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P Abstract

N

!

; This report is concerned with the measurement of frequency (Doppler
shift) by a collection of sensors which may be grouped into two or more

i clusters (subarrays). The signal may be a sinusoid, or it may be a narrow-
band Gaussian process whose center frequency is then the quantity of

§ interest. For much, though not all, of the analysis, it is assumed that
the noise is incoherent from sensor to sensor. The signal wavefront is

t assumed to be perfectly coherent over all sensors, but the angle subtended
| at the source by the various sensors may be sufficiently large so that
differential Doppler shifts cannot be ignored. The following are some of

the more general conclusions.

I. No differential Doppler shift between sensors

1. Sinusoidal signal
a. The mean square frequency estimation error varies as T-3, where T
is the observation time. It varies as the inverse second power of .
the post-beamforming signal to noise ratio.
i b. The frequency estimate is not degraded by lack of prior knowledge

of bearing and range (i.e. sensor to sensor delay of the signal).

Frequency estimation and bearing-range estimation are therefore
uncoupled.
c. The mean square estimation error of sensor to sensor signal delay

varies as I—l. Hence the frequency estimate becomes extremely

accurate long before the delay estimate.
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Narrowband Gaussian signal, TW >> 1.

The frequency of interest is here the center frequency of the narrowband
Gaussian signal. This particular computation has been carried out for
coﬁpletely arbitrary array geometry and noise field properties.

a. The mean square estimation error of the center frequency w, varies

0
as T-l. Accuracy therefore improves at the same time rate as for
delay estimation but much slower than for frequency estimation
using a pure sinusoid.

b. The mean square estimation error of W depends on two quantities
aside from T: the post-beamforming signal to noise ratio of the
beamformer optimally matched to the noise field and the slope (on
a db scale) of the signal spectrum.

c. The coupling between center frequency estimation and bearing
estimation depends on the derivative of the array gain with respect
to bearing in the neighborhood of the true bearing. If this deriva-
tive 1is zero tﬁere is no coupling. Thus bearing and frequency
estimation are completely uncoupled for a spatially incoherent noise
field. They are only weakly coupled in many, if not most, practically
interesting situations. For strong coupling the noise field would
have to exhibit a rapidly varying spatial structure near the signal

bearing (e.g. an interference close to the signal in bearing).

Narrowband Gaussian signal, TW << 1.

When the time-bandwidth product is small compared to unity, a Gaussian
signal looks essentially like a sinusoidal signal of unknown amplitude
and phase. The amplitude estimate is not coupled to the frequency

estimate so that the results of section (1) are applicable. One must
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note, however, that the apparently very accurate frequency estimate
('I'-3 dependent) is a short term frequency estimate. To define a center
frequency W of the narrowband signal one inherently requires an

observation time large compared with the inverse signal bandwidth.

II. Differential Doppler estimation.

The differential Doppler estimation problem was studied for two or three
sensor groups (subarrays) which were treated as equivalent single sensors.
1. Sinusoidal signal

The mean square error for differential Doppler estimation varies as T-3,

just as that of the frequency estimate. For two subarrays it differs

from the latter by 3db because there are two opportunities to measure
frequency but only one to measure frequency difference. Subtraction of
two separate frequency estimates to obtain the differential Doppler
shift leads to the same error as direct estimation of the differential »

Doppler shift.

2. Narrowband Gaussian signal.
Since narrowband signals with TW << 1 have the properties of sinusoids,
only the case TW >> 1 was considered. An analytically important assump-
tion places an upper bound on values of T for which the results are
valid: If the signal bandwidth is o, the differential source velocity
Av and the velocity cf sound c, T must be shorter than the period of a

sinusoid of frequency (Av/c)o.

a. The mean square estimation error of differential Doppler shift

- varies as T-J. just as the frequency estimate of a sinusoid. The
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estimation process for differential Doppler shift is coherent
whereas that for center frequency is incoherent.

b. When the signal to noise ratio in the signal band is high, the 1
differential Doppler estimate using narrowband signals has the
same mean square error as an estimate using sinusoidal signals.

c. The only important difference between differential Doppler estimates
using narrowband signals at high and low signal to noise ratios is
the signal-to-noise (S/N) dependence of the mean square error. At
high signal to noise ratios it varies as (S/N)-l, at low signal to 1
noise ratios as (S/N)_z.

d. Because of the different T depgndence, efforts to obtain differential
Doppler shift from separate measurements of' center frequency at each
subarray lead to a much poorer estimate. The loss in performance
is proportional to the square of the TW product.

e. The estimate of differential Doppler shift is completely uncoupled
from the estimate of bearing, range and parameters describing »
spectral shape. Differential Doppler measurements can therefore be
carried out without concern about most other parameters which are
likely to be unknown in practice.

f. When there are three subarrays, there are two differential Doppler
shifts. Their estimates are coupled, but neither is coupled to the
estimates of bearing, range or spectral parameters. When the signal
to noise ratio in the signal band is high, the estimation error for
each differential Doppler shift is the same as that from the appropriate
pair of subarrays. When the in-band signal to noise ratio is low, a
small gain can be made by processing the three subarray outputs as a
unit rather than obtaining separate differential Doppler shifts from

two pairs of subarrays.
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I. Introduction

This report summarizes work carried out under contract N66001-76-C-0182
between Yale University and the Naval Ocean Systems Center, San Diego. It
describes the continuation of studies initiated under contract N66001-75-C-0210
and reported in June 1976. [1]

The overall objective of both contracts was to obtain information about
an acoustic source by means of a large array of sensors which may be grouped
into several subarrays. Reference [1] was concerned with source localization
in bearing and range. Here we turn to the problem of Doppler estimation and
its coupling to bearing and range estimation.

Much of the basic theory developed in [1] remains applicable to the
present study and will therefore only be referenced briefly when needed.
In particular, we shall retain most of the basic assumptions:

(a) The source radiates either a sinusoid or a narrowband Gaussian

signal.

(b) The signal wavefront is perfectly coherent over the entire "
receiving array.

(c) The noise is Gaussian with a bandwidth broad compared with that
of the signal. Much, though not all, of the analysis will also
assume that the noise is spatially incoherent.

{(d) The frequency or center frequency of the signal observed at any
given sensor does not change significantly over the observation
period.

However, in contrast to the earlier work, the signal frequency or

center frequency need not be the same at each sensor. Thus we allow Doppler

| Y shifts and even differential Doppler shifts from sensor to sensor. Assump-

. tion (d) does not preclude source motion; it merely says that the
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source-receiver geometry does not change significantly during the obser-
vation period.

A major conclusion of the previous report was that, for most purposes,
each subarray could be treated as a single sensor whose relatively weak
directional properties were of only secondary importance. Thus one could,
without significant loss, beamform at each subarray and treat the resulting
beams as the outputs of equivalent single sensors. The subarrays serve only
to enhance the signal to noise ratio of these equivalent sensors. If the
source is sufficiently distant to warrant the use of more than one subarray,
there will be very little differential Doppler shift over the elements of
any one subarray. ﬁeamforming at the subarray level should therefore not
destroy any significant amount of Doppler information. We shall find this
to be true in the first, simple formulations of the Doppler estimation
problem. Thereafter we shall then treat each subarray as a single equivalent
sensor with appropriately enhanced signal to noise ratio.

As in Ref. [1] we shall use the Cramér-Rao inequality to set lower
bounds on attainable estimation errors. In the limit of large observation
times, this lower bound is approached by the error of a maximum likelihood
estimator [2]. At least in this important limit, therefore, the calculated
bound can be reached by an actual instrumentation.

In the most general setting
source
of the problem we have a geometry
such as shown in Figure 1.
v A source located at range r
and bearing © (measured in some
convenient polar coordinate system)

radiates a signal which is received
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(together with the inevitable noise) at M sensors in known but perfectly

arbitrary locations. The output of the 1th sensor is

*1(‘) = si(t) + “1(‘) (1)

si(t) is the signal component and ni(t) the noise component. We construct
a data vector x as follows:

(1) Represent xi(t) by a set of n numbers [e.g. the time samples
xi(tl), xi(tz),...,xi(tn) or the Fourier coefficients 40
CZi""’Cnil'

(2) Concatenate these n number sets for all index values i [e.g.

xl(tl),...,xl(tn), xz(tl),...,xz(tn),...xM(tl),...xM(tn)].
The resultant data vector x therefore has dimension nM.

The Cramér-Rao technique requires computation of the likelthood function
A = p(_:ijal,az,...ar) (2)

oy az,...,ar are the parameters to be estimated (e.g. Doppler shift, bearing,
range, etc.). The right side of Eq. (2) is the conditional probability
density for the data vector x when the unknown parameters have values
e LR L

Next one must form the Fisher information matrix J whose elements jk2

are given by

IR 5 S

S G

2
L = kA )

Ik %a, o,

E{ } ie the expectation of the bracketed quantity., The Cramér-Raoc in-
equality asserts that the (unbiased) mean square estimation error DZ(&k)

h

of the kt parameter is bounded by the kk element of the inverse matrix J-l.

@) 2 7Y, @)

Off-diagnol elements of .l-1 measure the coupling between estimation errors.
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II. Frequency Estimation - No Differential Doppler Shift

We begin with the problem of frequency estimation using a single sub-
array. The elements of such an array are presumably spaced rather tightly
and differential Doppler shifts from sensor to sensor are negligible for all
but very nearby sources. The frequency or center frequency of the signal
component received by each sensor is therefore the same. Our objective is
to estimate that frequency or center frequency, possible in the presence of

other initially unknown parameters such as source bearing or tange.l

1. Sinusoidal signal

We begin with the simplest case, a source radiating a pure sinusoid.
The Doppler shifted signal component at the receiving array is a sinusoid

of frequency Wy Thus the output of the ith sensor [Fig. 1] is

xi(t) = A sin[wo(t-‘ri) - ¢] + ni(t) (5)

Ty is the signal travel time from the source to the ith sensor (bearing and
range dependent) and ni(t) is the noise component at the ith sensor. For
the present computation we shall assume that the noise is Gaussian'spatially
incoherent (statistically independent from sensor to sensor) and spectrally
white over a band of WHertz beginning at zero frequency.

Calculation of the Fisher information matrix proceeds much as in
Ref. [1]. The data vector consists of time samples of the sensor outputs
taken at the Nyquist rate (i.e., at intervals of 1/2W seconds). Because

the noise is both spatially and spectrally white as well as Gaussian,

INote that this formulation of the problem does not permit separate esti-
mation of radiated source frequency and Doppler shift. Orly the sum of
the two frequencies is accessible to measurement and hence to estimation.
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all of the samples are statistically independent and the likelihood function

assumes the simple form

M = 2
A =Cexp-{Z I [x,(e)) - 8, (£)]%} (6)
i B w AN

Ni is the spectral level of the noise received at the ith sensor and Niw

is the average noise power of each sample at that sensor. C is a normalizing

constant which insures that A is a probability density. Note that j serves

as an index for the time samples, i for the sensor locations (space samples).
As a typical element of the Fisher information matrix consider

-E{a2 log A/awoz}. Differentiating the natural logarithm of Eq. (6) twice

with respect to w, one obtains:

2 2
2 M n 38 (t 9 s (t )
3 lozg By r [——-L] + [xg (t F=s (tj)]—iZ'L} N
awo i=1 j=1 i Yo dw g

x,(t,) - si(t ) is simply the jth sample of the noise at the ith sensor.

i 3

Since the noise has zero mean, the averaging operation eliminates the

second term of Eq. (7) and one is left with

2 M n 9s, (t )
_E{_Qﬁg_l\ }= 3 5 w[__J_] (8)
awo i=1 j=1 i dwg
From Eq. (5)
s (tj) A, sinly (r.J <E0" B 6] 9
Hence 2
_a_z_l_ox_ﬂ_} gt B —— )2 (L NN ks
-E{ dw 2 fm1 jml N w et (e |

o}

When the noise bandwidth W is sufficiently large so that there are many

samples in a signal period one can approximate the j sum in Eq. (10) by

an integral.
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82 log A M:1A12 2 2
-E{————7gi-—} = 2W I ‘Srii(‘j'Ti) cos”[u, (t,-1,) - 9] &t
oW . 13 W o
o
M Aiz to*T 4 -
- R A 5 j (c—ri) cos [wo(t—ri) - ¢]dt (11)
i=1 i
tO

In the first version of this equation At = 1/2W is the time increment from
sample to sample_(to, to+T) is the observation interval.

In practice T is almost certainly very large compared with the signal
period. In that case double frequency terms make negligible contributions

to the integral and one obtains

2
2 MoA
i deg Ay o1 o Lo - 03 o e -3 (12)
ow £ 3 i=1 Ni i sy
o

Suppose the signal travel time from the source to the center of the
array is T One can absorb that quantity into t, with the definition
By % L% The differential delays T,-T, are almost certainly small com-

pared with T and one can then write to an excellent approximation

3% 1o0g A £ - A12 3 3
E(—2080) a2 7 [t 4D)° - 7] (13)
2 ¥ ooy el 1

ow
o

If W is the only unknown parameter, Eq. (13) is the only element in
the Fisher information matrix and its reciprocal should be the minimum
mean square estimation error. This is a correct but highly misleading
statement. Eq. (13) depends strongly on the largely arbitrary ty- One
can apparently reduce the estimation error drastically by merely starting
the observations later! There is a simple explanation for this paradox:
We are making the completely unrealistic assumption that the phase angle

¢ 1s known. If this were actually true we could use the phase shift

“oto accumulated prior to the start of the observation interval to improve
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the estimate of Wy In practice, this is not an option open to us. The

minimal problem which has physical meaning is therefore that of jointly

estimating Wy and ¢ (even though the latter is ultimately without interest).
Computation of the remaining elements of the Fisher informaticn matrix

for Wy and ¢ proceeds exactly as in Eqs. (7)-(13). The result is

K y A 53 ' ; Bk 2 2 o
3 I rl{tf‘l‘) o Tt | Hig k N—[(tl-»-r) - "]
i=1 1 I i=1 i
J = — - —— e (14)
2 l 2
M A g M A
_.% % —%—[(cl+T)2 - t12] | TE -
i=1 | i=1 1 J
L
The determinant of J is easily computed
A MM OAT AR
Det J = — 3 I WN (15)
12 i=1 k=1 "1 'k
Hence the minimum mean square error for frequency estimation is
p?@ ) = (7Y, - —2—y (16)
o 11 M A
3 i
T z X
i=1 "1
This quantity is independentof cl' as one would expect.
1f the signal to noise ratio at each sensor is the same
2
o 0
w N
Then
T" MA /N1

M A2/Nl measures the output signal to noise ratio of a conventional beam-
former. A single sensor with that signal to noise ratio would therelore

be entirely equivalent to the array for frequency measuring purposes.




Next we must look into the coupling between frequency estimation on
the one hand and bearing and range estimation on the other. Since bearing
and range estimates are obtained from the sensor to sensor delay of the
signal, we can gain the required insight by working with only two sensors
and estimating the vector (wo, At, ¢), where At is the signal delay between
the two sensors.

The required Fisher information matrix is readily computed

& 2
2 ' 2 A 2 2
2 A° : it s T W ¢ 2 20 | =& -5y
S~ lega Selle)” - o] LT g T 1
1 ' 1 L_ 1
ca o EE o T
J=|=-=w —[(t.+T) t. "] (N w T =
2 %N "1 ;s o "M, I o N
_______ 4____2____+______
2 l : 2
A 2 2 : A A
- i IE 00" = ") w, T ‘ o (18)
1 | 1 | 1
L -
The matrix inversion is straightforward and one obtains the mean
square estimation errors
Dz(ao) = —iréi-—— (19)
T A /N1
p*(a1) = 52— (20)1
& W 2 T
Nl o

Note that the frequency estimation error improves with the cube of the
observation time, whereas the delay estimation error only improves with the
first power of the observation time. Perhaps the most informative compari-

son is that between the fractional errors in the two estimates

lThil ignores the ambiguity problem associated with sinusoidal signals.
See Ref. [1].
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Dz(;o)/wo2

At #
3D (21)
2,8 2
D™ (AT) /(AT )

In practice T is likely to be many times larger than At. The frequency
estimate therefore becomes exceedingly accurate before a reasonable delay
estimate can be made.

Another interesting comparison is that between Eqs. (19) and (17).

Since M = 2 in Eq. (19) the two are, in fact, identical. The frequency
estimate is not degraded at all by lack of a priori knowledge of the relative
delay (i.e., knowledge of source location). One would expect this relation-
ship to be reciprocal and indeed one finds for known wy [using the last

two rows and columns of Eq. (18)]

b2 (a1) | -t (22)
Wo known %_ 2 T

This is identical with Eq. (20), confirming the independence of the

frequency and delay estimates.

2. Narrowband Gaussian Signal. W >> 1.

In many cases the signal observed at the receiving array is not a pure
sinusoid. There is experimental evidence that it can often be modelled quite
effectively as a narrowband Gaussian random process. The unknown parameter
W is now the center frequency of the power spectrum associated with this
random process.

For the moment we consider observation times T large compared with the

inverse bandwidth of the process (TW >> 1). If the bandwidth of the noise

.
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is at least equally large, the most convenient form of the data vector

uses Fourier coefficients. For TW >> 1 the Fourier coefficients associated
with different frequencies are uncorrelated [3]). Thus the covariance matrix
K of the data vector contains many zero entries, a feature which can be

exploited by arranging the data vector as fcllows

T
x= [c11 12°°CiM c21’c22""’c2M"‘"cnl’cnz""ch] (23)
c.11 is the Fourier coefficient of frequency wj, measured at the 1th sensor.
The covariance matrix K now assumes the block diagonal form
- -
|
e )
Ky |
SR (24)
K= \.
b
O «
n
L 2
Kj is the spatial covariance matrix of Fourier coefficients at frequency
*
Wy Its elements are of the form E{lecjk}'
The basic theory of parameter estimation from a Gaussian data vector
was developed in Ref. [4]). The general result, for unknown parameter a, is
2, =Y Ao
D(a) = {Tr[(K ;;)]} (25)
Tr[ ] stands for the trace of the bracketed matrix. It is evident from
2
Eq. (24) that (Kfl %5 is block diagonal and its trace is therefore
simply the sum of the traces of the separate blocks.
n dK
2,4 =1 74 249~1
b e B el 26)
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K, can also be simplified a great deal. The signal and noise components
of x are statistically independent. For an array of moderate dimensions the
same signal and noise spectra are received at each sensor. In such a

case one can write

K, = S(w,)P(w,) + N(w,)Q(w,) (27)

b 3 3 3 3

S(w) and N(w) are respectively the signal and noise spectra received at any
one sensor. P(w) is the spatial covariance matrix of the signal at frequency
w, normalized so that the diagonal elements are unity. Q(w) is the similarly
normalized spatial covariance matrix of the noise. The parameter W the
center frequency of the signal spectrum, is contained only in the scalar

function S( ). Eq. (26) therefore assumes the rather simple form

@in-ro e By 2,-1
DGy = LE Te(I8Ge)Plap + Blo)Au)™ =t P (28)

If all of the spectral functions are essentially constant over frequency
intervals of the order Aw = 2n/T [this is essentially the large TW assumption]

the j sum can be converted into an integral

@) =4 {[ Te([S WP W) + Nw)aw) 1™ S8 py))Zau)
0 o

1 (29)

To proceed further we assume that the signal wavefront is coherent over the
entire array. The signal received at one sensor is simply a time shifted
version of the one received at any other sensor. Under these circumstances

the P matrix has rank 1 and can be written as an outer product of vectors

P = V(w) !f(u) (30)
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V(w) is the "steering vector", the vector of relative delay of the signal
*

at different sensors. V (w) is its transpose-conjugate. From a standard

matrix identity

(S @)V (@V*(w) + Nw)Q(w)] ™2

> ol
Sfw w)V¥*(w W
ol - 89 @RI W (31)
"‘ ) No(w) 1+ -N—%—;G(m)
The scalar
6(w) = V¥*(Q WV (w) (32)

is recognized as the array gain of the beamformer optimally matched to the
given noise field.
Substituting Eq. (31) into Eq. (29) and temporarily dropping the

argument w for greater simplicity of notation one obtains
G

<k :
2.0 . 3n 1ds -1, __s ds Q lw*qlw*
D™ (w ) -—{J Tr( wQP 2dw__s.___._.

% * o o o
+ —
ok N G

] dw}

© s
=G

f s ji a - 2% 7tp) Alany ! (33)

A 1+— 6

27
T_{

Furthermore G
Tr((Q'P)?) = Tr(Qlv v¥q
= 6 1e(Q7lV ¥v*] = 6 Tr(v*Qly) = 62 (34)

It follows that

e (w) ds(w)
() = g’-{f ( :( bl s, )24«»}'1 (35)
o° Tl TieBM bty s

Note that the spectral properties of signal and noize are quite general,

as is the spatial structure of the noise.
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Eq. (35) says several interesting. things about the estimation of w

(1) The estimation error varies as T—l. The comparable estimation error
for a sinusoidal signal varied as T-3. For the narrowband signals it is
no longer true that frequency can be estimated much more rapidly than

differential delay (bearing).

(2) Array geometry and spatial structure of the noise field enter Eq. (35)
only via the scalar G(w), the optimal array gain. %%ﬁ% G(w) is the output
signal to noise ratio of the optimal beamformer. One can therefore beam-
form prior to frequency estimation without loss in performance as long as
one uses the beam-former structure familiar from the optimal detection
problem. Alternatively one can think in terms of processing the output of

50) ¢ ).

a single "equivalent” sensor whose signal to noise ratio is N(w)

(3) Aside from the output signal to noise ratio, Eq. (35) depends only on f

e dwlouoa 5 () (36) |

The critical factor is therefore the slope of the signal spectrum plotted

200k

on a logarithmic (db) scale.

Example

5_
4

To gain some insight into the behavior of the frequency estimator ]
characterized by Eq. (35), consider a particular example. Suppose the {
noise is incoherent from sensor to sensor [G(w) = M] and spectrally white H

at each sensor [N(w) = Nol. Suppose further that the signal has the

spectrum 2
(= )
S(w) = So exp(- 2 } (37)
20

S—
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Then Eq. (35) becomes

S (w—wo)2
M 5> expl- —5— ] R e
() = i—"{[ — o -2 4o} (38)
& S° (w-wo) o
1+ M= exp[- 7 )
S o 20

If Hig << 1 (i.e. the post-beamforming signal to noise ratio nowhere reaches
o
unity) the integral is easily evaluated by ignoring the second term in

the denominator. Thus for low signal to noise ratio

2 - 2
D (wo) = -————§;—§~ (39)
2T (M N—')
o

S
1f Mig >> 1 (high signal to noise ratio in the signal band) an appropriate
o

approximation is

S (w-w )2 1l for lw-w I < Aw
M —o-exp[- —-9-—] R
N 2
Y 20 o
So (w-wo)2 S° (m-mo)2
144 — exp[- ] M — exp[- ———1] for |w-w | > Aw (40)
N 2 N 2 o
o 20 o 20

Aw is the value of |w—w°| at which the second denominator term reaches
unicy, i.e.,
b= 20/ 1og(M§‘2) (41)
o
The integration of Eq. (38) can now be performed. It turns out that the

range Iw—wol > Awcontributesvery little to the result and one obtains

i 3n o]
D" (u,) ¥ 373 (42)
221 [1 o
(108042

The principal difference between Eqs. (39) and (42) is the signal-to-noise

dependence. When the post-beamforming signal to noise ratio is low the

1log( ) is the logarithm to base e.




15

4 the mean square error varies as the inverse square of that signal to noise
ratio. For large post-beamforming signal to noise ratios the dependence
becomes quite weak. We note that 2Aw, the quantity which determines that
behavior, is simply the frequency band over which the spectral level of
the signal exceeds that of the noise. 1Its value is therefore quite critically
dependent on the shape of the signal spectrum and no general significance

should be attached to the logarithmic form appearing in Eq. (42).

Simultaneous estimation of frequency and bearing.

We must now discuss the interdependence between the center frequency
estimate and the location estimate. Since we are not considering differen-
tial Doppler shifts, we are presumably dealing with a single array whose
dimensions are small compared with the distance to the source. In that
case the array furnishes little useful information concerning range but

the differential delays yield a very direct measure of bearing. We

therefore pose the problem of jointly estimating center frequency w, and

A =

bearing 6.
The basic theory of joint estimation from a Gaussian data vector is

worked out in Ref. [4]. For the two parameter case one finds

Dz(&o)

2,~ 6 known

D) = - (43) |

L |
where
-1 _9K -1 3K
[Tx(K 3“0 K ae)]
p - 5 ; (44)

-1 3K -1 35) ]

Tr[(K 3;:) ] Te((K 26

T T
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p measures the coupling between the two estimates and (1 - p) 1 is the

degradation in the w, estimate due to lack of prior knowledge of 6.

The first term in the denominator of Eq. (44) is simply [Dz(&°)| ]-l
6 known
and is therefore available immediately from Eq. (35). Similarly, the second
term in the denominator is [Dz(é) ]-l. It is derived in Ref. [4]
Wo known
(p. 96) and is simply restated here for reference.
2
-1 8K
Tr[(K = 55) ]
2
® (Sng) 2
G
‘{',1;'[ Néwz, [6(w) + (ddéw)) s;i} ] dw (45)
0 1+ N(w) G(w) 1+ N (o) G(w)
where
* 2
av () _; dV(w Mgy o 9N
(W) = 26w 77— W g - IV @ W —— |} (46)
This rather cumbersome expression will turn out to be of only minor impor-
tance in the end.

We now turn to the numerator of Eq. (44). Decomposing K into single
frequency blockskj and proceeding exactly as in Eqs. (25)-(33) we obtain
immediately (once again suppressing the argument “j)

1lds
9K N dw
le —d - =2 q'p (47)
Bwo 1+ EG
K
To compute KJ-—S% we recall that the source bearing 0 affects the
spatial covariance matrix P of the signal, but not its spectrum S. Hence
K
-1 3 -1 4 dP
K'1 ) = (SP+NQ " S 0 (48)
Using the matrix identity (31) one obtains after a few steps of algebra
A i w : -

o e g T e
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]
S E -1 dP
K g ﬁ[l - Q P]Q (49)
J 1+ 36
N
Now combining Eqs. (47) and (49):
aK oK
s TN, s SN
j w 4 a8
ds "
s -, -1 % -1..2. =1 dp
| S QP -~ S (@ "'P)71Q a0 (50)
N 1436 1+36
N N
However &
="
- - * -
@'»? = ¢’y vlv v* - co7le (51)
Hence
ds_
aK 9K dw
T SRV . S 2 Q" leg7t dP (52)
3w T§M 2 g 2
1+ KG)
Eq. (44) requires us to compute the trace of this quantity and sum
over the frequency index j:
as H
= ___1 B T o -1 gy
rr{x P P vl . (07 1pq (53)
g %o N (a+ EG)Z
: Now ‘
|
" |
tr@'pq D = mertwtet G vt 4 v &) |
i *
- ey vt G + ey v oy & (54)1
L e X |
G tf
It follows that
-1,.-1 dp, _ .-1gg+?g* . d R 2
@ P e Er e e el )

lvuing the invariance of the trace under rotation of terms in its argument .

ZUcing the fact that Q is independent of 6.
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Finally, substituting Eq. (55) into Eq. (53) and evaluating the j sum as

an integral, we obtain

& sing o B
w
-1 3K K-l 35) = N (w) o dG(w) a0 (56)

w a6 2 de
) Sngc S(w)
o [1# N (o) (w)]

Tr(K

Combining Eqs. (35 ), (45) and (56) one can now write down a formal expression
for the coupling factor p of Eq. (44). However, the information of primary
interest is furnished by Eq. (56) alone. Specifically}the integrand of (56)
contains the factor dG(w)/d6. If, for example, the noise is spatially
incoherent, so that G(w) = M, dG/dw = 0 and hence p = 0. In this important
case there is no coupling and hence, according to Eq. (43), no degradation
of the frequency estimate due to lack of prior information concerning the
beuring.l More generally, the coupling between frequency and bearing esti-
mation is weak as long as the array gain is only weakly dependent on bearing.
In practice this is apt to be the case for noise fields whiéh are more or
less isotropic or, to a lesser extent, for any noise field which does not

contain strongly directional components.z

3. Narvowband Gaussian signal. TW << 1.

Thwus far we have only considered observation times large compared with
the inverse bandwidth of our narrowband Gaussian siganl. From a practical
point of view this is undoubtedly the most interesting case. However, it

is certainly true that during the initial moments of any observation TW

1Sincc the expression for Dz(é) is analogous to Eq. (43) the converse is
also true: Lack of prior information concerning w5 does not degrade the
bearing estimate.

zuot. that array geometry also enters into G(w). For a linear array and
an isotropic noise field, for instance, dG/dw = 0 for a broadside target
but becomes large within one or two beamwidths of endfire. A spherically
symmetrical array in a similar noise field would yield dG/dw = O for all

bearings.
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is small. In certain situations (e.g. large signal to noise ratio) we

might perhaps be fortunate enough to obtain the desired frequency informa-
tion without ever reaching the large TW mode of operation. A brief treatment
of the problem therefore appears in order.

Before beginning this discussion we must be aware of some fundamental
limitations. A sample function of a narrowhznd Gaussian process looks
essentially like a sinusoid of slowly varying frequency and amplitude. For
times short compared with the inverse bandwidth its .frequency and amplitude
do not change significantly. All our estimator can do is to establish the
present frequency. It has no information about the range of frequencies
which will ultimately be traversed and can therefore not establish a
center frequency. To make a center frequency measurement one requires a
statistically significant sample of the random process, hence an observation
time satisfying TW >> 1. The short term measurement is meaningful only if
we are not concerned with the frequency fluctuations, i.e. if we do not
seek an accuracy greater than the bandwidth of the narrowband process.

This might be an acceptable condition if the bandwidth of the source is
extremely narrow.

Assuming that we do wish to make the short time frequency estimate, we
are faced with the problem of estimating the parameter Wy of a signal s(t)
given by

a(t) = A sin(wl t - ¢) (57)

This is precisely the problem posed in section (1) with one exception:
The amplitude A is an additional unknown parameter. One must therefore
deal with the 3 x 3 Fisher information matrix of the triple(wl. ¢, A).
Computations proceed exactly as in section (1) and one finds (for the

same signal level A and noise density Nl at each sensor and for Tml s> 1).

et S ¢ A
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w ¢ A
2 ' 2 |
M A 3 3 | M A 2 2
E—EI [(tl+T) -t ] | = [(tl+T) -t ] | 0
l L [
___________ R O NE pol Whr TNSNE IO, eyl B ST L [ o e
! !
2 | 2
-MA 2 2 A |
J = 2 N [(tl+T) -t ] I M N T ! 0
1 I B |
__________ +._..__...___...___..._’_-_-___
0 f 0 ! T
i | 1
— p—

The amplitude estimate is evidently uncoupled from the other two and ome

obtains
12

2
T3 M

Dz(ﬁ.l) .

P

This is identical with Eq. (17). It is interesting to observe that the short
time frequency measurement does, indeed, improve with T3 until the inherent
randomness of the process asserts itself (when TW -+ 1). It is also important
to keep in mind that Eq. (59) depends on A—Z. In the short term observation
of the narrowband process’A is a random variable. We may be lucky and
encounter a large value of A in the observation interval, enabling us to make
an accurate short time frequency estimate. On the other hand, we may be
unlucky and encounter a period of very low signal level so that little useful
information can be extracted and we are forced into the use of larger

observation 1ntervals.1

lThc parameter A has a Rayleigh distribution, hence values near zero are
not exceedingly unlikely.

(58)

(59)
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III1. Differential Doppler Estimation

When data are gathered at several widely separated subarrays, there
may be differential Doppler shifts between the various subarray outputs.
These provide information concerning source heading and velocity and are
therefore of considerable practical importance. As in the case of single
frequency estimation we distinguish between sinusoidal signals and narrow-
band Gaussian signals with TW >> 1. Since narrowband Gaussian signals with
TW << 1 are effectively sinusoids, we ignore that category.

In much of the development concerning frequency measurement without
differential Doppler shift we allowed the array to consist of an arbitrary
number of elements in arbitrary geometrical configuration. In each in-
stance we found that the array contributed to frequency measurement only
through enhancement of the effective signal to noise ratio. The output of
the optimal beamformer contained all available information concerning the
frequency 6t center frequency. Beamforming prior to frequency measurement
is therefore not only a practical convenience, but it is actually the best
possible procedure. We have pointed out before that the beamformer output
may be treated as the output of a single "equivalent" sensor with improved
nignﬁl to noise ratio. From here on we shall consider each subarray as such
an equivalent sensor and shall use the terms "subarray” and "sensor"”

interchangeably.

l. Sinusoidal signal

Differential Doppler estimation from sinusoidal signals is basically

the same problem as sipgle frequency estimation. Suppose that we have two

1Tho "optimal" beamformer is that which maximizes the output signal to
noise ratio.
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subarrays with beamformer outputs xl(t) and xz(t) given by the equations
xl(t) = A sin [wo(t—rl) - ¢l] + nl(t) (60)

xz(t) = A sin[(w°+Aw)(t—12) - ¢2] + n2(t) (61)

The unknown parameters are now the frequency Wy the differential
Doppler shift Aw, and the two phase angles ¢l and ¢2.

A few words of explanation may be in order concerning the need to
introduce a second unknown phase angle. Suppose we had chosen ¢1 = ¢2 = ¢

as in part II. Except for small differential delays 1, - T, [which are

1
discarded in steps such as the transition from (12) to (13)] we now know
that the signal components of xl(t) and xz(t) have zero crossings which
are aligned at t = 0. By observing their relative displacement at tl’
the actual starting point of the observation interval, we could draw strong
inferences concerning Aw. Indeed, formal computation of the estimation
error yields

6

0% (8a) - (62)
o.=0,=¢  (t.4T)° - ¢ 3
1Tz 1 1

The formally correct but practically spurious ty dependence is precisely
the same as that which motivated the introduction of the unknown phase angle
¢ in section II-1.

Once this pitfall is properly avoided by the use of separate ¢l and @2
the computation of the Fisher information matrix for (wo, Aw, ¢1, ¢2) can

procede exactly as in Section II-l. The result is

. 'W?Aﬂxn‘di‘mk"!"‘-- e o e A
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2 I 1 | 1 l 1
=C - o
(gt , g P
- ———- F-~--- b —---
1 I 1 | [ 1
et B GSE et
J = -——-A.r---———-'L-——-——.—— ————— (63)
2 ¥ n T : 0
2 , I |
Shak’ e, N e o g L e P
RS ey =l
o R B | 0 [ T
| | |
b e
where
a2 3 3 N 2 2
- i = - — - &
C Nl[(tlﬂ') t) 1, D Nl[(r.1+T) t ] (64)
After a tedious but straightforward matrix inversion one finds
D (ke = 23 (65)
£
1
and
PP () = —i2 (66)
o 2
& .3
'l-q—'l‘
1

Comparing Eq. (66) with Eq. (17) [M = 2] we note that the form is the same,
but that 3db of performance have been lost through introduction of the
second unknown phase angle. The error in the Aw estimate is twice as

large because there is only one differential frequency whereas two opportun-
ities exist to measure Wy . We also note in passing that Eq. (62) becomes

identical with Eq. (65) if one chooses t. = T/2, the worst value according to

1
Eq. (62).l We note further that computation of differential Doppler shift from

separate, independent frequency measurements at the two subarrays leads to pre-

cisely the same mean square error as that given by Eq. (66). Coherent proceloin;

of the subarray output provides no advantage.

lA similar observation could be made about all computations in section II-1

in which the time origin is an apparent factor.
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Fr'v 2. Narrowband Gaussian signal. TW >> 1. Two Subarrays.

A. The Data Covariance Matrix and Its Inverse.

We are now dealing with a
source radiating a narrowband
stationary Gaussian process with

scuvce

spectrum S(w), symmetrical about
a center frequency Wy Two
receiving subarrays [Fig. 2]
subtend a sufficient angle B at
the source so that the Doppler
shifts of the received signal

subarvay | sub:
] i s 2 components are not identical.

. We are concerned only with ob-
X, (t) Xat) ?
servation times satisfying
Fig. 2 TW >> 1 because only in that
case are we dealing with a

¥ problem significantly different

from that discussed in the previous section.

S

¢ Our data vector, as in section II-2, is Gaussian. The basic expression
for estimation error therefore remains Eq. (25). At this point, however,
the strict parallel with the zero differential Doppler problem ends. In

section II-2 we were able to block-diagonalize the data covariance matrix K

%
W
-
%
g
| =
ix
i
?

by working with Fourier coefficients. We shall still find it useful to

work with Fourier coefficients, but we no longer achieve the immediate
block-diagonalization because differential Doppler shift can cause correlation
between Fourier coefficients at different frequencies. Our first task is

therefore computation of the general data covariance matrix K.
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The data vector consists of the Fourier coefficients
T

-i- - t
X, (@) = [ x, (t)e Jut g, {=1,2 67)

N3

The elements of the covariance matrix are

T T
2 2
E{xi(“n)x;(“z)} = [ dt I do Rij(r,o)e-J(wnt ~wy0) (68)
¥ -
2 2
where
Rij(t.c) = E{xi(t)xj(o)} i=1,2 (69)

is the temporal correlation of the received time functions. E{ } stands
for the expectation of the bracketed quantity.

When i=j, Eq. (69) is the autocorrelation function of xi(t) and its
computation from the signal and noise spectra is a simple matter. We
therefore concentrate on the case i=1l, j=2,

The signal components of xl(t) and xz(t) are stationary Gaussian

processes and can therefore be represented by series of the form [5]

N+

|l(t) - qfl € cos[(wq + wpt - Oql (70)
N

lz(t) = 2-1 cq con[(wq + “p + Aw)(t - 10) - Oq] (71)

The ¢, are statistically independent random variables, each uniformly

distributed over (0, 2n). <a specifies the amplitude of the qth sinusoid
in terms of the known signal spectrum S(w)
2
Sq 2n
= S(w) €u, 6w =— (72)
2 q To

EET— —T
I T TR 2T
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F' To is a very large but otherwise arbitrary interval for which (70)
and (71) are defined. For our purposes we require only To >> T. The

frequency components wq are given in terms of dw by the equation

2 = 27g
wq qbw To (73)

@y is the Doppler shift at subarray 1, Aw the differential Doppler shift
between the two subarrays and T the differential delay of the signal.
The representations (70) and (71) imply a subtle but physically im-
portant assumption: Each component of xl(t) [and similarly xz(t)] is
Doppler shifted by the same amount. Actually the higher frequency com-
ponents are shifted more, thus resulting in a slight distortion of the
' spectrum which is being ignored. The magnitude of this effect is bounded
above by the Doppler shift of the maximum modulation frequency (signal
bandwidth). In practice, our differential Doppler measurement will
depend on the coherence of sl(t) and a down-shifted version of xz(t).
That coherence will be affected seriously when the observation time T
exceeds a period of the differential Doppler shift of the highest modulation

5 frequency. Thus if o is the signal bandwidth in rad/sec, Av the difference

of the source radial velocities measured at the two subarrays, and c the

e A

velocity of sound, our computation is valid for

o

T A% o <<1 (74)

For values of T above this bound the notion of differential Doppler shift is

’
B8
b
¥

no longer meaningful. One would have to estimate Av directly, implying the
use of true time compression rather than mere frequency shift.
Before proceeding with the computation we should clarify one additional

point. In sectlion III-]1 we were forced to introduce the random phase

angle 02 in order to eliminate the spurious dependence of Eq. (62) on the

3 s A -
e "A-"ik.n*d' A _
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l'- time origin. It is tempting, but 1nappropriate'to introduce a similar
random phase angle into Eq. (71). To do so would mean shifting each
frequency component of (71) by the same angle. Such a procedure changes
the waveshape and therefore affects the correlation between (70) and (71).
The effect becomes serious as soon as TW > 1, precisely the region in which
we wish to carry out our analysis. This leaves us with the problem of time
origin dependence. We shall resolve it initially by choosing the time
origin at the center of the observation interval (tl = %), the choice
which yielded the correct result in the case of sinusoidal signals. Later
we shall take the more fundamental approach of allowing T, to be unknown,
thus eliminating the special significance of the time origin. We shall
find that introduction of this additional unknown parameter does not change
the estimation error of Aw, thus confirming the validity of the earlier
result.

In much of the subsequent development computational details become

quite cumbersome. They are therefore relegated to a series of appendices

of which the first, Appendix A, deals with the derivation of Rij(t,c) from

e Eqs. (69), (70) and (71). According to Eq. (A-3)

" 00

% Rlz(t,o) - J dwS (w) cos[(w+wD)(t~a) - Awo + (w+wD+Aw)t°] (75)
5 \ 0

? We note that our spectrum S(w) is so defined that

§A J S(w)dw = Average signal power (76)
i 0

Only the signal contributes to Rl2 because the noises at the two subarrays
are assumed to be uncorrelated.

Perhaps the most striking feature of Eq. (75) is the fact that it depends
on both 0 and t, not only on their difference. The source signal. and the

signals received at each subarray are stationary random processes, but they

e : § %
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P’* are not stationarily correlated because of the differential Doppler shift.
This is at the core of the difference between center frequency estimation
and differential Doppler estimation. We shall find that the periodic
nature of the non-stationarity can be exploited to obtain an essentially
coherent estimate of Aw.

The next step is the computation of the data covariance matrix K from
Eq. (68). Details are contained in Appendix B. Assuming only TW >> 1

the general result is [from Eqs. (B-19) (B-20) and (B-21)]:

*
E{Xl(wn)xz(wl)}
sin(w,-w —Aw)I- w,tw_-Aw 3 :g(w +w +Aw)
T £ n TZ s( L ; ’”D) o 2 n £ a7
(ug-w“-Aw) 0]
& ﬂT[S(mn—wD) + Nl(wn)] n=42
E{X,(w )X, (w,)} = (78)
A ey - il Sl '{ 0 a ik L
A *( ! nT[S(wn-wD-Aw) + Nz(mn) n=2% £
E{X,(w )X, (w - 79
&, AR 0 ny¥ 2

T~
The matrix K specified by Eqs. (77)-(79) is cumbersome because the

-; cross-correlation for Fourier coefficients associated with different sub-

'y

arrays [Eq. (77)] is, in general, different from zero for all combinations

of n and 2. Considerable simplification results if values of Aw are

confined to the discrete set
27k

§
:
X
4
;%;
¥

bo = =5, k an integer (80)
Since, by definition
2
w, = -%5, w, = 3%5 n, & integers (81)

one obtains

— O
e g e L
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r‘ sin(w, -w -Aw)1 1 L = n+k
L n 2 sin(t- n-kK)n )
(0, =w_=A )1 % (L-n=k)n s }\0 L # n+k -
wp=w ~bw)3 n

Hence Eq. (77) becomes

It (w +Aw) L = n+k
~ T S(wn-uD) g T =
E{xl(un)xz(wg)} -{f (83)
0 L ¢ n+k

The assumption that Aw takes on only a discrete set of values 2mk/T
should be of small practical importance. Since TW >> 1, the allowed
differential Doppler shifts are separated by much less than the signal
bandwidth. It seems unlikely that estimator performance for this rather
dense set of Aw values should not be generally representative.

For later manipulations we shall find it convenient to arrange the

data vector as follows
T 1

Then the form of the covariance matrix K is

s
-LL N-hl N Wl Nive) N
‘ 1
2 ‘
[ &
: (85)
N-K-1\
| K = ~
- N¢el ¥
\ | N tht) :
| | |
' )
[
|
! ,'C) :
[ [
o ' I I J &N
1'rhc complex Fourier rcprclcntatiog requires both positive and negative
frequencies. However, xi(-...n) - xi(un). Thus the negative frequency
coefficients do not contribute new information and can therefore be
omitted.
y ymoe ; ——— e L
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The solid diagonal lines indicate the only non-zero entries in the matrix.
Coupling between the two subarray outputs exists only at frequencies separated
by the differential Doppler shift.

Because of the sparse form of Eq. (85) the calculation of K-l is not
difficult. Computational details are given in Appendix C and the result

is [for spectrally flat noise of power level No at each subarray]

P bl e Rt
L]
— — — — — —
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where
S(w -w.) + N
Bn = n D (¢} : (87)
2 NO S(wn-wD) + No
S(w_ - w.)
D_ = 2D 5 (88)
2 No S(wn-uD) + No
and
™ (wn + Aw) . (89)

B. Estimation of Differential Doppler Shift

The next step in the evaluation of Eq. (25) requires calculation
of the derivative (dK/da). For the moment we shall assume that Aw is the
only unknown parameter. We must therefore calculate the elements of
[dK/d(Aw)].

While we are ultimately concerned only with the discrete set of
differential Doppler shifts Aw = 21k/T, we cannot start with Eq. (83)
because it does not describe the Aw dependence near the point of interest, »
which is required for the computation of the derivative. We must therefore
return to Eqs. (77)-(79), differentiate with respect to Aw and then

- evaluate at Aw = 2rk/T. The operation is trivial for Eqs. (78) and (79).

.

The computation for Eq. (77) is shown in Appendix D.T
]

o I2mr g = ok
s - [j”"s(w ~up) = '(wn-wn)le
; Ty B @)X () = ; T - o
& _qy&=n=k I (n+a+k) L ¥n
d(Au)x{x (w )X (w )} =0 (91)
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il o R LR M i 8
d(aw) 2%’ T2y (92)
0 n¢ L
The various components of K have very different orders of magnitude.
Since X, T the LN dependent term in the first line of Eq. (90) is
several orders or magnitude smaller than the term in the second line. The
physical interpretation of (2n/T)S'(wn—wD) is the change in S over an interval

of (2n/T) rad/sec near © W For TW >> 1 and smoothly varying spectra

D"
this is a very small fraction of the value of S in the same neighborhood.
Both terms in the first line of Eq. (90) are therefore orders of magnitude
smaller than the term in the second line and can be ignored without incurring
significant error. The only non-zero term in Eq. (92) is of the same order

as the S' term in Eq. (90). It will therefore be ignored also.1 This

leaves the following simplified version of (dK/d(Aw)).

j/ L = n'fk
E(X; (w )X*(w )}= T
d(A d(bw) 2 2-n-k 3O (a4
) T - S Y TR % # ntk (93)
k 2-n-K T D
d(Aw) E{x (u )x (w )}= d(A ) E{X (wn)x (m )} =0 (94)

The form of the complete dK/d(Aw) matrix is shown in Eq. (95).

luotc that Eq. (92) characterizes our ability to estimate Aw from observa-
tions at the second subarray alone. This is what we are discarding
when we make the proposed approximation.
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y -
=

Nevl - |

R e

dK
— 95
d(aw) 2
2N
As in Eq. (85), the solid diagonal lines indicate the only non-zero
entries in the matrix. We note that the factor (2—n4k¥_1 in Eq. (93)
causes the magnitude of these non-zero entries to vary inversely with their
distance from the diagonal line of zeros.
2
We must now combine Eqs. (86) and (95) to obtain '1‘1:'{(!(-1 dsz)) }.
Computational details are shown in Appendix E. From Eq. (E-21)
-1 dK 2
Tr (0K Ty’
mr L 2
© N [S(w~ = -w.) +S(w+7 =-w)] +N
T3 e g 0 X <D T D 0 Sz(w-mD)dw
3 2 mr & Lis e 2
47 r$0 r 0 [2Nos(w ot L wD) + No ][ZNOS(w + T wD) + NO ]
(96)

Eq. (96) can be used for a cumbersome but rather precise computation
of the Aw estimation error. A much simpler form can be obtained by making
an additional approximation: Because of the factor 1/r2 only small

values of r contribute significantly to the sum. For small r, S(w) will

: e . % p 3
R e R SRR
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not vary greatly over an interval of 7r/T and one can approximate

S(w # %E - wD) = S(w-wD).l In that case
BY P2, [ Sew
Tr{(K E?K;)) } = e (Z =) J 3 dw (97)

2m r=1 r ZNOS(w—wD) + N

0 0

The mean square estimation error is simply the inverse of this quantity.
The r sum of Eq. (97) has the numerical value ﬂ2/6 [6]. Hence
1

T3 © S2 (w-wp)
— v
127 JO ZNOS(w—wD) + NO

PPAS) =
dw (98)

C. Comparison of differential Doppler estimation with center

frequency estimation and frequency estimation for sinusoidal

signal.

Perhaps the most striking difference between differential Doppler
estimation [Eq. (98)] and center frequency estimation [Eq.(35)] is the T
dependence of the mean square error. DZ(AQ) varies as T-3 whereas Dz(ﬁo)
varies as T-l. In this respect the differential Doppler estimate behaves

like the frequency estimate of a sinusoidal signal [Eq.(19)]. This is not

1The approximation is better than one might think a€ first glance. If the
spectrum varies linearly over the significant range of twr/T, the numerator

of Eq. (96) 1is precisely [ZNOS(w»mD) + NOZ]. The denominator differs from

2.2 2 2
[2NgS (w=wp) + N 1" only by 4Ny“[S(w - T - wp)S(u + 1% - wp) = $“(w-wp)].

For large S/N the fractional error is therefore pioportional to the square
of the change in the spectral level divided by $2(w-wp). For small S/N the
approximation is even better.
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unreasonable: Even though the signal is a Gaussian random process, the
waveshapes received at the two subarrays are deterministically related

and the differential Doppler estimate can therefore proceed on a coherent
basis.1 No such possibility exists for the center frequency estimate which
is essentially a measurement of power distribution over frequency.

To explore further the apparent similarity between differential
Doppler estimation and frequency estimation for a sinusoid we consider
separately the cases of high and low signal to noise ratio in the signal
band. From a practical point of view the high S/N case is probably the most
interesting one. In any event, it is most directly comparable with the
sinusoidal frequency estimation problem since the in-band signal to noise
ratio is almost certainly high in the latter.2

a. High signal to noise ratio in the signal band.

When S(w) >> No in the signal band, Eq. (98) can be approximated

to a good degree of accuracy by the equation

Lo me o 1 - 24T
D" (Aw) = 3 ) 3P (99)
e Wi TR
247N N
0 0 0

P8 is the total signal power. We note that the error depends only
on the total signal power, not on detailed spectral properties of the

signal.

lA word of caution is in order here. As pointed out earlier, we have
assumed that each frequency component received at a subarray is Doppler
shifted by the same amount. In reality the higher frequency components

are shifted by slightly larger amounts. This causes waveshape distortion
and if this distortion is not the same at both subarrays, there will be de-
correlation. Time compression of ome subarray output should compensate

for this effect, but the analysis presented here does not deal with that
problen.

zln the sinusoidal case the effective bandwidth is 2n/T.

e
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Eq. (99) is not yet directly comparable with Eq. (17). The noise
spectral density Nl in Eq. (17) was defined as the power per Herz,

whereas NO in Eq. (99) is the power per radian/sec. Thus

N, = 27N, (100)
The sinusoidal signal power in Eq. (17) is
2
A
3 R (101)
With this nomenclature Eq. (17) becomes
2, - 127
D (w,) = ———
0 ‘I'3M' 33_ (102)
No
Since the two sensors (subarrays) employed in differential Doppler
estimation afford only one opportunity for differential frequency measure-
ment, one should probably choose M = 1 in Eq. (102) in order to obtain a
fair comparison. With that understanding
D (A)

DZ(QO)

Thus the differential Doppler measurement for a narrowband Gaussian
signal differs in mean square error from the frequency measurement for a
sinusoid by a fixed factor of 2, independent of signal and noise properties.

Another and perhaps more meaningful comparison can be made between
differential Doppler measurements using sinusoids and narrowband Gaussian

signals respectively. From Eqs. (65) and (99) [using Eqs. (100) and (101)]

2 ~
D™ (Aw)
'narrowband -l (104)

2 ~
" (A“)lsinu-otd

e s L PSR R
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The narrowband differential Doppler estimator is therefore equal in per-

formance to an estimator supplied with sinusoidal signals.
b. Low signal to noise ratio in the signal band.

When the signal to noise ratio does not exceed unity even in the

signal band, Eq. (98) can be approximated by

() = - (105)
3
= [ Sz(w—wD)dw
1278 2
0 0
In contrast with the high signal to noise ratio situation the estima-
tion error now depends to some extent on the shape of the signal spectrum.
As an example we use the spectral shape of Eq. (37), here repeated for
reference 2
(w=0,)
86,) = 5, lexp = ——p=—} (106)
0 2
20
A simple computation now yields
p? (40) . __1_2[’12_. ' (107)
low S/N 3 5 So
2
No
To convert the high S/N result to a comparable form we note that
© (w-w°)2 i
B [ So exp{~ ————3——}dw = V21 0 § (108)
20
0
Then Eq. (99) becomes
0? (aw) - __ZQ:’_T_S (109)
high S/N /2 T3 g 0
Yo

A 3w T
e 4"10;'.?.;,3\;& LTRSS il &
e S S A AL T e
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The only significant difference between Eqs. (107) and (109) is the
signal to noise ratio dependence. The differential Doppler estimator
operates coherently in either regime [T_3 dependence], but its performance
figure varies as the square of the signal to noise ratio for low SO/NO,
as its first power for large SO/NO.

Finally we wish to make a quantitative comparison between the differ-
ential Doppler estimator and an estimator which obtains the differential
Doppler shift from separate center frequency estimates at the two subarrays.
Since the center frequency estimate depends on the signal spectrum we continue
to work with the example of Eq. (106).

a. High signal to noise ratio in the signal band.

From Eq. (42) we obtain for the mean square error of the center

frequency estimate at each subarray (M = 1)

2, 37 o] 1
D (wo) - 25 1 So 372 (110)
(log §)
0

When estimates at the two subarrays are subtracted to obtain differential

E Doppler shift, this mean square error is doubled. The direct differential
i .
g Doppler estimate yields the mean square error given by Eq. (109). Hence
: 2
$ D” (a)
Z subtraction of wg estimates SO/N0 2
f e = 0.222 (To)
N D™ (Aw) 3/2
E
E direct estimate (log So/Ny) aiiyd
. SO/N0 >> 1
1log ( ) means the logarithm to base e.
b
"*‘Fﬁﬁ-—---—-———'-‘;"T_“”‘”“‘

o R s

R et g




Fk The most important feature of Eq. (111) is the factor (To)z. o is

the signal bandwidth (in rad/sec). We therefore conclude that the direct
estimate of Aw is better than an estimate derived from separate center
frequency measurements by a factor proportional to the square of the TW
product. A second, though lesser, advantage of the direct measurement is its
more rapid improvement with signal to noise ratio. Since the logarithmic
dependence in Eq. (109) comes from the particular spectral form of Eq. (106),
the signal to noise dependence could vary substantially and might well be less

favorable to the direct measurement than suggested by Eq. (111).
b. Low signal to noise ratio in the signal band.

When SO/N0 << 1 the mean square error of the center frequency estimate

9 is given by Eq. (39). For M =1
b2, = Y18 (112)
0 S0 2
2T({D)
0
The mean square error of the direct differeprtial Doppler estimate is given
by Eq. (107). Hence
0% (8&)
subtraction of W estimates 1 2 1
, gy = 33(T0)° ,  Sy/Nj << 1 (113)
v D" (Aw)

direct measurement

Once again the advantage of the direct measurement procedure is proportional
X to the square of the TW product. For SO/N0 << 1 the improvement is inde-

pendent of the signal to noise ratio.

1Not¢ that TW > 1 implies To > 2w, so that the right side of Eq. (113) is
substantially in excess of unity even for very moderate values of TW.
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D. Simultaneous estimation of differential Doppler shift and other parameters.

Thus far we have only considered differential Doppler estimation as an
isolated problem, all other parameters being assumed known. In practice,
this is almost certainly unrealistic. Parameters such as source bearing and
range, signal center frequency and bandwidth are probably not known a priori
and this lack of knowledge might degrade the differential Doppler estimate.

The amount of any degradation depends on the coupling between the differential
Doppler estimate and estimates of the other potentially unknown parameters.
We now study this coupling on a pairwise basis.

The basic relations are Eqs. (43) and (44), rewritten here for the

estimation of Aw.

DZ(AG)
D% (ad) = la_known (114)
1-p
where i
<1 9K =1 3%,
[TE(R -~ = K “—==—=i]
. s da za(Am) . (115)
-1 K -13K
. Tr[(K a(Aw)) ITe[(K 750 ]

a is the second unknown parameter whose coupling with Aw is under investi-
gation. For our purposes it will be bearing, range, center frequency or signal
bandwidth. Poftunatcly it turns out that we need not make a separate argument
for each of these quantities.

The key to a simpler argument is the manner in which the second para-
meter o enters the data covariance matrix K whose elements are given by
Eqs. (77)-(79). Bearing and range affect only the delay To* Signal center
frequency and bandwidth appear only in the spectral function S( ). Differen-

tiation with respect to these parameters is a simple procedure which does not
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affect the multiplying factor

T
sin(wz-wn—Aw)2

T
(wl-wn-Aw)z

in Eq. (77). When the derivative is evaluated at Aw = 27k/T, k an integer,
this factor causes the differentiated Eq. (77) to vanish unless & = n+k

Thus 3K/3a retains the form of Eq. (85) for each of the parameters a under

discussion. It is now a simple matter to demonstrate [see Appendix F for
-1 dK
details] that K e also has the same form.

-1 3K
Ja

Once again the solid diagonal lines indicate the only non-zero entries in

the matrix.

1

The other factor in the numerator of Eq. (115) is K~ 3%§;y which was

(116)

previously computed in Eq. (E-9). In that equation B is a diagonal matrix and

A has zeros along its principal diagonal [see Eq. (E-8)]. Hence




" ol - —
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-1 oK

‘a—(-A-uT)' has the form

-1 K

2(Aw) (117)

~

Comparing Eqs. (116) and (117) we note that (117) has zeros in all slots
where (116) shows non~zero entries. From this and the symmetry of the two

matrices it follows immediately that

-1 3K -1

9K
Tr(K 2a K m-) = 0 (118)

Thus o = 0 and from Eq. (114)

% (ad) = D?(ad) (119)
a known

Differential Doppler estimation is therefore completely decoupled from the
estimation of the other parameters under discussion. It is also apparent that

this conclusion is not confined to the four specific secondary parameters
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enumerated above. The same argument would apply to any parameter affecting
only element to element delay or spectral shape of the signal. Differential
Doppler shift is apparently very much in a class by itself and its lack of

coupling to most other parameters makes it a particularly attractive feature

to exploit in gathering information about source motion.

3. Narrowband Gaussian signal. TW >> 1. Three subarrays.

We now consider a receiving
sowuv(e
array composed of 3 subarrays which
subtend sufficiently large angles
B and y at the source so that there
can be measurable differential
Doppler shifts. We deal only with
the case of narrowband Gaussian

sub-
aviay 3 signals and large TW products.

Su\\‘
e L
xl(t) x3(t)
xz(t)

In complete analogy with Eqs. (70) and (71) the signal components of the

waveshapes received at the three subarrays are now

N+

ll(t) - 51 Cq cos[uq+wD]t - oq] (120)
q

1 N-w
sz(t) - qfl Cq cos[(wq+mD+A1)(c-tl) -oq] (121)

N+
'3(t) - qfl Cq co-[(wq+wD+A2)(t-rz) -oql (122)

Rk o Mg W W W 0
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Al is the differential Doppler shift between subarrays 1 and 2 and T is the
time delay for the same pair. A2 is the differential Doppler shift between
subarrays 1 and 3 and T, is the corresponding time delay. All other symbols
retain the definitions established in connection with Eqs. (70) and (71).
Eqs. (120)-(122) also retain the earlier assumption that differential Doppler
shifts on the modulation frequency are negligible.

We continue to represent the received data by Fourier coefficients. The

data covariance matrix K now has dimension 3N x 3N and its elements are, in

complete analogy with Eqs. (77)-(79):
T

E{X) (6 )X;(w))} = ﬂst:;fi:z:;i) 2 S(w“+wr21'Al i wD)ej‘;‘(“’n‘““’z*Al) (123)
2
EAX) (u)X;(w,)} = "Tiz“(“’w w: jfr)g 5 (L +w2 o 28 (.)D)ej Z(w ety (124)
g M
E(X) (0 )X3(w))} = nrst:(ww wA ¥ 1)1)2 s (L ™ :2+A1 ~uy-b e Tz;f G " e B ]
(125)
E(X) (u )X) (u,)} -{?Z[S(P“—w”) C o : : z (126) ‘
ko )xz(w G -{ﬂZ[S(“’n_wD-A].) + N )] : : i i
B{Xy*(w )X3 (w)) { z[s(w“w"-Az) il i : : z (128)

As in the two subarray case, drastic simplification can be achieved by

confining the actual values of differential Doppler shift to integral multiples

of 2n/T. Thus we will only allow the actual values

‘. B it i : > inpom wowe giag y i ¥
o s SRl

e -
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“ 21k
A, =52 k an integer (129)
1 T
and
A2 - Z%E h an integer (130)

Then Eqs. (123)-(125) become

jt,(w +4.) e
& T S(wn-wD)e 17n 1 2 = otk
E{xl(“’n)xz(“’.v.)} -{ (131)
0 2 # ntk
31, +4,)
1T S(w_-w . )e g 2 = n+h
E{Xl(wn))(;(wz)} - n D (132)
0 2 # n+h
J(t,=1,) (w +4,-A.)
x 0BG aae O WS e
E{X,(w )X (w,)} = "
P | R 1 (133)
0 2 # n+h-k
Hence the data covariance matrix K has the form
§
E N-W
| H
E : K - EER L L XX ] —0.-.—‘.. (13“)

N-h ¢«

e . - —————
" d —p——y LN U, N g "
e WA N - Wmane e MR S .t Lt e -
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In complete analogy with the argument leading to Egqs. (93) and (94) we

obtain [again omitting terms of order T in comparison with those of order

2]
0 L = ntk
9 %
P * =
35, BlX()X3(w) ) t-nk jmkn (#2k) (135)
1 i $ 0 ST L PN P
2 f-n-k T D L # ntk
0 £ = n+h-k
3
T E{X,(w )X%(w )} = t
0 VLR R 2 plnhtk Jom (at-htk)
2 Tieacik S hp(tn-tric)-uy-s, Je (136)
L # nvh-k
Since Xl and x3 do not contain the parameter Al
3
A * =
3A1 E{Xl(wn)xa(wz)} 0 (137)

Comparison of Eqs. (135)-(137) with Eqs. (131)-(133) reveals that the former
are zero for all combinations of n and % for which the latter are different
from zero. The matrix aKIBAl therefore has zero entries in all positions where
Eq. (134) shows non-zero entries.l

Consider next the derivatives with respect to the delay parameters.

3K/a'rl and 3K/312 clearly have the same form as Eq. (134). An argument

1 3K

311

analogous to Appendix F shows that K~ » 1= 1,2, also assumes this form.2

1The diagonal blocks of aK/aA1 are zero to the order of our approximation
[see Eq. (94)]).

This is almost obvious by inspection. Since K can be converted into a block
diagonal form of 3x3 matrices (Appendix G), K-l and ax/ari are similarly block

diggonal and their product therefore has the same characteristic.

L"‘_"T"""‘ >
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It tollows immediately that

'1':(:('l . ST B ) (138)
ati 8Al

exactly as in the case of two subarrays. The lack of coupling between
differential Doppler estimates and estimates of most other potentially unknown
parameters (bearing, range, signal bandwidth, etc.) evidently carries over
unchanged from the 2 subarray problem. In discussing differential Doppler
estimation we can therefore assume, without loss of generality, that the

relative delays 1. and 12 are known. If they are known, we can certainly

1
introduce delay elements at the outputs of two of the subarrays which align
the three signal components. Since these relative delays are reversible,

their introduction cannot alter the performance of the optimal differential
Doppler estimator. In evaluating differential Doppler estimation we can

therefore, without loss of generality, set Tl = 12
fing Eqs. (131), (132), (135), and (136). Calculation of the mean square

= 0, thus greatly simply-

estimation error can now proceed in straightforward manner much as in the 2
subarray problems. Computational details are shown in Appendix H. With all
other parameters (including AZ) known and with the same approximations as in

the case of two subarrays

p*@a)) - —0—1 (139)
A2 known T3 ST (w-w,)
D
?’-’?I R T B
0 DU 0
Eq. (139) 1is somewhat misleading because the A1 and A2 estimates are not
uncoupled and the assumption that A2 is known whereas A1 is not appears quite
artificial. We must therefore study the degradation of the A1 estimate due

to lack of prior knowledge concerning AZ'

AR ¥y kv e A 2 - g
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,' According to Eqs. (114) and (115) we require the coupling coefficient

i pe L 2K ot 3K 42

| aAl dA2

. 5 = (140)
9K, 2 BK 2

Tkt aA)]T[(K 3, |

The first factor in the denominator is given by Eq. (G-20). Since the problem

of estimating A, with A1 known is precisely the same as that of estimating A

2 1

with Az known, the second factor in the denominator of Eq. (140) is also given

by (G-20), a fact readily confirmed by direct computation. There remains only

the calculation of the numerator of Eq. (140). The only new feature in it is
the factor aK/BAZ. The elements of this matrix can be inferred immediately
from Eqs. (135)-(137), with Tty = 0

3
EK; E{Xl(wn)xg(wz)} =0 (141)

0 . = n+h
L~ n-h -
. —5 Al ) el S[E(e+n-h)-up] & # o+h (142)

£=-n~h

9
SK;E{Xl(wn)Xg(wz)}-

0 & = p+h-k

3
G o i S [E(a=h+i) ~up

R e 2 # nth-k (143)

-4,]

The calculation can now proceed as in Appendix G. Details are given in
Appendix H. According to Eq. (H-9) the coupling coefficient p has a numerical
value of (1/4) completely independent of the spectral properties of the
signal. The mean square estimation error for A, with A, unknown (or A

i § 2
with 4, unknown) is now easily written down from Eqs. (139) and (H-9):

2

i e . o
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p? (s - — 2413 (144)
4, unknown 3 ST (w=-w.)

D
oy dw

6m 2
0 3N0 S(m—%) + NO

It is interesting to compare Eq. (144) with Eq. (98), the latter describing
the mean square estimation error of the differential Doppler shift between the
signals received at one pair of subarrays. When the signal to noise ratio
in the signal band is large, so that the N02 term in the integrand can be
ignored, Eqs. (144) and (98) are identical. Evidently it makes no difference
whether one uses the subarrays pairwise to obtain separate estimates of A1

and A, or whether one works with all three subarray outputs simultaneously.

2
When the signal to noise ratio is low even in the signal band the two esti-
mation errors have the ratio
DZgA&)
7 - = 1.5 (145)
p? @)
A? unknown
A modest gain can therefore be made in principle by processing the three
subarray outputs simultaneously. It appears questionable, however, whether

this rezlatively small gain would justify the increased complexity of

instrumentation.

B
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Appendix A. Derivation of Rij(t,o).

From Eqs. (69), (70) and (71)

N N
D

Rlz(t,o) 0 S R FF E{cos[(wq+wD)t-¢q]cos[(wr+m +Aw)(o-ro)-¢r]}

q=1 r=1

N
U, - L ——jL-(?{cos[(w +w )t+(w +w +Aw)a—(w +w +Aw)T -¢ ¢ 1}

q=1 r=1

+Aw) o+(wr+wD+Aw) T 0-¢q+¢r]}> (A-1)

+ E{éos[(uq+wD)t-(wr+wD

Since the ¢'s are all statistically independent and uniformly distributed
over (0,27), the only non-zero contribution is made by the second term in (A-1)
which is non-zero for q=r. For that combination the ¢'s vanish and the

averaging operation becomes trivial. Hence,

N ¢ 2
Rlz(t,o) "y _g_ cos[(w +w )(t—o)-Awa+(w +w +Aw)10] (A-2)
q=1

Using Eq. (72) and recognizing that the time interval TO can be made
arbitrarily large (so that Aw + 0) one can convert the sum into an integral

Rlz(t,c) = [ dw S(w)coa[(w+w ) (t=0) ~Awo+ (wtw +Aw)10] (A-3)
0

In completely analogous fashion
Rll(t.o) - J dw[S(w)+N1(w)]cos[(w+uD)(t—o)] (A-4)
0

B (c g) = f dw[S(w)+N (w) Jeos [ (wtw
0
Note that the autocorrelation functions (A-4) and (A-5) incorporate the received

pHow) (t-0) ] (A-5)

noise spectra. 12 depends only on the signal because of the postulated inde-

pendence of the noise at the two subarrays.

*ﬁ**ﬂw> v A il R A s
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Appendix B. The elements of K.

Substituting Eq. (75) into Eq. (68) and using the exponential form of

the cosine function:

*
E{xl(m\“)x2 (w,_) i

2 T
o 2 : =
J(utw -w )t 2 =j (wtw +Aw=-w )o
%—jdws(w)ej (“’*“’D*A“’)‘of PR f doe SR
0 il 3
2 2
» I k¥
-j (uhw +Aw) T, 2 “jlutw tw )t ¢ 2 jluwtw tAwtw,)o
+§[ dws (w)e - °f dte Rt f doe o . (B-1)
: W %
2 2
The t and 0 integrations are easily performed
* =
E{xl(wn)xz(wl)}
2 (whw +bw) 1(+w—)I 10 (b Hhw-w, =
T k| D w TO sin(w D wn 2 sin D w ul'z
=— | dwS(w)e T T
2 0 (w+wn-wn)§' (w+wD+Aw-m£)E
& 5 ot )t Sloluiudu )E  ein(ute thutu )S
T D 0 D n'2 D  Adhr 4
T de(w)e T T (B_z)
0 (whnn+wn)i' (u*wD*Awﬁw£ 2

Our signal spectrum S(w) is concentrated in the neighborhood of w = Wy
The second integral in (B-2) is therefore essentially zero unless 0 is near
Wy Since we are only working with positive frequency Fourier coefficients

this cannot occur and we can concentrate our attention on the first integral.

e

SV
i d T e R PP A G - v »

- SR wia



52

Define
sin(w+mD—wn)%' sin(w+wﬁ+Aw-wl)%
(uerD-mn)E (w+mD+Aw-wE 2
Then Eq. (B-2) becomes
2 J(w HAw)T > p
(X W)X} =5-e O Of doe 05 (W), (W) (B-4)

-0

We have extended the lower limit of integration to -» because the spectral

function S(w) was defined as zero for w < O.

Next, using F( ) to designate the Fourier transform of the bracketed

quantity, we obtain from Parseval's theorem

@

2 j(w tiw)T jut
BE )Gyt =3e © 0 = f ay Fe™ O5()IF(p , ())* (B-5)
Now =
Jut, -Jw(v-ro)

F(e S(w)] = [ S(w)e dw = Rl(y-'ro) (B-6)
where o

R () = f S(w)e 39Y (B-7)
Also

SANG v 3 sin(ahe e )b

Flo,, (@) £ 0 (1) = F{ L2 —
(ur"wn-mn)‘z" (w"'wD'wa-wl)-z'
G sn (whoy-w )1;- ein(m-wD'PAw-wl)%
kg p—— BB gk D L2 (-8)
(whap=u )y (orhugtbu-u, )g

The symbol X denotes convolution.

Ay
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We know that

T
~ sin(wtw_-w )= Jy(w ~w_)
FI L ; 2) - :f-—" e 2™ rect(y; %) (B-9)
(whup-u )3

where rect(y; %) is the rectangle function defined by

T
1 vl =3
rect (Y. I) = (B-10)
Hi 0 il =4
2
It follows that
% e (wy=w_) 3 (y-p) (w tAw-w,)
¢ () = i dpe A rect (p; Ibe B % rect (y-p; !5 (B-11)
ni T2 2 2
The two rectangle functions are sketched below for y > O.
3 % 5
rect(g; 3) \ rect(y-5; )
\ a Py
| |
| I
| |
| 1
-I -
I Y g 1w 1
Hence, for y > 0, T
JY(WD+Aw'w£) 2 jp(wz-wn-Aw)
¢, (y) == e dpe (B-12)
ni TZ
- T
2 +y
After integration and a few steps of algebra
w,+w
2y Sinl =0 =80)7(1= H] Jylap+ 5 - 25D
n 2 T D 2 2
®  (y) = =— e y>0 (B-13)
ng T G oo b )T
o B Dund :
R ———

il e : )




e o

S

N e

54

Repeating the computation for Y < O one finds a change only in the sign of
Y in the argument of the sinusoid. Thus for all Y

Bin[(wz-wn~Aw)§(l - l%L)] er[wD+ %(Aw-wl-wn)]

2T
B (B-14)
£ n 2
Now return to Eq. (B-5)
2 j(w tdw)T %
B )W)l =me 0 O f dYR, (r-10) 0 (1) (B-15)

-0

Rl(y) is closely related to the signal autocorrelation. In fact, suppose
that the signal spectrum is symmetrical about the center frequency w = wy S°

that

S(w) = G(w-w G an even runction. (B-16)

o)’

R () = f G(w-wo)e-jwvdw

Then

dugy(” ~Jugy
0 [ olx) ¢ ax = a0 Ry (B-17)

where R(y) is the autocorrelation of the signal after a down-shift in frequency
by wo rad/sec. It follows that R1 as well as R vanish for arguments in

excess of the signal correlation time. For TW >> 1 this time is wmuch smaller
than T. Furthermore, the relative delay Ty must be much smaller than T if the
two subarrays are to process information coherently. Under these conditions

y << T throughout the effective range of integration of (B-15). Hence the

sinusoidal term in (B-14) becomes effectively y independent and one can write

R
¥ o " R - -
-I IM oy # i e A ———— = ™
b PRI e LT A R e b




*
E{xl(un)xz(wl)} =

T 1
sin(w,-w -Aw)=  j(w +dw)Tt, = =jY[w,. + =(bw-w,-w )]
L n 2 i D 0 f dYRl(Y-To)e D 2 £ n (B-18)

-00

(SR ]

T
(wz-wn—Aw)E
The integral is simply a Fourier transform of Rl and the result is therefore
easily stated in terms of S(w). After a few steps of algebra

E(X) (u )Xy (w,)} =

; <

T 0
sin(wz-wn—Aw)E w2+wn-Aw j2 (wn+wl+Aw) (B-19)
nT S( - we
(w,-w -Aw)z' 2 ”
| S 2
' The remaining terms of the data covariance matrix are almost obvious by

inspection. When both Fourier coefficients come from the same subarray output
there are no differential delays or differential Doppler shifts. The signal
spectrum is shifted by wp, at the first subarray, by wp + Aw at the second.
Correlation now exists only when the two indices are the same. When they are
the same, however, there is correlation for the noise as well as the signal.

The correct form of the covariance elements is now evident from Eq. (B-19).

& T[S (w -wD)+N1(u )] n =2

E{X, (0 )X (w,)} = » v (B-20)
& 480108 '{ 0 e
mT{S(w ~w ~Aw)+N, (w )] n = 2

E{Xz(wn)x;(wl)}- { B 2"n (B-21)

0 nel
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Appendix C. Computation of Kfl.

Rearrange the data vector as follows

x = X (0)),%) () 10X W)Xy () se e Xy Gy 00X (o) [X oy ) eee) G|
Xy (W) oo o X, (w ) [ (c-1)

In this arrangement the first 2(N~k) terms pair all indices from subarrays
1 and 2 for which there is non-zero correlation according to Eq. (83). The
remaining terms are Fourier coefficients near the upper edge of the processed
frequency band of subarray 1 and the lower edge of the processed frequency band
of subarray 2. Terms in the latter two categories are uncorrelated with all
other elements of tlie data vector.

The data covariance matrix now assumed the block diagonal form

K KT

O (c-2)

LA B

0 ‘B0 |

e ‘-_L—--‘.-—ﬁ

o) 10 i C |

N

- . - - -
- - - - - - e - - -

S

i
5‘
5
&
g
¢
i

- ' c e
u ¢l R S G e

S S Ay o BRBL
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From Eqs. (78),(79) and (83) the 2 x 2 matrices An are given by

—

S(wn—mD)+Nl(mn)

-jt,(w_+Aw)
S(wn-wD)e Wt

>
[}
=5
-
i
|
|
|
|
|
|
|
|
|
|

S(wn-wD)e

— . ———— —— — — —

S(wn-wD)+N2(wn+Aw)

—_
Jro(wn+Aw)

—

To simplify the algebra we shall assume that Nl(w) - Nz(w) = No, a

(c-3)

constant. Thus we are postulating that the noise at each subarray is spectrally

flat over the processed freguency band and of the same power level at

each subarray. Since the signal has a very narrow bandwidth and any Doppler

shifts will be small compared with the center frequency of the signal this

assumption does not appear to impose any serious limitatioms.

The inversion of Ah is now trivial

f— ] ey
: j(wn+Am)to 9
S(wn-mD)+N0 -S(wn—wD)e
A o TR0 8 1 |
n "’TZNS(‘A)-(A))+N‘l ————————+———————— (C—‘)
0"*n D 0
-j(wn+Aw)To |
- - \W - [
S(wn mD)e : S(wn wD)+N0
s v al |
The matrices B and C are diagonal. The frequencies contained in B are
all within Aw of the upper end of the processed band, those in C within Lu of
the lower end. In practice one would certainly process a band wide enough so j
that no significant signal components are lost under any conceivable Deppler
|
— e —— - i
DL SRR Ry e 4__‘. - &
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shifts. Hence no signal power should lie with Aw of the band edge and we have

B =C = mIN,I (c-5)

where I is the k x k identity matrix. The inverse of Eq. (C~2) is therefore

‘l(N"‘) 2K

s

O

(c-6)

P
1
G
R

Finally, rearranging the data vector back to the form of Eq. (84) [and

hence K to the form of Eq. (85)] we obtain the result shown in Eq. (86).

= S e LT
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b
dK
Appendix D. Computation of a0y "
From Eq. (77)
d(Am) E{x (w )X (wl)} =
2 T
-(w -w Aw)a cos(w —w -Aw)7, +-sin(w —w Am)z W +w -Aw jE—(m +w ,+Aw)
n %
nT{ S( -w._ e
2 2 2 D
(wz -Aw) T
T )
sin(wz—wn—Aw)— 1 wl+w -Aw T +w -Aw J—-(wn+wg+Aw)
+ {-—2-5'( 2 w)+j—S(———— w)]e }

T
(ml-wn-Aw)2

Now write Aw = ng and note that with this choice (wz-wn-Am)g-- (2=-n-k)m,
It follows immediately that the first line of Eq. (D-1) vanishes when %£-n-k = 0
whereas the second line vanishes whenever &-n-k # 0. Thus Eq. (D-1) reduces

to the relatively simple expression

Jto(w +Aw)
% T %ZIJTO S(wn-wD)-S'(wn-wD)]e 0" L = otk
d(60) {X (w )X (wl)} = %
2 L=-n-k J—m (n+2+k)
S s )-uple 2 L putk

s

(D-1)

s

e

Ak

g g
-, ;"..?QE;' "4;-;

“__

] r———— rwdy b % - —
cap= ‘751 . % ‘—7 fﬁﬁ“;{l.“‘?{lrﬁ {, b 7‘,» Rl i, iidiod i W
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Appendix E. Computation of Tr{(K

The matrix K-l is given by Eq. (86).

-1 dK )2}

d(lw)

For greater ease in computation

we regard it as composed of the blocks shown in Eq. (E-1).

k

k

N-k

- .N.-.k. oo W ooV g
]
B g -D N-k
) ‘ |
| : !
o i o A el S R i o i
(] ' )
e 0 N oo 0 } K
K ® = | e meema S T e e T e S
nT ! |
0 v0 !N, 0 } X
........... B i et R
o
oeaa
-D* Ay B N~k
ol et SN ]
Here
r —
|
B 0
B = A
" N-K
[ ]
[ )
L)
0 .
[ ]
[}
Byx
5 v

1‘X’h¢ arrangement implies that kX 0. This is insured by a convention which
applies the label 2 to the subarray receiving the signal with the higher

center frequency.

(e-1)1

(E-2)

e M N
i By

S g
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G- —/
R
Dle 1
0
iy
- D,e
v 2 N-k (E-3)
? L}
o § L[] ij_k \
N-k j
5 -

and N = . k (E-4)

All of these matrices are diagonal, B and D of dimension (N-k)x(N-k), N
of dimension k x k. The blocks labelled O in Eq. (E-1) have only zero entries.

Next we represent the matrix ‘5€§%Y by a similar arrangement of blocks.

Using Eqs. (93)-(95)

g
; Nk Kk k Nk:
£ 0 S A N-k
5 . i
i ' {
---------—-+----f.-..'--——--—-—--
0 t 0 ' =» | G } K
et Dt ittt (E-5)
F* ! %, 0 ! 0 } k
-----..-...-.:----'.---+--------- l
bl
AR ! Gty 0 | 0 N-k
i i
s e
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The blocks labelled F, G, and H have the following properties:
1) In F and H the & index is between 1 and k

2) In G and H the n index is between N-k and N

We are dealing with a narrowband signal concentrated near Wy {See

figure.] The Doppler shift w_ and differential Doppler shift Aw = 27k/T are

D
certainly small compared with W+ Let wy = 2mR/T, so that R is the index of

Prraccee cee

0, =27R 2N w
b i

of the Fourier coefficient associated with the center frequency of the signal.
Hence the factor S[%{E&n-k)—mnl in Eq. (93) is different from zero only when
L2+4n-k is near 2R.

In F and H, according to (1), 2 is between 1 andk. It follows that n is
of the order 2R (compared to which k is negligible). Thus the factor 2-n-k
in the denominator of Eq. (93) has a value close to -2R. From the definition

of R we have

- 2 -:—- (3'6)

where To is the period of the center frequency. In all interesting situations

the ratio 'l’/'l‘0 should be extremely large and as a consequence all elements u
of F and H are essentially zero. ‘
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A very similar argument applies to G.
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Here, according to (2), n is near

that 2 must be near 2R-N if there is to be a non~zero contribution.

says that 2-n-k must be close to 2R-2N.

N characterizes the upper

of the processed frequency band and will certainly be very much larger

R. N can, in fact, be arbitrarily large so that the elements of G

are arbitrarily close to zero. |

Eq. (E-5) can now be simplified to the form

N-k\—\ k k N-k
P P i
|

0 Foe b g A N-k
' ' !
i | |

________ _+---+---+__--_-_
- 0 o By 0 } k
& T ) s sene i o e B e i ok 8 o e (E-7)
adw) 2 0 G 0 } k
......... B e

[} | ]
| | |

A% L T 0 N-k

iz [} | | ol )
The elements a . of A are given by Eq. (93) with 2~k = m. Thus
0 m=n
a - (E-8)l
nm X
0
men jr—(n+mt+Xk )
O (. i - " T
m-n S[T(m+n) wD]e m¥ n

: lThe factor T2/2 in Eq. (93) has been removed from the definition of A by its
; explicit appearance in Eq. (E-7).
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Straight forward matrix multiplication now yields from Eqs. (E-1) and (E-7)

-1 dK
d(Aw)

Therefore

-1 dK )2
d(Aw)

(K

2n

N-k k k N-k
F_/—- T iy ey i, Py
I ' I
~DA* i D : 0 BA
| |
|
| | |
________ _‘..._.t..-_L—--__--
0 R T 0 }
......... +_-- ---+--—----.
0 | 0 T 0 | 0 }
...... _--_+_-¢-_-$----_--
! ) !
| | |
BA* 0 S e —D*A
| [ ! _J/
N-k k k Nk
N'M'M i
]
DA*DA* | | [
| | [
3 i ! |
BABA* | | )
........ _.r--_-+--_-.,._----_--
B |
-..--.----...--_.—---.'—.---f--------.
: G S
- - -—_---r—-- +----:—__—.----
I
' : : BA*BA
! ! ] +
! ! ( D*AD*A
I : :
I |

N-k

Only the blocks along the principal diagonal have been filled in since we

are only interested in the trace of the matrix.

The required trace is now easily computed

2

dK
d(Aw)

re( (k" -2Xy?) o —L{Te(DA%DA%) + Tr(BABA®) + Tr(BA%BA) + Tr(DNAD®A)}
4

Using Eqs. (E-3), (E-8) and (89)

e, i
S R TG  E

ok, i o

(E-9)

(E-10)

(E-11)

oye
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k i N-k N-k  fo_  do_
* X)) = *
Tr (DA*DA¥*) )3 L Dne Dme a:m ar,

n=]1 m=1

‘0 o
3 ZwT—(nﬂlﬁ'Zk) 1 -3 21r-7r-(n+m+&)

2

DDe

z z
n mpn OO -(m-n)

s [Flm+n)-wJe

1 2.1
==~ 7 I ——— DD S [z(mn)-w.] (E-12)
5 e (m—n)2 n m T D

Similarly

1 2.
*x * o e ————— Py - o
Tr (D*AD*A) 5 5 DanS [T(m-m) wD] (E-13)

n m$n (m-n)2
Also from Eqs. (E-2) and (E-8)

k=1 k=1
1 2.7
Tr(BABA*) = Tr(BA*BA) = I ZBBa a* = [} I ———B B S" [~(ntm)-w_] (E-14)
Bl el n m nm nm & . (m_n)z nm T D

Hence

K .2 12 1

oo By g

Te{ (k! [B_B -D D ]SZ[%(n'Pm)—

(E-15)
. m#n(m-n)z nm nm

o)

From the definitionc of Bn and Dn [Eqs. (87) and (88)]

No[S(w ~w) + S(u -w)] + N02

e mag by

BB~DD =
nm om

a0

[2Ng8 (o =) + N1 (2N S (w up) + Np*) (E-16)

i

Make the change of index

m-ne=r (E-17)

(g : ————— . = -
LA IN‘ ‘ i - e e ——
» o st FEPPIRYEINE TN (ORI L S A ) : i .
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F'ﬁ Then Eq. (E-15) assumes the form
=1 dK .2
Tr{ (K d(Aw)) }
21r 2
T2 1 NO[S(wn-wD) + S(wn+ T -wD)] + No 5 e
Bomge L. R 5 e 5 S0 + 7 -up) (E-18)
2m n r$0 r [ZNOS(wn—wD)+NO ][ZNOS(wn + o -wD) + NO ]

The n index formally runs from 1 to N-k. If the arbitrary upper processing
limit N is taken sufficiently large so that all signal power lies below z%(N-k),
the n sum can be extended to infinity.

| For large TW products and smoothly varying power spectra, S(wn) changes

only insignificantly over any frequency increment Aw = 27/T. The n sum can

then be converted into an integral

————

-1 dK 2
Tr{ (K T} )7} =

% T e e 2
T3 1 NO[S(w wD) + S(w' + T wD)] + No 3 :
Bh g , 2 e 5 87 + 5 mup) du'  (E-19)
4 rf0 ) ) [2NS(w'-up) + NoTI2N S (0" + 555 =up) + Ny°)

; Because of the rapidly varying factor l/r2 only a few terms of the r sum

contribute significantly to the result.

A somewhat more symmetrical form can be obtained with the change of

variable

N (E-20)

Since there is no signal power near w = 0 the lower limit can remain

zero and Eq. (E-19) becomes
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m— e

-1 dKk 2
AL T
L T mr 2
i T NO[S(w i -wD) + S(w + T -wD)] + No 52( B g
= m 2 w=wp) dw

&
3 2 3z 2 3
4m” rd0 r O[ZNOS(w b = wD) + No ][2Nos(w + 3 wD) + NO ]

£

¥ TV ,'mﬁr T TRE W i
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Appendix F. Computation of K-l %%

Eq. (E-1) shows K-l decomposed into the square diagonal matrices B,D,N

and several rectangular null matrices. A similar representation of & is

Jda
according to Eq. (85)
, N-k k k N-k
P \ 0 l 0 | R N.—k
| | ‘
|
----------- b o e i . -
| |
® ----9----_'r__s__'r_‘l_l-----.".-_}“ (F-D)
£ 0 R o |}k
----------- D R i
| |
' | |
) | ]
R ' O 1 0 Q N-k’
T ' | | sl
The matrices P,Q,R,S, and T are all square and diagonal.
Multiplication of Eqs. (E-1) and (F-1) yields
N-k k k N-k
BP-D*R o8 T8 1 BR-DQ
| " ! N-k
) |
{ [
------------ T % e
Ped SO G0 MR RIS . L R S }“ (F-2)
oy e 0 [ oW | 0 }k
- - - - —— -'-——-f——-—*— ————— -
! | i
~D*P+BR 10 ! o |  -pwmenq | [Nk
|
L | | | o

Since all of the matrices in F-2 are square and diagonal, non-zero elements

occur only along the principal diagonal and the same pair of secondary diagonals

as in K. Thue K-l %é has the form shown in Eq. (116).
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-1 3K

Appendix G. Computation of Tr{(K EK—)Z} for 3 dubarrays.
1

Rearrange the data vector as follows (let h > k > 0)

x = Xy Gg) Xy (o s Xg Qg ) - X G D0 (uy_pyd o X (o)

resr ma

X) Conmier) X2 Onomicrs) - Xy (g 1Ko o) o | X (g gey) oo oo Xp () s

(]

Xy ) Ky oy 0+ Ky G s X o) | Xaop)s e X an g ©-1)
All frequencies in the second and third lines of this expression are within

A2 of either zero or wy* As in Appendix C we shall assume that the signal band
is sufficiently narrow and wy has been chosen sufficiently large so that there

is no appreciable signal power in these border regions. Then the last two

lines contain only noise (uncorrelated from sensor to sensor) and the data
covariance assumes the rather simple form

M, ]

(M)

(%, )

(6-2)

R AN R S
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The Hn are 3 x 3 matrices readily obtainable from Eqs. (126)-(128) and

(131)-(133) [with 11-72-0].

4
&
:

1 |
| |
S(w mD)+N0 : S(wn-wD) : S(w -wD)
s o e e i 2 b o e e —h - - -
| |
Hn = T S(wn-wD) : S(wn-wD)+No : S(wn wD) (G-3)
.......... 4--__--_--1_-__---_
]
S(w wD) : S(wn-wD) : S(wn-un)+N0
The inverse of Hn is easily computed
& | : L
e . | Huey) o Sl
R |
——_——___* ________ 1.-_—_.__.—-.-
-l 1 Al = g “Fae
M " TIN_[35(e_-w )N ] BlosTi ) ), S ay) =i
0 n D0 | |
|
| |
-S(mn-un : -S(wn-mD) : ZS(mn-wD)+No

Now rearranging the data vector back to its original form we obtain the

following explicit version for the inverse of Eq. (134).
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(G-5)

| 8

|
sr
X ; _
2 1 ! .
o’ “ <
.l_ -
v 4 o AL L o S
tM\ 2
'''''' MNQI — e i . S - -
A
. — ,
.l — ]
1. ” m &
IA | -7
< W
——~
x 1_
[ ]
J.K




Here
o ZS(wn-wD)tyo
n NOI3S(mn-wD)+NO]

& S(wn-wD)
n N0[3S(un-wD)+N

B
o)

All entries in Eq. (G-5) other than the indicated diagonals are zero.

The form of 8 is obtainable directly from Eqs. (135)-(137).

3A1

the two subarray case we ignore the

72

(G-6)

(G-7)

As in

edge effects" near the upper and lower

end of the processed frequency band [see transition from Eq. (E~5) to (E-7)].

Then

K

o i

o

o)

|

o

oy

c* |d

- o

O

I
ol

)
el

=~

s X

|
I
|
|
EE NS GED GEmS S = C— — +— I IS GEN D GEND G ew—

O

-——--—-+———— e emas

(c-8)

3\.-«
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C is an (N-k) X (N-k) matrix with the elements

c
nm

0

m—-n
i %—Ln_ S[%(“"'“) ~up)

m=n

m¥ n

D is an (N-h) X (N-h) matrix with the elements

0

m-n

m=n

m¥n

Eq. (G-5) can be put into a form similar to (G-8) with the

definitions

A0

(G-9)

(G-10)

(G-11)

o

Pty

W CSEPIDT L
| e gy, "{ﬁfl."‘ﬂ‘v”"““:‘&" \ ;i‘!

———

i
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(G-12)

s x .K... =
q = Vg _
<0 _Omo_ MB _o“O_ ,.mA
| | _
MA O | O _/~..va O Wh
S oo i T hea e .||.l|o|..|..?.
) H B 3
I | ~ | ﬂ.hl
e OO” 3, | <
T oo "o_ .
T
* o s o o x
LT Ta s s
| i I
= tad o = _ | ~
<« vwO“O (mw mO_ <
T S :
_ _{L_{ “ﬂtk S
b 4
x IT -
I
n"

is now easily computed.

1_K
OAI

The matrix product K
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. T RNEES T R O ol
« iP i Tl o _ P«
| |
Il e
T A{I‘) C_“ 1010 B™C :O ' AM D (6-13)
1 i i EB:B) [>,; : g B
B i i - s i ‘__4_ _____ -—-'-—F __.__'__'_Sl__ g h=-K
h { O | O | o) }k
- I 7 l : L
I (W (W)
0 %0 W A (W
-B C O 10 00 O _ D
|+ D U B
. i o e~ -
h K h

¢ In analogy with Eq. (G-11), C‘h) is used to designate the matrix C with

&

the last hi=k rows and columns deleted. 'The second columm of Eq. (G-13) has

components of different dimensionality. This is to be interpreted as fbllow-:

e

k
Before addition to A( )C. the matrix -B(h)D is raised to dimension

(N=k) X (N=k) by adding rows and columns of zeros at the bottom and at the

right.
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. i —

A straightforward computation now yields

-1 3K 2

g
38,

Tr{K

V.
!—E Tr{B(k)C*B(k)C* + B(k)CB(k)C + ZA(k)CA(k)C* - Z(B(h)D*)A(k)C*
4m

+ 2880 a® pay 4 2pMpg ) AR _ 50 (W) () ()
h) g ()

(h) [ an (h)

(h) y 4 (K)

Apparently inconsistent matrix products such as (B' 'D)A" 'C* are made
meaningful by adding rows and columns of zeros at the bottom and right of
the (N-h) X (N-h) matrix.

The problem of different dimensionality in different components of (G-14)
‘ becomes trivial when the trace is written out as a sum. When the indices n
and m are very different Eqs. (G-9) and (G-10) indicate that the terms in
question are small. When both m and n are within h of the upper bound N
they are also small because there is no signal power near the edge of the

processed band. Thus both indices can be allowed to run over all integers

and Eq. (G-14) becomes

§ te( k! 252 -12—— IZI {2BB.c +AAc c_-2BAd c
3A1 4 2 n m mn nm n"'n°non“nm n m mn nm
™ nm
- ol
+ ZBnB‘c. d _+ ZBnB-d c 2Annnd c  + “AhAhd dnm
+ 2nnn.d d _} (G-15)

According to Eqs. (G-9) and (G-10)

d e-d @e-c_=¢ (G-16)

" a s - ) - v ——— ™
;: ¢:| g 4 " g ¢ a"ksanﬁ.au,(.-_:f & 3 iy e R K o
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hence

2
-1 09K.2 T 2
38 )} 3 I ):{ZA.“A.m - ABan BnAm - Aan}cnm (G-17)

1 21" nm

Tr{K

Now substituting the definitions (G-6),(G-7) and (G-9) and making the

change of variables m = n+r

=1 9K 2
Tr{(K S-A_-) } =
1
12—2 b lz- Iz ?;::w“:%;::(?‘f;;;wp) lfm‘)’m ] 52 [F(2nr)-up] (G-18)
21° 0 £~ n 04770 Yntr “D’ M0

This is the equivalent of Eq. (E-18) in the two subarray problem. To simplify
the result we assume again that the spectrum does not change a great deal over

the significant r range. Then

2 Sz(w )

-1 23K,2 2T e n_ D

Te{(K ™ =)= = (I =5)I e (G-19)
aAl "2 sl r2 & N0[3S(wn wD)+N0]

Finally, converting the n sum into an integral and inserting the numerical
value w2/6 for the r sum

e a8 )
Tr{(K SZID } = - [ N0[3S(w-;;)+no] dw (G-20)

0

The reciprocal of this quantity is the mean square error given by Eq. (139).
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-1 3K -1 9K

Appendix H. Computation of Tr(K 3A1 K aA2)
We begin by writing 3%5 in the form of Eq. (G-8). From Eqs. (141)-(143)
2
=
B |
| || &
0 0 ) A
l |L____
}_ | o) i
W (o] K

W 1 | Lo
¢ i L e
| o

The elements of the (N~h) X (N-h) matrix C are given by
0 m=n
1
R © i PR
v S[T(n+n) uD] m¢n

(h)

lln terms of the nomenclature of Appendix G, the C of (H-1) is C of G~13.
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{' The matrix product K =i % is obtained from Eqs. (G-12) and (H-1)
I 2
; In hk B
’ ]
() ()
_B C"Io‘o' £ ot .ol AC
l £
bl il l___\ ‘.
O | @ l
e e - —— — - P
\ AT B 0_ J«
| (Y
W 1| o ] -B"C
-1 K T_-éc"'Oo B C O (H-3)
| K - I i 10 I
| 38, 2 | | ' +ANC
i _—_;____' ::_'f_q'._f“: i | LR
| O I O h
Rl | Epale |
I _p®
¥ ] P ' B C
A C O 'O aA C '0l O ! W)
e e
- i | i
From Eqs. (G-13) and (H-3)
2
-1 3K -1 3K T
Tr(k BAl » DAZ) i 4 2 b5 {anmcmcmn i@ Ansm‘:mn‘:mn £ Bnamdmcnm BnAmdnmcnm
™ nm
- A Bncm‘: * B heta T B tadmnten * Aidiatan © PofatnCm
+ Bnlncmcm + Banc nncm BnAmc nm‘m Aandmcm + AnAndmcm
+28Bd c ) (H-4)
- ——— ——
R = 2 o
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From Eqs. (G~10) and (H-2) it is apparent that

Com "~Ca = dp = "4 H-5)

Hence Eq. (H-4) becomes (after a few steps of algebra)

TZ

1 _9K -1 3K 2
) LI (éBan + Aan + BnAm - 2A A)c (H-6)

Tr(K &~ — K
aAl aAz 4“2 i n m nm

Now substituting the definitions (G-6), (G-7) and (H-2) and making the change

of variables m = n+r

-1 3K

Tr(K -1 %

n.r "

1 2

: IE; 5 1 - 3[S(un-wD)+S(wnfr-wD)] f ZNO

4n  rg0 1% n Nol3S(u —ep)N,I[38(w o ~up) + Nyl

s? (2ntr)-u ] (H-7)

This expression is exactly half of Tr{l(-l ?25)2} as given by Eq. (G-~18). Since
1

st 252} (H-8)

-1 3K 2}
aAl

Tr{(K )
3A2
The coupling coefficient p defined by Eq. (140) assumes the numerical value

p = % (H-9)
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