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STATE-ESTIMATION OF PARTIALLY-OBSERVED MARKOV CHAINS:
DECOMPOSITION, CONVERGENCE, AND COMPONENT IDENTIFICATIOR

BY
LOREN K. PLATZMAN
BELL TELEPHONE LABORATORIES

NAPERVILLE, ILLINOIS 60540

SUMMARY

A partially-observed Markov chain (§,Y) consists of an N-state

Markov chain §, along with a process Y of noisy observations of

the transitions of S§. A metric on stochastic N-vectors and a
generalized ergodic coefficient on the transition probability matrices
of (S,Y) sre defined, resulting in a notion (similar to weak
ergodicity) of deteriorating dependence on initial value in a process
of distributions of the state (of §) conditioned on past observatioms.
If (§,)) iz stationary, then § may be decomposed into MN

components, where M=l neither implies ,not is implied by ergodicity of
S, such that conditional state distributions within each component
geometrically approach an initial-value-independent process in the
manner described above, and one or more equivalent components eventually

dominate the others. A method for drift-free finite-memory approximation

(or realization) of *his process is also introduced.
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l. Introductica
Consider a probability space (8,F,P). For ease of

potation, random variables (i.e., symbols that implicitely
denote measurable functions of (2,F)) will! be shown in
boldface.

Let § = {s(k)eS : kel} and I = {Z_(k) €Y : kell be stochastic
processes vhere S = {1, ..., N}, Y 18 a finite set, and
I={...,-1,0,1,...}. Also let the following "splitting”

condition be satisfied:

For any kel, the "past" {s8(k’),y(k’) : k“ <k}
and the "future" {y(k’-1),s(k’) : k‘>k}

are (conditionally) independent given s(k).

Then [} is a finite-state Markov chain (FSMC) (the state process), and Y

is a process of noisy observations of the transitions of §
(the observation process). The pair (§,Y) = {(s(k),y(k)) : kel}

is called a partially-observed Markov chain (POMC).

Since (8,)) is itself a FSMC, the probability weasure
may be completely specified by a finite array of time-indexed
transition probabilities. We will adopt a notation associated
with srobabilistic automata, {PX(y) : ycY, keI}, vhere

Pk(y) - [P‘i‘j (y)] is an NxN matrix having entries

(1.1) Piy(y) = Prig(k+l’=f, y(k)=y | s(k)=1}  1,3¢S, ye¥, kel.



Thus PX(y) 1s a substochastic matrix and Lyey Pk(y)

is a stochastic matrix, the transition probability matrix of §.
Consider an observer who wishes to characterize the "fu.ure"

(;(k').!(k') ¢ k°>k}, given a finite string of most receant

observations
(102) Z(k.,k) bd l(k.) l(k."'l) eoe l(k-l)o

This is accomplished by computing the horizontal N-vector

a(k,,k) having entries

(1.3) n4(ky,k) = Pr{s(k)=1 | l(k.,k)} ieS
and lying in the simplex

(1.4) I = {v : 9450 ¥1cS, Iyswy~l}.

Clearly, _rl(k‘,k) is the a posteriori probability distribution of
8(k) given observations _y_(k.,k). Moreover, in the sense

that each state in S is associated with an extreme point

of 1, _r;(k.,k) is a conditional state expectation, and hence &

least-squares state estimate, at time k, given observations y(k.,k).

Let v = (l.l,oc-.l)t and define

(1.5) T(%,P) = wP/¥Pv 1Pv>0.



The state estimate may now be recursively updated according

to the 14entity:

(1.6)  n(ke,kt1) = T(A(ke,k), PE(y(K))).
Ve note that {n(k, k) : k=k,,k+1. -.. } is therefore a
Markov process and may, itself, be viewed as the "state” in an

alternste realization of X.

Multiple-step transitions are similarly expressed.
Let £ = y ecc y, and define the matrix product:
(1.7 PE(z) = PR(y,) * PRtl(y ) * ... - pRin-l(y ),
It is easily seen that
(1.8)  n(ks,ktn) = T(®(ke,k), PX(y(k,k+n))).

Ve also define a process of state estimate approximatiouns

constructed as in (1.8), but from an initial valae ¥:
(1.9)  n(% ko,k) = T(3, PE(y(ke,K))).

For any keI, the process {n(k-n,k) : n = 0,1, ... } 1s a
uniforamly bounded martingale. Hence, by Proposition V-2-6 of

Neveu [9], there exists a vector N(k) satisfying
(1.10) k) = lim g o« N(ke,k) a.s.
Since T(+,P) is continuous, (1.8) and (1.9) yvield

(1.11) (k) = T(n(k), Pk‘(_y_(ko.k))) = n(n(ke); ke,k).



This paper examines the evolution of the state estimate
approximation process {n(¥; ke,k) : kekge,ke+l, ... ).
Specifically, we establish conditions under vhich n(¥; k,,k) <+ 3(k),
in some sense, as k*=. To this end, a metric A on I and a
generalized ergodic coefficient a on substochastic matrices

are defined, in Sections 3 and 4, respectively, so that

(1.12) ‘} xi;s l'j_ — ';l _<_ A[""l _<_ lv
(1.13) a[(PQ) < a[P] alQ] <1,
(1.14) A(T(v,P), T(*",P)] < a[P] A[v,¥ ],

k’ =k
and that both sides of the inequality are nonincreasing in k, a.s.

It follows that A[3(¥; k,,k), n(k)) < k7l . a[Pk'(_y_(k'))],

Sufficient conditions for this bound to vanish as k+= are

given by Theorems (5.3) and (5.4). Theorem (6.10) shows that if
(8,)) 1s stationary and certain conditions (concerning future-
dependence of ¥ and state-minimality of (§,])) are satisfied,

then

(1.15) limyee Lyeg INng(T; Kook) ="' n4(k)| = O a.s.
although it may simultaneously hold that

(1.16) A(N(¥; keok)y N(K)) = 1 aes., kuky,Ketl, 000 o

Section 6 also introduces a stochaetic nroceas {I(k) : kel} which,
under these conditions, displays the following properties (made

explicit by (6.1), (6.2) and (6.7) respectively):



(a) Decomposition: I(k) 1s a collection of disjoint
subsets of S and s(k) is contained by some element

9(k) of I(k) a.s.

(b) Recursive Calculability: 0(k) may be expressed as a

(deterministic) function of 9(k,) and y(ke,k).

(c) Convergence: A[n(®; ko,k), _Q(k)]*O’ geometrically in k,u k",

provided that {1 : 3.>0) € o(k,),

Thus n(¥; ke,k) may be decomposed into M = #I(k,) co-poncntl.‘,

one of wvhich may converge (in 4) to n(k) as k*=. The co;;vergent component is
identified by maximum likelihood on the basis of past or future observations.
A necessary and sufficient condition for {n(k)} itself to be a FSMC is given

by Theorem (6.14).

In analogy to (finite-dimensional) linear system theory, the
ergodic classes of § in S may be likened to controllable subspaces,
vhereas the subsets I(k,) of S may be likened to observable subspaces.
It is consistent with this analogy that M = #I(k) = 1 neither implies,

nor is implied by, ergodicity of §.

POMCs have been studied by many authors, notably Blackwell (2], Drake [5]
Astrom [1], Sondik [13], (also see [12])), and Rudemo [11]. Using a result of
Furstenberg and Kesten [6], Kaijser [8) has obtained a weaker version of

Theorem (5.3), and conjectures Theorem (6.10). A similar result has been

\



-

derived by Devore [4). Ergodic coefficients are discussed at length in
Chapter 5 of Isaacson and Madsen [7]. A POMC is also a free probabilistic

automaton; see Paz [10]).

The analysis given here may be generalized to processes
having denumerable state-output sets, to certain continuous-
time processes (following Rudemo [11]), and to semi-Markov '

processes (following White [14]).

2. Notations

Sets: If A and B are sets, then A-B is the set of

elements in A that are not contained in B. #A is the number

of elements in A. § 1is the null set.

Strings: Yk(n) is the set of strings z = Y,Y, e Yn satisfying
Pk(!)*oo Yk(.) C ;—1 Yk(n)- If z = " eee Y and zZ= ;‘ soe ;-

then zz denotes the concatenation y, °*** yny, *°° ¥n.

Scalars: atb denotes integer quotient rounded down; i.e., q = atdb
is the integer of largest magnitude satisfying |qb| < |a| and

sgn(q) = sgn(a/b). Also (a)t = max(0,a)

Vectors: Ry is the Euclidean space of vertical N-vectors.
For 0 € S, e 1s a row N-vector with entries ef = 1 if ico,
cg = 0 otherwise. For 1c¢S, el denotes the transpose of 0{1},

the 1th ynit stochastic vector in I.



Faces of E: For any subset 0 of S, H(0) denotes the

set of stochastic vectors ¥ satisfying:

>0 *=> feo, ViseS.

Bayes’ Operator: For vell, weRy, witn wi>0 ¥icS and w0}, let

Sew denote the vector in I having entries
(Yow)y = wqwy/vw.
This may be interpreted as follows: Let 7 represent a priori probabilities
of some random variable, s, on sample space S. Consider an
event A occuring with conditional probability wy provided
that 8 = 1. Then %ew is the vector of a posteriori

probabilities of random variable s, given A.

Stochastic Vector Restriction: For ¥el and 0 C S with

Ii¢o %4 > 0, define

(IIO] - T 9 .o.

Subrectangularity: An NxN substochastic matrix P is M-subrectsnguilar

1f there exist collections {I , ..., Iy} and {J,, ..., Ji}, of mutually
disjoint, nonempty subsets of S such that
{(101) . P11>0) - (I‘ x J‘) U see U(Iu x J“).

A l-subrectangular matrix is also called subrectangular.




Estimate Approxi : H(k) denotes the set of

random variables 3y having values in I such that

_1%- (conditionally) independent of the "future" {(y(k°-1), s(k’) : k°>k}

given s(k), and I8 (k) >0, a.s. H(k) contains each of the inllowing:

v/K, n(k_,k), n(k), e&(k), and n(z; k,,k) 1f wcH(k,).

Stopping Times: Let Y(k,,k) denote the sigma-

algebra generated by {y(k,,k)}. Then 6¢(k,) is the set of

random variables n having positive integer values and satisfying:

{o = k-ki}eX(k,,k) ¥k>ky; and 6, (k) is the set of

random variables n having positive integer values and satisfying

{@ = k=k,}c¥(k,,k) ¥k,<k.

3.

AMetric on §

This section introduces a metric that is used to measure the

"closeness" of state estimate approximations.

(3.1)

Definition: For x,%’cl, define
(@) lw = 9"} = Z4.5 lvg - v{l;
(b) &lw,v°) = Iy (wg-e)¥;

(c) Alv,v°) = sup{8{zew, w«’ow] : weRy, wg>0 ¥1cS, rw>0, 1'w>0}.



(301) u‘ lo . o'. ¢ and A n‘l‘o matrics ; i, and”

0 <y - x°| = $lv,v°) < als,v’) < 1.

S - K FE . ‘

Proof: Trivial.

*' SRR T - R _' . L
(3.3) Proposition: (Evaluation of A). For ¥,v’cl, define:

‘. RO L I
| .

c, = lin{'i/ii 3 q?ﬁ_.{; " : Skt

.

c; = min{wg/ug : ¥9>0)e
Then 3
l- Iclcl'?\};i‘. '
Alv,v’] = WY

1 4+ /ey . ‘ 2
Proof: The proof is given in Section 3..

The metric §, also known as fho g_qy_l measure, has many
applications in the theory of ergodic Hntiov chains [7].
Informally, &{«,s’] 1;0 the (minimal) "quantity of probabilicy”
that would have to be "reassigned” in order to transform
probability distribution v into probability distribution ¥°.
Similarly, Alv,v’] is the least upper bourd on the quantity
of conditional probability by which v and v’ might differ

if they were conditioned on identical observations.
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The distinction between § and 4 is also illuminated by
an exsmination of the topologia thcy induce on I ¢ thc -
topology induced by ¢ is conn.ctod bnt 4 causes I to be
separated into the 2M-1 faces (l("), 'C GCSL o A’ ey
In the computation of state utmtu, thu uparatiton.can" S
be significant. Consider a POMC in 'hich n(O) - (l-c t). ¢<<l,

but it is desired to mtoximtc n(O) by ol Ina .MA T

n(0) 1s "near™ the npproxintion el' the unconditional ’Lv?.," (
expectation of a bounded function of thc mithl -tnte 1111 .
be little affected by this approx:l-tion.. Suppose, ljovc_vn:. '
that every output that subsequently evolves cortupoﬁda' to

~

transition probabilities Q = .: : . Now n(n(0); 0,k) = T@(O).[Qlk)
tends to e?; yet if the approximation n(0) = el is used,

then n(el; 0,k) = T(el, Q1K) = el 1; obtained.

Thus an initial error, of ¢-gense magnitude ¢<<1, may lead

to an eventual error of S-sense magnitude close to 1, albeit

after conditioning on an event of probqbility less than €.

Proposition (4.3) will show that such increase in é~sense

approximation error camnot occur.



3. Pr Proposition (3.3 '

gt et

Clearly A[s,s]) = 0. If {1: 320} # {1 : >0} then li' ] = 1;
To see this, assume without loc. of generali*y thnt 1!:8 1- such thst
"> 0 and g = 0, and define --(1-1/-).i+(1/-)v/l.

Then {w™} 1is a sequence in l for vhich 11-... 6[1.11‘,1 o'-] =1;
since (Sew®)g + ] as n 1ncrmu. but (7ev®)yg = 0.

By (3.2), the sequence {wH®} 1s supremal. -

The case {1 : >0} = {1 : li>0) ¥ ¢ v, remain~.

Assume without loss of ;encnlity that v4>0 and '1’00 vus.

Now 0 < ¢, <1and0<cc< 1.hmeo$c,<c;1<- ‘Define: .
gis,7°) = cup(Gltov;t'.vl : weRy, w20 ¥icS, 7°w/rwmg)

= sup{ljcg Tywqy - vivy + : weRy, yﬁo ¥icS, wTw=l, ¥ w=(}

vhich exists for all clf_cic:l. Clearly
Alr,7°) = sup {Ag[s,3") : c <t< c';l}.

But 4;[v,¥’] may be expressed as the solution of a linear program

-;tx: aw S
A‘[l,"] = | subject to: fwes ]
v Twe ]
w20

- -

where ag = (¥4 - ¥4)*, ¥4 = v5/C. Any optimal basic w that solves this

linear program has at most two non-zero entries. Let their indices be
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denoted (1,3J) and assume without loss of generality that

(1,3) ¢ A = {(4,3) : (s3/5g) < (s3/39)).

The optimal index pair (1,3) satisfies a4 > 0 and ay = 0;

for otherwise one of the following contradictions is implied

(1) ag =0, ag=0=> aglv,v’] = 0; .

(11) a4 > O, ay > 0 =—> ‘c[‘l,"] = ajvy + aquy = ('Ii-;;_)'i

+ (14=¥3)wy = 1= 1 = 0; or

(111) ag = 0, a3 > 0= (1,1)4A.

Hence ¢ is such that (1;/11) <t < (13/13). The basic feasible

solution with indices (1,j) is nowv seen to take the form:

L A— ' T -
i i
vi- ] ] >0, wvViea————m— >0.

11;3 = 'j;i ‘1;3 B 'j;i

Aglv,7°] = max (Ac.i,jli.f'] : (';/'1)5}5'3/'3)}
\
vhere

}o l P -] ¢ o
‘] = g = LIPS P LS TS b Sl af b I e A
Ac.i'j[l,I ] = aw awv, J ] b J

11'3 - 'J'i
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Consequently

Alw,s") = sup{a ls,v’] : c1<t <c3l}
- -nput,i,j['n'] : (4,))enr, (ti/ti)s_cs(t;{yj))
il ‘.x(ioj)tl .ﬁP(‘t.i’Jlty'.] :-('ilfilSKS(';,'j)}o

Since l"i.j[',t'] is concave 1in ¢, it achieves a unique maximum at
v : =
3 Jh e . Al
g=g" - —= . Thes - . B

13 B )

-

tlu,v’] = -‘x(i.j)tl (5;*'1.19[""1,

1 =f vivy4

" RX4,9)er

' _—
+
o "
Y
o ™
Rl %) e
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4. The Generalized !rgod;g Cocfficlan; ' e o
~ . . 3‘ .-‘l' . .: ’l ‘\"— ~.~,"/ \.L:'A
PG i

It 1s well known that 1: r 1s 2 otochutic utrix and s

I YRR

a(P] = maxg SCS 0[.11», .Jn‘x ,1 _/.;-;;‘ ‘-éaf,t L
Fol ! 'f‘ ) lﬁll.:. -‘s‘.'\:.. ; '...J'i'-. ;
T '_‘_ - & ..'-.‘ L ”:' -
then, for any v,¥v"cl, ; [ W i et =
g R L R W
.l._l- J-”,'."a “"..L“_;:E-.;f.;ﬁi‘i'?r‘; (" :
§(ve, v'Pl <a[P) S{y,¥y, o LT 0 o
f.e., the tranaformation tlilq- If is a ggntgiﬁt;gg in 1.
Ae ';- \‘
One consequence of this propcrty of P 1. that {!(2)ﬂ§ . fil o5
',.n. 0 :‘n‘,i rk‘s",':_’:".a ..v;v-' L
lPPf°‘¢hOC a unique limit as n*" The rate&of covergence iy
S R 1. N .o ,u. » PN
a{P] 1s called the ergodic cocfgicicn of the ltochastic - g
matrix P. This section ;cnetnlize. thc concept of an ergodic
. r« .

coefficient to substochastic -tticoo, a corrcuponding

contraction property of T(°,P) is alloAastabliuhed. .

(4.1) Definition: 1f P is a nonzeto'cubltochnstic
matrix, then define '

a{P] = max{4(T(el,P), T(el,P)] : elPy0, eirdo}
Remark: The evaluation of a[P] by (3.3) requires N3 _
operations. This is comparable to the effort expended

wvhen multiplying two NxN matrices.

.t(
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The generalized ergodic coefficient a[P) has the following properties:

(4.2) lesms: (a) 0 < .[r] < 1 for all culutochutic

uttim HO‘, gEi= p

(b) [P) <1 o> P is lubrcctangum.' -

(¢) a[t] - o > r.nk[rl - f; ‘
g= 'l i”f't
Proof:  Trivial. . - - ol "1’ P -
= : o o .' b 2 .
(4.3) Proposition: (Contraction rro']ictty, of T)
R \
i R RO

AIT(n,P), T(n',P)] < alP] Almn’d, . P40, n’PYC.

-

Proof: The proof is given in Section 4°. .,

Go

L}

(4.4) Corollary:  o[P] = sup {AIT(n,P), T(n',P)] : nP¥0, n’PO}.

(ol

1

(4.5) Cocollary: a[PQ] < a[P] alQ)-

This analysis may be modified to obt.ain a -nncralizod ergodic

coefficient for M-subrectangular matrices.



(4.6) Definition: 1f P is & nonzero -v‘utochutgcl '
matrix, define:. - .-l : |
max urr(.i.r),r_(d.r) Pix>0 and'
Pyy>0, some keS), .. if »p ia ll:'ll;btlctmht
olF} = : = ':‘_'ﬂ’ . biag =
1, *- otherwise .’ te
Remark: ofP) = o (P]. i p .
(4.7) lemma: 1f P',....Pu are o;xb';cctnngul;ar u;d
P=3L,r is u-lubrcctw_,"thcn oy[P] = max {a[P®]}.
(4.8) Corollary: () 0% a,,[p] <1 “ - U
(®) - g[r] < 1 ‘—9 P-ic H—subnctmguhr.
(c) Oulrl - 0 QD> :ank[l’] -n
and P is ll-.ubrectnnguht.-
Proof: Trivial; compare (4.2).
(4.9) Corollary: If PQ 1is M-subrectangular then
oy [PQ) < ay[P)ay(Q). :-
Proof: Trivial; compare (4.5)
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= . "y e
PR . 9 I M A % <

4°. Proof of Proposition (4.)3) : T .»"’: =
: 3 ’~ .’,_'J" < —;' >

Ve require tbc following vcll-ho-n 1._ et B
(4°.1) Lemma: 1f vd.. and ',l tl thm Iw - vl e

pog T fotiar

X &ls,v°) ° -x_i.i’d['i - vg]. BT O T
e “ 758 A

Proof: ly (3. 2). Hes (13-14)"‘- 11;3 ('3-'1)"' r«~..- g Yo
)—vw).

Vov ww-3'v = tj‘s ('j"j) 'j Xj‘g[(lj-tj)f" ('J"'J)ﬂ'j *
2 ([Z4e8 (tj—lj)"'l [-x“s '111 - (I!Jgs(‘lj-ij)"'l 'I!ling’.s '1]*)
e §{v,95°) ° [maxy.g vi - dnh'-'il - ‘[‘l,‘l] * (uxi 1' vl-'g].

‘,);ﬁ “  hel .
By & similar argument n-t v> 0[' t"'] - [uni‘s v - mid q)
A SRS A .
= §le,s°] . [-:1 1’ ¢S '1-'1'].~ ol o L oo
i) f.. -."...- [} 2 ’. r.
In order to prove (4.3) qhﬁn..:':"' e Ry ;~ P
g A by ‘ AL
) T(.ior)o - : m;‘ < o ,...-'-‘ .:?" 3

We (wiRy : w0 ¥ieS, nPw>0, n'PwX)}; ..

I(w) = {1 : elPw > 0).



-18 -

Since it contains v, the N-vector of one’s, W is nonempty.
Also, 1f qu. then Pwd0 and I(w) is nonempty. Wow - . '

A T
AlT(n,P), T(n",P)] . _ ',

= Supy. W {z,,, (ticx(u)'ul’uij _ LieI(w)"iP14vy ) +}

nPw . n’Pw
= SUpyy WXy C sg; I ( Lic(w)™MP15Vy ~ tiel(v)“ipij'j );
. . “P. q e n’r'
“SUPyey WAXJ C § §21,1(') ( Iyegn1Pygvy _ LyeJniPyywy

nPw e n’Pw

. 23:31’15'1 )%
‘Jcs"im

=8UDy W IIXJE [ gzitl(v) ( :jcsnipij'j _ chS“iPij'J )
nPw _ n‘Pw

: ( IyegP1yvy. ) :
thsPijVj .




- 19 - R

Application of (4°.1) now yields
AT(VP), T(V,P)) -

> “' ] »,§;¥ N 5 '
S ; Vo -ti}‘\:_,t:ﬁ’u'} r‘: J‘k Brlc
! Py 4w I r L
< supyey maxy € g :m(,, ( J‘S:'i:l 3 Jcs“t 1591 )
o » v \—';' ,--" . q "u‘\." :f:;'y. by 3

b . A
s [ o, '.-:
e .
.
.
o WAXY 4°
1,1° ¢I(w)
- ..lr
o
. - ' .
- »
J E .
L N :,‘:' ’ ."
’v g . . . "
' : . [3 a ol o
< 4[n,n"]) * a[P). . IS C R
- i el _
.
=t L) : - ¢ v
f s .~
= 4 A ‘n. :
S v
- — 4wl
‘1_" (Ltq -
* '.‘_': R ¢ [N
N % r I e
of . ’-:‘b‘:r' ,J«.
: . - v
=
e
<
.
J .
.
.
.
Uo .
. iy
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5. 1 Vector )9 t

. 4\» AL P f',‘_
T ... ,s)‘ LU \, ",-, 0 .

(5.)  Definirios: mmmu uﬁ-uy

) '! (_; oy e N
‘Gs k--k) = ‘u(zz t-.x). -(m. saEky. .
;. M(-- 4 E -"3 . i e~ N B ¢ nitY °5 2
.' A - -:""'-i w\"?" ' ey o D
" . R - :?‘A“':ﬁ R “;‘;:!Df, 2 o ’ »» S |
I T i S P
} 05 kb - MO SIS kR <EHS X, k) * s,
e ”:3-;-.;..:} . A\ :v:'"’.‘ - .
sr "’;?"2’ Yo 'CB(I ), k <1 < k 'S &
DEREERAV PG A SERION .~
7 Y A s:-«l‘& -_*.r._ 0 r‘.A.‘ . ¥ - ] ’ o
Proof: Apply (1 m, (3,2) and (t.sj_;i;y e
. ,nf’- \e'- !:,; Ly \ls/-',,' r}/\{ L ,i‘v« e "':‘
E ) "b c,«& Q’\ " Ml _:‘~.{ b : ,-
s ey b :
The fouo'i.n; thoorc. givc mﬂy verified bound-
L R <."§ S I

G“Mm L
(5.3) Theorem: (Strongm convergence). Define

~

a(n) = supgex (lu,qk(n) (-(r‘t(z)]}}. i

s(n'm) < s(m)E(m) . il
llld ’ , .j . . .;-,
£(%; k,,k) < o(k-k,) <[a(n))(k-ke)tn a.s. Vseh(ke).

Moreover, if &(n*) < 1, for some pbnitive 1nt¢§¢r n%, then

1’.&0. E(_'_; k..k) - 0 ' .oh.. ¥ :CH(k.)

Proof Imnediate, using (4.5) and (5.2).
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(5.4) Theorem (Weak m comrgence). Defi-. o

. M .. f §
¥(a) = Mcl{-‘ics l{'IP“(y(k.Hn))l ! -(k)-ﬂ Sar
v ~ - 3 . .J‘y :" ..
nu .‘. ) v~ N N .-\.‘"“ ’,‘ -‘1 ’ .:\‘ - ...;‘ .. .‘.‘ l‘“ v
- .'.v_'l\ '3_’\- L s . ; f’,.-z . b »e
U(otm) < U(n)(m) ot w3 oAy A
* "‘*’v sl AN el T

. . "* B N R TRk B

o= - Tt « A ,,";,f;: . ’ p s
E{E(% ko,k) | 8(k, )) <"(k—k.) < ['E(n)](k—ko)‘n a.s.

S » ‘o ;,}J‘ &fﬁ

f" l.}:")/"
STl

Vitn(k.) -

Moreover, if C(n) < 1, forlo-lpooit:lve :lntq-tn, th-f’,

lmea £(5; ,,u-n . nese wren(k,) . r.’-".;*
- Ey o h . ". . ..1 ""i:.- . J.';\‘.-‘:. ':‘L-n o

Proot:  Wwm) P t--m ﬂ-rr*tm.mn “’? A% 1".';"'

f’hw

ks # S
; P &

w e Y BT
alch ,"_ T W .:':-f i,iﬂ‘"'t’v‘. %

< supger {maxyeg Bf-tr*(yct.mm ﬁ e
- ‘.l, 1 ‘s

= supyey{maxycg l(l[!k(y(k,blu}n '4.“'.;‘ (:a i“-
Y] .".'d" . :‘; : '4::;’: :

* [Z4es ztutr*ﬂ‘(ymn w-m | I(Hn)-j} e
Pris(kin)=4 | ;(k)-i.y(k H-n_)_)] I_o_(k)-ﬂ) 1
X supyey{maxges n{ctrk(y(k.unm - ‘&(-) | .m-u

Ol
- e

£ ¥(n) A(m). o R R

The remainder is immediate, using (4.5) and (5.2).
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Theorems (5.3) and (5.4) givo’ conditions under which

n(k) may be arbitrarily closely approxiuted by a finite- :
state automaton. This automaton 1- of course ti-e-'nryi.n;.
1f (_8_,1) is nonstationary. In (5 3), assume a(n)<1. i
for some n. Then for any c>0 thcro u a n(:) ouch that :

a(a(c))<c. Construct an mtmton vhou lute at tiu k

is x(k) = y(k-n(¢),k) and usocute ﬁm x(k) any elmnt _n(k)
1n the range of T(+,Pk—n(c)(x (_(k))) llov 3 ’I_;]_(k)-_q(k)l < ¢ ¥kel.
Defining t(n) = log a(n) / log ﬂ (n), (vhere the logntithn ny

be taken to any desired bnne,) thc autonton htving Q otatu

achieves an error bounded above by Q"(“) /a(n). Similarly,

defining t(n) = log a(n) / log I!(n), the automaton havin; Q

states achieves an average error bounded above in the sense

of (5.4) by Q;(n)ﬁi(n). 1f t(n) or “t(n) << -1, then .relativcly

small 'vuluu of Q can be made to yiela extremely close

approximations of the information vector. This type of approximation

e

enjoys the advantage, over grid techniques, that it is not subject to drift.

If a(n)=0 for some n, then 5(k) may be exactlz'deteninod
by a finite-state automaton; for {y(k-m,k) : kel 1-2 DoV a
PSMC; and hence {n(k)} 1s FPSMC. A sufficient condition
for (n(k)} to be a FSMC is given by Theorea (6.14) in

Section 6.



6. Anslysis of Stationary POMCe :

LI
Ty LI .
13 PR s

In this section, we study POMCs ttat uthfy tln folloung u.qtiou

..‘,

(A1) zpe-luvagggg Pk(y)-l'k (y) ¥k k‘tI, yt!. :
In view of (Al). thc npcrocript "k" will be o-ittod .
throughout :hu m::m. ‘ ;.‘f; i R

(A2) State lonttaggg dvity: i If fi.;(;s>0 .thcn thcr. is a =cY(*)
such that r_uG)*o. & ey

-

(A3) Output Recurrence: !ot any 1cs. n!(*). thorc h RJ xCY(*)
s B
such that eipP(zz) ¢ 0. '!hi- may be oathﬂ.od by cmidcring

K ‘\

one at a time, approprhte conbmtion- of tocutront state

[

classes in S.- .

The elimination of redundant states (following Pu(lO]i. nltbough

desirable in certain nppliut;.m, will not be required.

Let ¥ denote a matrix wvhose coluniu span the li‘near space generated
by {P(z)v : z2eY(*)} or, equivalently, by {P(z)v 1 zcY(N)}; the equivalence
follows from Theorem 1.B.2.1 of Paz [10]) : " Two stochastic vectors satisfying
vP = v’F are said to be equivalent since
*P(z)v = v’P(2)v ¥zcY(*), and thus they convey the same

information about future observatioas.

Central to the analysis of stationary POMCs is the concept of a
rccuuinli computable decomposition of the state set into components
whose transition probabilities are asymptotically subrectangular in the

sense of (5.4).
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3

(6.1) Theorem: Assume (u). (AZ), (LJ) and lot t(k. k) T

. s ..-J (& " . -
denote the collection of subut- of 8 dcfincd by i
‘ :‘:‘_ Qe J “‘ Z | " 0N " -“r"- :' .“. I 3 :
ik, k) = {43 t r“(;(t. k))>0} E us} <o ]
/l-"‘ i T E :
Then thcro exint % ltochutic procul {I(k) 2 kel} and an
YT SREEELE s .‘w Ly e g
mtqcr M < ¥ such .ﬂuz R 3,:;:(‘!* Beo ke AR ;?:‘
“ o w«d*", Tk B Spmalaln
i ;,..’1 e i "t"."-'.&
4 »«J\b? ’-L' Ay ¥ . 7‘\ .
(.) 'l(k) - " ‘o.o %‘I X ol ' "" : -.; hes
s "‘._ X‘) “4»", R » :“. ""ﬁfv G
(b) The elements o! t(k) are diljoint. e.8. mt: -
(¢) s8(k) 1s contnin.d by a li.ngh elmnt “,nf
g_(k) of ;(k). £ e vkcx. e wv';ﬂ»;’a f’
P S q-"v s . : "w... plly T S :
(4). ror any keI, thm 1 a rando- variablc n(k)teb(k), l{_g(k)}“
v, {J'f}" b e
s

such thet t(k k) = I(k) Qud> k‘ < k g(k), l'
(e) Yor any kosl, tho:c h a rando- variablc -(k.)tef(k.),

Ela(k,)}<e, euch that 3,1 = 50)
k2k +n(k ), ‘.‘. ‘: . . .
‘ 555 v ’

(f) ZI(ke,k) = l:(k)""'> P(l(k.,k)) 1s H—subrectangum, 8.8,
Proof: The proof is given in Sactiom 6°.
SEN ELS AR ek

- . -

1f o(k,) 1s known to the oblmcr. .thcn subsequenmt S "'*_~~

voiues of o(k) may be co-putod accordin; to tho identity

(6.2) o(k) = t(o(ke), Z(k..k)). 1(0,z) = {3 Pij(z)>0, Le0).

Similerly, (6.2) provides a means for detcrii dug I(k) from j(k.) and y(k,,k).

-

We now show that n(¥; k,,k) may be decomposed into cozponents
(n(=; k.,k)ld], ocl(k), each of which converges in a munner similsr to (5.3)

or (5.4). This decowposition is preserved by (1.9) in the sense that



(6.3) T ke,k) = [T ko,k) | 1(°.y(k -k))j
B8 "B(ko). o‘t(k ). '. >°o

The convergence propertiss are stated as follon. In ann.logy to (5.1) define

’ i ]
:‘.3 PhaAy, o
%l

P TR, 4
e o A e ¥ ) -
_&(',‘ k..k) T A e I
4 . 4 . s
AR .l eooe o g5, . J

- max{A(a((319]; k,,K), MK, 193 K,,00] = Lk,), 2070, 2%, )0N

(6.4) . . -
- nax{8[[n(%; k,,k)|0), ((Kk)|0)] : oel(k), n(%; ,,k)e°>o n(k)c°>0l

¢l
-

so that, in acalogy to (5.2), v

(6.5) 105 & ..k)-ﬂ(k)l <_§1(_. k,,k) <_:u(_. k,, &,) u.,lp(y(k..km.

a.

) 'tn(k) k, <k <k eI

The {immediate consequences of (5.3) and (5.4) are now:

GEoNeTAsC
(6.6) Theorem: (Strong esgepaassisd convergence within a component.)

ty(n) = maxgey(n) {oy(P(2)]}.

Then

Oy(n+m) < ay(n) oy(m) :
e Eu(T; ke, k) < ay(k-ke) < [oyg(n)) (k-kdn 4 g ¥ veH(k,).
Moreover, 1if Gu(n') < 1, for some positive intcg.ct n*, then

limpee £(¥; k,,k) = 0 a.s. v:tn(k.)' . :

s
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GEDNETR3C
(6.7) Theorem: (Veak empatténtind convcrgencc within a coqonont )

Assume (A1), (A2), (A3), end define

e EAA . '(
ay(n) = maxy.s l!{cu[P(x_(O.n))] | -(0)-1).;
Then .
c!(n.) < 1 for some politive 1ntcgerp 31
T(otm) < () a@); 7 3
(\_ BlEn(xs k,,k) | 8(k )} < qg(k-k.) (u)](k"%)"n a.s. ¥ xcH(k,
lmyeo La@s kK = 0 as. vpn(k,). Sl
Finally, we szhow that a vcightcd sum ‘of .quivalent coq)onentl
of n(x;: k .k) converges to _n(k). Dofinc: . ‘
v(1) = Pr(s(0)=1 | Z(0) = ’i} )
£(5,2(k)) = |J{oek(k) : [x(Z(k))|0)? = (x(Z(Kk))[3IF)
(6.8  z*(k) = {£(0,E(k)) : veZ(k)}
2 (k) = £(g(k), £(x))
0(5,3%,0) = (x(2)|5*) o0
[ We may interpret £(G, I(k)) as the union of elements in I(k)
Sy

that are indiltin;uhhnblo from ; likewise I*(k) is the
collection of indistinguishable unions in I(k) and g_'(k)

1s the element of 1*(k) that comntains g(k).
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(6.9) Lemma: (COQomnt Idcntifiéadon) Assume, (Al), (A2), (AS)

AR S Y 3 ‘.

nd concidor thc cmtl e -'.‘;j R : '-, 5 ;-tm :
,'ﬁ"ﬁ ‘Y ‘: 2 B ‘.\::"'A‘; “ &2 [ ".
A= Kk, = x} SRR e R
WS RR e T
n-;ﬂ(u 1n‘3}\4,/‘,,..,_° b P Ny
7 ® S ; o .
where PriA} > !r[ll > 0. Thcn s Sy
. "‘ SO d .
ln, . .. Pt{llA,y(k.k')} - v(o o"(k ). x) | a.s.
v.7 - 'W‘. .
kjk.jk o ‘:".""”’ e S *. o or
’ ’1 "7-3 s ., -'7";'-‘" L T e s
1 ( * mr‘ -_“-
Proof: Throu;hout this proof con:idcr‘t];l _rando-‘__,’i\gvr o
l"‘ > s, -b.‘: ! ool 'r = :

-~

variables and svents to be eondittcn.d o-A. Tor ntI dcfhfn
et PAGS ,1{»0' %

m{k&(n-l) t :qg-z t(c.y(i p-u mnt,“ 2>0"
k(n) = .

-4

,n, I n-O
-x{‘k_&(nﬂ) t@-t 1(0,,(!,k )-o Foel, <D

8 (n) = s(k(n)) B :.
¥y (8,0°) = y(k(n), k(n"))
Yor ocI, also define ‘
Ag(n,n’) = ln(l'r{l'(n,n‘) l~ B} / Pt{_y_’ (n,n°) | 0(0)=0}).
Now Ag(n,n’) and Ag(0,n°-n) are 1dent1u11y diltributed. 80

Elig(a,a*) | B} = Ton’ e TN
F , & o A-(_.‘ '.‘, v

By convcxity of the -ln function, tg(n) 1s nondccrutin; in n.

Moreover, 3°(n) is a FSMC whose tunliti\on probability ntrix P’

satisfies Pi j>° ¥4, coc! hence by a ltnndard argument of convergence of
powers of positive stochastic matrices, there is, for everv ¢>0,

a function d°¢ satisfying ln(Pr(_y_' (d¢(n)-n,a%(n)) | y°(0,n), B}

/ Pr(z'(d‘(n)-n.d‘(n)) | y'(0,n), 09(0)=0} > (1-¢) Ag(d*(n)-n,d®(n)) 8.
Nov consider nj = 1, ng4) = d%(ng), and $g(1) = 1n(Priy’(0,n4),

¥’ (ng41-n4, ng341) | B} / Priy’(0,nq), y’(ng41-n4,0441) | 9(0)=0)).



T - —r - —

By convexity of the -1lan functionm, o ~ EE SN
- . ." N . \. v‘ g ““ ’ “ .
Ao(0,nq) + (1-¢) Ag(ny) e S-’-;-‘ .
' e et . e o v B ﬁ % ;
S Eleg(1) | 2o(0,04),B) 7 Tt L e ¥
*y u’ 5 ! /"1"’ ‘.:"‘...’ 2 G '.l'.. ’: ’
b S ST ST e
< l“o(o.niﬂ) 1 10(0.01) »B}, " "i' REFE e G ;
Ls ,‘ "‘ A | l\“' wr e “' ‘ : a ,\" ot
Hence, either Ag(m,n )-0 ; a.-.rin B 4—>1 and o(k)) are conditionally
S e -=-—u,.~.:.' i T g 3
independent given (O(k.) -0 or 03 o> o Cf(o ’3)* or -j’. ?
else lim Ag(n,n°) = ® - a.s. 1n B °—°_11- . Pr(-(k )co | A,y(k,k%)}
nl_u“ \‘ ",_ ' ‘ . . ) ] k“k’. o P
. ",.‘;-‘J o 4‘&'4 e k’* <k i"‘ gxl ¢
, q\. 1" [ - -
=0 8.8, in 3 >0 Cs-f(d z). ‘L'hc da.ircd tuult !ollon trivially.
L AR s .",’« ot :{v ~ by
e ‘;— SIS ', "_ . M 15‘. ’:Q ‘*f o
e =g .-‘ ‘. ;. * gfln t”{“: ,n .' l"'.!q"~-'

Lo p : Gl
(6.10) Theorenm: (Ounll convcrgcnce) Azuu-c (Ll) (AZ), (B). :

gl s

: " "'e & : ‘,‘r" 2, .M“'::*,._ AT
Then AR at x‘;*'f’:f}f?,‘ Ty
) (k) = (k)lo"mx » N S
(b) a(k)e® = 9(0,0%(K), (m 3 : goeX(k)
(o) a0 lo1r = a0r voeZ(k), o €2* (k)
and for all FeH(k,): P e e

(.‘) li-ko. EQ; ok) (k) -] ...*.' : r .-

") 1. | Zoezer) (tmg(k) v(9,9%,I(K)) n(%; k,,K)e")
. s k,,k) 0] - ‘_'l_(k) | =0 2.8.

(c’) Ua . (25 k,F - APl =0 acs.
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Remark: 1f _;_'(k) = (k) a+.8., @:§+, if F has rank N, then (c’) becomes
lim . | oz k,,k) - (k)| =0 a.8.

vhich establishes the conjecture of Kaijser [8]. 'nm convergence can

occur under numerous conditioms rudily derived fton (b°); fot can)le.

it 1e implied by y = *(E(k,)). .

. : . T ety
P F - o

Proof: Parts (a), (b), (c) are the conuquence of (6 9);. part. (a%),

(b°), (c’) then follow from (1.11) and (6.7)- RS v
Hence, the state estimates may be approximated

arbitrarily closely (in a time average or mean |°| sense) by 2

finite-state automaton. If _q*(k.) is known 'initially. the automaton

is constructed as discussed in Sectiom 5. !hlory-cfficiont

approximations to 3(1; k.,k) e°., o*e¢Z*(k), may be obtained

LY

by generalized hypothesis testing procedures; see Section 2.2 of [3].

The state estimates for a POMC satisfying (Al), (A2), and
(A3) can be exactly computed by a (properly initialized) finite-state
automaton 1f (n(k)) is a FSMC, 1i.e., if there is a finite set G C I
such that n(k)eG ¥kel. In this case {(n(k),z(k)) : kel)} is &
state-calculable POMC. This condition may be verified in the manner

described below.



Let I' denote the partition of S into ergodic classes; hence for icyerl
there holds v = {J : Pij(:)>0. zd(*’). For each yel, select Gyciy,
2,61() with @ = £(3,,Tp), Uy = Hoely : 0 € 3%} such that

Cv AT o

Pr{o(0)=3,, Z(O)=E) > 0; - .

o= (o, 'i,) 0:27. 0o C3*;
(6.11) . e
Pyy(zy), if 1coy

P! -

is uY-lubrectanguhr.
1 o, ottgcrvin s, Ty :

Now ay (PY]<1; hence by (4.9) there exists a unique limit
(6.12) V= Lim __ T(Is(IPIF), EH™.
Tinally, construct -
G(0) = (§Y : yel};
(6-13)  G(me1) = G(m) U (T(s,P(y)) : veG(m), yeT, sP(y}#0);
a(-) = {sF : weG(m)).

Ve may now demonstrate:

(6.14) Theorem: Assume (Al), (A2), (A3). Then

(a) {n(k))} 1s a FSMC 1iff G(n*) = G(n™+1) for some positive integer m*.
Horeover, if such an 2" exists, then G=G(m*) 1s the minimal subset of I
satisfying n(k)eG a.s. ¥kel. |

(b) {n(k)} 4s equivalent to a FSMC 1iff G(a®) = G(a*+1) for some
positive integer a*. Moreover, if such an n* exists, then 6-6(-*) is the

ainimal set satisfying n(k)F ¢ G a.8. ¥kel; the equivalent FSMC must

assume at least #G distinct values.
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Remark: This proposition provides the basis for an algorithm that’
decides whether {n(k)} 1s (or is equivalent to) a FSMC hﬂini,- ,
) 4

at most, a specified number of states. It canmnot, ixov_evcr, be used to decid

vhether {n(k)} is (or is equivalent to) a FSMC when the size of G (ruﬁ.’ G)

s e . . ';‘4',.

is unconstrained.

Proof: Only the proof of (l.) is g'iven.A | 'rhe proof 6..‘. (}:)’10 -ililat.A |
(Necessity) Suppose G(a") = G(n*+l).. :'rhen for every 1cs

there 1s a T1cG(a*) such that ;190; now E(O). -{g(O); B(Os.

Define n(k) = n(n(0); 0,k). By (6.7) li-‘o- Ii(k)-_n_(k)‘.l'_' b. |

But n(k) ¢ G(a*+k) = G(a*), and {n(k)} is statiocnary. .

Hence n(k)¢G(m*) a.s. ¥kel. . r

(Sufficiency) Assume that {n(k)} 1s a PSMC and
let G be the minimal set satisfying n(k)eG . a.s. ¥kel.
Clearly G nl(t?*y) is nonempty, ¥vel. Thus G(0) € G;
for otherwise some YT satisfies I7¢G => nin"c-:-l‘ﬁ - "I = e >0;
but GHY[;YJ“ < ¢ (some n); now the concatenation z* of ¥ with
itself n times and ** = T(¥, P(z*)(some ¥¢G N I(5y)) satisfy E:
**¢G and |¥Y - t*| < ¢, which is a contradiction. |
Since {T(¥,P(y)) : v¢G, ycY, TP(y)$#0} = G, it follows that
G(m) € G => G(w+l) € G. Now G(0) € G(1) € ... €G.
Since G 1s a finite set, n" exists and G(m*)=G(m*+1) C G.

But nov G(a*) € G by the argument given above; thus G(a*) = G.
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o

6° Proof of Thoorem (6.1) '~ . Ted
‘ z‘ ‘o K i
Before giving the proof we introduce some new ternin.ology.
tas PN LAY

Let S* denote the power set (collectic..: of lubletl) cf s. 8**

[ i 00

in turn vill be the povot sct of 8* Nov dcfinc A Stk S“

[ : St* » saa, g,su!(t)osﬁ, !(*)*S** andU:Y(*)"S**

%}' "y '.A s, . b"'- J . '
/ - 5‘ = 1 o o ( i , r L
as follows: c T ! : L A 3
z _:,‘ A, . e by

AlZ) = {ocl : no elmnt of I h.propcrly contd.nod in o) C I

LII) = {0, o, U...Uo :' oy '..f, anr.x n>03 A
Byg(x) = 1 1f Py (e)>0, 01 ru (z) - : ‘, »: i
R(1,2) = {3 : Pij(z)>0} ; Sy "‘."'5 s b »
I(s) = (R(1,2) : 1es)-($} f S v )

e WIS

M = min{fI(z) : ;etit)} ‘ B

M* = min{fU(z) : zeY (%)),

Note that I(ke,k) = I(y(ke,k)). Also define the partial order "<" om Y(*):

2 <z Af zwz z for some z €Y(%).
Finally, define

E= {zeY(®) : U(z) = 0U(z) Ji<z}.

(6°.1) Lemma: (a) U(z’z) € U(e)
(b) #0(z’z) < #U(2’)

Proof: By definition, U(z) = { U ec R(1,2) : Ces*) - {P); and

R(1,z°z) ~ U Jer(1,z°) R(1,2)) 80 U(z"2) = { U j¢C “,f""n(J,z) : CeU(z%)) - (P},
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(6°.2) Corollary: E={g : #U(x)=M"}. ... »i%

<

Proof: By (6°.1)(a), #0(z)=M* ilpliu 2€E. Bo' luppo-e 'U(z)’l(‘

By definition of MY, we may uloct * ~such that ﬂ!(z )-)f and by (A3),

ve may select z such that z*zz ¢ !(*). iU(: z:) - p* by (6°.1) (b);
l. ’ ‘h .\ '.' . ...- - . v o E ‘.\'
so zf , DRSS A
a2 ~y - "c « :‘,:k. LI
. - "“U ',\\ »
(6 .3) Corollary: For any k‘I. there is a random -'

varisble (k)€ (k), z(n(kﬂ“.’such that 1(1;.. )ex > k, < k-n(k)

LW

vt ety

Proof: Select n(k) = min{n : JU(;y_(k-_g_,k))-H‘) !{n(k)’ I becw.e
{{s(k-n), B(y(k-n,k)), U(y(k-n,k))] ' n=0, ... } 18 a FSMC vhose recurrent
states [s,B,U] have the property lU-H‘, by (A2:)'; v(>A.3)‘ md .(6'.1) {b), and
since n(k) is therefore bounded nbéve 1‘>y' ther number of transitions until

oo e e
this FSMC enters a recurrent stage, a random variable having finite expectatiom.
(6°.4) Lesma : I(z) = A(U(2)]), ¥z¢R.

Proof: (By contradiction): Clearly I(z) 2 A[U(2)].

Nov assume that z€E, 0ocl(g), 0°¢U(z) and 0'_'6_ 0. We may select 9"tA[U(z)] so
that 0" € 0, Let 1 be any element of " and pick j so that R(j,z)=%; now
Pji(z)>0. By (A7), there exists ;':Y(*) satisfying Pij(;)>°° Now construct ze=z
and 2o, = z,.] £ 2,1, 0¢S. Trivially Py1(25)”0 s0 2,€Y(*), and hence z < z.
But z¢E, so 9" ¢ A [U(z)]) = A [U(zy)) € I(z;), and there is a k; such that

R(kp, zp) = 9". Moreover, by construction of z,, R(ky, z,) 29 20",

1=l, «ec., -1, 80 kpn ¥ kp” when n ¥ n°. But now R(1,z4) 20 D0", ¥ {€S and

o" £ U/z,) = U(z) 2 AlU(z)), which contradicts the original assumptiou

that 0" ¢ A{U(2)].
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(6°.5)  Corollary: z<se¢E =I(z) = I(x)

(6°.6)  Lewma: The elements of I(z) are dilj‘oint, ¥ ek
Proof:  Supposs (1) P and (11) B(zz) - B(8)- "

Then (1) implies ¢E and h.nc., by (6'.5). I(z) - I(e).
Now, by (11), B(4,2) = Umu 3 n(z,z)\ ) 5' .J‘,-:— "
So keR(1,2)VR(J,2) implies R(k,%) c 1(1 z) .na R(k, z) c B
R(§,z). Bence, by (6.4), R(1, z) = R(J,%), and the elements of I(%)

are disjoint It only remains to show that thete exiltl az uthfying (1) an

Pick 1,3 so Pyg(z) > 0 and plok iz - Pij @ > 0;
z exists by (A2). Define z, = ;.z and zpy) = zn;‘ 23
By construction z 2z, = Z 4q- &n;eover l’ili&z'z)”> 0{’_
8o P(2,)#0 and z,¢E. Since {B(z,) : n=1,2....} 1is a finite
set, there exist n,»>0 such that B(z,} = B(zm).. Hence,
B(zp) = B(zp4g) = B(zy) B(zy) = B(zy) B(zpin) ™ B(zp42n) = ¢ = B(zZping)
and similarly B(z(p-1)n Zn) = B(Z(p-1)n zm) hence B(z,,) = B(zyy Zpg)-

/

Identify > Zyy to complete the proof.

(6‘-7) Qiﬂllm: Re {z H ':(8)'!4}.
Proof: By (6°.2) and (6°.6), H‘." = #u(z) = 2#2(z) 1, z¢E and

M* < pu(z) < 2#3(2) -1, g¢E.
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Proof of (6.1): Define n(k) as in (6°.3), and let I(k) = I{k-n(k),k).

Novw E(k) = I(y(k-n(k), k)), where y(k-n(k),k) ¢ B. "‘;:'-{_ 1 :
(a) Follows from (6°.7). ' A 5.
(b) Follows from (6°.6). ot B o R
(¢) 1f §J is contsined by no elmnt of t(k) - !:(k-n(k),k).

(d)
(e)

(£)

"

then Pyq(y(k-n(k),k)) = ¢ vus by definition of z(-'-),

and hence Pr{s(k)=j | y(k—n(k).k)} -0. - et
Thus s{k) is contained by sn elenent o(k) of 4(k) ‘2.8,
) A
sl o t\‘ i :
Uniqueness of g(k) follows from (b) above. 2 st g

S
T et
e .
y et VMG
e P
=

a(

Yollows from (6°.3) and (6°.5). R Tos ;
Define Pyj(y) = Pris(k-1)=, y(K)=y | s(k)=t}s ‘.-

L.
¢ i T

and ’(’loooyn) = p(yn) .e op(y‘)-

Then {F(y)) defines a POMC wiih state process

{(8(k)=s(-k) : kel) and observation procrus {¥(k)=y(-k) : kell}.

Also Pij(z) > 0 <= Py4(z) > 0. Bence by (f), below, and (6°.3),

there is an m(k)c6g(k) such that k > k h(k ) }
G P(y(-k,-k )) s H—subrcctangulat > P(l(k ok)) 1a

M-subrectangular.

Follows from (6°.6) and (6°.7).



We now {llustrate by means of liq;le u:atiomq POK:-

4
’\

the concepts introduced in thh pnper. ‘ i S

s

¢ ; N
. e -
‘N

(7.1) Example: Suppou that 3, 1s ;n etgodic Markov chain with
/rij', if Y J% ~',‘. : >.1,. 8 o
O, ' othurv:lu ' ' '

i {
5 - . 5 0 S}

Pyy(y) =
Now y(k) = g(k) ¥keI, 1... thcrc io pcrf.ect ltlte oburvation
a(1)=0, and n(¥; ke,k) = n(k) - ...(k) vhmver k>k. .nd nn(t.).

Here {n(k)} 1s a FsSMC.™

s

(7.2) Example: Suppose that § is a Markov ch;in with strictly

positive transition probability matrix. let ¥ = S‘and

Pyp  if y=i-] or y = MH-J )
Pyy(y) = .

o, otherwise
- k .
Now s(k) = la(ke) + I, L ,3(k%)] mod K,
80 (S, Y 1is state-calculable. This result is expressed by (6.1),
vhere M=N and I(k) = {{1}, ...,{N}}, the set of singletons in S.
»

Clearly 9(k) = {g(k)}.

= W <
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_'_.(k) -._(k). ’ . fLom . .; :--_.n ".'

b" [ T, 'J

Ay ko,k). "(k)] -1, -hmer 3._&')%' *“
11‘“ I u; k'.k)"'“k)l '0 ‘.o.- '\: _’.‘.'.

3 Al ‘F,px ‘-.'-' ’
L e Lot wil af Ugy :
= af ° g ‘.'.. “\; " )A—" 5 ':g‘:?""w_' ﬁﬁof)\'"ﬁ; R TSRy :
Note that |W¥; ko.k) - ﬂ(k)i 4s not -onotm decmun; 4n ku i
P ﬁ ;,‘,1g~"" \g : '/.r’ V- o 93 3 '.'.’:. § Nd . ‘
Again (j(k)} is a FSMC. : ‘?’ i DT e

(7.3)  Example: Suppou' o

P(l)=

Row W(ktl) = 1/2((1, 0)+'\(k)l 1f y(H-l)- 1, .nd "(H-l)-llll(o 1)4+%(k))
1f y(k+l) = 2. Thus it happens that -,|nc; ko,k) - 'l(k)] < (.S)H“

This convergence is predicted by Theorem (5 4) vhich states that -

FI S

E{8[N(%; ko,k), NK)]} < Uk-ke). Since ﬂ(z)-.ssl., e nave

S(n) < (. 634)0%2,  Moreover A[N(ko,k), 'l(k)] :l- -ouotou

decreasing in k a.s., by (4.3). Clearly, ‘“(k)d 1; not a PSMC. But Lis a
process of independent identically distributed Bernoulli trhlo; hence past
observations convey no information about f\;f;xre observations. Indeed F = V and

all information vectors are equivalent. Since G contains only the

element 1, {n(k)} 1s equivalent to a one-state FSMC.

FTRONp PeTEouy o " g . s
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