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ABSTRACT

Theory of Stochastic Optimal Tracking Systems
by

Vaqar H. Syed
Doctor of Philosophy in Engincering

University of California, Irvine, 1977

Professor James S. Meditch, Dissertation Supervisor

Professor Allen R. Stubberud, Chairman

The object of this dissertation is to study the
optimal tracking of signals modeled as stochastic processes,
by linear plants. The signal available to the plant is a
given stochastic process in the presence of a white noise.
The criterion for optimization is the minimization of the
original stochastic process and the plant output. The
study thus involves the design of appropriate compensators
to give the systems the desired tracking properties.

The present theory of stochastic optimal tracking, in
the mean-square sense, only considers ctationary systems.

The main thrust of this work is to extend the existing
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nonstationary stochastic processes, time-varying plants
and sensors, and arbitrary initial times arc admissible
in this work. Moreover, due to the nonstationary
nature of the systems, state-space techniques are exclu-
sively used here. This approach is a clear departure from
the frequency domain techniques of the present theory. .
The systems in the open-loop as well as the closed-
loop configurations are studied. For each case, the
appropriate compensators are designed both in terms of
their impulse response functions and in terms of their
state-space realizations. Finally, the conditions for

the stability of the resulting systems are derived.
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CHAPTER 1
INTRODUCTION

1.1 GENERAL

The problem of optimal tracking of random signals by
linear plants is a basic ingredient of many communications
and control system designs. A qualitative statement of the
problem is as follows:

Given a dynamic plant and a random signal corrupted

by an additive noise as its input, how can one

modify the plant dynamics such that the plant out-

put follows the input in an optimal manner?

Obviously, this vague question must be quantified to
obtain a tractable design problem. To accomplish this end,
we make reasonable assumptions about the signal, the noise,
and the plant, and define a suitable criterian for
"optimality".

In this dissertation, we will consider only linear
plants. The plant parameters are allowed to be time-
varying, but are required to be continuous in the entire
interval of interest. The random signal is assumed to be
a stochastic process which can be generated by passing
white noise through a finite-diwensional linear system
with arbitrary initial conditions. The parameters of the
system generating the stochastic process can also vary

with time, but must also be continuous throughout the time
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interval of interest. Note that the resu}ting process in
general will be nonstationary. All noise processes are
assumed to be white, although colored noise processes can
be easily accommodated in this theory. The optimization
criterion used here is such that the mean-square tracking
er-or, defined as the difference between the plant output
and the original random signal is minimized. Finally,
since the modification of plant dynamics actually involves
placing an appropriate compensator in the system, care will
be taken to keep the mean-square value of the compensator
output to within some specified bounds.

As pointed out above, the tracking problem requires
the design of an appropriate compensator to modify the
plant dynamics. The compensator can be placed in the
system in either of the two configurations shown in Figure
1.1 and 1.2. The compensator as shown in Figure 1.1 will
be called an "Open-loop Cascade Compensator', and the one
shown in Figure 1.2 will be termed a 'Closed-loop Cascade
Compensator'. The related design problems will be called
"the Open-loop Problem'" and the 'Closed-loop Problem'",

respectively.
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1.2 HISTORICAL BACKGROUND

A special case of the above problem was studied by
Wiener in the context of stochastic filter design (1].
His problem consisted of the design of an estimator (filter)
whose output would optimally follow a random signal

available in the presence of an additive white noise (see

Figure 1.3).
white noise
N\
random-yd i ¥ Y4
signal G(s) > Estimate
+
Filter .

WIENER FILTER

Figure 1.3

He modeled the random signal as a stationary stochastic
process with rational power density spectrum and sought the
transfer function of an optimal filter such that the mean-
square error between the filter output and the given
random signal is minimized.

Thus, if the 'plant" in this work is a scalar identity
system (impulse response 6(t-1)), the random signal and the
noise are stationary, and there is no constraint on the
compensator output, the stochastic optimal tracking

problem reduces to the Wiener filtering problem.




The optimal tracking problem as formulated here was
first studied by Newton et al. and the results were
presented in [2]. They assumed the plant to be single-
input/single-output, linear, time-invariant, asymptotically
stable, and characterized by a rational transfer function.
The requirements for the random signal, the noise, and the
optimization criterian were the same as those of the
Wiener problem. They sought the design of a closed-loop
cascade compensator of Figure 1.2. Since, as pointed out
in [23], a direct formulation of the closed-loop problem
was difficult, they reformulated the problem as an open-
loop problem. Once the transfer function of the open-loop
cascade compensator was obtained, the conversion to the
closed-loop design was direct via transfer function
manipulations.

The results of [2] were extended by Weston and
Bongiorno [3] to the case of multi-input/multi-output
plants and vector stochastic processes. More recently,
Youla, Jabr and Bongiorno in [4,5]) treated the closed-loop
problem for both single-input/single-output and multi-
input/multi-output systems. In addition to designing an
optimal closed-loop compensator, they arrived at the
necessary and sufficient conditions for its existence and
the stability of the closed-loop system. -

It should be noted that the work cited above was

carried out strictly for stationary systems. That is, the

T
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Plants were linear and time-invariant, and the signals
were stationary stochastic processes over semi-infinite
intervals (-«,t], characterized by rational power density
spectra. The compensator design was therefore carried out
in the frequency domain employing Wiener's frequency
domain spectral factorization techniques. In the work
presented in this dissertation, the above assumptions are
totally relaxed. Thus the system admits time-varying
plants, nonstationary stochastic processes, and finite
observation intervals.

1.3 CONNECTION WITH THE LQG TRACKING PROBLEM

A particular stochastic optimal tracking problem called
the "LQG Tracking Problem" has been studied extensively as
~a special case of the so called LQG (Linear Quadratic
Gaussion) Regulator Problem [10]. 1In the LQG Tracking
Problem, the plant and the stochastic processes are allowed
to be nonst-stionary. The optimization criterian is the so
called "integral of the mean-square error', together with
a saturation like constraint on the "integral of the mean-
square control". |
As shown in [10], by augmenting the plant dynamics

with the dynamics of the system generating the given
stochastic process (called the reference system), the LQG
Tracking Problem can be formulated in the context of the
LQG Regulator Problem '— the solution of which is well

known [10]. The compensator structure of the LQG Tracking
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Problem is particularly interesting, and is shown in
Figure 1.4 below.

In Figure 1.4 the state estimator estimates the state
of the reference system generating the given stochastic
process, and the observer reconstructs the state of the
plant. The control is simply a linear combination of the
states of the reference system and the plant. Note that
the above system configuration, together with the feedback
loop around the plant, is inherent in the LQG Tracking
Problem, whereas in the Mean-square Tracking Problem, which
is the subject of study here, the system configuration is
totally free.

1.4 SUMMARY OF RESULTS AND CONTRIBUTIONS OF THIS RESEARCH

Both, the open-loop and the closed-loop, problems are
treated in this dissertation. Due to the nonstationary
nature of the system, it proves natural that the problems
be formulated and solved in the time domain. Since

extensive computer algorithms are available for state-

space related computations, the final design of the optimal

compensator is given in terms of its state-space realiza-
tion.

First, the open-loop problem is formulated in the
time domain. Variational techniques are then used to
arrive at a Wiener-Hopf type integral equation which the
optimal compensator must satisfy. Wiener's spectral

factorization theory is employed to solve the resulting

B N p———
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integral equation. New, special techniques to carry out
the required factorization in the state space are
developed in this disseration. These techniques enable
one to arrive quite naturally at the space realization of
the optimal compensator.

For the closed-loop case, as pointed out in [23], the
problem formulation in the time domain is not so straight-
forward. To'accomplish this end, Volterra's '"Compositional
Algebra'", which was developed originally as an aid in the
study of integral equations, is used. The compositional
algebra is applied here to explicitly formulate the closed-
loop problem. Once again the standard variational tech-
niques are used to arrive at the necessary and sufficient
conditions which the optimal closed-loop compensator must
satisfy. The resulting integral equation is solved using
the same techniques as for the open-loop problem to arrive
at the state-space realization of the closed-loop
compensator.

Contributions of this Research

' This research addresses a fundamental unsolved
problem in systems theory, which is, the generalization of
the existing theory of stochastic optimal tracking to
include nonstationary systems. Thus a unified theory of
stochastic optimal tracking involving linear, time-
varying plants and/or nonstationary processes is developed.

Many of the previous results therefore become special

g b st —
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cases of the results developed here.

Another significant contribution of this research is
the development of general state-space spectral factoriza-
tion techniques. The implicit close relationship between
the Riccati equation and the spectral factorization has
been known since Kalman's work [12]. However use of
equivalence transformations in state-space to accomplish

spectral factorization clearly and explicitly demonstrates

‘this relationship.

It is also demonstrated in this dissertation that the
optimal minimum mean-space compensator can be separated
into a Kalman State Estimator and a dynamic system. The
previous work on this problem, and the techniques used
fail to demonstrate this important property.

Finally, Volterra's compositional algebra techniques
are applied here for the first time to time-varying
feedback system optimizations. These techniques may
prove to be useful to other problems of this nature.

1.5 ORGANIZATION OF THIS DISSERTATION

The next chapter, Chapter 2, deals with general
system theory concepts, mathematical preliminaries and
linear filtering theory. The topics presented are the
ones which are used or referred to in the subsequent
chapters. In Chapter 3, the open-loop Problem is formulated
and solved. The optimal compensator is first solved for in

terms of its impulse response, and then in terms of an

10
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explicit state-space realization. In Chapter 4, the
closed-loop problem is addressed. Again, both the impulse
response and the state-space solutions of the optimal
compensator are given. Chapter 5 addresses the problem of
the open-loop and closed-loop stability of the system, and
conditions are derived which guarantee the asymptotic
stability of the system. Finally, in Chapter 6, a
Conclusion is presented and recommendations are made for

additional work in this area.

11
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CHAPTER 2
SYSTEM THEORY AND
MATHEMATICAL CONCEPTS

2.1 GENERAL

A complete understanding of the material in this
dissertation requires a knowledge of general system theory,
probability theory, stochastic processes, and some real
analysis. Such knowledge will generally be assumed. In
this chapter, however, basic definitions, concepts, and
notation fundamental to other chapters will be presented.
Additional concepts will be introduced as required in the
sequel. The primary references for this chapter are
D'Angelo (8], Popoulus [11], and Meditch [7].
2.2 LINEAR SYSTEMS

The state-space description of a linear p-input/q-

output time-varying dynamical system is given by

x(t) = A(t)x(t) + B(t)u(t)
y(t) = C(t)x(t) + D(t)u(t) (2.1)
x(to) = xo

where x(t) is an n-vector of state variables, u(t) is a
p-vector of input variables, the control; and y(t) is a
q-vector of output variables. Furthermore, A(*), B(*),
C(*) and D(*) are matrix functions of the time variable t,

and are of the order nxn, nxp, qxn and qxp, respectively. The

12
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dot denotes the time derivative, tO indicates the initial
time and Xq the system initial state.

The above set of equations, for the sake of brevity,
can also be written as [A,B,C,D; to,xo]. If A(t) is
continuous, and B(t) and u(t) are piecewise continuous for
all time t, the solution of the above equation is

t
x(t) = ¢(t,to)x(t0) +J{ o(t,T)B(t)ur)dr

s

for all tzto, where ¢(t,Tt) is the state transition matrix
of the system. If the system is initially in the zero
state, that is x(t0)=0, the response of the output variable
y(t) for t2t, is given by
t
y(t) =f K(t,Du(0)dr + D()u(t)

o

where

K(t,t) = C(t)d(t,t)B(1)

The matrix K(t,t) is called the impulse response matrix of

the system.
A linear, relaxed, dynamical system is said to be

causal or physically realizable if

K(t,t) = 0 for all t<rt

13
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Equivalence

Two systems are said to be zero state equivalent if

both systems have identical output when excited from the
zero state with identical inputs. Two systems are zero-

input equivalent if initial states (not necessarily equal)

exist so that both systems have identical outputs with zero
inputs.

There is a class of transformations that can be
applied to the linear system characterized by Eq. (2-1),
that always results in systems that are zero-state and

zero-input equivalent. 1In particular, the equivalence

transformation is defined by

x(t) = T(£)x(t)

where T(t) is an nxn matrix, nonsingular and continuously
differentiable on [to,t]. Applying the equivalence trans-

formation to the system of Eq. (2.1) results in

x(t) = A(E)x(t) + B(t)u(t)
y(t) = C(t)x(t) + D(t)u(t) S
where
ACt) = [T()A) + T(e)]T E(e)
B(t) = T(t)B(t)
c(t) = c(e)T 1(e)
D(t) = D(t)
14
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The impulse response matrix of the tranformed system (2.2)
is identical to that of the original system, whereas the
state transition matrix of the transformed system is

given by
o(t,t) = T()e(t, )T L (1)

Adjoint Systems

A linear system Sa' characterized by its state transi-
tion matrix @a(t,r) and its impulse response matrix Ka(t.T)
is the adjoint of a linear system S characterized by its
state transition matrix ¢(t,1) and its impulse response

matrix K(t,tr) if and only if

(@ o (c,0) = [7He, 0] = o' (r,0)
and

(11) Ka(t,t) = -K'(71,t)

for tosTSt; where prime denotes the transpose. 1If a
system satisfies (II) only, it is termed an input-output
adjoint system.

Theorem 2.1

If a linear system S is characterized by
x(t) = A(t)x(t) + B(t)u(t)
y(t) = C(t)x(t) + D(t)u(t)

then the adjoint S, of S satisfying properties (I) and (II)

above is given by

15
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x, (t)

¥ (t)

-A'(t)xa(t) i C'(t)ua(t)

FB' (£)x, (£) + D' (t)u, (L)

Proof
Refer to [8].

Inverse Systems

A system s™1 is an inverse system of a system S if,
when S and §-1 are cascaded, the output of the combined
system is identical with its input. Inverse systems are
classified as pre-inverse systems and post-inverse
systems. A post-inverse system for a p-input/q-output
system can exist only if p>q, while a pre-inverse system
of S can exist only if p<«q.

Theorem 2.2

Consider a single input/single-output system S defined

by

x(t)

y(t)

A(t)x(t) + b(t)u(r)

clt)x(t) + d(t)u(t)

where x, the state is an n-vector, and u and y are the
scalar input and output respectively. If d(t)#0 for all

te[to,m), then the following set of equations represent an

1

inverse S of S in the sense that if y is the response of

S to the input u on [to,«) and the iniﬁial state Xq) then

1

u is the response of S~ to an input y on [to,«) and the

same initial state. Thus §°1 is given by

16




2(t) = [A(t) - a” ()bt e(t)]z(e) + d L(e)b(e)y (L)
u(t) = -d"I(e)e()z(e) + d Loy ()
z(to) = X,

Proof
See Silverman [21].
2.3 STOCHASTIC PROCESSES AND LINEAR FILTERING
Consider a continuous-time measurement process model

of the form

z2(t) = yd(t) + v(t), tatg {2.3)

Here yd(-) is a Gaussian distributed stochastic process
signal vector and v(+) is a zero mean Gaussian vector noise

process with convariance
Elv(e)v' (1] = R(E)6(t-1); t, 1ty

The notation E denotes ensemble average or expectation, the
prime denotes matrix transposition and §(.) is the Dirac-
delta function. The quantity z(:) is called the measure-
ment or the observation process. It is common to assume
that the signal yd(-) is generated by a finite-dimensional

linear model

o(t) = ACE)y(t) + B(t)w(t)

(2.4)
¥g(t) = C(t)y(t)

17
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for t>t0. Here A(+), B(+), and C(+) are continuous
matrix functions in the time variable t, and the process

w(+) is zero-mean and Gaussian distributed with covariance
Ew(t)w' (0] = Q) 6(t-1); ¢, o>t

Furthermore, the initial state w(to) of the system given
by Eq (2.4) is a Gaussian random variable with mean Yo and

covariance PO, viz.,

E[u(ty)] = v
Efu(tv' (e)] = P,

Generally, we shall assume that v(-) and w(-:) are

uncorrelated; that is

Elvit)yw' (v)] =0 (2.5)

for all t and .

When we consider the case where there is correlation

between x(+) and v(:), we shall assume that

Elw(t)v' (1)] = R(t)s(t-1) (2.6)

It should be noted that the description of w(+) and v(:.)
as white noise processes and the model description of the
form (2.3) and (2.4) is by no means rigorous. A more
rigorous representation is the stochastic differential
equation [15]. However, the above notation is more

familiar in linear systems theory and the results obtained

18
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here under this representation do not differ from the
corresponding results if stochastic differential equations
are used.

We further assume that Q(¢) is a nonnegative semi-
definite matrix, and that R(+) is positive definite so that
R™! exists.

Let S(t,r) be the impulse response of a causal,
minimum-mean-square-error filter which operates on z(-)
for tzty with QH(-) as its output. Then

t
gd(t) =f S(t,r)z(r)dr
%o
is a linear functional of the measurement process z(1),

tosrst, that minimizes
E[[yg(0) 53] [yq(®)-54(0)]]

It is well-known that S(t,r) satisfies the Wiener-
Hopf type equation
+a
/S(t,r)E[z(r)z(a)] dx = E[yd(t)z(a)J

e (2.7)
for all togast
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Theorem 2.3

Continuous-time Kalman-Bucy Filter. Given the model
(2.3), the filter S(t,n) defined by Eq. (2.7) is represented

by the matrix differential equation

vee) = [A(E) - K(E)C(E)]ID (L) + K(t)z(t) (2.8)
§4(t) = C(E)y(E)
where

K(t) = P(r)c(t)R™ () (2.9a)

in the case where there is no correlation between input

and output noise processes, i.e., (2;5) applies, and
K(t) = [PCe)c(e) + B(OR(EIRT(E) (2.9b)

in the situation where (2.6) applies. The matrix P(t)
defined as E[[yd-Qd][yd-Qd]'] is the positive definite

solution of the matrix Riccati differential equation
P(t) = A(E)P(t) + P(E)A'(t) - K(HR(DK'(£) + B()Q(E)B' (t)
subject to the initial condition

P(ty) =[E w(tpv'(tp)] = 7y

Proof
Refer to [7,12].
Theorem 2.4

(The Innovations Theorem.) Given (2.3), the innova-

tions process v(+) defined by
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v(t) = z(t) - Qd(t). t2t

is a zero mean, white Gaussian noise process with the same

covariance as v(-), i.e.,
Efv(t)v'(x)] = R(E)s(t-1),

Furthermore, the processes z(+) and v(+) are related by a
causal linear operation,
Refer to [13,14) for a proof and detailed discussion
of Theorem 2.4.
Comment
From Theorem 2.4 v(-) and z(+) are related by a
causal linear operation. That is, v(+) can be obtained from

z(+) by passing z(+) through a linear causal filter,

commonly called the "Whitening filter". Thus
4o
v(e) =./r ww(t,r)z(r)dx (2.10)

where Ww(t,r) is the impulse response of the whitening
filter.

Conversely, z(+) can be obtained from v(-) by
passing u(-¢) through the inverse* of the filter ww(t,r).
Denoting the inverse of ww(t,r) by ww'l(t,r) in the sense

that

*The inverse here is defined in the sense of Section 2.2.
The existence of the inverse of W, ,(t,x) is discussed in
Kailath E13].
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4+«

/Ww(t.n)w;l(n,r)dn = f W;l(t.n)ww(n,r)dn=ln

-

where I is an identity matrix of appropriate dimensions,
+ec

z(t) =/ w;ll(t,r) v(r)dx (2.11)

- o

we have
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CHAPTER 3
THE OPEN-LOOP PROBLEM

3.1 GENERAL

In this chapter the open-loop optimal tracking
problem is formulated and solved. Since the systems under
study are nonstationary, it seems natural that we use
time-domain techniques for the analysis and design. The
final design of the open-loop cascade compensator is
presented in terms of its state-space representations. The
main results of this chapter are presented in the form of
Theorems 3.1 and 3.5. The organization of the chapter is
as follows.

Section 3.2 is devoted to the state-space formulation
of the problem. In Section 3.3, a necessary and sufficient
condition which the optimal open-loop cascade compensator
must satisfy is derived. This condition turns out to be
a type of nonstationary Wiener-Hopf integral equation.

The integral equation of Section 3.3 is then solved in
Section 3.4 to arrive at both the impulse response and the
state-space representation of the open-loop cascade
compensator. In Section 3.4, we also develop the state-
space spectral factorization techniques and illustrate them
via examples. In Section 3.5, a brief discussion and

critique of the results is presented.
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3.2 PROBLEM STATEMENT
Consider a linear, time-varying, single-input/single-

output plant DS1 (Figure 3.1) defined by

x(t) = F(t)x(t) + g(t)u(t) (3.1a)
DS1: y(t) = h(t)x(t) (3.1b)
x(to) =0 (3.1c)

where x(t) is an n-vector, the state; u is the control
input and y is the system output, both scalars, and F(-),
g(+) and h(.) are real, continuous matrix functions of
time t which are nxn, nxl, and lxn, respectively. The dot
here denotes the time derivative and to is the initial
time.

Let yd(t) be the reference signal which the output y(t)
of the plant DS1 is required to track optimally. We assume
that the signal yd(v) is generated by a finite-dimensional,
linear model of the form

Loy, V() = AR + b()u(D) RS
yq(t) = c(t)u(r)
for tzto. Here, ¢y is an m-vector, the state; w(+) and
yd(-) are scalars, and A(+), b(+), and c(+) are continuous
matrix functions of t, which are mxm, mxl, and 1xm,
respectively. Furthermore, the process {w(t), tato} is a

zero mean, Gaussian, white noise process with covariance

24
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E[w(t)w(1)] = Q(t)s(t-1) (3.3)

and the initial state w(to) of the system given by
Eq. (3.2) is a Gaussian distributed random variable with

mean y and covariance PO'

Elv(tp] = v, (3.4a)
Elv(tpdv’ (tp)] = Py (3.4b)

The system defined by Eq. (3.2) will be te¢rmed the
re“arence system DS2.
The signal available for input to the plant DS1 is

modeled as

z(t) = yd(t) + v(t) (3.5)

where {v(t), tzto} is a zero mean, Gaussian, white noise

process with variance

E[v(t) v(1)] = R(t)6(t-1), txt, (3.6)

We assume that Q(t) and R(t) are both continuous, that Q(t)
is nonnegative, and that R(t) is positive definite such
that R'l(t) exists.

The tracking error ye(t) is defined by
Ye(t) = y(t) - y4(t) (3.7)

As a measure of the system performance, we choose a

suitably weighted sum of the mean-square tracking error

25




Yo and the mean-square control effort u. Denoting the
index of system performance (the cost functional) by L,

we thus have
- E[y2 A2
L = E[yg(0)] + k(t)E[u®(t)] (3.8)

where k(t)>0 is a Lagrange multiplier. A suitable value of
k is chosen in the last stages of the design process to

satisfy a saturation-like constraint on u, of the form
E[u?(t)]) <8

where 8>0. Qur problem can now be stated as follows:
Given the plant DS1, the reference system DS2, the
relevent noise statistics and the constraints on u, design
and realize in state-space an optimal open-loop cascade
compensator such that the cost functional L given by
Eq. (3.8) is minimized.
3.3 DERIVATION OF THE WIENER-HOPF INTEGRAL EQUATION

A block diagram of the system with which we are
concerned in this chapter is shown below in Figure 3.1.
In the diagram, W(t,r) and Wc(t,r) are the impulse response
functions of the plant and the optimal compensator,
respectively.

To keep track of variables, as will become apparent
subsequently, we shall use u instead of u in Eq. (3.8),

where u is a linear functional of u. That is
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e
u = f&l_(t,r)u(r)dr, tztg.

-0

Later, we can always choose W(t,x) to be the identity
system (W(t,r) = §(t-r)) suci that u=u. Hence, in view

of Figure 3.1, a modified form of Eq. (3.8) is
L, = E[y3() - 2y,(0y(0) + y2(©)] + k(OEL (D] (3.9

It is clear that u(t) and y(t) can be written as

+a +a
u(t) =/ dp [ ds W(t,pIW_(p,s)z(s) (3.10)
and
+ 4+«
y(t) =/ dp ds W(t,p)wc(p,s)z(s) (3.11)

respectively, where from causality, togsgp, togpgt, and
t2t,. Substituting from Eqgs. (3.10) and (3.11) into Eq.
(3.9), we get

+a o
L, =E Yﬁ(t) = 2yd(t)quf dr W(t,q)W (q,r)z(r)

+ax 4o

+ % /dpf ds W(t,p)wc(p,s)z(s) ; X

28
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+« +o:

gquf dr W(L.q)wc(q,r)Z(r):

4 4 '
+ k g/dp/ ds E(t,p)wc(p,s)z(s)‘ X
+-cc 4+ '
{qufdr H(t,q)wc(q,r)z(r)‘ (3.12)

Equation (3.12) can be rewritten as

+a +a
2
L, = E yd(t) - Zyd(t)/dqf dr w(t,q)wc(q,r)z(r)

4+ 4 4+ 4o
+ ﬁp /dsqu/dr W(t:,p)wc(p,s)W(t,q)

W.(q,r)z(s)z(r)

+a o +a Hx
+ k/dP/dS/dq/ dr W(t,p)W_(p,s)W(t,q)

- - - -

Wc(q,r)z(s)z(r) (3.13)

We now assume the existence of a physically realizable
compensator wco(t,s) that minimizes Eq. (3.9). Next, we
proceed to use a well known variational technique to

arrive at wco(t,s). We thus let

29
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Wc(t,s) = Wco(t,s) + ewe(t,s) (3.14)

where We(t,s) is the variation of wc(t,s). Substituting

Eq. (3.14) into Eq. (3.13), we have

4+ A4«
L1 = E yﬁ(t) - 2yd(t) d?}rdr W(t,q)‘wco(q,r) + ewe(q,r)iz(r)

4+ 4ax +a o

+J/;pJ/ésJ/thrdr W(t,p)W(g,q):wco(p,s)wco(q,r)

- - - -

+ eW (p,s)W,(q,r)

)

+ ewe(p,s)wco(q;f) + eZW(p,s)‘W(q,r)z(s)z(r)

4o H4a A4 Hx

+ kfdp/ds/dqfdr g(t,p)g(c,q):\.Jco(p,s)wco(q,r,)

- -CC -0 -

+ ewco(p,s)we(q,r)

+ eN_(p, )W  (q,7) + e2W(p,s):W(q,r)7.(s)z(r) (3.15)

A necessary condition for Ll to be a minimum is

oL
1 “

se |e =0

Carrying out the required differentiation and

recognizing that p is interchangeable with q, and that s

! 30
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is interchangeable with r, we obtain

4« 4«
E|-2y,(t) [dq [dr W(t,q)W(q,r)z(r)
d

- -

aLl
oe

ol R S

Z/dp/dsqu/dr W(t,p)W(t,q)

- O - o - -

+

Wco(p,S)We(q,r)Z(S)Z(r)

+x +4a + 4

Zk/dp/dsqu/d: W(t,p)¥(t,q)

Wco(p,s)we(q,r)z(s)z(r) =0 (3.16)

+

if we interchange the order of the integral and
expectation operators in Eq. (3.16) and use the fact that

we(q,r) = 0 for r<t, and that We(q,r) is arbitrary for

0
tnsr<qst,, we are led to the following result.
0 0

Theorem 3.1

For a physically realizable (causal) compensator wco

to minimize L;, it is necessary and sufficient that it

satisfy
4« 4o 4o
fdpfdsfdr W(t,r)W(t,p)wco(p,s)E[z(s)z(r)]

+¢ +o: +¢
+ kfdp/dsfdr »_a(c,r)g(c,p)wco(p,s)E[z(s)z(r)]

- - -
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e
-/ dr W(t,r)E[yd(t)Z(r)]

-oC

for all t>t0. t0<s<p, t0<p<t, and t0<r<t. (3.17)

Necessity is immediate from above. Sufficiency
follows from consideration of the second variation.
3.4 SOLUTION OF THE INTEGRAL EQUATION

Solution of the Wiener-Hopf type integral equation of
Section 3.3 for a physically realizable wco(t,r) is
developed in a number of steps.

First, the Innovations Theorem, Theorem 2.4 and the
whitening filter given by Eqs. (2.10) and (2.11) are used
to convert the Wiener-Hopf type integral equation involving
covariances into a Wiener-Hopf type integral equation
involving operators only. This conversion process is
illustrated in Lemmas 3.1, 3.2 and Theorem 3.2. Second,
the resulting integral equation which now involves adjoint
operators, is solved for a physically realizable operator
representing the optimal compensator. Wiener's spectral
factorization techniques are used during this step, and
the optimal compensator arrived at is in terms of its
impulse response wco(t,r). Third, an explicit state-space
realization of wco(t,r) is obtained. This realization

process is developed in Theorems 3.3 and 3.4.
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Lemma 3.1

E[yg(Ov@IR (@)} * U (t,a) = 5(t,a) (3.18)

where v(.), ww(-,-) and S(+,+) are respectively, the
innovations process, the whitening filter and the
Kalman-Bucy filter associated with the process z(-), and
the asterisk denotes the convolution of linear operators.

Proof

Let Qd(t) be the filtered estimate of yd(t). Thus

+a«
F4(t) = (3.19)

-

S(t,r)z(r)dr, tosrst

where S(t,r) satisfies Eq. (2.7). Since z(:) and vu(-)

A ;
are informationally equivalent to each other, yd(t) is also

given by
+a
Qd(t) =/§(t,r)u(r)dr, tosrst (3.20)
-
where g(t,r) satisfies the integral equation
+ o
A
fs<c.r)s[u(r>u(a)]dr = Elyg(o)v(@], tpsast  (3.21)
-
From the innovations theorem,
E[u(r)u(a)] = E[v(r)v(a)] = R(r)s(r-a) (3.22)
33
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Substituting Eq. (3.20) into Eq. (3.19) and carrying out

the integration with respect to r, we have

S(t,a)R(a) = E[y (t)v(a)]

or

S(t,a) = Ely ()@@ ]r " (a) (3.23)

Recall from Chapter 2, Eq. (2.11), that

2(t) =fw;}(c.r)u<r)dr, tosrst (3.24)

-

If we substitute Eq. (3.24) into Eq. (3.19) and compare

the result with Eq. (3.20), we note that

s(e,r) * W l(e,r) = 8¢e,0)

or

S(t,r) = §(t,r) * W (t,r) (3.25)
Thus, from Eqs. (3.23) and (3.25), we have

s(t,1) = (E[yg(0vmIRTm] * 1 c,0)

Q.E.D.

Lemma 3.2
The integral equation (3.17) and the following

integral equation are equivalent:
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+a tx +a

fdr W(t,r){./.dp/ds W(t,p)wco(p,S)[Ww_l(s,r)R(r)_l{

+a 4ax 4« '
+ k/dr E(t,r):'/dp/ds YJ_(t,p)wco(p,s)[ww'l(s,r)R(r)]’
+a o
= fdr W(e,r)E[y (t)v(r)] (3.26)
for tzp2s2ty, tosrst.

Proof
Substituting Eq. (3.24) into Eq. (3.17), we obtain

+a +« +a
dp/ds/dr W(t,r)W(t,p)wco(p,s)x

- - -

+a o 7
E {J{gg/#dnw;l(S.é)U(E)U(n)W;l(r.n)J

-« -

+ax Fa
+ k/dp/ds/dr H(t,r)y_(t,p)wco(p,s)x

- - -

x 4«
E [fd&/dnw;l(s,{,)U(F,)U(n)w;]l(r. n) }

- -

+o «
=fer(t,r)E:]dn yd(t)u(n)w‘;l(r.n):

35
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Next, we interchange the expectation and integral
operators, substitute Eq. (3.22) into the above equation
and carry out the integration of the resulting delta

function with respect to £ to obtain

T T e
d
a

/ pfds/dr/an(t,r)W(t,p)wco(p,s)W;l(s,’])R(n)w;l(r,n)

“+x 4 4« 4«
+ k’/‘dp-/-ds’/‘dr‘/’dmg(t,r)w_(t,p)\/Jco(p,s)w\:,l (s,n)R(n)w;l(r,n)

+u: +cz
=fdrfdnl~l(t,r)E[yd(t)U(n)]w;l(r,n) £3.27)

- -

Equation (3.27) can be rewritten as

+ o ‘ “+ +-c 4
~1 2 =L . "
/dnww (r,n)(/drfdp/dst\!(t,r)W(t,p)dco(p,s)ww (s,n)R(N)
“+« +« +x
+ k/dr/dp/dsﬂ(t,r)l_d(t,p)wco(p,s)w;l (s,MR((N)

+ o
a /W(t.r)E[yd(t)U(n)];= 0

-

Note that w‘:’l(r,n) in the above equation is arbitrary in
the sense that the equation holds true for any w;]’(r,n)
over the interval tosnsvst., Obviously then, the above

equation reduces to
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4+a H4x 4«
fdrfdpfds W(t,r)W(t’.,p)WCo(p.S)W;l(-’%.I')R(l')

+a +o -.}-cx
+ kfdr/dp/ds y_(t,r)v_d_(t,p)wco(p,s)w;l(s,r)R(r)
+a
= /dr W(t,r)E[yd(t)u(r)] (3.28)

-

Equation (3.26) follows immediately from Eq.(3.28).

Q.E.D.

Theorem 3.2

The integral equation (3.28) and the following

operator equation are equivalent:

W rw*w +kW*wruw =uw=xg (3.29)
coO — s co

where S is the Kalman-Bucy filter associated with the
process z(+), and is given by Eqs. (2.8) and (2.9).
Proof

The bracketed portion of the first term on the left-
hand side (LHS) of Eq. (3.26) is a convolution of the
linear operators W(t,a), wco(t,a) and {w;l(t,a)R(a)}. We

denote the resulting operator by wl(t,a), i.e.,
SR Lxup.
W,(t,a) = W(t,a) * W (t,a) * (W ~(t,a)R(a))

and write the above term in Eq. (3.29) as
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/da W(t,a)wl(t,a)
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Now let Wa(t,a) be the adjoint of the system W(t,a).

Since W(t,a) = wa(a,t), the above expression can be written
as the convolution of two linear operators — wa(a,t) which
is physically unrealizable (noncausal), and wl(t,a) which
is physically realizable (causal). Hence, the first term

of the LHS of Eq. (3.29) can be written as

1

a o 0 e
* W wco 7% Ww R

W

Using the same argument for the rest of the terms of

Eq. (3.29), this equation becomes

1 1

WerxWwryW *WR+kWA *Wrw  * WiR = wia,t)
cOo w . = CcoO w

* {E[yd(t) v(a)]l

or

1. a < o < =% 1 o a
+ R H W W kW =W

¥ E[yd(t)n(a)]R-l

W xyrxw *wu
co w

or

* W ok A %y * - W2
WEkwew K AW RN = Wia,t)

* {Elyg (@I R (@)) * U (c,a)

If we substitute the results of Lemma 3.1 into the

above equation, we obtain immediately the result

A % Wk = W& %
Wk W ok W kW kW kW= W kS (3.29)
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for tzto.

Q.E.D.

Equation (3.29) holds only for tzco and involves
linear operators and their adjoints. It can therefore be
solved using Wiener's spectral factorization techniques
(1,2]). The solution is developed in Eqs. (3.31) through
(3.35) below. Before we proceed, we substitute for W an
identity system with 8§(t-t) as its impulse response. This
step is in line with the original formulation of the

problem. Equation (3.29) thus reduces to

W * W+ K)*W  =u?
co

S (3.30)
Let

W r*W+k=M*M (3.31)

where M? is the physically nonrealizable (noncausal)

adjoint of some operator M. Thus

& %M * = W *
M 8GN =¥ *5 (3.32)
or
Mxw = (M) ww? xs (3.33)
where [Ma]71 is the inverse of the system M? in the sense

of Theorem 2.2.
Next, the right hand side of Eq. (3.33) is written
as a "sum'" of two systems described by the operators ga

and L,, where L, is causal and La is noncausal. That is
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(3.34)

Thus

or

(3.35)

Equation (3.35) gives the impulse response of the
open-loop cascade compensator wco in terms of the
parameters of the systems DS1, DS2, the noise processes
w, v, and the Lagrange multiplier k(t), all imbedded into

M'l and L2. The next step is to lay bare the structure

of M'l

and L, in terms of the system parameters, and
obtain a realization of wco in the more useful state-space
form. To accomplish this, we carry out in the sequel, the
mathematical operations described by Eqs. (3.31) through
(3.35) directly in state-space. To curb the proliferation
of symbols, we denote by uy and ) the scalar input and
output, respectively, of any given dynamic system,
Furthermore, we use the symbol "<—'" to denote the
equivalence between the state-space and the impulse

response representations of systems.

Theorem 3.3

Let (F,g.h;co,O) be a realization of W, i.e.,

W <> (F,g,h;t;,0)
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Furthermore, let

W2 * W+ k=M *M

where W? is the noncausal adjoint of W, M? is the noncausal
adjoint of some operator M, and k>0. Then (F,g,h,g;tO,O)

is a realization of M, where

2= /K
and

h

{
K BT

Here T is a symmetric, nonnegative definite nxn matrix

satisfying the Riccati Equation

T=-1 Tgg'T+TF + F'T +h'h (3.36)

subject to the initial condition

T(tO) a2 0nxn

Proof

From Theorem 2.2.
W2« (—F',h',—g',to,O)

Denoting the stutes of W and wd by x and X, respectively,

we have
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X F E 0 X g
e e el el
X, h'h ¢ <F Il %4 0
a ' x 1
AW+ ey = fo ! -g ]-;-- + kg (3.37)
a
x(to) 0
xa(to) 0
We let
M 2 (ﬁ,ﬂ,b,&;to,o)
Therefore

M® «— (-F',h',-g',2;t,,0)

If we denote by s and s, the state vectors of M and

a : 2
M™, respectively, we can write

( s E 0 2o & \
g B e © I 2 T
S, B tel g h'2
1 rS ?
M ¥ M e ¢ yl-[zh -g‘] Bl N e
7R
s(ty) 0
§a(tO) .

42




. oL

Equation (3.38) obviously has a slightly different form

than that of Eq. (3.37). To find F,g,h, and £, we trans-

form Eq. (3.37) into the same form as Eq. (3.38). The

following equivalence transformation is used for this

purpose,
x Inxn : 0nxn
T(t) =[|----=~=-- fmemmse
T(t)nxn d nxn
so that
g R
VRGN R e e
o 2 0 SRR £ie) + 0
From Section 2.2, we thus have
X F : 0 X §
-=--]= sl R ——— e - ul\
T 4 TF -F Tg,
=a 2a
h'h + F'T !
a i X
(W * W+ k)e—> yy = [g-T ' _g.] Sl ek,
1 X,
x(to) 4 0
x,(tg) 0
(3.39)
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comparing Eqs. (3.38) and (3.39), we note that

F=Fig=gi L~ k
Tg = h'vk (3.40)
g'T = h/k (3.41)
h'h = -T + TF + h'h + F'T (3.42)

Equations (3.40), (3.41) together with the requirement that
k>0 imply that T is symmetric and nonnegative definite,
and that

T

h = i g'T (3.43)

Furthermore Eqs. (3.42) and (3.43), and the initial

conditions of W imply that the nxn matrix T satisfies

T = - Tgg'T+TF + h'h + F'T (3.44)
T(ty) = 0
Q.E.D
Hence M and M? are given by
s = Fs 4 guy
M<«—> ¥ .8 '}K g'Ts + Vk uy (3.45)
§(t0) =0

\
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M? i Tl -g'§a + vk uy (3.46)
§—a(tO) e
Example 3.1

The following example illustrates the decomposition

technique of Theorem 3.3. Let W be given by

> LD s T

y- 2
x(to) =0

Let k=1. Therefore T is given by

2

T = -T°-92T + 1

T(to) =0

Solving the above Ricatti equation we obtain

T = (/2-1) + (1-/2)e 272(t-tp)

For to—» -« we have

T = /2-1

f

Thus a state space representation for M in the steady
state is

Tl R

¥y = (V2-1)s + uy

s(t )=0

s( 0)
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As a check, we Laplacc transform the above equation

to obtain the transfer function M(s) of M. Thus

s+V2

M(s) = s+l

From classical spectral factorization techniques, we have

¥ ey o s 2Ty
W aBer= o0 2 gyt
2
-s +1 -s“+1
-st/2 sH/2
-s+1 o e 3 |
or
o L

Theorem 3.4

Assume that we are given (a) the system ST * Sg * 53,

where S? and Sg are adjoints of some causal systems S, and
SZ' and S3 is a causal system, (b) the following realiza-

tions for Sl’ S2 and 83

S1 > (Fl, 81 hl' Ql; tO‘ 0)
nxn nxl lxn 1x1

52 «—> (F2, 89 hz; ty 0)
nxn nxl lxn

536—_, (F3. 8,3' h3p Con 0) ’

mxm mxl lxm
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and (c) the decomposition rule

Sa ¥* Sa Q= p‘; + P

1 2 3 2

where Pi is the adjoint of some causal system P1 and P,
is causal. Then, P2 has the realization
P2 «—> (F3, 83 Y tO' 0)

mxm mxl
where

Y = RigzUl + gle

U - UlF3 + FoUy + h2h3
Ul(tO) =0
U, = U2F3 + FIUZ 2 hlgzul
Uz(to) =0
Alternatively, Y is given by
. V ;
U1 F2 : 0 w
BXm ). g o<f-DXD__LmED) oy 4 UF4 3 f 2.3
U2 2nxm h1g2 : F1 2nxm (2nxm) (mxm) 0
nxm nxn | nxn
(2nx2n)
U(to) =0 (3.47)

47




Proof

a

YRS e ] : .8
Let gla, £2a and [3 be the state vectors of Sl' 52

and S3, respectively. Then S? * S; w 83 has the realiza-
tion
- T ~ r : - - = r -
53 Fa. 2 0L b3 6
éZa = héh3 : —Fé e &71 + 0 uy
€1a 0 :-higé :-Fi fla 0
e - N ' ’ - - - ] -
r : -~
B
¢ o [0 | =489 81] £2a (3.48)
1
— a -

To decompose the above realization into P? and P,, we make

2 ’
use of the following equivalence transformation on Eq.

(3.48),

2 I ¢ 0 0 T
(mxm) , (mxn) (mxn)
U = U; : I 0
- (nxm) ' (nxn) (nxn)
U2 ': 0 1
|l (nxm) |, (nxn) . (nxn) J

It is easy to verify that

48
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AR 0 0 9
(mxm) ' (mxn) (mxn)
U"l w -U : I 0
= i (nxm) (nxn) (nxn)
'U2 ' 0 I
(nxm) | (nxn) (nxn)J
and that r q
0 ; 0 0
-g— o -'-'.""'"".’ -------------
o L TG Tl e o
! ' J
The results are
" T - , W - K
A ! . A
£3 F3 e orin £y
- UpRatinlty. & v 5 .
2a +FU _U ' 2 S
oy e :
3 i § ) SR S 1
la Kol s yoER '1a
+F1d2°U2 \ )
L - - L .
e
i [ (P : %5y ' A
4 [“1g2U1+81”2§ 4185 18 || &,
bla

-2 ....... R
1 (co) 0 J
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The P2 part of the decomposition can be identified by

inspection. Thus

|

"y
w

'aa b3

w

+

e
w

c
—

L3 "

leea

] ] N
yp = (48U + 8yUy)E,

where Uy and U3 are given by

U1 = U1F3 + FZUl + h2h3 =0
and
U, = U,F, + F;U, + hyg Uy

Uz(to) =0
i
Defining U = g & and augmenting the differential
2

equations in U1 and U2, we obtain the equation (3.47).

Q.E.D.

Example 3.2

The above decomposition technique is illustrated by

the following example. Let Si, Sg and S, by given by

Sa

e (2,1,-1,1;¢,,0)

a o
§5 <> (1,1,-1;¢,,0)

Sq «—> (-2.1.1;t0.0)
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such that S? * Sg * S3 is given by

o -2 g 8 W 1
x| = 1 1 0 X iy 0 uy
z, 0 -1 2 i 0
[~ A
v
X
a
y; = [ o 1) =,
Uty 0
xa(to) = 0
za(to) 0
; R ,a 5 3
From Theorem 3.4 if S1 % S2 % 33 = Il + }2, then P2
is given by
a=-2a+uy
¥y " (U1 + Uz)a
where
Ul(to) =0
and
.U2(t0) = 0
51
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Solving for U1 and UZ' we obtain

: R &
Bylk) & 5« 3

and

1 L

AR -4(t-tg)
Ut = 15 - 13 e o

To find the steady state values of U

p—

t0+-¢ and obtain

Therefore, in the steady state

e-3(t-

to)

and U2, we let

‘é = —22 + ul
By Rucw 5
'Yl b
or
_5/12
Pa(®) = 53

As a check, we compute P2 below via classical factorization

techniques. Thus
a a e P
$ "5 0 (-s+2
- (:ﬁiﬁ) (WJL_)
-s+2 -s+l
Therefore
e .
'PZ(S) T 542
52

+1) (:s]n) Lotz )

(52)

T R e Y




where

- f=a3y 1
A (—s+2) (—s+])
g= =2
v
12
or
2/12

Lemma 3.3

The L2 part of the decompositian given by Eq. (3.34)

has the state space representation

a = (A-Kc)a + Ku,

k. "3 ;
LZ > ¥ * =& [Ul o4 Uz]g (3.49)

a(ty) =0

where U1 and U2 are obtained from
Uy = F'U] + Uj(A-Ke) + h'c (3.50a)

Ul(to) = 0
Uy = (F' - & Tgg')u, + U,(A-Ke) - Tpg'U;  (3.50D)

U2(t0) =0

Proof

The proof follows immediately from Theorem 3.4.

Q.E.D.

|

The next theorem is the key result of this chapter.
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Theorem 3.5

1

The optimal compensator wco =M " * L2 where M and 1,

2
are defined by Eqs. (3.31) and (3.34), respectively, has the

following realization

a A-Kc . 0 a K
s e B g N SERES | e R Z
b 88’y F-fi 88’1 b 0
G Wt e B ]
u [k g'yY ‘ K 8 44 .

Here K and T are defined by Eqs. (2.9) and (3.44)
respectively; and Y is an nxm matrix given by

X = U1 i} U2
where

U

1 F'Ul + Ul(A—Kc) + h'ec

Ul(to) 0

= 1] 1 ] d

U, = (F' - 7z Tgg')U, + Uy(A-Ke) - Tgg'ly
Uz(to) = 0

Alternatively, Y is given by

T s AT T

e T T .

i o

.
E

o 1 o 0 £ U, h'c
Fa| il e r""][ """ b3 o ke o L Sy [A—KC]0 """
U2 'ng' | F""/k ng' ! U2 Uz 0
: : "
Y = [ 3 oy ] oo ot
nxn ' nxn i U2
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Proof

The proof follows immediately from Theorem 3.4, Lemma
3.3, and by augmenting the state vectors of M1 and L,.
Theorem 3.5 thus gives an explicit state space realization

of the optimal compensator wco.

Q.E.D.

3.5 DISCUSSION OF RESULTS
The following comments about the design of the

optimal coﬁpensator wco are in order. First, from Eq.
(3.35) the optimal compensator is a cascaded combination
of dynamic systems L, and Ml 1t is obvious from
Eq. (3.49) that L2 can be viewed as a Kalman-Bucy f%ltor
A(t,1) for the system DS2 with the output of the filter
multiplied by }E Y. In block diagram form, the cascade
compensator is shown in Figure (3.2) below. Thus the
separation property of the minimum mean-square compensator
in the sense of the LQG problem becomes immediately clear.
Second, from the structure of the compensator, it is readily
apparent that the stability of the Kalman-Bucy filter plays
a major role in the stability of the compensator and the
overall system. This in turn is tied to the solution of the
Riccati equation for the filter error covariance P(t).
Furthermore, stability of the Riccati equation (3.44) for T
and the differential equation (3.47) for U play the key
roles in the stabilit§ of the system. More on this topic

will be presented in Chapter 5. Third, the presence of the
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Lagrange multiplier k, which is always positive, assures
the existence of proper inverses [Ma]_] and M'l. The
compensator is therefore also always proper. Finally, the
compensator equations contain k as a parameter. The
choice of k is left to the discretion of the system

designer who chooses that value for k which satisfies the

constraint
E[u?(t)])<p
. 1 w1 Sl
— A(t, 1) > 7???) Y(t) M “(t,t)—f W(t,1)
Kalman-Bucy e - —
Filter

F(t,r)=M'1(t,T)7E%T) Y (1)

\\\\“‘--;.---\V~ R e

Compensator Plant

Note: S(t,t) = c(t)A(t,r)

OPTIMAL COMPENSATOR STRUCTURE

Figure 3.2
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CHAPTER &4

THE CLOSED LOOP PROBLEM

4.1 GENERAL

In Chapter 4, the optimal tracking problem in the
closed-loop configuration of Fig. 1.1 is dealt with.

Once again, due to the nonstationary nature of the system
under study, we formulate and solve the problem in the time
domain. :

It should be recalled [2—5] that for the optimal
tracking problems of the class studied here, the starting
point is the formulation of a suitable performance index
(PI) in terms of the system parameters. In the open-loop
case [2,3,22], such a formulation presents no difficulty.
However, the case of the closed-loop problem is entirely
different. For example, from Fig. 1.2, a performance index

for the closed-loop tracking problem is

|
L = Ejly (6) - y(©)]?|
- Elyj(®) - 25,0y + ¥’ )] (4.1)
where E is the expectation operator. For simplicity, let
us assume that the feedback sensor has unity gain and no
memory. Let us nroceed to express y(t) in terms of the

system parameters. Thus
+ o \ 4o '
y(t) = IW(t.s)} Gc(s.P)[Z(P) - y(p)]dp’ds

- -
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or e i

y(t) + fw(t.s)fGC(S.p)y(p)dp(l:‘;

+o +-x
= jW(t,s) Gc(s,p);:(p)dpds (4.2)

- -

It is immediately obvious from Eq. (4.2) that in order to
obtain y(t) for further manipulations as part of Eq. (4.1),
one needs to solve a double-integral equation in v(t) —

a not so easy task! As mentioned above, no such difficulty
arises in the open-loop case. This is precisely why the
open-loop approach has been used so extensively in the past
as an intermediate step towards solving the closed-loop
tracking problem.

We overcome the above-mentioned difficulties associated
with the closed-loop tracking problem by employing the
techniques of the "Algebra of Compositions of Functionals',
first developed by Evans and Volterra [18,19] in the course
of their studies of integral equations. The Algebra of
Compositions is used here to explicitly formulate the
system performance index to be minimized in terms of the
system parameters. Variational techniques are then used to
derive a condition which the optimal compensator must
satisfy. This condition turns out to be an integral
equation similar to the one derived for the open-loop

problem of the previous chapter.
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The organization of this chapter is as follows. The
next section, Section 4.2 is devoted to the state-space
formulation of the closed-loop tracking problem, with which
we are concerned. Section 4.3 deals with the "Algebra of
Composition'" and its application to system theory. In
Section 4.4, an integral equation which the optimal closed-
loop cascade compensator must satisfy is derived. In
Section 4.5, the integral equation is solved and a state
space realization of the optimal compensator is given.
Finally, in Section 4.6, a brief summary of the results of
this chapter and a conclusion are presented.

4.2 PROBLEM FORMULATION

Consider a linear, time-varying, single-input/single-
output plant DS1, a reference system DS2 and a feedback
sensing system DS3 interconnected in the configuration of
Fig. 4.1. The defining equations for the plant DS1 and the
reference system DS2 are the same as in Section 3.2, Chapter

3, and are repeated below for convenience.

x(t) = F(t)x(t) + g(t)ult)
DS1: y(t) = h(t)x(t) (4.3)
x(to) = 0

PCE) = ACE)D(E) + b()w(t)
yq(t) = e(t)y(r)

EluCep] = v,

Efu(tgv' (tg)] = P,

DS2: { . 4)
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where x,y,F,g,h,u,A,b,c,w are exactly as defined previously
in Section 3.2.

The input signal to the tracking system is modeled as
2(t) = yy(t) + v(t) (4.5)

where {v(t), tzto} is a zero-mean, gaussian, white noise

process with positive-definite variance R given by
E[v(t)v(1)] = R(t)s(t-1), T.12t, (4.6)
It is assumed that the variance Q of w defined by

E[w(t)w(t)] = Q(t)és(t-1), T, 2t 4.7)

is nonnegative definite.
The system output y is sensed by the feedback sensor

DS3 which is governed by the equation

a(t) = @(E)a(t) + £(t)y(t)

DS3: yo(t) = y(t)a(t) (4.8)
a(to) =0
for t>t.,. Here, a is an f-vector, the state of the feed-

0
back sensor, Yo is a scalar, the feedback signal, and @,

£, and y are continuous matrix functions of the time, which
are gxf%, &x1 and 1x& respectively. The tracking error
yc(t) is defined as

Yo ltd = yait) = y(t)

For the system performance index L, we choose a suitably

'

weighted sum of the mean-square tracking error and the
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mean-square control u. Thus
L= E[yZ(t)] + k(OE[u? (1)) (4.9)

where k>0 is a Lagrange multiplier whose value is chosen
in the final stage of the design process to satisfy a

saturation-like constraint on u of the form
E[u? (t))<p>0 4.10)

The closed-loop tracking problem can now be stated as
follows: Given the plants DS1, the reference system DS?,
the feedback sensor DS3, the relevant noise statistics and
the constraint on u, design an optimal compensator in the
closed-loop cascaded configuration of Fig. 4.1 such that
the cost fuctional L given by Eq. (4.9) is minimized.

4,3 MATHEMATICAL PRELITYUARlES,ALCEBRA OF COMPOSITION OF
FUNCTIONALS [18,19

Given two functions f{y,f%) and g(y,¢) of two variables
y and ¢, the function h(y,¢) defined by

Y

h(y,¢) = /f(Y.a)g(u.f.,)d
£

is called product by composition of two functions f and g

and is denoted here by

tl %

= Ig
% %y

1f fg = gt

then f and g are said to be permutable. The operation of

composition is evidently associative and distributive, i.e.,
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.
¢
E

ot - feh
and
e -5 + B

where '"+" denotes ordinary addition. Powers of composition
for positive integral exponents are defined by

$oP P el

Power with exponent zero is defined such that. for any f

and g
tog = 8f°, | ;
and
?o i go

Symbolically, then we can define a "unity" function 1 such

that

Therefore for n functions fl,fz,--vfn of vy and % the

following series is well defined.

e P ¢ ¥al@a2__%an %b1l%b2, . ¥bn
£) = T+ K Falfazfan o o pRIE0e..30

F(f,).f 15175

2!

+l.....ll."'l.«

Here k s are constants and ajs and b;s are integers. The

series is called a functional F of fl'fZ""fn'
Fractional powers of composition of functionals are

defined in the following manner. If for a given function

h(y,£), there exists another function g(y,%{) such that
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where n is a positive integer, then we define

fli, %

*
If gp = gq for some positive integers p and q, then we
define
o h/P g % . P19

v
We say that -~ is a "Fraction of Composition with numerator

g . -
% u¥k < f f 2
? and denominator g if fg = 1. Two fraction ol
81 22
are equal if ?léz = ?Zél'

The following relationships are self evident

% k% b LS
g gh h e

"

I
o
|
o

it

hel

Negative exponents are defined by

%
5+ = i

(%3

or by

H%'W*
It
L

1
P

It can be shown that [18] from any analytic function

£

Z(zl,zz....zn), regular in the region around zl=22=....zn=0,

we can obtain a corresbonding functional F(fl,fz....fn).
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Moreover, if Z(zl,zz....zn) is an infinite series which is
convergent when the module z are sufficiently small, then
the corresponding series F(fl,fz....fn) is always convergent
whatever fr's may be, provided they are limited. That is,
for all fr's such that

| £, G o6 )lee

Furthermore, the algebra for the manipulations of the
functionals and their compositions is exactly analogous to
ordinary algebra.

Integrals and derivatives of functionals and their
compositions are defined in exactly the same fashion as
ordinary integrals and derivatives. Thus
af
* (fl,fz,--fn) is itself a new function by composition of

df
%

- 4

Linear Systems

The compositional algebra presented above is directly
applicable to linear systems. 'Thus two linear systems with
impulse response functions f(t,1) and g(t,1), when
cascaded, are equivalent to a system given by the impulse

response
t

h(t,t) = /f(t,o)g(o.’[)do

-

Or, alternately, we can write

h- ¥
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Thus signals in a particular part of an interconnected
linear system can be represented as functionals and their
compositions, operating on signals existing in some other
part of the system. The fact that these functionals and
their compositions can be manipulated just like functions
in ordinary algebra and calculus, is of great value in
optimization problems.
4.4 THE INTEGRAL EQUATION

In this section, we derive a necessary and sufficient
condition which the closed-loop optimal cascade compensator
must satisfy.

In order to keep track of the variables, as it was
done in the last chapter, here too we choose to constrain a
functional u of u rather than u. Thus the revised cost

functional L' is
L' = Ely] - 2yyy + y?2) + kelu?) 4.11)

where te

= f‘_\l(t,r)u(T)d-t, t>t0

e

From Fig. 4.1

or

or

66

e ———- e~ < G - A et e e e e it e G . et L AT A A A . D




Thus

y = (W& + Fig) 1) (4.12)

and

u = [ + W& 12 (4.13)

For convenience, in what follows, we omit the "asterisk'.

Substituting Eqs. (4.12) and (4.13) into Eq. (4.11), we
obtain

' 2 ’ -149 1
L' = E yd-2yd=[wc(1+bwc) )z

| S g e Togs e
+ ([we(1+Fue) " )z + k [WG(L+FWG) ™ ]2y

Applying the calculus of variations, we let

f

G GC + eGe

where Gc is the value of G which makes L' stationary, and

eGe is the variation of Gc' Thus

L' = E yg—Zyd}[W[G+eGe](1+FW[GC+eGe])—1]2’

)
1

2
+'[w[cc+ece](1+Fw[Gc+eGe])'1]2’

J
'2
g

The stationary value of 8o is next found by setting

+ k}[g[cc+ece](1+Fw[cc+ece])-1]

dL'
de

0

e=0 i
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Differentiating the right-hand-side of Eq. (4.14) term

by term with respect to e, we have

First Term
d 29 .
af Elygl - o

Second Term

{%5 E -zydz[w[cc+ece](1+Fw[cc+ece])’1]z1

$

d ; -1
E -2ydl[wcC aE(1+bW[Gc+eGe])

. -1, |
ho W[GC+eGe]x(1+FWGC) ]z

$

=0

A f -2 i ok sk}
Ef-2y, [-wcc(1+chc) che+wce(1+bwcc) ]4

l

: { 4 B S
= E|-2y, [}WGCFWGe(1+PWGC) WG (LHFWG ) ]4

l

Third Term

‘

: %)
‘[w[cc+ece](1+rw[cc+ece]) ]z

& 2

dE E

l
\
|

. <1}.4
= 2E '[WGC(1+PWGC) ]z X

$

|

= 2E ‘[WGC(1+FWGC)'1]z:x
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f -1 . =3
'[}WGCFWGG(1+FWGC) +WGe(1+FWGC) ]‘2

Fourth Term

k é%-E{}[E[Gc+ece](1+FW[GC+eGe])-1]z{2}

=0
|

& fr., a1
- 2K E[Q[EGC(1+*WGC) ]z‘x

o -1 ,'
%[‘i [GC+eGe] (14+FW [Gc+eGe]) ] &‘J

&l

" el ok L o
= 2k E[l[gcc(1+rwcc) ]z-x

S -2 a1t
A}gchwce(1+chc) WG (1+FWG ) ]z‘j

We post-multiply each of the above terms by the operator

(1+FWGC)2, gather all four terms and obtain
g . |
E[—Zyd‘ wchwce+wce(1+rwcc)’z]

+ ZE[ [wcc(1+chc)“1]z}}[-wchwce+wce(1+chci]z%}

[-wc FWG WG (1+FWG )‘]]z']
-c e e e ‘

$
{
+ ZkE[:[ﬂCc(1+FWGC)'1]z;
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Post-multiplying each term of the above equation by the

operator (1+FWGC) and simplifying, we obtain

TeEen g
~ 2F l[1+rwcc]yd‘,[woe]z‘]

-

K TR
+ 2E ,[wcc]z“[wcc]z’

f P Fodd 2
¥ 2kE[l[Ec]z“[hoc]A‘] 0

Since G, = 0 for t<t, and arbitrary for txt,, Eq.

can be rewritten as

E[: [wcc]z{ }[w]z(] + kE‘:
¢
lydil[w]7 }

: ‘[rwc ]yd‘ (w]z }

L

=il

A
o

for tzto.

It should be noted that

[WGC]Z = ﬁTZ/drl W(L Tz)G ([2- )7(T1)

(we, Jz = /drzfchl W(t,1,)6, 6,0 2(T))
;: ‘-tx

W)z = jdo W(t,0)z (o)
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e
[E]z = ﬁiol W(t,o0)z(o)

-0C

+a +a +o
[FWGc]yd = /21‘1'3/d12/d11 F(t.v3)W(13,12)GC(12,Tl)yd(T1)

hufh 5 .
where E21427,2T 28, and t2o2t. Substituting the integral
representation for the operator representation in Eq. (4.16),
and interchanging the order of integral operators with the
expectation operator, we obtain the following integral

equation.

« Eor o
‘/:12]:111./;10 W(C.T?_)Ge('lz»Tl)w(t.U)E[z(1 l)z(”)]
s “-m +¢-a +o :

+ k/zrz-/drl/do E(C,TZ)GC(IZ,Tl)ﬂ(t,g)E[z(xl)z(g)]
-:a - 1

. J(hol H(t,0)E [y ()2(o))

4 4 +a +
+ fd13fdrzfdtlfdo F(t,TB)W(T3,TZ)GC(TZ,TI)W(t,G)

Ely (1) z ()] (4.17)

for t213>122112 to, and tzozto.

The key result of this section is given by Theorem

4.1 below.

s
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Theorem 4.1

The necessary and sufficient condition for the
pﬁysically realizable closed-loop cascade compensator G
to minimize L' is that it satisfy the integral equation
(4.17).

Proof

The necessary part of the proof is immediate from the
above derivation. The sufficiency follows from considera-
tion of the second variation.

Comment

In Eq. (4.17), if we set F(t,1)=0 (which is equivalent
to breaking the feedback loop), the equation reduces to the
integral equation (3.17) for the open-loop problem. This
is, of course, what one should expect.

4.5 THE OPTIMAL COMPENSATOR

The optimal compensator Gc(t,r) is obtained by solving
the above integral equation in the time domain. The
solution of Eq. (4.17) follows along the lines of the
solution of Eq. (3.17). It should be noted that the first
three terms of Eq. (4.17) are identical with the three
terms of Eq. (3.17). Thercfore, the results of Lemma 3.2,
and Theorems 3.1 and 3.2 are directly applicable here.

The following theorem summarizes the steps necessary to
convert Eq. (4.17) involving covariances into an equation

involving operators.
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Theorem 4.2

The integral equation (4.17) and the following

operator equation are equivalent

WE*W*G +kWl*xw*g
e - e e

« W kgL g ay G, (4.18)

for tzto, where W? and ﬂa are, respectively, the noncausal

adjoints of W and W; and S is the Kalman-Bucy filler

associated with the process z(+), and is given by Eq. (2.8).
The proof follows immediately if we substitute for

z(t) in Eq. (4.17), the integral

./;(t,T)U(T)dT, tsrsty

-

where v(+) is the innovation process associated with z(-),
and use the arguments developed in Lemmas 3.1, 3.2 and

Theorem 3.2.

Q.E.D.

Since Eq. (4.18) holds for only tzt,, and involves
linear operators and their adjoints, it can be solved via
Wiener's spectral factorization techniques. Once again,
as was done in the last chapter, we set W=§(t-t1) and obtain

the following equation
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(W? * W+ k) *G, = w % sl +F*w*g]
or
W xw+k) *G, *[L+Frwrc)l-wtxs
Let

W rxwW+k=M*M

where M? is the noncausal adjoint of M. Thus
% 2 4 1-1 - @ = AT B
Mre *NEFruxg e et Dl R

where [Ma]'l is the inverse of M? in the sense of Theorem
2.2.

Furthermore, let
et x5 = 1741,
where L is a causal operator and L2 is noncausal. Then

M*ec [L+F*u*g s
C C

2
or
G, = Mlow L, « [1+F %W G
or
G -Mluxpxpxusg =M1l
c 2 co 2
or
(1 - ML *F % W) *G = Tkl 8 3
2 co
or
¢, =[1- ML % Lk F ok Wl vl L, (4.19)
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Equation (4.19) gives the impulse response of the closed-
loop optimal compensator in terms of the operators M,L,,F
and V.

Once again if we set F(t,1)=0, Eq. (4.19) reduces

to Eq. (3.35), the equation for the open-loop compensator
of the last chapter. The state-space realization of
Eq. (4.19) is given by Theorem 4.3 below.
Theorem 4.3
A realization of the closed-loop optimal compensator

Gc is given by

A [ f I ] ' ' 1
a Rae <ok ey B e iRk
P (TR TR LA S it e P LA fie S s foe i e s e
; U SR RO I ( '
9 l : : l__ : | | | |
x88'Y |~ /k88 T, 0 i 0 ! 0 ‘ 0
ame L Sl R py s i T B Al B L G T R ekt ettt
| | f
v 1 ] ' ' 1 ' 1 )
X ESE T bR R0 g T e
B SRy YR e TR U0 S S ERR S T e i e G
; 1 | |
a AR e o e A
: SR e el ..? S
0 : 0 [ 0 f 0 1 A-Ke ; 0
- - - ._.'_.-_.._. 1...__ __.'.-.._... _..'~ - '-‘ F__-
" \ | '
6 g big gl 0 cRet
! -=gg'T
g . { I I VK |
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a
' ' ' : l_).
: Rt TR
u=[0 Lgc T g ;EgY E--k-gT] R
A
a
A
a
A
&
where K, T and Y are given by Eqgqs. (2.9), (3.36) and (3.47)
respectively.
Proof
From Chapter 3, M'l *szhas the realization given by
a (A-Ke) ! 0 a K
T b &t & ik e Ry e © N u
e A R 1
b gRE L gl i b0
B 1
; a
L ! P 2E e &
> & W kK 8&Y vk 8'T s (4.20)
' P—-J

where K and T satisfy the Riccati equations (2.9) and

(3.36) respectively, and Y is given by Eq. (3.47). The

1

realization of 1-M = *L,* F * W is thus given by
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Thus (J.-M.1 *LZ * F % W)—1 from [21] has the state-space

representation

ol o “0 o
L
-+
<X <8 <l <ol
00N i .
i “ ; e
1 ¢ t
ml i ! : voo
% U0y Ve R
|
! : T
Itl!!:L:vl_oxl_
i ' ]
> _ L
- 1 § gyEote
g ] 0 .K ! g
&G g t &0
1_.K. , < , i
e e e e RS
| \ U
| | !
' i |
o T o MO
) ' |
| / !
"l'l"lb'-'.'-lll
| | :
| |
Lom= 'y '
O TR B -
\ 1 !
| ! :
ks " !
]
= v T ;
<X '«<B 1 <m| ' <0l
L ! W !
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(4.2 )

Theorem 4.3 will follow immediately if we augment Eq. (4.20)

with the above equation.

Q.E.D.

Theorem 4.3 gives a state-space realization of the
optimal closed-loop cascade compensator. The realization
is explicit and can be easily computed from a knowledge of
the system parameters. Here also, the compensator equations
contain k as a parameter. The value of k is chosen by the
designer via trial and error or graphical techniques such
that the constraint equation (4.10) is satisfied.

4.6 SUMMARY AND CONCLUSION

In this chapter, the closed-loop cascade compensator
design problem for nonstationary systems was formulated
and solved. The approach used was a time-domain one, and
the final design of the compensator was given in terms of
its state~-space realization.

The usefulness of the closed-loop design versus the
open-loop design of the last chapter lies in the fact that,

in general, closed-loop systems are less sensitive to
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system disturbances and variatioﬁs in system parameters.
But before such a system is implemented in practice, one
has to be assured of the stability of the loop. This
important question, that of the stability of the closed-
loop as well as the open-loop system, is the topic of the

next chapter of this dissertation.
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CHAPTER 5
STABILITY

5.1 GENERAL

In Chapter 5 we derive the conditions for the stability
of the open-loop and the closed-loop compensators, as well
as the resulting systems.

It was pointed out in Chapter 3 that the stability
properties of the Kalman-Bucy filter associated with the
input signal z(+) play a major role in the stability of the
open-loop system. It will be shown in the sequel that the
same holds true for the closed-loop system as well.

This chapter is organized into five sections. In the
next section, Section 5.2, we present a brief introduction
to the stability theory, and state conditions for the
stability of Kalman-Bucy filters. Sections 5.3 and 5.4
deal, respectively, with the stability of the open-loop
and the closed-loop systems. Finally, in Section 5.5, a
brief summary of our results and a conclusion are
presented.

5.2 STABILITY AND THE KALMAN-BUCY FILTER

We start with a few basic theorems of the stability
theory. For the definition of the terms used here, the
reader is referred to [10] and [24]. Consider a linear,

dynamic autonomous system

x(t) = A(t)x(t) (5.1)
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Theorem 5.1 [24]

The zero state of Eq. (5.1) is asymptotically stable

if there exist positive numbers k1 and k2 such that

ko (t-
lloCe el < ke 2(E-F0)

for any t; and for all t2t,, where || + || denotes the

0’
Euclidean norm. Alternatively, the zero state of Eq. (5.1)

is asymtotically stable if
“¢(t,t0)|L>0 as to«

Note that for linear system, asymptotic stability also
implies exponential stability.

Next, consider the linear dynamic system E given by

x(t)

A(t)x(t) + B(t)u(t) (5.2a)
C(t)x(t) (5.2b)

]

y(t)

The bounded-input bounded-output (BIBO) stability [24]

of E requires that

t
f”C(t)d?(t,T)B(r)llde«a
to
for any t and all t>ty.

We will be concerned here with the total stability or

T-stability of systems [24] which requires that for any
initial state, and for any bounded input, the output as
well as the state variables of the system E are bounded.
The following theorem giJ;s the conditions for the T-
stability of E.
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Theorem 5.2 [24]

If the matrices B and C in Eq. (5.2) are bounded on
(-=,=), and the zero-state of ;=Ax is asymptotically stable,
the system E is T-stable.

The following two theorems state the conditions for
the boundedness of the solutions of matrix Riccati equations,
and the stability of Kalman-Bucy filters.

Theorem 5.3 [10]

Consider the linear dynamic system Fl given by

]

x(t)

y(t)

A(t)x(t) + B(t)u(t)
C(t)x(t)

Tl:

]

and the matrix Riccati equation

P(t) = A(E)P(t) + P(L)A'(t) + B(t)K, (£)B' (t)
- P(t)C'(t)Kz(t)C(t)P(t) (5.3)

Then if (a) A(t) is continuous and bounded, (b) C(t), B(t),
Kl(t) and Kz(t) are piecewise continuous and bounded, and
furthermore, that K1 and K2 are positive definite, (c) the
homogeneous system §=Ax is exponentially stable, the
solution P(t) of the Riccati equation (5.3) with the initial
condition P(t0)=Po>0 is bounded, and converges to a non-
negative definite matrix P(t) as to*-e- P(t) is a solution
Eq. (5.3).

Theorem 5.4 [10]

Consider the measurement process z(-) of Chapter 2 and

its associated linear model, whose governing equations
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(2.3) and (2.4) are rewritten below

z(t) yd(t) + v(t) (2.3)
v (t) = A(E)p(E) + B(EIw(t)
y4(t) = C(t)y(t)

(]

(2.4)

Then if (a) A(t) is continuous and bounded, (b) B(t), C(t),
Q(t) and R(t) are piecewise continuous and bounded, and
furthermore, that Q(t) and R(t) are positive definite, and
(c) the system given by Eq. (2.4) is either

I. both uniforaly completely reconstructible, and

uniformly completely controllable, or

II. asymptotically stable.
the Kalman-Bucy filter given by Eqs. (2.8) and (2.9) is
asymptotically stable.
5.3 THE OPEN-LOOP SYSTEM

In this section we derive the conditions for the T-
stability of the open-loop compensator and the overall
system.

Recall from Chapter 3 that the impulse response

W.o(t,1) of the open-loop compensator is given by

W = M'l * L
co 2

Note from [24] that the T-stability of two or more tandem-
connected linear systems guarantees the T-stability of the
resulting overall system. Therefore for Woo tO be T-stable
it is sufficient that M’l and L, be each T-stable. First

we consider M'l.
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From Chapter 3, the state space representation of M-l

is
b = (F- 1 gg'T)b + L g u
M~ +» l (5.4)
1 1
- G o e ity S
where, T(t) satisfies the matrix Riccati equation
T=TF+FT+hh-Tg > g'T (5.5)

k
i) = 0 ;
Obviously, the boundedness of T(t) is a necessary condition
for the T-stability of M'l. The following theorem

establishes the conditions for the boundedness of T(t).

Theorem 5.5

Consider the dynamic system DSl given by Eq. (3.1) and
the Riccati equation (5.5). If (a) F(t) is continuous and
bounded, (b) g(t), h(t), and k(t) are piecewise continuous
and bounded, (c¢) k(t) is positive definite, such that %

exists for all txt and (d) the zero-state of the homo-

0’
geneous system x=Fx 1is asymptotically stable, the solution
T(t) of the matrix Riccati equation (5.4) is bounded.
Proof

The proof of Theorem 5.5 is an immediate consequence of

Theorem 5.3.

Next, we prove in Theorem 5.6 that the conditions

PSP

under which T(t) is bdunded are also sufficient to ensure

the TfBCability of M'l. For the proof of this and a
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subsequent theorem, we need the following lemma.
Lemma 5.1 .

If F is a negative definite matrix, the homogeneous
system x=Fx is asymptotically stable.

Choose a positive definite quadratic form
V=x"Ix
Therefore
V= 2x'x = 2x'Fx
For negative definite F, V is negative definite, and
therefore, from Lyapanov's stability criterion (29], x=Fx

is asymptotically stable.
Q.E.D.

Theorem 5.6

Under the assumptions (a) through (d) of Theorem 5.5,

1

the system M " given by Eq. (5.4) is T-stable.

T Qroof ..~

First consider the homogeneous system
. 1 .
b= (F- =gg'T)h

The state transition matrix S(t,t) of M'l is given by

t
s(t,1) = exp[f(F- ‘l( gg'T)do]
T

- exp[f:‘ do] x exp['/f% gg'T do]

T T
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= ¢1(t.T)¢2(t,r)

where ¢1(t,r) and ¢2(t,r) are the state transition matrices
associated with F and - % gg'T respectively. Denoting the

Euclidian norm by ||+ ||, we have

IBCe, ) Il < llog (e (] v, (e, 0 I (5.6)

From the assumptions and the consequence of Theorem 5.5,
% gg'T is bounded and positive semidefinite, and therefore
- % gg'T is bounded and negative semidefinite. This

implies, from [8] that
lloy (&, DI} K, <
Furthermore, since x=Fx is asymptotically stable, Theorem
5.1 implies that
llo7 (£, ][0 as toe
and therefore
|B(t,1)]|»0 as t+a

Theorem 5.5 also implies ﬁhat }ﬁ g and %—g'T are bounded.

Therefore H“l is T-stable.

Q.E.D.

Finally, we proceed to establish conditions for the
T-stability of L2. Recall from Eq. (3.49) that the
boundedness of the nxm matrices U1 and U2 is a necessary

condition for the T-stability of L2. Here U, and U2 are

1
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k" solutions of the first order linear matrix differential
equations (3.50a) and (3.50b) respectively. The following

Lemma 5.2 which establishes conditions for the boundedness

of the solutions of linear matrix equations will be

required in the subsequent discussion.

Lemma 5.2

Consider the matrix differential equation

X(t) = A(E)X(t) + X(t)B(t) + C(t) (5.7)

X(to) = D0

Here X, A, B, C and DO denote, respectively, matrices of
dimensions nxm, nxn, mxm, nxm and nxm. The elements of A,
B and C are bounded, piecewise continuous time functions,

i and D, is a matrix of constant coefficients. If both A and

B are stability matrices [25), that is, both

X; = AD)X(E)
o = B' ()X, (t)

and ;
X

are asymptotically stable, the solution X(t) of Eq. (5.7)
is bounded.
Proof

Let ¢,(t,1) and ¢,(t,1) be the state transition

matrices of the two matrix differential systems

P, = AP
and .1 l

such that
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1(E,T) = AS (t,1); $,(e,t) = L

. Al

$o(t,1) = B'8,(t,1); 8,(t,t) = 1

o.

t nxm

Then from [26], the solution X(t) of Eq. (5.7) is given by

t
X(t) = J/.sl(t,T)C(T)sz(T,t)dr

to
Thus t
Ixce) lls [ 118, (e, CCOI ], (x, ) Jldt

0
Since B is a stability matrix, from a theorem in (8],

32(1,t) is bounded. That is

A A
|Ml(t,t)|kkl<c

and therefore,

t
Ikcor sk, [ 118, e ooec o
t
0

Furthermore, asymptotic stability of él = AP, implies that

t
A
/ Hsl(t,T)C(T) <K, <«
to
s 'm(t)‘kﬁ122<¢' and hence X(t) is bounded.

Q.E.D.
Using the results of the above lemma, we state and prove

in Theorem 5.7 below the stability conditions for L,.




Theorem 5.7

Consider the dynamic systems DSl and DS2 given by Eqs.
(3.1) and (3.2) respectively. Under the assumptions (a)
through (d) of Theorem 5.5 concerning the parameters of DSI1,
and the following additional assumptions (e) through (h)
concerning the parameters of DS2; (e) A(t) is continuous
and bounded, (f) b(t), C(t), Q(t) and R(t) are piecewise
continuous and bounded, (g) Q and R are positive definite,
(h) the dynamic system DS2 is either

I. both uniformly completely reconstructible and

uniformly completely controllable, or

II. asymptotically stable
the dynamic system L, given by Egs. (3.49) and (3.50) below

is T-stable.

é = (A-Ke)a + Ku

1
L, «» ¢y = 7= g'luj+u,]a (3.49)
g(to) ~ 0
where
ixl = F'U; + Uj(A-Ke) + h'c (3.50a)
Ul(to) =0
. L 1 ] L
UZ = (F -7E-ng )U2 + UZ(A-Kc) - Tgg U1 (3.50b)
Uz(to) =0
Proof

! First consider the homogeneous part of Eq. (3.49) given
by
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a = (A-Kc)a (5.8)

Assumptions (e) through (h) above, and Theorem 5.4 imply the
asymptotic stability of the Kalman-Bucy filter associated
with the system DS2. Consequently, the homogeneous system
of Eq. (5.8) is asymptotically stable, and futhermore, K is
bounded.

Next, we prove that under the assumptions of the
theorem, U1+U2 is bounded. 1In Eq. (3.50a) for Ul' F' and
(A-Kc) are stability matrices. Therefore, from Lemma 5.2,

U

1 is bounded. Furthermore, in Eq. (3.50b) for U?.

F'-}E Tgg' is also a stability matrix from Theorem 5.6.

Thus U2 is also bounded. Hence U1+U2 is bounded and the

T-stability of L2 follows.

Q.E.D.

The above discussion establishes the conditions for the

1*L2 .

Since the impulse response of the overall system is w*wco,

T-stability of the open-loop compensator WCO=M'

and since W must be T-stable in accordance with the
conditions of Theorem 5.6, the overall system is T-stable.
In summary, we thus conclude that the conditions (a)
through (d) of Theorem (5.6), and the conditions (e)
through (h) of Theorem (5.7) guarantee the T-stability of

the open-loop compensator, and that of the overall system.

)
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5.4 THE CLOSED-LOOP SYSTEM

In this section we discuss the'stability properties of
the closed-loop compensator and the closed-loop system of
Chapter 4. We show below that the stability of the closed-
loop system (but not necessarily that of the closed-loop

compensator) is a direct consequence of the stability of

i

M and L2.

From Chapter 4, we have
y(£) = W% G, *{(14F * W * G "1 }z(¢) (4.12)

where Ge» the impulse response of the closed-loop

compensator is given by

1 -1

G. = {1-M * Ly * F ='rw]‘1 * M

o * L, (4.19)

Substituting Eq. (4.19) into Eq. (4.12), and for
convenience, omitting the asterisk, we obtain

y(t) = w(l-w" L, Py i L, (e il itz

(5.9)

LZFW)

Now consider the bracketed portion of Eq. (5.9), which we

rewrite below.

1 1 -1

{(1+FW(1-M" LZ'FW)-]'M' Ly} (5.10)

1

Expanding (1-M~ LZFWS'linto;aNeumann series [28] Eq. (5.10)

is written as
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(1+FW(1-M'1L2Fw+M'1L21rwn‘lLZFw—....)M‘ILZ}'1

: a1 - o1 A SR & -1
+rae Ly -Fa L, Fae L et L e, )

= (a-pm i)t

- 1-qu'1L2

Thus Eq. (5.9) reduces to

y(t) = w(-M1

1

LZFW)'lM'le(l-FWM"lLZ)z(t) (5.11)

By expanding (1-M~ LZFW)'1 once again into a Neuman series,

it is straightforward to show that

1 1

= o A, . -1
(L-MTTLyFW) ML, = ML, (1-MTTL,FW) (5.12)

Substituting Eq. (5.12) into Eq. (5.11), we obtain

1L2FW)'1(1-M‘1L2FW)z(t)

1

y(t) = WM'1L2(1-M'

=W*M" %L, * 2(t) (5.13)

2
The discussion so far, on the closed-loop system leads to
the following theorem.

Theorem 5.8

Under the assumptions (a) through (d) of Theorem 5.5
concerning DS1, and the assumption (e) through (h) of
Theorem 5.6 concerning DS2, the closed-loop system of
Fig. (4.1) is B1BO stable.

Proof

The proof follows immediately from Theorems 5.6, 5.7
and Eq. (5.13).

Q.E.D.
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It should be noted that Theorem 5.8 gives conditions
for the B1B0O stability of the ciosed-loop system, The
T-stability of the system, in addition requires the T-
stability of the closed-loop compensator and the feedback
sensor (DS3) with impulse response functions Gc and F
respectively. From Eq. (4.19)
£

o | .
- = %* * % *
6, =[1-m L, * F wlt x M L,
Thus in addition to the conditions of Theorem 5.8 which
imply the T-stability of M-l * L,, the T-stability of the

closed-loop system requires the T-stability of the operator
[1-M7! % L, * F * W)™l The additional conditions which
must be imposed on DS1, DS2 and DS3 for the T-stability of
[l-M-1 ot T W]-l are left as a topic of future
research on this problem.
5.5 SUMMARY AND CONCLUSION

In this chapter we derived conditions for the T-
stability of the open-loop compensator and the open-loop
system, and the B1BO stability of the closed-loop system.
It was shown that the conditions which must be imposed upon
the plant (DS1) and the reference system (DS2) for the T-
stability of the open-loop system, also guarantee the B1BC
stability of the closed-loop system. The T-stability of
the closed-loop system requires, in addition, the T-
stability of the closed-loop compensator. The T-stability
properties of the closed-loop compensator are left as a

topic of future research in this area.
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS
FOR FURTHER RESEARCH

6.1 CONCLUSIONS

The object of this research was to develop a unified
theory of optimal tracking (in the mean-square sense) which
would admit stationary as well as nonstationary systems.
Only single-input/single-output, multi-state systems were
considered here. The research, in essence involved the
design of compensators which would give the systems under
study the desired tracking properties.

The systems in both, an open-loop and a clnsed-loop
configuration, were studied. For each of the configura-
tions, the optimal compensators were realized explicitly
in the state-space. The compensator equations contain an
unknown parameter (a Lagrange multiplier), whose value is
chosen, usually by graphical techniques, to limit the input
signal to the plant.

The question of the system stability for the two
configurations was also addressed. It was shown that if
the Kalman-Bucy filter associated with the input signal,
and the given plant are asymptotically stable, the open-
loop system is totally stable (T-stable). It was also
shown that for the same conditions, the closed-loop system

is only bounded-input bounded-output stable. Additional
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conditions which must be imposed upon the closed-loop

system for the T-stability, need further research.

6.2 RECOMMENDATIONS FOR FURTHER RESEARCH

The theory of stochastic optimal tracking of nonsta-

tionary systems is by no means complete at this time.

Some related problems and areas which warrant further

research are given below.

¥.

Conditions for only the bounded-input/bounded out-
put stability of the closed-loop system are given
here. The question of the T-stability of the
closed-loop system warrants further research.
Recall from Chapter 5 that a necessary condition
for the T-stability of the open-loop system, and
the B1BO stability of the closed-loop system, is
the asymptotic stability of the plant. What if

the plant is unstable to start with. The open-
loop compensator is of no direct value here, unless
the plant is stabilized first by an auxilliary
closed-loop [2]. A possible alternative is the
closed-loop compensation scheme along the lines of
Youla, Jabr and Bongiorno (5] for the stationary
case, Thus if the unstable plant-sensor combina-
tion can be stabilized at all, and if I is the set
of all possible stable and proper compensators
which stabilize the system, then the search for the

optimal compensator need to be restricted to this
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' set. An extention of this method to the case of
nonstationary systems is nontrivial and warrants
considerable research.

- The case of multi-input/multi-output system and
colored noise should be investigated. Extention
of all of the above work, completed or suggested,
for the discrete time systems is of great

practical value.
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