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ABSTRACT
V

A n algorit hm for zero —one integer programm ing
• problems ~ith m ore than cue objective functions is

developed , i apleiuented and tested. For a
multiobjective problem the notion of optimality must
be replaced w ith that of efficiency. ~ solution is
said to be efficient if (1) it satisfies the
constraints and (2) no otter solution satisfying them

- scores as veil with respect to all objective fun c t icns

. 
and  better with respect to at least one cf them.  In

— - the pre sented algorith m , the problem variables are
partitioned into two sets; those whose coefficients in
the objective funct ions are all of the sam e sign , and

the remainder. A t ree search implicit enumeration
algorith m based on this partition is developed and

- 
compu taticnai. results are presented.

I
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I. ~j~~~ODUCTIQ~

Before ad dressing the multiobjective function prcb lem ,
the tree—search method for one objective function problems
will be reviewed . Much work has been done in this area , and
di f ferent  algorithms are describ ed in references
( 1 , 2, 3,~4 ,5 ,6, 7,8].
The problem generally is formulated as follcws: —

sin Z~~c X ~+ c x + ... + C x  -

1 1  2 2  n n
(1)

s. t .  a x +a x + ... +a x ~b i 1 ,2 ,...,a
i l l  i22 inn i -

and x takes the values 0 or 1 for all j.

By reassigning subscripts and applying suitable -

transiormaticns on the variables the problem can always be

transformed to meet the following additional requirements. -

a) c �O for all j .  (If some c <0 then we subst i tute -

J j
)

b) c ) c  if ].>k. -

1 k
P • -.

For a zero—one integer program there are candidate -

sciutions. All these solutions are ordered in a diagram as

shown in rig. 1 for n=4.
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Figure 1. -

Each node in the graph of Fig. 1 represents a candidate

solution . Inside each node there are indices indicating the
/.

solution with x =1 for these indices and x =0 otherwise. An
I I

index i is also associated with every arc. This index
indicates the variable x =1 for the node where the arc

terminates, an d x
~
=O for the node where the arc starts.

Values of all othe r variables are  the same in both nodes.

8
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Define level i of the graph to be the set of nodes which

have i digits representing them. By convention level 0 is
the level which has only the node 0. It is easily verified

that if t h e r E  are n var iables the highest level will be

lavel n.
n

Note that level i contains ( ) nodes and that there is a
1

symmetry in the structure of the graph so that the level

n/2 , for n even, or the level (n~2±1/2), for n odd, have the
biggest number of nodes and this number decreases
symmetr ical ly  as we go from the middle to the lowest and

highest levels.

If there exists a chain from a node Ni to a node Nj,
then Ni is said to be predecessor of node Nj and Nj is said

to be successor of node Ni. All solutions are partially
ordered by the predecessor—successor relaticnship.

One solution is said to “dominate” ano th er if the

objec t ive  value assscciated with the first is better than

that associated with the second.

Since x takes the value 0 or 1 , the value Cf the
j

objective function Z is the sum of these ccefficients c for

which x is 1; also stnce C �O for all j, the nodes in

higher numbere~ levels represent worse (greater) values for

Z than their predecesscrs do. Consequently it a solution is

feasible or if it is dcminated by another feasible sciution ,
there is no need to test its successors since they are F

dominated.

For exarp le consider the node 1 in level 1. Its Z value

9 
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- is c , and if this solution is feasible it dominates its

successors in leve l 2 , namely nodes 12 with Z=c +c , 13 with

• ZaC +c and node 1L ~ with Z=c +c , and their successors in1 3 1 4

level 3 (nodes 123, 124 lad 134 ) and in level 4 (node 1234) .
V

Another bounding relation appears fro. the tact that the
obj ecti?e function is formulated in an increasing order of

the values of the coefficients c • So for  example if c <C
j  2 3

solution 2 dominates solution 3 and solution 2L~ dominates

- 
- solution 3i~ even though these so lutions are not related to

each other with a predecessor—successor relationship.

In references (7,8) the interested reader vii]. find
example problems and more details for the one—objective

• 
- 

- problem , tree—sear ch type algorithms. 

10 
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II. rH~ LTIQ~~~~ciIVE ç~~~~ tj  j~OBLE~

When there are more than one objective function, the
notion of optima must be replaced with that of efficietcy.

A soluticn is said to be “efficient” if:
( 1)  . It sa tisfies the constraints, and
(2) . No o ther  solution which  also satisfies all cf the
constraints scores at least as veil with respect tc all
criteria and better with respect to at least one of them .

A single objective implicit enumeratico problem will

have a unique optimum criteria value , but a multicriterion

problem can be expected to have more than one set of

efficient criteria . For example consider a problem with two

“minimizing” objective functions, Z and W . There may
exist twc solutions such that Z1<ZZ and W l > V 2  ; in other
words so].u-ticn (1) is better for the objective functicn Z

and worse for the objective function W. This means that
both soluticns must be considered in the chcice of the final
solution. Reference (9) gives an approach to this type of

problem.

This thesis addresses the problem of finding all cf the

efficient solution s, using a tree—search type algorithm.

11
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A. DIFFERENCES WITH THE ONE—OBJECTIVE FUNCTION PROBLEM

-
- 

‘ Fornu la t i cn  of the problem for the mu l tiobjective case
is as fo l lows:

sin z =c x +c x + ... +c x i 1 ,2, . . . ,p
i i l l  i22 inn

• 
. 

(2)
s.t. a x +a x + •. .  +a x ~b

i l l  i22 inn i
and x takes the values 0 or 1 for a].]. j.

:~
: I I

Clearly the constraints have the same formulaticn as
before; and the only difference from the single objective
case is that now there is more than one objective function. F

Because of this difference the problem can nct be formulated

in increasing order of sagnitute of the ccefficients c
Lj

To illustrate that consider the following two objective

functions:

Z=3x +~4x +5x
1 2 3

t W=LI x — 3 x +5x +...
1 2 3

It is clear that reordering W in an increasing crder of
the coefficients c destroys the ordering in the objective

ij
function Z.

The second tactic the one—objective function algorithms

• use to reduce testing, is the formulation cf the problem so

- - 
that c ~0 for all j. Unfortunately no transformation can

12
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make c �0 for all j  and for all i; in the example abcve if
ii

one substitutes x =1—y in order to make c >0 , then there
2 2 22

-I- -

‘ i  is an opposite effect in the first objective function,

making c <0 . Onl y if c~ ~0 for all. i is this
12 i j

transforsaticn possible.

• 

- So in the genera]. case one cannot have positive coefficients
in all objective functions, and algorithms for the
multiobjective problem must address this greater generality.

L I
B. DEALING W ITH NE GATIVE COEFFI CIENT S IN SON! OF THE
OB JECTIVE FU SCT I ONS

Return now to the graph of Fig. 1, which has been
constructed for the one—objective case, and study the

relationship between the nodes in the multiobjective

problem. Consider two nodes connected with an arc as in

Fig. 2. 
- —  -

The soluticns which are
associated with these two •

no des are :
Z c+c and

12 1 2

z =c +c +c =Z +c

~~~~~~

123 

~ 

2 

ci~ear
12 

t a t  the 12
relationship of these two
solutions depends only on the

• sign the coefficient c has. • - — - -- -

- Figure 2

13
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If c >0 then the solut ion Z dominate s the solution Z
3 12 123

- - and if c <0, Z is dominated by the solution Z
- :  3 12 123

Consider now two objective f unctions Z and W an d suppose

that the coefficient c >0 (for the fu nction Z), while C <0
13 23

(for the function W) . No dominating relation can be
established betwee n the two pairs of soluticns (Z ,W ) and

- 12 12

• - - (Z ,W ) since Z <Z and W >W
123 123  12 123 12 123

ot course if c was non—negative for  all i the solution
13

(12) would dominate the solution (123) and if the first one

was feasible , there would be no reason tc test the second

one.

The above example easily can be extended to the general case
and the following theorem can be established.

L

THEO REM 1. In a multiobjective problem , the solution
which is associated with some node “a” in a
level k, dominates the solution of some 

-

successor of node “a”, node “aj”, in the 
- 

next
level k+1, if and only if the coefficients c

ij
of the objective functions which are associated

t with the index ~~, are nonnegative for all. i.

The proof of t his 

- - - - -

~~~~ 

-

theorem follows directly
from the above discussion
and wil l be caitted.
The notation is
illustrated in Fig. 3. 

-

Figur e 3

114 
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The next theorem , a direct result of Thecrem 1, provides

useful insight into the problem.
.1

THEOREM 2. In a aultiobjective problem , a so lution
associated wit h a node “a ”z”ij.. .” , such that ,
there exist c <0 for  some m , c <0 for scie 1,

Ii 11
and generally there exists some negative
coefficient associated with each one Cf the
digit s which form the node “a” , cannot be
domin ated from any other soluticn in the graph,

so it must be tested.

PROOF. The proo f vii]. be illustrated with the example
in Fig. 4.
The node “ 123” can be - 

- - - - - - -

formulated either from
node “12” and the digit 3

• 

- 

associated with the arc \ ,

which connects the two 3\ ai i /
nodes , or f rom nodes “13” \
or “23” and the digits 2 I

cr 1 correspondingly . If 123
the digits 1,2 and 3 are
all, associated wit h scme
negative coefficient, it Figure ‘4

F follows directly from
theorem 1 that no predecessor solution dominates the

solution “ 123” , so it mus t be tested.

The problem will now be reformulated and a tree—search
algorithm to solve it will be developed.

15
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C. FORMULATION OF THE PROBLEM

• The following two transformations are required in crder
to formulate the problem in a desired form.

a)If for a given j  c �0 for all i, then substitute

• x =1—y to make the coefficients nonnegative.

• b) If c <0 for some i and c >0 for some 1 and c �0
lj  ik

-
~~~~ 

for all i, fcrmulate the problem so that j<k. In other

words shift the negative coefficients tc the left, by
renamin g the variables or reassigning subscripts.

The folicuing notation will be followed in the remainder
- : of this paper when dealing with a problem with n variables,

p objective functions and m constraints.

SN= (1,2,...,f} is the set of the first f digits (f<n)

for which there exist at least one negative coefficient in

some (but not in all) objective functions associated with
them.

SP= (f+1,f+2,...,n) is the set of digits whicb are

associated with no negative coeffiáients.

From Theorem 2 , it is necessary to test all nodes which

have digits only from the set SN , so when representitg the
sat of the sclutions by a graph, as was done in the one

oojective case, it is reasonable to consider these nodes as
a separate graph. This graph “A” will contain all nodes

which are combinations f the first f digits, so it will

f - -
have 2 nodes.

16
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A graph “B” with nodes which are combina tions of the digits
from the set SP can also be constructed.

- THEOREM 3. The set of all possible solutions of an

integer zero—one multiobjective function
— 

. problem can be represented as the car tesian
- 

product of the nodes of two graphs A and B.

Graph A is constructed of a].]. combinaticns of
the digits from the set SN and no dominating

relation exists between its nodes. Graph B is
constructed from all combinations of the digits
from the set SP , and its nodes have the same
predessessor—sucessor relationship as the nodes

of the graph which represents the soluticns of

~~~~~~

- f the problem (1)

f
- 

Proof. It is clear that graph A has 2 nodes and that

~: ~ n—f
- graph B has 2 nodes.

I- - ,

~
- - n

Their Cartesian product is 2 nodes as is expected fcr a

problem cf n variables. No repetition of a node can appears

in these products, since nodes from two sets have no element
n

in common; so the 2 ncdes represent the set of all possible
• solutions for the n—variables problem. The fact that no

domination relation exists between the nodes of the graph A

is a direct result of Theorem 2. On the other hand the
structur e of the graph B is analogous of the structure of

/
the graphs for the one—objective function problems, becaus e
no negative coefficients are associated with the nodes of
this graph.

The cartesian produc t set , which is the set of all
f

I nodes, can be partiticnad into 2 subsets, each the product

17
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of a node of graph A w ith all of the nodes of graph B. The
succession graph over the resulting set ccntains only arcs
associa ted with all nonnega tive coefficients; normal

- • 

- 

dominance tactics may be employed.

This considera tion of the problem by two graphs is very
interesting an d very helpful because it links the
mu ltiobjective problem wit h the cue objective case.
This is so beca use , as is apparent from Theorem 2, in any
type of algorithm , all nodes of graph A must be tested; on
the other hand as long as graph B has the structure cf the
graph fcr  the one—objective function problem , all the
research which has been done in this area can be used for

• the aultiobjective problem , keeping in mind that here the
- 

- 

- 
coefficients can not be ar anged  in increasing order.

These two graphs provide an indication of the size of
the problem. Of course in the worst case, it might be

fl
necessary to test all the 2 solutions, but even in the best
case it is ~necessary to test all, the sciutions which are

f
associated with the nodes of the graph A , e.g.  2 soluticns.
Normally f is a smal l num ber, because the objective
functions have small inclination between each other.

(
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III. ~~&kL ~~~~ ~~ Q~ LEM S~, ~J ~j4NPLE.

Consider the following example multicriter ion prcblem ,
expressed in the canoni~~l form set out in the preceding

section:

• mis Z1= x +2x +2x +3x +14x
1 2 3 4 5

-
- - mm Z2=—2x — x +2x + x +3x

-
~~~~~ 1 2 3 4 5

subject to: 
- 

( 3 )
-
~~~ A: x + x + x + x + x ~11 2 3 4 5

B: —x +3x +2x +2x —3x ~O1 2 3 4 5

C: x — x +2x — x + x �O
1 2 3 4 5

and x tak es the value 0 or 1 for all j
j

A. TOTAL ENUMERATION

5
First, all possible 2 =32 solutions will be explicitly

enumerated and some statistics will be calculated in order
to provide an indication of the redundancy cbtained with the

tree—search algorithm in the required wcrk. For this
purpose Table 1 has been constructed , where first each
constraint is checked for feasibility; if one constraint is
not satisfied there is no reason to proceed further. If the
solution is feasible, then its value is calculated and

stored in the proper column. In the last column are kept
the current efficient solutions.

-
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feasibility efficnt
• node solution —_______________ value sltns

_ _ _  ____ 

a l b i c  
_ _  _ _ _ _ _

0 0 0 0 0 0  n
1 1 C 0 0 0  y a

0 1 0 0 0  y y a
0 0 1 0 0 y y y ( 2, 2) ( 2, 2)

(4 0 0 0 1 0  y y n
5 O C O O 1  y n
12 ~ 1 0 0 0  y y 7 3,—3 ( 3,—3)

• 13 1 0 1 0 0  y y y 3, 0
14 1 0 0 1 0 y y y 4,— i
15 1 0 0 0 1  y n
23 u 1 1 0 0 y y y ( 4~ 1)
2~4 0 1 0 1 0  y y n
25 0 1 0 0 1  y y y (6 ,2

-

- ‘45 0 0 0 1 1  y a
123 1 1 1 0 0 y y y ( 5,—i)

— 
124 1 1 0 1 0  y y a
125 1 1 0 0 1  y a
134 1 1 0 1 1 0  y y y j ( 6 , 1)
135 1 0 1 0 1  y n I

-F 145 1 0 0 1 1  y a I
234 0 1 1 1 0  y y y (7, 2
235 0 1 1 0 1 y y y ( 8, (4
2145 0 1 0 1 1 y y n
345 0 0 1 1 1  y y y 9, 6
1234 1 1 1 1 0 y y y 8, 0
1235 1 1 1 0 1 y y y 9, 2
1245 1 1 0 1 1 y y y 10, 1
134 5 1 0 1 1 1 y y y 10, (4
23145 0 1 1 1 1  y y y 11 , 5
123145 1 1 1 1 1 y y y 12 , 3

totals 32 31 23 214

TABLE 1

~ 

• •

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



From Table 1 the following statistics are obtained:

i. Number of examined solutions: 32
ii. Ccnstraints examined for feasibility: 32+31+23z86

iii . Calculated values of the obj . functions:  2*18~ 36
iv. Ccmpared solutions for efficiency: 214 *2 *14 8

Note that in this problem the soluticn (12) was found
• very early and since this solution dominates all other
4 ‘ sclutions except the solution (3), the number of compa risons

for efficiency was reduced to 2L$ . Of course this is act the

typical case. Figure 5 illustrates the bounding
relationships between the solutions, and the reader easily
can verify tha t generally more comparisons are required in

order to obtain the set of efficient solutions ( (3) and

(12) ) for the example problem.

: -

-

• .,, 1234S
(.1 ‘ 0

- - -
- 

0
2345

(245 ‘ 345
0

~ zas
123b

4234

‘3b ~~
(23 34-

, 0 : 0
~~~~~ 

23~~
2 i.. .. ‘~~.. ... — — — —

— —

Z2

• Figure 5

21



!~

3. THE TREE—SEARCH P RCCED UBE

Consider now a tree—search type algorithm in order to
reduce the required amount of work. Following the notation

introduced for  theorem 3:

5N( 1,2 ) and S P (  3,4 ,5 ) .

As theorem 3 states, the set of all pcssible solutions
will be the cartesian product of the two graphs & and B of

Pig. 6.

F /

\J J/

G R A PH A G R A P H B

Figure 6
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As has been seen , all solutions of graph A must be
tested in combination with the nodes of graph B.
Now a logical sequence to visit the nodes of the graphs is

as f ollows:

First a node from the graph A is selected as the rcot of
the graph which is constructed from the combination of this
node with the nodes of graph B. Then this new graph is

searched , testing these nodes which are not bounded. For

example consider the composite graph formed from graph B and
ncde (2) cf graph A. First solution (2) is tested . If 

—

necessary, its immediate successors (23) , (24) and (25) are
tested; some of their successors may also require testing,

and so on .

To reduce testing it is necessary to determine which
nodes are dominated.  The following rules apply:

RULE 1. If a node is feasible there is no need to test
its successors in higher levels.

For example if node (24) is feasible it is unnecessary
to test nodes (234) ,  (235) and (2345)

RULE 2. If a solution is dominated by one of the —

current efficient solutions ( i.e. solutions
which up to this point have been found to be

feasible and not dominated ) then there is nc need

to test its feasibility cr tc examine its

successors .

Let us apply now the preceding to solve the example
F 

problem. The procedure is illustrated in Table 2.

23 - 
--
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I curren t Excluded
node feasibility va lue I Iefficnt nodes

slns

0 n
.3 y y y (2 , 2) (2 , 2) 34 ,35 ,3145

14 
- 

y y a (3 , 1)
5 (14, 3) (45

1 7 I n (1,—2) I
13 p y p (3, 0) (3, 0)* 1314,135,13145

14 y y y (4,—i ) (4,—i) * 145

15 (5 , 1) 12 y p a (2 ,— i )
23 (14 , 1) 234,235,23145
214 (5 , 0) 2 14 5
25 (6, 2) 

-

12 p p y (3 ,— 3)  (3 ,—3) 
~~~~~~~~~~~~~~ I

lEE’ IEF F~LT_ _ _ _ _  _ _ _ _

TABLE 2

First tc be examined are the combi nations of the node

(0) of graph A with a].]. nodes of graph B, testing for
feasibility until finding the first feasible solution. Node

(0) is not feasible so node (3) is tested (see also Pig. 6).

This node is feasible and according the Rule 1, it is
unnecessary to test its successor nodes (34) , (35) and
(345) . Prom this point on there is a current efficient
solution, so when ncde (4) is examined first its value
( 3 , 1 3 is calculated and it is determined if it is bcunded

from the current efficient solution. Because it is not, its

feasibility is examined. Since node ( 14)  is not feasible and
is not dominated , ne ith er Rule 1 nor Rule 2 can be applied

• - - — - T -  

- - 
-
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to exclude its successors from testing. The next node (5),

which has a value ( 4, 3 3 ,  is dominated by one of the

current efficient values ( 2, 2 3- , so it is not necessary to
test its feasibility and its successor node (45 can be

ignored.

Proceeding in this manner Table 2 is completed , yielding

the follcwing statistics:

i. Number of examined solutions: 13
ii. Ccnstraints examined for feasibility: 8+7+6=21

iii. Calculated values of the obj. tuncticns: 2*12=24

iv. Ccmpared solutions for efficiency: 19*2=38

Compared with the results from Table 1, here only 40% as
many solutions wer e examined , only 214% of the constraints

for feasibility were calculated , and 67% as many values of

the objective functions were calculated. Ncte that here,
the soluticn (12) which dominates most of the other

solutions, was the last one which has been tested, while

before it was tested very early; nevertheless the number of

ccapariscns made was significantly.reduced .

Here are some more rules which improve the efficiency of

the algorithm in small scale problems.

RULE 3. Consider a graph B containing a feasible
node (a) which dominates another node (b) . If

some soluticn (ma) is feasible, there is nc need

to test the node (ab) , since it is dominated from
the node (ma)

In the example node 3 dominates ncde 5 . Since

node 13 was found to be feasible it was possible to avoid
testing node 15

Single objective implicit enumera t ion  ( ref  [7))  cc icm cn ly

I
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takes advantage of the following two observations; since
- - 

- 
they deal strictly with the constraints, they are directly
applicable tc multicriterion implicit enumeration as well.

Observasion 1. Consider a node (a) with x = 1  if j is

in (a) and x =0 otherwise. All the successors of

node (a) must have  x 1  for  j  in (a) ; these

variables are fixed for the successors of

node (a) ; all others are said to be free
variables as they may take either cf the values 0
or 1. If (a) is not feasible, it is possible

that there are not enougph free variables left to
satisfy a given constraint.

For example assume that a given constraint is

—x —x +x +x �1 and node (12) is under consideration. In
1 2 3 4

this case even with x =x =1 the constraint is still not
•,~ 3 4

satisfied. When this happens, there is no need to test the

successors of node (12).

Observasion 2. When a subset of variables is fixed,
then a given constra int may force some other

variables to be fixed also.

I

For example let a constraint be 2x -x —x �0 in an
1 2 3

n—var iable problem. Consider node 1. In crder to satisfy

the given ccnstra int , all the successors of node 1 must have

x =1 and x =1 . Thus there is no need to test nodes ( 1 2 )  and
2 3

• (13), and among their successors , there is need to test
only node (123) and its successors.

- 
26
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As long as the pro~lem does not hav e too many variables,

-

~ 

- 
one can easily constract the graphs A and B and keep track
of the solutions which must be tested or not. But for 0—1

integer problem s the number  of possible solutions grows
exponentially ( ) v~th the number of variables (a) . Thus
for n=5 there are 2 =32 candidate soluticns, but for n=10
there are more than one thousand and for n~ 30 more than one
billion.

A. AN A E DIT IVE ALGORITHM

Prom the above discussion it follows that for large
problems , it is necessary to use a procedure to generate
those nodes (or soluticns), and only those, which must be

tested.

The structure cf the graphs A and B, and the nature of
the problem , suggests an algorithm of additive and/or
recursive type .  In the example illustrated in the previous
section , the procedure followed was to test a node and if

one of the bounding rules held, to exclude from testing a

set of successor nodes.
Here the procedure is slightly changed. A list of nodes to

be checked is maintained, and after testing a given node , if
none of the bounding rules apply, the successors of this

node in the nex t level only, are added tc the list . The
nodes at highest levels are not added since, if it is

required for them to be tested, they will be generated when

27
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their immediate predecessors are investigated. A conv en ient
way to keep track of the nodes which must be generated , in
order to be protected from duplication s, is as follows:

Consider two nodes with the property that the
designation Cf the second is the designation of the first
plus an additional index larger than the larger index cf the
first. The second node is said to be a direct lexicographic
successor of the first. The “successors” of a node include

• its direct lexicographic successors, their direct
successors, and so on. All solutions are partially ordered
by this relationship. For the graphs which are considered
as the product of a node of graph A with a].l nodes of graph

B, each node dominates its lexicographic successors. Links
of the direct lexicographic succession in figures 1 and 6
are shown as solid lines; they constitute a tree rooted at 0
and spanning all the ncdes of the graph.

The above technique permits the calculation of the
values of the objective functions and the values cf the
constraints by the following recursive equaticns:

Zo Ci) =Zo (i—1)+C(j)
( 14 )

Zc (i) Zc ( i— i)  + A ( j )

Where: Zo: denotes the vector of objective functicas
i: denotes the level of the graph

-r C (j): denotes the vector of coefficients of the
object ive functions which are associated
with x

I
Zc: denotes the vector of constraint values.

A (j): d?notes the vector of the coefficients of
the constraints which are associated with

I

28
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As an illustra tion , in the example prcblem fro. the

previous section, the above values for the node 23 in level

2 are as fol lows:

Zo (2) ( 4 , 1 3-
Zc(2) ( 2, 5, 1 3-

Now to calculate these values in the next level 3 for
the nodes generated from node 23, nodes 234 and 235, it is
only necessary to add the proper coefficients in the ia]ues
of the previcus level. For node 23l4, C(j) C(L4) (3, 1) and

A(j) A (L&) (1 , 2, —1) .
Thus :

Z o(3)  Z o ( 2 ) +C( L &) {(14+ 3) , ( 1+lfl- (7 , 2) and

I c (3) = Zc (2) +A( 4) ;  ( (2+1)  , (5+2) , (1—1) 3  = (3, 7, 0 )

Analogously for the node 235:

Zo (3)=( 8, 14) and

Zc~3)= (3, 2, 2)

The following notation is introduced tc help in the
foraulaticn of a step by step algorithm which employs these
techniques.

SNT1 , SNT2 = The sets of nodes to be tested in g rap hs  A
and B respectively.

SES = The set of currently efficient solutions.

SOB = Solution on hand.

Now the algorithm can be formulated as fcllovs:

-

~~~~ 

-

~~
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STEP 0: (initializations) .
- 

- Szsaem pty ; SNT2 =emp ty ;
SNT1=( dl 4 is a node from graph A 3- .

STEP 1:
If SNT1=eipty then stop

SN T 1= SN T 1— a k where ak is some node in SNT1

whose the last digit is k.

SNT2 ( ak 3-

- -~ STEP 2: (pick the SOB)
If SNT2=empty go to Step 1

SNT2=SNT2—ak where ak is some ncde in SNT2

STEP 3: (check for dominance)

i. 508= ak
ii. Calculate Zo for SOB using ( ‘4 )
iii. If SES is empt y go to step 4.

iv. If soB is bounded by some sciution in SES

th en SNT 2=SN T2 —alk for all l=k—1 ,k—2 ,...,f+1 and

gc to Step 2.

STEP 4: (check for feasibility).

• •~~ i. Calculate Zc for SOB using ( ‘4 )
ii. If SOB is not feasible go to Step 5. - 

-

iii. Put Zo for SOB in SES.
iv. Eliminate from SES all these solutions

which are bounded from SOB .
v. SNT2=SNT2—alk for all l=k— 1,k—2,...,f+1.

Go to step 2.

STEP 5: (Generate next level successcrs)

SNT2 SNT2U (akj(j k+ 1,k+2,...,n if k)f

j=f+ 1,f+2,...,n if k~f).

Go to step 2.

30 
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Table 3 summarizes the application of this algorithm to

the previcusly used example.

STEP 0: SES=empty; SNT1 (0,1,2,12); SNT2 empty

STEP 1: SNT1= (1,2,12) (Node ak is node 0).

SNT2 ( 0 3 .
STEP 2: SNT2 is not empty so SN T2 = SNT2— O eapty.
STEP 3: i. S00 0

ii. Zo(0) (0,0)
iii. SES is empty so go to Step ‘4.

• - STEP ‘4: i. Zc(0) (0,O,0)

ii. Since B (1 ,0,0) , SOB is not feasible.

Go to Step 5.

STEP 5: We have k=O and f=2 so SNT2=(3,14,5)

Go to Step 2.

STEP 2 : SNT2 SN T2 — (3 )  =(4,5) (We examine solution 3)
STEP 3: i. S0R (3)

I ii. Zo(1) Zo (O)+C (3) (O+2 , 0+2)=(2,2).

iii. SES=empty so go to Step ‘4.
STEP 4: i. Zc(1) Zc (0)+A(3)=(1,2,2).

ii. Since B=(1,0,0) , SOB is feasible.

iii . SES { (2 ,2) 3 .
Go to Step 2.

STEP 2: SNT2= ( 5 3- (we examine now node (1$ ) )

STEP 3: i. SOH (~4).
ii. Zo (1) (0+3,O+1) ( 3,1 ) .
iv. SOB is not bounded .

STEP ‘I: i. Zc(1)=(0+1 ,0+2,O—1)=(1,2,—1).

ii. SOB is not feasible. Go to Step 5.
STEP 5: We have k= L4 so SNT2 SNT2U( 45 3 (  5,145 3 .

Go to Step 2.

STEP 2: SNT2=( (15 3- (We test no,w ncde 5).
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STEP 3: i. SOB* (5)
ii. ~o ( 1 ) = (  11 , 3 )
iv. SOB is bounded from the solution (2,2)

-

- 

SNT2=SNT2—(145)=empty ( ak=5 and ].~k— 1 L 1  ) .
- 

Go to Step 2.

STEP 2: SNT2=empt y so go to Step 1.

- 
- Prom this point the reader should not have any

difficulty fcllowing the way Table 3 has been filled in.

Note that in the construction of Table 3, in order to
- 

-
- 

calculate the values of Zo and Zc for a node with more than

-
- 

two digits, two or more values (if they appear in the table)

are added. so for example, to calculate the value of Zc for
the node (23), the corresponding values of Zc for the nodes

(2) and (3) are added. The calculation of the value cf Zo

is analogous.
- 

So , for the nodes for which the required information already
appears in the table, the equations (‘I ) can be replaced by:

Zc =Zc +Zc and
aj a j

(5)
- Zo =Zc +Zo

• a j  a j

where aj is the node with last digit j and the rest of

the digits in the string a. Note tha t  I can also be
C considered as a string of digits and th at the digits which

form the node can be partitioned in more than two

substrings, for which the values of the corresponding nodes
- 

mus t be added to calculate the  values for  the examined ncde .

- 

-

I
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a. IN PL EME T & TION USING THE COMPUTER

In this chapter the structure a computer program lust
— have to solve the aultiobjective problem will, be examined.

In the previous sections the values of Zc and Zc were

4 calculated recursively using the equations (LI ) , and the next

- - 
level successors of each node were lexicographicaly

generated by successively concatenating tc the node all.

-

• 
- digits which are greater than its last digit. Working with

the computer it is important to keep in storage only that

information which ~is required to proceed with the following

steps. There are two approaches to search a graph and to

generate its nodes.
- - : One approach is to search the graph level by level. First

all the information which corresponds to the level 1 is

stor~d. From this information for the n nodes , the

information for the next level ( )  nodes is produced and

kept in memcry in order to generate the infcrmation fcr the

next level, and so on. Another approach is to search the

graph depth first, keeping in storage cne only ncde from
each level. When the generated node has its last digit
equal tc n , the procedure backtracks in the previous level

and the graph is searched again all the way down until a
node with a last digit of a is generated. As an example , in
a problem with 5 variables the nodes 0,1,12,123,1234 and

123145 are first generated , and then the procedure backtracks

and replaces in level 14 node 1234 with the next successor of

node 123, node 1235. Since again the last digit is equal to

a, the proc edure goes back two levels and f r om node 12
generates nodes 124 and 12115; from here two levels back

34
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again and f rca  nod e 12 generates now node 125 , and so on.
In the first approach, the num ber of ncdes which must be
kept in storage changes from level to level and its maxiium

a
value is ( ) where l n/2 for a even or 1= n/2±1/2 for a

1

odd. In the second approach the number is ccnstant and it

is equal tc n+l. Table (4 gives an indication of these
numbe rs.

a 5 6 7 10 15 20
:~ I n ) 10 20 35 252 6435 184756

n+1 6 7 8 11 16 21

T ABLE 4

In the FORTR AN pr~gra. of the appendix , the second
approach has been used.

~_:
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A P P E N D I X  A

The compute r program for the iaplemetation of the

algcrith. has been wr itten in FORTAN , the most pcpular
- language for the Operation Researchers. The algorithm for
this program is nearly that described in the previous
section; the sets are implemented as arrays which are
searched and updated when required. A block structured
language such as PASCAL or PLI, permiting the use of sets

an d array compar isons, would allow a clearer, more faithful
representaticn.

The program consists of the main ptcgram and the
subroutine CHILD. In the main program , the solution 0 is
first tested for feasibility. If it is feasible, the next

node is generated from graph A (node 1) , and the value of
the solution 0 is added to the set of efficient solutions

(SES). If the solution 0 is not feasible, its first
successor node is generated from graph B (i.e. the node
which represents  the digit f+l) . This is the initial step.
Pr om now on the recursive equations (4) can be used since
the valies of Zo and Zc in level. 0 are both zero. After the
successor to node 0 has been generated either in graph  A or

in graph 8, the subroutine CHILD is called to test this node
and to return to the main program the order to generate

(IGNRT=1) or to not generate (IGNRT=0) its successors
(children). De~pending on the value of the parameter IGNRT ,

the ma in program searc hes, always depth first, the grap hs
and generates the next solution to be tested by the
subroutine CHILD. From the main program twc parameters are

36
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passing to the subroutine. The parameter j corresponds to

the level of the node from which the examined node has been
generated , and the parameter a indicates the last digit in

the examined node.

• . The subroutine CHILD works as follows. First the values
cf the objective function for the examined node are

calculated. If the SES is empty, the feasibility of the node
is examined and if it is feasible IGNRT=0 is returned.

Otherwise the order to generate the child is given tc the
main program. The subroutine continues to test for

feasibility , until finding the first feasible solution.
This soluticn is added to SES and frca that point the

program tests first if the examined node is dominated by
some node in SES and then, if it is not, it tests its

feasibility. If a solution is not dominated and it is
feasible, then it is added in to SES and the solutions which

are dominated by the new soluticn are removed from SES. The
- - variable NSES keeps track of the number of solutions which

-~~ - . are in SES. The values of the variables for the solutions
in SES are stored in the array Xl , so that the progra m is

able to print both the values of the objective functions and
the solutions to which they correspond .

Using this program the example problem has been solved
and the nodes which have been tested are printed, sc that
the reader to can compare these results with the cnes
obtained from Table 3. The only difference here is that

• node ‘45 has been tested; in Table 3 the fact that node 5 was
boun ded , eliminated the need to test the node 45. The
reason is that as long as the graphs are tested depth first ,
after node 14 has been tested node i~5 is generated first and
then node 5.

It must be noticed that this program can be used to
solv e one objective function problems also ; the variable NO ,

37
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which corresponds to the number of the objective functicns,
is given the value 1.

• The results from 17 problems run on the IBM 360 computer
of N.P.S. have been summarized in Table 5.

I 4 4 num ber 1 number of I cpu t
-
• 

- 

I a I na 4 no 4 nc 4 of sins I efficient time 4
I I I I tested 4 solutions 4 SEC. 4

___ _ I____ I_____ I _._._______
4 5 ( 2 4 2  1 3  4 114 4 2 4 0.24 4

- 
- 

I 6 1 0 I 3 I ‘~ I 21 I 1 0.33 4
4 2  4 2  4 4  I 64 4 0 4 0.66 4

2 I 3 4 4 4 6(4 0 4 0.68 I

I I 2 I 4 I 4 4 58 1 5 I 0.80 4
I 1 3 I 3 I 6 I 58 I 3 I 0.64 4

h 9 I 0 I 3 4 4 4 163 2 4 1.S1 4
4 4 3  4 3  1 5  4 346 I (4 j 3.67 l

F. . 4 ~ I 2 4 ‘4 377 5 4 .3.39 4
1 I 3 I 3 I 4 I 97 I 14 4 1.114 4

I I 3 I 4 1 (4 4 253 13 I .3.68 1
4 10 4 0 4 1 4 7 4 388 I 1 I 3.’43 I
I 4 0 I 3 4 (4 4 175 4 3 I 2.L12 4

4 3  4 2  4 1 1  4 22(4 I 2 4 2.23 I

I 4 3  4 3  I ‘~ 1 232 8 4 2 .74 4
1 4 I 3 4 LI 4 331 4 2 I 4.19 4

4 25 I 5 I 2 I 3 4 7L&7 I 7 4 2.53 4
4 5  j 2  4 3  4 12049 4 7 4 14.72 I

I__I ______
__

I _______ _ 1___ I
__ _

I _.._,_......_.___ .__ ___ l __._ — 
_ l

TABLE 5 -

I
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THIS PROGRAM SO.. yES A MULT I OR ON E—CEJECTIvE FUNCTION
C INTEGER ZERO—CNE MINIMIZATION PROBLEM, FORMALIZEC IN
C THE CANON ICAL FORM.
C
C
C

CREATOR : AGGELOS C. SIMOPOULOS
C MAJOR HELLENIC ARMY
C DECEMBER 1577
C
C
C
C
C THE FOLLOWING NOTATICN HAS BEEN USEC:

N N = NUMBER OF VARIABLES IN THE PRCELEM
C NA = NUMB ER OF VARIABLES ASSOCIATEC WITH AT LEAST ONE
C N E G A T I V E  C O E F F I C I E N T
C NB N—NA
C P~a = NUMB ER OF OBJECTIVE FUNCTIONS
C l%C = NUMBER OF CONSTRAINTS

ZO (N +1,NO ) = ARRAY CCNTAINING THE VALUES CF THE
C CBJ . FUNCTIONS IN EACH LEVEL
C ZC L 1~+1,NC 1 = ARRAY CCNTAINING THE VALUES CF THE
C C~NSTRAINTS IN EAC H LEVEL
C SES (**,NO ) = SET OF AT MOST ** EFFICIENT SLNS
C IFLSES = FLAG; INDICATES IF SES IS EMPTY OR t~CT
C IFLAG1 = FLAG; INCICATES IF SLN C IS FEASIBLE CR NOT
C NSES = CURRENT NUMBER CF SLNS IN SES
C ~1(**,N) = CONTAINS THE VALUES CF THE VARIA BLES FCR
C ** SOLUT I CNS IN SES
C NX I  = CURRENT NUMBER CF SL.N S IN X l

LCA (NA +l1 LIST DIGIT OF A NOCE IN GRAPH “A” FOR
C EACH LEVEL CF THE GRAPH
C LC 6LNB+1 ) = AS ABOV E FOR GRAPH “B”
C
C MA = CURREN T LAST DIGIT IN A NCDE
C LA = CURRENT LEV EL CF GRAPH “A” —

C LB = CURRENT LEVEL CF GRAPH “B”
C
C
C C (NC,N1 = MATRIX OF COEFFICIENTS FCR THE 0. FLF~CT IONS
C A (NC,N1 = MATRIX OF COEFFICIENTS FOR THE CONSTRAINT !
C E (NCI = TI-E B VECTOR FOR THE CCt~STRAINT ECUATIONS
C
C
C
C
C
C ThE FOLLOW ING PROGRAM HAS BEEN ARRANGED TC SOLVE
C PROBLEMS UP TC 25 VARIABLES, 5 CEJECTIVE FLF~C T I O N S
C AND 10 CCNSTRAINT EQIjATIONS. CEPENDING ON THE
C NUMBER OF THE VARIABLES N FORMATS 1201. A~ C 1202 4
C MUST BE CHANGED EAC H TIM~ TO NFS.C AND (N +1)F5.0
C CORRESPONDINGLY TO GIVE SUITABLE CITFUT.
C IF AN ERROR OCCURS AND THE USER I-AS CHECKED TO BE• C SURE THAT THE INPUT DATA IS ACCCRC!NG TO THE FORMAT
C CF THE PROGRAM, THEN THE FIRST CIMENSICN CF THE
C ARRAYS Xl AND SES MIST BE INCREASEC.
C FOR BIGGER PROBLEMS THE OECLARAT ICNS ANC FCRMA TS

• C MUST BE CHANGED ACCORD ING TO THE NOTATICN GIVEN
C A BCVE .
C
C
C
C
C
C

39

— - - - - 
-~~ - - -

~~~~ - - -



- - —~~~~~~~~~~~~~~ — --—— 
• - - - - - - -~~~-~~~~~~~~~~~~~~ - --- ~

•, ~Iu.— _ -— -- • —•— - --—•—• - - -- - -• --~~~~~ -•..————.• ~—. - - — -~~~~~~~~~

C
C
C

BLOCK DATA
INTEGER X (25)
DIMENSION ZO(26,5),ZC(26,l0)

• CCMMON /S/ X,IFLSES,IFLAG] .,NX1,NSES,MA,LA,LE,ZC,ZC
DATA X,IFLSES,IFLAGI,NX1,NSES,MA,LA,LB,ZC,ZC

1. /29*0,3*1,390*0.1
E N D

C
C
C
C
C
C

INTEGER X(25),XL (150,25),LDA (6),LDB (26)
DIMENS ION ZO(26,5),ZC(26,1O),C (~~,25),A(l0,25),B (1O),1 SES (150,5)
CCMMON /5/ X,IFLSES,IFLAGL,NXL,NSES ,MA ,LA ,IB,ZC,ZC
CCMMON /S],/ SES,N,NO,NC,C,A,8,X1

C
C
C
C
C

• READ (5,100C) N NA,NO NC
READ (5,1001) (k(I,J~ ,J=l,N),I=l,NO)
READ (5,1001) ((A (I,J),J 1,N ),I=1,NCI• READ (5,1002) (B(I ),I=1,NC)

- - C
C

- . 
- WRITE (6,11OC)• 4 WRITE (6,1201) ((C (I,J),J=1,N),I=J,N0)

WRITE (6,11O1)
- 

-
~~ 

- WRITE(6,].202) ((AC I, J) ,J=1,N) ,B (I) ,I=1,NC )
WPITE (6,~.1O!)C

C
C
C
1200 FCRMAT (/6X,25(I3))
1000 FCRMAT (415)
100] FORMAT (1OFS.3)

-
• 1002 FCRMAT (10F8.3 )

1201 FCRMAT (5F5.O)
1202 FCRMAT (6F5.0)
1100 FCRMAT (//12X ,’COEFFICIENT MATRIX FOR THE’

1 IX,’ OBJECTIVE FLNCTIONS’//
1101 FCRMAT (//12X,’COEFFICIENT MATRIX FOR THE’,

1 ‘ CONSTRAINTS’//)
1102 FCRMAT (////12X, ’THE SLNS FOR THE A BOVE PROELE M ARE ’)
1103 FCRMAT (//5X,’VALUE: ’ ,5F8.2,)
1104 FCRMAT (/1ZX,’5OLUTICN:’ ,2514)
1105 FCRMAT (///12X ,’THE FCLLOWING SINS HAVE BEEN TESTED’)
1106 FCRMAT (///1.ZX ,’NO FEASIBLE SOLUT!CN WAS FOLNO’)

C
C

M I S C E L L A N E O U S
C
C
C

IF (NA .EQ.0) NA~ 1IF (NA .EQ.N) NAzN-] .
C
C
C
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C TEST SOLUTION 3 FIRST
c
C

WRITE 4 6,12C0) (X(I),I=1,N)
DO 2 1 1,NC

IF (8(I).GT.0.) GO TO 20
• 

CONTINUE

OTHERWISE SO LUT ION 0 IS FEASIBLE• C
C

DO 3 I 1,N
X 1(1,I)a0

• 3 CONTINUE
NX1z1

-
~~~~ 00 4 I=1,N0

SESU,I) 0.
4 C O N T I N U E

NSES=1
IFLSES=1

C
IFLAGI= ].

- ~ -~
- L A 1

C
C
C GENERATE NODES FROM GRAPH A
C
C- 

- 20 CC 30 JA=LA,NA
MB=NA+1
IF (IFLAG1 .NE.1) GO TO 120
LB =JA+ 1• DO 22 I I M B , N

X ( 1 I ) = O
22 CONTINUE

X (MA )=1• WRITE (6,1200) (X(I),I=1,N)
CALL CHILD (JA,MA,IGNRT )
IF (IGNRT.E0.O) GO TO 25

C
GENERATE NOCES FRCM GRAPH B

C
C
120 DO 130 JB=LB,N

MB) =1
WRITE (6,1200 ) (X (I .),I=1,N )
CALL CHIL0(JB,M8,IGNRT )
IF (IGNRT.EQ.O) GC TO 139
L D 84 J E) = MB
IF (MB.E Q.N) GO IC 135
MB =MB +1

130 CONINUE
135 LBaJB— 1

IF (IFLAG1.EQ.O) 18=18+1
IF (LB.EC.JA) GC TO 25
IF (IFLAG1.EQ.O) LBZLB—L
LLBx 1DB (18)

- DO 138 K LLB,N
X (K )zO

138 CONTINU E
MBaLLB+1
GO TO 120

C

~39 IF (M8.EC.N ) GO TO 135
X( N8)=0
LB~J8

— MB~ MB+1- G0 10 12C

- • 
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CC RETURN TO GRAPH A

5 IF ( IF LAG ] .NE. 1) GO TO 1.9
LCA (JA 1~ MA
IF (MA .EQ. NA) GO TO 35
PAaMA+ 1

30 CONTINUE
35 LAaJA— 1

IF (LA.EC.0) GO TO 80
LLA LDA (LA )

00 38 KA LLA ,NA
X (KA ) 0

38 CONTINUE
MA aLLA +1
C.C T O 2O —

• C PRINT OUT THE SOLUTIONS

80 IF (NSES.E Q.O) GO TO 95
wPITE( 6,11O2)

DO 85 Izl ,NSES
WRITE (6,1103) (SES ( I,J),J=1 ,NO )

- ~~~
-

• WR ITE (6,1104) (X 1 (I ,IJhIJZ1 ,N )
85 CONTINUE

GC TO 98
95 WPITE (6,1106)
58 STOP

END
C
C
C
C
C

• C THE SUBROUTINE CHILO TESTS A SOLUTICN FOR DOM INATION
C AND FEASIBILITY AND RETURNS TO THE MAIN PROGRAM THE
C CRCER TO GENERAT E OR NOT GENERATE THE SUCCESSCRS OF
C THE CORRESPONCING NODE
C
C
C 

SIBROUTINE CHILD (J M IGNRT )
‘ 1 INTEGER X (25) ,Xi (j5O,25 )

- ‘ DIME NS I CN ZO(26,5),ZC(26,10),C (5,25) ,A(10,25),B (10),F • 1. SES (15 5)
I CCMMON IS/ X1IF L5~~ ,IFLAG1,NX1 7NSES,MA ,LA,L8,lO,ZCCCM MO N IS1/ StS ,N,NO ,NC ,C ,A,8 ,Xj

C DC 202 Ial ,NO
ZO (J +I,I )zZD (J,I)-I.C ( I,M)

202 CONTINUE
C

IF (IFLSES.E Q.O) GO TO 210
C

TEST IF THE SIN IS DC$INATED
• 

~
- C

C
• 00 205 Kal,NSES

ICN1RzO
DO 204 Ixl NC

IF (ZC ~J+1 ,I) .LT.SES (K,I)1 GO TC 205

204 CONTINU~
ZO (J I

~
I).E Q.SES (K

~
I)) ICNTR sICNTR +1

IF (ICNTR.E Q .N0) GO TO 205
GO 10 220

~C5 CONTINU E
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t C
C C(ECK FOR FEASIBILITY
C

~l0 DO 212 Ial ,NC
ZCLJ i 1 , I ) ZC (J ,I)+A (I ,M)

212 CONTINUE
DO 2~~ 

~~~~~~~~~~~~~~~~~~~ GC TO 230
215 CON TINUE
C 

IF (IFLSES.E Q.0) GO TO 315

• C U PDATE SES AND Xl
C
C

N~ 1aNSES +1,
DO 302 1a1,N

• 
• X 1 (NX 1 ,I)— X (I)

302 CONT INL E
C

ELIMINAT E COM INATED SINS FROM SES AN C Xl
C

- - C
Kz1

00 310 Ia] ,NSES
ICNTR*0
DC 305 IIa ],NC

IF (SES (I,II).LT.ZO (J .1,II)) GO TC 306
IF (SES (I,II).EQ .ZO (J+1 ,II)) ICN TR sICN TR+ 1

305 CCNTINUE
IF (ICNTR.EQ .NO) GO TO 306
GO TO 310

CTHER ~ ISE KEEP THE SLNS TN SES AN D II Xl
C
306 DC 308 IK~ L ,NC

$ES (K ,IK)aSES (I ,IKJ
308 CONTINUEDO 309 INa1 N

X1 (K,IN aX l (I ,IN )
305 CONTINUE

KaK+1
310 CONTINUE

00 312 IKa1 ,NC
SES (K ,IK )—ZO (J+1 ,IK)

312 CONTINU E
00 313 IP~~1,NX 1 (K ,IN )aX l(NX 1 ,IN )

313 CONTINUE
N !ES K
GC TO 22O

315 DO 317 IKal,NC

317 ~~~~~~~~~~~~~~~~~~~~~~~~~NSESa 1
IFLSE $zl

DC 318 L— t , N
X ].(1,I)=X (I)

318 CONTINUE
NX1 a I- 1

220 IGNRT—0
RETURN

~30 IGNRTaI
RETURN

C E N C
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COEFFIT IENT MATRIX FOR THE CEJECTIVE FUNCT ICN S

1. 2. 2. 3. 4.
—2.  —1. 2. 1. 3.

•: COEFFICIENT MATR IX FOR THE CCNSTRA INTS

1. ~~. ~~. ~~. ~~. ~~.1: —~: 2: —~: ~:

THE FOLLOWING SINS HAV E BEEN TESTED
I C O  C O O

C 0 1 0 0

~
-
~~~~

-
--~ I C 0 0 1 0

C O  0 1 1
C 0 0 0 1
1 0 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1
1 1  C O O
C l .  0 3 0

C l  1 0 0

• 
C l  0 1 0
C l  0 0 1

THE SINS FOR THE ABOVE PROBLEM ARE

~, 
-

~• 
V ALLE: 2.00 2.C0

- 

• 

• ,  SOLUTICN : C 0 I 0 C

~AL LE: 3.OC —3 .00
- 

SOL.UTICN: 1 1 0 0 C
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