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A SINC-GALERKIN METHOD OF SOLUTION OF BOUNDARY VALUE PROBLEMS

Frank Stenger, Department of Mathematics,
University of British Columbia
Vancouver, B.C.

Abstract

This paper illustrates the application of a "Sinc-Galerkin" method
to the approximate solution of linear and nonlinear second order
ordinary differential equations, and to the approximate solution of
some linear elliptic and parabolic partial differential equations in
the plane. The method is based on approximating functions and their
derivatives by use of the Whittaker cardinal function. The DE is
reduced to a system of algebraic equations via new accurate explicit
approximations of the inner products, the evaluation of which does not
u require any numerical integration. Using n function evaluations
the error in the final approximation to the solution of the DE is

n1/2d

O(e.c ) where c¢ 1s independent of n,

and d denotes the

dimension of the region on which the DE is defined. This rate of
convergence is optimal in the class of n-point methods which assume

E that the solution is analytic in the interior of the interval, and

which ignore possible singularities of the solution at the end-points

of the interval.
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1. Introduction and Summary

The function sinc(x) 1s defined on the real line by

(1.1) sinc(x) = sin(wx)

X

The whittaker cardinal function of an arbitrary function f is defined

for any h > 0 by

(1.2) Cf,h,x) = [ f£(kh)sine[XKY),

k=-x

h >0,

whenever this series converges.

The approximation of f us%ng a finite number of terms of (1.2)
has been extensively studied. The paper [8] contains a review of the
properties of C(f,h,x) which were discovered by E.T. Whittaker [15],
J.M. Whittaker [16], Hartly (5], Nyquist [9] and Shannon [12]. 1In [13]
new approximations are derived by means of C(f,h,x), for interpolating,
integrating and approximating the Fourier (over (-;.-) only) and Hilbert
transforms over (-»,»), (0,») and (-1,1) . In []ﬂ the function
C(f,h,x) 1s used to obtain formulas for apbroximating the derivatives
of functions over (-w=,») (0,®) and (-1,1) .

In the present paper we use results of [7,13] to derive basis
functions {tk[?}for Galerkin schemes of solving second order problems,
and we derive explicit and highly accurate expressions for inmer

products such as (f 9—-‘2'- » ), (£ -;'—: » W) (fu, ¥) . ALl of
dx

these are expressed in terms of the function values of u, and not

the derivatives of u . We then study the application of the derived

.
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approximations on the approximate solution of some ordinary and partial
differential equations, via the Galerkin method. The cowbined method
thus yields a system of algebraic equations, without the use of any
quadrature.

Let us briefly compare the present method of approximate solution
of linear differential equations with currently popular finite difference
methods, or with finite eleﬁent methods that use piecewise linear
elements. The finite difference or finite element methods lead to a
sparse system of equations. The use of n solution evaluations
usually leads to a linear system of n algebraic equations having
non-singular coefficient matrix. The error in the resultion approxi-

‘ution 1is O(n-p), 'whete_ p 1s usually 1 or 2 . The "Sinc-
Galerkin' method of the present paper also leads to a system of order
n on the basis of n solution evaluations. This system has a
nonsingular full matrix. The error in the

gl 20
resulting approximate solution is .0(e

), where d denotes
the dimension of the problem. The advantage of the present method is
that due to its rapid convergence it does not require the solution of

a very large system of equations in order to achieve a degiyred accuracy,
1f more than two significant figures of accuracy are required in the
approximate solution. In addition, the rate of convergence of the
present method is the same, regardless of possible singularities of

the solution of an equation on the boundary of the region.

The approximate methods of (7,13] have previously been effectively

applied to the approximate solution of integral equations via Galerkin-

o I o P oLt ) R it 0N
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type metiiods in [2,10,11). In [6] an effective Galerkin-type method
is derived which uses approximations derived in [13] to obtain an

approximate solution to the problem

(1.3) ye=y- y3/::2 g y(0) = y(») = 0

via the minimization of a certain nonlinear functional. 1In all of the
above cases the error of an n-point approximate solution is O(e-cn*).
In Sec.2 of the present paper we review the relevant known
approximation properties of Whittaker's cardinal function, and we then
use these to derive explicit approximate inner products, in general as
well as for the important special cases of the intervals [0,1], (-1,1],

(0,»] and [-»,#] . In Sec.3 we illustrate the application of the

previously derived formulas to the approximate solution of some simple

"model" problems, such as u" = -2, y" = y - u3/x2, U, mu and

Yix +u = f with appropriate boundary conditions. In Sec.4 we
= —epl/(20)

carry out an error analysis, proving the O(e ) rate of

convergence referred to above.

It is worthwhile, for purposes of hetter understanding of the

results of the paper, to consider the solution of the one-~dimensional f

i
§
:
!
:
i
-

problems
L(f)(x) = £"(x) + q(f(x), £'(x),x) = 0, 0 < x <1

(1.4)
£(0) = £(1) = 0

or f
L(f)(x) = ro(x)f"(x) + rl(x)f'(x) + rz(x)f(x) = rs(x). 0<x<1

(1.5)

£(0) = £(1) = O




£
;
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§
:
¢
i
i
:
£
¢

We seek an approximate solution of (1.4) or (1.5) of the form

N
(1.6) £(x) = | £, S(kh)es(x)
k=-N

where

sin(%(x-kh)] &
(1.7) S(k,h)(x) = = » ¢(x) = log A
E(x-kh)

We introduce a convenient function g which plays the role of a weight

function, set
(1.8) Sk(x) = g(x)S(k,h)°¢(x)

and reduce the solution of (1.4) or (1.5) to the solution of the Galerkin
system

1

(1.9) (L(f),S = I L(f)(x)sk(x)dx =0, k=-N, - N+,...,N .
0

k)
The results of thm. 2.11 together with Eq. (2.54) may then be used to
get an explicit approximation of (1.9) for the case of (1.5), whereas
the combination of Thm. 2.7, 2.11 and Eqs. (2.54) may be used to get

an explicit approximation of (1.9) for the case of (1.4).

The author is grateful to A. Adler and J. Varah at the U.B.C.
for valuable discussions ivolving Thm, 2,12 of this paper. The author
also wishes to thank Bob Burke of the Univ. of Utah for carrying out the

computations in Sec. 3.




2. Preliminaries and Fundamentals

In this section we shall recall some known properties [8] and
derive some new properties of Whittaker's cardinal function, which we
shall require in this paper.

Definition 2.1. Let R denote the real line, C the complex plane, and

let B(h) denote the family of all functions defined on C that are

entire, such that f éLz(R) and such that
(2.1) |£(2) | < Ce“'y'/h, z=x+ 1y €C,

for some constant C . Set

(2.2) S(§,h) (x) .= sinc[l‘—;iﬁl
and
(n) _ o(n) - (430
(2.3) 6% = s™M 000 = @SED® | -

In particular, we have

(560 {1 R e
Jx 0 if 4k
0 1f =k
“ e
{-:—?— 1f J4K
2
w
5(2) = {"3' if j-k
| 3

k-3
2EU-- g gk,
(k-3)
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Theorem 2.2 [8): Let f €B(h) . Then f£(z) = C(f,h,z) . Horeovér

L
h
(2.5) f(z) = J g(t)eiudt for some g éLz(-% s %) :
k.
“h
(2.6) £(z) --% IR sinc[iﬁilf(c)dc ;
2 Pt 2
(2.7) I |£(x)|“dx = h § |£(kh)|
R k=—c

and the sequence {h-*s(k,h)}:__“ is therefore a complete orthonormal

sequence in B(h);

(2.8) £ € B(h)=>§' € B(h) .

Theorem 2.3: Let 6§:) be defined as in (2.3). Then

(2.9) I {ainc[fgiﬁl}(“)sinctiﬁkﬁldx -yt c(:) :
R h |
o 0il,0 ..
Proof: Let us set

(2.10) £(t) = S(3,h) ()

and let us note that f & B(h) . By Eq. (2.8) it thus follows that
f(n) € B(h), n=0,1,2,... . Eq. (2.9) thus follows by taking

£ = 505,00 1n (2.6), and noting by (2.3) that

(2.11) s (5,h) (kh) = n”" ‘g:) :
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Definition 2.4: Let d > 0, and let B(D&) denote the family of all

functions f that are analytic in

(2.12) D) ={z=x+1y: ly| < d},
such that
d
(2.13) I | £(x+1y)|dy + 0 as x + te
-d

and such that N(E.Dé) < =, where

(2.14) N(£,0;) = lim {I | £ (x+1y) |dx + J | £ (x-1y) | dx}
y+d~ R

R

Theorem 2.5 [13): Let h and d be positive, let f 6'3(05), and

let e(f) be defined by

(2.15) e(f)(x) = f(x) - C(f,h,x), xé€R.
Then
_ sin(mx/h) £(t-1d") % £(t+id)
e i 21 JR[(t-x-id)sin[t-id)ﬂ/h] (t-x+1d) sin[ t+1d) 7/h]
Moreover
N(£,03)
e el = ;ZE“(f)(“)| < 77d sinh(va/m)

Definition 2.6: Let D be a simply-connected domain in the complex

plane C, and let 0& be defined as in (2.12). Let ¢ be a conformal
map of D onto D}, and let ¢ = 0'1 denote the inverse map. Let

as= 0(;-) and b = y(=) ¢ a be boundary points of 0, and let us take

1dt




{2.18) Fe={wgd:w=y(x), -=<x<=}.

Let B(D) denote the family of all functions that are analytic in D,

such that for u real

(2.19) f |£(z)dz| + 0 as u + =
¥ (L+u)
where
(2.20) L={iy : -d ¢y < d},
and such that
(2.21) N(£,D) = lim inf J |£(2)dz| < =
c+aD,ceh ‘c

(Note that if f € B(D), then f o eB(D&).) Set

(2.22) X, = v(kh) , k = 0,1,%2,...,

and let g be a function which is analytic in 0, which plays the role of a

weight function in the inner products, and whose properties we shall determine

in the sequel. Finally, we set

(2.23) Sj(z) = g(z)sinc[iizﬁzilq = g(z)S(j,h)ed(2) .

The following result was established in [7].

Theorem 2.7: Let m be a nonnegative integer, and let f¢'/g £ B(D) .
Let there exist positive constants a : Co depending only on m, d

and g, C1 depending only on m and g, and C2 depending only on

m, g and f, such that

%%E% ¢, o'“"(x)l for all x €T

(2.24)




(2.25) | (:—x)“sk(x)

C b forall x €T

n=0,1,...,m,

%gw{MM}’( C. h" for all x € r, z €23D

{2:28) o) - 00 JI1=C

Then there exists a constant K depending only on m,d,a,g and f such

that if h = [wd/(aN)])‘ then

N f(x,) ot
(2.27) ™) - § =5 sj“)(x)l <KN2 expl-(rdad)¥)
=N 3

for all x €T, and for n=20,1,...,m .

*
Theorem 2.8 [13]: If f &B(D), then the identity

o f(x,)

(2.28) ;f?x) a jz_m 377§;) S(§,h)es (x)
. sin[7¢(x) /h] I £(z) dz
2ni s (¢ (z)-¢(x)1sin[n¢(z) /h]
3

is valid for all x €T . Moreover

o f(x,)
(2.29) [ f(x)dx - h z —T_i—
! Pr= ¢ (xj)

exp[ylﬁ-gﬂ sgn Im ¢(z)])

]
N =

- f(z)dz
sp  sinlg ¢(2)]

The results of this theorem may be conveniently combined with those of
the formulas obtained above, to yleld explicit approximate expressions

for inner products. The results of the following lemma are useful for

*Hen and henceforth I f(z)dz is defined by lim .nF [f(z)dz, for any "('./
c+3D,ceD .
£ €B(D) . w ¢ £

LR R
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bounding the error of these approximate expressions.

Lemma 2.9: If |Imz| =d >0 and if k 1is an integer, then

1 (sinc[(z-kh)/h] e A
(.30 2 sin(nz/h) i-cl(h’d) T 2nd

1 | (d/dz){sinc[(z-kh)/h]} d+(h/n)tanh(nd/h) .,
2,31 = < C,(h,d) 2 :
e 2 sin(nz/h) e 24 tanh{nd/h)

2
4 ~{sine[ (z-kh) /h]} : ;

1 |dz _ [(2h/7m)+7"d/h]d tanh(md/h)+2d .
(2.32) = < Co(h,d) =

. sin(z/h) 3 2 d>tanh(xd/h)
(2.33) lsin(nz/h)l 2 sinh(nd/h), Icos(ﬂz/h)l < cosh(md/h) .

Proof: We shall only prove (2.31), since the proofs of the remaining

cases are similar, and we omit them. We have

& a o cos[n(z-kh)/h] _ h sin[n(z-kh)/h]
P (5(k,h) (2)} z - kh m (z—kh)2

Now if |Imz| = d, then |z-kh| 2 d, |cos[n(z-kh)]| < cosh(md/h) and

Isin(ﬂz/h)l > sinh(nd/h); hence

h
d2

L 1
31ﬁ("2/h)| < T tanh(na/n) T . = Cy(h,d) .

Theorem 2.10: Let 5(“) be defined as in (2.3) and (2.4), 1let C,(h,d)

jk b
be defined as in Lemma 2.9, let X be defined as in (2.22), Sk as in

(2.23), set Fk = F(xk) for an arbitrary function F, and let r and

f be functions which are analytic in D .

(a) Let rfg €B(P) . Then




f.r.g 4
k ? k| < C,(h,d)N(rfg,D)e %d/h ;
¢y i

(2.34) lI r(x)f(x)sk(x)dx -h
r

(b) Let ([rfg/¢](x) +0 as x +a and as x + b along T, and let

(rg)'f and rg¢'f €B(P) . Then

N

(rg)
(2.35) |I (O£ (XS, (x)dx + h I fj{—;-i-c‘°) + (rg) -—1-}|
r oo 3

s lcl(h.d)N(fkrs)',D) + Cz(h.d)N(frsol.v)]e-ﬂd/h 2

(c) Let [frg'/¢)(x), [frge'/¢)(x) and [£f'rg/¢)(x) +0 as x +a
and as x+ b along I, and let f(rg)", f[2(rg)'¢' + rgé¢"] and

frg(é’)2 € B(D) . Then

(2.36) l[ £ ()£ (x)S, (x)dx
r

(rg)" [2(rg)jo} + (ra) 01] sij) oy
= rg rg 0' + rg 3
5 i (o) |
ot o { P K T+ 00— |

< [Cl(h,d)N(f(rg)".D) + Cz(h.d)N(f{Z(rg)'0'+rg¢"},0) + Cs(h,d)N(frg(o')z.D)]
-nd/h
e .

Proof: We shall only prove the'(b)-part of Theorem 2.9, since the proofs
of the (a) and (c)-parts are similar.

We find, upon integration by parts, that

(2.37) [ r(x)£' ()8, (x)dx = r(x)E(x)S, (x) 2
r

- I f(x)[r(x)si(x) + r'(x)sk(x)]dx
r
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The first term on the right-hand side vanishes, by assumption of the

(b)-part of the theorem, while by expansion of the second part of (2.37),

we have

(2.38) f r(x)f'(x)sh(x)dx
r

- I £(x) [(rg) ' (x)S(k,h)od(x) + (rge') (x)S'(k,h)ed(x)])dx
r

Hence by replacing f in (2.29) by the integrand on the right-hand side

of (2.38), and noting that if z & 30, then |Im¢(z)| =d and

-nd/h

lexp[%I ¢(z)sgn Im ¢(z)]| = e we find by (2.29), Lemma 2.9 and

Theorem 2.3, that

l I r(x)f'(x)Sk(x)dx
r

+h § fj{¢5 ckj +(rg)j : }'

j.-.

< e-Td/h f ’ [cl(h,d)l[f(rs)'](’)l + Cz(h.d)|(fr80')(z)|l|dz|.

9

which is just (2.35).

Theorem 2.11: Let N be a positive integer, a a positive constant,

and take h = [wd/(oN)]* ‘

(a) Under the assumptions of Theorem 2.9 (a),

f.r.g . K i %
(2.39) ” r(£(x)S, (x)dx - h KK ,__i o~ (rda)®
r % N

wvhere Kl depends only on f,r,g,d and a;

o U T i : oo uge PSRRI
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t

(b) 1f |[rgfl(x)]| < K3 exp(-a|¢(x)|] on T, then under the assumptions

of Theorem 2.9 (b),

(1)
N (rg)! 6
(2.40) ” rGOE' (S, (dx +h ] £ {-——,—1 89 4 (zg) ——J—}I
: TR
%
E TR e

where K2 depends only on f,r,g,d and a;

(@) If (f(2(rg)' + rge¢"/¢'}1(x) and ([rgfé'](x) are bounded by

K3 exp[-a|¢(x)|] on T, then under the assumptions of Theorem 2.9 (c),

(2.41) ‘I r(x)f"(x)Sk(x)dx
‘T

N ) [2(rg) }g+(r) 1) Sy Sy
: rg rg)  4+(rg 3
-h } {—;—1 6(0) ﬁ T + (r8) ¢, Jz H
s j o] e
¥
< xau” g MO ke AL,

where K3 depends only on f,r,g,d and a .

. Proof: The proof is similar to that of Theorem 8.1 of [13], and we omit

it.

The results of Theorem 2.10 are especially suited to the solution of
linear differential equations via a Galerkin nefhod. for which the
functions (Skﬁsfnro the approximating basis functions. We remark that

we could have obtained alternate expressions of I r(x)f(n)(x)sk(x)dx,
r

by combining equations (2.29) and (2.27), i.e., if r.f(n) € B(D), then

by Eq. (2.29)

(n)

r,g, £ (x)

(2.42) II r(x)f(n)(x)sk(x)dx- ““‘. % l
r K

< ¢, (n,d)N(eet ™ 0ye”™/h

it 2 s . - Bl A w0 e e oS el R
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and we could now use (2.29) to approximate f(n)(xk) on I . However,
the resulting expressions are not as accurate as those of Theorem 2.10.
Nevertheless the pair of equations (2.27) and (2.29) do form a powerful
combination for purposes of solving nonlinear equations. For example,
if SG €B(D), where G = G(x,f(x),f'(x)), then

Glr £, )
Y% B

(2.43) ‘I G(x,f(x),f'(x»Sk(x)dx - h
r

< ¢, (h,a)NG,D) ™/,

if the conditions of Theorem 2.7 are satisfied for m = 1, we may now

replace f'(xk) in (2.43) by the approximation

e gl
(2.44) SRR S e

3=-n &

given by Eq. (2.27).
The approximating expressions of Theorem 2.10 may be more compactly

expressed by means of matrices. To this end, let m = 2N + 1, and let

.§n and ‘f‘ be column vectors defined by

( \
S_y(x) ]
S (®) fovn
(2.45) S (x) = : T G .
Sy (x) ) ' ‘fn ]

Corresponding to a function u = u(x), let A-(u) denote a diagonal
p




:

matrix, whose diagonal elements are u(x_N). u(x

whose off~diagonal elements are zero.

matrices

(1)
(2.46) ’Em -

(2)
(2.47) Im

P

With

approximating form

I FOf()S, (X)dx = b AGhe,
r

r(x) €' (x)S_(x)dx = -h(A_ (sz_) + 1

(2.48) .

this notation, Eqf..

Let ‘}.
I YRt |
e R R |
1
1 0 1 -3
1
~ 5 1 0
=1 1 -1 1
N N1 282 283
S o e
3 12 2
PRl e
3 3 12
- 2 i
| em? n-1? (an-2)?

-ml)’lou
.}:2) denote the

and

— h1h‘
=

2N-1

2N-2

1),

h~-~m

,u(xN) and

2
()
a-n?| _ (S,

(2.39), (2.40) and (2.41) take the

Aol

[ " ()3, (dx = hia, (K1) 4 2 1D A 2rp)' + rae/0")
r

+1 1

(2)
2 rﬂ

A (no')lf

v e G RIRE R e L.




(1)

By [4) pp. 67-72, the matrix Im

is simply related to a Toeplitz-

type matrix, by considering the Fourier series expansion of =it on (-mw,w).

(2)

The matrix I- is a Toeplitz matrix, obtainable by considering the

Fourier series expansion of -tz on [-n,x] . Thus [4 p.65], the eigen-

values of I;l) are 1Al(‘1), k = -N, -N+1,...,N, where =-m < xil) il

while the eigenvalues of 1;2) are -Aiz), k = -N, -N+1,...,N, where
(2) 2 (2) (2) (2) 2
0 < Ak < n° . Indeed, let O < A-N < A-N+1 L eee £ AN < 7w . Then

by [f pPp.64 and 67], since xz 22-2cosx on [-mmn], 4it follows that
AE:) > 2 - 2 cos[n/(2N+2)]) = 4 51n2[ﬂ/(4N+4)]- That is, lA§2)/A£§)|’ the
condition number of IiZ) is bounded by n2/{4 sin’[n/(4N+4)]} ~ (W1)? .

Summing up, we have

Theorem 2.12: (a) I;l) is a skew-symmetric matrix having determinant zero.
The eigenvalues 1X£1) of Iil) satisfy the inequality -w < kil) < u,

(2)

m
values -A{z), where 4 sinz[n/(éN+4)] < 1{2) < wz, k = =N, -N+1,...,N .

k = =N, =N+1,...,N, (b) I is a negative definite matrix having eigen-

We close this section with a derivation of the formulas of Theorem
2.10 for the case of the important intervals (0,1], [-1,1], [0,=],

Ex.1: I' = [0,1]. In this case

F]3.2'1
; (2.49) D of Exd

¢(z) = 108(1%; ’ $'(2z) = ;?T%;T ,
D = (’=|"S(I§;)' <d} .

Let us assume that the coefficients r of a second order equation are
analytic and bounded in 0, and that the same is true of r' and r" .

It is then convenient to take

(2.50) g(x) = T‘%?Y - w(l-%)

The conditions of Theorem 2.10 are satisfied if f {s analytic and bounded
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on D, and if on [0,1], |[£(x)| < C[x(1-x)]%, where C and a are
positive constants. If f does not vanish at 0 and 1, we replace

f by F in the differential equation, where
(2.51) F(x) = f(x) - a(l-x) - bx

and where a = £(0), b= £(1) . The functions S, are

(2.52) (5, 0Ny = (x(1-0)S(Kk,Nes (0 1_ -

To fﬁ/} it may be necessary to adjoin 1 - x if a 41s unknown, and

x 1f b 1s unknown. Differentiating g and ¢', we get

(2.53) g'(x) =1~ 2x, 8"(x) = =2, ¢"(x) = - e )
x“(1-x)

Hence
(rg) (x) = x(1-x)r(x) (-?) (x) = x?(1-x)2r (x)
L) () = x(1-0 [x(1-01' (1) + (1207 ()]

(2.56) 1(%)(:) o x(1-x) [x(1-x)r"(x) + 2(1-2x)r" (x) - 2r(x)]

("L2 £ 'Q;ﬂ l’-")(x) o 2x(l=x)r'(x) + (1-2x)r(x)

[(rgé') (x) = r(x)

4

N
N

Hence we get the approximations (2.48), in which X, -

!X.z. r - (-1.115 Il\ thi. case

tanh(kh/2) .
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(2.55)
D= {z: |arg(11'—t-§)| < d},

Under assumptions on r similar to those of Ex. 1, we take

1 1 2
(2.56) g(x) = N 7(1-x7)

The conditions of Theorems 2.9 and 2.10 are satisfied if f 1s analytic
and bounded on P, and if on (-1,1), |f(x)]| ;C(l-xz)a, where C and
@a>0. If f does not vanish on -1 and l, weset f=F+p in

the differential équation, where

1= 14x
(2.57) p(x) = a e +b .
and where a = f(-1), b = f(1) , The functions Sk are
(2.58) (8, N = GA-xD)Sk,hosIN_ s

to 15*’/31 it may be necessary to adjoin (1-x)/2 and/or (14x)/2 if a

and/or b are unknown. Differentiating g and ¢', we get

(2.59) g0 = -x,  g"(x) = -1, ¢"(0) = x2p)?,

1-x

so that ; r
r
/____- ‘-‘._‘_'.-' / Fis' 202.

iﬂ{2‘(;Ei:::;::f?i::;:f:::;::j}l D of Ex.2.
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() () = 30D 5 EHw = 97 0
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ERS () = A% 0 - xdFrt

2
X

. e :
2.60  {LZBY 0 = B - x(1-xDe' ) - G

(2(rg) "' + rgé"/¢')(x) = (l-xz)t'(x) - xr(x)

((rge') (x) = r(x)

Hence, with x, = tanh(kh/2), the approximations of Theorem 2.10 take

the form (2.48).

Ex.3: The case TI' = [0,»] . In this case

(2.61) #(z) =logz, ¢'(2) =1, D= (z: |argz] <a).

Suppose that the coefficients r and the derivatives of r are
analytic and bounded in D . If on D, |f(2)| < C|z|°/(1+|z|)za

where C, a are positive then it is convenient to take g(z) = z/(1+z)2,
in order that the conditions of Theorems 2.9 and 2.10 are satisfied.
However, 1f [f(z)| < C|z|°/(1+|z|)2+u in D, where C and a are
positive, then it 1s possible to chocse a simpler form for g, and

Sk(x). namely

(2.62) g(x) = ;1%;)- - X3 Sk(x) = g(x)S(k,h)e¢(x) .

-

-~ —n hg23

f/% ."’—"':.';/,,, . Doféx3

In this latter case

X

o © “\\\\

P




(rg)(x) = xr(x) (B (x) = x’r(x)
N

(‘%‘z:)(x) = xzr'(x) + xr(x) ; 0£%§l:(x) = xzr"(x) + 2xr'(x)
(2.63) !
(2(rg)"' + rgé"/9')(x) = 2xr'(x) + r(x)

[ (rge¢') (x) = r(x)

The approximations now take the form (2.48), in which X, - ekh .

2
If f 4is merely bounded on D, and if d = lim(x*.)x f'(x), then

we replace f by F 1in the differential equation, where

b xc
(2.64) £(x) = F(x) + 3 + 2
1+x (1+x)2
where
(2.65) a= £(0), b = f(=»), c=b-a-d.
2

If the limit lin(x‘_)x f'(x) does not exist, it may be better to take

g(x) = x/(14x) or g(x) = x/(1+x)2, depending upon the problem.
I"

Ex.4: The case I = [-»,®] , In this case ij) LEgg
—_— .a--z B S

B S ——.

(2.66) $(z) = z, $'(z) = 1, Fig. 2.4 Dof Ex. 4

and D = 0& (see Eq. (2.12)). If the coefficients r of the differential
equation are analytic and bounded in D&, and 1f f € B(D"l). we simply

.takc

(2.67) 800 =1, {5, (0N .= (80,

in order that the conditions of Theorem 2.9 become satisfied, and provided
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that f vanishes at t=» . The conditions of Theorem 2.10 also become

satisfied 1f |f(x)]| ;.ée-°|x| on T . Then x, = kh, and

() x) =ty EBe) = re, GRG0 = e

2.60)  {ERS@ = ), Q)" + rge"/e) () = 2" ()

((rge"') (x) = r(x) .

The approximating equations again take the form (2.48).
If f does not vanish at :», we replace f by F, where

1

cx -CcX
e + e

(2.69) F(x) = £(x) ~ (e S*f(-=) + e“Ff(m)]

and where 0 <.c < wn/(2d) .

F
i




3. Examples of Applications

In this section we shall illustiate the application of the
formulas developed in Sec.2, on the solution of some simple ordinary

and partial differential equations.

Ex.1l: Consider the simple problem

(3.1) fxx(x) - =2, Qi x <l £(0) = £(1) = O

This has the solution f(x) = x(l-x) . By taking r(x) = 1 1in (2.54)

and combining with (2.48), we arrive at the system of equations
(3.2) hl-24 (x(1-)) 4+ 5 18D 4 (1 - 2% +-1- gy W

- -2ma 20 Y)e

vhere ¢ = (1,1,...,1)T, T denoting the transpose. Solving this

system for the case N = 16, h -JS'/N", X, = % + % tanh(kh/2), we

get an approximate solution
16
£(x) 2 [ £,S(k,h)ed(x) (4(x) = log[x/(1-x)])
k=-16
which is accurate to 5 dec. on [0,1]. Similar accuarcy obtains if the
=2 in (3.1) is replaced by -2;("'_2(1'«)6"2 , a,8>0 .

Ex.2, f" = f - f3/x3, f(0) = f(») = 0 . This problem was solved

by different procedures in [1] and [€]. By taking X - ekh and

combining (2.63) and (2.48), we get the approximating system

(3.3) (I + 3121, - n a6dE, - o)

~m

—e




-2.3 -2 -3 -2_.3.T
[x_Nf_N, x-N+1f-N+1 seees Xy fN] .

where e denotes the vector
The solution of (3.3) involves the solution of a system of nonlinear
%
equations. By taking h -.5771 2N = 16 we get an approximate solutiod‘
16

£(x) 2 [ £,S(k,hod(x) (¢(x) = log x)
k=-16

which is accurate to 5 decimals on [0,=] .
Ex.3. Uk ™ Yp o 0<x<1, t>0

(3.4) {u(x,O) = gin mx, u(0,t) = u(l,t) =0 .

In order to get zero boundary conditions, we set

(3.5) R T T e

This yields the problem

2 =4t
Voo m w (n"-4)sin(mx)e , O<x<1l, t>0

(3.6)
v(x,0) = 0, v(O,t) = v(1,t) = O .

We solve this by taking our approximating basis functions to be

sk(x) = x(1-x)S(k,h)od(x), ¢(x) = log(x/(1-x)]

@.7)
Sp(t) = t S(L,0e4 (1),  ¢"(t) = log ¢ .

The problem (3.6) may now readily be reduced to a matrix problem, by

proceeding as for (3.2) above. Setting

*The solution f satisfies f£(x) ~ Ae * as x-?:: ,and consequently, it

may be necessary, on some computers, to replace %; by 2, where

¥ << N, in order to avoid underflow. N




-N,N VON,-N+1 e -NN
VeNel,-N Vonl,-NeL L Vol N
y

(3.8) V o=

VN, -N YN, -N+1 s

- (1) " 1 (2} oy o i kh g
(3.9) B=-2hA (x(1-x) ¢ LA (1=R0) + £ 17 (x = 5+ 5 tanh 57) )
|
\ (", —‘(" ks

(3.10) - 4*({'(5[”‘—‘,/.,_ } (}éo) = unit matrix, t =e ) )

$. s £ 1
Gan  p=m 6Pa-0% ,  (x =3+ tamh(n/2))

2 ks
a2 Eesaeh, (g )

- <

FF_N'_N F—N,-N+1 e F_N’N

Fvl,-8  Foyrr,ovn o Fopmn
(3.13) F = )

3 . .

F N,-N W e By ]

where
-4ty

2
Fkl - (7 -é)sin(ka)c 5
we arrive at the matrix system

(3.14) DBV + YCE" = F




ot
Eq. (3.14) may be solved by diagonalizing pjg and (& . If

-1
A_MI,....AN and MontMoNe1 et oMy denote the eigenvalues of D "B

X-N'
and C!~:-l respectively, obtained by taking E-ERJQX and ZGE .'Z" via

1 -1

e.g. the method of GoJub and Reinsch [3], and if G = lsk,t] =X 9

1 - [Yu] '3-115_1 then y, , = 3k£/“k + uz), and V = XY2Z .

By taking h-.75/Ny", q-.%w"‘ ,» N=16, we get an approximation

u(x,t) = e_“tsinnx + Z vle(k.h)oo(x)S(Z.h)o¢*(t)
k,L=-16

which is accurate to 4 dec. on (0,1] x [0,=] .

Ex.4

uxx + Uyy = '19 (x,}') & S = [001] x [0'1]

(3.15)

u=0 on 'as

Letting B and D be defined as in (3.9) and (3.11) we now get the

approximating matrix system
= Nt o
(3.16) rpu+ Y (7B H

where E.' [uu]. U (hkll’ hkl = 1 . This may now be readily solved
via the diagonalization of D"'Q . By taking N = 16, h = 75/N*% we get an
approximate solution
16
u(x,y) & ] u, pS (K, h)o $(x)S(£,h)ed(y)
kgl--16

which is accurate to 5 dec. on S .

A .ﬁ“‘

e
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4. Error Analysis

For sake of simplicity, we shall restrict ourselves to the simpler

case of the second order problem
(4.1) u" + f(x,u) = 0, u(0) = u(l) = 0

The analysis for the case of other ordinary or partial differential
equations is somewhat more complicated, but may be carried out similarly.
Throughout this section u,Cl.Cz....,C16 denote positive constants,
and h = [nd/(aN)¥] .
In the notation of the previous sections, we take ¢(z) = log(z/(1-2z)],
and we take tha domain of analyticity to be D = {z:|arg[e/i-z)]]| < d)} .
We shall assume that (4.1) has a.(locally) unique solution Yy which 1is

analytic and bounded in 0D and which satisfies the inequality

(4.2) lug)| < cx*-0%, o0gx <1,

Definition 4.1. Let M(d,a) denote the family of all functions v

that are analytic in 0, such that

v(0) = v(1) = 0
(4.3) gv"' € B(D), |g(x)v"(x)| _<_c2a°'1(1-x)°'1 on (0,1) ;

£V E BO), |gmeax,ve)| £ Cx* a0t on (0,1) ;

wvhere
(4.4) g(x) = x(1l-x) .

We shall also assume that the solution of the Frechet derivative

problem

SRR s




(4.5) 0" (x) + fu(x.u(x))O(x) = w(x), 06(0) =6(l) =0
satisfies
(4.6) lee] < ¢, 1o ]|

for all u € M(d,a) such that Hu—uo“ < ¢ where ||<|| 1s defined

by
4.7) [1€]] = sup  |£(0)],
xé(o ’ 1)
where
=1 1
(4.8) (A "f)(x) = -I CG(x,t)f(t)dt
0

and where for any x & (0,1},

(1-x)t 1if 0 <t < x

(4.9) G(x,t) =

x(1-t) 1f xgtgl.
Moreover, we shall assume that if ||u-ug|| <€, then
(4.10) A ™ e e uen ] < ¢

Let us assume that we have found an approximate solution
N

(4.11) u, ) = ]

v S(k,h)od(x) (m = 2N + 1)
k==N

by the method of the previous sections, and let us set

(4.12) _ o, = u, - g




T

TR,

oy

Then

(4.13) 0% (x) + fu(x.a(x))en(x) = u(x) + £(x,u_(x))

for some u between Y, and u and therefore, by (4.5) and (4.6),

(4.14) leg(x) | < ¢ llu + A-lf(°,um)|| ‘

Now by Theorem 2.1}, we find, by taking Sk(x) = g(x)S(k,h)od(x),

X " % + % tanh(kh/2), that

1 g(x. )
(4.15) I [v'(x) + f(x,v(x))lsk(x)dx & h ;T;E—)(v"(xk) + f(xk.v(xk))]
0 k
and
1
(4.16) I v"(x)sk(x)dx
0
8" (xy) (0 )
ah ,§ v(x )[-17;17 &gy * 2y’ (x,)48(x,)¢" (x,) /4" (x )}~
6@
+ux»<x>—LJ

3

in which the error of either term on the right-hand side of (4.15) is

¥, - (ndan)¥

bounded by c N and the error of the right-hand side of

-(wdan)* :

(4.16) is bounded by C7Nk¢ By our process of solution, the

numbers u, in (4.11) are determined such that
N i g1 62
(1] ]
h R ’[7}- &+ (23j + 8y 4 /0_1} -1—+ '_1‘3 —-Lh ]
(4.17)

+ h ':'E f(lk,uk) - 0, k - -N. -“"‘.....N .

|




{
k Theorem 4.2: Let the numbers u, (k= -N,-N+1,...,N) be determined

by (4.17), and let u-(x) be defined as in (4.11). Then

3/2e-(tan)*

(4.18) lu, (x) - uo(x)l < CyoN 0<xg<1l.

where Uy is the solution of (4.1).

Proof: In view of the errors in the approximations (4.15) and (4.16),

the solution of (4.17) is equivalent to finding a function v & M(d,a),

such that
g(x ) ck
(4.19) Y (x )[v"(xk) + f(xk,v(x )] = T k = -N,-N+1,...,N,
k where v(xk) .U and where
¥
(4.20) le | < cgvfe ™My oy w,LLL N

Since v € M(d,a), 1t follows, for any t €& (0,1), that

T $ Ex)
I-S-()-. oy [v"(®) + £(e,v(e))] -kz_. Tty 3700 [V () + £0x,v(x))1S(k, hod )
(4.21)
- sin[n¢(t) /h) z)[v"(2)+£(z,v(2))]dz
2ni ’ ¢(z)=-¢(t))sin[n¢(z)/h 3
9 ‘

|

By multiplying (4.21) by 0'(t)2. taking A of each side, and noting

that g(e)¢'(t) = 1, we get

Rt WA oL 179" b

: vix) + (e v(e))} ) - | -:-“r(v" + £0x v 1A X0 (0 sk, 0k (0) ()

ke=w

(4"2'2) - A-1 {!'m sin[®¢(t)/h) I f‘:)!v"ilgﬂszlv(q;’ }(x)
2ri 0 ¢(z)-¢(t) )sin[w¢(z)/h
9




Since ¢'(t) = 1/(t(1-t)], it follows, by taking

t = [1 + tanh(u/2))/2, x = [1 + tanh(w/2)]/2, and using (4.8) and

(4.9), that
1,(h0) = A0 (&) %stnc[{4(t)-kh}/h] } (x)
w
- - [ s e
(4.23) ~a
14 tanh(w/2) u-kh
g J 1 + tanh(u/2) sinc[ h Jdu
v

On the interval [-=,w], the function [l-tanh(w/2)]/[1-tanh(u/2)]
increases monotonically from ([1l-tanh(w/2)]/2 to 1 while on [w,»],
the function [l+tanh(w/2)]/[1+tanh(u/2)] decreases monotonically
from 1 to [l+tanh(w/2)]/2 . For this reason, it may be shown by

a somewhat lengthy, but simple argument, that
(4.24) |11(h.x)| < 4rmh .,
Similarly if x € [0,1]) and 2z € 3D, we can show that

2
-1(¢’ 2h
(4.25) [1,(h,x)| = |A 1{ 21'«;;0.13-25:;; * }(’)l =q

since Im ¢(z) = 2d .

By means of (4.19), (4.22) and (4.25), Eq. (4.21) now yields
lvexy + (A”2ece,v(e)) ) (0]

< |1, (h,x) | rZ‘ Lo + |1 (h,0)] "‘l[v" + f(x,,v,)]|
.x R el ’x ’
ol Tt ks-N D 1 |E|,,,'o'{ D b

(]
+ (10,2 Io l “%%ﬁf;{%%%%ﬁf*!‘illl dz|
9

e ot s, .
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Using the bounds given in (4.20) and (4.24), we bound the first sum

3/2.-(1.4«")"

on the right-hand side of (4.26) by 09N ; using (4.3) and

(4.24), and recalling that x, - % +4% tanh(kh/2), we bound the second
e ¥
sum on the right-hand side of (4.26) by Cloe (vdaN) ; and using

(4.25) and the fact that |sin[m¢(z)/h]| > sinh[nd/h] 1f z € 2D,

we bound the integral term on the right-hand side of (4.24) by

2h N(g[v" + £(°,v)])/[dsinh(nd/h)] = CIIN_*e-("dGN)* Hence for all
X é[ovllo

-1 3/2 -(ndaN)*
(4.27) |vix) + (A" £(e,v(t)) )} (x)] £ C N e :

Since v € M(d,a), it fcllows from the first and second of (4.3)

that

(4.28) lvea | £ € x*1-x%, 0<xscl.

Furthermore, since v &M(d,a), and since uy and v coincide at

LT SRPOTTRRT it follows that (13, Theorem 8.2] for all x & [0,1],

, ¥
(4.29) lu (x) - vix)| < clan"e'("‘"‘“’ ;
In view of (4.5), (4.6) and (4.10), it now follows that for all x €(0,1),
(4.30) lu (o) - (a7t £(e,u ()}

< v + 71 e, v} )| + Cglu (0 = vix)|

By (4.14), (4.27), (4.29) and (4.30), it thus follows that for all
x £ (0,1)

v ¥
(4.29) |..(g)| - |u.(:) - “o(*)l =.c15'3/2. (vdaN)™

St ERE PR SR




This completes the proof of Theorem 4.2.
Similarly, it may be shown that when using n = (2N+1)2 points
to obtain an approximate solution of a partial differential equation,

3/2 e-ﬂ{' <

such as (3.15), the error is bounded by C, N 5C

16

Indeed, for the case of (3.15), we may take C16 =1 and y = '2 -

%
n3/4‘-yn

s o L
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