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A SINC-GALERICIN METHOD OF SOLUTION OF BOUNDARY VALUE PROBLEMS

Frank Stenger , Department of Mathematics ,
University of Br itish Columbia

Vancouver , B.C.

Abstract

This paper illustra tes the application of a “Sinc-Galerkin” method

to the approximate solution of linear and nonlinear second order

ord inary differen tial equations, and to the approximate solution of

some linear elliptic and parabolic partial differential equations in

the plane. The method is based on approximating functions and their

derivatives by use of the Whittaker cardinal function. The DE is

reduced to a system of algebraic equations via new accurate explicit

approximations of the inner products , the evaluation of which does not

require any numerical integration. Using n function evaluations

the error in the final approximation to the solution of the DE is
l/2d

0(5
_cn ) where c is independent of n , and d denotes the

dimension of the region on which the DE is defined. This rate of

convergence is optima l in the class of n—point methods which assume

that the solution is analytic in the interior of the interval, and

which ignore possible singularities of the solution at the end—points

of the interval.

_ D D C

Lm~~~ 11
978

J
D 

- -

~~~~



- 
,

-~~~ ~~ 
. -~—~~ - .~~~~~~ — ~~~~~~~~~~~~~~~~~~~ •~~~~.a_ . . .- __ . .~~~~~~_ .  — - -  - . — ~~ .. _ .~~

1. Introduction and Su ary

The function ainc(x) is defined on the real line by

sin (TX)(1.1) sinc(x) — 
ITX

The whittaker cardinal function of an arbitrary function f is defined

for any h > O  by

(1.2) C(f,h,x) — ) f(kh)sinc[~~~~), h > 0,

S 
-

whenever this series converges.

The approximation of f using a finite number of terms of (1.2)

has been extensively studied. The paper (8) contains a review of the

properties of C(f,h,x) which were discovered by E.T. Whittaker (15),

J.M. Whittaker [16], Hartly (5), Nyquist (9] and Shannon (121. In (13)

new approximations are derived by means of C(f,h x ), for interpolating,

integrating and approximating the Fourier (over (_.,i.) only) and Hilbert

transforms over (— ,— ) ,  (0,”) and (—1,1) . In (
~

) the function

C(f,h,x) is used to obtain formulas for approximating the derivatives

of functions over (—.‘,.), (0.”) and (—1,1)

In the present paper we use results of [7,13) to derive basis

functions for Galerkin schemes of solving second order problems,

and we derive explicit and highly accurate expressions for inner

products such as Cf L.’~j . , *k). ~ k~’ 
(fu, *k) . All of

these are expressed in terms of the function value, of u, and not

the der ivative , of u • We then study the application of the derived

-
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r.
approximations on the approximate solution of some ordinary and partial

differential equations, via the Galerkin method . Th. combined method

thus yields a system of algebraic equations, without the use of any

quadrature.

Let us briefly compare the present method of approximate solution

of linear differential equations with currently popular finite difference

methods, or with finite element methods that use piecewise linear

elements. The finite difference or finite element methods lead to a

sparse system of equations. The use of n solution evaluations

usually leads to a linear system of n algebraic equations having

non—singular coefficient matrix. The error in the resultion approxi—

ution is 0(n 1)), where p is usually 1 or 2 • The “Sinc—

Galerkin” method of the present paper also leads to a system of order

n on the basis of n solution evaluations. This system has a

nonsingular full matrix. The error in the

1/(2d)
resulting approximate solution is O(e~~~ ) ,  where d denotes

the dimension of the problem. The advantage of the present method is

that due to its rapid convergence it does not require the solution of

a very large system of equations in order to achieve a ds$irsd accuracy,

if more than two significant figures of accuracy are required in the

approximate solution. In addition, the rate of convergence of the

present method is the same , regard less of possible singularities of

the solution of an equation on the boundary of the region.

The approximate methods of (7 ,13) have previously been effectively

applied to the approximate solution of integral equations via Galerkin—

t jr ~~~~~~~~ - ii.



type methods in [2,10,11). In [6) an effective Galerkin—type method

is derived which uses approximations derived in [13] to obtain an

approximate solution to the problem

(1.3) y” — y — y3/’-2 , y(O) — y(c’) — 0

via the minimization of a certain nonlinear functional. In all of the
4

above cases the error of an n—point approximate solution is O(e
_Cfl 

~

In Sec.2 of the present paper we review the relevant known

approximation properties of Whittaker’s cardinal function, and we then

use these to derive explicit approximate inner products, in general as

well as for the important special cases of the intervals (0,1], (—1 ,11,

[0,”] and [—“ ,.J . In Sec.3 we illustrate the application of the

T previously derived formulas to the approximate solution of some simple

“model” problems , such as u” — —2 , u” — u — u3/x2, u~ 
a u~~ and

+ u — f , with appropriate boundary conditions . In Sec.4 we
l/(2d)

carry out an error analysis, proving the 0(5
_cn 

) rate of

convergence referred to above.

It is worthwhile, for purposes of better understanding of the

results of the paper, to consider the solution of the one—dimensional

problems

L(f)(x) — f”(x) + q(f(x), f’(x),x) a 0, 0 c x < 1
(1.4)

f(0) — f(l) — 0

or

L(f)(x) — r0(x)f”(x) + r1(x)f’(x) + r 2 ( x) f ( x )  • r Cx), 0 < x < 1
(1.5)

f ( 0) — f ( l ) — 0

.I-~
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We seek an approximate solution of (1.4) or (1.5) of the form

N
(1.6) f(x) — 

~ ~k S(k~h).~(x)k-—N

where

sin(j~(x~kh)]
(1.7) S(k,h)(x) — , +(x) — log j—

~(x-kh) 
X

We introduce a convenient function g which plays the role of a weight

function, set

(1.8) Sk(x) — g(x)S(k,h)°$(x)

and reduce the solution of (1.4) or (1.5) to the solution of the Galerkin

system

1
(1.9) (L(f)ISk) — J L(f)(x)Sk(x)dx — 0, k — — N, —

0

The results of thm . 2.11 together with Eq. (2.54) may then be used to

get an explicit approximation of (1.9) for the case of (1.5), whereas

the combination of Thm. 2.7, 2.11 and Eqs. (2.54) may be used to get

an explicit approximation of (1.9) for the case of (1.4).

The author is grateful to A. Adler and J. Varah at the U.LC.

for valuable discussions ivolving Thm. 2.12 of this paper. The author

also wishes to thank Bob Burke of the Univ. of Utah for carrying out the

computations in Sec . 3.
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2. Preliminaries and Fundamentals

In this section we shall recall some known properties (8] and

derive some new properties of Whittaker’s cardinal function, which we

shall require in this paper.

Definition 2.1. Let R denote the real line, C the complex plane, and

let B(h) denote the family of all functions defined on C that are

entire, such that f &L2(R) and such that

(2.1) If (z) I ~~~~~~~~~ z - x + iy EC ,

for some constant C . Set

(2.2) S(j,h)(x) . sinc1~~
ih]

and

(2.3) ~~~~ • s~ ’~ (j , l) (k) a cf..)
nS(j ,1) (x)

l k

In particular, we have

(~ ) ~l if j a k

6
jk lo if j # k

(1) 0 if j a k
(2.4) 6

j k 
— 

~~~~~~ 
k

(2) If 3 k
6jk • 1  

—

2 ~ j # k ,
(k—j)

_____________________________________________________________ — ~~~~~~~ -.~



Theorem 2.2 [8]: Let f ~~B(h) . Then f(s) — C(f ,h ,z) . Moreover

(2.5) f(s) - J g(t)ei2tdt for some g ~ L
2(- ~ , ~ )

(2.6) f(z) * f~, 
sinc(!~~Jf(t)dt

(2 .7) 
f

f f ( x ) f
2dx — h~~~~ I f (kh) J

2

• and the sequence (h4S(k,h)} __,, is therefore a complete orthonorinal

sequence in B(h) ;

(2.8) f € B(h)~~~ f ’  ~ B(h)

Theorem 2.3: Let be defined as in (2.3) . Then

(2.9) 
1R~~~~~~~ 

hl-n

n • 0,1,2,...

Proof: Let us set

(2.10) f(t) a S(j,h)(t)

and let us note that f E B(h) . By Eq. (2.8) it thus follows that

€ 1(h) , n • 0,1,2 , . . .  . Eq. (2.9) thus follows by taking

• f • S(j,h) (E~ in (2.6), and noting by (2.3) that

• (2.11) S~~~(~,h)(kh) - h~~ .



Pt  ______Definition 2.4: Let d > 0 , and let B(V’) denote the family of alld

functions f that are analytic in

(2.12) — {z a ~ + iy : I~ I < d) ,

such that

(2.13) If(x+iy)I dy + 0 as x +

and such that N(f ,O~) < , where

(2.14) N(f ,V~) a ~_ f ~ (x+iy)~dx + 
JR

Theorem 2.5 [13): Let h and d be positive, let f E B(V~), and

let c(f) be defined by

(2.15) c( f) (x )  a f(x) — C(f ,h ,x) ,  x E R

Then

2 16 f ain(irx/h) I f(t—iC) f(t+id ) d( . ) c( )(x) — 2ir i J R
( (t_ x_ id)sin(t_ id) 1r/h) — (t— x+id)sin(t+id)w[h)’ 

t

Moreover

N (f,V’)
(2.17) flc(f)fl , — suplt(f)(x)~ ~ 2ird sinh(vd/h)

Definition 2.6: Let V be a simply—connected domain in the complex

plane C, and let V~ be defined as in (2.12) . Let • be a conformal

map of V onto V~, and let • • denote the inversi map . Let

a *(— ) and b • $( .) # a be boundary points of V , and let us take
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(2.18) r a Cv ~ V : w — 4i (x), —“ x ~

Let 3(V) denote the family of all functions that are analytic in V

such that for u real

(2.19) f ~f(z)dz~ • 0 as u • ±“
$(L+u)

where

(2.20) L — (iy : —d 
~ 
y ~ d),

and such that

I • (2.21) N(f,V) - lim inf J If(z)dzl <
c-.~V ,CCV C

(Note that if f 6 B(V), then f • ~, eB(V~).) Set

(2 22) X
k 

— 4s(kh) , k a 0,±l,i2,...,

and let g be a function which is analytic in V , which plays the role o~ a
weight function in the inner products, and whose properties we shall determine

In the sequel. Finally, we set

(2.23) S~(z) — g(z)sinc( (~~
_1h
] a g(z)S(j,h)s~ (z)

The following result was established in (7).

Theorem 2.7: Let m be a nonnegative integer , and let f~ ’/g E~~
(
~

)

Let there exist positive constants n , C0 depending only on m, d H
and g, C1 depending only on m and g, and C2 depend iAg only on

• m, $ and f , such that

(2.24) ~ C2 ~~~~~~~~ for all x ~ r

____ 
~~~.._ _ _ _ _ _ _ _

• L k  ~~~~~~~~~~~



p
(2.25) ~(

d
)
nS (X)~ ~~C1 h

—n for all x ~~~

n—O,l, . • . ,m.

(2 .2 6) l (L)n{ u i T /
~~}t< C h~~ fo r all x €r , a

Then there exists a constant K depending only on m,d ,c*,g and f such

that if h a (rd/(aN)]4 then

n+l
N f(x ) —

(2.27) — (x ’ 
S~
”
~(x)l ~ K N 2 exp (— (T dc sN)4]

j —— N 8 j ’ -‘

for all x ~ F, and for n —

*
Theorem 2.8 (13]: If f 6~B(V), then the identity

f(x )
(2.28) 

~‘~ x) — 

•$( ) 
S(j,h).4s(x)

ia-” I

sin[w$ (x) /h) f f (z )  dz
ZiTi j ($(a)—~(x)1sin(it+(z)/h]aV

is val id for all x er . Moreover

“ f(x )
(2.29) 1’ f(x)dx — h ~

1 ~
• e~~~~~

(z) sgn Im •(z)J
f( z) dz

~~ 
sin( j $(z ) )

The results of this theorem may be conveniently combined with those of

the formulas obtained above, to yield explicit approximate expressions

f or inner products. The results of the following lemma are useful for

*Here and henceforth f f(z)dz is defined by lie ~~~ Jf(z)dz~ for any • ( ,c-.~1),ccD
fEB (V ) . 3V
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bounding the error of these approximate expressions.

Lemma 2.9: If t Im zi d > 0 and if k is an integer, then

1 ts inc[(z_kh)/hII 
~~C1

(h ,d) h(2.30) -

~~ I sin(i,z/h) - 2lT d

1 ( d/ d z) {s i n c ( ( z—kh ) I h i I  
~ C.,(h,d) 

d+(h/IT)tanh(wd/h)
(2.31) sin(,~z/h) I 

- 

2d 2tanh(lTd/h)

d2
—1{sinc( (z—kh)/h])

1 da ________________________________(2.32) 
~ sin(1!/h) ~~C3(h,d) 

((2~/v)~~
2t~/h1d tanhOrd/h)+2d

2 d3tanh(ird/h)

(2 33) ~sin (vz/ h)~ > ainh(tTd/h), Icos(lrz/h)I ~ cosh(nd/h)

Proof: We shall only prove (2.31). since the proofs of the remaining

cases are similar, and we omit thee. We have

v a 
~~

— (S(k ,h ) ( z ) )  — 
co!11t(z—kh)/h] 

— !i sin(tr(z—kh)/h]dz a — kh (z kh) 2

Now if ( Lnz I — d , then z—kh l ~~d , I cosN (z—kh)]I ~,cosh(wd/h) and

tsin (vz/h)I sinh(ird/h); hence

I v I 1 h
siñ( ivz/h ) I ~ d tanh (ird/h) + —i a C2 (h ,d)

Theorem 2.10: Let be defined as in (2.3) and (2.4), let C
1

(h ,d)

be defined as in Lenuna 2.9 , let X
~K 

be defined as in (2.22), Sk as in

(2.23), set Fk P(x
k) for an arbitrary function F, and let r and

• f be functions which are analytic In V

_  I

(a) Let rfg 63(V) . Then

_ _ _ _ _ _ _ _ _ _ _ _—- - - . .—~ — -— — — --—--—------—--—-- —



(2.34) r (x ) f (x )S k (x)dx - h 
1k~~~k ~ C1(h,d)N(rfg,V)e

’
~~
’

(b) Let (r fg/$ 1(x) • 0 as x ~ a and as x ~ b along r, and let

(rg)’f and rg~ ’f ~~B(V) . Then

(1)

(2.35) ~ r(x)f’(x)Sk(x)dx + h 
) f { 1  ~~~ + (rg)

1 

6kJ

C [C
1

(h ,d)N(f(rg)’,V) + C2(h ,d)N(frg$t ,V)Je
_Td

~
’h

(c) Let (frg’/4sJ(x), (frg~’/+](x) and (f’rg/~ ] (x) + 0 as x • a

and as x ~ b along r, and let f(rg)”, f(2(rg)’~~’ + rg~”J and

E a(V) . Then

(2.36) r(x)f”(x)S (x)dx

(1) (2)

_____ 
(0) (2(rg)~~ + (rg)~~~ ] 6kj 6k3 

~— 1. 41 A ’ k’ 4.’ h (rg)4~ 4 2
j s —

~ 
‘~~~‘j 

‘j ~~~ h

~ (C
1

(h ,d)N(f(rg)”,V) + C2(h ,d)N(f{2(rg)’~ ’+rg~”},V) + C3(h,d)N(frg($’)
2,V))

•

Proof: We shall only prove the (b)—part of Theorem 2 .9 , since the proofs

of the (a) and (c)—part s are similar .

We find, upon integration by parts , that

(2.37) f r(x)f’(x)Sk(x)dx — r(x)f(x)Sk(x)I~

— 

J r 
f(x)(r(x) S~(x) + r’(x)Sk(xfldx

~~~~~~~~~~~~~~ 
.
~~ 

-
~~~~ 

•



The first term on the right—hand side vanishes, by assumption of the

(b)—part of the theorem, while by expansion of the second part of (2.37),

we have

(2.38) f r(x)f’(x)S
k(x)dx

- f + (rg$’)(x)s’(k,h).$(x)Jdx

Hence by replacing f in (2.29) by the integrand on the right—hand side

of (2.38), and noting that if z E aV , then I Im$(z) I • d and

•(z)sgn In $ ( z ) ] t  — e~~~
’1’ we find by (2.29), Lemma 2.9 and

Theorem 2.3, that

I f r(x)f’(x)Sk(x)dx

+ h 

~L’ ~1 
+ (rg)

1 

~~~ }I
~ ~~~~~ J (C1(h ,d ) I [ f ( rg ) ’J (z ) j + C2 (h ,d) I (f rg+ ’)(z)~ )~ dz I ,

which is just (2.35) .

Theorem 2.11: Let N be a positive integer , a a positive constant ,

and take h (wd/ (aN) ~~

• (a) Under the assumptions of Theorem 2.9 (a),

r fkrk$k ~1 -‘wdaN~
4

(2.39) J r(x)f(x)Sk(x)dx — h 
~~
, ~~~~~~~~~~ e ‘ ‘

r “k N

where K1 depends only on f,r,g,d and a;



4 ~~~~~~~~~~~F

(b) If I(rsf)(x)I ~~~ exp(—aI~ (x)I) on r , then under the assumptions

of Theorem 2.9 (b),

(2.40) 

~ 
r(x)f’(x)sk(x):x + h 

j~—N 
~1 

+ (rg)
1 

4 (1)

~ K2 ~~~~~~~ , k a —N ,—N+1,..., N

where K2 depends only on f,r,g,d and a;

(6) If (f(2(rg)’ + rg$”/+’})(x) and (rgf$ ’I(x) are bounded by

K exp (—a~$(x)~ ] on r , then under the assumptions of Theorem 2.9 (c),

(2.41) 1 r(x)f”(x)Sk(x)dx
(1) (2)

N 
j

(rg)~ 
~~ 

• (2(rg)~~+(rg)~~~3 
6kj 6kj

4 1 k~ 
+ 

‘ ‘ h (rg) 4$4 —
~
--

j——N ‘~~~~J .‘ yj ~~~~~~‘ h

~~K3N e , k a —N,—N+l,...,N

where K3 depend s only on f ,r g , d and a
Proof: The proof is similar to that of Theorem 8.1 of (13), and we omit

The results of Theorem 2.10 are especially suited to the solution of

linear differential equations via a Calerkin method , for which the

functions (Skl~j 
are the approximating basis functions. We remark that

we could have obtained alternate expressions of f r (x) f
~~~

(x) Sk(x) dx,

by combining equations (2.29) and (2.27), i.e., if rgf~~~ E 3(V), then

by Eq. (2.29)

(2.42) 1 ‘r r(x)f~’~ (x)$k(x)dx — 

h rkgk f (~~) I
~~~



and we could nov use (2.29) to approximate f
~~~

(xk) on r . However,

the resulting expressions are not as accurate as those of Theorem 2.10.

Nevertheless the pair of equations (2.27) and (2.29) do form a powerful

combination for purposes of solving nonlinear equations. For example,

if ~~B(V), where C a G(x,f(x),f’(x)), then

C(xk,f(x.K) ,f’ (xk))
(2.43) 

~ 
C(x)f(x),f’(x

~
Sk(x)dx 

— h 
•‘(xk)

~~, C1(h ,d)N (G ,V) ~~~~~

if the conditions of Theorem 2.7 are satisfied f or m — 1, we may now

replace f ’ (x.~) in (2.43) by the approximation

• (1)
(2.44) f’(x .k ) ~ 

~—N 
j1 (g + g •’ 

6jk 
~

given by Eq. (2.27).

The approximating expressions of Theorem 2.10 may be more compactly

expressed by means of matrices. To this end , let in — 2N + 1, and let

S and be column vectors defined by

S_N(x) 
~-N

S_~~1(x) f
—~+i

(2.45) ~~~~ ‘ Em

.

S~(x)

Corresponding to a function u a u(x) , let A (u) denote a diagonal
a



matrix , whose diagonal elements are u(x .N), u(x~~+1)....,
u(x

~
) and

(1) (2)whose off—diagonal elements are zero. Let I and I denote the
a -a

matrices

0 1 1 1  1
- •1 i • • .

1 0 —l — — 

2)1—1 /~~~~~~ 
~~

(2.46) ~(l) a 
_~~~~~ ~ 0 . 

= L j k

1 -1 1 o2)1 2N-l 2N-2 2)13

2 2 —2

(2N)~

(2.47) ~(2) 
a 

j2 ~ ~2 (2N_l)2

2 2 2
— 

(2N) 2 (2N~l) 2 
— 

(2N—2) 2 
~

••  — 

3

With this notation , EqS.. (2.39) , (2.40) and (2.41) take the

approximating form

f r(x)f(x)S (x)dx a

r(x)f’(x)S (x)dx • —h~~~(~~~~ ) +•~~I~
1
~ •
A~(rg))f

(2.48)

r (x)f”(x)S (x)dx a h[~_(
(t
~~~) I~~~ A~(2(r g)’+ rg~”I6’)

+ 2 I k ( r g~~) ) f

~_~~._ ~~~~J t -  _____ -



By (4] pp. 67—72, the matrix ~~~ is simply related to a Toeplitz—

type matrix, by considering the Fourier series expansion of —it on (—z ,w).

The matrix ~(2) is a Toeplttz matrix, obtainable by considering the

Fourier series expansion of —t2 on (—s ,x) . Thus (4 p.65], the eigen—

values of 1(1) are ~~~~~ k ~ —N , —N+1 ,..., N , where —w < A~
1
~ < ii

while the e tgenvalues of t(2) are ~~~~~~~~ k a —N , —N+l , . . ., N , where

0 < A~
2
~ < ~,

2 Indeed , let o ~ ... < < . Then

by [4 pp.64 and 67), since x2 ~ 2 — 2 con x on (—n ,w], it follows that

> 2 — 2 coa[w/(2N+2)) — 4 sin2[w/(4N+4)]. That is, IA~
2
~/A~~ I, the

condition number of i~
2) 

~~ bounded by ir2/ 4  sin2(it/(4N+4)]) ~. (N+l)~

Summing up, we have

Theorem 2.12: (a) i~
1) 

is a skew—symmetric matrix having determinant zero.

The eigenvalues IA~~~ of t~
1) satisfy the inequality .

~~~~ <

k —N , —N+l,...,N • (b) i (2
~ ii a negative definite matrix having eigen—

values —A~
2
~, where 4 sin2 ( wI ( 4N+4 ) ]  c x~

2) 
< ~2, k —N , —N+l,.. .,N

We close this section with a derivation of the formulas of Theorem

2.10 for the case of the important intervals (0,1], (—1,1], (0,”],

and (— ,— )

Ex.l: r a [0,1]. In this case

•(z)  — log(.11. .) 
•‘~~~~ z(1—z)

(2.49) p

V — (z:Iar$(j~~)I 
c d}

Let us assume that the coefficients r of a second order equation are

analytic and bounded in V , and that the same is true of r’ and r” .

It is then convenient to take

(2.30) g(x) — 
~~~~~~~ 

— x(1—x)

The conditions of Theorem 2.10 are iatisfied if f I. analytic and bounded



on P. and if on (0,1], ff(x)f ~~C(x(l_x))
a, where C and a are

positive constants. If f does not vanish at 0 and 1, we replace

f by F in the differential equation , where

(2.51) F(x) — f(x) — a(1—x) — bx

and where a a f(0) , b — 1(1) . The c hen~�

(2.52) (Sk(x))~__N 
a (x(l_x)S(k ,h)o$(x)}~a_N

To it may be necessary to adjoin 1 - x if a is unknown, and

x if b is unknown. Differentiating g and •‘, we get

(2.53) g ’ (x) — 1 — 2x, g”(x) a —2 , $“(x) — — 
l
2

_ 2x 
2x (1-x)

Hence

(rg) (x) — x(l—x)r(x) (f~)(x) a x2(l_x)2r(x)

(~~~?~~~)(X) x(l—x)[x(l—x)r ’(x) + (l—2x)r(x)]

(2.54) (~~f~~)(x) — x(1—x)(x(l—x)r ”(x) + 2(l—2x)r’(x)— 2r(x)]

(2(rE)~~~
+rI* )(x) • 2x(1—x)r’(x) + (1- 2x)r(x)

(rg~’)(x) a r(x)

Hence vs get the approximations (2.48), in which a + .
~~

. tanh(kh /2) .

Ex.2. r • (—1 ,1). In this case

V_- - .~ -.~~~~~~~~~- - 

. - -~~~~~~~ - - -



1+z , 2
•( z )  • log(j-j) , • ~ —

1—s

(2.55)

V a (a : t arg(4±~)t c d)

Under assumptions on r similar to those of Ex. 1, we take

(2.56) g(x) a 
j~(x) 

a 4(l—x
2)

The conditions of Theorems 2.9 and 2.10 are satisf ied if f is analytic

and bounded on V, and if on (—1 ,1), If(x)I ~.C(l_x
2)a, where C and

a > 0 . If f does not vanish on —l and 1, we set f • F + p in

the differential equation, where

(2.57) p(x) a a ij ! + b

and where a a f(—l), b a f(]) • The functions

(2.58) (Sk(x)}~_ N  (+(l_x2)S(k,h)o$(x))
~__N ~

may be necessary to adjoin (l—x)/2 and/or (l+x)/2 if a

and/or b are unknown. Differentiating g and •‘, we get

(2.59) g’(x) — —x, g”(x) — —1, $“(x) a x( 2 2)
2,

l-x

so that
‘
p.

Fi9.2.2.

_
~~>(~~~

:.._ .....D..__ t____ .
~
i. 7? o~ Ex.Z.

-i H



(rg)(x) a ~(l—x
2)r(x) ; (~~)(x) — (1;x )2 r(x)

$ 2 2(
~ ?~ )(x) — (

1_x 
)2~~() — x(1~~ )r(x)

(2.60) (~~~~ )(x) 
a (

l_X
)2r(•(x) — x(1—x2)r’(x) — (1~~~)r(x)

(2(rg)’ + rg$”/~’)(x) a (l—x
2)r ’(x) — xr(x)

(rg$ ’)(x) a r(x)

Hence, with — tanh(kh/2), the approximations of Theorem 2.10 take

the form (2.48).

Ex.3: The case r ~ (0,”] . In this case

(2.61) 0(z) a 1~g a, $‘(~) — ~~, V a (a : J arg z~ < d}

Suppose that the coefficients r and the derivatives of r are

analytic and bounded in P . If on V , If (
~~~

) t  ~~CIZIa/(l+tZI)
2a

where C, a are positive then it is convenient to take g(z) a

in order that the conditions of Theorems 2.9 and 2.10 are satisfied .

However, if (f(z)f ~.C,ZIa,(l+tZ,)
24a in V , where C and a are

positive, then it is possible to choose a simpler form for g, and

Sk(z) , namely

(2.62) g(x) a 
•‘~~x) x ; Sk

(x) a g(x)S(k ,h)o$(x)

~~~~~
_ —;:_ 

~~ ~~~~. 2.3
In this latter case ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ D.F~~ac~~

— — — - -. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~



(rg) (x) a xr(x) (~4)(x) a x
2r (x)

a x2r’(x) + xr(x) ; (~~f~~(x) a x2r” (x) + 2xr’(x)

(2.63)
(2(rg)’ + rg$”/~’)(x) 

a 2xr’(x) + r(x)

(rg~’)(x) a r(x)

The approximations now take the form (2.48), in which xk 
a 
~~

If f is merely bounded on V , and if d — lim(x.,,,)x
2f’(x), then

we replace f by F in the differential equation, where

• (2.64) f(x) a F(x) + + + xc 
21+x (l+x)

where

(2.65) a — f(0), b — f(”), c a b — a — d .

If the limit lim(5.,)x
2f’(x) does not exist, it may be better to take

g(x) a x/(l+x) or g(x) a 51(1+5)2, depending upon the problem.

Ex.4: The case r a (—
~~~~~

] . In this case ~T!’ ~ 
- .

- _ _ 1 _ _ _ _ •. 

V

(2.66) •(z) a a, •‘(z) 1, F ,5 . 2.~~~ Z.’of Ex.t

and V — V~ (see Eq. (2.12)). If the coefficients r of the differential

equation are analytic and bounded in V~, and if f E 1(P~), we simply

take

(2.67) g’(x) a 1, (Sk
(x) }

~__$ 
a (S(k,h) (x) }

~~_N

• in order that the conditions of Theorem 2.9 become satisfied, and provided

~~~~~. : 
- —• V . - ~~ ~ — — - ~~~~~~~~~~~~~~~~~~~~~~~~~~ -



— —
I

p

that f vanishes at I— . The conditions of Theorem 2.10 also become

satisfied if If (x ) I ~ Ce~~~” on r • Then kh , and

(rg)(x) — r(x), (.~~)(x) r(x), (~~?~~)(x) — r’(x)

(2.68) (~~~~~) )(~~) — r”(x), (2(rg)’ + rg$”/$’)(x) — 2r’(x)

(rg$’)(x) — r(x)

The approximating equations again take the form (2.48) .

If f does not vanish at i”, we replace f by F, where

(2.69) F(x) — f(x) — 
+ e CX (e

_cxf(_~) + e
CXf(_)]

and where 0 < .c < w/ (2d) .

t

I

__________________ _________________ ________ 
_______________________________ 

_________ 
__________________________ ______________________________ 

I
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,
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3. Examples of Applications

In this section we shall illusu ate the application of the

formulas developed in Sec.2, on the solution of some simple ordinary

and partial differential equations.

Ex.l: Consider the simple problem

(3.1) f,~~(x) — — 2 , 0 < x c 1 ; f(0) — f(l) — 0

This has the solution f(s) — x(l—x) . By taking r(x) a 
~ in (2.54)

and combining with (2.48), we arrive at the system of equations

(3.2) h(_2A m (x (l_x)) •~~~I~
1) Am(l - 2*) + 2 I ] f

~1

— _2hA
~

(x2(l_x)2)e

where ~~~. (11••• 1)T T denoting the transpose. Solving this

system for the case N a 16, h a .75/1Y
4

) Xk 
- 4 + 4 tanh(kh/2) , we

get an approximate solution

.16
f(x) a 

~ 
fkSOI,h)0$(5) ($(x) 

a log[x/(1—x)])
k——16

which is accurate tø 5 dec . on [0,1]. Similar accuarcy obtains if the

—2 in (3.1) is replaced by _251~ 2(1_5)B 2  , a,8>0

Ex.2. f” a f — f3/x3, f(0) a f(—) a 0 . This problem was solved

by different procedures in (1] and [6). By taking 5k — ~~ and

combining (2.63) and (2.48) , we get the approximating system

(3.3) + ‘ I~~
2

~~1f 
a h A

~
(x2) ( f

~ ,!m1

_ 
- — - - - - -- 

- —‘~~~~ - - — -
~~~ 
- - -- - —- -



I

where e denotes the vector 
~1~

3
N ’ xl+lf

3
N.,l •.

~~~

The solution of (3.3) involves the solution of a system of nonlinear

equations. By taking h •.c/N’~,N 16 we get an approximate solution*

f(x) a 
~ 

1k5 ’~~°~~~ 
($(x) — log x)

k——16

which is accurate to 5 decimals on [0,”)

Ex.3. u — u  , 0 < x < 1  , t > 0( x x  t

(3.4) 1u(x ,0) a sin wx , u(0 ,t) a u(1,t) — 0

In order to get zero boundary conditions, we set

(3.5) u a ~ + sin(ltx)e
_4t

This yields the problem

(
V__ — V

~ 
a (w2_4)sin(wx)e 4t, 0 < x < 1, t > 0

(3.6)
~v(x,0) — 0, v(0,t) — v(l,t) a 0

We solve this by taking our approximating basis functions to be

Sk (x) a x(l—x)S(k,h)oO(x), $(x) • log(x/( 1—x) ]
(3.7) {* * *

Set) — t S(t,s).~ (t) , • Ct) a log

The problem (3.6) may now readily be reduced to a matrix problem, by

proceeding as for (3.2) above. Setting

*The solution f satisfies f(s) ~~ Ae~~ as x-~~ ,and consequently, it

may be necessary, on some computers, to replace ~~ by 2 , where-w
<< N~ in order to avoid underflo~..

-
~~~~~ - -~~— ~~~~~~~~~



V..N N V..N,...N+l ... v~~~ 
-

... ~~~~~~~~

(3.8) V a

V
)1,

_~~~1 • • •

(3.9) - _2hjli
m
(X(l_X)

~ ~~~~~~~~~~ ~~~ 
+ ~~~~~ (x.~ — 4 + 4 tanh 

~
-
~
) 

~ 
)

(3.10) C a 4 ( t ~~~(S1~~~,
L

J ~~~~ J ~~~~ • unit matrix, tk 
— ek~

(3.11) D — hA (x2(l x) 2) , (x~ 
a 4 + 4 tanh(kh/2))

(3.12) E — s~~ (t
2
) , (t~ 

a ~~ ) ,

F..N~~~+l . ..  P~~~ 
-

~~~~~~~~ • . .  F_~~11~

(3.13) F —

F N , -N F)1 , -N+l • . .

where

2
— (1! —4)sin(wxk)e

we arriv, at the matrix system

(3.14) D~ SV ÷ VC~~~ = F
c -

I ___ _ 
_ _ _ _ _  _ _ _ _ _ _



Eq. (3.14) may be solved by diagonalizing D ’
~~ and If

and U )1.P~~~1$ . . . $ I ~)1 denote the eigenvalues of D ’B

and CE 1 respectively, obtained by taking X~~pi5(and ZC~~~~
’ via

e.g. the method of Cojub and Retnsch [3], and if C — (gd]

Y — (y~~] — X ~~VZ~ then 
~k.L 

• g~~/(A~ + U t
)
~ 

and ! ii~.
3y taking h.’.75/N’~ q”.5/N4 

, Nal6 , we get an approximation
16 

*u(x.t) ~ e 
4
~sinwx + v S(k,h)o$(x)S(t,h).$ (t)

k, ——16

which is accurate to 4 dec. on [0,1] x (0,”]

Ex • 4
Uxx + — —1, (x,y) ~ S [0,1] x [0,1]

(3.15)

- u — 0 on as

Letting B and D be defined as in (3.9) and (3.11) we now get the

approximating matrix system

(3.16) ~~ U ’t- W~~~~~
’)T U

where U — Eu 1, H — (ha], h a • This may now be readily solved

via the diagonaliz:ion of P4~ . By taking N a 16, h 1..75/iY’Ive get an

approximate solution

16
u(x,y) ‘ u S(k ,h)o$(x)S(t,h)e$(y)

k, ——16

which is accurate to 5 dec. on S

- - - - - V .- -~~~ 
- - - *



•0
4. Error Analysis

For sake of simplicity , we shall restrict ourselves to th. simpler

case of the second order problem

(4.1) u” + f(x ,u) — 0, u(0) — u(l) a 0

The analysis for the case of other ordinary or partial differential

equations is somewhat more complicated, but may be carried out similarly.

Throughout this section a,C1,C2,...,C16 denote positive constants,

and h — (sd / CaN) 4]

In the notation of the previous sections, we take •(z) a log (z/ ( l— a)J ,

and we take tha domain of analyticity to be V a (z:Iarg[a#~ —z))I c d}

We shall assume that (4.1) has a.(locally) unique solution u0 which is

analytic and bounded in V and which satisf ies the inequality

(4.2) 1u0(x)I ~. C1x
0(l_x)a, 0 ~ x c 1

Definition 4.1. Let M(d,cs) denote the family of all functions v

that are analytic in V such that

v(0) — v(l) a O  -

(4.3) gv”( 3(V), g(x)v”(x)~ ~~C2x
1(l—x)°4 on (0,1)

gf(•,v)~~ 3(V) , g(x)f (x ,v (x ) ) I  ~.C3x ~(l—x)°~ on (0,1)

where

(4.4) g (x) a x( 1—x) .

We shall also assume that the solution of the Frechet derivative

problem

—•- . —



(4.5) 8”(x) + fu~~~
U(3I

~~
0(5) — v(x), 0(0) — 0(1) • 0

satisfies

(4.6) Ie(x)I~.c4IIA ’w II

for all u 6 M(d ,a) such that u—u01 ~ c where •H is defined

by

(4.7) I l f Il — sup If(x)I,
x~ (0 ,1)

where

(4.8) (A ’f)(x) — —
~~ 

C(x ,t ) f ( t)d t
• JO

and where for any x 6 (0,1J,

(1— x)t if 0~~~t~~~x

(4.9) G(x ,t) —

x(l—t) if x~~~t~~~1

Moreover , we shall assume that if I Iu—u01 I ~ c, then

(4.10) II(A ’f(t,u(t))}II £ C 5

Let us assume that we have found an approximate solution

N
(4.11) U

a
(X) a 

~ 
uk S(k,h).~(x) (a — 2)1 + 1)

k--N

by the method of the previous sect ions, and let us set

(4.12) m 
a u — U0

•‘

• .~~~~~
•t- 

~~~~-~-—~ - -



Then

(4 .13) 0 (x) + f u (
~ ~~~~~~~ 

— u (x) + f(x ,u (x) )

for some ~ between u0 and and therefore , by (4.5) and (4.6) ,

(4.14) I0 (x) I ~~C4J I u~ 
+ A~

f(.,u) JI

Now by Theorem 2 . 1 1 ,  we find , by taking Sk(x) —

a 4 + 4 tanh (kh/2) , that
3

1 g(xk)

• i:~”~ 
+ f(x,v(x))]Sk(x)dx ~ h •uCxk

[
~
1H(3tk) + f(xk,v(xk))J

(4.16) f v”(x)Sk(x)dx0

N “( )
a h £ j :(x ) ~~~ + ~~~~~~~~~~~~~~~~~~~~~~~ ~

6(2)
+ g(x )~‘(x1) —s—)

‘ h

in which the error of either term on the right—hand side of (4 .15) is

bounded by C6N
4e~~~

0
~ and the error of the right-hand side of

(4.16) is bounded by c7tfte
’
~~~ . By our process of solution, the

numbers Uk in (4.11) are determined such that
1$ 4(1) (2)

h 
~ 

U
j  

(
~4’ ~r 

+ (2g + g
~ ,/ •~

) ~k +

(4.17)

+ h 
~~~k”k~ 

• 0, k a _$
~ 
..)1.4,..•,N .



- —~~~ •~~-

Theorem 4.2: Let the numbers U
k 

(k —N,—N+1,...,N) be determined

by (4.17), and let um(x) be defined as in (4.11) . Then

(4.18) u~(x) 
- u0(x)I ~ C15N

312e~~
’ t 1

~~, 0 ~ x ~ i -

where u0 is the solution of (4.1).

Proof: In view of the errors in the approximations (4.15) and (4.16),

the solution of (4.17) is equivalent to finding a function v ~ M(d ,a) ,

such that

(4.19) 
•‘(xk~

1
~
”
~
”k
~ 
+ f ( X k,V(X

k
) ]a  j— , k • —N,—N+l,...,N, 4

where v(x.5) 
a u~, and where 

•

4
(4.20) I C~j ~ C8N e a 

, k — —N,—N+1,.. - ,N

Since v E M(d,a), it follows, for any t 
~ 
(0,1), that

a g(x)~
+ f(t,v(t))) —J~ •I(xk)

Ev
~
I(X

k) + f (xk.v(xk))]S(k,h)o$ft.)

(4.21)

— 
sin[s~(t)/hI ( ; (z) [ v”(s)+f(z v(z))~dz

2si J (•(z)_0 (t)JsintaO (z)/hJ

By multiplying (4.21) by •‘(t)
2
, taking A ’ of each side, and noting

that g(t)~ ’(t) a 1, we get

V(x) + (A~~f(t,v(t)))(x) — ~ ~~(v~ + f(xk,vk)]A k$’(t)2S(k.h).$(t)}(Z)
ka- k

• (4.22 ) 
a A 1 j$’(t)

2sin[ire(t)/hl I i(2)Iv ”~1?~~(* v(a))lds 
~~~~2vi ) [~(s)a~(t)Jsinfir~(z)/h)

V - .,,;- -

• — ~~~-r ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -



/-

k

~ ~-

Since •‘(t) a l/(t(l—t)J, it follows, by taking

t • (1 + tanh(u/2))/2, x — [1 + tanh (v/2))/2, and using (4.8) and

(4.9), that

I
1
(h,x) A~

1(~ ’ (t)
2sinc[{~(t)—kh}/h] Xx)

1w 1 — tanh(v/2) u—kba — J 1 — tanh(u/2) sincE h Idu

(4.23) —•

f 1 + tanh(v/2) u-kh
— J 1. + tanh (u/2) sincE h ]du

w

On the interval (—“,w], the function [l.-tanh(v/2)]/(l—tanh(u/2)]

increases monotonically from (1—tanh(v/2))/2 to 1 while on Iv,”],

the function (l+tanh(w/2)]/[l+tanh(u/2)] decreases monotonically

from 3. to (]+tanh(w/2)]/2 . For this reason , it may be shown by

a somewhat lengthy, but simple argument , that

(4.24) J I 1(h,x) I  ~ 4sh .

Similarly if x e (0 ,1] and a E aV , we can show that

(4.25) 112th,x)I IA
—
1{;~~~,~~~~~~~~

1”1}(x)I ~~~~~~

since Ia •(z) —

• By means of (4.19) , (4 .22) and (4.23) , Eq. (4.21) nov yields

v(x) + (A~~f(t.v(t)))(x))

N k i  g

(4.26) 
II 1(h ,x) I  

kIN h + 11
(h,x)I 

I~I’N ~
-~I[v~ +

+ ‘t (h )I ( g(a)[v”(s)+f(z.v(s))l dz
‘ 2 ‘~~ ‘ J ‘ sin(v$(z)/h]

aD

- V— V ~VV ~V- -V~ ~ - V - - --2~~~~ -- - ~~~~~~~~ -



t~

Using the bounds given in (4 .20) and (4.24) , we bound the first sum

on the right—hand side of (4.26) by c9~~
/2e idaN)4 Using (4.3) and

(4.24), and recalling that 5k — 4 + 4 tanh(kh/2), we bound the second

sum on the right—hand side of (4.26) by ~10e 
sdaN)4 ; and using

(4.25) and the fact that Isin(w$(z)/h]I > sinh(wd/h) if a E

we bound the integral term on the right—hand side of (4 .24) by

2h N(g(v” + f(.,v)])/(dsinh(wd/h)] a C11N~~e
’
~~~~ . Hence for all

x 6(0,1),

(4.27) Iv(x) + (A f(t,v(t))}(x) I £C12N e

Since v €- M(d,a), it follows from the first and second of (4.3)

that -

(4.28) Iv(x)I ~ . C135
a(l_X)a, ~

Furthermore, since v- 6M(d,a), and since and v coincide at

it follows that ( 1.3, Theorem 8.2] for al-i xE [0,1),

(4 .29) Iu (x) — v(x)I £C14N e

In view of (4.5), (4.6) and (4.10), it now follows that for all x E I O ,lI ,

(4.30) Iu (x) — (A 1 f(t ,u (t)))(x)I

£ Iv(x) + (A~~ f(t ,v(t))}(x)~ + C5Ium
(x) —

By (4.14), (4.27), (4.29) and (4.30) , it thus follows that for all

56(0,11

(4.29) IS~(z) I a 

~~~~ 
— u0(x)I c w 3/2 (t

~~~
4 

- 

— — -~~~~~~~~~~~~ -—-~~~~~~~ - - V .- - -~~ — -  ~~~~~~~~~~~~~~~~ - ~~- - -
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This completes the proof of Theorem 4.2.

Similarly, it may be shown that when using a a (2)1+1)2 point.

to obtain an approximate solution of a partial differential equation,

such as (3.15), the error is bounded by C16N
3/2e ’

~~ < ~c 6~
3I4,’v’

~~

Indeed, for the case of (3.15), we may take C16 
a 3. and ~ 

_ ,2

- -

-a- -.

- - 

_
•

~~~~~~~~~~~~
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