA GED ~A I T I N G T I M E S ~ FROM THE RUN SC*50*25; m~~50O

10000 ¶

BEPLICATICNS , BX= 2; R 54
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3 C  To test the distribution of W and ~ we also used t~e

~1otting sukroutines and the values of their skewneE~ and

kurtosis parameters as we did with the queue with depEndent

service.

F The results obtained from the avalysis are as

±C11CWS:

(i) • Given that W > O , we aay say that  W has an
ex ponential for~a, since the ~1ots under EXPLT Subrcutine

result in a straig ht line and the values of ~ft and hare
around their actual values 2 and 6 respectively. For exa~~ 1e

the SC*50*25 ~ode1 (which is represe nted ~y the figures
35a—35d) , where thE steady state has been reached , gav e us a
straight line and the values 1.8 and 14.7

icr 
~ 

and 
~~ L respectively. We have to state here that the

expcnen tial distributicn com es only if W has reached the

s t eady  s ta te , and we cannot have the same resu l t  if t h e  t4 is
still in a transient state.

(ii) Fcr the d i s t r ibu t icn  of ~ we can say t ha t  the N

nor oiality assu~nption is an appropriate cne , since the
graphs cttained under NORNFL result in a straight 1iEE and

the value of skewness and kurtosis is arcund ‘0’ . The

resul ts, for exam ple , obtained froui the SCi25#25 wodel gave

us a straight line under NOBN PL and the values .17 and — .05

fcr the skewness an d kurtosis respectively (see figures

‘40a—’40c) . The norwality assumption holds if the has

reached t he  steady state. At the begining cf the transient

state it is nct possible to characterize its distribution ,

while when ~ is in a transient sta te we can see t ha t its
2

distributio n takes an exponential or a X fcrm. This is

lef t li ttle by li ttle as ‘

~~ comes close to the s t eady  state
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and then eventually it takes the norial fcriu. The ~cdel
SC*25*95 is a representative example cf that result. In

that ~nodel, although W has nct reached the steady state yet

(N 10000) we can observe the values of skewness having as

3.5, 1.8, 1.6 1.5 and the values of kurtosis as 24.7, 7.2,

5.7, ~e.3 for N=2500, 5000 , 750C, 10000 res~ ective1ly . That

is the va lues  s tar t  fr c m  a h igh  level , then  ccme down , they
sass f r o m  the actual  va lues  of ~~~, ~~ fcz an expcnen tial

model and t h e n  cont inue  decreasing and  h opeful ly  in the
steady s ta te  they should reach a value a r c un d  ‘0’ w h e r e  the
value of skeWness and kurtosis fcr the normal distribution.

The same assuapt ions  are obtained analyzing the Licts of

that  model also. That is fo r  N=2500 the Liots are not

linear under  bot h EXP LT an~ NOR~ PL , for N=5 000 a s t r a igh t
line apçear s  under  EX PLT , f or  N=7500 and 10000 the Liot
leaves g radua l ly  the  s t raight  l ine under  EX ~~LI and begins  to
give us a s tr a ight  line under  N CH MP L .
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4. The following values for I have been cttained frca the

runs with various values of t and r and for N=10000

N t r E[’’] E(’ 3 (N/M/1)
1000c .25 C25 .1169 .3332

10000 .25 C50 .1724- .3332

10000 .25 .90 .3538 .3332

10000 .25 .95 .4075 .3332

10000 .25 .98 .4679 .3332

10000 .50 .25 .3831 C9985

10000 .50 .50 .5648 .9985

10000 .50 .90 1.4589 .9985

10000 .50 .95 2.1109 .9985

10000 .50 5198 3.719ó* .9985

10000 .95 .25 1054672 18.3528

10000 .95 .50 13.478~e* 16.3528

10000 .95 .90 29.1312* 18.3528

10000 .95 C95  75.1180* 18.3528

10000 .95 .98 145.3484* 18.3528

10000 .99 .25 35.5986 * 53.3371

10000 .99 .50 43.1616* 53.3371

10000 .99 C90 98.9556* 53.3371

10000 .99 95 139.0167* 53.3371

10000 .99 .98 219.7920* 53.3371

An4iyziug the above results we may state conclusicns

as fol lcws :

(i) • For a given traffic intensity t the value of ~ is
nc t cons tan t, but depends on the value of ccrrelation r, as
happens in the que ue with dependent service. We otserve

also that ~ increases as r increases , but the ra te of
incremen t is larger as r goes to 1 , and very  small fo r  low

186

IL~ rn ~~I . ~~~~~~~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~ —~~~~--.-- - ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ . ~. ~~~~~~~~



r - ——- -I---  I

~ ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~~~~~~~

(‘-_ 

~~~~~ ~~ ~~~~~~~~~~~ 

- --I--—— 

~~~ ~~~~~~~~~~~~~ 

- 

~~~~~~~ ~ 

,

~ ~~~~~~~~ 

_ _ _ _ __—-- -—- - “--“---_ I 
• ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

~ 
values of r; therefore ~ is not a linear function cf r.

- Figure 41 gives the Licts of W versus r for t = .25, .50,

~ 
.95, C98 and also for the t1/M/1 gueue (r=0) . Furthermcre we

~ 
can observe that the value of ‘W for the correlated gueue,

~F ccmparin g it with the result for the N/M/1 queue, is not

~ 
a lways  grea ter as in the case cf depen den t service , but

depen ds cn the value of r. It is less for r~ .5O and greater

for r�.90

(ii) C .Fcr a given correlation ths value of increases

as t increases.  F u r t h e rm o r e  high values of t cause h i g h  rate
I of incremen t, which becomes larger as the correlation

~ increases. Eigure 42 gives the Llots of ~ versus t for

~ 
r = 0, .25, .50, .90, .95, and .98 . Observing that

~ 
figure we can see also that for a given t the order of

~: incremen t of ~ is for r = 145 , .50, 0, .90, .9S, .98
I 

respectively . Thus we can conclud e that the waiting time

~ 
fcr the cross—correlated queue is generally greater than the

waiting time for N/N/i queue when the correlation is high.

- 5. The last result obtained from the simulation of that

mo del was the convergence of W and W . (These statistics

alsc converçe in value an d in distributicn slower then the

same statistics in N/N/i queue) . The mcdel SC*25*98 teveals

t h a t  ~ converges  faster than  W (see f i g u r e  43) C Eut the

model 5C199*S0 gave us the conclusion that W ccnverges

fas ter  than ~ (see f igure  44) . Thus we can state he re  that
fcr low values of t W converges faster than W and fcr high

values of t the op posite is true.
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