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20 Abstract

~~ New results are given about the nunber of 2-connected labelled (n ,q)
graphs, i.e. graphs on n points and q lines , including a combinatorial
interpretation of Temperley ’ s differential equation satisfied by the
exponential generating function of this nunber (applicable in Statistical
Mechanics) . This leads to two methods for finding asymptotic
approximations to this nunber. ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ curious paradox c
in the asymptotic eru.nneration of unlabelled graphs . Work was contimaed on
connected, sparsely-edged graphs of various kinds, again including
asymptotic results with possible applications. The Author completes
Wille’s work on oriented graphs and~ proves a con ec e of s. Finally ~~~ .

Dr. Sheehan and the Author describe thei new ç’g ost expaflSiOflWi~ t1~~~~~~iobta..a asympto tic ~esuic~ rrou* the Exclusion-Inclusion Theorem by appI~yxng
the method to a particular graphical example. The appendices consist of
four research papers which have been submitted for publication to different
mathematical journals.
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~1• Abstrac t

We give new results about the number of 2—connected
• labelled (n,q) graphs, i.e. graphs on n points and q lines,

including a combinatorial interpretation of Temperley ’s
differential equation satisfied by the exponential
generating function of this number (applicable in
Statistical Mechan.tcs). This leads to two methods for finding
asymptotic approximations to this number. We also find a
curious (but not very deep) paradox in the asymptotic
enumeration of imlabelled graphs. I continue my work on
connected , sparsely—edged graphs of various kinds, again
including asymptotic results with possible applications.

- I complete Wille ’s work on oriented graphs and prove a.
conjecture of his. Finally Dr. Sheehan and I describe our

• new “ghost expansion” method to obtain asymptotic
results from tha ~~clusion—Inolusion Theorem by applyingthe method to a particular graphical example. The
appendices consist of four research papers which have
been submitted for publication to different mathematical
j ournals.
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2—connected labelled graphs.

1. An (n,q) graph is a graph on n points and q lines
(no loops, no parallel lines). It is k—connected if at least
k points and their adjacent edges have to be removed to
disconnect the graph. A 2—connected graph is a block.The
(2,1) graph is conventionally regarded as a block. We
write b(n,q) for the number of labelled blocks (i.e.
whose points are (say) numbered from I to n) and

B(X,I) - 
~~ Z ~~~~~~~~~~~~

l~~t ,,
f or the exponential generating function of b(n,q). It
is well—~~own (see (43, pp .10,1 1 for a proof and
references) that

Cx — xaB(z,r)/~~z, ( 1. 1 )

where C — C(X ,I) is the exponential generating function of
~‘~e number of connected, labelled (n ,q) graphs, suf fixes
denote partial differentiation and Z — C~. Temperley (6~ was
interested in B(X,t) for applications in Statistical
Mechanics and used the calculus to deduce from (1.1) the
following partial differential equation, viz.

x2f i + B11(i XB~~Y’1J 2(1+T)B1. (1.2)

In Appendix I ( a paper ei.ibmitted to the journal Discrete
Mathematics), I find a direct combinatorial proof of (1.2).
My method is ~n~lagous to that I used in another problem
described in Appendix I of last year’s Report , that is,

3
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I consider in how many ways one can construct an (n,q+1)
labelled block by adding an edge to a suitable (n ,q)
graph.

While one cannot always find a combinatorial proof
for every identity between generating functions, it is usuaLLy
worth while to try. If one is successful, one ’s understanding
of the underlying structure is likely to be increased. In
this case, it seems possible that the method can be used to
find a partial differential equation satisfied by the
exponential generating function. of the number of labelled
3—connected graphs or perhaps for higher connected.nees.
The arguments are certainly more complicated, perhaps - -

prohibitively so.

4
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Asymptotic. results about connectedness

2. If we write

— ~~~

in (1.2), we obtain a sequence of recurrence differential
equations for 

~~ 
reasonably well adapted to machine

calculation, whic1~ enable us to determine b(n,q) for
successive n. and q. If we write Z — I + T and N — n(n—1)/2,we find that

(3~ — — + lower powers of Z

and from this we can find an asymptotic expansion. for
b(n,q) for n large and q greater than a suitable lower
bound.

There is another way of finding this asymptotic
expansion and this can be extended to find such an
expansion. not only f or (n,q) blocks, but for k—connected
(n,q) graphs. If d(u ,q) is the number of labelled
k—connected (n,q) graphs, then Z d(n,q)Y~ is a
polynomial of degree N in t. This 3nay be written as a
polynomial of degree N in 1, say P(z). If q~ .N—n+k+1,
all (n,q) graphs are k—connected and we can, prove that

P(z) — — k~~~~ Z~~~~~+k 
+ lower powers of a

and from this we can see that

d(n ,q~) (~~
) — k(~~~~~~~~~~ ) + .•.~~

an asymptotic expansion for d(n,q). The calculation of
further terms in P(z), and so of further terms in the
asymptotic expansion, becomes increa~ingly complicated.1

5
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as does the determination of the range of q in which the
expansion is valid. It all looks possible, however, and •

should give a generalisation to k)1 of the results of

E93 for k — 1, but I have not yet worked out the details. 
-
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Unlabelled graphs on g lines; a paradox

3~As I remarked at the end of ~ 1, it is possible that
the method of Appendix I might be extended to find a
differential equation. satisfied by the exponential
generating function for 3—connected graphs . But a paper
by T..R.S.Wa].sh (which I have been sent to referee) tackles
this problem by the “core and mant1e”~ method which gives
(1.1) in the 2—connected case. I have seeli a reference raj
to a solution for the 3-connected case by N.Wormald, a
pupil of Professor R.W.Robinson at Newcastle, N.S.W., Australia,

- and have sent to ask for a copy. Since Wormald (like Walsh)
is a postgraduate student, I hope that he has had my idea
rather than Walsh’s, so that I can retire from the matter
in his favour.If both Walsh and Wormald have had the same idea,
they must come to some arrangement between them and I will
pursue my method.

In the second part of his paper, as a result of
substantial computing, Walsh conjectures a number of
results about the asymptotic behaviour of certain families
of unlabelled graphs. I could show that the truth of some of
these conjectures follows fairly simply from known results
in C~ ,

2, 10,11, 12j; then I became interested and proved some
more which were less immediate, essentially by extending the
techniques of (123. I could not recommend the publication
of conjectures whose truth I could prove and so I suggested
to Walsh that we should publish a joint paper giving these
results with proofs while leaving him, of course, to publish

7 
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his main results separately.
Amongst others, I have proved the following two theorems:
(I) If k is any fixed positive integer, the

proportion of unlabelled graphs on n points which are
k—connected tends to 1 as n,—~~~~

(II) The proportion of unlabelled graphs without
isolated points on q edges which are connected, but not -

2—connected, tends to 1 as q-—~ ~~~~.

Since (I) is clearly true a fortiori if we confine our
a-ttention to graphs without isolated points, the contrast
between (I)and (II) is at first sight paradoxical. But it
is, of course, obvious that, if one has a countable infinity
of objects of which an infinity has some property P
and an infinity lack property P, it is possible to arrange
the objects in mutually exclusive sets of increasing
size so that almost all the members of each set have
property P or, alternatively, to arrange them so that
almost none of each set has property P. But this “paradox”
has been created deliberately and artificially. The interest
in the contraát between (I) and (II) lies in it arising

“naturally”, i.e. not by a selection to produce the result.
I know of no other example of this phenomenon arising
naturally, but others may be known .

8 
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Connected sparsely—edged graphs

4. We write f(n ,q) for the number of labelled
connected (n ,q) graphs , v(n ,q) for the number of labelled —

smooth graphs (i.e. connected graphs without end. points)
and u(n ,q) for the number of labelled blocks. (See Temperley
(63 for the applications of f(n ,n+k ) and u(n ,n+k) in
Statistical Mechanics.) Again Wkp Vk, U,~ are the
exponential generating functions for f(n ,n+k), v(n.,n+k )
and u(n,n+k) respectively, so that

- Wk i f(n.,n+k)X~/nL, Vk 2 v(n,n+k)X~/nZn
Uk - ~~~~~ u(n,n+k)X’~/nZ

In (133 I used two methods to calculate Wk as a sum
of powers (mostly negative) of

1 —G - 1- 

~J n~ ’1 
~~/n.j

0~ these methods, one was entirely practical and well—
adapted to machine calculation (in fact, Gray, Murray and
Young (33 used it ~~ to k — 24) but it was not inherently
obvious that-it could be continued indefinitely as k
increaaed. The second (reduction) method was highly
inefficient as a means of calculating Wk for- k) 3,
but demonstrated that the form of Wk wassuch that the first
method could be continued indefinitely (that is, in
theory; of course, a machine with a finite memory
would eventually be saturated). From the expression
for Wk in powers of 9 an exact formula for f(n,n+k) can
be calculated.

9
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As I described briefly in last year’s report, the

reduction method can be applied to and Uk, in each case
proving inefficient as a means of calculating them for k) 3

but giving an essential piece of information (different

in each case). For Vk, this shows that is the same sum
of powers of 1—X that Wkiz 0! 0 and so we can read

off a formula for v(n,n+k) as a sum of binomial

coefficients from the computer result for Wk. For we

can deduce another differential recurrence equation from

(1.2). The reduction method shows that, for successive k,

this equation must lead to an expression as a finite sum

of powers (mostly negative) of 1—X. Again we can solve the

equation for successive k and read off a formula for
u(n,n+k) as a sum of binomial coefficients. All thia is
described iii. detail in Appendix 2, which has been submitted

to the Journal of Graph Theory .

10 

- - ~~~~~ - -  ~~~ — _—-—,~~
--- - -_- —



I - - - _ _

Asymptotic results for sparsely—edged graphs

5. Using the differential—recurrence equations
for Wk, ~k and Uk, we can find recurrence formulae
for the lowest power of 9 or i—x (as the case may be)
that La, the power with the largest negative index. This ~~I V ~~S

us an asymptotic approTim~tion for each of f(n,n+k),
v(n,n+k) and u(n,n+k) for successive fixed k and large n.
In particular , if k — 0(1) as n. —~x , we have

f(n,n+k) - dk ~n+~ (3k_ 1 ) j 1 + 0(n4)J,

v(n,n+k) = (3k n
(3k_l)nzii +

where

— 7~*3
k+1k~5k/z~

(5k+1)r(3k+1),

(3k —

k-I
ak+l — a,~ + 

~~~

Again

u(n,n+k) — 1~~~3k~~1~~1 (1 + O(n~~ )~- ,
where

Ik. 2(3k— 1)(3 k— 4) . . .5 .2b~/(3k )~

— + �~ (3h_1)...5.2bhbk_h/(3k+2)...(3 (k_h)+2) .
iR i: 1



The recurrence sequences fa~j and are interesting
and, 80 far as I know, have not been studied before. I can
prove that a~-)~ a and that bkn bk* as Ic —

~~ 00 and evaluate
a and b to 6 places of decimals. In fact, I can do
better and find fairly simple formulae for a,~ and bk in
terms of k which are accurate to 6 places of decimals
for k?.20. But I have not written this up in detail yet.

When we turn to s(n,n+k), the number of strongly
connected (n,n+k) digraphs, discussed in (143, we find
that

s(n,n+k) = £ k.n3’
~~ nZI 1 + o(rf1)J,

f or large n. and Ic — 0(1), where depends only on Ic,
but this is all we can discover about 6k’ except by an
amount of computing equivalent to that needed to
calculate the exact formula for s(n,n-s-k) by the methods
of (14).

If we write h(n,q) for the number of Hamiltonian
(n,q) graphs, we cannot find any recurrence formula to
give us an exact formula for h(n,n+k) and can only use the
reduction method, with its inevitable inefficiency for Ic> 3.
On the other hand, we can prove a much better asymptotic
result. We need only restrict Ic to b.c o(n) and we have

h(n,n+k) — Ln21
~’nz,2~

1kz3 11 +
These asymptotic results have been announced in L153

but the proofs have not yet been written up in detail.

12 
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Asymptotic formulae f or the number of oriented graphs

6. An oriented (n ,q) graph is one on n points and q
lines in which any two different points A,B are not joined
or joined by a directed line LB ~~ by a directed line
BA, but not by both LB and BA. We write r(n,q) for the number
of oriented unlabelled (n,q) graphs, N — ~n(n—1) as before,— p(q) — 2(q/n) — log n and A — A (n,q) — NI ! q !(N— q )~ nZ
Wille used. the results of (10) and other arguments to
prove that

r(n,q)r~s 2~~~ (xx,q),
provided that 1L~—~~~ as n—~~~ . For any fixed xi the
maximum of 2~~~ (n ,q) occurs exactly at q — E2(N+1)/33.

Wille conjectures that the same is true for r(n,q). I prove
this for large enough n.

I write T(n,q) for the number of unlabelled (n,q)
graphs . I found the asymptotic behaviour of T(n,q) when

<A in some detail in [ii). I now prove that

r(n,q) r~ 2~T(n ,q)
for this range of 1u , provided that q4co with n,
and so am able to complete Wille’s results for r(n,q). This
work is described in detail in Appendix 3, which is to
appear in the Journal of Combinatorial Theory (B).

13
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The number of Haniiltonian circuits in a lar,~~~
heavily—edged graph

7. Dr. Sheehan and I published a paper [53 with

the above title. G is an (n,q) graph, ~ — q/n, (3 is the
maximum degree of any point of G, H is the number of

Hamiltonian circuits in ~~, the complement of %. and
N - (n—1)!~/2. We provedthat, if d-*a as n—~o~ and
(3 — o(n) ,  then

H/N—) e 2a.
We also stated the result:— (III) If A1~~ 

A2, E are
any fixed positive numbers, A <o~<A log xi and (3=  O(n

t
~~ ),

then H’~’Me as n—~~~ • We have now submitted a proof

of this result (which Dr. Erd&s told me he thought would
be very difficult to prove) in the form of Appendix 4

to the Glasgow Journal of Mathematics.
The primary interest lies in the method. By the

~~clusion—Inclusion Theorem, we prove that

H — ~~~(_l )rL +

where x is at our choice and 0 ~ G % I • In (5) we
proved that

Lr/M — ((2~~ )r ,r~~f 1 + r2o(I)J.)

so that

H — M(e2d + o(e2°~) • (7.1)

If o~ — 0(1). this gives us our earlier theorem. But,
if ~~~~~~~~~~~ as n—)~~~, however slowly, we do not get our

14 
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result. Our new method consists in proving that Lr/M has

• an asymptotic expansion to any number of terms and that
the coefficients have certain properties. But we do not
evaluate the coefficients of these terms (except the
first). In fact, we could not evaluate any of these
coefficients without putting severe, and otherwise
unnecessary, restrictions on G. But the properties of the
coefficients that we find are suff icient to give us
our result (III).

The ~~clusion—Inclusion Theorem is used very frequently
in Combinatorics and, from the point of view of getting
asymptotic results, has the disadvantage that the terms
are alternatively positive and negative. Thus we cannot
get more than (74)  without further information. Our method
(described in detail in Appendix 4) should therefore he
capable of much wider application.

15
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Appendix 1

The exponential generating function of labeLled blocks

E~M.Wrightr

(Submitted to Discrete Mathematics)

An (n.g) graph is a graph on n points and q lines

(no loops, no parallel lines); except where we state

otherwise, the xi. points are labelled. A network is a

graph in which two points are distinguished as a

positive pole and. a usgative pole respectively. A block

is a 2—connected graph (i.e. a graph from which at least

2 points and their adjacent lines have to be removed to

disconnect the graph) or a maximal 2—connected sub—graph of

a graph which is not itself 2—connected; conventionally the

(2,1) graph is a block and the (1 ,0) graph is not. We write

N — n(n—1)/2 and b(n,q) is the number of (n,q) blocks. If

t The research reported herein was supported by the

E~uropean Research Office of the United States Army.
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• F(X,!) — ~ ~ f(n,q)X
xId/n2,

we say that p is the exponential generating function (e.g.f.)

of f and write P — E(f). If f(n,q) is the rmmber of graphs

of a particular family on xi points and q lines, we say

that P is the e.g.f. of that family of graphs. We write

B — E(b), i.e.

B(X ,t) ~ *x
2t + Z £ b(n,q)X’1t’~/n&,

so that B is the e.g.f. of the family of’ blocks. We use suffixes

to denote partial differentiation.

It is well known that

log C~ — ~~B(Z ,Y)/a z, (1)

where C is the e.g.f. of connected graphs and Z —

(S.. [iJ , pp. 10,11 for a proof and references).
Temperley L2J used the ca3.oulus to deduce. from (1) that

I2(I • Bv~
(1 XB

~~Y~1 
— 2(1 +‘ (2)

My object here is to produce a direct combinatorial

17
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proof of (2).

If we form an (n,q+1) block in every possible way by

adding a line to an (n,q,) graph, we have a collection

of (n,q+1) blocks. In~~ , every (n,q+1) block occurs just

q+1 times, since each of its edges occurs once as the

added edge. Hence i ’ei — (q+1 )b(n,q+1) and so B~ —

We-separate into the three collections 
~~~~~~~~~~~~ ~~~~

,.
Of these, 

~~ 
consists of those (n,q-i-1) blocks formed by

adding an edge to an (n,q) block. There are b(n ,q) of the

latter and to each of them an edge can be edded in N—q

different ways. Hence(~~J - (N—q)b(n,q) and

- ~X
2B~~ — Thy.

is empty except when n—2, when it contains the (2,1)

graph, the only block formed by adding an edge to a disconnected

graph; thus ~
((
~
j ) — *i

2 . 
~~ 

consists of the (n,q+1)

blocks formed by the addition of an edge to a connected

graph, not itself a block. We have then
E( ItQ, I)  — E ( ( ’~~ ) — 3(I’e41) — z(J~~J )

— (1+r)B~ — *x
2(1.B~~). (3)

18 _ 
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It remains to find another expression f or E( 1~~~I ) ,  which we

can equate to this.

We take each member of , distinguish the ends

of the added edge as positive and negative poles and remove

the edge. We cans do this in just two ways and so we have a

collection. of (n,q.) networks, all different , and

2

Each network M in is connected but not a block.

It must therefore contain s cut—points, where s)1. Neither

pole can be a cut—point , for, if it were, it would have been

a out—point in the original (n,q+1 ) block and a block has

no cut—points. If we remove a cut—point and its adjacent

edges from M,the resulting disconnected graph can have

only two components, for the subsequent addition of the line

joining tie two poles must produce a connected graph. It

follows that each cut—point of the network M lies on just two

blocks of N and that every path in N joining the two poles

must pass through every cut—point. aence M consists of a

chain of s+1 blocks, each having a single cut—point in

common with each of its neighbours. The two end blocks each

contain a pole and a cut—point.; every other block cont~.inR

two cut—points.
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Let P be the e.g.f. of a family of networks ,. all

of whose points are labelled , and let G~ be the e.g.Z. of

a family of networks , in each of which the negative

pole is unlabelled. Then the e.g.f. of the number of

ordered pairs (~~~ ,~~~ 
) is PG. This is unaltered if in each

pair we now fasten ~~ and together by identifying the

unlabelled negative pole of with the labelled positive

pole of and regard the new point as labelled but not a

pole. The resulting graph is, of course, a network.

The number of different networks which can be formed

from an (n,q) graph by the selection of a positive and a

negative pole is n(n.—1) and so the e.g.f. of the family

of networks formed from blocks in this way is X2B
~~
.

If, however, the negative pole is to be unlabelled, the

e.g.f. is IB~~. Hence, if is the e.g.f. of the- number of

members of which have a cut—points, we have

— ~~~~~ — XB~D8. (5)

It follows that

B(j~4)  — £ D0 — ~~~ ~
e+2

~~~
l 

— x3
~~ ( i— x~~y ’.

Prom this and (3) and (4), we have (2). 
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A minor variant on the above is to consider what we

obtain if we attach a single block with two poles in the —

way described above to our network N. The result is a new

network (with different xi and q) of the same kind, but

with more than one out-point, i.e. with s~~2Jence the e.g.f.

of the family of all M for which a~~2 is XB~~E(j~~~J) and so

E(rç; ) — + x3~z(1’e4 j )  — I3B~~ + BuE(!’e41).

By (3) and (4) this gives us

_ X2(1+B1~~)J (1 XBv~~) X3B~~ ,

which is (2), multiplied through by (i—XB~~). We have thus

a combinatorial interpretation of this form of (2).
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App endix 2

E.M.Wright~ University of Aberdeen, Aberdeen, U.K.

The number of connected sparsely—edged graphs II

Smooth graphs and blocks.

(Submitted to the Journal of Graph Theory .)

Abstract,

A smooth graph is a connected graph without end-

points ; f(n ,q. ) is the number of connected graphs, v(n,q) the

number of smooth graphs and u(n ,q) the number of blocks on

n labelled points and q edges : Wk,Vk,Uk are the exponential - ‘

generating functions of f(n ,n+k) , v(n ,n+k) and u(n ,n+k )

respectively. For any ki1, our reduction method shows

that Vk can be deduced at once from Wk, which was found

for successive k by the computer method described in our

former paper. Again the reduction method shows that Uk 
must

be a sum of powers (mostly negative) of 1—X and, given this

information , we develop a recurrence method well suited
to calculate Uk for successive k. ~~act formulae for

v(n,n+k) and u(n,n+k) for general xi follow at once.

t The research reported herein was supported by the

European Research Office of the United States Army.
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Smooth graphs.

1 • We use the notation of (43, except where we

specifically vary it.. Our aim here is to find formulae

for general xi and particular k for v(u ,n+k), the number of

“smooth”’ labelled (n,n+k) graphs (i.e. connected graphs

without end—points), and for u(n,n*k), the number of

labelled (n,n+k) blocks. Clearly

v(n,n+k) — 0 (k<O), v(n,n) — (n—1)1/2

and u(n,n+k) — 0  (k< —1), u~(2,1) — 1 ,

u(n,n—1) 0 (n 2), u(n,n) — (n—1) 112 .
We write

- ~~ v(n,n+k)X’~/ni, Uk - ~2 u(n,n+k)X~/nL,
the exponential generating functions.

In L4J we used two methods to calculate Wk, the
exponential generating function of f(n ,n+k), the number

of connected (n,n+k) graphs. Of these, the reduction

method readily extende to arid Uk. Just as for Wk, it

proves impracticable for k>31but it supplies us with an

essential piece of information, different in each case;

armed with this~ we are able to devise practicable

methods, well adapted to machine computation, to

23

_ _ _ _ _ _  ___  —~--- - - ,  - ----- ---- --~~ —--. — —~~~~~~~~~~~~~~~ ‘~~~~~~~~~—--~~~——-——



-~~~~~ - 
—~~— .~~~~-- ,— - — - - - - ----. .--~~~ 

I
-

- 

- determine Vkand Uk for particular k: the methods f or Vk
and Uk are entirely different and that for is very

simple. 
I 

-.

When we applied the reduction method to determine Wk,

we took any connected (n,n+k) graph and removed every end—

point and its adjacent edge, repeating the process until we

had what we now call a smooth graph. ‘we then reduced the

smooth graph homeomorphically by eliding all the points

of degree 2 except a few carefully chosen ones and then

removed the labels. The result was an unlabelled basic graph.

We considered j(n), the number of different connected labelled

(n,n+k) graphs which reduced to a particular basic graph, .~ 
-

and T, the exponential generating function of j. To do

this we had to consider all possible ways of arranging

t points (including the points already there) on the special

paths in the basic graph and then of rooting t trees at these

points, the total number of (labelled) points on these

t trees being n. We found that

— Gr+2a$0(l—G)~
a_b_0

/g,

where g is the order of the automorphic group of the

24
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basic graph,

G

is the exponential generating function of the number of

rooted trees on xi labelled points and r,a,b,c are num~ers
derived from the particular basic graph. If we go bac !j~~r

particular basic graph only to those smooth graphs which

are reduced to it, we distribute xi labelled points, not t,

on the special paths and add no rooted trees. The exponential

generating function of the number of smooth labelled

(n,n+k) graphs which reduce to the basic graph is

therefore

- ~r+2a+c (1.-i) 
_a_b_c

1g, (1)

— 
If we now write - wk(e) ( a change of notation

from £43) ,  we have

- ~~~ ~~‘ 
- L J 1

the sums being over the same set of basic graphs. Hence,

for k ?.l, we have

Ti~ - Wk (1 1) ~~~ cks(i~
X)5,

since 9 — 1-G. The c~~ are determined tn the course of the

machine computation for and we can therefore easily

25 



read off v(n,n+k) as

v(n,n+k) — ~~~~~ ck,_SB(n+s_1 , s— i) (n>2).

Thus we see that v(n,n+k)/n~ is a polynomial of degree
3k—i in xi. In particular,

24v(n,n+1)/nL — 26 — 19B(n+i ,i) + 5B(n+2,2)

— (n—3)(5n-.8)/2 .

Again, from the formula for W2 in ~ 3 of (42w we have
48v(n,n+2)/n~ — 15B(n+1,5) — 5B(n,4) — 2B(n—1,3)

.-5B(n—2,2) — B(n—3,i),

again divisible by (n—3), as we should expect , since
v(3,4) — v(3,5) — 0.

26
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Blocks

2.  The property of being a block is obviously

invariant under homeographic reduction. If we have a

catalogue of the basic graphs for a particular k , we can

sel3ct those which are blocks and sum the J1 of (1)

over those selected to obtain Uk. There are two basic

graphs which are blocks for k — 1, nine for k — 2 and 48 for

k — 3. In practice, of course, this is impracticable for

k> 3 ( and tedious for k ~ 3). What we can deduce from

the reduction method, however, is that Uk is a sum of

integral powers of (i—x), mostly negative. This is useful,

because we shall find a recurrence formula for Uk involving

an integration with respect to - 1—X and it is important

to know that, however far we may take this, we shall

(for k ) 1 )  never obtain a term in log ç4~. This means that
our computer progra s will only be brought to an end by the

exhaustion of the capacity of the machine.

R.iddeu and Uhienbeck [,iJ wrote

P - £ t(n,q~)Z~T’1/n.I

27
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H
and remarked that

e~ — 1 + Zhl(i+Y)N/nZ (2)

Professor C.C.Rousseau £2] pointed out to me that , by
carrying further an idea due to TemperleyL3j, he could
deduce my recurrence formula for Wk from (2); the converse

is also true. Temperley L~J goes on to show that, if

S _~~~~~u(n,q)znY~/n3 ,

then

z2+ z1.f~4~
_z.~~~

j

1 _ 2(i+r)-~~~. (3)

We put Z — X/! and S — (X212r) + T, 80 that

(4 )

and (3) becom~ss

z3 + fl2(i+x)L1’ — 2(l+t)(l_x_xI~j~)(x.~
T 

+ ~~~7) (5)

If we put ‘r — 0 in (5), we find that

- x’
~j~(i_4~~~ (6)
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where a dash denotes differentiation with respect to X. We

write

- XU~ + kU~ + (...l)k(x(i+x)/2}, (7)

so that

-1
If we multiply both sides of (5) by (1+1) _4(_ .i )

8
1

8

and thenequate the coefficients of ~
k, we have

~~ k - ~~~~~~~~~~~~~~~ k...1...S÷&.d
r
f? 
(k~. I). (8)

We write — 1—X and find L~~and ~
from (6) and (7) as sums of integral powers of

If we have done the same for and U~
1 for 0~ h~ k—I,

then we can repeat this for 
~ IC 

by (8). Prom (7), we have

Uk - 
(1_~~)~~j  

(1 )k_ 1
~~~d~~ + 

(i)k+1(~i 
~~ 

+
~~

;
~~)

and 80 we can calculate We know from our reduction method

that Uk is a sum of powers of ~~ , i.e. the integrand

in (9) has no term in • Thus we find Uk and U~’ from (9)

as sums of powers of and so can repeat the process to

determine Uk for successive k. It is easily seen that 4

29

__________________________________________________ - —~~~~~ - -~ I

I. -

~~~~~-



—-- - - --

— - —

and 13k
V contain no positive powers of • Thus we have

3k
Ukt 5D

where the Ukt can be determined by machine calculation

based on the above . It follows that

u(n,n+k) — nZ 
~~ 

uktB(n+t_1,
t_ 1),

L ’ sprovided k > O  and n )2 .

It is convenient to extract the factor ( 1_ Ø) 4from U1

and U2 and the factor (i—4i)~ from U3. We have then

12U~ — (i_ ~~)
4(�’ + 2~~~

2),

48U2 — (1_ ~~)4(5~~ .6 + 6Ø~~ + ~~—4 
— 4Ø 3 

— 6�
2),

720U3 — (1—� )~
(22O

~~~~ + 275~~~
8 

+ 12OØ~~ — 3O~~~~
— 117~~~~ — 126~~~

’
~ — 72~~~~~~ ) .

and so

12u(n,n+1)/n~ ~ B(n—2,2) + 2B(n— 1,1) — (n—3)(n+2)/2,

48u(n,n+2)/n! — 5B(n+1 ,5) + U(n ,4) + B(n— 1,3)

— 4B(n—2 ,2) — 6B(n—3 ,1),

720u(n,n+3)/nI  — 220B (n+3,8) + 2753(n+2 ,7) + 120B (n+1,6)

— 30B(n ,5) — 117B(n—1,4) — 126B(n~2,3) — 72B(n—3 ,2) ,

so that, as we siould expect, u(n ,n+2) is divisible by

30
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n—3 and u(n,n+3) by (n—3)(n—4). In fact,

1152 u(n,n+2)/nl — (n—3)(n4 + 4n3 — 15n2 — 46n — 40)
and

1451520 u(n,n+3)/n~ — (n—3)(n-’4)(11n6 + 146a5 + 281n4

— 1891n3 — 8608n.2 — 12614n —7560).
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Appendix 3

Asymptotic Formulae for the Number of Oriented Gra~phs

E.M.Wright f

University of Aberdeen. Aberdeen. U.K.

(To appear in the Journal of Combinatorial Theory (B).)

Wille found an asymptotic approximation to r(n,q ),
the number of unlabelled oriented graphs on xi points and q

directed lines, for a wide- interval of q and conjectured

that,f or given xi , the maximum of r(n,q.) occurs at

q — E2(N11)/31. We find tfte (different) asymptotic

approximation to r(n,q) valid for the remaining interval

of q and prove Wille’s conjecture for all large xi.

The research reported herein was supported by

the European Research Office of the United States Army.
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W~ .write T(n,q) for the number of non—isomorphic

unlabelled graphs (no loops ,no multiple lixiws) on xi

points and q lines and r(n,q) for the corresponding

number of oriented un’labelled graphs, i e. graphs in

which any two points are not joined, or j oined by a

directed line in one direction ~~ by a directed line in

the other direction. Wewrite also N — n(n— 1)/2 ,

~~~— J~~(n ,q) — N!/(q!(N_q)~n~J,/4 =p~~(q )  — 2(q/n ) — log n •

In what follows , A ,C and are numbers , not always -

the same at each occurrence. Of these ,A and C are positive

and independent of xi and q. A denotes any positive number

we may choose, while C is a suitable positive number which

may depend on any A present or implied. All our

statements carry the implied condition that n and q are

large enough , that is, that n>C and q>C. The 0( )

notation refers to the passage of n and q to infinity

and the constant implied is a C. An is a number which

is O(q~~) for some C.

Wille [i) has proved that

r(n ,q) r ’-’ 2~’4(n,q)) (1)

L H _
_ __ _

_
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provided that ,..t -9~ 
o~ as xi -~ o~ • I have proved C21 that

T(n ,q) c’-’ i:i (n,q)) (2)

provided that mm L~(q),jU~(N_q)J
_
~ ~~ as n4~r. I found •

the asymptotic behaviour of T(n,q) when p.~~A in some

detail in f3J ; Theorem 1 enables us to deduce that of
r(n,q).

Theorem 1. ~~ q —~ o~ < A ~~~ xi ~~~ ~~~, then

r(n,q) — 2~’T(n ,q)f 1*O(q~~ )J

For any fixed xi the maximum of Jj (n ,q) occurs 
- 

- _

at q — L2 (N ÷ 1)/3J. Wille conjectures that the same

is true for r(n,q). I prove this for large enough n.

Theorem 2. ~~ n>C , then the maximum of r(n,q.) occur.~

when q _ (2(N-s-1)/33.

Willeremarks that

2~J~~n,q) ~ r (n ,q.) ~ 2 1~T(n ,q) (3)

for all n and ~ and so deduces ( 1) from my (2) for those q

for which the latter holds. From Theorem 3 of L23

we have the following lemma.

Lemma 1. If

A N < q c ( 1— A ) N , (4)

then

T(n ,q) _j ~ (n ,q) f 1+ O ( e ~~~)T )

If (4) is satisfied, it follows from (3) and Lemma 1 ,

that

r(n,q) — 2~A (n,q)~1+O(e~~”) •

Hence
35



r(n,q+1)/r(n,q) — f2(N_q)/(q+1~~f1.~-o(e
_
~ ’)

=

where 3Q = 2R—1 a n
2 — xi — I ~~1 (mod 3). Since

e~~~~ = o( 1/ (q*1) ,  the maximum of r(n,q) in the range

(4) occurs at

q a /~Q -.-1)7 — [2(N+1)/37.

It follows easily from Wille’s result (1) that this

is the maximum in the interval in which ,a.. -~ ~ • The

interval in which C A is covered by Theorem 1 and the

- ;  results of an 3. so it only remains to prove Theorem 1.

The so—called Burnside lemma tells us that

xi! T(n ,q) — 
~~~~

where is the number of labelled (n,q) graphs

invariant under the permutation IT of the labels of

the n points and the summation is over all possible ir,

If ic leaves the labels of just p of the points unaltered

and if FJ is the number of labelled (n,q) graphs in

which all the other n—p points are Isolated, we have

— P!/fq!(P—q)!~ , where P — p(p—1)/2. The 
*
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fundamental Lemma 3 of tells us that

xi! T(n,q) = (~~~P~.)~I4O(q~~)3, (5)

provided

An (q< An log n. (6)

If we apply the arguments of the proof of the fundamental

lemma to the case of the oriented graph, we find that

xi! r(n,q) — (2 P,~. ) f i + O ( q ~~~)

when (6)is satisfied and the result of Theorem 1 above

follows at once. We can extend this to the range q<~ n

just as in C32 .
Once we had a result equivalent to (5) above in L3JI~

the problem of si~mming ~~ F
1
,and so finding the

approximation to T(n,q) for /s~~A~was complicated

rather than di~fioult. We give two theorems which

follow immediately from Theorem 1 and the results of E~J•
Theorem 3. ~~ A 1< A , then

r(n,q~) — 
~~~~~
14(

~~~~,q) exp (—e~~)(1 t,,)/(1_e t’).

We take v to be the positive real number such

that v log v - 2q and write V .(vJ and

K(v) — e 1(2irv/(1 p.log v))’/
~

Theorem 4. ~~ /4 < —An S’2 ,then

r(n,q) — 2¼(V)/1(V,q)(I 1-7 )•

_ _ _ _  
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We see that the approximation in Theorem 4 depends

only on q and not on xi. In the narrow range of q

between the intervals covered by Theorems 3 and. 4

slightly more complicated results hold good ; these may

readily be deduced from those of 3 by Theorem 1.
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Appendix 4

I ,

The number of Hamiltonian circuits in large, heavily

edged grapha II

J.Sheehan and E.M.Wri~ht t

(Submitted to the Glasgow Math. Journal.)

We now prove Theorem 2 of L12 . We use the notation
of L1J without further definition. By the Exclusion—

Inclusion Theorem, we found that

a - (—i )~~~ L,,, 1 (I)
A t O

where x is at our choice and 0 ~~~
6) S I • Next we proved

that

— ~(2 r4 ) ”/r !111+r’o(1)} (2)

and so that

H _ Mfe 1’
~+ o(e~~)}.

This tells us that Me~~~, provided that c( — 0(1).

tThjs author’s research reported herein was

supported by the European Research Office of the

United States Army.
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This limitation arises, of course, from the alternations of

sign in (1). If we wish to extend our result to larger o1~
we must learn more about the error term in (2) and

obtain an asymptotic expansion for it. But,as we show here,

it is not necessary to determine the coefficients in

the asymptotic expansion but only to show that they

satisfy certain requirements. Not only does this simplify

our work very greatly; it also enables us to prove our

result under very general conditions, which would not

otherwise be remotely possible. This fairly trivial idea

may not be new, but we have not seen it elsewhere. I.t

wou]d seem capable of much wider application, in view

of the importance of the Exclusion—Inclusion Theorem.

It will be best understood by its application to our

present problem. 
-

At the end of this paper we state two results for

1—factors and sketch their proof.
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We require a few further definitions. A and C are

positive numbers independent of n, q and r; of theses each A

is at our choice, while C depends on any A present or

implied. The constant implied in the o( ) notation is

a C. We write d for a number which. does not depend on r~

but may depend on xi and q~ and on the structure of G, 
but

which satisfies j dJ( C. We write D(t) for any polynomial
in r of degree t, each of whose coefficients is a d. The

numbers A,C,d. and the polynomial D(t) are not always the

same at each occurrence; when we want to fix one of them,

we add a suffix. Thus A 1, Cf, d1, D1(t) always have the

same me~Lning. We write ~~ — (3 /q and : -

P — P(~~~~) — I +~~~~~ D(2w) p’~~~+ 0(r2’
~f’ ),

where again P is not always the same at each occurrence.

In what fàllows , v and V are integers which we choose later

but v, V, u, s, t, w are all 0(1) and independent of r.

We suppose henceforth that the conditions of Theorem 2 are

satisfied, i.e. A~ <~~~< A .~ log n and (3 < • we
— shall first deduce Theorem 2 from the following lemma,

which we prove later .

4 1
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1 1

Lemma 1. If r~ y - (( log )tJ , then

— (2~/ )~MP/rZ

We have

log f(2oe )Y/y!j — y log (2o~ e/y) + O(log y)

~ . —:f log xi log log xi

and
‘2

D1(2w) d0+ ~~521
Eence, if x — y+2v ? y+2w, we have

2-1

~~~ (—2 W )“D1(2w )/r 3~
— e 24 

~~~ (_ 1 )~~d~~(2 W )
$

4. 0(~~4lOg log xi)

Again

~2 (2W)4O(r~~)/r! — 0(e21 c~ 
‘
~~~~‘ ).

By ( I )  and Lemma 1 ,

H/N - e 24[1~~
’
~~~o(a ~~

‘
~~~) + O(e~~~( d~~~)~))

+ O((log ~)—~1og xi)

But

e4’
~
’(øi 2

t)’< cn
4Ar.(T1)A, — o(1),

if we choose v ) I + (4A 2 /A 3 ) .  Theorem 2 follows.
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It remains to prove Lemma 1 • We write ~~~~ j \~(G) for

the number of sets of r independent edges in G, i.e.

the number of r—sete (sets of r edges) in G which do

not contain a two—arc (a pair of adjacent edges). By

the Exclusion—Incluaiod Theorem we have

V
4(G) — B(q,r) +~~~~~ (—1)

”S(u) + 0(5(v)), (3)

where S(u) is the sum over all possible sets of U

two—arcs in G of the number of r—aets in G, each of

which contains that set of u two—arcs. We prove first

Lemma 2. ~~~~ r’/3 — o(q), then

4(G) — B(q,r)F.

We write to denote a graph with s connected

components, each having two or more edges, and a total

of t edges. A set of u two—arcs form a graph f~~~~~ 
such that

2e~ t~ 2u.~t(t—1).

We call w — t—e the weig2it of and have

fu~~t~~2w~~4u.

Por a given u, two sets of u two—arcs are said to be

eQuivalent it the two graphs they form are isomorphic.

— _-_________.__,_,.___�~ __,_______t_—— — —-



Since u — 0(1), the sets of u two—arcs in G are thus

separated into 0(1) equivalence classes. There are

0(q8 ~l3 t.5) sub—graphs in G isomorphic to rT5~, since we
can choose an edge in each of the s components in 0(q3)

ways and the remaining t—s edges in oq~
t s ) ways.

Each such sub—graph occurs in B(q—t,r—t) of the r—eets

of G. Hence each equivalence class of sets of u two—arcs

contributes

dq5(3 t 3B(q_t,r_t) — D(2w)~~’~B(q,r) (4)

to S(u) .

If V — 4v2, then w?v for all sets of V two—arcs

and so , if r2 
— o(q), we have

s(v) — 0(B(q,r)r2’~~ 
v)•

If we sum the contributions (4) over all the

equivalence classes for a given u and over all u such

that I ~ u~ V—i and substitute in (3), we have Lemma 2.

Lemma 3. If r2(3 — o(q), then

B(q, r)/f(n- .1) ...(n_r)~ —

We have

B(q,r)/((n—l)...(n—r)) — ~~‘Q/r:l (r< n),

where

1 
___________  ____________   ____
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ft-i
log Q — ~~~Log(1—(s/q)) — log(1— ((s+1)/n~

- £ D (m+1 ~ ~—m + 0 (r~~
2n~~~~)

and so

Q - I + ~~ D(2v)n
T 

+

The lemma ~ollows since 1/n — O(~~).

We recall that J — 0 unless the r—set consists

of an independent set of R arcs, where R~~r. For such

an r—set,

J — ~~~ (n—r-i)! (5)

by the argument of Wright [2].

Let us take a particular r—set of this kind and

suppose that r—R — w~~v, so that the graph formed of those

arcs which are each of length more than one is a

where 2.~ 2s~~t~~2w. By our earlier argument, there are

dq8(~
t
~
5 

- dqt
y~~

1 (6)

such with given arc lengths • For each such

we have to choose the remaining r—t independent edges

from those edges in G not belonging to and not
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adjacent to any node of ~~~ These form a sub—graph
G’ containing q’ edges, Where q’ — q—d (3 —t, and so can

be chosen in j3r_t(G’) ways.

By Lemma 2, we have

— B(q’,r—t)P(y1 ),
where Ti = (3/q’ and so — .~ap(y). Hence

A r...t(G’) = B(q’,r—t)P(~~) = B(n—t—1,r—t)d~~
tF(~ ’)

by Lemma 3. We now sum this over all the

corresponding to a given set of arc lengths, of which

the number is (6). Hence the number of r—sets with the

given set of arc lengths is

B(n_1,r)~1 XD(t) r
wp

If we now multiply by J (see (5)) and sum over all

for which t—s - w - r—R and so t.~ 2w, we find that these

contribute to Lr the number

1N(2~ )r,r~J1 I D(2W)~~~ + O(r21~~~) . (7)

Those r—sete for which w~~v all have as sub—graph

a of weight v and so are not more in number than
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y

TB(q_t ,r_t ) ~~~~ cfr2’B(q,r),

since t~~2v. Using this and siinnnfng (7) over all r—sets

for which w< v, we have Lemma 1.

The number of 1—factors in G. We now suppose xi even

and put xi — 2m. We write H1 for the number of 1—factors

(i.e. sets of m independent edges) in G and N1 for

the number of 1—factors in the complete graph L~, so

that

M1 — (2m)I/(n!2m).

We write 3i (e i,...,er) for the number of different
1—factors in which include the edges el,...,er
ofGand

‘~1i 
=~~~

3i (e i,...,er ) ,
where the sum is over all r—sets in G, and L~ M1.

We have, as before,

H
1 

- ~~~ ( I ) rL + (—1 )19L11.
Clearly

— (2m—2r)Z/ (m_ r )&2m~~,
if el,...,er are an independent set of edges and otherwise

47



— 0. Hence

Lr — (2m—2r) r~~~~[~
m
~~~ 

,2m—r

By the same method of proof as that of Lemma 3, we

show that - if J> A and r2(3 — o(q), then

B(g,r)2”m (m—1)...(m~r+I) =
(2m).....(2m—2r+1) r32~

We have only to use Lemma 2 to deduce the following

theorem. / t -#fl
_ _  ~1

Theorem 3. If A <~~<A log then H1,”M1e °~ ~~

Again, by the method of LI], we can prove

Theorem 4. If ~ —~ a <co ~~ (3 - 0(n) ~~~ xi ---p o~
then H 1/M1—* e~a j
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