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SUMMART 

A partially-observed Markov chain  (&,X)  consists of an N-stata 

Markov chain JL,  along with a process i of noisy obaarvatloaa of 

Che transitions  of £L.    A metric on stochastic N-vectors and a 

generalized ergodlc coefficient on the transition probability matrices 

of  (&,X)  are defined,  resulting In a notion (similar to weak 

ergodlclty)  of deteriorating dependence on Initial value In a process 

of distributions of the state (of 2J  conditioned on past observations. 

If  (&>X)   ic  stationary,   then 5. may be  decomposed into M<N 

components,  where M-l neither implies nor la  implied by ergodlclty of 

&,  such that conditional state distributions within each component 

geometrically approach an initial-value-independent process in the 

manner described above,  and one or more equivalent components eventually 

dominate the others. A method for drift-free finite-memory approximation 

(or realisation) of r.hls process is also introduced. 
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I.      Introductico 

Consider a probability apace  (0.£..£)•    For aaaa of 

notation,   random variables   (i*e.,   BymbolB  that   implicltely 

denote measurable   functions of   (Q.£)) will be  shown in 

boldface* 

Let 2.-   <B(k)cS : kcl) and X -   (y(k) cY  : kcl} be stochastic 

processes where S -   (1,   .«., N), T  is  a finite set,  and 

I -   {...,-1,0,1,...}.    Also let the following "splitting" 

condition be  satisfied: 

For any kcl,  the "past"  {8(k'),y(k')   : k'<k) 

and the "future"  {y(k'-l) ,8(k')   : k'>k) 

are  (conditionally) independent given a,(k). 

Then £ is a finite-state Markov chain (FSMC)   (the state process), and T 

is a process  of noisy observations of  the tranaitions of ^ 

(the observation process).    The pair  (£.1)  -  {(s.(k),y(k))   : kcl) 

is called a partially-observed Markov chain (POMC). 

Since  (£,X)   ie itself  a FSMC.   the probability measure P 

may be completely specified by a finite array of time-indexed 

transition probabilitiea.    We will adopt a notation associated 

with probabilistic automata,   {Pk(y)   :  ycY,  kcl), «here 

Pk(y) -  [Fij(y)]   ie an NxN matrix having entriea 

(1.1) pj^y)  - Pr{8(k+r-j,  y(k)-y   |  8(k)-i}        i,jcS, yeT, kel. 

► ,.• 



s 

r 
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Thus Pk(y)  Is  s substochsstlc matrix sod  X.CY P^Ky) 

is s stochastic astrlz,  ths transition probability matrix of £• 

Consider an obaerver «ho wishes  to  characterize  the "f u .ure" 

{J.(k').y(k*)   :  k'^k).  given a finite string of most  recent 

observations 

(1.2) y(k,.k) - y(k,) y(k,+l)  ... y(k-l). 

This is accomplished by computing the horlxontel N-vector 

jl(kt,k) having entries 

(1.3) Jii(k,.k) - Pr(8(k)-1 | y(kt,k)) leS 

and lying in the simplex 

(1.4) H -  (i  : ij^O ¥lcS,  £icsvi-l)> 

Clearly, ji(k .k)  Is the a^ posteriori probability distribution of 

8(k)  given observstions y(k ,k).    Moreover,   In the sense 

that each state In S is associated with an extreme point 

of  11, Ji(k  ,k)   Is s conditional ststa expectation,  and hence a 

least-squares stats estimate,  at time k,  given observations y(k .k) 

Let v -  (l(lt...,l)t and define 

(1.5) T(w,P)  - «P/«Pv fPv>0. 



The «tat« Mtlaatc mmj now b« recurulvely updated according 

to tha iMentlty: 

(1.6) n(k„k*l) - TCD(k..k), Pk(y(k))). 

Ha nota that-{n(k$,k)   :  k-ks,ks+l,   ...   ) la  therefore a 

Markov process  and nay.   Itself,  be viewed aa  the "state" In an 

alternate  realisation of X* 

Multiple-step  transitions  are slallarly  expressed. 

Let a - 7i*** 7n and define the «atrlx product: 

(1.7) ^(a) - F^y,)  • P^^y,)  • ...  • P^^^^y,»). 

It la easily  seen that 

(1.8) Jl(k„fcfn) - T(n(k,.k), pk(y(kffcHi))). 

He also define a process of atata eatlaate approxleatlons 

constructed as  In (1.8), but from an Initial value *} 

(1.9) J»(j; k,.k) - 1(1. Fk(y(k,.k))). 

For any kci, the proceas {n(k-ntk) : n - 0,1, ... ) la a 

uniformly bounded martingale. Hence, by Proposition V-2-6 of 

Neveu [9],  there exlata a vector jKk)  satisfying 

(1.10) J}(k) - lln k,*.«Ji(k.,k) a.a. 

Since T(»,P)  la continuous,   (1.8) and  (1.9)  yield 

(1.11) ji(k) - T(j}(k.), Pk«(y(k.,k))) -ü(J!(k.); k.,k). 



This paper ezaalne«  the evolution of  the state estiaate 

approslaetlon process  ^(J.:  k,,k)  : k-kf,k»+l,   ...  )• 

Specif icelly, we establish conditions under which .n(«; kt,k) ♦ Ji(k), 

In some sense,  as k*mm    To this end, a SMtrlc A on I and a 

generalised ergodic coefficient • on substochaatlc Matrices 

are defined,   in Sections 3 and 4,  respectively,   so that 

T (1.12) •}  XlcS  Iti - rt\ < Alt.s'J   < 1, 

(1.13) o[PQl   < olP]   a[Q]   < 1, 

(l.U) AIT(s,P), T(»',P)1   < «IP]   AIw,»r]. 

It follows that AQi(»; k,,k), Jl(k)l < 1^7^^ o[pk'(y(k'))l, 

and that both sides of the inequality are nonincreaalng in k, a.s. 

Sufficient conditions for this bound to vanish aa k*» are 

given by Theores« (5.3) and (5.4). Theorem (6.10) shows that if 

(£,2) is stationary and certain conditions (concerning future- 

dependence of 2 and state-ainiaality of (£,£)) are aatisfied, 

then 
i 

(1.15) 11^*. IleS  liJiCi; k,.k) - JüCk)!  - 0        a.s. 

although it «ay simultaneously hold that 

(1.16) AIJK*; k,,k), Ji(k)l - 1    a.s.. k-k,,k,+l  

Section 6 also introduces a stcchestic nroeeas   {^(k)   :  kd) which, 

under these conditions,  displays the following properties (made 

explicit by  (6.1),   (6.2)   and  (6.7)  rcspsctivsly): 

7 
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(a) DecoapoBition; £(k) la a collection of disjoint 

subsets of S and jt(k) it contained by some element 

o(k) of X(k) a.a. 

(b) Recursive Calculabilityt £(k) may be expressed as a 

(deterministic) function of £(k«) and y(k,,k). 

(c) Convergence;   A[n(«; k.,k), _n(k)]*C geometrically In k as k** 

provided tbat (i : 2i>0l S£(k»). 

Thus n(«; ki,k) may be decomposed into M * #£(kt) components, 

one of which may converge (in A) to _n(k) a* k*-. The convergent component is 

identified by maximum likelihood on the basis of past or future observations» 

A necessary and sufficient condition for {_n(k)} itself to be a FSMC is given 

by Theorem (6.14). 

ID analogy to (finite-dimensional) linear system theory, the 

ergodic classes of j^ in S may be likened to controllable subspaces, 

whereas the subsets ,£(k() of S may be likened to observable subspaces. 

It is consistent with this analogy that M - #£(k) - 1 neither implies, 

nor is implied by, ergodicity of £. 

POMCs have been atudied by many authora, notably Blackwll [2], Drake [5] 

Aatrom [1], Sondik [13], (alao see [12]), and Rudemo [11]. Using a reault of 

Furstenberg and Keatan [6], Kaijaer [8] has obtained a weaker version of 

Theorem (5.3), and conjecturea Theorem (6.10). A similar reault haa been 

^  > 

^  ^ 

*• 
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derived by Devore   [A].    Ergodlc coefficient* ere diecueeed et length in 

Chapter 5 of leeeceon end Medeen  17].    A POMC ie also e free probebllietlc 

eutoaeton; eee Pee  [101* 

The enelysls  given here «ay be generalized to proceesee 

having denumerable  state-output eets,   to certein continuooa- 

tiae processes  (following Rudeao  [11])»  end to semi-Markov 

proceesee  (following White  [14]). 

2.      Hotetione 

Seta: If A end B ere sets,  then A-B ie the aet of 

eleacnta in A that ere not contained in B.    #A ia the number 

of elements  in A.     0 ia the null aet. 

Strings;    Yk(n)  ia the eet of atringa z m yiy1   ••• 7n satisfying 

Pk(a)^0.   Tk(*) - \J;-i Y^U).    If t ' yl   ... Jn "* • - 7,  ••• Jm 

then zz denotes  the concatenation yi   ••• jfj    *** ya« 

Sealers:     a+b denotes  integer quotient rounded down;   i.e., q - e+b 

is the integer of  lergeat magnitude setisfylng  |qb|   < |a| end 

agn(q) - sgn(e/b).    Also  (a)+ - max(0,e) 

Vectors:     RN ia the Euclideen apace of verticel N-vectors. 

For o C s,  e0 is  a row N-vector »rith entries ej - 1 if ieo, 

e° - 0 otherwise.     For  ItS,  e1 denotes  the trenapoae of e^1^, 

the ith -mit atocheatic vector in n. 

" 
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?»€•« of 1:    For any  subset  o of S,   I(o) denote»  the 

••t of stochastic vectors * satisfying: 

»i > 0    <—>    lco, ¥ltS. 

Bayaa'  Oparator:    For ««■» wcRj,, with Wi>0 VlcS and »wX),  lat 

«•v denote the vector In I having antrlaa 

(«•w)^ -  ««Wj/lW. 

This may ha Interpreted aa  follows:     Let ' rapraaant a priori probabilities 

of  some  randoa variable,  JB,   on saapla  space S.     Consider an 

event A occuring with conditional probability w^ provided 

that a. " !•    Then «ow la the vector of a posteriori 

probabilities of randoa variable s,, given k. 

Stochaatic Vector Restriction;    For «el and o ^   S with 

Iico *i > 0, define 

[f|a] - « • a0. 

Subrectangularity;    An NxN substochaatic matrix P is H-subractanKular 

if there exist collections  (X.,   •••«   1M^  »n(1 tJ^   ■••, J^},  of mutually 

die Joint,  nonempty subsets of S such that 

td.j) i ttfo) - al * J,) u ... CldM X JM)» 

A l-subrectangular matrix is also called subrsctangular« 
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Sf tt E»tlm»f Approxi—tton»;     H(k)  denote«  the »et  of 

raadoa variable« t_ having valuaa In I such that 

Xla (conditionally)  Independent of the "futore" (y(k*-l), l(k')  : k'>fc) 

given «(k), and 2a(k) > 0  •  ••••    H(k) contain« each of the nllowing: 

v/H. Ji(k .k), jiCk).  aid1),  and jid; k ,k) If i«H(k ). 

Stopping Tlaaa: Let T(kt,k)  denote the algaa- 

algabra generated by {y(k#,k)).    Than 6f(kt)  la the aat of 

randoa variable« ^ having positive Integer valuaa and aatlafylng 

(n - k-k(}cT(k,,k) Vk>k,;  and ^(k) Is the aat of 

randoa variable« n having poalclve Integer valuao and aatlafylng 

iS. " k-k,>cT(k,.k) Vk,<k. 

3.      A Metric on | 

This section introduce« a aatrlc that 1* need to aaaaura the 

"closeness" of state estiaate approximations- 

(3.1)    Definition:   For v,«'cn, define 

(a) |w - w'| - I^s l»i - fill 

(b) Mv.v'l - lies (»i-»i)+; 

(c) A[«,«'J  - aup{«[«#w, vi'.w]   : we%, wt>0 ¥leS, inf>0, i'¥>0) 
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(3.2) U—: |. - .|t  < and A «re Mtrlcs cm I, and 

Proof: 

(3.3) Proposition:        (Bvalnatlon of A).    Vor a.v'cl.  defli 
\ -          •         •                                                    ' .          .    •- 

c, - ainC«^/«! J  wj.^}; 
9                      0                                                                                               ''''».'' 

ca - ■ln{v|/vi :  «i>0}« .   . 

Than 

■ - ■     • #■ 

Proof:        The proof la given In Section 3'«- 

The netric «,  also known aa the Halnal ■eaeare. ha* aany 

application« in the theory of crgodic Markov chain«  [7]« 

Inforaally,   lit»«']  la the (alniaal) "quantity of probability" 

that would have to be "reassigned" in order to tranafom 

probability distribution • Into probability distribution v'. 

Slailarly,  A[itv']   is the leaat upper bouid on the quantity 

of conditional probability by which * and t* might differ 

If  they were conditioned on identical observations. 
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The distinction between * and A la also lllualnated by 

an OT—liMtloa of the topologies they Induce on I : the 
- ■ *   ' ■    -  . 

topology induced by < la connected, bat A causes ■ to be 

separated Into the 2n-l  faces {1(0), • C o c. s>- 

In the coapotatlon of state aatlaataa, this separation can' 

ba algnlf leant. Consider a POMC In which ji(0) - (l-c.c), ««l,' 

bat It la desired to approxinate j(0) by a1. In a « sens«, 

n(0) la "near" the approxlnatlon a1; the unconditional V;1: '/*''..' 

expectation of a bounded function of the Initial state vUl • 

be little affected by this approxination. Suppose, however, . 

that every output that subsequently evolves corraaponda to 

El 0 

0 •9. 

.    Iloa JlC2!(0); 0,k) - TlJlW.lQl^ tranaltlon probabilities Q 

tends to a*; yet if the approxiaatlon J)(0)  a e    la used, 

then JlCe1; O.k) • Ke^IQ]11) - a1 la obtained. 

Thus an initial error,  of  &-aenae magnitude ««I, aay lead 

to an eventual error of  &-aenae magnitude close to 1, albeit 

after conditioning on an event of probability leaa than <* 

Proposition (4.3) will ahow that auch Increase in &-aenae 

approximation error cannot occur. 
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r 

3'.      Proof of Propoaltion (3.3) 

fi V-*. 

Clearly *[*,*) - 0.  If (1 : v^O) ^ (1 : *i>0} then A(«t«
#] ■ 1« 

To aec this, AsaiOM without loss of generality that KS Is such that 

*1 > 0 «ad *i - 0, and dsfin» i»«-(l-l/s)eLKl/s)w/B- 

Then {«■}   is a sequence in I for which 11n,t» < [««w*,*'*^  - 1; 

sine« (».w")! ♦  1  aa ■ increaaea,  hut (»'«w")! - 0. 

By  (3*2),  the sequence («"9  is supreaal. 

The case U : w^O) - (1 : «i>0}, « + *', rsMinr. 
• >;..■ ' 

Assnas without loss of generality that v^O and *i>0, 91«S. 
'   *   . ■    * 

Mow 0 <  c^  1 and 0 < ci<  1; hence 0 < c,  < cj1 < -.    Define:  • 

Atl».»'l  - sap{«[w«w,«'.wl   : wcS^, wj^O Vi«St «'w/»w-C) 

- 8up{ZlcS wjwi - 
i 1   : wcEn, wj^O ¥lcS, *W"1, »'w-C) 

which exists for all c^Clc^"1.  Clearly 

AI»,*'] - sup Ucl»,i'] : c^Cl c;1). 

But Ag [*,*'] nay be ezprsssed as the solution of a linear program 

Ac[i,w'J -  subject to:     »w - 1 

5'w - 1 

w > 0 

where aj -  (v^ - it1) + ,  ir^ - *i/c-    Any optimal basic w that solves this 

linear program has at most two non-zero entries.    Let their indices be 
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denoted   (1,J)  and assuoie without loss of  generality thst 

(l.j)  t A - {(1,J)   :   («I/»i)  <   (»J/«j)). 

The optiasl Index pair (l.j)  sstlsflss s^ > 0 and aj - 0; 

for otherwise one of the following contradictions Is laplled 

(1)    at - 0, aj - 0—o &cI»,«'l - 0; . 

(11)    at > 0, aj > 0 -^ Ac[w,¥'l  - a^ + ajWj • («i-*l)wl 

♦ (»j-'j)^ ■ 1 - 1 - 0; or 

(HI)    at - 0, aj > 0 -H>  (l,J)iA. 

Hence   c  la such that  («i/*!) £ C < (vj/1>j)*    Tb* ^«»Ic feasible 

aolutlon with Indices (1,J)  Is now saan to take the for«: 

»i - -=: r-> o. •} - -r: rr > o 
»i»j - »j«i «I'J - «j»i 

Row 

where 

A^w.t'J   -max  <ACf lf j {i.»']   :   («i/»i)<^<»j/*j)> 

\ 

Ar  t   4It.t'l  - aw* - a.w/ -    ^J ^ M'i I ^J "  LllkJ 
c»i. J 11 
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ConseqiMatly 

4l».«'l - •up{Ac[»,w'] : c^c «cj1) 

- npUcyi.jIt»« ] : (l.j)cA. (wi/»i)H<(«5/«j)) 

c(i,J).A •«pUCtltJ(».«'l : («i/li)<JC<(«j/*j)>' 

Sine« A(ti( 4 [«,*'] is concre In c» it «chleve« a unlq ue 

•te 
. A« * 

at 

4U..'l -■«(ifJ)a(V.i,rI,t''n 

IX
(1,J)«A 

-/v 
/v 1 + 



( 
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4*      Th« Gwr«li«»d Brtodlc Co«fficl«it 

It is ««11 known that If P is a stochaatlc matrix and .». ., 

•ipj - ««1.1.8 «i«1?. dn;fA:^:jJtVZ/.y 

than 

On« consequence of this property of F is that {»(P^BK.   ^-^^'v ! 

-, .-■, *'>— •j-'y•»('.• ,,
T
...- ■ ...••-. 

«pproaches s unique llalt ss «-*■*. The rat«' of covergence 

^ 

a[P] Is celled the eraodlc coefflel«nt of the stochastic 

•stria P. This section generalizes the concept of an ergodlc 

coefficient to substochsstlc «strlcas; s corresponding 

contraction property of T(*,P) Is slso established. - • 

(4.1)    Definition; If P Is s nonzero substochsstlc 

■atria, then defIn« 

«IP] - «axUlTUM). TUM)) : eip^O, «Jp^0> 
';«',. , ■;•,;,'; 

Reaark:    The evaluation of e[P] by (3.3) require« N3 

operations.  This 1« comparable to the effort expended 

when Multiplying two NxN «atrlces. 
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Th« g«n«rallz«d «rgodic coefficient a[P] hma  the follovlog propertis«: 

(4.2)    TI—I: (a) 0 < o(Pl < 1 for all aubstochaatic 

■atricaa F^O. >- 

(b) a[P] < 1 «—> P ia subrectangular. 

(c) a [PI - 0 ♦^ raaktPi - U 

.-,■ 4. 

Proof:   Trivial. 

(4.3) Propoaition:  (Contraction Property of T) 

AlTd,^), T(i,r,P)l < a[P] ilti^']', :      nP^O, n'P^O. : 

Proof;   The proof ia given in Saction 4'«       '■ M . 

... ■.■:'' ■'."': ■ ■' :, ■■"'.  - : 

(4.4) Corollarj. alPj  - aop {AlT(n,P), T(V.P)1   «  nP^O, n'P^O. 

'■-,,■::.■■'■■ -\* 

(4.5) Co/olUrr; alPQ] ^ oIP]   oIQl« 

Thla analysis nay be aodifled to obtain a ganaralisad ergodic 

coafficiant for M-subrectangular itatricaa. 



(o- 
r 

- 16 - 

(4.6)    D«flttitlont   If P is a nonzero •*»'>■ tochastle 

■atrix, dcfIn«:  - 

{ACTU1.?).!^,?) : Put^ and 

Pjk^t •<)■■ kcS), if P is M-subrsctsngnlsr 

1, .    •'•   othsnris«;"' .v..   •  ^ 

Rsmrk;       sip]  . a^pj. '£.,- K> 

(4*7) Ls—s:    If P ,...,PM are subrnctangalar and 

P -  ^i?" is M-subractangolar,   then ^[P]  - ««^{«[F*] >. 

(4.S) CorolUrr; (a)    0 < «^[P]   < 1   , , 
■♦■■ ■' 

Cb)    ^flP]   < 1 ♦^ P ia M-aubractangular. 

(c)    ^[Pl  - 0 <—> rank IP]  - M 

and P ia H-subrectangular. 

Proof:    Trivial; coapara (4.2)» 

(4.9) Corollary: If PQ ia M-aubrectangular than 

Proof: Trivial;  compare (4.5) 
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♦ . •   • ' i.   . 

4*.    Froof of Proposition (4.3) : '        / /i1 

H« rcqulic  tbe  f ollovlog wdl-l 

• *- 

(4'.1) L—MI If wilg and w.«#cl then |«v - Vw| 

Fro^:        17(3.2).     »jtf C«J^)^ ^'(^)+-VX^S K 
■Ml *^W'W -  Xjjg ('J-«j) *J - Xj«8l(»J|-«3)+ - (»|-«j)T}wjt. 

< lll^a (^-«])41«|aniaB will - (iXjcsCvr'j)4!*!^»!'^ «iH, 
• .;•.?•        •^- •    ■ - S ■ ■ . 

•y • alnllnr nrgaarat  ww-v'w > II«,VI  •   [»ini^ *± - naxics v^} 

- i(«.«'l . I-««xi,i'«s T"*!'!«.      :-.i'        .i' 
.-. y 

In order to prove (4.3) dnflan:*     :'    . 

"V^ 
«* - T(«i,P), «ip^O;    /       •-    >^ 

W-   {"»tRu   : WjX) ?leS,   nPw>0,   n'PwX)};      <., 

I(w) -  {1  :  «iPir > 0). 
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Sine« It contain«  v,  the N-vector of  one's, V la nonaapty. 

Also,   if wcV,  than PWO and l(w) la nonaapty.    Vow 

•'y     '" ••.■'< - ■>■■:'■ 

AlT(n.P). T(n'.P)l       ^ - v 

-«Pwtw(xj«8     ( ^«IW^IJ^J     _      ^eK^njPijWj  w^ 
l V uPw       .   ~ n'Pw /      5 

-au^w^jes^cJ    ( »icKw)Vlj^      _      «i.IW^ijWjO 
f v nPw n'Pw ^^ 

...p..» -.j c s kuxw f ag^Q _ üi^g •) 

I   IjcS^lj^J   / 5 

-anp,,« «axj c s  X ^l.Kw) f   'JCSMPIJ^J      _    XjcS^PjJ'J    A 
I \        nPw n'Pw        / 

V >jal'li«J 
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Application of  (4'.1)  no« yields 

~l      v.^. 
• ; ■J> 

./ :■&'■.' 

. ■• 

t.vji \.: .. * ,•*■ 

•«Pw« 

< Aln.ii'l  •    alP] 
,;r^^m:f,..'l::.:::. 

'   '      .v   ■ «■ 

^"ylÖkV^*""-    -^ 
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5.        COBfTtMOCm  Of   InfOT—tloe ▼•Ctor  k^r-awim^tit^m 

(5.1) PtflliWr'8    Thm «pprocKlaatloa clommammm 1B drfined by 

. ' '■•-♦> 

ÄS k.,k) - MjtEJ k.fk)t jKk)l.     •«(k.)*   .   v    ,, - 

(5.2) La—:        -v ^ >■ -   .   ;•-» 

f~ 1 LSCIJ kt.k) - J(k)r<icHJ k».k)    <iCi; k#, k,) : «rF^k^k))), 

fasst: Apply (1.11), (3,2^««d (4^&^VHi ^    • >V 

■••.■.•-    »^^Ä^a •' <v-V     ■■;•'■■..'•- • -   - r • v?    . -• Ttffi&fJr •     * > 

Th« follovlaf cheoreas give «mally verified bounds 

oniC;V)._. "-f.    ^H'G'^ 

(5.3) Theor—t    (Strong «|p|MM0|||b convergence).    Define 

•(n) - «upitti (■ex.tTk^)  {aiplt(«)])),     v     . 
' ■    r   ' .4 '   r     * -■■•*■ 

Tbee 

•(n'n) < «(^«(n)    '     -.     V/i^u 
'-   ■'. '-*■■:■'■%   ■ ':;■: 

end -t.'-';;^ '     f^.v" :- ■' ^ ■   •..■   •■ 
s:-' .•■■" ■ '■■•'',** •   - :    •• 

Kl; k,.k) f «(k-k,) <l«(B)3<Mt«)4«, «.«. »«tKk,). 

Moreover, if «(n*)  <  1,  for aone positive integer n*,  then 

llmf-   ^(t; k,»k) - 0       s.S. » «H(k,) 

Proot;        loaedlate,  using (4.5) and (5.2). 



u 

(5.4) Th«or— (Weak i^p^nllii coufrgeocc).    DttfiM   ^^:s 

^(«) - rapitdC«»«^ H-I^CyCk.le^))!  1 »Ck)-iJ>. > ' 
■i 

i- •* - * 

1 ■. .. 

'*   r 

iCiCl k,,k)  I •(k.)) <^(k-k*) < Wn)!«^*«^*» a.».   ¥ircH(k,) 

Moreover,  If «(n )  <  1, for SOM positive Integer n ,  then, 

Proof; 

■  v       '• -   ■ r*« ii'-t^*s»'■'■-- 
Isupk«! {«axieg E{«ipk(y(k,lrt«))l     ^'.   ;-§       ^ T-   . 

.  E{a[Pk+T1(y(k+n,fcH»4«))l   | i(k)-l.  y(k,k+Ti)J   I  «(k)-!» 

- •«Pk«i{"»»i«s «{«IPMyd^fcHi)«    .->,;,.' v--? 

V-     t^-^ • ...     ;■    '\.r>,: ■:^- 
•   Iljes BUtpfc^CyOrtn.kHr*«))]   I «(k+n)^)   *■   A; 

PrU(fc^i)-j  i A(k)-l.y(k.Wii)>l   1 ft(k)-lHf: 

< •opkKl{aaz1c8 EUlPk<y(k.Wn))l  . "»(m)   | «.(k)-!} 

<^(ii) •»(•). ' 

The roaalnder la  laaedlat«.  using  (4.5) and  (5.2)- 
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Thcoraa« (5.3) and (5.4) give conditions undnr which 

ji(k) nay be «rbltfrlXv clo»«ly approxinated by a fInlttt- 

stat« automaton. This automaton Is of course time-varying 

If (8tT) Is none tat lonary.  In (5.3), assume a(n)<lv  .; ' 

for soas n. Then for any c>0 there Is a n(c) such that •,'.. 

o(n(c))<c- Construct an automaton vhosa state at time k ' "'- 
^ ....,.■ j- 'j ., • 

Is x(k) ■ j(k-n(c),k) and associate with x(k) any element i(k) 

In the range of T(«.Pk-1»(«>(x(k))). Now -J li(k)-Ji(k) I <  c Vkel. 

Defining t(n) ■ log o(n) / log #T(n), (where the logarithm may 

ba taken to any daslrad base,) the automaton having Q states 

achieves an error bounded above by Qt^tlVo(n). Similarly, 

defining t(n) - log oXn) / log #T(n), the automaton having Q 

states achieves an average error bounded above In the sense 

of (5.4) by Qt(*)/i(s). If t(n) or7(n) « -I, then relatively 
■.* 

small values of Q csn be made to yield extremely close 

approximations of the Information vsctor. This type of approximation 

enjoys the advantage, over grid techniquest that It Is not subject to drift. 

If o(n)-0 for some n, then ji(k) may be exactly determined 

by a flnlte-ststs automaton; for {jr(k-n,k) : kcl) Is now a 

FSMC; and hence (ji(k) ) Is FSMC. A sufflclsnt condition 

for (ji(k)) to be s FSMC Is given by Theorem (6.14) In 

Section 6. 

. 
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6.      An«lT»l» of StAtlonarr POMC« 

In this ■cction, we «tudy POMC« rh«t satlafy th« following Msonptlons: 

'     . •        ^   '"■.■' .        ;•. v,j 

(Al)    Tinc-Inwnrlnncn:        Pk(y)-Pk'(y) »k.lt'cl, j€U 

In view of (Al) • the aoperscript "k" will b« oaittnd 

throughout this «ection^ ^'J.%' ' / ■>'   . 

(A2)    State WontrnnsitiviW    If P1j(z)>0,   then there Is s scT(*) 

snch that Pji^^O. .   J V   .    - 

(A3)    Ootnut Rscurrsncs:    For any IcS, ccT(*)t there Is a scT(*) 

snch that «^(is) i* 0.    This nay ha satisfied by considering. 

one at a tlaa, appropriate coabinations of recurrent state 

classes In S. v ■'    '•, 

The alininatlon of redundant states (following Pas[10])t although 

daairahlc in certain applications, will not he required. 

Let 7 denote • matrix whose columns span the linear apace generated 

by {P(c)v t scT(*)} or, equlvalently, hy {P(s)v : icY(N)}; the equivalence 

follows fron Thaorea I.B.2.1 of Pac [10]. Two stochaatic vectors satisfying 

wP - t'f are ssid to ha equivalent sines 

vP(s)v - f'P(s)v VzcY(*), snd thus they convey the si 

infonstlon about future observations. 

Central to the analysis of stationary POMCs is the concept of a 

recursively cowputable decomposition of the state eat into components 

whose transition probahilities are asymptotically suhrectangular in the 

sense of (5.4). 
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(6.1) Thssssm:    Aammm  (Al).  (A2K  (A3) «nd l«t Klc.k) s,   .'..'. _ 

danot« the collection of •ubsets of S defined by     .   V .. / 
{.•,-'        ■ .•*.■   .       •■■:*'       ■■■»^••\-r • v..   •  ■•»  A 

l(k,.k) - ({j r?^^.«)^} t 1.8) -#.^ ^r    ^ 

Than that« exist 9 atochastlc process U(k) : kcl) «nd an 

(a) #l(k) - M, a...-»kÄ£-*V^ f V-' . .••;• ^".^'t^ 

(b) The alaMnta of I.(k) are disjoint,  a.a. Vkcl. - .. 

(c) mik)  la contained by a aingla alaaant / .IA 

(d) lor any kcl, there is a randon variable n{k)ceb(k,), E{n(k)}<-, 

anch thet^k-k) " W    **"*   k« < k - n(k),  •..#,,'. 

(a) for any k.cl, there la a random variabla B(k,)e9f (kt), 

B{n(k#))<-, anch that l(kt,k) - i(k) ♦-* 

(f) i(k,.k) - ^(k)*-^> P(i.(k,,k)) la M-aubractangnlar, •••• 

Proof:   The proof la given In Section 6'♦ 
• •  * ■■.",. '% **'■. -> . ■  ^ .   ; . 

'»■■, -^ ..-..■. ,- ' .. ■ .• . ■:    ■  ■ 

If o(k,) la known to tha observer, than subsequenx >^   '- L 
~' ..     ,.;.,..       ._ i. .-:■•. ->■ 

values of £(k) aay be computed according to tha identity 

(6.2)    o(k) - tCa(k,), y(k„k)),  T(ot«) - {j : P1J(«)>0. l«o). 

Similarly,  (6.2) provides a means for determl J.ug l(k)   from Kk.) and x(k,,k) 

We nov aha« that j\(±;  kS(k) may ba decomposed into components 

tj)(j;  •'..kJM,   ocr(k),  each of which converges in a manner similar to  (5.3) 

or  (5.4).    This  decomposition  la preserved by  (1.9)  in the sense that 
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(6.3) JKI*!"!; k..k) - uci; k,»k> ' T(a.y(k,.k))3   - 

a.a.   * »«H(k.)» o«X(kt)# 3
o>0, 

Th« convergence properties  are stated aa followe.     In analogy to (5.1)  deflm 

Äd; k.tk) . \-../^:V;;-:'• v '..iil^% .:  ■ ' 
-•aaUü([lM; k<fk)» J!(Ü(k,) I«]; k#,k)l  i   o«I(k,),  »a0^. ji(k,)a0X 

(6.4) 
-naxUlUKI; k„k)|oU   U!(k)|oJl   :  «l(k), JJ(«; k,fk)ao>0. jWa0^ 

*eH 

ao that. In analogy to (5.2), 

,.'■'. 

(6.5) ilJUCl;   k„k)-J!(k)l   <&&  k,»k) f JfcCl;  k«. *,)   •   «lIIP(y(kltk))lf 

weH(k#), kt < k, < k « I. 

The Inaedlate consequences of (5.3) and (5.4) are now: 
■-• • r .        • s . 

(i<ami>iii. 
(6.6) Theorea:     (Strong etq^MSftAad convergence vlthin a component.) 

Aasuae (Al),   (A2) .   (A3),  and define 

V»)   - ■axEtT(n)toMfP{«)]>. 

Than 
«^(iH«) 1 ^(n)   «^(n) 

and 
lud; ki.k) 1 «ijtt-k.) 1 [«ii(n))(k-k»)*»,        a...    ^ «H(k,). 

Moreover,   If ^(n*)  <  1, for some positive integer n*,   than 

1t%»«   1(1; k,,k) - 0/       a.s. Vl«H(kt) ■ . 

■«   '• . • 
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(6.7) Theore«:     (We«k mm^aßt^uXiaHi convergence vlthln « coaponant«) 
1'-'  '  ' • •'•. ■'     •■ ,'■-■■■     .„■•. 

hMBxme  (Al).   (A2),   (A3),   and define ^ 
-   \ ' ■•,•'• .> ''•".(■' 

ÖM(n) - ■*xlcs B{oMIP(x(0,n))l   I »(O)-!}. 

011(0 ) < 1 for »cme positiv« Intoger n fv   > 

; >> 

".. .'., . ^ *."- ••■.-' "    ;■ 

»%,■   IM(I.; k^.k) - 0       •••'. ? w«H(k#).,       . 
'.■,•■,■ * ■•- ■ 

■'*,' ' 

finally» we show that a weighted sum of  equivalent  conponaiita 

<* Jl(x» k,tk) conwargaa to ^(k).    Define: 

»i(X) - Pr{«(0)-i  | 1(0) - I)       ;. 

f(a.l(k)) -   Utoel(k)   :  Ua(k))|o]? -  (»(i(k)) |o]F) 

' -  ■ ' '       , 

(6.8) i*(k) - (f(o.l(k))  : ocl(k)} 

-■  '■'•■■. ;*    •   -        ■''■'■ 

A*(k) - f(i(k). l(k)) 

♦(o.a*,I) - U(l)|o*l  ** 

Ha may interpret f (3, l(k)) as the union of eleaanta in l(lc) 

that ara indiatinguishahla fro« 9;  likewise l*(k) is tha 

collection of   indistinguishable  unions  in .X(k)  and o*(k) 

is  tha alanant of l*(k) that contains  o(k). 

■- 
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(6.9) L—: (Ccwponent  Identlflc.tion)    Asmme  (Al),   (12),   (A3) 

and conaldar the «mt«   . *^s  , .     .> r   ,-_ ^v>' 

A.U(V-IV^.:-^^VW '^fe 

•her« Pr(A) > PrU) > 0.    Than /. 

k<k 
t'j*m     PrttlA.y(k#V)).- ♦(S.o'(k#). X)        «... 

:-^. 
Proof t    Throughout this proof, consider-«11 randoa    ^x^C** 

▼arlabltt* and «v«nts to be conditioned on A.    Tor ad define. 
r, 

/'■ln(k5t(n-l) t iO)-!,  T(o,2(k#.4)r0   ^P«1.     TM^ 
^(«) - Hk , ks \      v ~wu      - ^       »FO ^ 

:{k<k(i*4.1)  : iO)-!,  T(«,y(k,k,)-o   ^o«X,      n<0 J 

7'(n.ii') - ya(n). Jt(n')) 

Por ocX, also define 

^(n.n') - ln(Pr(y'(n,«') | B) / Pr{y'(ntn') | o(0)-o)). 

How X^Cn^n') and ^(O^'-n) are identically distributed, so 

BU0(n,n') | B) - lo(n'-ft). A: 
•: • 

By convexity of the -In function, ^a(n) is nondecreaslng in n. 

Moreover, i'(n) is a PSMC «hoae transition probability matrix P' 

satisfies I'AA*®  Vi,j(OcX; hence by s standard argument of convergence of 

power« of positive atochastic satrices, there is, for avarr c>0, 

a function dc sstisfying ln(Pr(y'(d«(n)-n,dc(n)) | y'(0,n). B) 

/ fti£U*i*y-;**M)  I y'W»»)» £(0)-o> > (1-e) ^o(de(n)-n,de(n))   s.a. 

Bow consider nj - 1, n^+i - d*^), and ±a(±) "  ln(Pr(y'(0,ni), 

y'Ut+i-nt, n1+i) | B> / Priy^O,^), ^(at*la>ai«,Bi4l) I £(0)-o>). 
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By conT«xlty of  the -In function, ^ti       '„^^.^i   ' '' 

^(O.nt) + (1-t)  X.dii) "     '     ^V^^ ;>- 

Henc«,   either ^o(n,n')-0        a.aw  in B  ♦"^ X ««* £(k,)  are conditionally 

Independent  given  <£(k,) - o or o)  **** <» ijf (^W'iir.^!^  7-'-^   ":'">'! 

alaa 11a ia(nta') - •       «••• In B <—* 11«       ^ ' Pr{£(kt)co  | A,y(k,k')} 
'•V-«'   • *        ,<'TX* •» —      ^   • .m 

- 0        ••••   In B  <-m> o C S-f (o,2).    The desired reealt follows trivially. 

(6.10) Tbaoran;    (Overal'i. convergence)    Aostma (Al)t  (12),  (A3). 

Tb« 

(a) il(k) - Ul(k)| 

(b) ii(k)a0 - ♦(»,£•(«,l(k)) *»«£(k) 

(c) Ul(k)|«lP - Jl(k)f    '    » Vo«i(k)t  o C2*(k) 

■.';--*i :"V'- •■• :  ■ • ■ 
and for all lcH(k,): 

(a') llV-ü^5 ki»k) «^^ " 1       *«^   >•; ;    ' 

0»') lU^.    I  «atZ(k)  (^^(k) ♦(•»••liWy 1(11 k,.k)a0*) 

'   InCi; k,tk)|o]    -   ji(k)   | - 0        a.a. 

(O 11«^,    la(li k,,k)F   -    n(k)F| - 0       a.«. 
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Ratark:   If l*(k) - I(k)   ••■•, «.g.. If V hu rank H, th«n (c') bectme» 

11^^. I Jl(»; k,.k) -Ji(k)l - 0   a.«. 

which establlabea the conjecture of Kaljaer [8] . This convergence can 

occur under nueeroua conditions readily derived froe (b'); for ezaaple. 
. ■< 

It la lulled by jr - »UCk,))- 

Proof; Parts (a), (b), (c) are the consequence of (6.9); parts (a'), 

(b'). (c') then follow fro« (1.11) and (6,7). 'A 

Hence» the ststs estlaates «ay be approxleated 

arbitrarily closely (In a tlas average or nean |a| sense) by a 

finite-state automaton. If o*(kf) Is known initially, ths automaton 

is constructed ss discussed In Section 5* Memory-efficient 

approximations to JI(±; k ,k) e0 , o*c_r*(k), may be obtained 

by generalised hypothesis testing procedures; see Section 2.2 of [3]. 

The stats estlnstss for a POMC satisfying (Al), (A2), and 

(A3) can be exactly computed by a (properly Initialised) finite-state 

automaton If {ji(k)} is a FSMC, l.s.f if there is a finite sst G C I 

such thst Ji(k)c6 ¥kcl. In this case {(ji(k) ,y(k)) : kcl) Is a 

stste-calculable POMC. This condition may bs vsrified in the manner 

describsd bslow. 
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Let F denote the partition of S into ergodlc clasaes; hence for IcytT 

there hold« y m ii  i  P^j(s)>0( scT(*)}. For each ytT,  select oTclY, 

«TeT(*) with o^ - f (oT,iT), Hy - #{oerT : o ^ 3^) euch that 

'yt T; • ■   , 

Prio(0)-oY, 1(0)-XT) > 0; ,! v 

o • T(ot iy)       ? otly, 0^3*; 

~y (Plj<«T>.       "^t        1 - 
P'    -    i 7    •       . 1» MT-Bubrectangular. 

3 (0, otharvis«    )    ^.       :    ' » 
v ■ ,■'       ;.   ■<""•;"   •■:■•■ • • 

Now a« [PT]<1; hence by (4.9) there exists a unique Halt 

(6.12) ?T - liB^TUtd^lo*!,   (PV). 

Finally»  construct 

0(0) - (»t :  ycD; 
■ 

(6.13) C(«fl) - G(«)U {T(w,P(y))   :  »eG(«)t yd. fP(y>^0}; 

C(«) - {»F :  weC(«)). 
*. 

■■ 

We may now deaonatrete: 

(6.14)   Theorea; Aasuas (41), (42)t (43). Than 

(a) {ji(k)} is a FSMC iff G(m*) - G(m*+1) for aoae positivs integer a*. 

Moreover, if such an a* exists, thsn G-G(a*) is the alniaal subset of B 

satisfying j[(k)cG  a.s. 9kcl. 

(b) {üdOl la equivalent to a FSMC iff G(m*) - G(a*+1) for aoae 

positive integer a*. Moreover, if such an a* exists, then G-G(B*) is ths 

alniaal sat satisfying ji(k)F c G   a.s. Vkd; the equivalent FSMC auat 

assuae at least #G distinct values. 
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Re «ark:  This proposition provides the hasis fpr sn slgorlttaa thst 

decides whether {.n(k)} is (or is equivalent to) a FSMC having, 

at moat, a specified nuaher of ststes. It cannot, however, he used to dedd 

whether (n.(k)> is (or is equivalent to) a FSMC when the sise of G (reap- G) 

la unconstrained. •' ,.*'•; 
■ . . ■    .'    < - j ^ . 

Proof;   Only the proof of (a) is given. The proof of (b) is similar. 

(Necessity) Suppose 6(a*) - G(»*+l). Then for every 1*S 

there is s «^(a*) such that *J>0; now ^(0) - il.(0) e H(0). 

Define n(k) - .n(U(0); 0,k). By (6.7) 11^— |n(k)-n(k)l - 0. 

But n(k) c G(«*+k) - 6(a*), and UCk)} ia stationary« . 
>, ■ i ' '■'. 

Hence n(k)cG(«*)   a.s. Vkcl. <.,.! 

■ *. 

(Sufficiency) Aaauae that (n.(k)) ia a FSMC and 

let G he the miniaal set satisfying il(k)cG    a.s. Vkci. 

Clearly G nB(^) is noneapty, VjtT,    Thus G(0) ^G; 

for otherwise SOM T«r satisfies «^G -> wlnttGll*7 - »t ■ t > 0| 

but «»M [P^l11 < c (SOBS n); now the concatenation z    of z* with 
T 

itsslf n tlaea and «* - T(», P(S*)(SOMS «G O 11(0^)) satisfy 

w*eG and 1«^ - t*| < et nhich is s contradiction. 

Since {T(«.P(y)) : «G, ycT, *P(y)yiO> - 6, it follows that 

G(a) C G -> G(»fl) £ G. Now G(0) £ G(l) £ ... £ G. 

Sines G is a finite set, a* exists and G(ni*)-G(m*+l) C G. 

But now G(m*) £ G hy the argument given above; thus G(a*) - G. 
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6'  Proof of Thoor» (6«1) '^. •'•"*>.• , 
■ 2   '.'■■       ' '■■   ' ■    '' :       'k    ': 

Before giving the proof, we Introduce soae new terminology. 

Let S* denote the power »et (collectlea of subsets) of 8; 8** - 

in turn will be the power set of 8*. How define J^ : 8** -♦ S**, '•' 

^ . 8** ♦ 8**, 1:8« !(•) ♦ 8*. I  : T(*) ♦ 8**, end U t T(*) ♦ 8**, 

«.follows: ^--f^'fr^tt ■'•.•.::•,-•;   ^&-,', v;-..-' •.'C--^-   . 

^11]   -  {ocX  : no eleaent of  I la properly contained In o} ^    £ 
>'rl.i' •     ft    ')''•■'''■• ■■     *■'   *    i 

fill]  - <Oi V«a^--UOn s •>*' —•• «»n*1. n>Ol   ^     ,' ^ 

1(1,») - tj : Pij(«)>0J 

X(s) -  (Rd.z)   ^  lcS}-{#) 

D(«) - aii(«)i 

M - eln(#r(z) : scT(*)) 

l<* - «InlfUC«) : «el(*)}. 

Note that l(ketk) - X(y(k»,fc)). Also define the partial order "<" on T(*) 

■ < ■ if r-« x  for some z  eT(*). -'j' 

Pinally, define 

E- {«eT(*) :  D(J) -  D(«) *«<«). '. 

. .   ■      " 

< •*  ,    1 

'']'*■* . t'-'.'■•■ ■■•-. ", ■*:*■'*%■* 
.■-■•-..       ... - 

■ •    '<  -    ■ - * - 

) "■^■v^- 
'   ^ V' 

'   i  '' '     ■■-'■'' 

■.,■;•, •■'<;' 

•   . ; 
* ■ 

'.' 
.-..> • 

.% 

(6'.I)   Lease:   (•)  ü(«'«) ^ 0(t) 

(b)     mt't) < #0(E') 

Proof;        By definition.    0(«) - {   ^ ice    1(1.«)   :  CtS*} - {0}; and 

1(1,I'I) -  U jtRd.,')  R(j.r); ao O(z'a) -  (   Ü jcC    /'»(J,t)   : CeD(t')> - {$). 
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(6*.2)  saaUasv     i- U i #U(E)-I<*>. .•..!-..  y};\:--' 

Proof;  By (6'.1)(*). #ÜU)-M* lapllee x'E.  Now suppose fUCs)^. 

By definition of M*. we may select ** «»cb that #ü(E*)-H*, snd by (A3), 

we may  ••Uct s such that z*lt  « T(*). How #ü(x*rz) - M* by (6'.1) (b); 

(6 .3) Corollary;    Tor any k'l, thara la a randoa -v 

▼arlabla ii(k)<%(k), BtnOO^, auch that i(k, ,k)«B *—*   k, 1 k-n(k) 

'•; ■•'.■■■■ ;V-,. vv ^V-, :■••:- 
Proof;   Selact n(k) - «intn : #D(y(k-^,k))-M*>. Etn(k)> < m because 

tli(k-n), B(i(k-n,k)), D(x(k-n,k))] : n-0, ... T la a FSMC whose recurrant 

stataa [a.B.U] hav« the property #U-M*, by (A2), (A3) and (6'.1) (b), and 

since n(k) la therefore bounded above by the number of transitions until 

this FSMC entere e recurrent sta^e, a random variable having finite expectation. 

(6'.4)   Le—a;   I(«) - l[ü(t)]. ¥x«B. 

Proof;   (By contradiction): Clearly I(x) 5 AID(«)]. 

Now assume that z^E, ocz(s), c'cD(x) end »'^ 0.  We may select a"EA[U(z)] ao 

that ff" £ »'. Let 1 be any element of "»  and pick j so thet »(J,x)-
0; now 

Pjl(«)>0«  By (A?), there exlats x*T(*) satisfying PjjUpO. Now construct x»-x 

end xn - «JJ.I t  «n-i, n
eS. Trivially Pji(tn)

>0 ao xn*Y(*), and hence xn ^ a. 

But x<Et so f" t A iO(t)] - A [0(^)1 5 z(xn), and there 1B a ^ auch that 

Bdtjj, »n) - o". Horeover, by construction of xn, R(k1, tn) ^ 0 "^ a", 

1-1, .... n-1, ao kn i« kn' when n i« n'. But now Rd.an) 2 0 s'am»  ' ieS *nd 

o" # D^ZQ) - U(x) 5, ik[U(x)]l which contradicts the original asaumptlou 

that •" « 1[D(E)]. 
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(6'.5)       Corollary:      «<«« —>!(;> - I(«) 

(6'.6) Le—: The elementB of   Z(s) an disjoint, ¥ rtE, 

Proof; Suppost (1) «<«ci and (11) B(ss) - B(r)- 

Than (1)  l^>llas scB and hence, by  (6'-5),  Z(x) - Z(B). 
' r:  . .   ., .     .>:-   .''■. 

Bo», by (11). JKJ.S) - U1eB(l.S) l(l,«).<:>-r •',.>      V 

C _ So k«B(l,«)nB(J,i)  l^llaa B(k.i) C B(l.«) and B(kt«) ^ 

l(Jt«).    Hence, by  (6'.4), B(l,s) - B(j.2).  and tha alaaants of Z(s) 

ara disjoint    It only reaalna to show that thare exists a c satisfying  (1)  an« 

.. ■  ■  ■«'J: •v-'-   ^ "   ■       "... '- 
Pick 1,J so Pji(«) > 0 and pick s so Pij(«) > 0; .. 

z exists by (A2).  Define St • « a and T^+I  "  SQS a« 

By construction ^r^ - sttfn* Horeover V^(z'z)  >  0 

so P(sI1)iK) and SQCB.  Since {B(rn) : n-l.Z.«..} la a finite 

sat, thera exist n,«^ such that B(tn) - B(sTt+a). Hence, 

B(»n) - B(slHa) - B(«-) B(atI) - B(«-) B(snfB) - B(rn+2«> " ••• ■ B(^r»-nB> 

and slnllarJT B(«(-_1)11 z^  - B(i(m_1)n «n+n«) J h«nca B(sI)B) - B(»im z^). 

Idantlfy » >* s^ to complete tha proof. 

(6'.7)   Cor^llarrt E - {« : #I(a)-ll). 

Proof;   By ^6'.2) and (6'.6), M* - #ü(s) - 2#I(«) - 1, «eE/and 

H* < #D(«) < 2'x(«) - 1, Ml. 

■ 
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Proof of  (6.1);    D«fln« n(k) as In (6'.3), and Ut I.(k) - i(k-a(k).k). 

Now l(k) - KyCk-nCk), WXwhar« yCk-aW.k) c I.        A"'^>^^,:'' 
— • — ...        ••■»'.'', ^-"•, ••'    k' •■ , 

'.--■ .'■,-,      >■      - . • . • i«-   ■ 

(•)    Follow« fro« (6* .7). '    y'*i-'''     '• *     * 
-■ - ;:'.  .^--X-  :-■ •:'•••■■•>• - ■••> 

(b)    Follows fro« (6'.6). 

(c)    If J 1« contained by no clement of l(k) - _r (k-n(k).k). 

then Ptj(y(k-n(k) ,k)) - C ¥leS, by definition of 1(*?
W), 

and hence Pr{8.(k)-j   | y(k-n(k),k)> - 0. 

Thus ^(k) !• contained by sn element o(k) of I(k)    a.s* 

Uniqueness of o(k) follows fro« (b) above» 5 \ Ä.;^i 
'■■'■   *X-'^<7  V' ^ v . "• ■■■  ■ 

(d) Follows fro« (6'.3) and (6'.5). / v - ^ : V- M ./'  -. .1- 
. '■ :,;.v,s*- '-. r-«,;.•■• - ;< ;;'►  ■ ■ 

(e) Define PtjCy) - Pr{s(k-1)-J, y(k)-y 1 i(k)-l>^ v ' ,> 

snd P(y,..«yn) - P(yn) —.P(y»). 

Then (P(y)) defines a POMC wich state process 

{£(k)-i(-k)   :  ktl) snd observitlon proems  {i(k)^i(-k)   : kel}. 

Also Pij(») > 0 <—> Pji(«) > 0.    Hence by  (f), below, and (6'.3), 

there ia an B(k)cef (k)  such that k > k(-»t|(ka) 

<—<►    P(y(-k,-k#)) is M-subrectangular <—>    P(x(k#,k)) 1^ 

M-subrectangnlar. 

(f) Follows fro« (6'.6)  and (6'.7). 
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7.      EXMPIM '»•■'■ 
''•■•   -"    .>, 

We now Illustrate by aeans of  simple stationary POiSCm 
-    '      •?' ■ • 

the concepts Introduced In this paper. '    ^-K' . 

■...'■        :< ''■■ :" ''■■■   ■ '■ 

(7.1) Example:  Suppose that £ la an ergodlc Markov chain with 

Pij(y) -   V     *■-.■.■        :.-:■.v -,■■*'.•>,' ^ 
(0,        otherwise  /J"        •-:'.   /'f, '^ 

...        ■    .  ■■ •;' - ■  ■'■■£■"■   . 
' •>    *      ., . ■     . .V' • 

Now y(k) ■ 8(k) ¥kcl(  i.e. there la perfect state obaervatlon. 

o(l)-0f and nCi; kt.k) - J(k) - e£<k) whenever k>k, and ««H(ki)- 

Here {jl(k)} la a F8MC-' 

(7.2) Example;    Suppoaa that £ la a Markov chain with strictly 

positive transition probability matrix.    Let T - R and 

/p1:jt If y - 1-j    or y - W-l-J 
PijCy) -   )   J \ 

L 0, otherwise y 

Now 8(k) -  ls(k.) + l{'^rrtX0t#)i  »od N, 

so  CS, X) Is state-calculable.    This result Is expressed by  (6.1), 

where M-N and £(k)  -   {(1),   ....(NH,  the sat of  singletons  In S. 
V 

Clearly o(k) - {£(k)>. 
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Hence,   if no *^o row» of F coincide,  and If  ™Il(kt),  than 

A15CZ; ki.k), JKWJ - 1, *h«n«v«r J^tCkOi 

»•■, 

lote that IJKJ; k«,k) - JKk)I la not aoaotono 4ecr«asl3w.lB 1u v      ^ 

Again  tn(k)> la a FSMC. :.'    >r-.-^»r ^ •' ^'.'A'.'-V 
^  ^^^;v^,;..... ■ -■ 

(7.3) Exanple;     Suppoa« 

TlM       1/4*1 ri/2' 

[o        !/!!,/C2)' Ll/4 

*^£^ 
0 

P(l)- 
iM 

Ho« 5k4-l) - l/2l(l,0)-Mj(k)l  If y(kfl)- 1, and JKW-l)-l/2H0,l>+JKk)] 

if y(k4-l) - 2.    Thua it happens that ilJKi ^'tW  - J5(k)l   < (.5)k-k«. 

This convergence ia predicted by Thaoran (5.4) which atataa that 

EU[_5(_«; kt.k), j;(k)l > < «(k-k.).    Sinca «(2)-^34t «a have 

■*(n)   < (.634)n*2.    Moreover  AIJlC!k«,k), J!(k)l  ia «ouoto« y 

decreasing in k a.a., by  (4.3).    Clearly,   ^(k) )  ia not a FSMC.    But Li«« 

process of  Independent  Identically distributed Bernoulli trials;  hence paat 

observations convay no information about futura observations.    Indaad F -  v and 

all information vectors are equivalent.    Since G contains only the 

element  1,   (j|(k) )  ia  equivalent  to a one-state FSMC. 

.m**'*»   ■,■*■■*- 
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