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~~stract

This report is concerned with the measurement of frequency (Doppler

shift) by a collection of sensors which may be grouped into two or more

clusters (aubarrays). The signal may be a sinusoid, or it may be a narrow—

band Gaussian process whose center frequency is then the quantity of

interest. For much, though not all, of the analysis, it is assumed that

the noise is incoherent from sensor to sensor. The signal wavefront is

assumed to be perfectly coherent over all sensors, but the angle subtended

at the source by the various sensors may be sufficiently large so that

differential Doppler shifts cannot be ignored. The following are some of

the more general conclusions.

I. No differential Doppler shift between sensors

1. Sinusoidal signal

a. The mean square frequency estimation error varies as T
3
, where T

is the observation time . It varies as the inverse second power of

the poat—beamforming signal to noise ratio.

b. The frequency estimate is not degraded by lack of prior knowledge

of bearing and range (i.e. sensor to sensor delay of the signal).

Frequency estimation and bearing—range estimation are therefore

uncoupled.

c. Th. mean square estimation error of sensor to sensor signal delay

varies as T 1. Hence the frequency estimate becomes extremely

accurate long before the delay estimate. 
•
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2. Narrowband Gaussian signal, T~J >> 1.

The frequency of interest is here the center frequency of the narrowband

Gaussian signal. This particular computation has been carried out for

completely arbitrary array geometry and noise field properties.

a. The mean square estimation error of the center frequency w
0 
varies

as T 1
. Accuracy therefore improves at the same time rate as for

delay estimation but much slower than for frequency estimation

using a pure sinusoid.

b. The mean square estimation error of w
0 depends on two quantities

aside from T: the post—beamforming signal to noise ratio of the

beamforiner optimally matched to the noise field and the slope (on

a db scale) of the signal spectrum.

c. The coupling between center frequency estimation and bearing

estimation depends on the derivative of the array gain with respect

to bearing in the neighborhood of the true bearing. If this deriva-

tive is zero there is no coupling. Thus bearing and frequency

estimation are completely uncoupled for a spatially incoherent noise

field. They are only weakly coupled in many, if not most , practically

interesting situations. For strong coupling the noise field would

hav, to exhibit a rapidly varying spatial structure near the signal

bearing (e.g. an interference close to the signal in bearing) .

3. Narrowband Gaussian signal, TW <c 1.

When the t ime—bandwidth product is small compared to unity, a Gaussian

signal look, essentially like a sinusoidal signal of unknown amplitude

and phase . The amplitude estimate is not coupled to the frequency

• estimate so that the results of section (1) are applicable. One must

-__  ~ T T T~~~



p 
note, however, that the apparently very accurate frequency estimate

(f 3 dependent) is a short term frequency estimate. To define a center

frequency u0 of the narrowband signal one inherently requires an

observation time large compared with the inverse signal bandwidth .

II. Differential Doppler estimation.

The differential Doppler estimation problem was studied for two or three

sensor groups (subarrays) which were treated as equivalent single sensors .

1. Sinusoidal signal

The mean square error for differential Doppler estimation varies as

just  as that of the frequency estimate . For two subarrays it differs

from the latter by 3db because there are two opportunities to measure

frequency but only one to measure frequency difference. Subtraction of

two separate frequency estimates to obtain the differential Doppler

shif t  leads to the same error as direct estimation of the differential

Doppler shift.

2. Narrowband Gaussian signal.

Since narrowband signals with TW << 1 have the properties of sinusoids,

only the case TW >> 1 was considered. An analytically important assump-

tion places an upper bound on values of T for which the results are

valid: If the signal bandwidth is a, the differential source velocity

1w and the velocity cf sound c, T must be shorter than the period of a

sinusoid of frequency (~ v/ c)o.

a. Th. mean square estimation error of differential Doppler shift

varies as T 3, just as the frequency estimate of a sinusoid . The

________________________ 
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estimation process for differential Doppler shift is coherent

whereas that for center frequency is incoherent.

b. When the signal to noise ratio in the signal band is high, the

differential Doppler estimate using narrowband signals has the

same mean square error as an estimate using sinusoidal signals.

c. The only important difference between differential Doppler estimates

using narrowband signals at high and low signal to noise ratios is

the signal—to—noise (S/N) dependence of the mean square error. At

—lhigh signal to noise ratios it varies as (S/N) , at low signal to

noise ratios as (S/N)’2 .

d. Because of the different T dependence, efforts to obtain differential

Doppler shift from separate measurements of’center frequency at each

subarray lead to a much poorer estimate. The loss in performance

• is proportional to the square of the TW product .

e. The estimate of differential Doppler shift is completely uncoupled

from the estimate of bearing, range and parameters describing

spectral shape. Differential Doppler measurements can therefore be

carried out without concern about most other parameters which are

likely to be unknown in practice.

f. When there are three subarrays, there are two differential Doppler

shifts. Their estimates are coupled, but neither is coupled to the

estimates of bear ing, range or spectral parameters . When the signal

to noise ratio in the signal band is high , the estimation error fcr

each differential Doppler shift is the same as that from the appropriate

pair of subarrays . When the in—band signal to noise ratio is low, a

small gain can be made by processing the three subar ray outputs as a

unit rather than obtaining separate differentia l Doppler shifts from .á
two pairs of subarrays .
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I. Introduction

This report summarizes work carried out under contract N6600l—76—C—0182

between Yale University and the Naval Ocean Systems Center, San Diego. It

de~..cribes the continuation of studies initiated under contract N6600l—75—C—0210

and reported in June 1976. [1]

The overall objective of both contracts was to obtain information about

an acoustic source by means of a large array of sensors which may be grouped

into several subarrays . Reference [1] was concerned with source localization

in bearing and range. Here we turn to the problem of Doppler estimation and

its coupling to bearing and range estimation.

Much of the basic theory developed in (1] remains applicable to the

present study and will therefore only be referenced briefly when needed.

In particular, we shall retain most of the basic assumptions:

(a) The source radiates either a sinusoid or a narrowband Gaussian

signal.

(b) The signal wavefront is perfectly coherent over the entire
receiving array .

(c) The noise is Gaussian with a bandwidth broad compared with that
of the signal . Much , though not all , of the analysis will also

assume that the noise is spatially incoherent.

(d) The f requency or center frequency o the signal observed at any
given senso r does not change significantl y over the observation
period .

However , in contrast to the earlier work , the signal frequency or

center fr .q uency need not be the same at each sensor. Thus we allow Doppler

shifts and even differential Doppler shifts from sensor to sensor . Assump— :.

tion (d) does not preclude source motion ; it merely say s that the

— -~ — .~ 
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source—receive r geometry does not change significantly during the obser-

vation period.

A major conclusion of the previous report was that, for most purposes ,

each subarray could be treated as a single sensor whose relatively weak

directional properties were of only secondary importance. Thus one could,

without significant loss, beamform at each subarray and treat the resulting

beams as the outputs of equivalent single sensors. The subarrays serve only

to enhance the signal to noise ratio of these equivalent sensors . If the

source is sufficiently distant to warrant the use of more than one subarray,

ther€~ will be very little differential Doppler shift over the elements of

any one subarray . Beamforming at the subarray level should therefore not

destroy any significant amount of Doppler information. We shall find this

to be true in the first , simple formulations of the Doppler estimation

problem. Thereafter we shall then treat each subarray as a single equivalent

sensor with appropriately enhanced signal to noise rat io .~

As in Ref. [1] we shall use the Cramér—Rao inequality to set lower

bounds on attainable estimation errors. In the limit of large observat ion

times, this lower bound is approached by the error of a maximum likelihood

estimator [2] .  At least in this important limit, therefore , the calculated

bound can be reached by an actual instrumentation .

In the most general setting
1~

’

/ of the problem we have a geomet ry

such as shown in Figure 1.

1~ 
A source located at range r

and bearing 0 (measured in some

convenient polar coordinate system)

radiates a signal which is received

$~(4 ¶
Fig. l
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(together with the inevitable noise) at M sensors in known but perfectly

arbitrary locations. The output of the ith sensor is

x1(t) — s
i

(t )  + n1(t) (1)

is the signal component and n
i
(t) the noise component. We construct

a data vector x as follows:

(1) Represent x1(t) by a set of n numbers [e.g. the time samples

xi(t j ) ,  xj (t 2 ) , . .. , xi(t
~

) or the Fourier coefficients c1i~

~~~~~~~~~~~

(2) Concatenate these n number sets for all index values i [e.g.

x1(t1) , . . . ,x1(t ) ,  x2 (t l) , . . . , x2 (t
fl

) , . . .X M(tl) , . . . x M( t ) ] .

The resultant data vector x therefore has dimension nN.

The Crainér—Rao technique requires computation of the likelihood function

A p( 2
~

JcLi ,a2, . . . z r ) (2)

a1, az ,.. .,ar are the parameters to be estimated (e.g. Doppler shift, bearing,

range , et c .) .  The right side of Eq. (2) is the conditional probability

density for the data vector x when the unknown parameters have values

1’ 2’”’ r •

Next one must form the Fisher information matrix J whose elements

are given by

2
~ —E{ ~~lo& 4} (3)
~kL 

~~k ~~
&

E{ I is the expectation of the bracketed quantity. The Cram~r—&ao in—

equality asserts that the (unbiased) mean square estimation error D2ta,~)

• of the parameter is bounded by the kk element of the inverse matrix J ’1 .

D2(%) 
~ ~~~~~~ 

(4)

Of f—diagnol element, of J~~ measure the coupling between estim*tion errors . 
•

• - 
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II. Frequency Estimation — No Differential Dqppler Shift

We begin with the problem of frequency estimation using a single sub—

array. The elements of such an array are presumably spaced rather tightly

and differential Doppler shifts from sensor to sensor are negligible for all

but very nearby sources . The frequency or center frequency of the signal

component received by each sensor is therefore the same . Our objective is

to estimate that frequency or center frequency, possible in the presence of

other initially unknown parameters such as source bearing or range.1

1. Sinusoidal signal

We begin with the simplest case , a source radiating a pure sinusoid .

The Doppler shifted signal component at the receiving array is a sinusoid

of frequency ~~~ Thus the output of the 1th sensor [Fig . 1] is

— Ai sin [w0(t_t~) — •] + n~ (t) (5)

is the signal travel time from the source to the ith sensor (bearing and

range dependent) and ni (t)  is the noise component at the ith sensor. For

the present computation we shall assume that the noise is Gaussian1 spatially

incoherent (statistically independent from sensor to sensor) and spectrally

white over a band of WHertz beginning at zero frequency .

Calculation of the Fisher information matrix proceeds much as in

Ref. [1]. The dat a vector consists of time samples of the sensor outputs

taken at the Nyquist rate (i.e., at intervals of 1/2W seconds). Because

the noise is both spatially and spectrally white as we].]. as Gaussian,

• 1Note that this formulation of the problem does not permit separate eat i— •
~

mation of radiated source frequency and Doppler shift . Only the sum of
a the two frequencies is accessible to measurement and hence to estimation .

~-~~~—• •-.
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all of the samples are s tat is t ical ly independent and the likelihood function

assumes the simple form

M n  
1 2

A — C exp — {
~~ 

~
‘ 2N w k1(t~

) — 8
i
(t 4fl 1 (6)

i— l j l i

N 1 is the spectral level of the noise received at the 1th sensor and N iW

is the average nu1~~ power of each sample at that sensor . C is a normalizing

constant which insures that A is a probability density . Note that j  serves

as an index for the time samples, i for  the sensor locations (space samples) .

As a typical element of the Fisher information matrix consider

—E {a 2 log A/ 3u 2 }. Di f fe rentiating the natural logarithm of Eq. (6) twice

with respect to w one obtains:
0

2
1 A M n 1 as~ (t ) a 2si (t )

• og — ~ {_ [ ] + [x~ (t 4) — si (t 4 ) ]  2 (7)
aw i—l ~~~~~~ ~. 

aw 0
0 0

x1(t~
) — s

i
(t
j
) is simply the ~th sample of the noise at the ith sensor.

Since the noise has zero mean, the averaging operation eliminates the

second term of Eq. (7) and one is left with

2 M n as (t ) 2
—E { ~ log A i ~ (8)

i— l i_ i  N i aw0
0

From Eq. (5)

A
i 

sin(~~ (t~ — ~~~ — $] (9)

Hence 
2

2 log R — £ ~~~~ (t _ r ~~)
2 cos2 [w (t _ r ~ ) — (10)

i— l j — l i
• 

0

When the noise bandwidth W is sufficiently large so that there are many

• samples in a signal period one can approximate the j sum in Eq. (10) by

an integral.

, 
_ _ _ _ _ _ _ _ _ _ _ _ _  

_
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22 M~ A .log A
1 — 2W 

~ ~~~~~
(t . -T i) 2 co s 2 [u)0 (t  — r i

) — 

~J A~
i— l i  ~

2 t - ~TM A
1 ~~o 2 2

-, 2 ~ i— J (t—r~) con [w0
(t_T

i) 
— ~1dt (11)

~~~ to

In the first version of this equation At = 1/2W is the time increment from

sample to sample~ (t0, t0+T) is the observation interval.

In practice T is almost certainly very large compared with the signal

period . In that case double frequency terms make negligible contributions

to the integral and one obtains

2 M A 2
•log A 1 = 4 ~ 

~~~~~~— {(T+t — T
1

)
3 

— (t 
_ r
i)
3} (12)

i l  i
0

Suppose the signal travel time from the source to the center of the

array is t
0
. One can absorb that quantity into to with the definition

t — t — T . The differential delays t —t are almost certainly small corn—
1 0 0  i o

pared with T and one can then write to an excellent approximation

2 M A 2
log A

1 — 4 Z ~~— [(t 1+T) 3 
— t1

3) (13)
aw 1—1 i
0

If w is the only unknown parameter, Eq. (13) is the only element in

the Fisher information matrix and its reciprocal should be the minimum

mean square estimation error. This is a correct but highly misleading

statement. Eq. (13) depends strongly on the largely arbitrary t1. One

can apparently reduce the estimation error drastically by merely starting

t the observations later! There is a simple explanation for this paradox:

We are making the completely unrealistic assumption that the phase angle

. 
-

$ is known . If this were actually true we could use the phase shift

w0t0 accumulated prior to the start of the observation interval to improve

_______________ LI
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pa the estimate of w .  In practice , this is not an option open to us. The

minimal problem which has physical meaning is therefore that of jointly

estimating us0 and $ (even though the latter is ultimately without 
interest).

Computation of the remaining elements of the Fisher informaticn matrix

for us and $ proceeds exactly as in Eqs. (7)—(l3). The result is

M A 2 I M A 2 
24 ~~—Kt1~

T) 3 — t
1

3
] — 4 ~~—[(t1

+T) —

i—l i i—l i

— — — -— — — 4 (14)

M A 2 
2 

M A 2

— E —~ — I ( t 1
+T) 2 

— t1 
] $ T L

N i—l ~

The determinant of J is easily computed

4 M M A 2 A
k
2

Det J — ~ —f. ~j— (15)
12 i—l k— l i k

Hence the minimum mean square error for frequency estimation Is

D2(~0) — — T~ 

12 
A1 (16)

i—I. i

This quantity is indepandentof t1, as one would expect.

If the signal to noise ratio at each sensor is the same

Ai
2 

A2

H
Then

~~ M A 2 /N 1 

(17)

M A2/N1 measures the output signal to noise ratio of a conventional beam—

former . A single sensor with that signal to noise ratio would there~~r.

be entirely equivalent to the array for frequency measuring purposes.

_ 
-

• _ • .. •~~~~
. .~~~~~~~~~~~~~~

— - — ~~~~~~~~~~ — - 
-.— • -
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Next we must look into the coupling between frequency estimation on

the one hand and bearing and range estimation on the other. Since bearing

and range estimates are obtained from the sensor to sensor delay of the

signal , we can gain the required insight by working with only two sensors

and estimating the vector (us , M, $),  where At is the signal delay between

the two sensors.

The required Fisher information matrix is readily computed

4 ~~(t1+T) 3 - t
1

3
] I- 4 ~~0 

F[(t1
+T) 2 - • 

- L~~~~~~ 2 —

j — — 4 us
0 
F[(t1

+T) 2 — t1
2j~ 

2 
T us T F

i - - - - -- - - - 4 - - - - -• - - -- -- -+ -

I 2 I A2 2

I — F [(t1+T) 2 — t1
2
] 

~ 
T ~~~

— 
2 T j•

~
•
~ (18)

L
p

The matrix inversion is straightforward and one obtains the mean

square estimation errors

D
2( w )  — (19)

T A /N1

D2(~t) — 2 (20) 1
A2 2

I — u s TN1 o

Note that the frequency estimation error improves with the cube of the

observation the, whereas the delay estimation error only improves with the

first power of the observation time. Perh aps the most informative coapari— 4

j son is that between the fractional errors in the two estimates

1This ignores the ambiguity problem associated with sinusoidal signals.
See Ref . ( 11.

— — — ~~~~~~~~~~~~~~~ ~~~~~
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D ( w ) /w A 2
° ° — 3(~~) (21)

D
2(M)/(At )

2

In practice T is likely to be many times larger than Ar. The frequency

estimate therefore becomes exceedingly accurate before a reasonable delay

estimate can be made.

Another interesting comparison is that between Eqs. (19) and (17).

Since M — 2 in Eq. (19) the two are, in fact, identical. The frequency

estimate is not degraded at all by lack of a priori knowledge of the relative

delay (i.e.,  knowledge of source location) . One would expect this relation-

ship to be reciprocal and indeed one finds for known us (using the last

two rows and columns of Eqs. (18)1

D
2
(At)I 2 

2 (22)
w known A 2

0 j — w T

This is identical with Eq. (20), confirming the independence of the

frequency and delay estimates.

2. Narrowband Gaussian Signal. TW >> 1.

In many cases tb~ signal observed at the receiving array is not a pure

sinusoid. There is experimental evidence that it can often be modelled quite

• effectively as a narrowband Gaussian random process. The unknown parameter

is now the center frequency of the power spectrum associated with this

random process.

For the moment we consider observation t imes T large coapared with the

inverse bandwidth of the process (TW >> 1). If the bandwidth of the noise
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is at least equally large, the most convenient form of the data vector

uses Fourier coefficients. For TW >> 1 the Fourier coefficients associated

with different frequencies are uncorrelated [3]. Thus the covariance matrix

K of the data vector contains many zero entries, a feature which can be

exploited by arranging the data vector as follows

x — [c11 l2’”~~ 1M’ c2l, c22,...,c2M,...,c l,C Z,...cflN
] (23)

c~1 is the Fourier coefficient of frequency measured at the 1th sensor.

The covariance matrix K now assumes the block diagonal form

Kl~~ 0
K2

_____ 
(24)

K —

Q
is the spatial covariance matrix of Fourier coefficients at frequency

Its elements are of the form E {c
JL c kI .

The basic theory of parameter estimation from a Gaussian data vector

was developed in Ref. 14) .  The general result, for unknown parameter ~~~, is

D
2(a) — {Tr((K~~ ~~)]}~~ 

(25)

TrI j stands for the trace of the bracketed matrix. It is evident from
2

Eq. (24) that (K 1 
~~~~~

) is block diagonal and its trace is therefore

simply the sum of the traces of the separate blocks.

• 
D2(~i) — {E Tr[(K~~

’ ~~1)
2
j}

1 
(26)
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can also be simplified a great deal . The signal and noise components

of x are statistically independent. For an array of moderate dimensions the

same signal and noise spectra are received at each sensor. In such a

case one can write

— S(usj
)P ( u~) + N(w~ ) Q (u~) (27)

S(w) and N(w) are respectively the signal and noise spectra received at any

one sensor. P(w) is the spatial covariance matrix of the signal at frequency

us, normalized so that the diagonal elements are unity. Q(us) is the similarly

normalized spatial covariance matrix of the noise. The parameter us , the

center frequency of the signal spectrum , is contained only in the scalar

function S( ) .  Eq. (26) therefore assumes the rather simple form

n 1 dS(u ) 2 1DL
(u ) — { £ Tr ( ( S( us )P( w 4) + N(us4)Q(us4) )

~~ d 
P(~ 4)) ) (28)

0 j j  j  j  U
0

If all of the spectral functions are essentially constant over frequency

intervals of the order Au — 2t/T [this is essentially the large TW assumption]

the j sum can be converted into an integral

• D2 ( w )  - ~~ {f Tr( [S( us)P(us) + N( w) Q( us)]~~ 
dS(w) P(w)) 2dw) (29)

To proceed further we assume that the signal wavefront is coherent over the

entire array . The signal received at one sensor is simply a time shifted

version of the one received at any other sensor. Under these circumstances

the P matrix has rank 1 and can be written as an outer product of vectors

P — 1(w) V*(w) (30)

L
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PP4 V(u) is the “steering vector” , the vector of relative delay of the signal

at different sensors. 
~ 

(us) is its transpose—conjugate. From a standard

matrix identity

[S( us)V ( w)V*(u) +

1 —l Slu) Q 1(u)I(w)f(us)Q 1(us) 31)N(us) ~ 
- 

N~ (us) 1 +

The scalar

G(us) - V * (w) Q~~ (u)V(u) (32)

is recognized as the array gain of the beamformer optimally matched to the

given noise field .

Substituting Eq. (31) into Eq. (29) and temporarily dropping the

argument us for greater simplicity of notation one obtains
G

• D2(~~) — ~1L{f Tr [~ ~~~~ Q 1P — 

~~~~~ ~~~~~~~~

— (1 — 

ii
~~

G

G
)] 2Tr((Q

_l
P) 2]dU}~

1 (33)

• Furthermore

Tr( (Q 1P) 2 ] — Tr [Q~~V !*Q l1 1*]

- G Tr [Q ~V f] — G Tr(V*Q 1V) - (34 )

It follows that

— S’~~

~~~ 

~~~~~~~~~~ G(us ) du 2
D2 (w ) — ~ 

N(w) ° 
) dw}~~ (35)

~~ 1+ j~~~~G(w) S( us)

Note that the spectral properties of signal and noiie are quite general,

as is the spatial structure of the noise .

• ~~~~ -*“ - -• •
~

•
• • ..~I~ 

. 

—.
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• Eq. (35) says several interesting, things about the estimation of u s :

(1) The estimation error varies as T 1. The comparable estimation error

for a sinusoidal signal varied as T 3. For the narrowband signals it is

no longer true that frequency can be estimated much more rapidly than

differential delay (bearing) .

(2) Array geometry and spatial structure of the noise field enter Eq. (35)

only via the scalar G(w) , the optimal array gain. G(w) is the output

signal to noise ratio of the optimal beamformer. One can therefore beam—

form prior to frequency estimation without loss in performance as long as

one uses the beam-former structure familiar from the optimal detection

problem. Alternatively one can think in terms of processing the output of

a single “equivalent” sensor whose signal to noise ratio is ~~~~G(us).

(3) Aside from the output signal to noise ratio, Eq. (35) depends only on

dS(u)
4w

5(u) — ~~— [log S(u)] (36)
0

The critical factor is therefore the slope of the signal spectrum plotted

on a logarithmic (db) scale.

Example

To gain some insight into the behavior of the frequency estimator

charact erized by Eq. (35), consider a particular example. Suppose the

• noise is incoherent from sensor to sensor (G(us) — M] and spectrally white

at each sensor [N(w) • N0 ].  Suppose further that the signal has the

spectru m 2
( u s -  u s )

S(w) — S exp (— 2 
°

2c

V — — V — - - 

- 

— 
~~~~~~~ 

I.
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Then Eq. (35) becomes
2

S (us—u )
0 0

— M ~~-- exp[— 2 — 2 1
D2(w ) — ‘~f ( 

o 2o U U dus} (38)o T s (us—u0)
2

l + M~~—exp[— 2S 0 2a
If << 1 (i.e. the post—beamforming signal to noise ratio nowhere reaches

unity) the integral is easily evaluated by ignoring the second term in

the denominator. Thus for low signal to noise ratio

2 - ’  
_ _ _ _

5 2
2T(Mt)

S 0

If >> 1 (high signal to noise ratio in the signal band) an appropriate

approximation is

S (u—us 
~ 

2 
1 1 for u—u < Au

M j~~exP[— ~ ]

° 2a
2 2S (us—u ) S (u—us )

l+M j~
2 exp (— 

~ ] M ~~ exp [— ] for ~u—w0~ 
> Au (40)

o 2o o 2a
Au is the value of lw-u i at which the second denominator term reaches

unity, i.e.,

Au — a /~~ g(M~~) (41)
1

The integration of Eq. (38) can now be performed. It turns out that the

range > Aucontributes very little to the result and one obtains

2~~ 31T 
_ _ _ _ _ _ _D ( w )~~ — (42)

° 2/i T (log(M ~~.)]
3E’2

The principal difference between Eqs . (39) and (42) is the signal—to—noise

• 
. 

dependence . When the post-beamforming signal to noise ratio is low the

) is the logarithm to base e.

— V -~
- - —~•~~, - - - V 

~~~~~~~~~~~~~~~~~~~~~ -~ 
. 

V - V
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the mean square error varies as the inverse square of that signal to noise

ratio. For large post—beamforming signal to noise ratios the dependence

becomes quite weak . We note that 2Au , the quantity which determines that

behavior , is simply the frequency band over which the spectral level of

the signal. exceeds that of the noise. Its value is therefore quite critically

dependent on the shape of the signal spectrum and no general significance

should be attached to the logarithmic form appearing in Eq. (42).

Simultaneous estimation of frequency and bearing.

We must now discuss the interdependence between the center frequency

estimate and the location estimate. Since we are not considering differen-

tial Doppler shifts , we are presumably dealing with a single array whose

dimensions are small compared with the distance to the source . In that

case the array furnishes little useful information concerning range but

the differential delays yield a very direct measure of bearing. We

therefore pose the problem of jointly estimating center frequency us0 and
H

bearing 8.

The basic theory of joint estimation from a Gaussian data vector is

worked out in Ref. (4 ] .  For the two parameter case one finds

D2(~~)( 2~~ 
° 8 known

D(w
0
) — 1 — p  

(43)

where
r , l 3 K  .i a’~ 

2
1Tr~K aw K

p — 2 2 (44)
Tr[(K

1
~~~) ] Tr ((K~~ ~~~~

) ] 

- 

— 

_ _ _  - -

. 

~~~~~~~~~~~ 

1
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p measures the coupling between the two estimates and (1 — p) 1 is the

degradation in the estimate due to lack of prior knowledge of 8.

The first term in the denominator of Eq. (44) is simply [D2(u )I
0 known

and is therefore available inm~ediately from Eq. (35). Similarly , the second

term in the denominator is [D2(ë)
1 

~~~ It is derived in Ref. [4]
(&)~~ known

(p. 96) and is simply restated here for reference .

K 2
Tr [(K~~ -}~

) ] —

— 2

~~ 
1 

N( u) 
G(u) 

(6(u) + (
dG( w)

) 
1 + ~~~~~~~~~ G( u) 

dus (45)

where
* 2dV (us) dV (u) 

* 
dV(u)

~S (u) E 2{G(w) 
~~ 

Q (us) — 1! (w)Q (us) 
~~~~ 

I } (46)

This rather cumbersome expression will turn out to be of only minor impor—

tance in the end.

We now turn to the numerator of Eq. (44). Decomposing K into single

frequency bloc1~ K~ and proceeding exactly as in Eqs. (25)—(33) we obtain

isaediataly (once again suppressing the argument

l d S

K 1 
~~~ — 

N dw 1 (47)
~ aw0 l + ~~~~~G

aK
To compute —~4~ we recall that the source bearing 8 affects the

spatial covariance matrix P of the signal, but not its spectrum S. Hence

-l dP— ( S P + N Q )  S~~~ (48)

Using the matrix identity (31) one obtains after a few steps of algebr a

-

~~~~~~ 
_ _ _  

~~~~

--  

-

- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~ ,
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K ’ 
~~~ 

— ~ [I — 
N
5 Q~

1P]Q~
1 dP (49)j  l + ~~~~~ G

Now combining Eqs . (47) and (49):

-l 
~~~ K ’ —i —j  ao

Sdu0 
— 

N 
s ‘~~

2
1Q ’ 

~~ (50)
N l + ~~~~~ G l +~~G

However

* 1(Q
1P) 2 

— Q
1
! V*Q ~~ — GQ P (51)

Hence

K~~ 
—i K ’ ~~~~ - Q~~ PQ

1 
~~ (52)j 3u~ j  38 N 2 S 2 do

(1 + ~G)

Eq. (44) requires us to compute the trace of this quantity and sum

over the frequency index j :

Tr{K~~ 
~~~ 

~~~ 
N~ 2 

Tr (Q~~PQ~~ ~~) (53)
(1+~~G)

Now

Tr(Q
1PQ~~ 

~~~~) 
- Tr(Q W*Q l(~~ v* + I

— Tr(V*Q~~V V*Q~~ ~~~~
) + Tr[ Q 1V V* Q lv ~~ (54) 1

It follows that

Tr(Q~~PQ 1 
~~~~

) • G Tr (V *Q ] ~~~ + 
~~~ 

Q
1V) - G Tr(~j  !

* 
Q

1
!] — G (55) 2

J . 1usthg the invari anc. of the trace under rotation of terms in its argument.
2
Using the fact that Q is independent of 8. 

, _ _ __~~~~_r~V__ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~

• .
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Finally , substituting Eq. (55) into Eq. (53) and evaluating the j  sum as

an integral, we obtain

S2(w) 
G(us) dS(u)

Tr(K 1 
~~~~~~

— K 1
~ ~~~~

) — f N (
~~) 

2 
~ dG(u) du (56)

~~ ~~]. + S(u)~~~~~1 
S( u )

N (us)

Combining Eqs. (35 ) ,  (45) and (56) one can now write down a formal expression

for the coupling factor p of Eq. (44). However, the information of primary

interest is furnished by Eq. (56) alone. Specifically, the integrand of (56)

contains the factor dG(us)/dO. If, for example , the noise is spatially

incoherent, so that G(u) — M , dG/dw — 0 and hence p — 0. In this important

case there is no coupling and hence, according to Eq. (43), no degradation

of the frequency estimate due to lack of prior information concerning the

bearing.1 More generally, the coupling between frequency and bearing esti—

mat ion is weak as long as the array gain iB only weakly dependent on bearing.

In practice this is apt to be the case for noise fields which are more or

less isotropic or , to a lesser extent , for any noise field which does not

curtain strongly directiona l components. 2

3. Narrowband Gaussian signal. TW << 1.

ThuR far we have only considered observation times large compared with

the inverse bandwidth of our narrowband Gaussian siganl. From a practical

point of view this is undoubtedly the most interesting case . However , it

is cettainly true that during the initial moments of any observation TW

1Sthce the exp ression for D2 (O) is analogous to Eq. (43) the converse is
also t rue: Lack of prior information concerning us

0 
does not degrade the

bearing estimate .

2NuLe that array geomet ry also enters into G(w) . For a linear array and
an isotropic noise field , for instance, dG/dw — 0 for a broadside target

• but becomas large within one or two beamwidths of endfire . A spherically
s y e trical array in a similar noise field would yield dG/dw — 0 for all
bearin gs .
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is small. In certain situations (e.g. large signal to noise ratio) we

might perhaps be fortunate enough to obtain the desired frequency inforina—

tion without ever reaching the large TW mode of operation. A brief treatment

of the problem therefore appears in order.

Before beginning this discussion we must be aware of some fundamental

limitations. A sample function of a narro~ ’~nd Gaussian process looks

essentially like a sinusoid of slowly varying frequency and amplitude. For

times short compared with the inverse bandwidth its frequency and amplitude

do not change significantly. All our estimator can do is to establish the

present frequency. It has no information about the range of frequencies

which will ultimately be traversed and can therefore not establish a

center frequency. To make a center frequency measurement one requires a

statistically significant sample of the random process, hence an observation

time satisfying N >> 1. The short term measurement is meaningful only if

we are not concerned with the frequency fluctuations, i.e. if we do not

seek an accuracy greater than the bandwidth of the narrowband process.

This might be an acceptable condition if the bandwidth of the source is

extremely narrow .

Assuming that we do wish to make the short time frequency estimate , we

are faced with the problem of estimating the parameter us
1 
of a signal s(t)

given by

s(t) — A sin(u1 t 
— •) (57)

This is precisely the problem posed in section (1) with one exception:

The amplitude A is an additional unknown parameter. One must therefore

deal with the 3 x 3 Fisher information matrix of the triple(w1, $, A).

Computations proceed exactly as in section (1) and one f inds (for the

same signal level A and noise density N
1 at each sensor and for Tu1 > 1).
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us A

r

- 

~~~~~~~~~~~~~~ 

I 

-

~~~~~: 

(58)

The amplitude estimate is evidently uncoupled from the other two and one

obtains

2~~ 12D ( u s )  — (59)1 
T3 M L

N 1

- 
- This is identical with Eq. (17). It is interesting to observe that the short

time frequency measurement does, indeed , improve with T3 until the inherent

randoim~ess of the process asserts itself (when N -+ 1). It is also important

to keep in mind that Eq. (59) depends on A
2. In the short term observation

of the narrowband process, A is a random variable. We may be lucky and

encounter a large value of A in the observation interval, enabling us to make

an accurate short time frequency estimate. On the other hand, we may be

unlucky and encounter a period of very low signal level so that little useful

information can be extracted and we are forced into the use of larger

observation intervals .~

1The parameter A has a Rayleigh distribution, hence values near zero are
not exceedingly unlikely.
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III. Differential Doppler Estimation

When data are gathered at several widely separated subarrays, there

may be differential Doppler shifts between the various subarray outputs.

These provide information concerning source heading and velocity and are

therefore of considerable practical importance. As in the case of single

frequency estimation we distinguish between sinusoidal signals and narrow—

band Gaussian signals with TW > 1. Since narrowband Gaussian signals with

TW << 1 are effectively sinusoids, we ignore that category.

In much of the development concerning frequency measurement without

differential Doppler shift we allowed the array to consist of an arbitrary

number of elements in arbitrary geometrical configuration. In each in—

• stance we found that the array contributed to frequency measurement only

through enhancement of the effective signal to noise ratio . The output of

the optimal beamformer contained all available information concerning the

frequency or center frequency . Beamforming prior to frequency measurement

is therefore not only a practical convenience , but it is actually the best

possible procedure . We have pointed out before that the beamformer output

may be treated as the output of a single “equivalent” sensor with improved

signal to noise ratio. From here on we shall consider each subarray as such

an equivalent sensor and shall use the terms “subarray” and “sensor”

interchangeably .

1. Sinusoidal signal

Differential Doppler estimation from sinusoidal signals is basically

• 
- 

the same problem as single frequency estimation. Suppose that we have two

‘The “optimal” beamformer is that which maximizes the output signal to
noise ratio .

_ _ _ _ _ _ _ _ _ _ _  - ~~~~~~~~~
- 

~~~~~~~~~~~~~
~-
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aubarrays with beamformer outputs x1(t) and x2(t) given by the equations

x1(t) — A sin (w (t—t 1) 
— •l~ 

+ n
1(t) (60)

x2(t) — A sin[(us +Au)(t—t2) 
— ‘p2

] + n
2(t) (61)

The unknown parameters are now the frequency us , the differential

Doppler shift Au , and the two phase angles 
~ 

and

A few words of explanation may be in order concerning the need to

introduce a second unknown phase angle. Suppose we had chosen •1 
— •2

as in part II. Except for small differential delays 1
i 

— 12 [which are

discarded in steps such as the transition from (12) to (13)] we now know

that the signal components of x1(t) and x2(t) have zero crossings which

are aligned at t — 0. By observing their relative displacement at t1,

the actual starting point of the observation interval, we could draw strong

inferences concerning Au . Indeed, formal computation of the estimation

error yields

2~~~ 6D (Au) (62)

1 2  (t1+T) 
—

The formally correct but practically spurious t1 dependence is precisely

the same as that which motivated the introduction of the unknown phase angle

$ in section 11—1.

Once this pitfall. is properly avoided by the use of separate l and

the computation of the Fisher information matrix for (us0, Au, •l’ •2~ 
can

procede exactly as in Section Il—i . The result is

:~

_________ --
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I I
I Ic 1D

3 3 2 2
— - - - i - - - — — - H - - - - - -  f - - —- --

(63)

-

~~~~~~~ 

T

—~~D I -~~D 0 i T
I I I

where

c - F[(ci+T) 3 - c1
3], D - ~.— [(t 1fT) 2 

- t
1~~
] (64)

After a tedious but straightforward matrix inversion one finds

• D (Au) ” (

N1

and

2~~ 12 (66)

N1

Comparing Eq. (66) with Eq. (17) [M — 2] we note that the form is the same,

but that 3db of performance have been lost through introduction of the

second unknown phase angle. The error in the Au estimate is twice as

large because there is only one differential frequency whereas two opportun—

ities exist to measure us0. We also note in passing that Eq. (62) becomes

identical with Eq. (65) if one chooses t1 — T/2 , the worst value according to

Eq. (62).l We note further that computation of differential Doppler shift from

separate , independen t frequency measurements at the two subarrays leads to pre—

cisely the cams mean square error as that given by Eq. (66) . Coherent processing

of the s~barray output provides no advantage.

• 1 A similar observation could be made about all computations in section lI—i
in which the t ies origin is an apparent factor. 

~~~~~~~ 1—
~ 

• - •~~••- 
~~~~~~~~~~~~~~~~~~~ ~* — -,• . 

~~~~~
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2. Nar rowban d Gaussian signal. TW >> 1. Two Subarray s.

A. The Data Covariance Matrix and Its Inverse.

We are now dealing with a

source radiating a narrowband

stationary Gaussian process with

spectrum S(u) , symeetrical about

a center frequency us0 . Two

receiving subarrays [Fig. 2]

subtend a sufficient angle B at

the source so that the Doppler

shifts of the received signal
I £~~~‘t rr ~~ ~~ .1 components are not identical.

x~(~ 
We are concerned only with ob—

servation times satisfying

Fig. 2 TW >> 1 because only in that

case are we dealing with a

problem significantly different

from that discussed in the previous section.

Our data vector , as in section 11—2 , is Gaussian. The basic expression

• for estimation error therefore remains Eq. (25). At this point, however,

the strict parallel with the zero differential Doppler problem ends. In

• section 11—2 we were able to block—diagonalize the data covariance matrix K

by working with Fourier coefficients. We shall still find it useful to

work with Fourier coefficients, but we no longer achieve the imesdiate

block-diagunaljzatjon because differential Doppler shift can cause correlation

between Fourier coefficients at different frequencies . Our first task is

therefore computation of the general data covariance matrix K.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _• 

~~~~~~
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The data vector consists of the Fourier coefficients

X
i
(W) — f xi(t)e

_Jusfl t dt i — 1,2 (67)

The elements of the covariance matrix are

T T

E {Xj(un)X
~
(us
~
)} - J dt J do Rjj (t ,a)e

_
~~~ nt -usi

a) (68)

where

Rij(t~
a) — E{x

i(t)xj
(a) } I — 1,2 (69)

is the temporal correlation of the received time functions. E{ } stands

for the expectation of the bracketed quantity.

When ij, Eq. (69) is the autocorrelation function of x
1(t) and i ts

computation from the signal and noise spectra is a simple matter. We

therefore concentrate on the case 1—1, j—2.

The signal components of x1(t) and x2(t) are stationary Gaussian

processes and can therefore be represented by series of the form (5]

s1
(t) - :~ 

C
q 

cos [(w
q 
+ W

D>t - •q
] (70)

N-
— E C

q 
C0SL (W q + + Aw)(t — t

~~
) — •q

] (71)
n— 1

The are statistically independent random variables , each uniformly

distributed over (0 , 2 w ) .  c~ specifies the amplitude of the q~~ sinusoid

in ter ms of the kn own signal spectrum S(w)

2

- S(W
q) Cu (4~ • (72)

• •
A - 

~~~~~~~~~~~~~~~~~~ ~•
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T0 is a very large but otherwise arbitrary interval for which (70)

and (71) are defined. For our purposes we require only T ‘>  T. The

frequency components u
q 
are given in terms of ~ us by the equation

wq
q6’u s ’~~

M (7 3)

is the Doppler shift at subarray 1, Au the differential Doppler shift

between the two subarrays and -r0 the differential delay of the signal.

The representations (70) and (71) imply a subtle but physically im-

portant assumption: Each component of x1(t) [and similarly x2(t)] is

Doppler shifted by the same amount. Actually the higher frequency com-

ponents are shifted more, thus resulting in a slight distortion of the

spectrum which is being ignored. The magnitude of this effect is bounded

above by the Doppler shift  of the maximum modulation frequency (signal

bandwidth). In practice, our differential Doppler measurement will

depend on the coherence of s1(t ) and a down—shifted version of x2 (t) .

That coherence will be affected seriously when the observation time T

exceeds a period of the differential Doppler shift of the highest ~~dulation

frequency. Thus if a is the signal bandwidth in red/sec, Av the difference

of the source radial velocities measured at the two subarrays, and c the

velocity of sound , our computation is valid for

T — o  c< 1 (74)

For values of T above this bound the notion of diffe~entiaL Doppler shift is

no lunger meaningful. One would have to estimate Av directly, implying the

use of true time compression rather than mere frequency shift.

. 
• Before proceeding with the computation we should clarify one additional

• point. Ln secl ion 111—1 we were forced to introduce the random phase

angle •2 in order to eliminate the spurious dependence of Eq. (62) on the

— 
.
~~~~LI~;l~~ .• 

- 

~~~~~~~~~~~~~~~~~~~~~~~ 
:
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• 
t ime origin. It is tempting, but inappropriate, to introduce a similar

random phase angle into Eq. (71) . To do so would mean shifting each

frequency component of (71) by the same angle. Such a procedure changes

the waveshape and therefore affects the correlation between (70) and (71).

The effect becomes serious as soon as TW > 1, precisely the region in which

we wish to carry out our analysis. This leaves us with the problem of time

origin dependence. We shall resolve it initially by choosing the time

origin at the center of the observation interval (t
1 

— 
~~) ,  the choice

which yielded the correct result in the case of sinusoidal signals. Later

we shall take the more fundamental approach of allowing r~ to be unknown,

thus eliminating the special significance of the time origin. We shall

find that introduction of this additional unknown parameter does not change

the estimation error of Au, thus confirming the validity of the earlier

result .

In much of the subsequent development computational details become

quite cumbersome. They are therefore relegated to a series of appendices

of which the first , Appendix A , deals with the derivation of Rij (t
~

a) from

Eqs . (69) , (70) and (71) . According to Eq. (A—3)

— du S(w) cos [ (w#W D
) ( t_ a ) — Awa + (w+w~+Aw)t 0] (75)

We note that our spect rum S(us) is so defined that

J S(w)du — Average signal power (76)

Only the signal contributes to because the noises at the two subarrays

are assume d to be uncorre lated .

Perhaps the ~~st striking feature of Eq. (75) is the fact that it depends

- 

- on both a and t, not only on their difference. The source signal and the

• signals received at each subarray are stationary random processes, but they

~1 
-

•- _
_ _ _
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P~
O 

are not stationarily correlated because of the differential Doppler shift.

This is at the core of the difference between center frequency estimation

and differential Doppler estimation. We shall find that the periodic

nature of the non—stationarity can be exploited to obtain an essentially

coherent estimate of Au.

The next step is the computation of the data covariance matrix K from

Eq. (68). Details are contained in Appendix B. Assuming only TW >> 1

the general result is [from Eqs. (8-19) (B—20) and (B—2l)]:

E {X
1
(us )X

~
(usi

)} —

IT osin(u
&
_us
n
_Aus )j  u

t
+u
n
_Au J r~

(u
~+us~+Aw)

T S( 2 
_CQ

D) e  (77)
(u
i
_u

n
_Au) -

~

* 
( 1TT[S(u W

D
) + N 1(us )] n —

E(X1(w )X
1
(u&

)}  — (78)
— 

-
• (, 0 n~~~&

* 
( 1TT[S(u n

_u
D

_ AW) + N 2 ( u )  n — £

E {X
2

(w )X
2

(w
~

) } — (79)
(~ O n~~~t

The matrix K specified by Eqs. (77)—(79) is cumbersome because the

cross—correlation for Fourier coefficients associated with different sub—

arrays [Eq. (77)] is, in general, different from zero for all combinat ions

of n and P.. Considerable simplification results if values of Au are

confined to the discrete set

Au — , k an integer (80)

~~~~ Since, by definition

— ~~~~~, W
i 

— 11, £ integers (81) 
•

one obtains



29

sin(u -us -Au)1 ~l n+k• P. n 2 
— sin~~— n—k)n — (82)

• (u
i
_u

~
—Au)

~~ 

(L— n—k) 1T •
• 0 & # n+k

hence Eq. (77) becomes

j t  (us +t~~) ~ — n+k

* 
(liT S(w uD) e 

°

E{X 1(u )X
2
(usi

) } -~ (83)n 
~ 0 ~~~fl9k

The assumption that Au takes on only a d~...raLe set of values 2iik/T

should be of small practical importance . Since 1W ‘>  1, the allowed

differential Doppler shifts are separated by much less than the signal

bandwidth. It seems unlikely that estimator performance for this rather

dense set of Au values should not be generally representative .

For later manipula tions we shall f ind it convenient to arrange the

data vector as follows

x [X
l ul)Xl (u2

)...X
l~~N

)X
2~

usl
)X
~
us2
)...X

2(uN
) ] T (84)1

Then the form of the covariance matrix K is

~. W - V • ~ N

o (85)

I •j~ ~~~~
IA’ ~

_1 
~~~~~~~~ ‘~~‘ P1

0

_ _ _ _ _ _ _ _ _ _ _ _

\ç

~

J;i

~

1

~

s

~ 

::~“1The complex Fourier representation requires both positive and negative • 

-

frequencies . However , X~(—~5) - X~ (w~) .  Thus the negative frequency
coefficients do not cont ribu te new information and can therefore be
omitted.

-
~~ rUT ~~~~~~~~~

- -
~~~~~ - -~~~~~~~~~~~~~~~~ - .--~~~•~~~ • •
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The solid diagonal lines indicate the only non—zero entries in the matrix .

Coupling between the two subarray outputs exists only at frequencies separated

by the differential Doppler shift .

Because of the sparse form of Eq. (85) the calculation of K 1 is not

difficult. Computational details are given in Appendix C and the result

is [for spectrally flat noise of power level N0 at each subarray]

K

.
.

C

_ _ _ _  

o 
~
••
.‘

~ 
o : oI —~~- -~+~ — - s (sc)TrT

‘ B,

~~~~~~~~~~~~ 
Bl

• Q

o 0 
B,~

I 
_ _ _  -

4’r -~ ~ 3 -~ ~ ~~ .p. _ ~~~. —
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whe re
S( u - u ) + N

B — ~ D (87)n 22 N  S~u - w ) + No n D 0
S(u - usD)n 

2 (88)
2 N  S(~~— w )+ No n D o

and

p — (u + Au) -r (89)

B. Estimation of Differential Doppler Shift

The next step in the evaluation of Eq. (25) requires calculation

of the derivative (dK/da). For the moment we shall assume that Au is the

only unknown parameter. We must therefore calculate the elements of

[dK/d(Au)].
- 

- Whi le we are ultimately concerned only with the discrete set of

differential Doppler shifts Au — 2irk/T, we cannot start with Eq. (83)

because it does not describe the Au dependence near the point of interest,

which is required for the computation of the derivative. We must therefore

return to Eqs. (77)—(79), differentiate with respect to Au and then

evaluate at Au — 2wk/T. The operation is trivial for Eqs. (78) and (79).

The computation for Eq. (77) is shown in Appendix 1).

‘ T 2 t 1 j2ir—~ £ n9-k
Ill 0 T

d * ~ j [ij  S(u W
D
) - (~~

d(A~e) 
Z{X

i(-u~
)X
2

(w
i
)) “? 

n (90)

/ T2 (_j)L~~~k (n+L+k ) 1~
2 £-fl-k 

S(~(L+n_k~_w~]e

~~~~
S
)

E(X
l(W )Xi

(W
L
)) — 0 (91)

_ _ _ _ _ _ _ _ _ _  _ _ _  
j— — - — — -— •_-_- _-—-

~~~~~~_,_

- - _______
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d * ~—~ T S’(wfl
_W
D
_Au) n —

~~~~~~~~) 
E(X2(u )X2 (us P.)} .‘) (92)

t,~ 0

The various components of K have very different orders of magnitude.

Since -r << T the t~ dependent term in the first line of Eq. (90) is

several orders or magnitude smaller than the term in the second line. The

physical interpretation of (2li/T)S’(u
fl
_u
D) is the change in S over an interval

of (2li/T) rad/sec near u
D 

For N >> 1 and smoothly varying spectra

this is a very small fraction of the value of S in the same neighborhood.

Both terms in the first line of Eq. (90) are therefore orders of magnitude

smaller than the term in the second line and can be ignored without incurring

significant error. The only non—zero term in Eq. (92) is of the same order

as the 5’ term in Eq. (90). It will therefore be ignored also.1 This

leaves the following simplified version of (dK/d(Au)).

~~O £ — n H c

d E {X (us )X*(u )}_ s~ T Od(Aw) 1 n 2 P. ) 2 i—n—k j—~ir (n+L+k)
— 

2 9.—n—k 
S[
~
(&+n_k)—uD

]e P. # n+k (93)

d(&~) 
E(X

1
(u )X~(us9.

))’. d(~w) 
E {X

2
(u )X

2
(w
i

)} — 0 (94)

The form of the complete dK/d(Aw) matrix is shown in Eq. (95).

1
t4ote that Eq. (92) characterizes our ability to estimate Au from observa—
tions at the second subarray alone. This is what we are discarding
when we make the proposed ap proximation . 

_ _  

_ _ _ _ _  

4’

— -
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‘

• ~~~~ 
-

•

d(Au) 
- i~;~t-:i~’ ~~~~~~~~~~~~~~~~~~~~~~ 

(9~~

As in Eq. (85), the solid diagonal lines indicate the only non—zero

entries in the matrix. We note that the factor (i—n-~k)
1 in Eq. (93)

causes the magnitude of these non—zero entries to vary inversely with their

distance from the diagonal line of zeros.

—1 ~~ 2
We must now combine Eqs. (86) and (95) to obtain Tr{(K dA (w)~ 

L

Computational details are shown in Appendix E. From Eq. (E—21)

— 1 d K tTr ( ( K

3 N0 [S(u— 
~~ 

W~) + S(us + — WD)J 
+ N

0
2 

2T 1 f ___________________________________________________ 
S (u—u~ )dw

3 2 J  
— 

i~r 2 irr 2
4ir r#0 r o [2N

0S(us T uD
) + N0 ][2N0S(w + T uD) + N0 ]

(96)

Eq. (96) can be used for a cumbersome but rather precise computation

of the Au estimation error . A much simpler form can be obtained by making

an additional approxi ma t ion: Because of the factor h r 2 only small

values of r contribute significantly to the sum. For smaLl r, S(w) will 
- •

I

• •~~~ • - ~~- - ~~~~~~~~~~~~
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I not vary greatly over an interval of nr/T and one can approximate

S(u ± ~~~ 
— u~) S(w—u D) 

1 In that case

2
l d K  2 T3 i S (w_u

D)Tr {(K 
~~~~~~~~~ 

~ ~~~~~ ( ~ —i) I 2 du (97)
W 2ir r l  r 

~~ 
2N O

S(u_ W
D) + N0

The mean square estimation error is simply the inverse of this quantity.

2The r sum of Eq. (97) has the numerical value n /6 [6].  Hence

D
2(A~)

T3 S (u-wj~) du (98)

12,T 
J 2N

O
S(w_us

D
) +

0

C. Comparison of differential Doppler estimation with center

frequency estimation and frequency estimation for sinusoidal

signal.

Perhaps the most striking difference between differential Doppler

estimation [Eq . (98)] and center frequency estimation [Eq.(35)j is the T

dependence of the mean square error. D2 (Aw) varies as T 3 whereas D2 (~ 0)

varies as T 1
. In this respect the differential Doppler estimate behaves

like the frequency estimate of a sinusoidal signal [Eq.(19)]. This is not

‘The approximation is better than one might think af first glance. If the
spectrum varies linearly over the significant range of i-tin T, the numerator

of Eq. (96) is precisely L2NoS(w~
w
D

) + N 2). The denominator differs from

[2N OS
(w_w

D
) + N0 ] only by 4N 0 [S(w — —

~~~ 
- uD)S(u + -

~~~~ 
— u

D
) - S (w—u D) ] .

For large S/N the fractional error is therefore ni oportional to the square
of the change in the spectral level divided by S2 (w—us D) . For small S/N the j
approximation is even better.
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unreasonable: Even though the signal is a Gaussian random process , the

waveshapes received at the two subarrays are deterministically related

and the differential Doppler estimate can therefore proceed on a coherent

basis.1 No such possibility exists for the center frequency estimate which

is essentially a measurement of power distribution over frequency.

To explore further the apparent similarity between differential

Doppler estimation and frequency estimation for a sinusoid we consider

separately the cases of high and low signal to noise ratio in the signal.

band. From a practical point of view the high S/N case is probably the most

interesting one . In any event, it is most directly comparable with the

sinusoidal frequency estimation problem since the in—band signal to noise

ratio is almost certainly high in the latter.
2

a. High signal to noise ratio in the signal band .

When S( w) >> N0 in the signal band, Eq. (98) can be approximated

to a good degree of accuracy by the equation

2 -  1 24liD (Au) — 3 P 
— 

(99)

24-tiN0 
J S ( us)du I s

P is the total signal power. We note that the error depends only

on the total signal power, not on detailed spectral properties of the

signal.

word of caution is in order here . As pointed out earlier, we have
assumed that each frequency component received at a subarray is Doppler
shif ted by the same amount. In reality the higher frequency components
are shifted by slightly larger amounts. This causes waveshape distortion
and if this distortion is not the same at both subarrays, there will be de—
correlation. Time compression of one subarray output should compensate
for this effect , but the analysis presented here does not deal with that
probla sA .

21n the sinusoidal case the effective bandwidth is 2w/T.
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Eq. (99) is not yet directly comparable with Eq. (17). The noise

spectral density N1 in Eq. (17) was defined as the 
power per Herz,

whereas N0 
in Eq. (99) is the power per radian/sec. Thus

N1 
— 2irN

0 
(100)

The sinusoidal signal power in Eq. (17) is

A2 p (101)

With this nomenclature Eq. (17) becomes

2 ,~ l2it
D ~w0) 

— 

T3M~~!. 
(102)

N
0

- 
- 

Since the two sensors (subarrays) employed in differential Doppler

estimation afford only one opportunity for differential frequency measure—

ment , one should probably choose M — 1 in Eq. (102) in order to obtain a

fair comparison. With that understanding

2~~~D (Awl — 2 (103)
D2(w

0
)

Thus the differential Doppler measurement for a narrowband Gaussian

signal differs in mean square error from the frequency measurement for a

sinusoid by a fixed factor of 2, independent of signal and noise properties.

Another and perhaps more meaningful comparison can be made between

differential Doppler measurements using sinusoids and narrowband Gaussian

signals respectively. From Eqs. (65) and (99) (using Eqs. (100) and (101)]

2~~~D ( A u)
narrowband — 1 (104)

‘ 
D’(Aw ~ sinusoid
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The narrowband differential Doppler estimator is therefore equal in per-

formance to an estimator supplied with sinusoidal signals.

b. Low signal to noise ratio in the signal band.

When the signal to noise ratio does not exceed unity even in the

signal band , Eq. (98) can be approximated by

D2(A~) 
1 (105)

T3 1 2
2 S (w—u D)du

12TN

In contrast with the high signal to noise ratio situation the estima-

tion error now depends to some extent on the shape of the signal spectrum.

As an example we use the spectral shape of Eq. (37), here repeated for

reference 2
(us—u

0
)

S(,~) — S
0

{exp — 

2 
(106)

2a

A simple computation now yields

D2(Aw) 12r’ . (107)
low S/N 3 ST a O

N
0

To convert the high S/N r~suJt to a comparable form we note that

2

p
5 — f S0 ex

p{_ — a S0 (108)
2a

Then Eq. (99) becomes

D
2(Aw) 24vcE (109)

high S/N 
/~~ T3 o

No
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I,-
The only significant difference between Eqs. (107) and (109) is the

signal to noise ratio dependence. The differential Doppler estimator

operates coherently in either regime (T 3 dependence] , but its performance

figure varies as the square of the signal to noise ratio for low S0/N0,

as its first power for large S0/N0.

Finally we wish to make a quantitative comparison between the differ-

• ential Doppler estimator and an estimator which obtains the differential

Doppler shift from separate center frequency estimates at the two subarrays.

Since the center frequency estimate depends on the signal spectrum we continue

to work with the example of Eq. (106).

a. High signal to noise ratio in the signal band.

From Eq. (42) we obtain for the mean square error of the center

frequency estimate at each subarray (14 — 1)

D2 (~ — 3,i (110) 1

(log —)
N0

When estimates at the two subarrays are subtracted to obtain differential

Doppler shift , this mean square error is doubled . The direct differential

Doppler estimate yields the mean square error given by Eq. (109). Hence

D2(A~)
subtraction of us0 

estimates S
0/N 0 2— 0.222 (To)

D2(Aw) (1 S IN )3/2
direct estimate 

og 
~ (111)1

S
0/N0 >> 1

1]~~ ( ) means the logarithm to base e.
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The most important feature of Eq. (111) is the factor (Ta) 2 . a is

the signal bandwidth (in rad/sec). We therefore conclude that the direct

estimate of Au is better than an estimate derived from separate center

frequency measurements by a factor proportional to the square of the TW

product . A second, though lesser, advantage of the direct measurement is its

more rapid improvement with signal to noise ratio. Since the logarithmic

dependence in Eq. (109) comes from the particular spectral form of Eq. (106),

the signal to noise dependence could vary substantially and might well be less

favorable to the direct measurement than suggested by Eq. (111).

b. Low signal to noise ratio in the signal band.

When SØ/N0 << 1 the mean square error of the center frequency estimate

is given by Eq. (39) . For M — 1

2~~. iraD (w
0) 

— S 2 (112)

2T(~~)
0

The mean square error of the direct differevtial Doppler estimate is given

by Eq. (107). Hence

D2(A~)• subtraction of us0 estimates 1. 2
— —~ (To) , S0/N~ << 1 (113)

-
• 

DL (Aw) IL

direct measurement

Once again the advantage of the direct measurement procedure is proportional

to th. square of the TW product. For S0/N 0 << 1 the improvement is m dc—

pendent of the signal to noise ratio .

• 
~Note that N > I implies To > 2-ti , so that the right side of Eq. (113) is
substantially in excess of umity even for very moderate value s of N.

- - --~~~~ • .

— 1~~ —
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• D. Simultaneous estimation of d i f fe ren t ia l  Doppler shift and other parameters.

Thus far we have only considered differential Doppler estimation as an

isolated problem, all other parameters being assumed known. In practice,

chis is almost certainly unrealistic. Parameters such as source bearing and

range, signal center frequency and bandwidth are probably not known a priori

and this lack of knowledge might degrade the differential Doppler estimate.

The amount of any degradation depends on the coupling between the differential

Doppler estimate and estimates of the other potentially unknown parameters.

We now study this coupling on a pairwise basis .

The basic relations are Eqs. (43) and (44) , rewritten here for the

estimation of Au.

- . D2(Ai~)
• 

D
2 ( A )  — 

n known (114)
1 — p

where
— 1 3K —l aK(Tr (K — Ka~ 3 (Aw~- p — ., (115)

—1 3K ‘ — 13K ’
Tr( (K 

3 (Aw)~ 
]Tr [(K j—) I

a is the second unknown parameter whose coupling with Au is under investi-

gation. For our purposes it will be bearing, range , center frequency or signal

bandwidth. Fortunately it turns out that we need not make a separate argument

for each of these quantities.

The key to a simpler argument is the manner in which the second para-

meter a enters the data covariance aatri~ K whose eleme~ts are given by

Eqs. (77)— (79). Bearing and range affect only the delay r0. Signal center

frequency and bandwidth appear only in the spectral function S( ). Differen— -i~~ 
I

• tiation with respect to these parameters is a simple procedure which does not ~1.

- • ~~~~~ • •_ • •~ -•-.~a_~ • • ’• _ —
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.4 affect  the multiplying factor

Isin (u &
_w

n
_Aus )

~
I

(u
~

_u
n

_Aus)
~~

in Eq. (77). When the derivative is evaluated at Au — 2irk/T, k an integer,
this factor causes the differentiated Eq. (77) to vanish unless 2. — n9t
Thus 3K/3c* retains the form of Eq. (85) for each of the parameters a under

discussion. It is now a simple matter to demonstrate [see Appendix F for

details] that K 1 
~~ also has the same form.
da

I W- ~~~I N W,i  N,.4~.t

--- - - -
~~~

-- - -t - -t - - - --
- : ~~~~.. ~~ I (116)

3a 
~~~~~~~~~

C t o t  I 0

Once again the solid diagonal lines indicate the only non—zero entries in

the matrix.

The other factor in the numerator of Eq. (115) is K~~ 3 it) 
which was

I 
previously computed in Eq. (E -9). In that equation B is a diagonal matrix and

A has zeros along its principal diagonal [see Eq. (E—8) ] .  Hence • 
-

• •~- - . 
- 

- :1
_____________________ 4.. ~~~~~~~ ~~~~~~
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1 3K
K 3 (Aw) has the form

__- 0 ~~~~ t~~~~~~~~I 0 
-

~~~~ (117)

0 O t ’..~ 0

Comparing Eqs. (116) and (117) we note that (117) has zeros in all slots

where (116) shows non—zero entries. From this and the symmetry of the two

matrices it follows immediately that

~~ K~~ ~~(~~~~) - 0 (118)

Thus i — 0 and from Eq. (114)

• D2(A~ ) — D2(Aw) (119)
a known

Differential Doppler estimation is therefore completely decoupled from the

estimation of the other parameters under discussion . It is also apparent that

this conclusion is not confine d to the four specific secondary parameters

- 

. 

- i,•
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enumerated above. The same argument would apply to any parameter affecting

only element to element delay or spectral shape of the signal. Differential

Doppler shift is apparently very much in a class by itself and its lack of

coupling to most other parameters makes it a particularly attractive feature

to exploit in gathering information about source motion.

3. Narrowband Gaussian siznal. TW >> 1. Three subarrays.

We now consider a receiving
So~.t!(Ce

array composed of 3 subarrays which

~ 
subtend sufficiently large angles

$ and y at the source so that there

can be measurable differential

Doppler shifts. We deal only with

the case of narrowband Gaussian
5”-

signals and large TW products.

I
x1
(t) x3(t)x2

(t)

I
In complete analogy with Eqs. (70) and (71) the signal components of the

waveshapes received at the three subarrays are now

s1
(t) — Z C

q 
C O 5 ( W

q
+W

D
]t — •q ] (120)

q 1

N- c.L e2(t) — z C
q 
cos((u

q
+u
D

+Aj)(t_r l) ~IPq
] (121) •

q l

s
3
(t) — £ Cq COS ((W q

+W
D

+A
2
) (t_t

2
) ~$q

I (122)

I _ _  

_ _ _

h~ ~~~~~~~~~~~~~~~~~~~~~~~ 
- 

- - 
-.. p

~~~~~
. . 

- • ‘~t IJlL1t1~~ ~~~~~
~‘
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A1 is the differential  Doppler shift  between subarrays 1 and 2 and is the

time delay for the same pair. A2 is the differential Doppler shift between

subarrays 1 and 3 and T
2 
is the corresponding time delay. All other symbols

retain the definitions established in connection with Eqs. (70) and (71).

Eqs. (l20)—(122) also retain the earlier assumption that differential Doppler

shifts on the modulation frequency are negligible.

We continue to represent the received data by Fourier coefficients. The

data covariance matrix K now has dimension 3N x 3N and its elements are, in

complete analogy with Eqs. (77)-.(79): - •

T -t l
* 

sin(u
9.—w —A1

)-~ w9.+u —A 1 j—1(u +w
9.+A1)E {X

1
(u )X

2
(w

9.
)} — ir’r (u —us —~~ )T S( ~ — uD)e (123)

~ 2

t

* 
sin(u

9.—us —A 2)~ us
9.
+u —A2 j-4(u +u9.+A2)E{X

1
(u )X

3
(us2.

)} - irT n 
I S( ~ 

— uD
)e n (124)

(u&
_us
n
_A
2)~

t~~~ T
1

* 
sin(w —us —A +A )— us +w —A +A j (us +w +~~ —A )

E{X
2

(w
n

)X
3

(w t
)) — ,rT £ n 2 1 2 S( ~ n 

2 
1 — w A ) e  2 n 9. 2

(w,—u —A ,+A 1 )—
(125)

* f i ~T ( S(us  WD) + N (u )] n — 9..
E{X

1(w )X1(u 9.) }  .~ 
- (126)n 10  n # L

* (-ivl(S(u 
~~D

Al
) + N(w )]  n 2.

E{X
2

(w )X
2

(us
&
)) 

~ 
n (127)

( 0

* 
(T[S(w 

~~D
A2

) + N(w ) ]  n — 9..
E{X

3*(us )X3
(w

2.
)) ••~ fl n (128)

n (0 n # L

As in the two subarray case , drastic simplification can be achieved by

confining the actual values of differential Doppler shift to integral multiples

of 2w-/T. Thus we will only allow the actual values
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2irk.
A1 

— —i— k an integer (129)

and

A
2 — ~~~~~~~~ h an integer (130)

Then Eqs. (123-)—(l25) become

jT (us +A )1 n 1
* 

fliT S( w uD)e
E {X1(u )X (us )}  — c (1.31)n 2 £

jt2(
(A) +A2)

* f u T S(u n
_W

D) e 9. — n+h (132)
E(X

1
(w )13(u9.)) —
n L 0

j (u2—
-r
1) (usn+A2

_A
i)

* ( itT S(w —u D—A l)e £ — n+h—kE{X
2

(w~)X
3
(u9.

)} — (133)
~ 0

Hence the data covariance matrix K has the form

K (134)

h —.. ._
~~~~I

- • • —a
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In complete analogy with the ~Irgument leading to Eqs. (93) and (94) we

obtain [again omitting terms of order I in comparison with those of order

T2 ]

~~~ E {X
1

(u )X~(u9.) )  
~L-n-k j~~~(n+P.-k) (135)

- -

~

. 
2._fl_k~~~~t T (9.

~~~~
) u s D I P.

(0 L n+h-k
-
~~

-
~~
- E (X~(u )X~(u9.

) )  —~
.j ‘2n 

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (136)
P. # n+h-k

Since X
1 
and X

3 do not contain the parameter A1

-if— E(X 1(u )X~ (w 2.)} — 0 (137)

Comparison of Eqs. ( 135)—(137) with Eqs. (13l)—(l33) reveals that the former

are zero for all combinations of n and 2. for which the latter are different

from zero. The matrix 3K/3A
1 

therefore has zero entries in all positions where

1Eq. (134) shows non—zero entries.

Consider next the derivatives with respect to the delay parameters.

and 3K/3t
2 clearly have the same form as Eq. (134). An argument

analogous to Appendix F shows that K 1 
~~~ i — 1,2, also assumes this form.2

i

t
The diagonal blocks of 3K/3A

1 are zero to the order of our approximation[as. Eq. (94)J.

is alaost obvious by inspection. Since K can be converted into a block
diagee-.’ form of 3x3 matrices (Appendix G) ,  K 1 and aK/at~ are similarly block
diNonal and their product therefore has the same characteristic .
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It 10110w8 immediately iha l

—I ~)K —1 3K
Tr(K -i-—— K -~-~

---) — 0 (138)
1

exactly as in the case of two subarrays. The lack of coupling between

differential Doppler estimates and estimates of most other potentially unknown

parameters (bearing, range, signal bandwidth, etc.) evidently carries over

unchanged from the 2 subarray problem. In discussing differential Doppler

estimation we can therefore assume , without loss of generality, that the

relative delays 
~l 

and are known, If they are known, we can certainly

introduce delay elements at the outputs of two of the subarrays which align

the three signal components. Since these relative delays are reversible,

their introduction cannot alter the performance of the optimal differential

Doppler estimator. In evaluating differential Doppler estimation we can

therefore, without loss of generality, set = 
~2 

— 0, thus greatly simply—

fing Eqs. (131), (132), (135), and (136). Calculation of the mean square

estimation error can now proceed in straightforward manner much as in the 2

subarray problems. Computational details are shown in Appendix H. With all

other parameters (including A
2
) known and with the same approximations as in

the case of two subarrays

k D
2(A

1
) — 2 

1 (139)
known 

I3 S (u—w
e
)

— I  — du6w j 2
0 3 N0 S(u_W D) + N0

Eq. (139) is somewhat misleading because the A
1 

and A
2 
estimates are not

uncoupled and the assumption that A is known whereas A is not appears quite

artificial. We must therefore study the degradation of the A .~ estimate due

to lack of prior knowledge concerning A2.
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According to Eqs. (114) and (115) we require the coupling coefficient

—l 3K — l 3K 2[Tr(K ~~~~~
— K

— 1 2 (140)
• Tr~~(

1 —~~) 2 ]Tr [Ø(~~ 
3K) 2 ]

1 2

The first factor in the denominator is given by Eq. (G—2 0) . Since the problem

of estimating A2 with A1 known is precisely the same as that of estimating A1

with A
2 
known, the second factor in the denominator of Eq. (140) is also given

by (G—20), a fact readily confirmed by direct computation. There remains only

the calculation of the numerator of Eq. (140). The only new feature in it is

the factor 3K/3A 2 . The elements of this matrix can be inferred immediately

from Eqs. (l35)—(l37) , with ‘1 
— ‘2 0

-if- E{X 1(u )X~ (w 9.
)} — 0 (141)

( 0  J~~— n+h

2 9.—n—h
2 

~~ 
~~~~~~~~~~~~~ S[

~
(P.+n—h)_w

D
] 9. ~ n+h (142)

9.-n-h

( 0 9. — n+h—k

-d--E{X (us )X*(u
9.

) )  
~~2 
/ 

2 P.—n—h+k

2 L—n—h+k S[
~
(9.+n_h4k)_usD

_A
lJ 2. ~ n+h—k (143)

The calculation can now proceed as in Appendix C. Details are given in

Appendix H. According to Eq. (11—9) the coupling coefficient p has a numerical

• 
. valu, of (1/4) completely independent of the spectral properties of the

signal . The mean square estimation error for A
1 
with A

2 
unknown (or A

2 -
~

•
~~~~~

with A
1 
unknown) is now easily written down from Eqs. (139) and (11 .9):

_ _ _ _  ~~~~~~~~~~~~~~~~~~~
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— 2 (144)
A2 unknown I3 I 

S (us_usD)

~ 3N
0 

S(us-~~) + N0
2

It is interesting to compare Eq. (144) with Eq. (98), the latter describing

the mean square estimation error of the differential Doppler shift between the

signals received at one pair of subarrays . When the signal to noise ratio

2in the signal band is large, so that the N
0 term in the integrand can be

ignored , Eqs. (144) and (98) are identical. Evidently it makes no difference

whether one uses the subarrays pairwise to obtain separate estimates of A
1

and A
2 or whether one works with all three subarray outputs simultaneously.

When the signal to noise ratio is low even in the signal band the two esti-

mation errors have the ratio

D (~u~)_ — 1.5 (145)

unknown

A modest gain can therefore be made in principle by processing the three

subarray outputs simultaneously. It appears questionable , however , whether

this rslatively small gain would justify the increased complexity of

instrumentation.
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Appendix A. Derivation of_R~j(t~o).

From Eqs. (69) ,  (70) and (71)

N N
R12 (t,c) — L C

q
C
r 

Etcos[(usq+usD
)t_

~q l cos[(wr+usD+Aus)
(o_t

o
)_
~r

]}
q l  r—l

- 
N N cgcr( 

(usq+wD)t+ (wr+usD+Aus ) a_ (usr+wD+Aus) T o
_
~ q

_$
r ] }

q—l r•1

+ E{aos[(~q~~D
)t_ (us

r+wD+Aus)o+(wr+usD+Aw)To
_4~q+4~r])) 

(A—i)

Since the $‘s are all statistically independent and uniformly distributed

ove r (0 ,2ir) , the only non—zero contribution is made by the second term in (A—i)

which is non—zero for qr. For that combination the •‘s vanish and the

averaging operation becomes trivial. Hence,

N c 2
R12(t,o) — 

~ 
-f- cos[(usq+usD)(t~

a)_
~
Awo+(wq

+us
D
+Aw)To

] (A—2)
q l

Using Eq. (72) and recognizing that the time interval T~ can be made

arbitrarily large (so that Aus + 0) one can convert the sum into an integral

R12(t ,o) - fdw S(w)cos((~~
usD
)(t_ o)_Awa+(ü

~
wD+Aw)tO

] (A-3)

In completely analogous fashion

- 
I

dw[ S(w)+N l (w)]cos ( (u
~ wD) (t_ a) ]  (A-4)

~22
(t ,a) — f dw(S(us)+N2(us)]cos[(w+WD+Aw)(

t_o)] (A—5)

Note that the autocorrelation functions (A—4) and (A—5) incorporate the received

noise spectra. R12 depends only on the signal because of the postulated m dc—

—- 

pendence of the noise at the two subarrays .

-~~ -- 
~1

• - - -~~~~~ •• • - • — ‘.. •- .• • --
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Appendix B. The elements of K.

Substituting Eq. (75) into Eq. (68) and using the exponential form of

the cosine function:

E {X
i
(us
n

)X
2
(w9.

) } —

I T

~JdusS(us)e
i ~~~~~~~~~~~~~ 

(us+w
D~

us 
)t1 

(U D+~~~~~P.)O

I I
1” 

_j(
~~

wD+Aw)To’ ~ 
_j(us+usD+usfl)t , 

2 j (w40D+Aw+usP.)o
+ 

~
-j dwS(w)e J dte J doe (B—i)

0 
1 I.
2 2

The t and a integrations are easily performed

E {X
1
(us~ )X~ (w

9.
)} —

T2 ~

“ ,j ‘ ‘ ~~~~o 
sin(us41

~D
_w

fl
)
~ 

ain(w w
D
+Aw—

~ P. ~

‘

— j  dwS (w)e I T2 ~~ ‘WD Wn) 2

I2 ~~ ~~~~~~~ 
sin(u+w D+us )2~1 sin

+ y- J dwS(w)e T 
(B 2)

0 ‘
~~D~~n~2

Our signal spectrum S(w) is concentrated in the neighborhood of us - us0
.

The second integral in (8—2) is therefore essentially zero unless is near

—wa
. Since we ar e only working with positive frequency Fourier coefficients

th is cannot occur and we can concentrate our attention on the first integral.

• • — —•••- •-•

• - • 
• — —-as #
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Define

• 9.
(us) - 

sin(
~
*usD

_w
fl
)
~ 

sin(
~~

wD
+Aw_ w

~
)
~ (8—3)

(w+wD_ us )
~-

Then Eq. (B—2) becomes

2 j(us +Aw)t
— e o 

f
dwe~

i(tt0S(us)+nL
(us) (B—4)

We have extended the lower limit of integration to —
~~~ because the spectral

function S(us) was defined as zero for us < 0.

Nex t , using F( ) to designate the Fourier transform of the bracketed

quantity, we obtain from Parseval’s theorem

• 
* T2 j(us

D
.
~~~

)tO 1 just
0

E{Z1(w)X2
(us

9.
)} 

~~~~

— f d ~ F ( e  S (w) )F ( ~~2. (w)) *  (8—5)

Now
jwu 0 —jus ( y—t 0)

F{e S(us~ — f s(us)e do — R1(y—t0) (B— 6)

where

K1
(y ) - f S(w)~

”1°
~ dw (1-7)

• Also

ain (w+us
0
—us )~ sin(w+w

D
+Aw_us

L
)
~F(~ ~~

(w) ) — 
I T

sin(us+w -us )1 sin(w+~ +Auj-t~ )ID n 2
]* ~

. D £ 2 ]) (1—8)

The symbol * denotes convolution .

~~~~~~~ ~~~~~~~~~~~~
-

~~~
---•

~~~ 
- 

•• . _m_~~~~~_ _
_ 

•• - 
- ~~~~~-
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~F4 We know that

T
sin(w+w —us )— j y (w  —us )

D n 2~ — e D n rect(y; ~~~ ) (B—9)

~~~ D °n~2

where rect (y; ~ ) is the rectangle function defined by

I
(1

J (B—l0)
rect(y; ~~~) — I

Y >
~~~

It follows that

21T ~
‘ 

~~~~~~~~~ T j (y_ p)( O D+Aw_w P.) T
$ 0 (

~~~ 
— dpe rect (p; -~)e rect (y—p; ~ ) (B—li)
I ~

The two rectangle functions are sketched below for y > 0.

~ ~ 
- s’ ; r)

r------- --- 
~
-—---—------t---1,1

I I
I I
I I

-
~~~~ 

-
~~~

• 
—o r

Hence, for y > 0 , T
2

21! iY(0D~~~~
0L
) jp(w9.

—us —Aw )
— —

~~~ e J dpe n (8—12)

After integration and a few steps of algebra

2n sin [ (w 2.-w~-Aw)~~(l- ~ )] Jy (W D+P -
— T T e > 0 (3—13)

(
~t~

Wn~~~
)i

H
• - • • 

• - 
‘~~~~~ is ’~-~~ 

- 
- ________
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Repeating the computation for V < 0 one finds a change only in the sign of

V in the argument of the sinusoid. Thus for all V

2~ 
sin[(o9.—

w —Aw)~ (i — ~~~ .iVLusD
+ FA0_09._0n~— T I 

e (B—l4)
(us
&
_w
n~

Aus)
~

Now return to Eq. (B—5)

T2 j ( OD+Aw) T o *E (X
1
(w )4(w9.

) )  — -
~~-- e I R l(Y_t O)$nP. (Y) (B—iS)

R1
(y) is closely related to the signal autocorrelation. In fact, suppose

that the signal spectrum is symmetrical about the center frequency us — so

that

S(us) — G (us—~ 0) ,  G an even zunction. (8—16)

Then 
—

R1
(y) — f w— w 0)e J OY dus

—j w 0y~ —f e J G(x) e ~~dx — e R(y) (8—17)

where R(y) is the autocorrelation of the signal after a down—shift in frequency

by w~ rad/sec. It follows that R1 
as well as P. vanish for arguments in

excess of the signal correlation t ime. For N >> 1 this time is much smaller

than I. Furthermore, the relative delay -r0 
must be much smaller than I if the

two subarr ays are to process information coherently. Under these conditions

y ~< I throughout the effective range of integration of (8—15). Hence the

sinusoidal term in (8—14) becomes effectively y independent end one can write

0
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p
—

T sin(us9.—w 
-Aw)~

. j(O
D
+Aus)t

o 
_jV [W

D 
+ 4(Aw_w9.

_us ) ]
- - 

n e ( dIR (y—t~ )e n (B—18)
2 (w w Aw)~ J 

1

The integral is simply a Fourier transform of P.1 
and the result is therefore

easily stated in terms of S(us). After a few steps of algebra

E(X
1

(w )X 2(us9.)}  —

sin(us9.—w~-Aw)~ W
t
+O
n
_AW j~~ (w +w9.+Aw) (B—19)

I S( WD
)e

(us
9.
_us

~
_Aw)

~~ 2

The remaining terms of the data covariance matrix are almost obvious by

inspection. When both Fourier coefficients come from the same subarray output

there are no differential delays or differential Doppler shifts. The signal

spectrum is shifted by °D at the first aubarray , by °D + Aus at the second .

Correlation now exists only when the two indices are the same. When they are

the same, however , there is correlation for the noise as well as the signal .

The correct form of the covariance elements is now evident from Eq. (3—19).

* (1TT[S(w —us )+N1(w)] n — 2 .
E {X (us )X (us ) }  - -~~ n D n (B—20)n 1 

~

.

* 
(WT (S(us —us —Aus)+112

(us ) ]  n — £
E(X.,(us )X (us ) } — n D n (B—21)

~~~~f l L  £ 
~~0 n # L

• 0.’

1r
• • -., ,• — - —~ -
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r
Appendix C. Computation_of K~~’.

Rearrange the data vector as follows

R — X
l
(us
l
) , X

2
(w l+k) , X

~
(us
2

)X
2
(us2+k),. .

X
2
(us1
).. .X

2
(w
k)( (C—l)

In this arrangement the first 2(N—k) terms pair all indices from subarrays

1 and 2 for which there is non—zero correlation according to Eq. (83). The

remaining terms are Fourier coefficients near the upper edge of the processed

frequency band of subarray 1 and the lower edge of the processed frequency band

of subarray 2. Terms in the latter two categories are uncorrelated with all

other elements of the data vector.

The data covariance matrix now assumed the block diagonal form

A 11 H
N o

• (C—2) 

• o

I .-

4 ____ ___
_____________________________ ~ .~- -.
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From Eqs. (78),(79) and (83) the 2 x 2 matrices A are given by

I jT
0

(w +Aw)
S(W

n
_us
D

)+N
l(Wn
) S(w

n
_w
~

)e n

A — u T  — —— -j-. —— — — —— — —— (C—3)
I _jt

0(w
n+Aus)S(wn

_w
D)e S(wn

_w
D)+N2 (w

fl
+Au)

To simplif y the algebra we shall assume that N
1
(w) — N 2 (w) — N0, a

constant. Thus we are postulating th~~ the noise at each subarray is spectrally

-
• f la t  over the processed frequency band and of the same power level at

each aubarray. Since the signal has a very narrow bandwidth and any Doppler

shifts will be small compared with the center frequency of the signal this

assumption does not appear to impose any serious limitations.

The inversion of A is now trivialn

I I j(w +Aw)u 0 I 
•

—l 1 

- 

1 
S(On

_W
D)+N0 

I _S(w
n
_W
D

)e n

A - ITT 2NoS(usfl
_w
D

)+N
~ I — —— -j (w +Aw) t0 

~ 
—

~~ 

(c-4)

_S(u
n
_W
D

)e n S(
~n

_w
D

)+N
o

The matrices B and C are diagonal. The frequencies contained in B are

all within Aus of the upper end of the processed band, those in C within Lu. of

the love r end. In practice one would certainly process a band wide enough so

that no significant signal components are lost under any conceivable D~~pler

F- ’

- - 

• - 
- ~~~~~~~~
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shifts. Hence no signal power should lie with Aus of the band edge and we have

B — C — 1TIN0
I (c—5)

where I is the k x It identity matrix. The inverse of Eq. (C—2) is therefore

2k

~Is1

LA;~I I o  0
K 

-H-----
0

Finally , rearranging the data vector back to the form of Eq. (84) [and

hence K to the form of Eq. (85)] we obtain the result shown in Eq. (86).

11
• -- - —~~~~~~~~~~~~~~~~
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Appendix D. Computation of d
’
~~wy

From Eq. (77)

d(~w) E{X
i
(us )X (usi

) } —

2
_ (us

i
_w
n
_Aw)f~ 

cos(usi
_us
n
_Aus)

~
+
~
sin(usi

_w
n
_Aw)

~ 
us&+wn

_Aw j~~ (us +o~+Aw)
irT{ S( .,

2 2  L U

(wi
_us -Aw) Ln

-r

sin(w -us -Aw)’ us +w -Aus -r us +w -Aw j—~ (w +w +A us)
i n  2 1 ,  i n  0 i n  2 n i

+ I 2 ~ 2 wfl
) + S( 2 usD

) ]e } (fl—i)
(wi_usn_Aus)~

Now write Aus — -
~~~~~~~~ and note that with this choice (w~

-w —Aw )
~ 

— (L—n—k)iv~

It follows imeediately that the first line of Eq. (D—1) vanishes when i—n—k — 0

whereas the second line vanishes whenever i—n—k ~ 0. Thus Eq. (D—l) reduces

to the relatively simple expression

uT j 0(w +Aw)

* 
(r (iT

o 
S(Wn~

WD
)_S’ (w~~~fl )]e —

d(~us)E l
(0
n~~2

(0L~~ ~ t0 
(D—2)

/ 12 ( 1)9.
_n_k j—1ur(n+i+k)

2 &—n-k 
S[
~
(L+n_k)-wD]e 

L ~n+k

_ ii
, ____________________
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Appendix E. Computation of Tr{U(1 

~~~~~~~

The matrix K 1 is given by Eq. (86). For greater ease in computation

we regard it as composed of the blocks shown in Eq. (8—1).

- .~~~~~

B 0 0 ’  —D N-k

—i 1 

- - — - 
0 

— T -
; 

- 

~~ f 
- -. 

k
K — - - -  .~ (E— l)

0 s O N 1 0 k

Here

TB1
I B2

B —  N-K (8—2)

0

L 1The arrangement implies that k~~ 0. This is insured by a convention which
• 

- 
. applies the label 2 to the subarray receiving the signal with the higher

center frequency .
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N-k

D - D2
e~~~ N-k (E—3)

10  ~~N—kL DN_ke

It

1 rl 1 o 1~\and N — 

~ L ~ • ~ j ~~ k (E—4)

All of these matrices are diagonal, B and D of dimension (N—k~x(N—k), N

of dimension It x It. The blocks labelled 0 in Eq. (8—1) have only zero entries.

Next we represent the matrix by a similar arrangement of blocks .

Using Eqs. (93)—(95)

k k 
_____ 

N-k

I

N-k

dow) F 
~ 

4 ---4--- +-.- —--- (8-5)

H
I I

L ~~ ~* 0 0 j N—k

-

~

••[ 

• • 
—
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The blocks labelled F. G, and H have the following properties:

1.) In F and H the t index is between 1 and k

2) in C and H the n index is between N—k and N

We are dealing with a narrowband signal concentrated near us
O • (See

figure.] The Doppler shift and differential Doppler shift Aw — 2nk/T are

certainly small compared with Let 0
0 

— 2uR/T, so that P. is the index of

— _ _ _ _ _ _ _ _ _ _ _ _ _ _  ____________________

2irt*I-r
of the Fourier coefficient associated with the center frequency of the signal.

Hence the factor S[~-(L+n—k)—usfl] in Eq. (93) is different from zero only when

i+n-k is near 2R.

In F and H , according to (1), 9. is between 1 andk. It follows that n is

of the order 2R (compared to which k is negligible). Thus the factor i—n—k

in the denominator of Eq. (93) has a value close to —2R. From the definition

of K we have

w~
T I2K — ——— — 2 j

~
— (8—6)
0

where T~ is the period of the center frequency . In all interesting situations

the ratio T/T~ should be extremely large and as a consequence all element&

of V and H are essentially zero.
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A very similar argument applies to G. Here , according to (2), n is near

N so that £ must be near 2R—N if there is to be a non—zero contribution .

This says that 9.—n—k must be close to 2R—2N. N characterizes the upper

edge of the processed frequency band and will certainly be very much larger

than R. N can, in fact, be arbitrarily large so that the elements of C

are arbitrarily close to zero.

Eq. (E—5) can now be simplified to the form

N—k k k N-k

1~ I

0 0 I 0 A l~~N k

I I I 

2 0 0 0 0
dK T I t — — -~~

. — ——— — (E— 7)
d(Aus) — 2 I 0 1 0 0 0 } k

I -  ~~~~~~~~~~~~~~~~~ -

I I I

A* 1 0 0 0 N—k

The elements aum of A are given by Eq. (93) with 9.—k m . Thus

(0 m n

a — 
(E—8)1

( 1  rn-n j u~~~(n+m4-~c)
- ~~ S[~ (m+n)-w fl ]e m n

LThe factor T2/2 in Eq. (93) has been removed from the definition of A by its
explicit appearance in Eq. (8—7).

_ _ _ _ _ _
~~

1- —
~~~~~~~~~~~~~ •

• -.~~ • -‘ • - • • - i-•- — • - . •.
~~
!—~ - •~
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Straightforward matrix multiplication now yields from Eqs. (E—l) and (E—7)

N-k k k N-k

I I
~DA* I 0 0 BA I~~N—kI I

I I

—l dK T 0 1 0 1 0 1  0 k
K d(A w) - - 

_
) k 

(8—9) 

I I
I I

BA* o 0 I _D*A N—k
I I I I

Therefore

E y - -~I DA~DA* I I
I + I I N—k

BABA* 
-

—l d K 2  2 1 I ~~~~I I
(K d(Aw)~ 

— T (8—10)

4u2  } It

I BA*BA 
N-k

I 
I D*AD*A

Only the blocks along the pr i i ic i pal diagonal hnve huen filled in since we

are only interested in the trace of the matrix.

The required trace is now easily computed

_ _  
2

Tr( (K 1 

~~~ )
)2} • —~~-{Tr(DA*DA*) + Tr(BABA*) + Tr(RA*3A) + Tr(D*AD*A)) (8—il)

4u

Using Eqs. (8—3), (8—8) and (89)
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N—k N—k 
~~~ ~~~Tr(DA*DA*) - 1 D

ne D e a~~ a~~
n—l rn—i

— 
j2 w -~

9
~(n+m+2k) 

1 2 u —j2u—-~(n+m+Zc)L E D D e 
2 

S [~ (mth)_usfl]en u~n 
n m 

-(rn-n)

1 
2 D D  S2[

~
(m+n)-.usD] (E—12)

n rn#n (rn-n)

Similarly

Tr (D*AD*A) — — 
1 

~ 
D

fl
DmS2 [

~~
(1u+n)_usD ] (8— 13)

n m~n (rn-n)

• 

•

~

• .
~~ Also from Eqs. (8—2) and (E— 8)

k—i k—i
Tr(BABA*) — Tr(BA*BA) — Z B B a a* — E z 1 B B S2 [~~(n+m)—us ] (E—l 4)

n l  r n l  n m nm nm 
~~~ (rn— n)

2 n m T D

Hence

Tr{O(1 d(A~)~~~ 
— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(8—15)

From the definitiunc of B~ and D~ [Eqs. (87) and (88) ]

+ S(Wm
_W
D)J + N0

2

B B - D D -
a [2N

O
S(w

fl
_w
b) + No

2 ] L 2N oS(w~~wD) + N0
2
] 

(E—l 6)

• Make the change of index

m — n — r  (8—17)

k
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Then Eq. (E—15) assumes the form

—l dK 2Tr { (K d(A w)~ ~ —

2irr 2
i NO

[S(On
_W
D

) + S( w +  T 
_W
D

) ]  + N0 2— E E — S (us + — —us ) (8—18)
2u2 n r#0 r2 [2N

O
S(us

fl
_us
D

)+N
0
2
][2N

O
S(us

n 
+~~~~~~ —usa) + N

0
2
] n

The n index formally runs from 1 to N—k . If the arbitrary upper processing

limit N is taken sufficiently large so that all signal power lies below

the n sum can be extended to infinity.

For large TW products and smoothly varying power spectra, S(us
n

) changes

• only insignificantly over any frequency increment Aus 2n/T. The n sum can

then be converted into an integral

• ~~- 

. 

-1 4K 2Tr{ (K d(A w) ~ —

-a,

~ L1Tr
-
~ 

N14S (us —us~) + S(us +--- — —us,.~)] + N~V 1 U S ‘ +~~~~~ ) d ’  E i9
4ir3r#0 r2j

0 [2NOS(w ’_us
D) + N0

2 ](2 N 0S(us ’ + ~~~ —usD) + N
0
2
] 

us 
T

Because of the rapidly varying factor h r 2 only a few terms of the r sum

contribute significantly to the result.

A somewhat more symsetrical form can be obtained with the change of

variable

~~~
‘ +~~~~~~ —~~~ (E—20)

Since there is no signal power near us — 0 the lower limit can remain

zero and Eq. (8—19) becomes

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~~~~~~~~~~~~~~~~ • _ _ _
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~~ r#0 r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~usD) +  N0
2 (w-usD

)dus (8-21)
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Appendix F. Computation of K 1 
-
~~~~~

Eq. (8—1) shows K 1 decomposed into the square diagonal matrices 8,D ,N

and several rectangular null matrices. A similar representation of -
~~~~~ is

according to Eq. (85) 

N—k k It N—k

~~~~~~ f~~ -~ r0 0 P. iN — k

- 
(F 1)

° 0 1 T 0 1k 
s — - - - 4 - - - -+ —  ——
I I

I I

P. ‘ 0 I 0 I Q N—k
— 

I I I

The matrices P,Q, R,S, and T are all square and diagonal .
t

Multiplication of Eqs . (E— 1) and (F—h) yields

N-k k It 
_____ 

N-k
~~~~~~~~

BP_D*R 0 0 1 BR-~~~fl N—k
• I I

I I

K~
l
~~~ ~~~~ :i:~::: ~:~i~rix::::i: )k (F-2)

ao irT 0 1 NT 4 0 I I I  )
• 1 I I

• _D*P+BR 0 0 _D*R+BQ 5 N—k
• 

I I

-
• 

Since all of the matrices in 1—2 are square and diagonal, non—zero element.

occur only along the principal diagonal and the same pair of secondary diagonals

as in K. Thus IC 1 
-
~~~~~ has the form shown in Eq. (116).

— ~‘ •i~~-A 
—
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Appendix C. Computation of Tr{(K~~ 
~~~~~ for 3 Subarrays.

Rearrange the data vector as follows (let h > k > 0)

- X
1(01

) ,X2(w l+k~ 
,X
3
(usl+h) . . .X~(w~~~) ~~~~ 

(O
N h+k~ 

,X
3 

(O
N

)

X
l(usN_k+l

),. . .X
1(Q,

X
2(01

) ,X3(w
1÷h k

), . . .X
2(wk

) ,X3(wh), X
3(01

),. . .X
3
(%_k) (C— i)

All frequencies in the second and third lines of this expression are within

A2 of either zero or As in Appendix C we shall assume that the signal band

is sufficiently narrow and has been chosen sufficiently large so that there

- - is no appreciable signal power in these border regions. Then the last two

lines contain only noise (uncorrelated from sensor to sensor) and the data

covariance assumes the rather simple form

[K
1]

[M
2J

0

K -  (C-2)

Ii  
_ _ _ _ _ _ _ _ _ _

• • • 
-
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The Mn are 3 x 3 matrices readily obtainable from Eqs. (126)—(l28) and

(l3l)—(J.33) (with r
1
.t
2
’.OJ .

--1- -

M - irT S(w
~~

usD
) S(w

~~
wD

)+N
O 

S(O
n
_W
D
) (C—3)

:~r I 
-- :~:-:; i

The inverse of Mn is easily computed

2 S(us
fl

_us
D)+N O 

_ S(us
fl

_us
D) _S(W

n~
CA3D) 

-
~
---------t -

)( 1 - 
w~~~( 3 w w ) ~~~j 

_S (On
_O

D) 2 S(w
fl

_W
D)+No I -S (w -w~ ) ~~~4) 

4- 
I ~S(W ~-~W~ )

Now rearranging the data vector back to its original form we obtain the

following explicit version for the inverse of Eq. (134).

I
— -- - -

_________________________________ ______ ~
_
~

_
~1~~
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p .

k

—

A 1 I ~~
A1 — at —B

~

I

. 

•
• I _&w-~•

• I 
~ • ~~~~~ 

-

A~I 1

S — — — — — — — ~ r 
4 — — — — —IC -

~ 
• — — - --

I 
~~~~~~~ I -B

1

I 1W . , . 1

— - — 

—8 A,

S 
I 

I 
• .

I • - I

I

N-h

:J~~~

II

I ___ 
_  _ _ _ _ _  _ _ _ _ _

,—
- ~~~

:- ~~~

_ _  
~~~~~~~~~~~~~~~~ ~_ _ i~~~~

_
~~~~~ _ _ _ _ _
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Here
2S(us

fl
_W
D

)+N
O

A - 
NQ[3S(%_WD

)+N
o
] (G—6)

S (us~-w~)
B — 

N
O

(3S (W
n

_O
D

)+N
O

] 
(C—i)

All entries in Eq. (C—5) other than the indicated diagonals are zero.

The form of ~~~~~
— is obtainable directly from Eqs. (i35)—- (i37). As in
1

the two subarray case we ignore the “edge effects” near the upper and lower

end of the processed frequency band [see transition from Eq. (8—5) to (8—7)] .

Then

1- .. I

_ _
_ _  

K

_ _ _  
Tz 

(G-8)r

L 
O L D ~~L I 0

—I — ~ ~S.d-~~~~~~ ,14~
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-a,
C is an (N—k) X (N—k) matrix with the elements

0 m n
c - { 

- 

(_1)~~
n 

S[
~
(
~~~

)_w
D
] m 

(G-9)

D is an (N—h) X (N—h) matrix with the elements

(0  r n n

4 — (G—l0)

(-l)~~
” S[

~
(m+n)-usD] m n

Eq. (G— 5) can be put into a form similar to (G—8) with the

definitions

- A,
A1 0

(i) — 
I
’A

0 I’
’A,~..

(C-li)

B, 
-

0 4

S
.
,• 0 ’ . 1 .

—

Then

___- 
- 

- •
- ~~~~~~~~~~~~~~~~~~~~~~ 

—
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K

— ~~~~~~~~~ i-i-—’ —

O~o~ —B ~
_ _ _  _ _  _ _  

i i  __
_ _  1 -o 

-

~~~~~~~~~~

_ _  - _ _  _ _  

9 K

~~~ 
100 ~0~

_ _  _ _  - 

(C-12)

• ~~
.___ __

~L +— ~. — — — — — —  _

~~~~~

_ _ ._ _
~~~~~

_ _ _  
~~~
“

0 I 0 0
—— ______ — I — ______ - 

I

____ _ — ______

I I
I 0 i Oi 

— B
(h) 

~ 0~
- 

_

Sc

The matrix product K 1 
~~~~~~~ is now easily computed.
1

L.. 
- 

—
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— 

m A~~~~~~~C H h) 

-

K -1 - L 
— 

0 A°’~ D (G-13

- - 

~~~~~~~~~2w 
— ~~ D~ ~ _____ ____ 

-
- 0 I 0 I 0 3k

_-  I -• -
~i

I - —
- I (i

~~ 
(iJ~~I

— B
(h) ~~Ob~ 0 0~ 

— 

I I 
— 

~~~~ D

- 
- [~~~IJ+A D 1j ~~ -

In analogy with Eq. (C—li) , c~ is used to designate the matrix C with
the last h~k rows and columos deleted . ‘The second co1u~~ of Eq. (G—13) has

components of different dimsnsionality. This is to be interpreted as follows:

Nefor. addition to A~~~C, the matrix 
...g(h) D is raised to dimension

(N-k) X (N—k ) by adding rows and coluens of zeros at the bottom and at the

right .

jj ;~ - - _ _ _

i ‘— 
— — —  

- ‘.
~~~~~~

. 
— 

- 

~~~~ —~~
- - 

_
~.:
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A straightforward computation now yields

Tr {K 1 aK
)
2} -

1

4
2 

Tr {B ~C*B~
1’
~C*+ B~~~CB0~~C 

(h) th)+ 2B C(B D*) + 2B DB C - 2A DB C

+ 2Ath)DA~~~D* + B~ DB0
~~ D + B ’~D*B

0’
~D*} (G—l4)

Apparently inconsistent matrix products such as (B
(l
~ D)A (1

~~C* are made

meaningful by adding rows and columns of zeros at the bottom and right of

the (N—h) X (N—h) matrix.

The problem of different dimensionality in different components of (G—14)

becomes trivial when the trace is written out as a sum. When the indices n

and m are very different Eqs. (G—9) and (C—b ) indicate that the terms in

question are small. When both m and n are within h of the upper bound N

they are also small because there is no signal power near the edge of the

processed band. Thus both indices can be allowed to run over all integers

and Eq. (C—14) becomes

2
Tr((C1 3K

)

2

} — 
T 

~ { 2 B B c c  + A A C C  - 2 B A d c
1 4ir em

+ 2 B B c  d +28 8d  c — 2 A B d  c + 2 A A d  dnana na nana sm n m n m mo nm n m nm

+ 2 8 5 d  d } (C—iS)n a n a ma

According to Eqs. (G—9) and (C—b )

d — —d • —c — c (G—l6)em ma em ma

L__

~

- ~~~- 

_ _ _

_ _

_ _ _ _ _ _
—-  ~- -~~~~~~~— . - ~~~• •~~ • --
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hence

2
Tr {K 1 

—
~~~~~)

‘} — i— E E {2A A — 48 B — B A — A B }c (C—li)
2 n m n m n m  e m nm

1 2ir n m

Now substituting the definitions (G—6),(G--7) and (G—9) and making the

change of variables in — n+r

—l ~K 2Tr {(K -
~~~~~

—) } —

1

2 3[S(us —us )+S(w —us

21r2 r#0 ~ 
No[3s(wn

_w
i:;~

)+N
o
][3s(us

~+r_usn)+N
o] 

S2(
~
-(2n-4r)_usD

] (G—l8)

This is the equivalent of Eq. (8—18) in the two subarray problem. To simplify

the result we assume again that the spectrum does not change a great deal over

the significant r range. Then

Tr {(K~~ — 7 ~~~~ ~
) 
~ 
NO
(3:(w

fl
—:D

)+N
O] 

(C-~9)

• Fir~a1ly, converting the n sum into an integral and inserting the numerical

value 112/6 for the r sum

~ 2
—1. aK 2 T3 

S (us_OD)Tr {(K -
~~~~

--) } — N(38(w.w )+N ] do 
(G—20)

The reciprocal of this quantity is the mean square error given by Eq. (139). •
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—1 2K —b 3KAppendix H. Computation of Tr(K -
~~~~

— K -
~~~~

--)
1 2

We begin by writing -
~j~~ 

in the form of Eq. (G— 8) . From Eqs. (b4l)—(143)
2

o 

fl~~
_j___~~~~~~~~~h-K

0 0 I

H 

J11j
1 ~ 1J 0 

-

Th. elements of the (N-h) X (N—h) matrix C are given by

C 

— 
(I1_2)1 

I• ( (_j )~~ fl 

[~ (m+n ) I m n

terms of the nomenclature of Appendix C, the c of (H—i) is c~~ oi G—l3.

_________ __ _____________
• •

• —~~~~~~~~~~~~~~~~~
---- — 

__
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The matrix product K 1 
-
~~~~~~~ is obtained from Eqs. (G—l2) and (H—i)
2

K

~~-j . i~J1 - ~ c~ ElO 1 A~C 
-

---H
0 0 I

_ _  _ _  _ _  ~1~

-

‘ 

I 

K~~ 
~~2 

- 
2ir 

_ _  _ _  _ _  

(H-3)

~~C W o ; o C H 
~o; 0

Prom Eq s. (G—l3) and (H—3)

2
• Tr(K ’-~~~ K ’_.

~~) . L _ Z E { B B c  c — A B c  c + B B d  c — B A d  c• 3~ 2 n m m n nm n m n m nm n m m a n a  n m n m na• 1 2 4 m m

- A B c  ~ + B B c  c + B B d  c + A A d  C — B A c  c •:n a ma~na a a nm em n a ma em n a em em n a ma ma

+ B B C C  + B B C C  - B A c c  - A B d c  + A A d c

+ 2B
n
Eadna%n

) (H—4)

J
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From Eqs. (C—b ) and (H—2) it is apparent that

c •—c •d —d (H—5)em ma ma nm

Hence Eq. (H—4) becomes (after a few steps of algebra)

Tr(C1 —
~~~~~ K~~ 

—
~~~~ ) - £ Z (4B B + A B + B A - 2A A ) c2 (H-6)2 n m  e m  n m  n m  na1 2 4 m m

Now substituting the definitions (G—6), (C—i) and (H—2) and making the change

of variables in — n+r

—i 3K —1 3KTr(K -~~--K 
-
~~~

--) -

T2 • 

1 3[S(wn
_W
D
)+S(Wn.,.r usD

)]  + 2N
0 2 it— 

4ir2 r#0 
2 

E 
N
O[3S(W

_W
D

)+N
O][3S(Wn+r

_O
~
) + N

0
] 

S (T(2
n+r)_W

D J (11—7)

This expression is exactly half of Tr{K~~ ~~~)
2
} as given by Eq. (G—18). Since

1

Tr{0C1 3K)2} — Tr {(K~~ 
3K)

2
} (H—8)

2 1

• The coupling coefficient p defined by Eq. (140) assumes the numerical value

1-: p •~~~ (11—9)

4

_ _ _ _ _ _ _ _ _  

IH



81

I REFERENCES

[1] P.M. Schultheisa, S.K. Chow, Signal Processing for Very Large Arrays.
Final Report under Contract N666001—75—C—0210, Naval Undersea Center,
San Diego, June 1976.

[2] 11. Cramer, Mathematical Methods of Statistics, Princeton University
Press , Chapter 33.

[3] A. Papoulia, Probability, Random Variables and Stochastic Processes,
McGraw Hill , Chapter 13.

[4] W.J. Bangs, Array Processing with Generalized Beamformers. Ph.D.
Dissertation, Yale University, 1971.

[5] S.0. Rice, Mathematical Analysis of Random Noise. Bell Syst. Tech.
Journal 24 , p. 46 , J an . 1945.

[6] H.B. Dwight, Tables of Integrals and Other Mathematical Data,
MacMillan , p. 12.

4-


