
-

-AQbO 235 YALE UNIv ~O HAVEN COt*l OEPT o~ ENOTICER INS AP AD—fTC r,s I7~ 1 NSIGNAL PROCESSING FOR VERY LARGE *RRAY5.IU
.$JN 76 P M SCIØLTPCISS. S CHOW N66001 75 C—0210

UNCLASSIFIED

1 • 1

_  

I

• _
fl _



— ______ -~~ ——- —-————— — . — — .

_____  
/

_ _  

AL ~CESSI~1G FOR ERY I~AflCE A3RAY~~ ]

V 
. 

____ 

z1./schu1theis.~ J

• 
[siu-i~a y5

LL.. / Contra ~~~~~~~~~~~~~~~~~~~~

•76~~

- cZ~~~~
_  

D D C
• ~~~~~ 

PrEfl

_ _ _ _ _  

~~~~~ FE8 22 1~~~~~

\

~

)

_ _ _  

\IDEPA RTMENT OF ENGINEERING

AND APPLIED SCIENCE

YALE UNI VERSITY

~ru ~ ~ ±
~ 

~~~~~~~ 

distrIbutt:: unflmlted



ITT

SIGNAL PROCESSING FOR VERY LARGE ARRAYS
by

Peter M. Schulthejas

Siu—Kay Chow

Final Report

Contract N66001—75—c—02].O

June 1976 1• 1
—

D D C
t - EB ~2

~~ L J ~~~L~J
L)

[~~TRIBUTION STATEM FNT A
Approved for public relceso;

Distribution Uni ixrnted

~/ L2~
I i~~~

’ / -.
— — — -~ —



Abstract

p 
This report deals with the use of many sensors grouped into two or more

cluster. (subarrays) for the determination of bearing and range to an acoustic

source producing sinusoidal or narrowband Gaussian signals . The spacing

between subarray s is typically very large compared with the acoustic wavelength ,

but the spacing between sensors in any one subarray is comparable with or

smaller than the acoustic wavelength . The noise is Gaussian and spatially

incoherent.’~~~~~ following are some of the more general conclusions.

A. Sinusoidal signals

1. When only two subarrays are used the estimator which optimally combines

the outputs of all sensors offers little advantage over a system which

obtains separate bearing estimates from each subarray and determines

source location by simple triangulation.

2. When three or more subarrays are available an estimator which forms
I

conventional beams at each subarray and combines these coherently comes

close to the optim~~. Hence there is little or no incentive to build

a. much more complicated system using individual sensor data as inputs.

Each subarray acts , in effect , as a single sensor with improved signal

to noise ratio. The directional properties of these equivalent sensors

are of only minor importance.

3. Th. accuracy of a system employing three or more subarrays could, in

principle, be far greater than that of a single subarray. In practice, the

factor discussed in the next paragraph aeverly limits this potential.

improvement.

4. When th. signal is a pure sinusoid estimation accuracy is limited

primarily by a~~iguity problems ~ These ar e caused by th. fact that
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differential distances to a pair of sensors are indistingui~ihable if

they differ  by a multiple of the signal wavelength. In the absence of

source motion the only good way to resolve such ambiguities appears to

be the use of signals which are not single frequency sinusoids .

B Narrowband Gaussian Signals

1. When the spacing between subarrays is large compared with the average

wavelength of the signal , most of the useful information appears to be

contained in the envelope of the received signal. Only the envelopes

of the subarray outputs were therefore used in coherent estimation

procedures.

2. Formal evaluation of the optimal estimator working with envelope infor-

mation is a very difficult problem. However, lower and upper bounds on

its mean square error can be calculated , the former by working with the

pre—envelopes , the latter by evaluating a particular instr~mientation.

3. One of the key questions is whether the coherent combination of

envelopes from several subarrays yields a better estimate than conventional

procedures using the sensors in only subarray, but now utilizing carrier

as well as sideband information. The axu.wer is straightforward for range

estimation: The combination of envelopes from several subarrays yields

a far more accurate estimate under most reasonable conditions. The case

of bearing estimation is less clear cut. It is possible to find entirely

reasonable combinations of parameters for which either one or the other

scheme will be preferable. For the single array the far field bearing accu—

racy is determined primarily by the ratio of array lsngth to average :

signal wavelength. The corresponding quantity for the system employing

several subarrays is the ratio of spacing between subarray. to wavelength



of the hig~iest modulation frequency.

4. & version of the ordinary (2 element) split beam tracker was used

to set upper bounds on the minimum mean square error in delay estimation.

This tracker employs the squared envelopes of two subarray outputs as

its input signals. For very large time—bandwidth products and large

input signal to noise ratios; the upper and lower bounds dif fer  by about

6 db. Since the lower bound is almost certainly not realizable, this

suggests that the split beam envelope tracker is not too far  f rom the

optimum in this important range of parameters . When the signal to

noise ratio at each aubarray (after  beamf orming) falls below unity the

tracker performance deteriorates rapidly compared with the lower bound .

5. When the time—bandwidth product is only moderately large , the split

beam tracker error approaches a finite minimum as the signal to noise

v ratio increases • It comes close to this minimum when the signal to noise

ratio exceeds the time—bandwidth product. The lower bound predicts that

the mean square error approaches zero as the signal to noise ratio grows

indefinitely. In this case, therefore , the split beam tracker suffers

a def inite performance loss relative to the lower bound when the signal

to noise ratio becomes large.

6. An improved (balanced) version of the split beam tracker overcomes

the problem mentioned in 5. For signal to noise ratios well in excess

of 0 db its mean square error differs from the lower bound by an essentially

constant factor of about 6 db.

- 
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1. Introduction

This report summarizes work carried out under contract N66001—75—C—02l0

between Yale University and the Naval Undersea Center , San Diego. Maj or

portions of the material are adapted from a progress report and three letter

reports submitted earlier. -

The study is concerned with the localization of an acoustic signal source

by means of an array consisting of many sensors grouped into two or more

subarrays . The acoustic source radiates a signal which consists either of

pure sinu’~oids or of very narrowband noise—like waveshapes. The wavelength

of the signal sinusoid (average wavelength in the case of a narrowband

signal) is likely to be small compared with the dimensions of any one subarray

but is prob ably comparable to (or larger than) the spacing between individual

sensors in the sub array . Thus the subarrays have beam patterns with signi—

V ficant directional properties . The spacing between subarrays is large

compared with the dimensions of any one aubarray and therefore extremely

large compared with the acoustic wavelength. The frequency of the signal

sinusoid (or center—frequency of the narrowband signal) is assumed to be

known and fixed during the observation interval. Thus there is no effort

to determine , or exploit , any effects of source motion . Information concerning

source location (bearing and range) is contained only in the relative delay

of the signal observed at various sensors .

All of the analysis is carried out under the assumption that the signal

wavef rant is perfectly coherent from subarray to subarray (and hence certainly

over any one subarray) To a first approximation one could think of a less
4

than perfectly coherent signal as being composed of two parts : One which

is perfectly cohersnt and one which is completely incoherent. The incoherent

part simply adds to the noise, so that the effect of partial incoherence is

... ‘ ~~~ ~~~~~~~~~ .~~~



2

merely a reduction in signal to noise ratio.

Only the most primitive noise model. is used: The noise at each sensor

is Gaussian, and the noise components received by different sensors arc statis-

tically independent. For the analysis of sinusoidal signals the noise at

each sensor is further assumed to be white. This assumption is probably

quite realistic: Practical sea noise spectra should be very nearly flat over

the narrow frequency bands of interest. Spatial incoherence is a more doubt-

ful assumption, at least within any one subarray. However, the advantages to

be gained by exploiting such short range spatial structure of the noise are both

limited and well understood. To include this effect in the present analysis

would greatly complicate the results without shedding much additional light

on the questions of primary interest.

The basic objective of the study is to determine what improvements in bearing

and range accuracy can be ob tained by combining the information supplied by various

subarrays. The required combination can be accomplished at several different

levels:

(1) The most general approach is to regard all sensor outputs as potential

inputs into a single optimal estimator. If the number of sensors is at

all large, the resulting instrumentation becomes extremely complex.

(2) At the other extreme, one can use conventional beamforming at each

subarray to obtain separate bearing estimates. These can then be combined

by purely geometrical techniques to obtain an estimate of source location.

(3) As an intermediate procedure , one can beamf orm at each subarray, and

then use coherent combinations of the beamformer outputs to obtain the

estimate of source location. This approach effectively treats each sub—

arra y as a single (directional) sensor in a large r array whose Output

is now processed in optimal fashion. If the number of subarrays is not
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very large, the resulting instrumentation might not be excessively

complex.

All of these procedures have been studied to a greater or lesser extent.

We shall begin this presentation with the moat general approach (1). It

will quickly become apparent, however, that its theoretical advantages

over (3) are quite marginal and certainly insufficient to justify the vastly

greater complexity. The real choice is therefore between (2) and (3) . The

decision between these two is much less clearcut . The major advantage of

the coherent combination of array outputs envisioned in (3) is that it exploits

the large baseline provided by the subarray spacing. On the other hand, the

fact that the subarray spacing is likely to be very large compared with the

acoustic wavelength leads to ambiguities (multiple lobes in the effective

beam pattern) which are very difficult to resolve. In the absence of source

motion, signal bandwidth appears to furnish the only visible mechanism for

dealing with this problem. The tradeoff between (2) and (3) can therefore

be stated very roughly as follows:

(a) One can work with arrays of relatively small dimensions (the subarrays) - :
using a wavelength determined by the center frequency of the signal

spectrum.

(b) One can exploit the full spacing of the subarrays, but the relevant

wave length is now determined by the highest modulation frequency and is

therefore much larger than the wavelength associated with the center

f requency .

For different set. of parameter values the advantage can shift from one to the

other of these procedures . A more detailed examination of these questions is

a primary aim of this report.

-1
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2. Basic Theory and Definitions

soi*rce
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X~~~ 1ft)

/ SL 1~barYbPV

s~~barca/ 2.

SLtb~2fl~GIy 
I

0~~~
V

xH~
(±
~

Figure 1

The geometrical relations between source and receiver locations are

indicated in Fig. 1. We are interested in estimating the source bearing

8 and range r relative to some conveniently chosen origin of coordinates

0. The available data are the outputs of M sensors, x1(t)...z~(t). Each

of these consists of a signal component and a noise component and is

observed in the time interval (0, T). In line with the earlier coements

the signal components at all sensors are assumed to be identical in form ~~~~~~~~~~

except for delays deter mined by strictly geometrical considerations. We

do allow different signal attenatians to the various subarrays and

________________________________ ~
S - :  . -.
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can therefore discuss the effect of using subarrays with different signal

to noise ratios.

There is always a degree of arbitrariness in the def inition of an

“optimum” estimator. We shall require at least that the estimator intro-

duce no systematic error , so that the actual error will tend to zero as

the observation time T increases without bound. In;statistical terms,

we require that our estimator be “unbiased” . Beyond that , we take the

usual approach of characterizing estimator performance by a mean square

error criterion. This enables us to use the well—known Cramè r—Rao

technique for obtaining the desired bounds on estimation error.

Specifically, let each sensor output be represented by a set of n

numbers. These might be the n time samples x~(t1)...x1(t~
) ,  a set of n

Fourier coefficients, or any other convenient representation. Let ~ be

the complete data vector of dimension M.n, consisting of n samples from

each of the M sensors . The likelihood function A is defined~~y

A — p(~j e , r) (1)

Thus A is the probability density of the received data vector x when the

t rue values of the unknown parameters are 0 and r. We must now evaluate

the Fisher information matrix

- 

~ 
[a 2io& A~~ E[

~~~°~ 
A\‘I 2 )

(2)

fa2lop A\ E !a 102 A~arae 
~ ar

2 i~
E {} stands for the expectation of the bracketed quantity.

The Cr aa~r—Rao theo ry asserts that the mean square estimation errors

D2 (S) of 8 and D2 (;) of r have absolute lower bounds given by ,
~~

. , I

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
—~-~~~~~~-

— . ~~~~~~~~~~~~~~
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p D
2(O) > (3)

D2 (r) > (4)

The symbol [ indicates the element in the ith row and j th  column

of the matrix in brackets .

The lower bounds are entirely general, independent of the particular

estimation procedure used, assuming only that the estimate is unbiased.

The element [f 1]
12 of the inverse Fisher matrix measures the correlation

between the bearing and range estimates.

One cannot assert in general that the lower bounds of Eqs. (3) and (4)

are necessarily attainable. The general theory indicates that for large

observation times T, the (realizable) maximum likelihood estimator achieves

mean square errors approaching those of the lower bounds. “Large T” means,

in practice , a time large compared with the correlation time of the noise (and

the signal, if it is random). This condition is quite likely to be satisfied

in situations of practical interest. In this sense the Crain~r—Rao bound can

therefore be regarded as a meaningful limit which can at least be approached

with instrumentations of sufficient complexity. There is , however , one

important qualification: Most practical instrumentations, even when they

purport to implement the maximum likelihood estimator, do not locate the

global maximum of the likelihood function. They find a local maximum, a

point at which the derivative of the likelihood function with respect to

0 and r is zero. When the signal is very narrowband, there are many local

maid ~~ -. • In using Cram~r—Rao as a realizable bound we are therefore assuming

that we have successfully resolved the ambiguity problem posed by multiple

peaks of comparable height . As the signal bandwidth diminishes, the difference

~~~, ~~~~~ 
. 

~~~~~~~ 
—
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in height of.adjacent peaks decreases and the resolution problem becomes

more and more difficult.

lv 
~~~~~~~~ -

______________ -



8

3. SInusoidal Signal. Two Subarrays

As a first specific case we consider a source radiating a purely

sinusoid al signal of known frequency but unknown phase

8(t )  — A
0 

sin(w
0
t — ~). (5)

The receiver consists of two aubarrays which will be taken as line arrays

with equally spaced elements in order to simplify trigonometric manipulations.

Source bearing and range are measured relative to a system of coordinates

centered at the left end of the first subarray , as indicated in Fig. 2.

~~ so u.rce

eh

Sl4 b~ rreV I
e 

_ _ _ _

_ _  ~
Figure 2.

1 In the light of the discussion jus t completed this problem has a rather arti—
ficial flavor. With a purely sinusoidal signal there is no practical way to
resolve the ambiguities. To calculate how accurate a system would be which did
resolve them may appear to be an academic exercise . The reason for pursuing the
argumen t nevertheless is that it exhibits in a particularly simple setting a
number of problem s which remain , but become much less transpar ent , when the
signal is sufficiently complex to permit identification of the global. peak in
the likelihood function. These prob lems include the coupling between beari ng
and range estimation and the merits of cohere ntly combining beam outputs as
opposed to individual sensor 

- ::~~~

t1 

- . 
t
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We assume that the source range from each subarray (r , p) is large

compared with the subarray dimensions (L1, L2) .  As a result the angles

$ and i~ do not vary significantly over any one subarray . .~n equivalent

observation is that the signal wavefront is essentially planar over any

one subarray . We do ~~~ assume that the spacing D between subarrays

is necessarily small compared with r or p .

If we designate the signal travel time from the source to the

sensor by t1, the waveshape received at that sensor will be

x
~
(t) — Ai sin(u0(t — r

~
) — •) + ni(t) (6)

is the Gaussian white noise associated with the ith sensor and is,

by assumption, independent of all other noise components. Only the delay

T~ depends on r and $.

The phase angle $ of the transmitted signal is without intrinsic

interest , but it is essential to the computation f or the following reason:

If $ is taken as zero (or as some other known quantity) , the time of zero

crossings at the source is known and one can determine the range to any one

receiver by observing the time of zero crossings at that point (to multiples

of a wavelength). Ranges to two receivers would locate the source in bearing

and range. In practice , this is clearly nonsense. One does not know the

time of zero crossings at the source and observations at two sensors can

only lo~~t. the source on the hyperbola corresponding to the observed

differential delay . 
-

There are two basic approaches to the problem just outlined. One can

regard $ as another fixed but unknown parameter to be estimated in addition

r~ e and r. This enlarge . the Fisher information matrix [Eq. (2) 1 to 3 x 3

format and considerably c~~~licat ss the inversion proc ess . Alternat ively

— ~~~~~~~~~~~~ ii _•
~T.’~
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one can treat $ as a random parameter [perhaps uniformly distributed over

(0 , 2ir) ] and average over its distribution . This preserves the 2 x 2

dimension of the information matrix , but lead. to exceedingly cumbersome

integrals in its individual elements. The first approach is chosen as

the lesser evil.

To illustrate the computation of tic elements of J, consider the term

a2
~~~ We take the noise spectral level at the ith sensor as N 4 and
ae 1~

assume a noise white over a frequency band W. Then Nyquist rate samples

taken at intervals of 1/2 W are statistically independent and , because of

the assumed spatial incoherence of the noise, the likelihood function

assumes the simple form

M n
A — C exp {— £ E ~wk~~t 4 ) — 5i(t 4 ) ] 2 1 (7)

i lj l  i

where C is a normalizing constant. si(t) is the signal received at the

jth sensor and is given by

5
i
(t) — Ai sin [w

0
(t — T

i
) — (8)

Differentiating the natural logarithm of (7) twice with respect to 8

one obtains

a 2 A M ~~ (t ~ 2 a2s (t )
— 

~~ ~~ 
— ~ 

] + [x~ (t~) — s~ (t~)]  
ae2

Since the noise has zero mean the last term in Eq. (9) disappears when

the expected value is taken and one is left with

_E (a 1o~ A) — £ £ ~~~ (10)
ae i—i j— i i

Substituting Eq. (8) into Eq. (10) one obtains

LI 
_ _ _ _ _
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— ~ [ a b o ~ A M ~ ~~~~~ cos2 [w0(t~ — t )  — +1 (_i) 2 (11)
ao2 ~ — 

i— I. j — l N1w

For large W there are many time samples in each signal period and one can

1
approximate the j sum by an integral.

n 14
__________ ________ 

2321og ]
~~ — 2W ~ { E -

~~~~ w
0 coo [~ 0(t~ — t1

) —— E[ 
~~~ j—i 1—1 ~~.

T14 A~~w0
2 ar 1 2 1 2

i l  Ni 
~~~~~~~~ j cos (w0(t — r~ ) — +3 dt. (12)

0

In practice the observation time T would almost certainly cover

many periods of the signal sinusoid. Then one can approximate to a high
2degree of accuracy

M A 2 2T at 1 2 (13)— 
ogA

1~~ ~ 1 0  (-j~ ) .
ae 2 

~~~

The other elements of the Fisher information matrix are computed in

entirely analogous fashion . The result is
- 

M A 2 ar  M A 2 at 1 at~ n
£ i ( i~ 2 i 2t E0 N ao ar 0 i l  N~ aei—i i i—i i

M A 2 a~~~at M A 2 at I M A 2 a
~ 
2.~ ~ i ( i)

2 
~ ~ E (14)j  — w0~T £ ae ar N ar i—i ~‘i ~~i—i. 1 i—i i

- -  -- - - - - - -  

14 A 2 14 A 2 
N A1

2
T 1£ ;w 0T £0 

~~~ 
N
1 30 

~~ 
3r i i  N1 -

1 Not. that the time increment from sample to sample is t~t — 11(2 W) .
2 The result is exact when T is a multiple of the signal period, I

____________________________________ —

-
_~~~~~_~~± —



A tedious but basically btraight forward computation now yields the

determinant of .1 and the various cofactors required for  the evaluation

of the inverse matrix, The terms of primary interes t are

Det .~ — 
w
0
:
T
3 

~ ~ 

~~~ ~~~ 
±~._{(_~ -

i—i j—] k—l I j k

(15)
30 30 3r ar 3r 3r

— ~0 T2 
~ 

~ ±~ — (16)
j—i k—l j k r r

— 
w0~T2 

~ ~ ±~!. ~i .  (_J . — 
k
)
2 (17)

22 2 j—l k—i 
N~ Nk 30 30

~12 - 
w 2.r 2 

~~~~ (_j - - ~~k) (18)
1—1 k—i I k

.7 stands for the cofactor of the matrix element in the rth row and
rt

£th column.

Eqs. (15) — (18) are quite general . They do no t use the par ticular

array configuration of Fig. 2, nor do they require the source to be remote

• compared with the subarray dimensions. We now introduce these assumptions

in order to put the various partial derivatives into a relatively simple

form.

When the index j is associated with the f i r s t  subarray in Fig. 2 we

have the approximation

1t — — (r — jd coo 0) (19)

I
where c is the velocity of sound and d the distance between adjacent

eIvi~ents. The required partial derivatives are ~heref ore

-~~~~~~ - _ _ _ _
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(20)

—j~
.
~~ j~~~sin 9 (21)

When the index k is associated with the second subarray the same

approximation yields

tk — 2~(p — kd coo ij~) (22)

p and ~p are source range and bearing from the second subarray as indicated

in Fig. 2. The required partials are therefore

(23)

- —~~~ ~~~ + --~~ ~~ - -~(}~
. + kd sin * ~~) . (24)

Simple t rigonometric manipulations based on Fig. 2 yield explicit

expressions for the various partial derivatives 
1 in Eqs. (23) and (24)

(25)

cos o (26)

cos a (27)

r sin ft (28)

a is the angular separation of the subarrays as seen from the source [see

£ 
Fig. 23.

The next step is to sut~i titute Eqs. (23) — (28) into Eqs. (15) — (18)

They are , of course , simply the elements of the Jacobian describing the
P transformation from the Cr , 0) coordinate system to the (p , ~) coordinate

system.
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and use the results to evaluate Eqs. (3) and (4). Considerable simpli—

fication can be achieved by assuming that the signal to noise ratio is

constant over any one subarray . Specifically we shall write

2 ~~~A 2

— ~ -f- 
when I is In subarray 1

N4 / 1
(29)

I A~’

~ 
-j— when 1 is in subarray 2

2
It is also helpful to assume that the numbers of elements in the two

subarrays , M~ and 
~2 respectively , are much larger than unity. Then

one can approximate

M1d — L1, 142d L2 (30)

where and L2 are the ar ray lengths.

Even with these approx imations the req uired algebraic manipulations

are still ex tremely tedious and only the final results are therefore

reproduced her e, 

- - ~~
-*

-
,“ - - - ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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P. The newly introduced symbol A stands for the wavelength of the signal

sinusoid.

Inspite of their complexity Eqs. (31) and (32) yield some ismlediate

checks against physical intuition:

1) If — 0, i.e. the second subarray is not receiving any signal,

Eq. (31) reduces to the very simple expression

D2(O) 
~ 2 

12 
2L

41r4T —
~~

— N~ —.~~~ sin
20

The cothination A
1
2
M
1/N1 is a measure of the poe t—beamforming signal

- - to noise ratio. With that-interpretation Eq. (33) has alr.ef the

features one would expect to find in the minimum mean square bearing

error attainable with a linear array .

2) When A
1 
+ 0 the right side of Eq. (31) tends to infinity . This

conclusion becomes reasonable as soon as one recalls that 0 was defined

as the source bearing relative to subarray 1. The second subarray pro—

vid.s a measurement of !~U which may be quite accurate.. It does not per-

mit a range measurement and hence does almost nothing to locate the
4

source in bearing from the position of subarray 1.

3) The right side of Eq. (32) tends to infinity when either A
1 

or

A2 tend to zero. Since the wavefront curvature over each subarray

is negligible, one subarray alone cannot produce a range estimate.

In practic. both subarrays would have to receive substantial signal

levels if the overall system is to perform significantly better than one

of its components . For simp licity we consider the special case

_ _ _ _  - 

.
~~~~~~~~

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~~- ‘~~~~

, -  ~~~~~~~~
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A 2 A 2
_.LM .. ....L M ~~~~ (34)N1 1 N 2 2 N

S/N therefore stands for the post—beamf orming signal to noise ratio of each

subarray ~nd W is the processed frequency band. If we ignore terms of the

order L
2/p and L1/r we can simplify Eqs. (31) and (32) drastically:

D2(6) > 
12 

2L L 2
4tr
2TW 

~ 
[—

~~~ 
sin

2e + _a_ £_ sin2*(l + 2 cosa )2]N A 2 p2

12 r2 ~ + COB p
l—cos p

D (r)
L L 2

4
2~~ S ~~~~ sin20 + —~~~ ~~ sin

2
*(l + 2 cos )

2
]

A

— i + cos a r2D
2( )  (36)

l — c o s p

The first interesting comparison is between Eq. (35) and Eq. (33) .

If and r p the addition of the second sub array , even when used

in optimal fashion, produces only a modest reduction in bearing error.

One gains the obvious advantages from having one subarray or the other

oriented more nearly broadside with respect to the source, but there is j

no apparent benefit from the enormous increase in overall array dimension

to the order of D rather than L1.

Eq. (36) tells an analogous story. Given two similar eubarrays at

similar distances from the source one could simply use each one separately

to obtain a bearing est imate and then locate the source as indicated in

Figure 3. Treating the subarray outputs coherently appears to yield only

- 
- 

1eat 

b~~~flt~ rdst ~° simple geometrical combination of bearing 

- 
- -
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estimates .

a. re c~ of pro bo.bIQ
Source Iocqti o~

L~

Figure 3.

It is not difficult to account for the failure of the large overall

array dl~~’~~ion to influence the range and bearing accuracy more drastically.

One way to approach the problem is to consider the correlation between the

bearing and range est imates . The matrix is the covariance matrix of

the best joint estimate of 0, r and $. It is therefore a straightforward,

though once again tedious , matter to compute the correlation coefficient
a A

between the esti.at~on errors of 0 and r.

3
— 

12 (37)

11 22

Computation . have been carried out only for equal signal to noise ratios

at the two arrays, in Which case one find, a correlation coefficient

differin g from unity only by terms of the ord r L /r and L2/P , both very1

_ _ _  

—I-
- 

• 
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small quantities. One can interpret these observations as follows :

Each of the subarrays , even in the optimal instrumentation, produces

an effect not very different from that of a single directional sensor.

By cothining the array outputs coherently one establishes , to a high

degree of precision , a hyperbolic locus of constant differential distance

from the two subarrays (solid line in Fig. 4). The segment of the hyperbola

~~ ‘V N /
.—•-J \ fs.

N
/ N

N1 /I ,  N
I

I ,

I
su.bavray t su.bc~rtay 2.

Figure 4

on which the source is actually located is identif led only by the directional

properties of each “sensor” , i.e. by the estimation accuracy of the separate

subarrays (dotted lines in Fig. 4). With coherent processing , therefore ,

the area of uncertainty is a very narrow strip along the hyperbola and

within the dotted quadrilateral) With separate processing of the sub array

outputs it is the entire dotted quadrilateral. The hyperbola traverses,
1 We are , once again, ignoring the a~~iguity problem, which will be examined
in s.ction 5.

— -~ — ~~~~~~~ ~- — -~--—-—.~~~~~~~~~ 1’
— - .
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within the quadrilateral, a variety of bearing and range values not

dramatically smaller than those covered by the entire quadrilateral.

This accounts for the limited improvement in bearing and range accuracy

due to coherent processing.

____  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - *
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4. SinusoIdal Signal1 Three Subarrays.

If two subarrays identify a hyperbola of probable source location,

three subarrays should define two such hyperbolas and their intersection

should pinpoint the source location to a high degree of precision. It

appears promising, therefore, to examine the configuration shown in Fig. 5.

As in Eq. (35) we imsediately discard terms of order L1/r and L2 /p . We

also ignore terms of the order L1IA and L2 /A as negligible compared with

D1/A and D2/A.

)
~ 

soIAxce

r

SI.Lb-

/
(~~~~~~-i~kb~~rr4y 2

r L ,
N ~~~~~~~~~~

—— - bt

Figure 5. 
—

With equal post—beamfor ining signal to noise ratio’ S/N at each aubarray we

then obtain

D2 (e) ) 12[(cos a — 1) 2 + cos (~ — 1)2 + ~~os a — cos ~)
2
1 (38)

It • sin y1(cos a 
— 1) — sin y2 (coe 8 — 1)

]f Ll+~~l
Comparison with Eq. (35) shows the expected result: The accura cy is now

-. - ~~~~~ 9_ _
~~~~-;~~

-
~~~ 

-I ~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.

~~~~~ $T _:~_ 
.~~~~~~~~~~ ~~~~

=

~~~~~~
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•
governed by the ratio (D1 + D2 ) / A  rather than the much smaller quantities

L1/A and L2/A. Zmtire].y - parallel obser Mtions e*i bre’-made : eonctileiag - the

range accuracy .

Eq. (38) goes a long way towards resolving a question raised much earlier

in this report : How should one combine the information provided by the vz~rious

subarrays in order to achieve a reasonable compromise between accuracy and

complexity [see discussion on p. 2] ? In Eq. (38) the subarrays contribute

to bearing accuracy only by enhancing the post—beam forming signal to noise

ratio. One would obtain exactly the same result by considering an array

composed of only three omuidirectional sensors , each with signal to noise

ratio S/N . The absolute optimum estimator, which combines all sensor outputs

in optimal fashion, has a mean square error differing from the above only

by terms which we discarded as negligible in arriving at Eq. (38). It is

clear, therefore , that very little is gained by using the sub arrays to do

anything more sophisticated than to enhance signal to noise ratio by

conventional be forming)

1 It appears plausible to extr apolate this statement to nois. fields ~thich
are not spati ally incoherent over one subar rey , One should now construct a
rea.onable approxi.st~on to the optiau* beaaformsr for the subarrey and then
co~~in. s~èarr ay contributions is before.

— -  -
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5. Ambiguity

All of our results thus far- were based on the assumption that it is

somehow possible to distinguish between the global maximum of the likelthood

function and all other maxima. We have comsented on the near— impossibility

of doing this with sinusoidal signals. From a geometrical point of view

one can pose the problem as follows: If two aubatrays may be regarded as a

pair of directional sensors , then a phase comparison at their output does not

establish a unique differential distance to the source . All differential

distances differing from a possib le value by multiples of a wavelength are

also possible values. Instead of defining a single hyperbola the sensor

pair defines a set of hyperbolas as indicated in Fig. 6. The practically

important question is: How many hyperbolas lie within the bearing—defined

regions of uncertainty (dotted quadrilateral in Fig. 4)? Elementary geometrical

considerations lead to the following conclusions : -

- r - ~~ K-)-

So~trce

r

S%A~boIrrc~ f I St4 b c3irY~~y 2

Figure 6

T .
—U-—- * -~~~ I —
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On the ixis joining the two aubarray s the. distance between adjacen t

hyperbolas is A/2. It remains of that order until r is much larger than

D , then it begins to gr nw linearly with r. The number of possible hyperbolas

within the bearing defined uncertainty region (shaded area of Fig. 3) would

p resumably be large and would not diminish with increasing distance f rom

the subarrays . Source location is therefore not constrained to the neighbor-

hood of a single line, as suggested by Fig. 4, but to neighborhoods of many

near—parallel lines. The utility of the information gained by coherent

processing of the two array outputs therefore becomes very marginal.

The situation is not improved materially through the addition of a

third subarray. We now have two intersecting families of hyperbolas , yielding

a large number of points as possible source locations. Ambiguity therefore

appears to be one of the real limiting factors , at least in the problem

setting considered thus far.

The obvious means of avoiding, or at least reducing , ambiguity is to

work with signals containing two or more frequency components not harmoni-

cally related. If the signal consists of several pure sinusoids, the analy-

sis of sections 3 and 4 can be used with relatively minor extensions.

si
(t) is now a sum of sinusoids which must be substituted into Eq. (10).

Since each of these sinusoids has the same delay r 1, the only change in

Eq. (13) will be replacement of A~
2w0

2T by a more complicated term in-

volving amplitudes and frequencies of all signal components. The remain-

der of the computations would not change materially.

If the signal does not consist of fixed sinusoids , but covers a con—

tinuous band of frequencies , the ambiguities can be resolved f ormally

in the limit of extremely long observation t imes. In order to gain some
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insight into the seriousness of the prob lem for realistic observation times

we consider the following very simple case~

We model the signal as a narrowband Gaussian process of center frequency

and bandwidth ~w. The receivers are two subarrays , modelled as omnidirec-

tional sensors with the signal to noise ratio achieved after conventional

beamforming 1 We are interested in determining the differentiated delay

of the signal between the two sensors.

For observation times large compared with the correlation t imes of signal

and noise this estimation problem is solved optimally 2 by the ordinary two

element split beam tracker sketched in Fig. 7. H is a filter matched to

the spectral properties of signal and noise (Eckart filter).

r

SenSor A.Ott -

mt4 I~R h~er

j~it( 
ou..t

se ’tsor Z deloiy H
A

Figure 7

1 A more realistic model would work with directional sensors, but this should
have little influ.nce on the ~~~i~ uity prOblem discussed here .

2 W. J. langs, Array Processing with Generat ised 3samfo r.srs , Raport No. 1, ‘

~ 

-

Contract N000140—72—C— 1293 , NUSC Sept. 1971.

t ~~~~~~~~~~~~~ ~~~~~~
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When the delay ~t introduced at the output of sensor 2 matches the

actual delay ~r of the signal at sensor 1 relative to that at sensor 2 ,

the expected output E(z) is zero. Thus one need only adjust t~; until the

output reaches a null and use its value as an estimate of t~t and hence of

differential delay.

If the signal is a pure sinuaoid,E(z), considered as a function of

A; , will simply be a sinusoid. It will then have an infinite number of

nulls at all values of A; corresponding to differential delays differing

f rom the true value by a multiple of the signal period. If the signal

is a narrowb and process one would expect basically similar behavior, with

one important difference: The plot of E(z) vs Ar  will now have an

envelope as suggested in Fig. 8. It will still have a series of nulls ,

E(z)
~~~~~~~~~~~ W A-~~ A~~

Figure 8

but the fact that the peak closest to the correct null is higher than all

others providss a means of resolving the ambiguity.

If the signal bandwidth is very small compared to its center frequency ,

the envelop, of Fig . 8 decays slowly and the difference in height of

successive iax1~ a becomes difficult to detect. As a measure of this

r —
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difficulty we compute the difference in the values of E(z) at two successive

maxima and divide it by the “typical fluctuation noise” , the rms value of the

fluctuation of z.

An analytical expression for E(z) can be extracted from the previously

cited reference1. Assuming a signal spectrum of level S flat over the band
2

— Au -C u -C w + Au we obtain

E(z) — 1 
2 sin Aw (A; —Ar ) cos w0(A; —AT)

L(A t  — Ar )

— 
1 [Au cos w

0
(At —At)cos Au (Ar — A t )

AT — At

- u
0
sin u

0
(Ar -At) sin Au(A; _At)]). (39)

For small Aw/u
0 the first two maxima of E(z) (above At — At)  should occur

very close to 1T/(2u 0) and 5ir/(2u
0
) respectively. Evaluating E(z) at

these two points and using the approximation Au/u 0 <-C 1 one obtains

— E(z)
J 

STw
0
2ir(~~)

3
. (40)At —At — — At—At — —2u0 2u0

The standard deviation of z should not vary greatly over an interval

of one, or even several, cycles in Fig. 8. We can therefore work with its

value at A; ‘A-r .3 The required analytical formulation is again contained
1 

w~ J. Bangs, p. 101, p. 157.
2 The filter H in Fig. 7 is here simply a perfect bandpass filter matched to
the signal band .
-~ A
‘ The exact expression for arbitrary Ar —At is not difficult to obtain, but is
quite ci~~ersose.

I _ _ _
I — 
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in the cited report1. To the same order of approximation as in Eq. (40)

D(z) 

~~ 
N/i  + 2 (41)

where N is the white noise power level at each receiver.

Hence the figure of merit for our ability to resolve the ambiguity

is
E(z) — E(z)

A A 5~At — A t— —  At — At— ——2w
0 

2u
0

D(z)

I S 2

V~
3 /j •~~ (Aw ) 2 (42)
1
~~~

2
N 0

If we are to distingui sh the heigh t of successive peaks and hence identify

the proper null, we must certainly have a figure of merit well in excess

of unity. For a 1% bandwidth and high signal to noise ratio the required

condition is
8 6

A 10 3.2x].0 4‘~W > 3 S/N

Unless (and hence Au) is large this can easily lead to exceedingly large

observation times.2

It is , of course, not necessary to resolve adjacent nulls of Fig. 8
1 W. 3. Bangs , p. 38.

2 The strictly linear S/N dependence for large signal to noise ratio. results
from the use of D(*) at — At. A more exact computation would result in a
figure of merit which saturates at very high S/N.

— ____________________________

— --~ - — .- -
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in order to gain some benefit from the coherent processing procedure.

When the signal frequency is high and differential distances of a wave-

length are therefore quite small, considerable gains can be made by

identifying the location of the true null within 10 or 20 periods of

Fig. 8. The extent to which this is possible clearly depends on the

envelope of Fig. 8. What we have considered here is only one possi-

ble way of utilizing the envelope information.

1~

r

i_i-- ---- 
— 

- 
—

-
-
- ~~~~~~~~ -
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6. Narrowban d Signals: General Considerations.

For the remainder of this report we shall assume that the signal is

a narrowband Gaussian process whose spectrum is centered about some

frequency u0 large compared with the bandwidth. If the bandwidth is

extremely small (smaller than the inverse of the observation time) the

signal looks essentially like a fixed amplitude sinusoid throughout the

observation interval. The problem is then essentially the same as that

treated in the previous sections, the only difference being that the

amplitude of the received sinusoid is itself a random variable.

If a sinusoid of known amplitude is unsatisfactory (because of ambiguity) ,

a sinusoid of the same frequency but unknown amplitude will certainly

be no improvement. It follows that the only bandwidths of practical

interest are those which are appreciab ly larger than the inverse of the

observation time.

On the other hand , it is necessary to keep in mind that signals of

practical interest may have a bandwidth which is quite small compared with

the center frequency u0. Unless is very large , or the observation time

is unrealistically long , the time-bandwidth products will therefore not

exceed unity by many orders of magnitude. We shall find that this leads to

the breakdown of an analytical assumption which has been made very widely

in the study of optimal detectors and estimators.

We now turn to the role of the signal envelope. We have seen that the

narrowband estimation problem consists of two distinct components

a) Separation of the global maximum of the likelihood function from other

maxima.

b) Estimation of the coord inates of the global maximum.

I
—

-~~~,- --~



31

The argument of Section 5 suggests that errors due to a) will far outweigh

those due to b) for typical parameter values . With a few widely separated

sensors (subarrays) the ability to separate maxima of the likelihood function is

governed by the envelope of the signal correlation. [See Fig. (8).] This

envelope, in turn, is generated by the signal envelope. One is therefore

led to the conjecture that one can envelope detect the beamformed outputs

of each subarray and generate the location estimate from a coherent combina-

tion of the envelopes without sacrificing any information of real value.

An alternative statement of this point of view is the following: It is

hopeless to attempt measurement of differential distances to one wavelength,

or even a few wavelengths. The only really relevant information in the signal

is therefore contained in its slowly varying envelope. We shall adopt this

point of view and assume from here on that each subarray output has been

envelope detected before further processing. We have no precise measure of

what has been thrown away in doing this , but we suspect strongly that the

sacrifice is small .

Under these grotind rules , the most general estimator assumes the form

shown in Fig. 9. The designer is given the envelopes R1 as inputs and

must use them to obtain the best estimates of bearing and range. Since the

signal is known to have narrow bandwidth , it is reasonable to assume that prior

to envelope detection each beamformer output has been processed by a bandpass

fil ter centered about u
0 

and of a bandwidth at least comparable with that

of the signal. Thus the noise as well as the signal at the envelope detector

inputs has narrowband properties .

1
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If signal and noiHe arc iiidcpcndcnt. Cauii,~ian proecKses the beamformur

outputs x~(t) are Gaussian processes which can be written in envelope and

angle form as follows1

x~ (t) — X (t) cos w0t + x (t) sin w0t

— R1(t) cos(w 0t + e~(t) ) (44)

where

R~ (t) — /x 2 (t) + x 2 (t) (45)

and x (t)

e
i

(t) — arctan 
~ 

(46)
c~ -

x (t) and x (t) are Gaussian random processes, each with a spectrum obtained
i i

from the spectrum of the original narrowb and process x1(t) by downshiftiug it

red/sec.

It is apparent from Eq. (45) that R~(t) is not a Gaussian random process .

In fact, it is a simple matter to demonstrate that for any given t the random

variable Ri(t) has a Rayleigh distribution. To characterize the estimator input

statistically one needs the joint distributions of the Ri(tj ) for many obser—

vation instants t~ . It is not difficult to write this distribution down

formally , but it is extremely difficult to infer from it the performance of

the maximum likelihood estimator or even the Carmèr—Rao b ound. Efforts to

proceed along these lines were entirely unsuccessful. An alternative approach

was therefore taken.

If one asiumes that the pre—envelope processes X c (t) and x~ (t) , i 1, 2 , 3,
i -i

See, for instance, S. 0. Rice , Mathe matica l Analysis of Random Noise,
B. S. T. 3., Jan. 1975.

_ _ _

-~~~~~~
—~~~ ~~~~~~~~~~~~~~~~~~ ~~~
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are separately available at the estimator input (which they are not), the data

vector becomes Gaussian and the estimation procedure is veil understood. One

can immediately write down the relevant estimation errors from results available

in the literature. Since the input processes Ri(t) can be constructed from

the x (t) and x (t)  [by using Eq . (45)] ,  but not vice versa , such calculations
i i

yield lower bounds on the errors attainable with the instrumentation of Fig. 9.

Upper bounds on estimation error can be obtained by considering -any parti—

cular~ physically realizable instrumentation. If , with careful choice and

some luck, one arrives at an instrumentation whose errors are not too far above

the lower bounds , then one can claim to have bracketed the estimation errors

attainable with Fig. 9 quite accurately . At the same time one has described

an inst rumentation which comes reab onably close to the optimum. Th at this

is indeed possible , at least over important ranges of the interesting para—

meters , is demonstrated in a lacer section.

I
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7. Lower Boun d on Estimation Error

Bangs has solved the problem of optimum bearing and range estimation

using a set of sensors. each of which puts out a Gaussian random process1.

To adapt this result for our purposed we need only recognize that each

sensor in our lower bound approximation produces two Gaussian random

processes , x (t) and x (t) . We must therefore determine the cross—correlationci
between these two processes . A straightforward computation yields

E {x (t 1)x (t 2
)} - J G1

(w) sin[(w — w0) (t 2 — t
1

) ]  dw . (47)

Gi(w) is the spectrum of the narrowband process x1
(t) produced by the ~~~

sensor. When t
2 t1 the integra nd . of Eq. (47) is zero , confirming the

well—known results that the two pre—envelope functions x~ (t) and x (t)
i Si

are statistically independent when observed at the same time . A similar

claim is not true in general for t2 ~ t
1. However , if the spectrum of the

narrowband process is symmetrical about w0, i.e.

G~ (w) — G(w — w
o

) (48)

with G(x) an even function, then

E {x (t
1

) x ( t
2
)} - sin~(t2 

- t1
) xJdx 0 (49)

The only approximation implied in Eq. (49) is that the bandwidth of the

process is sufficiently small compared with so that the lower limit

can be replaced with —~ . In that case the x (t) yield a data set completely
si

independent of the X (t) . One can then work with either member of the
i

pair and reduce the calculated mean square errors by a factor of two. The

results of BangI
2 analysis are now applicable with only trivial modification.

1 W. 3. Bangs , Array Processing with Generalised Beamformers, Report No. 1,
Contract N00l40—72—C —l293 , NUSC , Sept. 1971.
2
W. .1. Bangs , p. 97.
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a) Two subarrays

In the simplest case there are only two subarrays. Since we are modelling

each of these as an omnidirectional sensor2 we can only estimate differential

delay (i.e. we can only identify the hyperbola on which the source is located).

The general expression for the estimation error is

D
2(t) — ~~~~~ J ~~~~~~~~~~~~~ 

dw (50)

S(w) and N(w) are the signal and noise spectra of the pre—envelopes.

Their shape is that of the narrowband spectra downahif ted in frequency by w0.

If the signal to noise ratio is constant (S/N ) over the signal band

o < w < ~ w and zero elsewhere a simple calculation yields

2 A  3ir 1 1. l+2S/N

(sw) (S/N)

In order to gain some intuitive feeling for the magnitude of this error,

suppose that the source is remote compared with the subarray spacing, so

that error in differential delay can be translated into bearing error.

D
2(O) — ~A —i— 

~ 
M 
)

2 I + 2S~~ (52)8ir Thu D sin 8 (S/N) 2 
-

Here A.~
- is the wavelength of the highest modulation frequency, related to

iw b y

(53)

As an example, suppose D — 10 A , A.H — 1000 A (0.1% bandwidth) and S/N — 10.
With these numerical value s the rae bearing error is

0.9 degrees (54)
sin 0

Thus , even with this extremely narrowband signal, one does not require

excessively large Thu product. in order to obtain reasonable bearing accuracy.
2 With a signal to noise ratio equal to the post—beamforming signal to noise
ratio of the subarray .

— ,~~- -  --
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b) Three subarrays.
øb

The problem becomes more interesting when there are three subarrays.

Consider the geometrical arrangement shown in Fig. 10. Assuming signal to

noise ratios constant over the signal band the mean square bearing and

range errors can be written down immediately1

2 * 3ir(l + 3~~)
D (0) — 2 

N 1 
2 

1 1 (55)
TAw(j~) (t~w) Tr ( r ~~.~ ) 1 — 

~rO

source

~~~barray 3

r

e

su b ar c øy  I su boirroi y a

Fig. 10

A 3ir (l+3~~)
D2(r) — N 1 1 1 (56) -

Thw(S/N)’ (t~w) ’ Tr~t~~~ ’ ) 1 —

1 
W. 3. bangs , p. 106. The superscript t denotes the transpose — conjugate of

a matrix .

I 
_ _  

~~~~~~~- - “
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The matrices and are composed of purely geometrical factors.

3t 3t
[r ] — ~i _ .~_i. (57)—o ij as as

— — (58)

is the travel time of the signal from the source to the 1th subarray.

The parameter 
~ rO in Eqs . (55) and (56) describes the dependence between

the bearing and range measurements. It is given by the expression

[Tr( .~~
t) ] 2

t t0 Tr (r ~~~ )TrQ1~~ )

~rO — 0 indicates independence of the measurements ,

~r0 — 1 implies comp lete dependence .

The matrix elements given by Eqs . (57) and (58) are easily computed.

They assume a very simple form when expressed in terms of the angles a and 8

sub tended at the source by the various array pairs.

at at at
~~~‘.O , ~~~& 11.~~~~sin a , jf”~~- s in8 (60)

at 1 1 at 2 1 at 3 ~— — — cos a, -r  — cos 8. (61)

p Straightforward computations now yield the geometrical factors required

in Eqs. (55) and (56)

2
~~~ {sin2u + sin28 + (sin a — sin 8)

2) (62)

Tr(-t-j~
t) — - 4 ((1 — cos a)2 + l — cos 8) 2 + (cosa — sos 8)

2) (63)

_____ - 
~~~~~~ 

—
• 
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, {sin a(cos a — 1) + sin 8(cos 8 — 1) + (sin 8 — sin a)(cos 8 — cos c~)Ii~— 2 2 2 2 2 2(sin a + sin 8 + (sincs —sin 8) )(( l—cos a) + (1—sos 8) + (cosa —cos 8)

(64)
A numerical example is worked out in Fig. 11 for S/N — 10. Note that the

angles a and 8 decrease from the top to the bottom of the table.

a 8 
~rO 

D(r) �r~w .L_ D(~ ) n~;

60 120° 0.57 0.13 3.10

450 90° 0.80 0.28 160

300 450 0.92 1.6 360

100 200 0.92 7.2 750

5~ 
100 0.92 29 1510

Fig. 11

This implies that the source is more and more distant compared to the spacing

between subarrays. The correlation coefficient p~~ increases at first ,

but then quickly approaches an asymptotic value as the angles a and 8

decrease. For a remote source the correlation coefficient is quite close

to unity , indicating strong coupling between bearing and range measurements.’

The fourth column of Fig. 11 gives the normalized range error (in units j
of modulation wavelength) . Once the source is remote compared with the

interarray spacing (last two entries) the range error increas es with the

squar. of the actual range as one would expect. The last column gives the 
- -~

1 
~~ is possib le to redu ce the coupling by choosing the reference point (from

which bearing and range are measured) near the center of the overal l array
rather than at one end.

__________

—



normalized bearing error. Note that the normalization includes the value

of r. For large ranges the actual bearing error becomes independent

of r, as one would anticipate.

The analytical expressions of Eqs. (55) and (56) are quite complex.

Very much simpler forms result if the actual range happens to be large

compared with the interarray spacing (although no assumption to that effect

is made in obtaining the estimate) . —

2 ~ - 3 1 1 + 3 S/N (_.~L)
2 1I) ( ) - 

1~ir Thu (S/N )2 d13 1 — 

~r0

d d (65)
sin

2
(0 — *) + ( 12) 2 

sin
2S — sin $ sin(0 —13 13

2
2 A  3 1 l+ 35/N (

AMr
)

2 1D r 2w Thu (S/N ) 2 
d
2
13 

1 — 

~r0

(66)
d d 2

sin4 (5 — *) + (_~~)4 ~in
4$ + (sin

2($ — ,J,) — (
~~~

) sin2$]~d13 ‘°l3

Suppose, in particular, that the 3 subarrays are arranged in a straight line

— 0) and are equally spaced (d13 — 2 d12). Then

D2 (e) ~ 
._L ...L 1 

~~~~~~ ~d13~~in o
)2 

1 
(67)

D2( )  ~~ ~~~ 
( ~

1
2 )

2
r
2 

1 
(68)

For large actual ranges the correlation coefficient redu ces to

4

_____ - .~~~
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~~~ 3 d d
(sin’(G—*)+(---~)~ sin 0 — -(sin (e—~) + — sinG]— sin(0—~’) sinG)

— 
d~~ 2 d13 d13

rO
(sin2 (0—q~)+ ( . &) 

2
sin

20 — -j ~~ 
sin (O—~p)s m O  ] (sin4 (G—~ )+(—~~ ) 4sjn4$— (~~) 2~ fti 2 (0-ip) sin 20]

13 13 13 d13

(69)

This is independent of r and only a function of array geometry . With ip — 0 and
— 
~ 

d13 it assumes the numerical value

~rO l3~ 
(70)

It may be interesting to compare the bearing estimate obtained by the 3

subarray configuration with that product by the 2 subarray configuration (under

a far-field assumption). We therefore consider the same combination of para-

meter values as in the earlier case (d13 — 104A , AM — l000A , S/N — 10]. Eq. (67)

now yields
3 2D(O) — degrees (71)
sin 0

Comparing with Eq. (54) we find that the 3 subar~ay configuration is poorer

by a factor which is almost precisely equal to (1 — ~~
6
)~~~2• In Eq. (54) we

assumed prior knowledge to the effec.i that the source was remote compared with

the interarray spacing. Eq. (71) makes no such assumption. Bearing and range

must therefore be estimated simultaneously with a resultant degradation in each

estimate.

Perhaps the most interesting comparison is that between the 3 subarray system

using envelope information only and a single subarray system which , because of

the close spacing of sensors , can use the full narrowband signal without

encountering serious ambiguity problems. The bearing error of the single

subarr ay system is given by

D ~~~ — ..~~~1 1 + SIN A )2 (72
1 ‘ 2~ TAw 

(~/$)
2 L sin 0

— -~ — —‘.. 
., ~ *~~
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where S/N is still the post—beamforming signal to noise ratio. Dividing

(72) by (67) one obtains

I)~
2(O) 

— 6 (—~~~ 
. A)

2 
1 

(1 — . ‘
~r8~

Depending on various parameter values thi8 quantity can be either larger or

smaller than unity. Suppose, in particular, that d13 — 100 L , AM — 100X (1%

bandwidth) and S/N >> 1. Then

1) 2 (9)
2 ~ 0.15 (74)

D (0)

For this particular combination of parameters the single array is therefore

preferable. In this instance the factor ( 1 — p
5) plays a key role in degrading

the performance of the multiple irray system. For the single array , with its

t - relatively short length L, it is quite realistic to assume that the source is in

the far field. For the combination of subarrays a similar assumption might

be quite unrealistic and one is therefore forced into a joint bearing and range

estimation problem.

The corresponding computations for range estimation are quite straightforward.

For the parameter values d13 — 10 A M~ 
S/N — 10, Eq. (68) reduces to

D(r.) 0.1 r (75)
r ñ~~~d13 sin G

To obtain a meaningful measurement this quantity must certainly be small compared

to unity. Thus TAw must satisfy

Thu >> °‘0
~~d 

r ~)
2 (76)

13 ~

For ranges not too large compared with d13 this inequality is easy to satisfy .

Not e , however , that D~(r) as given by Eq.(68) varies with the square of A,~. The

— 
— 

~~~~~ 

— t
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required observation time therefore varies as (~w) 3 and can easily become

large if the signal bandwidth is small.

For the single array working with a narrowband signal the mean square range
1error is

1) 
2 A £L_;L_ 

~ 
r2 A 2 1 + S/N 1 (77)

1 
(r) 

8w Thu 
L
2 ~~~~ (S/N ) 2 1 — p 12

Eq. (77) contains the degradation factor (1 — p
12)~~ because range measurement

with the single subarray is possible only if the signal wavefront has significant

curvature over the array. When the source is actually remote, so that p~~ is

close to the asymptotic value given in Eq. (70), then p12 will certainly be close

to the same asymptotic value. It follows from Ects. (77) and (68) that

2 *

6 l  l + S / N  X ( 1 32 2  78
D2 (r) 

- 

1 + 3 S/N A~ L

Suppose d13 — 100 L and consider the very small bandwidth A
M 

— 1000 A. Then for

s/N ’ > l
2 A1) (r)
2 A  ~~2OO . (79)

D (r)

Thus the multiple array system is clearly preferable, as one might expect. A

similar conclusion should hold for most cases in which the subarray spacing it~

at all large compared with the dimensions of the individual subarrays.

c) Search area considerations.

The rus bearing and range errors just calculated may be somewhat misleading

as a measure of the accuracy with which the source can be located. Fig. 12

illustrates the relevant considerations. We have previously obtained the rms

1 V. .J. Bangs , p. 104.

_ _ _ _ _ _ _ _ _ _ _  
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bearing and range errors t~r and A0 respectively. We therefore know that,

with reasonably high probability , the source is located in the curvilinear

rectangle of approximate area 4rAGA r shown in the diagram. However, if the

range and bearing errors are correlated , the high probability region may actually
- 

look more like the dotted ellipse and its area might be significantly smaller.

2~~r

/ ~~~~~~
/ ‘ X
/ 1/

1 / 7
/ 0

/ s~~ b-

- s~~b- s~~b- 

3

~rroiy I or rra\/ 2

Fig. 12

To gain some insight into this question we use the following generalization

of the Cramlr—Eac bound to multidimensional estimati on1 :

Let c be the vector of estimation errors and A its covariance matrix. Then

for an~ unbiased estimate th. concentration ellipse1 H. L. Van Trees , Detection, Estimation and ~~dulation Theory , Part I, p. 81.

— -  —~ ~-
-  - 

—
_~!: ~~~~~~~~~~~ ~t’ — _~_ , —~ -~-

—
-~
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T 
A;

1 
~ — C

2 (80)

lies outside or on the ellipse

€
T j~~ ~~c2 (81)

where J is the Fisher information matrix. As in the one dimensional case,

this bound can be approached arbitrarily closely for very long observation

times. We therefore calculate the area of the ellipse given by Eq. (81) ,

choosing the constant C somewhat arbitrarily as unity.~

For the three subarray configuration the elements of the Fisher information

matrix are

3
ij 

— 
3w 1+3:/N 

(Au)2 Tr(~~i.~
t). (82)

The indices i and j  can assume the values r and 0. It is obvious by inspection

that our previous results , Eqs. (55) and (56) , are simply the elements

—land [J ] of the inverse Fisher information matrix.rr

The uncertainty ellipse described by Eq. (81) with C — 1 has semi—major axis

A1 and semi—minor axis A 2, given by the eigenvalues of the covariance matrix

Cov(rA$, Ar). Its area is therefore

A — wIA1A2 
(83) j

Sinc. the trua range r is simply a constant , Cov(rAG , Ar) is very simply

re lated to the Fisher information matrix

• 

Figure l3 1
We are there by defining the regi on of high prob ability as that in which the - 

-

exponent of the (Gaussian ) error distribution is no smaller than —1. 
t

~1 
— — 

- - , 
- — -
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Cov (rAG, Ar) = 1~ll 121 - P 
—l 

(84)

L12 ~22j J
Jr rr

Eq. (84) defines IA 11 as the variance of (rAG) and IA 22 as the variance of Ar.

The eigenvalues of Cov(rA$, Ar) are given by the solutions of the equation

A 2 — ( IA11 + IA 22 )A + — IA12 — 0. (85)

It follows that

2
— — IA 12 Det[Cov(rAO ,Ar) ] — 

Det ~ 
(86)

A few lines of algebra now yield the area of the uncertainty ellipse

31r2(l+3S/N ) r 1 1A 
Au T(S/N ) 2 (Au) 2 

~~ ( .O_O
t )T (_r_r

t ) i’l — 

~r0

The area of the rectangular uncertainty region in Pig. 12 is given by

12w(l + 3S /N) r 1 1A — 4rAGA r—— 
_ _ _ _ _ _ _ _ _ _ _ _  

. -r AuT (S/N)2 (Aw) 2 ~~~~~~~~~~~~~~~~~ 
— rG

(87)

Hence the ratio of the two uncertainty areas is

1 (88)

— 

The factor 4/n is close to unity and is, in any case, somewhat arbitrary ,

• since it depends äà the choice of the constant C in Eq. (81) . The ‘~ignificant

conclusion is that proper exploitation of the dependence between bearing and

range estimation can reduce the effective search area by a factor proportional

to (1 — ~~~~~~ )
l/2

- - — -  r ~: - - —



47

8. Upper bound on estimation error. An envelope tracker.

In the previous section we set lower bounds on the estimation errors

attainable with any envelope tracker. To do this we assumed that the

pre-envelope functions were available as separate inputs to an optimal

estimator. In actual fact the pre-envelope functions are not available

to the observer and as a result there is no reason to expect that the

calculated error levels are really at ainable. In the present section

we compute the estimation errors of a particular envelope tracker. No

claim is made concerning the optimality of this instrumentation , but since

it is clearly realizable , the calculated errors will set upper limits on the

minimum estimation errors attainable with any realizable instrumentation.

To keep algebraic complexity within reasonable bounds we consider a

configuration using only two subarrays and deal with the estimation of

differential delay. Even in a multiple—array system all of the relevanc

information is contained in the differential delay between the signals

received by various subarray pairs. As fAr as the comparison between the

upper and lower bounds is concerned , one therefore feels that the solution

for two subarrays should be quite representative of the more general problem.

The system to be analyzed is shown in Fig . 14. It is , in effect , an ordinary

two element split bean tracker working with the square of the envelope. The

desired estimate ol differential delay is the delay t required in the lower

channel to cause the output a to be zero . For Gaussian signals (and large TW

products) this instrumentation is known to be optimal. Its operating principle - -

is , in essence , to ccoss correlate the two channels and deter-mine the delay for

which the cross—correlation is a maximum. Since the correlation properties

of a random proceas are not changed drastically by a square law operation, one

has some hope that this procedure may still be near—optimal for the non—Gaussian

case at hand. The use of the squared envelope, rather than the envelope itself ,



as the effective system input it simply a matter of mathematical convenience.
2R can certainly be constructed from the data as readily as R and the compu-

tation therefore yields a legitimate upper bound on the minimum attainable

error.

~~~~~~ 
Scj uare R~~(t)~~I c ~ i

a r r ay I n v. otet X~ (€) + X~ (+) d t

i~ntep-c*tor

X 
y(t) +Jd~~

) 
~ t)

~~~ 
s9~~~re

IcAw dieIc~a e~ v. dGt

A

t
If the smoothing time T of the integrator is significantly larger than

F the envelope correlation t ime , z(t)  is approximately Gaussian. The estimator

is then unbiased and its mean square error is approximated by1

D (a) ~
— ~~ T (89)

rdz 12
Ldt ~~J

t is the true value of differentia l delay and z is the expected value of a.

1 
w• J. Bangs, S4.3. Eq. (89) assumes that gros s axbiguities have been resolved.

f When only envelope information is used , this should not present a prob lem. 
- 

-

- a- 
— - - -.__ — — -,:

— ,-- - ..
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The denominator of Eq. (89) is easily evaluated

z — y — E {
~~

[x
~ 

2 (t) + X
8
2
(t)][X

c 
2 (t — -r ) + x 2 (t — -r)]) (90)

1 1 2 2

Hence

— —4E ( [x  (t)c (t)+x (t)c (t)][x (t—r) c (t—r)+x (t—t) c (t— -r)]}dt C
1 c1 ~1 ~l 

c2 c2 ~2 2t — t
(91)

c(t) stands for the time derivative of x( t) .

All of the pre-.envelope functions in Eq. (91) are Gaussian random processes.

The required fourth order moments are therefore readily calculated. The result

is particularly simple because a zero mean Gaussian process and its derivative

are uncorrelated, i.e.

E {x( t )x( t) } — 0 (92)

For narrowband processes with spectra syumietrical about the center frequency, we

concluded in section 7 that the pre-envelopes x (t) and x(t — r) are uncorrelated,

regardless of the delay t . Finally , if the noise is spatially incoherent , the

noise components contribute nothing to the average. The delay t — r aligns

the signal components in th~ two channels and one is left with

-
~~~~ — —8 x 2(t) 

~c 
2 (t) . (93)

d-t 1 - 1
noise—O

If the signal pre-envelope has autocorrelation R (r), this reduces toS

— 8 R (0) R “ (0) (94)
dI A 5 5

T t

where R ” (O ) is the second derivative of the signal autocorrelation evaluated

at the origin.

kI
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The numerator of Eq. (89) is a good deal more tedious to compute. The

procedure is straightforward in principle. The variance of z is simply the

integral of its spectrum G
~

(w) .

D
2(z) — f G (w) du (95)

Jo

The spectrum of z is readily obtained from the spectrum of y [see Fig. 14].

G (u) — G (w) I H( w ) 1
2 (96)

where H(w) is the transfer function of the integrat’~r. G (w) , in turn , is

computed from the Fourier transform of the autocorrelation R (ci) .

Gy
(W) - 

~ L Ry ((x)e _ iW
~ da . (97)

The computational problem therefore revolves about the determination of

R ( a)

R~ (cs) — E {y(t) y(t + a))

— 4E{[x (t)~ (t) + x (t) c (t) ] [x 2 (t — ;) + x 2 (t — r ) ]
1 ~l ~l ~1 

C2

. [x (t+u )~ (t+~ ) + x ( t+ti )~~ ( t+cs)] [x 2 (t— r+ci) + x 2 (t—r+ cz)] ) (98)C1 C1 ~l 
C

2

Multiplying Out the four binomials one obtains a number of terms each of which

is an 8th order moment of jointly Gaussian random variab les. Each such

order moment consists of all possible combinations of second order moments

taken four at a time , of which there is a very large number. Many of the

terms are identical and the computational problem is almost entirely one of

keeping an accurate count of terms of various types. Fortunately there is

a systematic scheme for doing this1. The algebraic details are extremely
1 

~~ H. Laning and R. H. Battin , Random Pr ocesses in Automatic Control,
McGraw—Hill , 1956 , p. 82—85.
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~ t tedious and without interest in this discussion. We therefore only state the

final result

R (a) — 8{[_R (a) R”(cz )_ (R ’(a) ) 2 ][l6R 2 (O)+4R N
2 (O)+l6R (O)R N (O)

+ 8R 2 (cz) + 8RN
2 (u) + 8R (a) R~ (a) ]

+ [_R
N (a) R”(c$) — R~~ (a) R ’ (a) ] [ 8 R

2 (O) + 4R~
2 (O) + 8R (O)R ~ (O)

+ 8R 2 (a) + 4RN
2 (ct) + 4R~ (a)R (a) ]

+ [_R (cs)RN ”(c)  — R ’(a) RN ’(a)] [8R 2 (O) + 4~~
2 (Ø) + 16 R (O)R

N
(O)

+ 8R 2 (a) + 4RN
2 (a) + l2R~ (u)R (a) ]

+ [—R N (a)c(a) — (R
~
(c&
~
2] [4R 2(0) + 4R.~

2(O) + SRN (O)R (O)

+ 4R 2
(a) + 4RN

2 (cs) + 8R (a) R.d (a) ]

+ l6(R’(ci))2[R 2(a) + R (a)R .d (a) ] — 8R’(a)R
~

(a)R (a) R.d(a)

— 8R (a) R~ (a)R 2 (O) — 4R
N(a)c(a)R

2
(0)}. (99)

(a) is the autocorrelat ion of the noise pre—envelope.

To proceed further we must assume a particular form of the signal and noise

pr-c—envelope sutocorrelations. For computational convenience we choose
2 2

R (a) — Pe T (100)
2 2k a a

— Ne 2 (101)

I P is the total signal power and N the total noise power. k is a numerical

constant which governs the relation between the signal and noise bandwidths.

In practic. the noise bandwidth would be determined primarily by the bandwidth

‘1 
_ _  

____ : 1
________________ .~~~-- — -. 

- - - - - -
- - ~~~~~~~~~~~~~~~~~~~~ -



of the processing system (since the received noise is likely to have a spectrum

flat over a band much larger than that occupied by the signal) . The processing

band could at best be matched to the signal , leading to a value k — 2 (because

the processing filter also affects the signal). If the center frequency of

the narrowband signal is not known precisely, one might use a substantially larger

processing bandwidth and hence a larger value k.

Substituting Eqs. (100) and (101) into Eq. (99) and evaluating the Fourier

integral of Eq. (97) one obtains

2 2

G
yG*~) - J~~e 8 a ~) 

- 

2

+ P
3N[8 ~~ e 

~~2 
+ 8/i k + 1 + 2k + 2k2 

~~~ e 2(k + 1)02

1 k + 1 (k + 1) 2 
~

2

+ 8/1 3k + 1 5 +  2k + k2 (a)2 2(k + 3)~ 2

(k + 3) a
2 2

+ p2N 2[2.~~ e 4~2 8/1 
- 

2k + ~ 2(k + 1)02

+ (2?~~+— ~~ --) e
‘ca

2 
2

2 k2 + 8k + ~ + 5k2 + 6k + 5 w2 - 

4(k + 1)02

v’ k + l  2(k + 1) a
2 2

+ PN3( ~~~ 
~~ e 

- 

2(k  + 1)0
2 

+ -.L ~~ e 4~W~
~~~~~~~~~ 2/~ ~

2

2

+ 
_ _ _ _ _ _  

(4k k + 1 + 1 + 2k + 5k2 u2 2(3k: 1)62

13k + 1 (3k + 1) a
2 2 

+ I ~1 ~~~~ 2k ~~~~
) e 8ka2

]~~ I
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Eq. (102) is still very cumbersome. It is reproduced in full primarily in

order to make the following observation. The equation has two types of terms:

Those which contain a factor (u
2
/02) and those which do not. There are 14

of the former and only 6 of the latter, a is the bandwidth of the signal.

If To >> 1 (large TW product) the bandwidth of the T second integrator in

Fig. 14 is small compared with 0 , s~ that the terms containing the factor

(u 2 / 0
2 ) contribute little to the output variance compared with terms which

have no such factor. Before discarding the (w 2 /o2
)  terms , however , it is

important to note that there are no terms in P4 which do not contain ( 2 / 2 S

2 2To discard all terms containing (w /a ) would lead to the obviously false

result that the output variance is zero in the absence of noise. More

specifically, we shall find that the terms not containing (w2/a2) yield

contributions to the output variance of order (To) 1
, while those containing

2 2 —2(w /0 ) yield contributions of order (Ta) . For large (Ta) products and

moderate signal to noise ratios the former are clearly dominant. For large

signal to noise ratios and only moderate (Ta) products the latter may assume

primary importance.

There remains the identification of the integrator transfer function H(w)

and the evaluation of the output variance from Eq. (95) . The transfer

function of a T second integrator is

l i _ e j
~
T

H(w) — . (103)

The quantity IH(u) 1
2 
required in Eq. (96) is therefore

2 w T
~ sin —

H ( w ) I L  — 2 (104)
(~~~22’

The remainder of the computati onal procedure is strai ghtforward and we
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pass i ediate ly to the final result for estimation error.

2~~ 1 1 5 1
D (t)~~~~~~~~~{1~~~

+ N~ 
~~~~ 

k + 3k + 1) + 2 (l+~~2k + 4-~~k2

(k+1)3”2 (k+3) 3
~

2 
~~ (k+l) (k+3)

+ (~ ?[ V~~(v~~ + 
l+8k+3k

2 
) + j~~ (2 + 2+9k)]

+ (!)~ [/ ~i 
2k(k+1) + (2 + (k—l) 2 

~~P 
(3k+l)

3
~
’2 a (3k1 l)

+ (~) 4[4i & + ~ ~~~]) . (105)

When Ta >> I the second term in each power of N/P would tend to be email compared

L with the first. As anticipated, however, the (N/P)° contribution only has a

ter m of order (Ta) 2 . For very large signal to noise ratios the magnitude

of the Ta product therefore becomes critical.

To interpret the k dependence of Eq. (105) properly , it is necessary to

keep in mind that N is the total noise power. If the underlying noise is white

and its effective bandwidth is determined by the processor bandwidth , then N

$ is proportional to P~j~
’, In that case the N/P term is asymptotically independent

of k, all other noise dependent terms grow with k.

r

— -



9. Comparison of upper and lower bounds

The primary purpose of analyzing the split beam envelope tracker for the

simple configuration of two subarrays was to check whether it could estimate

relative delay with anything like optimal efficiei~ y. We must therefore

compare Eq. (105) with the comparable result in section 7a. Unfortunately

the results in the two sections are not directly comparable as they stand.

In order to keep down computational complexity we used the correlation

functions given by Eqs. (100) and (101) ( corresponding to Gaussian spectra]

in section 8. In order to avoid other computational difficulties in section

7a we worked with signal and noise spectra flat (or at least of identical

shape) over the signal band. The result in section 7a [Eq . (51)] therefore

involves the signal bandwidth parameter 
~w which is not simply related to

the equivalent parameter a in Eq. (105) . To make the upper and lower bounds

comparable we return to section 7a, use the spectra introduced in section 8

and circumvent the computational difficulty by finding a lower bound on the

resulting integral. We are therefore obtaining a lower bound on the lower bound

which , together with Eq. (105) , still successfully brackets the attainable

minimum mean square error.

The spectra corresponding to Eqs . (100) and (101) are
2

S(w) ~~~~~~ e 

~~~ 2 

(106)

N(w)-/1 ~~~~— e 21w2 (107)
‘
~ 
/~ a

Substituting these spectra into Eq. (50) we obtain

I
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k—I.
2 p2 k

0
2

w k —  e
— 

2T f N 2 
2

l+2&}e 
k 202

2 2

< T ,çP f 2 k 2a Z
d + 2T k P2 f w2e a d~ (108)

The upper bound is generated by omitting the first denominator term for 0 < w <

and the second denominator term for w > w1. The frequency w1 will be chosen

so that it minimizes the right side of Eq. (108), thus setting the tightest

possible bound. The last version of Eq. (108) is readily integrated

[D2(t) ~~1 < 
T P ,ç(k )3/2 3 f(/(:1 ~~~~

+ ( ~) 2 k ( k
k

l) 312 a3( l _ e r f /(~
T

~~~] 
2

k—l 
U1 k—i ~1

+ 1 a2u)
1 ~~~~~~~~~~~~ 

(k e 
— 

k 
~
2 

— j~ L e 
k 202 

], (109)

The er ror function erf(x) is defined by

X 2
•rf (z) — 

~~ f e~~ dy . (110)
0

To find the best valu, of we differen tiate the last version of Eq. (108)

and set the derivative equal to *sro 2
k—l ’~~

2

T !. 
~~~~ ~ — a k 

P2 ~~2 
k a2 — 0. (111)

-—--- -- - _______ - - __________________ -
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p ~ A few steps of algebra yield

- ~ / ~~ 1 ~ (4k ~~) . (112)

Not surprisingly, Eq. (112) simply gives the value of w at which the second

denominator term in the exact version of Eq. (108) becomes equal to unity.

If 4k P2/N2 < 1, Eq. (112) is meaningless and one uses — 0. Again , this is

not surprising, because the signal to noise ratio (after combination of the

subarray outputs) is now everywhere smaller than unity.

Substituting Eq. (112) into Eq. (109) one ob tains after some algebraic

simplification

[D2 (t) ]~~~~~ 
Ta o2 ( k — l~ 

~~~~ erf (~n(2v’~~-~~ ]1”2

2 2
+ k [1 — erf (Zn 4k P ) l/2 ]

N

— —k- /en(2~c~~) } . (113)
2/~ 

N

In practice the noise bandwidth is almost certain to be larger- than the

signal bandwidth (k > 1). In that case the error functions very rapidly approach

unity as the signal to noise ratio P/N becomes larger than one. Eq. (113)

is then dominated by the f irst  term and one can write to an excellent approximation

D2(;) (k 

k2 (ll4)~

For very large lb and high signal to noise ratio the split beam tracker

error [Eq. (105) ] can be approx imated by

This xprs ssion properly goes to zero for k — 1, because the signal to noise
ratio is thin constant at all frequencies .

I
_ _ _-U

— - - . ~~~s
1 -a. .~- 

~t - -~~
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P 2 *  ~~/~~~~ 1 N  k 3 k + 1D ( r )  2 Ta p 1 3/2 + 3’2~ 
. (115)

split beam a (k + 1) (k + 3) ‘

Eqs. (114) and (115) differ only in the k dependent term. In this limit of

large Ta and high signal to noise ratio one can therefore write the ratio of

the upper bound to the lower bound as

Upper bound k2 k + 3k + 1 6Lower bound (k — 1)
312 (k + 1)3/2 (k + 3) 3/2 11 )

Over the practically significant range of k (k > 2) Eq. (116) is surprisingly

insensitive to k. It assumes a value of approximately 4 at k — 2 , declines

to a miniu of about 3.25 near k — 5 and then rises to an asymptotic value

of 4 as k + ~ . Thus the lower bound falls 5 to 6 db below the upper bound ,

essentially independent of k.

To interpret this result properly one must keep in mind that the lower

bound of Eq. (50) is almost certainly unattainable because it assumes the

separate availability of the pre—envelope functions. Furthermore, Eq. (113)

only computes a lower bound on this lower bound. It would therefore not be

surprising to find Eq. (113) low by as much as 3 db. If this is the case ,

there is at least a range of Ta and P/N for- which the simple split beam envelope

tracker comas within 3 db of the absolute optimum. One must further keep in
J

• mind that no effort has been made to compensate the tracker in Fig. 14 for

• signal and noise spectral properties. A filter of the Eckart type in each

channel would very probably improve its performance relative to the lower

bound , quite possibly leaving a differential too small to be of practical

conc rn .

The discrep ancy between the upper and lower bound becomes much more 
- • -

pronounced when either of the assumptions To >>> 1 and P/N >> 1 fails.

Consider firs t the case of small signal to noise ratio.

— u-..~ - -~ - _ _ _ _ _ _
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*or P/N << 1, Eq. (105) is dominated by the terms in (N/P)3 and (N/P)4

which are not present in the lower bound at all. The square law envelope

detector and multiplier together generate noise intermodulation products

of order as high as 4. When P/N << 1 these contribute most of the output

fluctuation of the split beam envelope tracker. For low signal to noise

ratios one therefore has strong reasons to suspect that the simple instrumen-

tation of Fig. 14 f ails well short of the optimum. In practice, of course, no

tracker will perform well unless P/N (the post—beamforming signal to noise ratio

at each subarray) is reasonably large. This particular shortcoming may therefore

be a somewhat academic matter.

A performance limitation of at least potential practical impact results

from the tracker ’s behavior at moderate Ta products. If the signal bandwidth

is very small it may not be possible to choose T so large that Ta exceeds

unity by many orders of magnitude. In such a situation the first (noise

independent) term of Eq. (105) may make the greatest contribution to the

estimation error. Once this happens , further increases in signal to noise

ratio will no longer have much effect on the error, which is now determined

primarily by signal fluctuations. A plot of mean square error versus P/N

will therefore approach a minimum given by -

D2 (t )  — 2 (117)___ 
a (Ta)

The lower bound of Eq. (113), by contrast, approaches zero as P/N + — .

The signal to noise ratio at which Eq. (105) approaches Eq. (117) depends

• on the relative magnitude of the coefficients of (N/P) 1 and (N/P) °. For k

in the range 2~~~k < l 0 one finds

L
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.

j~~ 
k 

3/2 + 3k + 
~12 I - (118)

( k + 1)  (k+ 3)

For at least moderately large To it follows that the mean square error

co es close to its minimum once

> To. (119)

If Ta is only of the order of 10, signal to noise ratios satisfying Eq. (119)

might well be encountered in practice.

Actual plots of mean square error as a function of signal to noise

ratio are given in Figs . 15—17 for several combinations of parameter values.

Fig. 15 uses Ta — 10, k — 2; in Fig. 16 To — 100, k — 2. As anticipated,

the upper bound in Fig. 15 approaches its minimum near P/N — 10 db , whereas

in Fig. 16 it Only levels off near P/N — 20 db. Fig. 17 uses Ta — 100, k — 10.

Comparison with Fig. 16 indicates that the effect of the k variation is

relatively minor. In each case the upper bound approaches to within about

6 db of the lower bound bef or it levels off at very high signal to noise

ratios. At signal to noise ratios near 0 db one sees the effect of the

(N/P)2 terms in Eqs. (105) and (113) . The region P/N < 0 db was omitted

as being of limited interest.

I

_ _ _ _ _ _  

__U
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• 
- 10. An Improved Envelope Tracker

In the previous section we have seen that the simple split beam

envelope tracker fails to approach the theoretical optimum at every high

signal to noise ratios unless the time—bandwidth product is extremely large.

Since the combination of high signal to noise ratios and only moderately

large time—bandwidth products is not at all unlikely in practice , we look

for an improved instrumentation.

On a purely formal level, we note that the difficulty can be traced

to the first (noise independent) term in Eq. (105). This component of the

mean square error is derived from the first term of Eq. (102) by use of

Eqs. (96) and (95). In our case the low pass filter is a simple T second

integrator with the transfer function H(w) given by Eq. (103). IR(w)1 2

decays only with the second power of frequency. As a result terms of the

form w2 exp (—aw2) in Eq. (102) make substantial contributions to the mean

square error. In particular, the noise independent term is of this form and

can therefore not be ignored.

This line of reasoning immediately suggests a modification of the tracker.

One need only replace the T second integrator with a low pass filter whose

transfer function decays more rapidly with frequency. Computations were carried

out- for the low pass filter 2
— 

IA)

2
H(w) — e 2a~ (120)

The frequency ratio 0/00 now takes the place of the time—bandwidth product

To. One finds that the curves of mean square error versus signal to noise

ratio behave qualitatively like the upper band curves of Figs. 15—17 , but

that the final level is reached at a signal to noise ratio of the order

(0/00) 2 , The magnitude of the final mean square error is of order (0/00) 2

rath.r than (Ta)~~. A definite improvement has therefore been made .

_ - - -~~ I



65

We shall not pursue the subject of modifying the low pass filter because

it is possible to take a more fundamental approach . The troub lesome term

in Eq. (105) describes the fluctuations produced by intermodulating signal
a

components. When the delay t in Fig . 14 is adjusted properly the signal

components from the two subarrays are identical and it should be possible to

cancel their contribution to the output fluctuation. This idea is exploited

in the instrumentation shown in Fig. 18. We shall refer to it as a balanced

split beam envelope tracker.1 It consists of 2 trackers using the same data

whose outputs are subtracted. In one of the units the output of subarray 1

is differentiated, in the other that of subarray 2. The input into the

integrator is therefore given by

y(t)  — [~~~ R1
2 (t) ) R2

2 (t — ~) — R?(t) [
~~ 

R2
2 (t —

R 2 (t)
— 

~~~ 2 ~ R~ (t — -r). ( 1)
R2 (t 

— r)

When there is no noise and t is adjusted to align the signal components,

R
1
2(t)/ R2

2(t — ;) — 1 and the right side of Eq. (121) is identically equal

to zero. Thus the pure signal contributions to the output fluctuation are

eliminated at the operating null. There will , of course , be signal components

in the error when ~ is not perfectly adjusted.

The analysis of Fig. 18 proceeds exactly as that of Fig. 14. For

that reason we only state the final result

I .

1 -

The idea of balancing the tracker configuration and thereby removing signal
contributions to the output fluctuation is equally applic able when the data
vector consists of the complet. sensor output. rather than their envelopes. The
usual (unbalance4 tracker is optimal only under the assumption TW ‘

r — _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



• 
_ _ _ _  

66

r [ )
~~. 1 l

* I I ~ _ _ _
I I

L ___

4’ 4.”
• ~~‘ 4,

.15

_ _ _  
_ _ _

-

~ - -
~~~ . ~~~~~~~~~~~~ .. ::_ ~~~~~~~~~~~~~~ 

.. 

~~ ~~~ . . . J J  l ..~~ . - - ‘ 
- ______________



67

$1~ 
D

2
(r) ” 

-

1 1  k 
372k 3k + 

3/2~ ~~~~ (9k — 6 k+  1~ k2 
— Bk — 1)]

o (k + 1) (k + 3) 4(k + 1) (k + 3)

N 2 r rk 4k 2+ l 7 k + 2  1 l2k2 — 5 k + 1
+ (~) [iT (-.

~~~
+ 3fF~ ~~~~~~~~ 28(k + l) 8(k + l)

+ ~N ) 3 [~~~ 
3k2 + 

312 + 
1 13k2 + 2k ~ 3] + (~~ 4 -~~ — } (122)

2(3k + 1) 0 2(3k + 1)

Comparison with Eq. (105) reveals the following features:

1) Eq. (122) does not contain a noise independent term. This is, of

course , the feature which mot ivated construction of the balanced tracker.

2) The coefficient of each power of (N/P) in Eq. (122) is smaller than

the corresponding coefficient of Eq. (105) . This is true for all values

of k and 1~~. Hence the balanced tracker is better than the conventional

tracke r under all operating conditi on.

3) For reasonably large Tti the coefficient of the N/P term in Eq. (122)

is only slightly smaller than that of the corresponding term in Eq. (105) .

In this important region, therefore, the balanced tracker is only

marginally better than the conventional version.

A typical plot of mean square error versus signal to noise ratio for the

balanced tracker is given in Fig. 19. Also shown for comparison is the lower

bound and the perfo rm ance curve for the conventio~sl 1~zacker. The parameter

-• values are Ta • 10, k — 2. The curve for the balanced tracker differs from

the lower bound by little more than a vertical offset of about 6 db. Potential

j _ _  
_ _ _ _  

_

improvements are therefore limited to an absolute R.~~~mum of 6 db. In actual
f

fact the room f or improvemen t is probably smaller because the lower bound is

not realisable see discussion in section 9]. The balance d split beam tracker ,

possibly improved by the introduction of Eckar t filters , may therefore be

-- -

~~~~~

-

~~~ 

-
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• 
a very reasonable approximation to the optimum.

Further work on the balanced tracker is planned for the future. Aside

from the effec t of Eckart filters and similar modifications one needs to
a

know the output fluctuation when t is not perfectly adjusted. Under high

signal to noise ratio conditions one would expect the output fluctuations to

exhibit a sharp dip near ~ — r .  This effect may actually provide a useful tool
a

for identifying the proper value of r.

-


