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RUSSI AN AND EN GL IS H TRI GONO M ETRIC FUNCTIONS
Russian English

sin sin

cos cos
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sh sinh

oh cosh
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c t h  co th
sch sech
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arc sin sin 1
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— larc sec sec
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1
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—1arc th tanh
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arc csch csch ’

rot curl
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V Eage 2.

In the book is generalized the material on the development of

the me th od of the ini tial func t ions and is presen ted the for  th e

first time developed by the author general thecry of the ope rators in

ccnnec tion wit h the method s of the initia l functions, that makes it

possible to obtain the fundamentally new for this method forms of the

genera l solutions of some procedurally impo rtant classes of the tasks

of the app lied theory of elasticity and strength of materials. The

developed theory of the operators is illustrat ed by the ro ug h

estimates, in whic h affectively realize themselves proposed the

cperators .

The book is i ntended to scientific—technical workers, an d also

to the ins t ruc tors, the gra duate students and the students of the old

courses, which specialize in elasticity thecry.

Chief editor, mem ber of AS UkSSB Piaarenkc G. S.

rage 3.
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Pre Cace

During the solut ion of many impor tan t pro b lems of mechanics in

accor dance with the contemporary demands of science the technicians

are extremely effective the approximatio n methods, which provi de for

the use of computers. The effectiveness of the practica l use of those

cr other methods in •any respects depends on the method of obtaining

Cf solu t ions, simplici ty of the required in this case

lining/calcula tion s, etc.

~ne of the promising approximation methods of the solution to

the boundary—value problems of elasticity theory is the method of the

ini tial f u n ct ions, which fin ds recently increasing application /use .

However , the mathematical formalism of this method is until recently

develope d extremely weakly.

In the monograph , whic h is the disser tat ion work of p rema turely

pa ssin g aw ay Victo r Andreevich A GABE V A , is base d wi de use in the

metho d of the initial function s of sy.bc]ic opetations, an d al so is

set forth the for the first time develop ed by the author general

theory of the operators (in connection with the methods of the

initial functions) , which makes it possib le to ob tain the

fun damentally new f  or this method forms of the genera l solutions of

some classes of the prcblsms of the applied th.cry of elasticity and 

-,- —.-- —-- — -~~~~~~~~~~~

) ~.
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streng th of materials , which have large prac tical

ap plication/appendix in engineering.

In the proposed theory of the operators the author substantiated

the  al gebraic, differential and integral actions above the regular ,

siv guiar and mixed operators, is demonstrat ed the equivale ncy of the

re presentation of the operators in the closed form and in the form of

series is demonstrated the legitimacy of th. action above oper ational

series, are establish/installed the specific rules for the actions

wi th the o perators, connec ted with the nonin terchan qea b ili ty of the

mixe d opera tors an d so for th, an d also are proposed the methods of

the realization of the operators and so forth , and also are proposed

the method s of the realization of the operators.

The developed theory of the operators allowed the aut hor to

obtain some new ident ities for Bessel functions , to obtain the new

me thods of the determination of the particular solutions to

nonhomogene ous differential equations iii partial derivatives , to

reveal/detect the equivalency of operational equations and functiona l

equa tions of the ty [e integrodifferential , differential—differenc e

an d so for th.

P a ge 4.
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The author synthesized the overall diagram of the

applica tion/use of a method of the initial functions to the solution

to two—dimensional boundary—value problems with the wide use of the

operators. In this case were constructed general solutions for the

series of problems of mechanic s, inclu ding of two—dimensional

p roblem , bending of plates , etc.

The set—forth general theory of the oper atc r s is illust rated by

practical examples with finishing/bringing some of them to number.

V. A. Agareva ’s presen t monograph is the criginal investigations

ct the author in the field of applied mathematics the mechanic s, who

hav e large t heoretica l and practical value.

It is possible not to doubt that the published work , crea ted

gif ted scientist , w hich was V. A. Agare w, it will be impor tant stage

in the development not only of the applied theory of elast icity and

strength of materials, bu t also the mechanics in the broa d sense of

this scrd.

rage 5.

r r o. the author.
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Along with the increasing interest in sett ing and sol ution of

nonl inear  problems is given at present still ccnsidera b le a t t en t ion

to the  problems of l inear  prob le.s. In accordance wit h the

contemporary  demands  of science technicia ns in this range it is

possible to  indicate the fo l l owing ,  in our opinion , main d irections.

1. The f o r m u l a t i o n  of the f u n damenta l ly  new problems, which  lead

to such eq uations and the bcun dary con d it ion s, which were not

examined  in classical mathematical physics.

2. obtaining the so—called exact sclutions for those problems,

wh ich have long been placed, but soluticn by their known at present

method s is ext remely  d i f f i c u l t  (due to the f u n d a m e n t a l  c o m p l e x i t y  of

b o u n d a r y  conditions) .

3. Developmen t of the approximate (mainly rumerical) method s and

their adju stment to the wide use of contemporary computer technology.

4. Obtaining new forms for the known precise or approximate

solutions. This is connected either w i t h  s i m p l e r  — according to idea

cr with lining/calculations — by the method of obtaining solution or

wi t h the measure of the effectiveness of scluticn (in the sense of

c b ta i n in g  the numerica l result, what , in the  f i na l  analysis,

frequently is basic for a practice).

• —• —.——-- — — •- —•————.--—-—•-- --— —•— —. -~~~~~~~ - ——
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The met hod of the in i t ia l  func t ions  (in tha t  form , how it is now

developed) i t  can be referred to the last/latter two directions.

In pro posed wor k carr ied out the general ization of the avai la ble

in known to us l i t e ra ture  material  on the application/use of a met hod

of the in i t ia l  f u n c t i o n s ;  is u n d e r t a k e n  the  a t t e m p t  ( a p p a r e n t l y ,  for

the f i r s t  time) to base the widely utilized in this method sym bolic

cp er at ion s , what , in the opinion of the a u t h o r , was the  basic goal of

his w o r k ;  were given t he  f u n d a m e n t a l l y  new for  this method fo rms  of

the gen eral  solutions of some classes of t he prob lems of the applied

theory of elasticity and strength of materials, and, finally, the

quality of illustration solved several concrete/specific/actual

en gineer missions.

The s i g n i f i c a n t  part  of the obta ined in wctk results is

i l l u m i n a t e d in art icles [ 1— 3 , 10, 41 and 112]. Furthermore, the large

par t  of the  mater ia l  of 3—4 chapters was reported by the author on

seminar on mechanics wi th  O?~ [0TH — Department of Technical

Sciences] of AS UkSSR on 14 February 1959; a content 1 and 2 chapters

— on the same seminar on 9 March 1962.

In co nclusion I consider my pleasant dut y to express sincere

___ j
V - .---- 

~~~~~
— .• 
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appreciation and g r a t i t u d e  to my lea der to the professor C. S.

fisarenko and to m y  associdtes N. A. Wenzel, A. L. kvitke, E. S.

IJ.anskiy and N. N. Cherny for valuable councils and the diverse aid,

render/shown to me during the execution of this work .

Page 6.

In t r o d u c ti o n .

~1. Ge neral characteristic cf method.

Apropos of the common/general/ to ta l  idea of the method of the

initial tunctions it is possible to express different points of view.

Specifical ly ,  it can be consi dered as genera l izat ion wide ly  utilized

in the s t rength  of mater ia ls  of the method of the in i t ia l  para mete rs.

the latter is based on the application/use of the universa l equation

c f the elastic line of bean, which we wil l writ. in the form

w (x) —L tw.+L,t, +L.M , +L4Q. -f - O (4  (0.1)

He r e through 0(x) are desi gna ted the ter ms, which consider ty pe of

loa d on beam , and

— 1, L, — X. — -~~~jr , L4 — 

~ ET (0.2)
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Functions L) (j — 1, 2, 3, 4) they can be named the operato rs, since

as a result of their application/use to the initial parame ters w0,

0~ ’ N~ , Q0 (simple multiplication by thise parameters) is obtained

the value of sagging/deflection in any section of beam.

Expression (0.1) it is the special f o r m  of the notation of the

general solution of the differential equation of the elastic line

.d’wEl ~~~ —q(x).

in which are isola ted the initial parameters.

If all parame ters are known , then formula (0.1) gives the ready

sciution of problem. Hut it, as this usual ly is, is known the only

par t of the initial parame ters , then, satisfying conditions for those

sections, where the displacement/movements are known, are obtained

the al gebr aic equa tions, from vhi h are located the unknow n initial

parameters .

Pa ge 7.

Let us f ind  now funct ion w (I , y ) ,  sa t i s fying on rectangle 0 .~~ x

4 1.0 4 y 4 X to certain differential  equation , f or exampl e

~~4)

an d to the specified boundary conditions of this rectangle . Si mila rly

_____________________________  _________________________  
___________

— ~~-.; ,V• __ ~~~~~-
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40.1) let us present th . general solution of problem in the form

w z,
the func t ions

:~ ~~~~~~~~ ~~ ~~~~~~~~~ 
t-& . fO.6

are called the initial functions and play the same role, as the
initial pa rameters in (0.1).

The Operators L) (i 1, 2 , 3, 4) they viii take the for.

A c o + Bs ~~~~~ n~~~~+Cch~~ .sj n P~~+

+Dsh~~~cns~j~ 10.7)
where ~ it indicates the symbol of the differentiation

(0.8)

Unlike (0.2) these values L, are not usual funct ions, b ut they are

transcende ntal linear differential ope rators. They completely are

determined by equation (0.4) and by the taken fcr m of general

solution (0.5).

As concerns expression Lj(x.v). that this be a particular

solution to equation (0. 4), that  turns wi th  x — 0 into zero together

with its first—order three derivatives in terms of x.

If all the initial functions are known (Cauchy problem), them

formula (0.5) giv.s th. ready solution of problem , expressed in

V - - ~~~~~~~~~~~~~~~~~~~~~ - ~ -- ~~
- :~

- -

-
- -

-
-~ -

- - - - - ~c~r—’~-—~ ,. - - 
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symbolic for.. In order to pass to the usual form of solution , it is

necessary to know how to use operators L, to the initial func tions.

For this purpose it is possible to use the tables of the values of

the operators, whom it arrange/locates operatiopal calculus.

But if is known the only part of the initial functions

(boundary— value proble.), then, by satisfying bcundary conditions at

ed ge x = 1, it is possible to obtain the syste. of transcendental

differential equat ions for unknown initial functions. By integrating

it taking into account boundary conditicns cn edges y 0 and y =

let us fin d these funct ions and then on (0.5) we will obta in the

scluticn of problem.

Page 8.

A quantity of terms in expression (0.5) depends on the order of

equatic s (0. 4) , the f o r m  of the notation of the expression itself

does sot depend on the initial differential equation or the

conditions of problem. Therefore it is represented possible to call

expres sion s of type (0.5) the canonical equations of the method of

the initia l functions.

Let us note still that  instead of func t ion  v and its derivati ves

as th. initial functions can be und.rtaked such linear combinations

_____  — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - VV. h.- - ____________________- -
- - ____- _f~~_ - • .~~ - - --- - - -- - -
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cf these values, which are justified by the physical content of

prcblem .

The described diagram of the application/use of a met hod of the

init ial fu nctions (in more detail about this will go speech in

chapter 3) shows that this method and the method of the initia l

araleters are com p letely analogous in project, but essentially they

d i f f e r  in the utilized by them apparatuses and the volumes of

computationa l work. This is completely logical, since the method of

the initial parameters deals with one—dimensional, an d the method of

the initial functions wi th  two—dimensiona l problems.

As the basis of the method of the initial functions is placed

the tendency:

a) to unify the process of the solution to any linear partial

differential equat ion under the arbitrary r igh t  side of the  eq uation

aid bounda ry or initia l conditions (for this serves th. introd uction

cf canonical konon icheskikk equations of the method of the initial

functions and the wide use of zy.bolic operations both for obtaining

general solution and for the solution to specific problens);

b) to facilitate the solution of problems in that sen se ira order

that the k nown par t of work could be mad • previ cusly and represented

V 
- - --

V — -  _ - t —
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• 
in the form of the tables of some values and expressions ( fo r  this

are located the “general solutions” of defined classes of the tasks

of mathematical physics, are comprised table for the realization of

cperators and table of the toots of transcendental characteristic

equations for the determined fcrms of tcundary—va lue problems) ;

C) to obtain the general solution of problem in this form , which

at least to a certain extent  fac i l i t a ted  the analysis of solution

froa the v iewpoint of the effect of boundary conditions and the right

side of the differential equation.

The effectiveness of the method of the ini t ial  funct ions  is

determined to a considerable extent b y the presence of the tables of

“general solutions” , the roots of characteristic equations and so on.

therefore most advisable is represented the application/use of a

method in such questions, where it is necessary to solve a large

quantity of problems, uniform in its content and d i f fer ing onl y in

terms of the boundary con ditions, the size/dimensions of the range of

chang. in the independent variables or in terms of the form of the

function, which stands in the right aid. of the differential

equa tion, an d wher e, therefore, ther. is sense and possibility to

conduc t the entioned tabulation.

rage ~~~.

- - - - - ----——- - - I- - 
~~~~_
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—
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Such questions include, for example, the curvature, the

oscillation/vibrations and the stability of plates, twisting

prismatic rods, two—dimensiona l and axisym.etric proble. of

elasticity theory, two—dimensional stationary problem of thermal

conductivity, plane and axi symmetric theracelastic problems , plane

and ax isymmetric stationary thermoelastic problems, plane and

axisymmetr ic the stationary problems of electrical and mag netic

fields, two—dimensiona l and axisymmetric problem of the hydrodynamics

of ideal fluid , etc.

As concerns the form of differential equation and range of

change in the independent variables, it is logical, si.ple r anyth ing

are solved problem s for equations with constant  coeffic ients relative

to the functions, determined in rectangular range ; bulkier is

obtained solution for the equations, written in curvilinea r

coordinates (with the being divided variables), relative to the

functions, determined in the range, limited by coordinate lines, is

possible the application/use of a method to equations and ranges of

more g.neral view (for example, equation with pclynomial

coefficients, the trapezoidal domain of function), but the se

questions are still developed very littl.~.

L ‘~~~~~~~ r ~~~~~~ ~
- : : . -- : - — : — ~~~~‘ ‘ ‘ ‘ - -—-— V

_ _ _ _ _ _  ~~~~~~~~~ ‘~~~~~~~‘~~~~~~~ -‘ -.
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Final ly ,  the method of the ini tial f u n c t ions, apparently, can be

used to some theore tical studies of boundary—value problems, for

exam ple to the questions of existence and uniqueness of the solution

of boendar y— value problem, correctness of the setting of problem.

estimation of a variation in the functicn in range with the assigned

variation in the boundary conditions, etc.

However , this problem , strictly speaking, even are not placed .

~2. Survey/coverage of works, connected with the development of the

method of the initial functions.

The method of the initial functions has comparatively short

history and is connected mainl y with works of A. I. Lur’ye and V. Z.

Viasova.

Into 1936 in the article [26] of A. I. Lur’ye it obtains the

formulas, which express displacement~mowements and the

voltage/stresses at any point of the plate through

displacemsnt/movements u0, v0, v0 points of mediu m plane and derived

u’1, v*~
, a 10 of these displaceme nt/movements over

alternating /variable z (z axis is perpendicular to medium plane) .- To

________________________ — — —
V
-*
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these formulas it is possible to arrive, searching for the solution

to the equations of Lame the theory of the elasticity

(0.9)

in the form of series according to degrees of z:

U — Mi, ~E, J’) + a +¼~ (x, ~ a-.~4~- ,2�~
. (0.10)

Page 10.

Fu r ther  A. I. Lur • ye notes: “it is possible, however, and not to

make the substitution of series (0.10 indicated) to equations (0.9) ,

but to arrive at final results immediately, after using the following

method of calculation. Let us introduce t h e  designations

— d1. —4 ~~~~~ —( )‘
~ 

A —  ~~~+ 4~ ~~ (0.11)

wi th  which equation (0.~ ) they take the form

e+ ( 6+ ird ~) u + v d ,d,v+vd 1w i..o. ; : . . :.~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~ 
* (0

h
12)~

• 
.~~~

By considering 4,, d, and A as constant numbers, let us

integrat, this system of three linear differential second order

equations usd•r the initial conditions: with * — 0

I — Ii. P — V .  W — W , V

I

_ _ _ _  —— -- - _ - -  --_ 
- — 

— V

-V ~~~~~~~~~~~~~~~~~~~~~~
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An a resul t it is obtained

u—coszV~ u.+ 
sI nzVA zs i nzj /A o ( öu,

2 y
~ 

Ox~~~i~~

÷ 
p,o_ .

~~~~~ ~L~~’4-~ v ( sinzV~y~ 
—

z cos z J/~~\ a3 fâu öu~ /— 
•~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (0.14)

and so forth.

Nit is obvious that, after replacing cos zV~,’1 A and so for th

with their expansions in series according to degrees ZVA and

returning to value A, which, unti l  now , it was considered as numbe r,

its value of the twc—dimensional operator of Laplace, we will arrive

at unknown series (0.10). At the same time we can thus far this not

make , but operate directly with formulas (0.1 1$) and return to powe r

series already as a result of calculaticnsw.

Then the author applies the obtained expressions for

displacement/movements and voltage/stresses to the analysi s of th.
stressed state of plate with a thickness of h. Expanding

transcendental terms in series accørding to degrees of b and being

limited to the lowest degrees of b, it it comes to the following

— -
- - - - - -- - - -~~--- - _~_~~~~ V~~__ •~ ~~~~~~~~~ - - V---- 

—



—— ~~~~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~ - --

DCC 77055301 PAGE 17

equation of the flexure  of the plate:

~0.16)

P age 11.

Ibis equation is proposed to solve according to the method successive

approx imation, representing w0 in the form of a series according to

degrees of h.

We so dwelt at  A. I. Lur ’ye’s this work because in it were for

the first time proposed two of the basic features of the method of

the ini t ia l  functions:

1) the unknow n functions were represented in the form of the

linear combination cf the values of some operators (depending only on

the for. of differential equations) above functions, assigned on

plane z = 0;

2) for obtaining general solution widely were utilized

transcendental differential cperations.

After aix years, being occupied by the thecry of thick

plate/slabs, A . I. Lur ’ye again returns to this question in the

articl e (27]. A fter repeating those previously cbtained by him

-- ~~~~~~~~~~~~



DCC 77055301 PAGE 18

results, the author it transfer/converts to the question concerning

the determination of six unknown functions u~, v~, w0, U ’0,  v’0, w ’0.

Into 1941 N. A. Kil’cbevskiys in its fundamental work (23 ) on

the theory of shells it proposed to utilize surface condit ions of

equilibriu m for obtaining the equations, determining static or

gecmetric values on median surface.

Following the idea of N. A. Kil’cbevskiy, A. I. Lur’ye it

cbtains system of the form

A11u, + A15v, + A1p — f, (x. y).
A,,u,+A ,,00+A ,3w0 1 ,(x, y). (0.16)
A5 g5 + ~~~ +A~w I, (x. ~).

where b -  know n functions, and A ,1— some differential operations of

infinitely high order. For the solution of this system is introduced

the resolving function Y(~,~)witb the aid of the relationship/ratios

A , A0 
~,, — 

A0 A,1 w, —
~~ 

A12 A1, ‘P (0.17)
A~~A~

(if f1 f, — 0). Substitution to third equation (0.16) reduces to

the equation

IA ,s( Y— P(&)Y—fs (x.$, • (0.1$)

- -- ~~~~~~ — —--- V _ V~~~~~~_~~ —~~~~~~~-- - 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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where F — the int.gral function of operator A.

Further the author examines the scluticn tc equations (0.18). He

indicates the method Of Obtaining the particular solution to equat ion

(0.18~, if f, (x, y) there is a polynomia l from x and y or f (A) —

polynomial from A. The determination of particula r solution for the

general ca se is not given.

Page 12.

General solution of the homogeneous equations

(0.19)

is obtained in the form

where ~~~~~~~ the solu tion to the equations

a 6, — the roots of the transcendental equat ion

F (6)—0 (0.22)

(these roots there will be an infinite multitude).

Then the author examines in detail u n i f o r m  solutions for cases

0, f5 f 3 = 0 and f3 f, — 0 and gives the containing

arbitrar y parameters of expression for displacement/moveme nts and

voltage/stresses in plate/slab at symmetrical and skew—sym metric

— ~~~~~~~~~~~~~ •~~~ • L~~~LVVV

V — 

— —  

V V ~~~~~~~~~ V~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -~
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(relat ive to mediu m plane) loads. In this  case large role p lays  the

eq untion

± 
si~ x 

= 0. (0.23)

In the last/latter paragraph of article the obtained expressions are

applied to the solution of the problem of the flexure of circular

th ick  plate/slab.

Thus, in this deep in the content article of A. I. Lur’ye

su bstan tial ly  developed pro posed to them earlier method , after using

for determinin g functions u0, v0, a0, U’0, ~~~~~ and S0 par tial

d i f fe ren t i a l  equation s of i n f i n i t e l y  high order and a f te r  indicat ing

the method of ob ta in ing  the un i fo r m solut ions of these equat ions, and

also par ticular solutions for  some forms of opera tors an d righ t sides

cf the equation.

A. I . Lur ’ye’s work s in this direction foun d their com p letion in

put l ished by it into 1955 fundamen tal mcnogtesph (28). Systematizing

its previously obtained results, it considerabl y it deepened them and

simultaneously enlarged the possibilities of the proposed method.

flainly this concerns:

1) the introduction of orthogonal coordinates in plane IT;

2) obtaining the particular solutions to transcendental

—V V — ~~~~~~~~~~~~~~~~~~~~~
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differential equation for the cases, when right side (load) is a

~olyharmonic function or the eigenfunction of the

oscillation/vibrations of the diaphragm /membrane , when the f u n ction

cf loa d is re prese nted by d ual trigonome tric series or Fourier

integral for two variables, and also by a series f~ir’ye — Bessel for

a circular range;

3) the examination of the thermal stresses in layer ;

4) the solution of series of problems for compression and

flexure of thick rectangular or circular plate/slab from static or

thermal  ef fects (in  this case boun dary condit ions are satisfied in

St. Venant sense). The methcd, close to this, which was ap plied in A.

I. Lur ’ye’s early works, was successfully used Ta. F. Nalkin (USA)

(29] to the solution of the three—dimensional harmonic problem of the

stationary temperature distribution in flat/plane plate. In this case

Ta. F. Nalkin does not use the transcendental form of the notation of

the operators.

P age 13.

Further works in this direction belong to V. Z. Vlasov and his

school.
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In tha t whic h was pu blished in 1955 article (11] V. Z. vlasov

proceeds from the system of equations of the theory of the elasticity

~~~~~~ ~~~~~~~~~~~~~ 
V

~~~~~~~~~~~~~~~ -
~~~~~~~~~ / ä u  dv \ j

~~~~V~~~

- 
- r,~ — — C 

~, r 
+ ~V - 

- 

(0.24)
• _ _ _ 2G 

[ 1  — v)-~~ +v(-~~..+-~~~_)];

(x, y, z; u, v. w). V

In tro ducin g the basic f u n c t i o n s
U — Gu, — —
x_ ’g xz. y _ T

ws. z _ o$ I

it it searches for the general solution of equations (0.24) for the

la yer, limited by planes z 0 and z const, in the form of

Naclaurin series in alternating/variable z

(ÔU \ z’ (d’U \

• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~öz Z (0.26)

fäZ \ z’ I d’Z \
~~~~~~~~~~~~~~~~~~~~ ) + . . . .

As a result of ezceptioa/eli.ination from equations (0.2 ) of
—

stresses c..e,amd /1 is obtaine d the basic system of equations

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ 
-r-

~~~~— ——  — --~~~~~~~~~~~~ —
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~~~
..—aV+X. ~~~~~~~~~~~~ -~~ ——ciX —~Y,

~~~~~
- .- -  ~~~~ a~v_(P ’u ÷ i.~.v 

as U) _ 
i - v  aZ,

(0.27)
— — ÷ uW — (OW + 

~ 

2 

~~ 
~sv) — 

1 ~

i—v  ~aJJ+~ V~+ 2 ( I — v ~
where markedly

a ~~~~~~~~~~~~~~~~~~~~~~~~~~ - - •
~e;-

~(0.28)

Page 14.
.

-~ Sf t W J\ Id’Z ’t
I z u).’ I’~~~)~

Nith the aid of (0.27) it is possible all derivatives to

express by differential operations . and r above the initial
functions U0, V0. W., I•, To. Z0. Then solution (0.26) is wr itten in
the form u— L..U, +L.,V. +L .W. + L,~1X.+ L 1,Y, + 1..3Z., -

~~~~

v — L U , + L,,,V, + L,.W, + L,,X, + L1,Y, + 
~~~~

L — U I , + U,VV•± L~ W,+ L,,X, ~~~~ ~
where the operators Z* are represented by the infinite series

- 
—- 

- 

— - -- -
- 

-

. 

-
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L,,, - i—-~-(~~~~ a’+ p’)÷~~~~~(~~~~ ~‘÷
+P)—- -(~E~~

as ÷~‘) +...
2~ 

(0.3~L~,— —  2(1—v) ~~~

and so forth, in which through 7 is designated the differentia l

operator

(0.31)

Page 15.

Series (0.30) formally can be summed, and then:

L, —L .— ~~~~ 2(1—v)

L,,..L~,—— 2(1—v) j ’~~ 

-

—_-
~(I [o_2v)sinYz+YZcOsYz].

L~~
_ L _

4(l _ [Mfl YZ ._ YZcOs~Z) .

- ~~~~~~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -

• - — — ~~~~~~~~~~~~~~~~ — - -—— -~~~~~~~ -- - • 
- ----—----- - - - - “ ~~ ~~~~~~~~ ~~~~~~~~
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~ V ~~~~~~~ -
- Ih1yZ 

~~~~~~ I C ’ ri~~~~~~ ~~.

~~‘ ~~~~~ r 
‘
~
‘4(1 ~~~ ~~

‘ (“ 
~“~r~’)’- 

L.,,uu’ L,. 
V~~
’ 2 (L~~~~~ v) ~ 1(1 2

~ 
sin z.+.~zco.iiirJ.

I 
L~~~”~~~~ ‘~~2(1—v) ~W’

L _ i  
2(1 j(I—2v sln?z_wco~

.
~J

V 

~
L._ L i~l_ v )~~~f ( 1 _ 2 V ) 5ifl Y Z_ Y z coswj . 

(0.32)

V 

V 
L~, — — ~ ~~ 

ayz sln yz,

L,, — L.~ — cos yz — 
2(1 

13’z 
sin 

V

4 ( 3 — v )

• 
~~~~

1
~~~~~~ T~~v V (SIfl Yz_~ zcos vz) .

• L,1—u—~~
.sLn yz~~ ~~~~~~~~~~~~~~~~~~~~~~

i..~__fan yz .... 
~~~~~~~~~~~~~~~~

— L~ — 
~~~~~~ ~~~~

The remainin g stress es are deter mined by the fora sla.

- -

(0.33) 

- 
—
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Page 16.

Ike ope rators A,. 8,. C, they can be represented eit her in the

form of the series

A ,— I— v ~~~~ i_ ~~~~~
11

~~~~
’)0+

+ 12(1—,) (3u’+~’)y¼— ...,

~~~~~~~~~~~ i !~v [( 1+v ) a’+ (0.34)

+V
~~J~~ + i2(i v) [(2+v~2+

+v~1Jv~
_ . . ...

and of so forth or in the closed transcen dent symbolic form

V V V
— 

- V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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4 

_ _ _

2A~ — l — v ~~~~~~ y( 1—v) IIfl YZ. A — —

_ _ _ _ _  
20~— (I -— v) y  sln yz 1— v 00

~~~’

2v za’~~~COS~ ’Z 
— v) SIfl~~Z. #4, —

V z

2 ( l — v ) y~ 
c0s YZ + ( Z V )Y (2

_ _v_

_
~~~~)

sin~~z. A,=

za’D+ 
~~~~

-

~

-— —i---, Cos yz;

2vB,, =. 
~~~~ 

Q COS yZ ( l — v ) y Sifl yZ.

(1—v)y ~~~~~~~~~~~~~~~~~~~~~~~~

8.ii. 1 c05 yz_
(1 *) s i n y .  B.—

~ (1 ~~~~ (2~
_ V — 

2~~1) ~~ ~~~~ + 2(1 cos 1yz.

2va’ — ~‘B. — - ~ -——-~~-— s1n yz_ 1_  cos yz,

B, = _~ _!~~_ cos yz — 

~~

-

~~~

—-

~~

-_ _

~

_- 
~~‘ sin yz;

— 
~ 

COS ~‘Z — (I 
~~~~~

‘
~
-

~—— sin yz, C, = sin yz —

1 (0.35)
1~~

Z—
~~~ 

--
,s

— (sin~~
z_

~~z cos~~z)~ —

C, = U COS ~Z — •
~f v) y ~~

C —  
~~~~~~ 2 ( 1— v )  —

~~~~~

‘ 

(sin VZ_ VZCOS YZ) .

C.— _- ij ---
~

_
~
_ 

1(1 — 2v) sin yz + Yl cos Vt] .
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Page 17.

Further author it uses the obtain ed general solution of the

equation s of elasticity theor y on the calculation of th~ plate/slabs

of a constant thickness by 2 h, wh ich is located according to she

actions of symmetrica l snd skew—symmetric (relati ve to m?~ ium plane)

loads, and also it indicates the possibility i.n principle of a pplying

a met hod on the calculation of the plate/slab—shells of

alternating/variable thickness. In this case for finding the initial

functions it it uses the sethod , actually identical with the fact

which it was used in work (27) and which it is expressei by equations

(0.16) — (0.18).

Page 18.

Howevs t, although V. Z. Vlasov it gives the transcendent for m of the

solut ion , expresse d throu gh th e resolving func t ion F (x , y ):

for the symmetr ic loading

k 

- - ________________________________ ___________________________________ -
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F

U, — 
~ (j 

__j O sin’ yli.-- sin yh cos vhj ‘~
1_ 1 — 2,  h~y

~• — [  2(F~~~ 
fl’~~

_
~~-~ -—--~ san Th cos 4~hj F .

4— 
[~~~ 

~
_-sin*yh+ ~~~~Y~ VV sin~ h cos~ h] F,

(0.36)
sin yh (sin yh cos yh + yhj F + ~ —

for a skew—symmetric load (bending of plate/slab)

W. [ c o s $Yh+ 2 (I _T slnvhCosvh}F .

hay
— sin yh cos yhF,

(0.37)

-j-~-- - cosyh tsin yhco.yh—ykJF~~Z, —0.

but it recommends for the practical solution to use to the tr~ncated

sums of expressions (0.30) and (0.31$), being limited to 2—3 first

terms. So that, f o r  exam ple, instead of (0.37) it will be

~~~~~ -~~~~~~~~ - . —~~~- -
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w f i  h’(3 — 2v) 
~~~÷ -

~~~ ~~~~~~~~~~~ v’v’— . . . ]F .

V X O j
~
— ‘

~ 
j,,, V’ + ~~~~~~~~~~~~

-
~~~

- V’V’ — . . .  czF,

2iz4
1 - - v  ~ + 3(1 

~~~~~~~~~ — . . .  
} 

~F , (0.38)

~~ I ~ ~~j T z j V’+ ~~ -—-~-v ’v’_

J V ~V’F~~~Z~.

In the wor k in question V. Z. Vlasov for the first time 1) it

formulated the basic ideas of the method of the initial functions it

gave name itself this method ;’ 2) for the precise representation of

the genera l solution of the equations of elasticity theory through

the initia l functions and the acting on them operators; 3) it

mslscted as the initial function s of the valu es, makin g

concrete/specific/actual sense in the theory of elasticity

(d isplacement/movement and  voltage/stresses on plane of ref erence) ;

1$) it indicated the possibility of removal from the properties of the

operators of some conclusions of general nature ; so, from the

•quali ty of the operators 

— —-—-— - V_V ~__ ~-. ~~~~~~~~~~ —

- _ _ _ _ _ _ _ _ _ _ _  V V - :~~~~ -~~~~~~ øIft~L~~~~
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~~~~~~~~ L, —L ,, a.~4 so forth (0.3g~

it follows theorem from the recipr ocity of works.

Page 19.

In recen tly left book (12] of V. Z. Vlasov and 1. ~~. Leont’yev

along wit h the account of the material of article (11] ‘iven certain

improvement of met hod, for example, instead of (0.36) obtained the

simple r solution

u,= ; [ ( I _ 2 v) ~~~~~~~~~h~~svh
}~~. 

V

V. — -
~~~ 

[~
i — 2v) -~~~~~

-
~~~~ - — h cos yh J c i .

2. y (sin yh + yh cos yli) ci), (0 40)

yuiz (i -
~
- 

~~~ 
ci’ =

are given the general solutions of the task of the deformation of

elastic su pport un der the load, applied to his surface, and contact

task in the calculation of plate/slab on elastic support, and also

the basic results of V. Z. Vlasov ’s works period 1938.

— -----V-
~~~~~~~~~~~~~~~~

_ _ - _

~~~~~- ~~~~_ V~~V_V -- -

- - _ •V— - - ~• _ . — -  - --~~~~~
-,

. - -  ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ - V
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Thus , A. I. L ur ’ye and V. Z. Vlasov t hey proposed and the y

developed the method of the initia l functions a methol 3f bringing

the three—dimensional task of elasticity theory for the layer ,

limited by planes z = 0 and z = h, to certain two—dimensio nal task.

As the basis of m et h o d  placed the i solat ion/ l iberat ion in t h e

so lut ion of  the  i n i t i a l  f u n c t ions, the presence of these f u n c t i o n s

frcm the equation s, obtained as a result of the satisfaction of

boundary condi t ions  on the planes, which  the y l imi t  a l a y e r , and t h e

more or less wide use of symbolic operations. In this case in the

authors of met hod the basic operator he is the given in different

designations two— :iiaensional operator of Laplace

A, ’~~~~~V’=D’ =y ’.=-~~j-+  - — . (0.41)

1~nfor tuna tely ,  A. I. Lur’ye’s completely valid observation (27,

page 151] about the fact that “the set—forth meth od of the

compilation of the par t icular solu tions to the equa tion s of the

equilibrium of elasticity theory it can be used to the large number

of boundary— value problems of mathemat ical physics in t h e  case of t he

bodies, li mited by two parallel planes”, it not found its real ization

in the operations of the authors of method.

Page 20.

Let us stress once again the differences in the author ’s approach

to the method of in i t ial  func tions :

- - .  V ____________-

~~

__________ - -

V V V _ V •  - — — — ‘~~~~~~~ V~ ~~~~~~~~~~
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1. A. I. Lur ’ye it uses n a t u r a l  from mathematica l poi nt of view

initial fu nctions (function and their ncrmal deri vatives), but V. Z.

Vlascv — by natural from a physical point of view function s

(displacement/move sent and voltage/stresses).

2. A. I. Lur’ye wider it uses transcendent operations and

transcendental differential equations (thanks to which are obtained

solution the accurately satisfying differential equation tasks and

boundary conditions on two  planes  z = const), but is forced therefore

to exa mine the only poly harmonic and other quot ients, although

sufficiently the wide, classes of loads. V. Z. Vlasov in principle it

does not limit the generality of loads, but it uses the  pred o m i n a n t l y

truncated su ms of operators (0.30) and (0.31$) , as a result of which

it come s not t3 transcen dent, but to polyharmonic differential

equations. In this case it is obtained the solution, which accurately

it satisfies only conditions on prima ry surface.

Each of the approaches it can have its advantages in the

definite missions.

Let u s no te n ow two circumstances, characteristic for the works

of both authors and which are to a certain extent a shortcoming in

-V --- —--V.- -~~~~ -

V 
-~~~ V -V. --
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the proposed by them method.

1. Limited use of the transcenden t differential opera tors — in

essence for the red uced recording of series. Hence naturally it

escape/ensues identification by them the meth od of the initial

function s with seq uence method . That , for example, in A. r. Lur ’ye

(28, page 190) he tells that “the symbolic method of the recording of

the solutions to the equaticns of theory of elasticit y, of course, it

is not the necessary means of the study of the problems, connected

with the equilibrium of a layer. It would be possible from the very

beginning the solution to these equations to seek in the form

is — U (z) eflUz -f v) ,
v = V iz) e’(S~+8.~, (0.42)

w= W (z) e”~~+-$v .

Symbol ic  met h od it made it possible simple economical to

organize this calculation , prompting in each stage further motion of

un packing/facing”. Scarcely whether it is possible to agree with this

affirmation therefore, that , for example , for Cauchy ’s prob lem

aa- const; Oc( x, ( < +~~~.
(0.43)

u (x , 0) — q (x) : (
~~

) =  ‘p (x); u (0. 1) — 0

• through the aetho~ of the initial functions easily (see f 2, page
1109 D it is located the solution of ii’ Alembert

I  

_ _ _
-V - -V -V .  V V • 

- -— - --~~~~~~ — - V - -~~~~~~ - — ~~~~ —-— - - --
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while this obtaining similar to it solutions with the help of series

extremely difficultly, but sometimes is generally impossible .

Page 21.

2. The absence of any subst antiaticn of the actions, produced

above the transcendent operators, to say nothing of about the fact

that are not show n the domain of definition of the operat3rs (that.

true, it is of p u r e l y  theoret ical  in te res t ) . Thus , for i n s t a n c e, the

formula

(si n’z V~~ + cos’z~~A) ç (x. y) = ç ( x,  y)  (0.45)

obvious, if a be a number , and it requires not only proof, but also

interpreta tion, if A is an operator of Laplace.

Following works of A. I. Lur ’ye and V. Z. Vlasov in recen t years

it appeare d a series of the articles, in whic h they were solved

specific problems with the application/use of a method of 4-he init ial

functions, they were developed the separate/individ ual positions of

this method , they were given some of its generalizations.

So, into 1958 they left V. V. Ylasow ’s article (16, 14, 13],

article E. S. Umanskiy, A. I.. Kvitkya and V. A. Agare va (‘$1 ] and 

- r ~~~~ -- ,~~~.-. - — - -- - - - - • .  ~~~~~. 
__

.•_
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the article of Ye. I. Silkin and N. A. Solov ’-yev (38).

In the article [16] author it used the met hod of the i n i t ial

fu nctions to the static task of the equilibrium of diaphragm /membrane

and plicated type moment—less slightly curved shell almost with any

form cf loading.

In the  a r t i c l e  ( 4 1 )  the au tho r s  was obta ined  the  genera l

solution of the equations of the axisymmetrical task of elasticit y

theory in the presence of temperature and inertia actions, an d also

the equations of the torsion of body of revolution with thc~ arbitrary

form of axial section/cut.

Characteristic for both art icles it is that here for the

first time the method of the initial functions it was used for the

reducing of two—di mensional tasks to ordinary differential equations.

The difference between them (to say nothing, of cour se, about series

of question touched upon ) it consists in th e following:

in V. V. Vlasov’s work method it is used to comparatively idle

time, from mathematica l point of view, task, and therefore it is

possible to obtain expressions for the operators in the closed

transcendent form;

-  — V — • —

___________________ ~~~~~~~~~~~~~ -~~~~~— - -
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V
in work E. S. Umanskiy, A. L. Kvitk ya and V. A. Agareva the

task in question considerably more comple x , but the operators are

obtained only in the form of series (besides torsion).

In the article [14], using the met hod of the initial fu nctions,

V. V. Ylasov it obtains the genera l solution of the equation s of

two—dimens ional problem of elasticity theory, whe reupon the operators

are expressed in the closed transcendent form. Then the genera l

solution it is used to the tasks of the depression of ~ie/sta.p into

plate/slab, about ‘he stressed state of two—layered plate/slab, of

the stability of three—layered plate/slab, to research of the voltage

distr ibutions in iouble T during load one flanges by distributed

load, and also to the study of bending and torsion of thin—walled

box.

Page 22.

In all cases bouniary conditions on two of the four opposite edges

they correspond to the known solutions of Paylon and Rib’yer.

As concerns the process of obtaining general solution , in our

cpinion, author it allow/assum es excessive liberty in rotation with

the operators (although to a certain extent this is generally been

inhere nt in symbolic method s). Thus, for instance, it •~~~~

-- —j — V — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

V -— ~~~~~~~~~~~~~~~~~ -! -
-

— ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ —
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V
record/w rites system of equat ions  for  de t e rmin ing  thos e e n t e r i n g  t h e

general solution of values C~ as follcws:

— -  ~~ ~ y(yC 1 + C,) — U°. ~~~~ yC,+(1—p)Cs
1 

~ 

(0.46)

~y’G~(I +~&)yC— (1 —~ X~ I .~a;. y’GI( 1+pi)yC,—2pC,I— T ,,

whence by purely algebraic way it finds C1, C~ , C3, C,, although here

(0.47)

a value Ck they are functions of x.

To two -d imens ional problem of e las t ic i ty  theory is iedicated and

V. V. Vlasov ’s cand ida te  thesis (15].

In the article [13), on the basis of the obtained in (14]

general solution of two—dimensiona l prcblem, auth or it gives the

solution of the problem of the bending (in the sense of plane strain)

of multilayer plate/slab — final, by periodically depending on and

not limited ; in th is case again on two end/faces boundary cond itions

they correspond to the solutions of Fay lon and Rib’yer.

Finally , in the article ( 38) Ye. I. Silkin and ~~. A. Solov’yev ,

on the bas is of equat ions (0.29) , (0.32) , (0. 33) and (0.35) V. Z.
V 

Vlasov and using the method of double trigonometric series, they

- _________________
V -V -V — 

.
-~-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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trace the limits of the applicability ~ircboff — Love ’s hypothes i s

for thic k square p la te/ s labs  w i t h  hinged suppor t  on ou t l ine/ contour .

In 1959—— 196 1 t h e y  l e f t  the  ar t ic le  of V. V. Vlasov 17 , 18] and

cf article of the author of this work [1, 2], and also of the

article, w r i t t e n  by  a u t h o r  togethe r w i th  N. A. Venzel,  E. S. Um ansk i y

and N. N. Chern [ 4 2 , 10 and 3).

V. V. Vlasov ’s articles [ 17, 18] are dedicated to som e

particular questions of two—dimensiona l problem for a rectangular

domain and the bend ing  of rect angula r  plates. U n f o r t u n a t e l y ,  in these

articles aut hor it does not give expressions for voltage/stresses and

displacement/movements.

As concerns ar ticles ( 1, 2, 3, 10, 141, and 1421, in them is

briefly illuminated part of the questions, presented in this book.

To this it is limited the enumera tion of the works,

direct—connected with the development of the method of th e ini tial

functions.

One should note, however, another the research, which do not

have direct/straight relation to the method in question, but very

V 
close to it in its ideas.

V4~~~ 
_

~~~
_--V V~~~~V — -t --

~~ •~V% ~~
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Page 23.

Most characteristic in this respect they are P. F. Papkovich’s wor k

(31, 32], I. Fadl e [ 147 ] and G. A. Greenberg [19 and 20).

Into 1940 p. p• Papkovich [31 ) and I. Padles ( 1 1 7 )  ( l a t t e r  —

under the effect of the ideas, expressed by F. Tel’ke in wor k (50])

s imul taneous ly  and i ndependen t ly  of each other used to

two-dimensional  problem of elasticity theory  the  method , w h i c h  is

actually the generalization of M. Levi’s know n method (for example ,

see (32, § 14—24) and that which consist of the fact that the unknown

solution it is represented as expansion in terms of the functions,

which are selected by special form , so that they they would satisfy

some uniform conditions on two opposite boundaries of rectangu lar

domain. In the art icle (20] G. A. Greenberg it generalizei this

method, after widening the class of functions, according to which it

is conducted expansion/decomposition, and P. F. Papkovich (32] it

spread this aetho~I to the tasks of the bendin g of rectangu lar plates.

In specific problems P. F. Papk ovich and I .  Fadles they arri ved at

equation (0.23) they tabulated the first roots of this equation.

Into 1946 and then into 1948 [19), developing this tendency, G.
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A. Greenberg it proposed for the sufficiently broad class of the

tasks of mat hematical physics, described by the ditfer~ ntial second

crde r equation s, the method of the representation of solution in t he

form of Fourier ser ies in the eigenfunctions of uniform task.

All the mentioned here works they have that that

common/gen eral/total with the method of the initial functions, that

if , using the last/latter, transcendental funct ional equat ion is

treated as ordinar y differentia l equation of infinitely high order ,

then solution it ks obtained that which was presented as expansion in

terms of t h e  fact e i g e n fun c t i on s  of u n i f o r m  task.  True , the

coefficients of expansion they can be others, since P. P. Papkovic h,

I. Padle and G. A. Greenberg select any particular solution , but in

the method of the initial function s this sciution it is obtained by

completely determined — to the satisfying zero condit ions on the

initial li ne. This it clear Green berg’s method [19, 20), but it, as

has alread y been spcken, was worked out only for second order

eq ua t ions.

In conclusion let us pause briefly at use in the met h od of the

initial fu nctions of the apparatus of operational calculus .

In §1 has alr eady been noted that for the method of the initial

functions the characteristically wide app licaticn of symbo lic

- - - - •.V 
- V _VV~ — VVL..__ -

~~~~~~~~~~ V V
~~
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operations. At first glance it can be shown that both for cond ucting

operat ions themselves and for their proof the y can be uses apparatus

and the theory of operational calculus. However , the situation is not

entirely t hus. Wit hout going into details, let us note following.

1. In thtee—dimensional tasks the method of the initial

f u n c t i o n s  it deals in essence w i t h  t he  f la t/p l a n e  operator of

Laplace, in o p e r a t i o n a l  c a l c u l a t i o n/ e n u m e r a t i o n  this  opera tor  it does

not figure .

Page 244.

2. In two—dimensional tasks the basic operator, utilized in the

method of the initial, funct ions, he is differential operator, that in

known sense it draws together this method with operational methods.

3. The purposes, as which they serve the operators in

operationa l calculus and in the method of the initial function s, in

essence are different:

a) in operat ional  calculus — the presence of operator , who

correspond s to the unknown solution, and then eit her this operator’s

realization for un it function (as is done in work s [25, 35, 21 and

22 ) , where operationa l calculus it is based on the integra l transform 

- —*__ — —.—~~~~—.V ._Vl,.V_ •~f~ I
VV-V — 

- ~~~~~~ — - — -

V 1V*~~~~ VV ~~
V
~ - .i.k~
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Laplace — Carson) , or the presence of function, identica l to the

obta ined opera tor  (as is done in wor ks [3 0 ]  and [‘49] ,  wher e

operat ional calculus it is stated in purely operator forms :

b) in the  met hod of the  i n i t i a l  f u n c t i o n s  — the  presence  of the

operators, and t hen  e i the r  the i r  r ea l i za t ion  for  t he

assigned/prescribed functions (in the case of the Cauchy probl em), or

the presence of un k nown f u n c t i o n  f r o m  “r anscend ent

i n t eg rod i f f e r en t i al  equa t ions  ( in  the  case of b o u n d a r y — v a l u e  problem )

during the wide use of symbolic operations.

4. Dur ing  th?  solut ion to b o u n d a r y — v a l u e  problems for e l l ipt ical

equations for the method of the  i n i t i a l  f u n c t ions d o m i n a n t  role they

play the  operators of the  form

F (p) .. ern. (k — real number) , (0.148)

a in usual operat ional  calcul us such operators  they are excluded ,

since the imt.gral

F (p)dp!<S$1’*W+~
I I dq_Te_ a.

~~ (0.4~

it diverges with any k and, it mea ns ( see for exam. (24 , page 4014)),

P (p) not represented by Laplace’s integral. Analogously and in

operator calculation/enumeration Ta. Nikusinskiy “there loes not

-— - - - -  - V—~-— ~~~~ 
- — -- - .V

~~~----—

— - - 
~~~~ V



___  - - - - - - .~~~~~~~~~~~ -~~~~-~~~~~~~~~~—--— - — - --V

DOC = 7755302 PAGE ~~ 17/4/

exist expo nen t ia l  f u n c t i o n  e’~ ~ really) ” (30 , page 2117].

5. From forma l po in t  of v iew those symbol ic  operation s, which

are used in the method of the  i n i t i a l  func t ions, most of a l l  t h e y

correspond to the  s t y l e  of works N . Va shc h enko— Zakha rch en k  (9 ] ,  0.

Heaviside (‘48], V. I. Smirnova  (39 ] and  I. I. Khirshiart and D. V.

Uidde r (4 4 5 ].

Th us, it is possible to do the  f o l l o w i n g  conclusions:

a) the  used i n  the  method of the  i n i t i a l  func t ions  symbol ic

operations t h e y  r e q u i r e  the  develo~ ae n t  of i ts “algebra ” end  i ts

proof, not connected with the theory of operational (or operat or)

calculation/enu meration ;

b) dur ing  the  solut ion of the problems of Ca uch y in the  method

cf the initial functions they can be used the table of the images of

operational calculus, in particular table from •Handbook” (22);

partially this it is related also to the presence of particular

solutions (last/latter members in the canonical equations of the

method of t he  i n i t i a l  func t ions ) .

-- - ~V — — V - - -~~~~

V - -
~~~
.- V ~~~~ -~~~~~
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Page 25.

Chapter 1.

SOME QUEST IONS OF THE TH E ORY OP TH E R E G U L A R  A N D  S I N G U L A R  OPERATORS.

In  th i s  chap te r  i t  is given certain proo f by those to the

transcendent different ial cperations, which widely are used in the

method of the i n i t i a l  functions.  It is na tu ra l  that f rom the  theory

of the operators they are affected in esse nce those ques t ions, which

are connec ted with following presentation. However, incidentally are

obtained and t he  separate/ i ndiv idua l  results, r~~t connected wi th  t he

method of the i n i t i a l  func t ions, but whic h are of to kn own degree

common/general/total interest as, for exa m ple, integral relationships

for Besse l functions, the particular solutions to harmonic and

biharmonic  equations, sa t i s fy ing  condi t ions  Cau chy.

~3. Basic determinations.

Let ~ (i~ be a func t ion  of dimensionless real or comp lax  variable ‘z’

__ 1

~

- - __
- — - —- — - V

— —- V. —V V V V 
-V — V - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(Let us no te tha t  subsequen t ly  it is necessary to dea l predomi n a n t l y

w i t h  the i n t e r v a l/ g a p
0 ç - , 1 <A , 0< l~~~!). (1.1)

Let us  in t roduce  symbo l ~ d i f f e r e n t i a t i o n  w i t h  respect  to

variable

(1.2)

let, further, L (z) — analytic complex variable function z. If

we in the a n a l y t i c a l  expression of t h i s  f u n c t i o n  replace z by 0, then
we call o erator .  Thus I~ t,

it will be obtained the ton al ~~~~~~~~~~ t f ~j ’ ~ign W~~e c. are not

the operators)

The fac t tha t  operator L (~ ) it corresponds ( f o r m a l l y )  to

func tion L (z), it is noted by the sign +I~

LØ )..L~z). (1.3)

If function I. (z) besides alternatin g/variable z it contains

even any parame ter k, i. e., L (z) L (k, z), then during

replacement of z on 0 it is obtained operator L (k , ~
), d ep e n d i n g  on

the pa rame ter. The role of the paramete r  it can play also var iable )t

or any another dimensionless and not depending on fl and z var iable

~~. In this cas e operators L(’~~) , L (
~, 0) or L(~.q,~) th.y can be

na med opera tor—funct ions .

- — —--— —- - V ~~V— 
-~~ — V -- -

_________________ - 
V 

~~~~~~~~~~~~~~~~~ —~
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Page 26.

Depending  on the  f o r m  of the  func t ion  L (z) (whole , i r r a t i o n a l,

meromorphic , l o g a r i t h m i c  and so for t h) the corresponding n a m e  it is

conferred and to operator .  For example , L (~) = a = b03 + cO’, L ($)

1. (0) = V’~ ’ ±v’, L (~~) = sine aE~ t h e y  w ill be respect ive ly

polynca ial, fractional, irrational and trigonometric operator.

Special pl ace occupy t h e  operators, assigned/prescribe~1 n o t  in the

closed for m , but  in the  for m of any  series, for example ~~~~~~~~~~~

If to function ,(tj) it is used operator L (~) (otherwise:

operator L it functions above the function 0 or above the function 0

it is prod uc ed opera t ion  L) , t hen it is used any of the  f o l l o w i n g

record ings :
L~~) ;~p (n)) — L(~),(~)— L~(n) — L (ç} L~ . (1.4)

As a result of action L abo ve 0 ( if , of course, th is  act ion it makes

sense) we obtain the functicn
(15)

wh ich it is called operator ’s value L above the function 0, or sim ply

by operator’s value. The process of finding operator’s value let us

name operator’s realization. Sometimes so let us call formula itself ,

which it shows, wh ich operations necessary to produce ab3ve 0 in

crder to obta in  D ( for  example , formula  ( 1 . 2 ) ) .

- —~~
-- -- V 

.
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Set W L all functions ç(~), for w h i c h  is possible operat ion  (1 .5),

it is the domain of d e f i n i t i o n  of operator  L (n ) .  ~ any all func ti~ J~I2’

above whic h are possible operation L1p . Lip , . . . , L~q .  obvious eq ua l to

product to set ~~~~~~~~ . wt ,,. Set ~~ the func t ions  (1) (~), ob ta ined  as a

result of a p p l y i n g  operation (1. 5) to aU ‘p(’O~ cez., it is called the

range of values of operator L.

If monomial  expression it contains  operator  L (0) an i  f u n c t i o n s

of ~~ then  operator L (~ ) it f u n c tions only  a bove those f u n c t ions,

which are placed to the  right of it. ?or example, in expression

it functions above the function ~p (’iJ ~~~~~~~~

Now let us es tabl ish/ instal l  the  elements of the  a lgebra  of the

operators.

1. The operators are .qual, i.e., L3 — I~~, if:

a) ~~~~,

b) ~~~~~~~ for any ~~~~~ (1.6)

F rom L 1 — L, and L5 • L3. it follows L 1 ~ L
,.

2. Operator 1. (0) it i.e called unit it is 4.signat .d •0 or

simply 1, if

for any 
~~~~~~~ 

(1.7)
Pr om ~h. equal ity

(1.8)

- --V 

.
~
, - ~~~~~~~~~~~~~~~~~~~~~~
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it follows
Lq, = I ‘ç~ —~p. (1.9)

Page 27.

Obviously, i~~ and Q, coincide with many all funct ions.

3. Ope ra to r  L (~) it is called zero (ze ro—opera to r )  i t  is

designated through 0, if

L~~~ 0 for  any P E w ,. (1.10)

Prcm the equality
L— O  (1.11)

it follows

~~~~~~~~~~ (1.12)

Obviously, w 0 = w1,  an d Q
~ 

consists of one number zero.

Is. Operator’s multiplicat ion by number (generally speaking,

complex) it is determined by equality (see (1.5))

(cL )ç . c .L ~~~~C f r g J .  ( I.13~
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Th is e q u a l i t y  i t  wil l  remain  i n  force, if constant  c is replaced
~~ ~~~~~~~~~ ~. 

‘~ CIb~~~• /\ . * - .  va r i ab l e  ( i n c l u d i ng fl)~ Obviously, ø~~=w~.

5. Let
L1 (~) q (p1) = ~1)~ (n.). L, (~) ç (ti) -~~ ~~~~~~~ (1 . 14)

Operator I. it is called the sum of operators L1 an d L2 it is

designated

L = L 1 -~- L, = L, -f- L~, (1.15)

if
L~~= D 1 -~- a ~~-- F , -3- m1. (1.16~i

Obviously, 0I = W L1WI.. From the given determination it fol lows that

the sum of the  operators it is subordinated  to c o m m u n a t i v e  and

distributi ve laws whereupon for any (final) number of terms.

6. Let are as before accepted designation (1.111). Operator L it

is called the product of the operators L1 an d La it is designated

L = L ( ~) = - Li (0) L,( ~r) = LiL,, (1.17)

if (under the conditions ~~~~ 
Q.L, Ce.~)

(1. 18)

or , in non e detail ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.19)

Analog ously it is determined product LaL2. If moreover

L1L., — L1 (L.,, — — L4 (L,~}, (1.20)

that the operators L, and L, are permu table (are commutative).

--i—--— V - -  - .
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As concern s the doma in of definition of operator I., scarcely possible

to establish/install common/genera l/total depende nce between w.1 , WL

and W L,~ In the case of the adjustabl e operators the necessary (but,

generally speaking, insufficie nt) condition it will be W
L C~ ~

Not difficult to spread the given determination to produc t n of

the operators and to show that this product it is subordinated to

combined law , for example ,

L1LIL.L4L, = (L 1L,) (L,L4 L5) = (L1L,L,)( L4L,) —

= L1 (L,L,) (L4L,). (1.21)

7. Operator,  who is the product of t h e  ident ical operator s, it

is called operator ’s degree:

LL L’, LLL — L’,..., LL . . .L  La . (1 fl)

The commutativity of the identical degrees L is obvious, and from the

associativity of multiplication it follows and the com.utati vity of

the different degrees I.. Hence: for any operator L with arbitrary

entire m, n~~~0 it will be

— L—L~ — L~L .  (l.2~

From L l . 2 )  and (1.22) we find the realization of deqrees 0:

0=
~~;j• 0 jj jb . . . . .  0~

=
~~r~~~~ 

(1.2~

_ _ _ _ _ _ _  - ~~~~
- 
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-a4~~~~ ~~‘I-’T~p-..a.to ~~~~~~~~~ where throu gh ~ markedly many infinite ly

differentiated functions.

8. Operator L, ($) it is called reverse/inverse with respect to

L (~) it is designated through L ’  (~) or 14 (
~~, if it there ~xists

and

L~Lq L ’  Lç k.L (~J —,, (1.25)

i. e., (see (1.8) and (1.9) )

L— ’L = -) .L~~~I .  (1.26)

If operators L and L ’  are permutable, then it is possible to

record/write then:

U-’ — L-’L—L .-~-= ~~ .L =-~-=. 1, (1.27)

but if the y not permutable , then multiply by inverse operator one

should always to the left (this purely conditiona l understanding it

escape/ensues f rom determination (1.25)), but recording L/L it

becomes not determined.

Page 29.

_ _   -V
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Generally in the case of the incommutable operators L1 and 1/L 2

fraction L1/L2 is not determined.

Analogous to (with 1.22) and (1.13) it is possible to obtain

I I I  1
T’~~~~

’ L L  L~~~~~~~~ L ( ” T  (1.28)

for an zero—operator (L = 0) invenms operator there does not

exist. Ope rator, reverse/inverse unit (L • 1), unit itself (this it

follows from (1.25) and p. 1), if L ’  = 1, then also 1. = 1.

9. As usual, operator L let us name linea r (or a4~ it i ve) , if

(1.29)

where A5 are constants or the func tion s of any alternating/variable

independen t variables of 
~~~~~

‘ Hence we let us meet almost exclusively

the linear operators.

In conclusion of this paragraph let us do several observation s,

useful for future reference.

1. Ob vious that the equality

(1.30)

V V 
- 

~~~. ~~~~~~~~~~~
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0-
it imply the equality

(1.31)

but reverse/inverse, generall y speaking, erroneously.

2. From the equality

L1(z)= L,(z) (1.32)

and the correspondences

Li~0)i.Li(z), L1~~) +.L,(z) (1.33)

it does not follow that

(1.34)

For example, let

L 
Lj (z)_j+z÷z s÷..., 

~~
~~~r=i

— L )— -_
~~~
-_-

~~~~~~
_

•~~~•, 

~f 
jz~>1. 

(1.35)

Page 30.

Then, after assuming that (1.32) and (1.33) it fo l lows  (1 .3~ ) ,  we

will have

LØ) — 1
1
~~ ..~L 1 ( ~) =  1-~~~~~~~ •••,

(1.36)
1 I I

whence in accordan ce with p. 1 page 27

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.37)

~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — 

~~VVV 
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that erroneousl y. For this elimination and similar to it

misunderst andings necessary to choose cne of the possible expansions

L (z) in a series (logically, after establish/installing

preliminar ily the criterion of this selection)

3. Let
L1 -. L1. L~~ — D ~, L,~~—a½ . (1.38)

According to p. 1 page 27,

(139)

or

(1.40~

Eut then, according to p. 1 page 30,

(1.41)

either, taking into account (1.38),

L(L1~) —L 1 L ,~) ,  (1.42)
or , f i n a l l y  (see (1 .19 ) ) ,

LL, f~ ) — U,(~;. (1.4~
Hence again on p. 1 page 27

LL1 — LL,. (1.44)

ana logously, on the  basis of equalit y L2 = L 2 and p. 1 page 27,

it is possible to find

L1L—L.L . (1.45)

~~~~~~~~~~~~~~ - 
~~~~~~~~~~~~~ V~V__ 

- - 1 L._

- - V 
— ~~~~~~~~~~ ~~~~~~~~~~~
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Formulas (1.44) — (1.45) they show that the operator equation L1 =

it will not be broken, if it or to the right are multiplied to the

right by the arbitrary operator L.

l4~ Let us designate

(1.46)

According to deter m ination (1.26) • if L1 there exists, then

L1L.—~ — 1. (1 47)

Page 31.

Let us mul tiply to the ri ght this operator equality (in the right

part of it stands unit operator) by L:

L1L—~L~~ 1 .L—L , (I.48)

or, on the strength of the associativity of the product of the

operators,
L1(L— ’L)—LS (1.49)

i. e., (See (1.26))

L,—L . (1.50

Eq uate/comparing (1.46) and (1.50), we include that
(L—’r’ — L. (1.51k

Consequently, operator, is inverse with respect to inverse operator,

is equal, if it there exists, to the initial operator.

Af ter placing La = L ’  and using (1.26), easy to show that for

I
V—— - ------——-——-—---.- - .--~~--V 

-- -
~~~~

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
-

~~ 
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any L correctly ex pression (1.27), if onl y L ’  there exists.

5. If L1 ther e ex ists, then it only.

6. Vithout the special labor it is possible to demonstrate that

if we keep in mind the action of the arbitrar y operators above the
~~~~CW ~V~

arbitrar yL/7 then : a) L1 + L2 = L1 when and only when L2 = 0; h)

L,L,~~ L,L1 = 0 when dnd only when and La = 0, and L2 = 0; C) L1L2 =

L1 the n and onl y when L2 1 (with L1 � 0).

7. In all given above deterainaticns and considerations the zero

and unit operators they played the same role, as usual num bers zero

and Un ity. Introduced for them designations 0 and 1 they stress that

there is no need f or ma k ing th e diff erence betw een th e opera tor or

num ber.

8. If there exists L * . then of

LL1 —LL, or L1L—L, L (1.52)

it follows (p. 1, page 27)
(1.53)

i. e., opera tor equality possible “to reduce” to the operator, wh ich

occupies identical extreme places in the left and right sides of the

-

~~~~~~~~~~~~~~~~~~ 

- -V -

~~ 

- -
~~~~~~~~~~~~ 

— - V.V -- — V

— 

— 

-~ - -~~ 
V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—
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equality. But if operator it stand s not on identical places (LL,

L1L) or not at all at edge (L1LL2 = L3 LL,), then “cannot be reduced”

(if, of course, operators L, L1, L2 they do not commutate either they

do not occur of equality L1 = L3, or L2 = L,, then equations are led

to expression (1.52)).

Page 32.

{$4. Exponential, hyperbolic and trigonometric operators.

In the litera ture (for exam ple, 1 4, page 147, 5, page 10; i~5,

page 10]), frequently it is encountered operator ‘~~
. On the basis of

formal exp ansion e* according to degrees ~ and assuming that ~E”,the

authors easily they come to this operator’s following realizat ion: I~

e~~ (‘i) — ~ (‘i + k). (1.54)

FOOTNOTE ~~. Here are given our designations. ENDFOO?$OTE.

Purther I. I. Khirshman and D. V. Uidder they are limited to this

observation: “now we define .“i(x) as f (z + a) we note that in

- - - - ~~~~~~ - ~~~~~~~— — V~~~~~ — t - — -  
.

V - V -~ — - 
~V - ~~~~~~ -, - - A~~VVVVV ~VV ~
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spite of t he back g roun d of def i n i t i on, ex pression c~~f x )  it will

ma ke Sense and whe n function f (x) is nct differentiated”. This

va luable by itself determinat ion it does leave, however , opened this

very important for a pract ice (at least in application to the method

of the initial functions) question : actually whether of the fact that

the operat or in question they did designate e~. it was converted

into exponential function and is it possible during operator

transforms to use the properties cf this function? In the present

paragraph we let us attempt to give answer/response to this question,

and also to a similar question for the trigonometric and h yperbolic

operators.

Thu s, let us determine operator—funct ion L.(~~~) with the help

of the equality

(1.55~

let us explain its some properties.

1. With ~ = 0 it will be

L,(0,~)c(’j)=c(’1)~ 
(1.58)

when ce, according to p. 2 pages 27,
L,(0,~)~~ l. (1.57)

.~~. Set/assuming in (1.55) ~ ~ and e = 
~~~ , 

we will obtain two

different operators L,(I~.~) and ~~E,j). For their product, taking

into account (1.19) and (1.55) , let us have:

_ _  

~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ V
V 

— V
- - --——-V — ---—--—-- -- ----~~~~ --- —- - --~~~~~~-~~~~~ -- -~~~ -— ______ - -~~~~~~ - •~

V V~ - --



— ‘
V.

‘-
V

~~~~~~~~~~~~~~~~~ L.(L,~) L.(~.~ )sp (i~)1 —

- 

. 
— L. (L. ~) q (‘~ + ~s) — v (‘~ + ~, + ~a) = L, (~ + ~

,. ~) ~ (~
) (1.58)

and, analo gously,
= L. (a,. ~) {  .(~1.~ )c(’i)~ —

L, (~ 
-

~
- 

~~~ 
q (s) . (1.59)

f~om last/latter two equalities and p. 1 page 28 we obtain

I., (E~. ~) L, (~,. ~
) = L, 

~~ ~) 
I... (~

, 
~) 

= L, (
~ + ~ ~) . (I.61~

3. Set/assuming in (1.60) 
~~ 

— t . ~ 
— — ~ and taking into accoant

(1.57) , we find

(1.61)

whence (multipl ying to the left by operator ~~~~~~~~~~~~~~ and

keeping in min d p. 8 page 29)

I., (— 
~~
, ~

) 
E~~~ .$j 

- (1.62)

4 .  Since there Is no f ixed  ~~~~~~~~~~ with which , for any
funct ion , ~(‘U would be ~~~~~~~~~ on the basis of (1.55) and

p 3 , p 28, we come to the conclusion that with all ~

0. (1.63)

~~ will b distracted for a per iod of the fact tha t  L,(~~ ) —

this funct ion of operator , and let us look to it as for th• usua l

function of e, in which is included certain parameter ~~. Equali t ies

(1.57) , (1.60) , (1.62) and (1.63) they estab lish that func t ion  L,(~j~)

in main properties it coincides with usual exponential funct ion, in

particular (1.60) it expresses the base proFerty (theorem of

summa tion) , which is inherent in this and only this function (see for

example. ( 5 . p. 75 )) . Therefore it will natural designate L,(~~ ) as

e to deqr.. 1. louver , into analytica l •xFEe$Ii°a for L,(L~1) it

V --V-  - _ _ _ _ _ _ __ _ _ _ _ _ _ _ _  

- 
~~~~~~~~~~~~~~~~~~~~~~~~~~
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must enter even the parameter ~~. Given abo ve considerations they do

not give any indications in the relation to, as precisely it enters ~

in L,(~~) (parame ter ~ generally in them it did not figure — it it

served onl y recall about the fact that L,(~~) f rom not s imply

func tion, but at the same time and operator). Therefore for ~~~~
it would be possible to take any of the following designations:
e~ ~~ e~4 etc. (such lesignations, as ~ea and e~

-1-0
~ do not match up,

since they they contradict det€rminations §3). Into ~6 examined the

ac tion of opera tor L,(~~) above funct ions ç4ii)~ m. as a result of

which it will be discovered the natura lnesE of designation e~. In

order not to make the difference in the designations of operator,

used to any and to infinitely differentiated to functions, let us

take and here

L, (
~. ~

) —

after whic h (1.54) and (1.55) they will give

(1.64)

Now let us cons ider opera tors

~~~~~

(1.65)

i.e. in accordane m with (1.64) and p. 1 page 27

(1.66)

- -  — V -V VhV .V V~~~~
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LS W (TI ) . . !! !! p (,1) - -}t~~(~~-1-~~) — , ( t i— U .

ga ge 34.

1. With ~ = 0, according to p. 2 and 3 pages 28, it will be

L~(O.~)=1 , L,(0,~)=o. (1.67)

2. Set/assuming in (1.66) ~ =~~~ and ~ ~~2. let us find

L. (~. ~) I... (~ . 
~
)ç (,~

) -= L~ (~
,, p) L~ (~ . ~

) ç (i~ =

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.68)
L% (~ . ~) L, (a,, 

~
; p (II) =- L, (a,, 

~
) L, 

~~ ~
) p (ii) =

+ ~i)—W(’I—~ a +

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1 .69)

whence
L~(E~ + ~~~ + L. ~~ —I~.~) — 21.. (I,.~)L. ~~~~ (1.79)

3. Store/adding up and subtracting (1.68) and (1.69), we will

obtain

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.71)

— V- -V — -  — ~~~~~~~~~~ - -

- - V - - --
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whence, in particular when 
~~~ 

= =

L ,~ ) — L ~(~,~)= I. (1.72)

Afte r building, similarly (1.68) and ~1.69), products L,( ~1,~ ) L,(t,ji ) and
L, (1,. ~ L~ (~. ~).let us find 

-

L, (~ ± ~~ =~ 1.1 ~~~~~~~ ~) 
j L ~ (~1,~ ) L~ ~~~~~ (1.73’i

L. (2~~S) = 2L, (~,~ ) L~(~,P) (1.74)

and so forth.

4. substit uting in (1.65) ~ on — ~~, is discovered that

= ~~~~~ L,(—~,~) —L, 
~~~~~ 

(1.75)

~ epea ting the considerations, given above for an operator L,(~~ )

and, in par t icular, paying attention tc the fact that equation (1.71)

it is the indicial functional equation tor a hyper bolic cosine (see

(5, p. 75]), and formulas (1.67), (1.70) — (1.75) they coincide with

the formulas of hyper bolic trigonometry, we include that for mu la

(1.67) determine the hyperbclic operators

1.. (~
, P) ~ (‘U = ch ~ ç (‘U = -

~~~ 
(q~ (‘i + ~) + ~ (‘1 —

(1.76)
L,(E~j)~~(n) —sh~~,(’U

a (1.67) , (1.70) — (1.75) they express the usual re la t ionships:

V —- —- — - — - . —-V.— -L - V

- V — - ~~~— ------ V - 
- —-- --- - - -~~~~~~~~ - - - - - - - ~~~~~~~~~~~~~~~~~~~~ -
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c h 0 — 1 ,  sh0~~ 0 ,
ch(— ~~) — ch~~ , sh(— ~~) = — s h ~~ ,
ch (~ + ~) ~ + ch (~ 

— ~,) ~ 2 ch ~~ ch ~~~~~~~

ch(~1 ± = ch~1~ch~~ ± sh~~~sh~~~, 
(1.77)

~h(~ ~~~~ — sh~~~ch ±ch~ 1P sh~~~,
ch’~J— sh’~ 1,
sh2~ 2shWch~~

and so forth .

Page 35.

Literal so it is possible to show that the operators, int roduced

by the for mulas

(1.76)
‘~~~~~~ (‘U ~~~~~~~~~~~~~~~~~~~

they satisfy the functional relationships of usual trigonometry:

cs,~0— l , ~in0— 0,

cos(— ~~) — c a ~W . ~n(—~~)=--- sin~~,

~~ (L ± ~,) ~ — cos ~~ cos ~~~ ~ sin ~P (I -
~~~~~~ V

± ~~~ = ~n~ Jco~~~ ±cosL~sln~~i

sin’~ ÷ ccs’t~ — 1. - V

~~~~~~~~~~~~~~~~~~~~~ . • -
, ,

-~ ..

- - — 
~~~~~~~~~~ V ~~~~ V V - -__
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~~ so fort h. Furthermore , equa te/ccmpatin g (1.76) and (1.7~), we see

that

chiEJ- ccs~~ , shi~D . . j sj n~~ , 1 ~~~~~

‘ - 

(1.8~c~~i~p..ch~p, MOi ~~~iu.ish~~ . J  - . -

_ _  

V 
V 

V

-,~k~1 ~~~~~~~~~~~~~~
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Page 36.

Using (1.76) — (1.78) and (1.80) , it is not difficult to obtain

the followir~y f ormulas for the realizat ion of the op~rator s, who

correspond to ‘he functicn s ot Acad./Academician . A. M. ~(r y l o v  ( f 25,
page 38 ]) :

r1 ),(Io~~ ch1~ cos~p,(’U~~ j tch(l+up + ~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . :~~~
‘

‘

Y, )~~(’U -(ch n~~+ cosW)V(’U-’

— ..~~ 1—~)sh(1 +Ot~+(1 + h(I—~ W1,(’U—

—1)(~~~+(1 + flU—,I,)—(1 + 1) tf t + - -

-

- 
V

—ç(,i+(1—O~J—~~t11—(l—OU). (1.81)

—sh
~~

cos
~~
),®__kI(1+O$h (1+

—(1+OIj)+(1—O(,(’i+(1—O~J—
—~~(~—(I-—~~~). 

- - ‘

~~~ 
_ j_

~~
___ _ 

~
--- - -

~~~
— -

~~~
----

~~~ 
—

V — ~~V -V 
- 

—, ,-,
~
. ~~ I~~~~~—” _

~~
1.— V
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and also to the •xponeatial—trigonom.tric operators:

“~~~ 4P~W- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 
- . (1.82)

where • and m — an y nu sb•r a.

- - - - - - -V- V -V 
— — V .  

- —~ — - -~~ -

V - 
—
. - V - - - - -
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Page 37.

One should do another observation that in the same way as in the

region of real numbers hyperbolic functions are not perth&ical, so

also the examined operators they are not periodic wit h tha t sense of

the symbol 3, whic h to it is given.

Thus it is proved that for the expcnential operator #, the

hyçerbclic operators chijand ih~~ and the trigonometric operat ors cos

~~ and sine ~~ are valid all those functional relationship/ratios,

that also for the appropriate usual funct ions of E (w hereu pon

independen t of for m and character of function ~(iiJ).

~ 5. Regular operators.

1. Polynomial operators.

I
To function L.(4—E.41 corresponds the operator

L~W)- .+a~~+...+~ D’, (I.8~

wh ich logica l to n a m e  pol ynomial. On the basis (1.13), p. 5 pages 28,
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(1.2’s) and (1.9) we obtain this operator’s realization:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.84)

whereupon ~., a, ,... .a~ they can be constants or the functions of any

varia ble (including ‘i). The domain of definit ion of operat or ci.. is

the set n once of the differentiated functions. The theory of such

cperators is thoroughly developed in the book (5, § 38]. ?berefore
here we wi ll note (without proof) only following 1:

a) operator 1.. linear (see (1.29));

b) for L~- are valid the usual sum mation rules, subtraction and

mu ltiplica tion, whereupon the operators I..,, and 1., are commutative

with any whole a, n > 0; therefore with the operators can he turned

as with usual polynomials, for exam ple

~~~~~~~~~~~~~~~~~ — •— ~~~•—2);

C) occurs the identity

(1.85)

where k is the constant or not depending on ‘i variable value;

d) if

L i~~~ O for any ~~~~~~~ -~~ O.86).

that  - - - -  -

I
L - - — — _. V ..- — . —

____________________ ~~~~ , ~~~~~
-- ~~ :~~~~ ‘-
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and vice versa;

- e) let r— be certain closed domain in complex plnn~ (if 
~ 

—

I complex va riable) or certain closed interval on real axle/axis (if it

is real); if with 1)Er MWI/At !A then the function ø.(n),deterainei by
- 

equality (1.8’s), is continuous and differentiated in F.

FCOT?IOTE 1 _ However , all this it is not difticult to obtain directly

on the basis § 3, but for the purpose of reduct ion we this not do.

E N DF OC T N OT E.

2. Det ermina t ion of r egula r  operator.

H a) let us com pose formal expression (power operationa l series)

(1.88)

- It determine s the regu la r  opera tor L (
~

) = L ( z )

- ~~a -IknL.)-...L+Ø)..L )..L+(,) - - -~~Q.sg~

_ _- V- -V V~~~~~~ .
~~~~~~~~~~~~~~~~~~~~~ 1 

V_J.

- -  

— 

- - - 
,

- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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in that and only that case, if the series

(1.9~

converge to function L~~(z) in an entire (final) plane comp lex

va r i abl e  z .  In orier to emphasize operator ’s regularity (if for this

a need) • ~e agree to above place sign +.

Let us intro i uc~ the designat ion : .M)~~~. * — m any assigned on r
functions 

~(‘U such , that they are infinitely differentiated ,

whereupon

~
.
~(‘UI< 8.Ah1, (‘ifI’), (1.91)

where A, B ) 0 — const ants.

FCCTNOTE 1~ See p. 1, page 29. ENDFOO TW OT E.

b) let us demonstrate following if power operational series

(1.88) it determineE regular operator (1.89), then the f u n c t ion
V 

Eeries

(1.88)

obtained as a result of the formal application/use of operat ional

— — V-- _r_~ 
- 

- ~_~•
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series (1. 88) to functions ,(TI)Ep~4)(s~EF), it converges and besides

absolutely and evenly.

Page 39.

Actua l l y ,  on the strength of ~~~~~~ series (1.92) is majorized

together

~~~~~~~~~~~~~~~~~ ~~

V.

+ j~~~~~~~~~~~~~fl~93

but power series (1.90) it converges in the entire plane z, a that

means according to Abel ’s first theorem [ 140 , page 149], it converges

absolutely with ~~—A (A — any). Therefore converges series (1.93).

Then in We ierstrass’s sign/criter ion series (1.92) converges

absolutely and evenly in closed domain P~ (Let us note that the

condition (1.91) :an be replaced by less rigid). Let us designate the

sum of this series by Q~ u):~
‘~‘ 

(q) 
~~~~~~~~~~~~~~~~ 

+5.

Prom p. 2a (1.83), (1.914) and determination of summation of series,

it follows that 
-

~~~~~~~ 
~ ,(I)),(,G.~A1), ~~ (1 95)

— - . ¶/ 
~~~~~~

C) accordiag to the Iey.r stra sa theorea funct ion Q,(i1)is evenly

cont inuous in closed domain F. Nor eovet, it is possible to show th at

(1.96)

Actually, the mul tip licat ion of ccnverg ing series by wh ic h

conveniently numbe r does not change its radius of convergence.

V ____________ — - - -~~~~~~~~~ —V--V T ‘— — .-~ — — 
-
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Therefore the series
(1.97)

will in an entire plane converge to funct ion zLt(z). That means the

El pression
(1.98)

determines regular operator PL )4 —~zL’iz) .

- On the basis p. 2b the series

•,~ ‘ (‘~ + m~~
’ (‘i) 4- . . .  + ç~~+~) (II) -I.-. . . (~‘E ..M~) (1.99)

will ccn ve rge evenly (and absolutely) in domain r. But saries (1.99)

is obtained by term—by—term differentiation of series (1.914).

Consequently (43, page 441),

‘,j.Ø— m~ ~~~~~~~~~~~~~~~~~~~~ 
(1.100)

Afte r using mathe.atic induct ion, let us find that with any whole a >

0

a. I1mlV~”)(i~) a. ~~,
1M4(i) + S~ ~~~~~~~ (,E

- (1.101)
i. c.

Page 40.

Now let us estimate the module/modulus of m—t h deriv3tive . Since ~~~~~~
that of (1.101) and (1.91) we find

~~~ uJ l~~~~~J+~s,1~~’$’(I1) +I~ l~~IeWl4~~~J
CDhIa,$A +ja,I~P’+’ +Ia~IAa+I+ .

- 
~+ta1IA+I ~.lA ’÷...J .
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But representing w hole function L (z) series (1.90) converges

absolutely in any final part of plane z. Therefore

Ia.I+IaiIA+Ia aI Aa+...  — C, -(1.103)

where C > 0 — certain constant. Then , aft er designating B~ = B 1, from

(1.102) we will obtain

j (iüJ-(81A”, (h Er), (1.104)

that , according to (1.91), and proves affirmation (1.96).

d) ,4rises the question concerning regular operator’s

realization: that whether operator ’s value will be functi3n

(see (1.91$)) • that whether

(1.105)

where I (~ ) it is determined from (1.89). Let us demonstrate that the

result will be one and the same.

Preliminarily let us note that from the determination of

operator (page 26 and p. 7 pages 32) and of the determination of zero

cperatcr (p. 3 pages 28) it follows that

(1.106)

i.e. tc zero operator corresponds Lt(z) = 0, and, on the contrary, to

func tion Lt(z) ~ 0 correspond L~ — 0.

Now let us introduce the designation

(1.107)

— ~V V - — VV~~ __ . _ ,  
— V — .- —V —-— V--

V V — -~ -. ~~~~~~~~~~~~~~~~~~~~~~~~
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and subtract (1.95) from (1.102) :

•—4D~ —L4~~—L~~a.(L+—L ,1), (~E.~’) 
(1.108)

eut

L+ ) —L~~~) 4  —~L+~z)_.~~a.V. (1.109)

lhe last/latter expression is equal to zero, since Lt(z) — 1-his is

summation of series ~~ag’.

Page 141.

L+Ø) —L ,,(~) ~_-,.Q,
Th erefor e or (O n the St r e n g t h  ot recent ly  t h e  done

c b se r vat  ion)

~~~~~~~~ ~~~~~~~~~~~~
Hence i.e.,

I _ ~ (1 III ). 
~~~~~~~~~~~~ 

- 
- - -

Thus, in expression (1.89) sign must be replaced by equa l sign.

Fin a lly, from (1.100), (1.108) and (1.12) follows:

- •~PJ—~~ (’o.~ 
-
~~~2

Thus , if ,Q~~1) and ~IF,then, taking into account (1.~~5) and (1.96),

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~

- 

~~~~~~~~~~~~~ 
‘

- (1.113p

i. e., any regular operator can be represented in two aiequa te forms:

V 
closed L# ( ~ ) and  series a 0 • a 1~ • ~~~~~ •~

— - - —----~~~ -—-— ---- _______________ —V- - -V-~~ V - 
- 

-— ___ r~~~~~~_~~~~~~~~.~~ -~~~~~~~-_ .~~~~~~~~~~~ - —
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for example:

L~@)—chmP— 1 + — ~’+~~j-P’+...’ 
(‘.‘~~~~

- - m’

m’ m’
L a .~~sm 1—-~-P+- ”

All the examined previously concrete/specific/actual operator s

are special cases of common/general/total regular operat3r (1. 113).

So, with a 0 = a 1 ... = 0 we will obtain the zero operator L’(ø) =

C; with a
~ 

1, a1 = a2 ... = 0 — the single operator L~~(8) = 1;

with a 1 = 1, a0 = a2 = ... = 0 — differential operator L (Ø) =

with a 1 ~ 0, ~~~~~~~~~~~~~~~~~~~ 
— polynomial operator.

Page 142.

Let us note still that con formity (1.111) together with the

prcofs conducted establish/installs isomorphism between many whole

com plex variable functicns z.

— -a - ~~_ ._
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3. Properties of the regular operators. Different iation with respect

to symbol ~~.

a) on the strength of the linearity of the opera t ion  of

differentiat ion any regular operator satisfies identity (1.29) , i.

e., it linear. Moreove r

L+1~ 4~, ~Io} — ~~~~ ~~~~~~~~ 
- 

— 

(1.115)

if in curl y traces a series confronting converges evenly and

absolutely, a~i4 v, E&’~ and hEr.

From linearity L t(~) it follows that

- 
(1.116)

Therefore from L+~~),(v~)_0 we consist tha t either L t(~) = 0, or ~(‘9~~-0.

b) As the domain of definit ion of regular operator ~ , as this
L4

escape/ensues from p. 2a, b, c and especially d , necessary to take

set ~~ A) (page 39), i.e., ?ormulas (1.96), (1.112) and (1.113)

show that then and Q a.~~~
4). Tha t means

L~~~~~~~L~~~~~~~~~~ 1 ~E•+. 
O—L + ,E~~~ , hEF , (1.117)

i.e. the application/use of a regular operator to set .#AI does not

derivejconclude beyon d the limits of this multitude.

_ _ _ _ _ _ _ _ _ _ _ _  — ~~~~~~~~~~~~~~~- a - --- — - ~~~~~~~~ —

- -L-~~~~~~~~~~- -
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Hence follows the existence of the product (p. 6 pages 28) of

the finite number of regular operators — LtLt . ..L .

C) let ,(q)E~~
A), ‘1EV and

Lt~P)a.a1.+auH-a1P±..., Lt~ )..a1,+a1.~+a11 -I

~D1 (r i) = Lt (~) ç(h1)=c1o~~(ç) + a11ip’(l i) + a11~’(ti) + 
~~~~ (1.119;

- - 

-

According to p. 6. there exists

x~ (a1,~ + as,’ + .;.j 
- (1.120)

or , taking into accoun t uniform and absolute conv ergence of series in

(1. 119)

~~~~~~~~~~~~~~~~~~~~~~~~ a~~~~~~~+V(a~,% +au~~~~~~~~~~~~
-
~t21)

Page 43.

After leading the same reasonings for a product~~~~~again we will

cbtain right side (1.21). Therefore

— 
- 

L _ _ _  __+ ~~~~~~~~~~~~~~~~~~~~~
+ m~a + u~~~~~as.a~ +~) 

— I
L 

+ m,.s,.~~”+. —~E(~ 
a1,~a...~)q

i4. ~(1.122)

~ -
-

- ~~
-

~*e.. ‘vo (but, an d also, theref ore, any finite n u m ber ) regular

~~~~~~~~~ •~~• : ) U . u t a t i V p :

LtLJ’ .. .‘L~~ — LtLt.. Lt — ~~~~~~~~~~ . . ~~i •~~ (1.123)
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p

for example,

~~~z’—k,~~~ mk(m’—k’)
+ 3! r+  3!

m’—k’ mtml _ 3k*)
- + 2! ~~~~~ 3!

r

- 
e” shk~=shkP.e ’a=k~+mk~’+ (1.121)- - 
k(3nz’ + k’)M mA (in’ +k’) ~+ 3! 3! r ~~~~ •‘

- ~~~~~~~~~~~~~~~~~~~~~~

+

- 

mI+
~
m
~
k*+k4 g+ I+

— .-“ø’— ’+4 —j~ ’+.... J 
/

Page 1414.

d) Unlike p. 6b, on the basis (1.123) and (1.116) we come to the

conclusion that in order that the product of the regular opera 4 ors

would become zero, it is sufficient if at least one perator is zero

(about the need for this condition see p. a)

e) On the basis p. a and c and unifor m and absolute convergence

of ser ies in (1.113) we consist that series (1.88), which represent

regular operators, can be store/added up, grouped and multiplied as

polynomial operators. On th~ st .  gth of identity (1.113) t~.ese

I

~

-

~

-- -- - --
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acti)ns will be valid , also, for those closed expressions L ’(Ø),

which represen t regular operators.

t) from p. c and e , and also p. 8 page 32, follows that any

operationa l equality, which contains the only regular operators, will.

not be broken, if it are multiplied eithe r are shortened by the

regula r operator L *(~) 1 or to both parts of the equality are

ad joined on equal regular operator.

PCCTNOTE 1 • During reduction it is assumed that t here is commutative (L’)-’.

EN DY 0 OT NOT F.

For exampl e, if

~~~~~~ (1.125)

that are valid the conversions

L, (L1—L4) -~4L,— 0 ~sd so forth (1.126)

It is clear that as in usual algebra, the operator, to which is

conducted the reduct ion, must be different from zero.

- —- — -- V V -~~~~~~ - -

— - - 
- V
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g) On the basis of indicated in p. e, we shall con duc t some

multiplications and the additions of series (1.1114).—— 1+mø+...After mul t iplying a series to a seri•s ~~~~~~~~~~~~~~~

we will obtain unity. Therefore

— 1. (1.127)

Further, after multiplying a series MnmL _ sn~—j-~’+... itself

by itself, then af ter squar in g a series cc~m~_ .1_ .~~~1+... an d af ter formin g

the results, again we will obtain unity, i.e.,

i1n’s4+cas’m~~— 1. (1.128)

That means the operators •*~~.ii__.~ e* . iinm~÷—,- sjn mz °~~~~~ C0I S~~~~~~~C0S fl1Z

satisfy thereby to functional relationship/ratios, as func t ion L’(-z),

wh ich correspond to these operators .

On the basis of the

conformity (1.111) and the demonstrated above properties of the

cperators L~~(~) it is possible to formulate the mor e

common /gener al/tota l a f f i r m a tion : if in tegral func tions L~t~(z). Lj~ (z).~~.,

L (z)’ satisfy certain funct ional relationship/rat io, which  does not

derive/conclude beyon d the limits of ma ny integra l functions , then

this same relationship/ratio they satisfy regular Operators 

-i~’pt~~~. P~” e(*Y.~p I~~ (I)’~. 

u,2IN,auI~_ 1  41t’.

FOOTIOT! ~~. Ia dic.s at. und.rtak.d into bracket , in order not to mix
tb.~~ imt .qr al fon ctions with polyno mials /~~~ • 2 v..~ and the so for t M

- ——---—---—V- -- ——V ----.-- - - - - - - - -

_ _ _ _ _ _ _ _ _ _ _  - _ _ _ _ _— 
- - 

—
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cf degree. !NDPOOTNOTE.

h). Now let us introduce the conceFt of “differentiation ” of L~
(~~) with respect to ~~. Let

— ~I+~~l~ + a~~ + ~~~~~~~~ ~~~~~~
Le integral function. It determines the regular operator

~~~~~~~~~~~~~~~~~~~~~~ a~~ +aP+~ ..- .~~U.130)

hit Lt(z) is infinitely differentiated. Therefore

(1.131)

also it will be in tegral funct ion. As suc h, it determines the regula r

operator -

dL~~~~(*) L~~ ) .1+2a~~+3~~ + (1.132

Thus we will obtai n

(1.133)

and so forth.

Since, in the first place, series in (1.132) , (1.133) and so

forth can be obtained by formal differentiation of series (1.130),

but in the second place, even on page 26 it was accepted on both

sides of the sign .i—~ tm

- - 
— V — - ---— 

~—
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1~~
..;-t-e identical expressions (with replacement of z on 8) , let us

agree instead of ~~~~ L&) and so forth to write_,, + ,~~W~~~~ 1~

(1.134)

~~ + Sd + ...
and to spe ak about differentiation (not limited) of operator L~~(~)

Page 146.

With this understandin g in formulated in p. g affirmation of the

fu nctiona l relationship/ratios of the operators in the number of

permissibl e actions, besides addition and multiplication , it is

possible to include/connect differentiation with respect to symbol 0.

For exam ple,

(j~ 36~
(of this not difficult to be convinced it differentiated on 0 in

V (1.114) a series for sine m~ and after com paring resul t with together

fcr cos me) .

sore that, it is possible to indicate that the regular operator

L+(~) satisfies certain “differential” equation or that it is the

general solution of differential equation , impiji ng by this, which to

the corresponding differential equation satisfies L+tl~..L+(J).

For exam ple, the operator

LG)—AMa~
’
+1 .s~ +.~~

li. ~~(1.13S)

_ _ _ _ _ _ _ _ _ _ _ _ _  — 
V ~~~ ~~~~~~ -

— -~~~~~ ~~~— - - — -~~~~~ ~~~~~~~~~~~~~~~~~~~ -
~~~ ~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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0

(A and b — arbitrary numbers) is “general solution ” of the equation

(1137)
i.e.

L(z)~~ A sjnz+Bcos,+

— this is the general solution of the equation

L’+ L— ~”. (1. 138)

This freedom in terminology is very convenient in appendices

(just as designati on ~ sine m~ and sc forth or the ex pression: “is

decomposed by L t(~ ) in a series accord ing to degrees n” , “let us find

5umma tion of series ~ +~~ -~~+ - . .).However , One Should remembe r that in

actuality even the expression itself s” does not have a sense, that

this the only useful symbol , but all the mentione d above terms and

“operation s” only show, which actions must be produced in many

functions Lt(z) in order to obtain the function , which corresponds to

the necessary operator. rightly to the ex istence of this terminology

it is given by determinations and proofs p. 2 of present paragraph .

1. Regular operator—functions.

a) Let us consider now that the coefficients of series (1.90)

_ _ _ _ _ _ _ _ _ _ _— — -—
~~~~~~~~~

---
~~~~~~~ r ~

— -
~~~~~ ~~~~~~~~~~

— —
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are the fu nctions of variable ~~, that passes the interval/gap

O~~~~(1. (1.139~

Page ~47.

Then regular operator and the corresponding to  it in tegra l  f u n c ti o n

they will contain ~ as the parameter 1 :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

FCCTNOTE 1~ The superscript •, which stresses operator’s regul arity

L, for red uction let us lower. ENDFOOTNCTE .

The radius of con vergence of a last/latter series must be equal
% (

~~)to — (p. 2a). Therefore functions must be those which were

limited wi th any s and ~ an d satisf y condition (24, page 
~~~

f~ p’~a,~j~~o. ~~~~~~~~~~~~~~~~~~~~~~
If it is implemen t ed, then, obviously, all results of point/items 2—4

are spread alsc to operator— function. In particular (see (1.113))

-L~~~~~ (i~~~ (a,(~~+a1 (I) Ø + ~~~~~~~~~ 4~~®

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.143)

Th us, the value of operat or—fu nction 0 will be the functi~ n of two

—- -V ~V- V  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— 

~~~~ 
— 

-
— --V -~~~~~--V ’- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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variables. As function i~ it will belong siaM with any F of (1.139) ,

if o n l y  ~(nJ~~s,tM. as con cerns behavior W depending on ~~ , it it is

determined by the character of functions a,(U.

first of all let us show that if a,(I) are limit ed and satisfy

condition (1.142), then series (1.143) it converges t~venly relatively

~ .. Actually, if are satisfied the conditions indicated, then function

(1.140) whole and series (1.1143) converges evenly relatively 
~ (p.

2b) with any ~~~. That means it is possible to indicate t his nat ural

num ber n0, which does not depend on 1 and ~~ . that with arbitrary m

= 1, 2, 3, ... an d ii ~. n 0 occu rs

(1:144)

If we here fix ~(l)—~.Er), then (1.114) will express the

necessary and sufficient condition (Bol’tsano — Cauchy) uniform

relati ve to ~ the convergence of series (1.143) and of uniform in ~

continuity function 0(~.’ü in interval/gap (1.139).

Page 48.

b) 1st us ampl i f y now the l imit ation s, superimposed d u r i n g

f u n c tion ;~~). Specifically,, le t us require, in order to

a I ~~~wu . eou.t,, ~1~ yii.I)I~~o. O~~l~~ 1. (1.145)

Then in the eX pression

(1.146;

I 

__________________________ _________________________________________________________________________________ 
~~~~~~~~~~~~~~~~~~~~~~~~ 

-. — - - - - - -  —-V
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a series is absolutely and evenly to ccnverge in any final part of

plane z and , thus, to determine whole function by

alternating/variable z, to which corresponds the regular ope rator
-
~~

—
~ 

- t -
~~ - --

Consequently, the series

L0,(~j),(n) ~~
a,~J,®+a )+.;(I),’(i~+... (1.148)

will be ab solute and evenly (relatively ii) to converq.. By the

literal re petition of the given above reasonings it is possible to

show that this ser ies converges evenly and relati vely ~ from (1.139).

Introducing now acccrding to conformit y (1.147) designat ion L1 (~ , 8)

and comparing series (1.1143) and (1.148), on the basis of the

Weyerstrass theorem we consist that series (1. 1l~3) allow/assumes

term— b y— term differentiation with respect to E and

(1.14~
After superimposing durin g fun c ticn a,(~ the even more rigorous

conditions:

1a ’~ )I~~M—const. qkr ~~I— O. O~~I(1,as~~1,L....
-
. (1 15~

let us arrive at

(1.151)

___________ 
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 

-
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whereupon this series it converges absolutely and evenly (relative ly

~ and T
~
, if

~~~~~~~ ~~ r, ~~~~~~~~~~~~ (1.152)

a, according to (1.96) • ope rator’s value belongs to set 1.41•

Furthermore, formula (1.153) shows that ~~~~~ it is regular
operator—f unction.

Page 49.

C) expression dL (~ , ~) / dE is s imi l a r  dL/dO, it was introduced

in p. b simply as symbol of operat or, ccrrespondi ng to function

It is possible, howe ver, to show that dL/d~ , unlike dL/dO, act ually

is derivative.

For this purpose let us give variabl e ~ increase h. Instead of

(1.1140) th en we will obtain

L(~+h ) s +k h + a ,(~*k~~+. ~(l 153)

Since operati onal series (1.140) and (1.153) converge absolutely

(recall that this expression indicates absolute convergence of series

(1.141), an d also, there fore, series in (1.1113) , it is possible to 
V

piecemea l store/add up them (algebraically). By deducting (1.140)

from (1.153) , let us a r r ive at the new regular  operator

-
~* ‘

- 
— -+-

~~~~~~~~~~~~~~~~~~~~~~~ EL +*~~~~~~ .~IP)1P,
~~~~ ~~~~~ ~~~~~ I
‘V V~~V - - - (1.154) 

.
.
- . - — . --- -

~~~~~~~~~~~~~~~~
- - - - -  - 

~~~~~
- —-

~~~~~~ 
--—

- - — - - -- -
. V V - ~~~~~~~~~~~~~~~~~~~~~~~ -
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which logical to name an increase in the operator—function .

Let us assume that the fu nctions of a5(~~) satisfy condition

(1.1115). The n according to the law of mean (Lagrange)  it w i l l  be

a,(5+h )—a.(~,~)—’ha.(~’). I-~~~-~
’ -~~~~+k. (1.155)

That means
- (1.156)

where L~1) (~’.~ ) is given by formula (1.1117).

Hence, 
~
y the way it is apparen t that operator function L (~ , 8)

is continuous in terms of variable ~ (whereupon is evenly

ccn tinuous):
ftmA~L(L~)uuuu’ hL(,)(~’j)J O.L(1) (E~j)uuis 0. (1.151)

After dividing (1.156) into h and aft er passing to limit, let us

ascertain that L0,Ø~.~) 
— this really/actually der ivat ive of

cperator—function L (~~, fi) in terms of ~:

(1.158)

ThUS it is possible to show that i in (1.lcl) figures the usual

,— th derivative.

- - - V ~~~~~— 
- - 

-

- -~~~~~ - ~~~~~~~~~~~~~~~~~~ —V - C - - . - - ‘k~t - ~~~~~ - --
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If ~~—~~nst, i.e., L (~ , ~ ) = L (n), then of (1.158) we obtain

—0. (1.15~

Therefore  d u r i n g  d i f f e r e n t i a ti o n  of o p e r a t o r — f un c t i o n s  L ( E , ~~) the

usua l operators L (~~) play the role of constants.

Page 50.

Let us note that strictly the constants (number) on the strength of

determination (1.8) also are rel ated to L, for example, 5 5.1

= I. (a) .

On the basis of determination (1.58) , it is possible as in

ma thema t ical an alysis, to deduce usual formulas and the rules of
d i f f e r e n ti a t i o n .

As illustration let us consider

(flØ~~t 
V~ -~ 

_ 

-- ~~~~~ ~~~~~~ 
-

~~~~

- 

~~
- 

V

Here

alt -

~~~~~~~ 
‘~~~~~~~~~~i+1 ,~~~~--

(1.161)
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Conditions (1.150) are satisfied. Ther efore

and the so forth (1.162)

d) as in analysis , can be placed the question concerning the

determinat ion of ori ginal operator— function for this reqular

cperator—f unction L (~ • , i. e. • concern ing integr ation L (F , 8) :

S~~~
d S{E a fr} d

~~~iSa.(~d~}p . (1.163)

The last/latter ex pression is the abbreviated notation of the

fcllowing (see (1.143))
- 

~~~~~~~~~~~~~~~~~~ (1.164)

Integral (1.163) exists, since operator—f unction L ~~~~ is

c o n t i n u o u s  on E in interval/gap (0.1) (see (1.157)). The leg i~-imac y

of the exchange of signs E and  )  in (1.163) and (1. 164)  and

transition to integral of 
~ 

escape/ensues from the continuit y of

functions 
~,(U 

and uniform relative to ~ convergence of series

(1.143).

Page 51.
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Further it is possible to introduce the concept of definite

integral, integral ~iith the alternating/variable upper limit , to

justify usual rules and the formulas of integration. This is made

just as in mathematical analysis for Riemann integrals. Ther efore let

us simpl y consider that the formulas of analysis are spread also to

integ;als of L (
~, ~

) Let us note recently in the case of indefinite

integral instead of the arbitrary ct.rstant one should write arbitrary

cperator LjJ). In formul a (1. 164) to this fact corresponds t hat fact

that dur ing the indefinite integration of function Ø(I,ii)one should add

arbitrary function ~q)

One should also focus attention on certain special

feature/peculiarit y of indefinite integra l of L (~ , ~). If is

Ea tisfied the condition

~ V~1Sas~
)4I_ 0. (L.L65)

that a ser ies in ((1.163) represents regular operator, i.e., under

condition (1.165), by integrating the written in the form of a series

operator—function L (E, ~) ,  again let us ar r i ve at reg ular

cperator—function. However , integrat ing the clcsed expression L (
~ ,

~J ,  wi th ar bi tra ry  ~~~ we can obtain irregular operator. For example,

th€ operat or

(L1I~
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is regular , since function L (E, z) =(sine ~ (1—z )~~/1-z whole (during

su~ pleaentary definition L (
~~, 

1) = 
~
). By integrat ing it, let us

f i n d

~~~~~~~~~ 
(1.16?)

With operator L2 (
~~, ~

) wi l l  be i r reg u l a r ,, since f u n c t i o n  L,(~,z) ”.

= +1411) has a pole of the second order at poin’ z = 1.

Ope rator, obtained as a result of the indefinite integration,

a lways  it is possible to m a k e  r egu lar ,  a f t e r  se lecting pro perl y ~~~~

5c , in (1 .167) one should assume

(1.168)

Is si m pler , howeve r , to genera l ly  avoid s imi la r  p heno mena .

Pa ge 52.

In order t hat the i ntegration would not derive/conclude beyond limits

many regular operator— functions, let us agree to apply only definite

integrals with con stan t or changin g li.its (it is suggested to be

carried out also condition (1.165)). Pot eza.ple,

LLL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
S S -i-

.
- - —s - ~~~~~~~~~~~~~~~~~~~ S - ~~— ~~~~~~
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-~i~~

-r-
~~1

• (1.169)
(I ~~~~~~~~~~~ -

* - -~~~~~
j

~
) 
~~~

4Z’ P ‘

Let us note still that the operators, similar that which stand

in the rig ht sides of equalities (1.166) and (1.169) , thus far we

consider as one—piece/entire symbols. Below (p. 6 pageS 108) it will

become clear , that with their defined stipulations it is possible to

consider and as fractions.

e) because of the fact that are determined the action s of

d i f f e r e n t i a t i o n  and  i n t e g r a t i o n , a pp ea rs poss ib i l ity  to  ex a m i n e,

d i f f e ren t i a l  equa t ions  fo r  o p e r a t o r — f u n c t i o n s .  The m e th oas  of the

in t eg ra t i on  of these  equa t i ons  and t h e i r  s ub s t a n t i a t i o n  w i l l  be in

essence t he  same a s  fo r  usual  d i f f e r e n t i a l equa t ions .  For e x am p l e ,

the inteyral .  of the equa t ion

‘ (1.170)

under condit ion L (0 , 
~

) = 0 wil l  be

(1.171)

the integral  of the equation

a’L (1.172)

S - - -~~~~~~~ -~~~ - - --

~~~~ ~~~~~~~~~~~~~~~~~~~~~ -
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under  the  condi t ions 1. (0) = sh ~ and L ’ (0) = ch ~ will be

L (I.Ø) .s Ph (~+~ ). (1.173)

Consequently, in order that the solution tc equation would be

the operator—function , but not s imply  f u n c t i o n , into  equa t ion  ( f i r s t

example)  or under  s u p p l e m e n t a r y  condi t ions  (secon d example )  as the

Fara.e te r  must  en t e r  t h e  s y m bol ~.

The solut ion to differentia l equa tion can render/show irregular

cperator. It is difficult to indicate the conditions, necesSary and

sufficient in order that the so]uticn would be regular.

rage 53.

Sc, the equation

— ~~~~+ P ’L ’~~~ (1.174)

has regular coefficien ts an d r i g h t side; hcw ever, its genera l

solu t icn i~ represented by the operator

However there is no need under such conditions since in the future

will be examined the irregular operators.

- —_ —S~~~_~~ —- -~~~~- -  -
- • -

-
- - - _~~~~ _‘_ S _ _ _ •

- ~~~~~~~~~~~~ - 
-

~~~~~~~~~~-~~~~- —
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f) in conclusion let us do several observations.

1. spea king about operator—function L (~~, ~) ,  we we consider it

possible to call it also either simply operator or simply by funct ion

(in t h e  sa me way  as t h i s  is m ade in t h e  re la t ion  to vector function) .

2. with any fixed/recorded ~ ~~, L 
~~~~~ ~) i t  is con verted int o

the usua l regular operator whose properties were described and

s u b s t a n t i a t e d  in p. 2 and  of 3 present p aragraphs .  On the  s t rength  of

uniform continuity L (~~, ~) and uniform (relatively ~) con vergence of

series (1.1143) all these properties are spread also to the regular

operator—f unctions L (~~, ~) .  The n u m b e r  of permissible act ions

includes the differentiation with respect to symbol 8 (p. 3). Let us

agree this action to designate by the syabcl. of particular

differentiation. So that , for exam ple,

*~~? ‘ ~“~“~“ *( ~~
) l .2

~eIP . (1 176)

?cr differentiation with respect to variable ~ let us app ly both

designa tion of Lei bni tz an d Lagr ang e’s simpler designat ion (that also

is done in (1.176)).

3. All reasonings were carried out for ~E (0.1l. since pr ecisely

- - - -
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this interval/gap will te required by us subsequently. It is not

difficult to see, however, that all results can be generalized , also,

to wider intervals , for example (0, •) . Actually this it is necessary

to take into account only under condition s of form (1.150) .

4. on the basis of observat ions p. 2 and 3g. let us find

Irn (tJ± 2s)~~ sn ~~ .cos 2*±co .SüI23~ — Iifl~P,
cos(EJ ±2~)— Co .co~2~~F sin~~ .sIn2tI — cos~~,

• ~n (~~
_
~~)_ sin _cosfsint~

_ cosw. (1.177)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — sin~p,

-

and so forth. This means that for the trigonometric operators are

valid the “formula of bringing ”, and same these operators have the

“Fer iod” of 2w.

——--—------ --
---S ~~— —-— 

- -- — -  S . • • • A

-~~~~ 5r.~
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Page 51$.

~6. Realization of the regular operators.

In the implementation (determinatiCfl Of values) of the regula r

operators or operator—functions can be met the different questions:

necessary to realize the assigned in the for, of a series operator to

that which was assigned in the form of a series function; necessary

to realize arbitrary operator for the assigned function or, on the

contra ry ,  the assigned operator for arbitrary function; is known

cFerator ’s value L (~~, ~) ,  it is required to find value L’ ( € ,  ~) and

sc f o r t h .  -

All the se quest ions will  be solved , on t h e  bas is of f o r m u las and

the  properties, f o u n d  in §5. Let us assum e those which were carr ied

cut  condi t ions  (1.152). Then all the bein g encountered series will

converge absolutely and evenly, but therefore the app l ica t ion/use  of

formulas and prope rties §5 wil l  be t h a t  w h i c h  was substant iated. As a

• rule , in text we will not this specify.

it~

____  - -- — - —~~~~~ - — — ~~~- -

p.s•_ ~~~~~ 
- 

~v , -~ - - -



DCC ~ 77055304 P A G E

1. Met hod.

Let

(1.178)

whereupon

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.179)

q (nJ c, + ci t) + C11~
1 + . .. = (1.180)

— A,(~~+A , ( + A, ’+...—~~~Ad~~’~’.. (1181)

Cutside (1.179) — (1.18 1) in (1.178) , we w ill obtain

~ (L ‘0— ~~~~ a,c,~f r ir — E A,’i’, (1. l82~

where

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
A,— s,c,+21a1c,+31a,c,+ 410,c,+51a,c.+ . ..,

A, ~~~~
- (21a,c, + 31a ,c, + 41a,c4 + 51a,c, + 6!a4c, + ..., (1.183)

A, (31a,c, + 41a1c4 ± 51a,c, + 61a,c, + 7ta4c,+. .. , 

.

- — - S—-S---—-. —~~~~~~~~~~ -—.—-- —. ..— — —S5-— ——-—-S-

• - .s, ~~~~~~~~~~~~~~ ~ .. -~~
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i. e.,

A, — -

~~~
- 

~ 
(a + p)I a,c~ ,. p — 0. I. 2 (1.184)

Page 55.

The obtained formulas make it possible to obtain the va lue of

the  assign ed in the form series accord ing to degrees ~ (or decomposed

in th is  se ries) the regular operator abov e the assigned in the fo rm

of a ser ies according to degrees (or decomposed in this series)

func t ion  ~ (i~). Operator ’s value also is obta ined  in t h e  for m of a

series, its coeff ic ients  can be calculated , generall y sP eak ing ,

apEr ox i .a te ly,  a l t h o u g h  to any degree of accuracy . In spec ia l cases

series ( 1.183) and (1. 81) can be convolu te  or the y gene ra l l y  are

- - 5  5-- . - — -

- - S~~~~~~~~~~~~~~~~~~~~~
_’ _~
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brok en .  Then 4W~,Il) is obta ined  in  the  closed fo rm.  Let us  consid er

examples.

a) Let

L ~E, ~ —4  (~. ~) — ~~~ 
~~~~~ 

(}) ~ -

~~®—  1.(’0 = 
~~~~ (nt) ’ 2~ 

~~~~ (1.185)

Here

a,, — 

~7 -
~~~~~~, a,,~ — 0 , c,~~ 0. (1.186)

According to (1. 183)

- - - - - —-----5 5 —- -Sw- - - -

5- - -- - -~~~~~~~~~~~~ ‘~~~~~~~~~-
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21~’ 4~~4

+0,00586~~— 0 ,00Ol36~’+.. .. -

1 (2 ! 4 t~’ 1

(1.187)
= 0,25 — O,O469~’ + 0.00244~’ — ...,

1 (4 !  6!~ 2

= 0.0 156 — 0,~O326~’ +.. ..

aNd
therefore

/ , (~, p) I, ( 0—  1—0 . 125~’ +...  + (0.25—0. 0469~’ + . . .)‘~‘ +
+(O,0156—0,00326 1’+...)lf+.... (1.188~

b) Let L ( ) = L 4 (~~ ) — arb i t ra r y operator , and

~~~~~~~~~~~~~~~~~ cn =~~~. (1.189)

where
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— any comp lex number. From (1.1e4)

~1 (s+ P)! as
~f’÷~~j  = ! L ( ~~m)

(1.190)

Purther, from (1.81)

~~ ‘1 ‘m ‘~1X~ (~, t~) = ~ —f l L (~, m) t~’ = L (~. in) ‘
~~~ 

‘- —~~~-- ,= L (~, m) . e1”~.
~~~~

pt
p

(1. 191)

Co nse q u e n t l y ,

I L ( ~.~~~~
”

~~= L (
~

, m) e””i ( a — a n y ) . (1.192)

He re L (~~, ii) — t h i s  is t h e  a l r e a d y  usua l  func t ion, obta i ned  f r o m  L

(~~, z) wit h z = m. Let us note i nciden t a l l y  t h a t  t h e  used he re m et h o l

cf obtaining this very important formula is not better/best.

The described method of realization, obviously, is completely

universal (within the framework of the regular operators ~nd I~~)Ew
(A)),

but in a number of cases it is excessively bulky.

_ _ _ _  - - ~~~~ - - - - — - --- - - —

_ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~ --
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2. Realization above polynomials , hyperbolic and trigonometric

futcticns.

When the know n cl osed express ion fcr ~ (~~) and t h i s  expression

suffic iently simple , it is expedient to use directly formu la (1.114 3),

i.e..

L (a,. 
~) q~ (‘0 = L~ (~, ~) ~ (‘0 = ~~~ (~) ,1’~ (Ti) = ‘D ~~~ 

(1.193)

Let us consider  concrete/s pec i f i c/ac tua l  examples .

a) Let

~
(q) — ’r. n — is n a t u r a l  n u m b e r .  (1.194)

Then

‘I.

(1. 195)

and

- V.-.-,- ~ - :. 
r , ,~ - .. - - ~~ .—
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L( ~,~ ) (iV’) ~~~ 
a,,. ,,(~) 

~~—n !

+ ... + a,(~) 5!j . (1.1%)
n! j

Pa ge 57.

So that, for example ,

L (~, ~) (1 
— 6i + 3~~2~ = a~(~) 

— 6[a1 (~) + a,~~) ~i1 -F

+6 f a i(~) +a 1( ~) I 1+ —~ a.(~) l 1’j .  (1. 19 1)

b) 3.et (we repeat the example b p. 1)

(1.198k

Then

— — easIL(L m), (1.199)

which coincides wi th  (1 .192) .

C)  function O ( 9)  is assigned,prescrib€d in the form absolutely

- - . . - -
~~~

. -
~~~

--,.- ‘,——
~
,—-.--,-----...—--———-—- 

~~~~~
— - — - - — --5 

-5--- 
- 5— -  

—

~~- . - __ ‘SS._, •
.
~~~ .S’i ~~~~ S _— S-~-.- ’
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and evenly (with tiEr) of the converging ceries

(I.2OO~

According to (1 .192)  we ob ta in

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~c~L(t ,mje~ s’~.
(1.20 1)

The convergence of a last/latter series depends on the for m of the

ta rget/purpose s of f u n c t i o n  L (E ,  z) a n d  mus t  be specially

inves t iga t  ed.

d) Let us consider action L (~~, ~) above  h yperbolic f unc tions .

Tak ing  i n to  accoun t (1 .192) , we f i n d

L(~J) chm~ _ L(L~ ) (  
e - ~ e 

)_ ~~~ 1L (Lm)i~
II
~+

(1.202)

Cr

- 
— L( ~, —m) Jsh n~ (I .2O~

and, ana logously,

- - 5  - 

-5



DCC = 77055304 PAGE 101

— -~ f L (t. m) + L (t. —,n) J sh mii +
— L ( ~. — m) I c ~mt1. (1.204 )

Page 58.

Henc e, in particular: if operator L (E, ~) even relat ively ~ , then

(1.205)

it operator L (~~, ~) odd relatively ~, then

(1.206)

By s u b s t i t u t i n g  in (1.203) and (1 .204)  a on in , let us  a r r i ve  at

L (E.~ ) cos~ni~— ~~(L( ~, 4a) +L( ~.— 4n)J cosm~i+

+ -
~~

- (L ( ~, i,n) — L ( ~, — lm)Isin mq. (1.207)

L( ~,~ ) sin mi~= -~- t L ( ~, L,n) +L( ~, — im)jsinmll —

— -~ I L ( ~,im)—L (L — ins)) cosmI1.

I 
_________________________________________ ________________________________________________ _______________________________________________________________________________________ 

~~~~~~~~~~ 
- 

— 
— .-—.--—-—

5 -
.

- , • -
_
~~~~_ -t

_ 5- -- -
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Hence, in particular : if operator L (~~, ~) even relat ive ly ~,

then

(1.20~

if operator L (~~, ~) odd relat ively ~, then

L (~. ~) 
~~~~ ns’~ — ± iL (~

, tnt) nn~. (1.209)

So tha t , for example,

~‘Wi~ (srnmi~) — —m’shcoemq. (1.219)

3. Application/usa of the  operators to the product of functions.

_ _ _ _ _  _ _ _ _ _-_ _ _ _ _

_______ 
-
~.-t~ 5 - --
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a) Let us use (1.193) to function • (,~) = u (1?) v (1) )

L(~,~) Lu( ’0v(~0) — E a .(EJ p’ (u ( ’0v( ’0) (1.2 $) )

and introd uce in operator ~ indices u and v, whic h indicate, to which

f u n c t ion is spread its ac t i cn.

Page 59.

Thus, for instance ,

~~u(’0 —~~4’0..u’(’0. ~,vD 0— P v ( t U— v ’(iiJ.

~ u (‘0 = u1
~(’0, ~ v(~i) u”~ (‘0~

~ 
(uv) — u’~’(’0v(’0, ~~P .  ~~~~ — s” (t~g~(’) (‘0. 

(1.212)

~ v( ’0 &~‘4 ~~u(’0 do not have sense.

T hen

~~1isvJ — 
~.+ ~~) ‘ (tw) — £ C~~u( ’04~ lv(i~ —

— ~~C~.U
11
~ (‘0 v~~’~ (‘0 (1.213)

—

______________________________________ ~ - -~~ --~~ ~~~~~~ ~~~~~~~
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and

L(~,P) (u( ’0 o(n J)  = 

~~
a$

~~~iE
CLu (1)

(’0 xP
~~ ( ’0] —

= a0uu+ a1(u ’v +uv ’) + a,(u’v + 2u’v’ +uv ’) +... . (1.211)

b) Let, for example ,

c4rU—~(’e ’, u— i t ’ , v~~/”’, (1.215)

where n is n a t u r a l  num ber. From (1.214) we w i l l  ob ta in

L(~j ) (i~~~’) =  

~~~~~~~~~~~~~~~~~~~~~~~~ 

•.(n—/+

—e~~~~~~ [~~ a..s(s _ J ) . . . ( s_ / +  J)m’
~~I71

”_1_

— e”~~ -~~~“0 
~~~~~

1_ i’~~c~4~ i~~ L(~,nt)=

L(L m). (1.216)

a
-- -,-~~~~~~~~~~~~~~~ - . - . — --~~~~~~~ -

_ _ _ _ _5- --5-~~~~~~~~ - - - -- - - - -- —-5-- 5
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Thus,

— s ’(, +~~~)~L(~.ni). 
~ 

(1.217)

Page 60.

I By substituting here a — on — a and by deduct ing resu lt from

I (1.217) , let us find

I
- ~~~~~~~~~~~~~~~ --~~~~~

—S — - -
, 

- 5 - - - -  ~~~~~~— - - -
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L( ~~ ) ~~~~ = -~- ‘~~mT1
[ (ii+ _ ) L ( ~,m) + (‘1 —~

)
~ 

+

4. L( ~, — nOj -l- + ~~~~~~~~~~~~~~~~~~~~~ _ in)] .
(1.218)

In pa r t i cu la r wi th  n = 1 let us hav e

L(~~) ~t~~~nn~} = 
~~~ 

~~~ ~~(L( ~.m) + L(~, — sn) l +

+~~~1L ( ~, m) —L ( ~, _ m)1} -f i- ~~~~~~~ mt~ ~i1[ L( ~, m) —L( ~, — m)j +

+~~~IL(~.m) + L(~. —m) I } . (1.219)

whence wi th  the  even r e l a t i ve ly  ~ operator

L (.~ 
)
~ ~ m~} — 

L (.~ m~ m~ + ~$!!)~ ~ ntv~J (1.220)

an4
A with the odd relatively ~ operator

~ mq — L (.~ 
,
~)‘i mrj + ~~~~ ~~~~~~~~~~ ~~ ~~~ (1 ~~ I)

So that, f o r  exam p le,

cos~ (vi ch mii) — com ni .1l chm,I~~ ,j nm.sh nni. (1.222)

5- -5- - -- -
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I

After replaci ng in (1.219) — (1.221) a on in (as this was done

i n p. 2 d ) ,  let us f i n d  analogous  expressions for

II.. Operator L (~~, ~ + k).

a) let  us assume in (1.214) and u — e ~ (k — a n y ) ,  v = • ~~~~
This wi l l  give

= ~~~ (~~[~~~~~ e~r ’ q(’0 j =
= e~ j’~~ a~(~) [1 dsk~~j ) (~~( ’0)  =e~~(~ a ( ~) (k +

(1.223) -

i. e.,

L (
~. ~)(e~~~(’0~ — e~ L (

~
, 
~ + k)(q ( ’0). (1.224)

Page 61.

iii 
5 -. - - —

~
S-,--———-— —i-. - -

5 - - _ _ t ~~~ __ —S-k .~~~~ - -
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He nce

— e L ( ~~ ) { e~ q( ’0 , ~ (1.225)

w h i c h , a c t u a l l y ,  co inc ides  w i t h  f o r m u l a  (1.85) for  ‘he  p o l y n o m i a l

operators.

The obtained formula makes it possible to find operitor ’s value

L (~~. ~ • k) • if is kncwn operator ’s valu e L (~~, ~) .

b) Let us assume ,® ..e ’. Then , taking xntc account (1.192), from

(1.225) we find

L (t. ~ + A) .~~ — e~~ L (~. ~
) ~~~~~ 

—

— e~~’L (~. m + k~ ~~~~~ — L (
~. m + A) ?“. (1 226)

C) 4fter assuming in (1.223) ,(i~i -..i~ and a f t e r  t a k i n ;  i n t o

consideration (1.217), we will obtain

L(~.~~+k)~I~ 
_ e L(~.p) f1~eb

~)=

(1. 227)

whence, in par t icul a r , with n = 1:

L (L, + h ) (I ,}_ v.L(L h) + q2& (1.226)

. - 
- - -~~~~~~~~~~~~~~~~~~~

—— —  .5 -.

-5 - ~~~~~~~~~~~~~~~~~~~~~~~~~~ .~~ — S..
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with ii = 0

L(~,~~+k) (1}=L (~.k). (1.229)

~~. operator ~ L

Let us assume in (1.214) and u (‘~ ) = ‘
~~~
, V ( i )  = 0 (ii) . Then

L (
~. ~

) (i~ 
q (‘0~ 

= a, (
~) (‘0 =

~ a0 (~) ~~~ 3$q (~) + C~~’ ’ qi (11) 1 = a0 (~) 1 i) +s 1~~~p( ’ifl=
s-O 5-0

— 
~~~~a.(~~

’,(’0 + ~ ao(~) LI#5ip(’0 + ~~~~~~~ (1.230)

or , taking into account (1.134),

L(L~ ) j iiq. (nJ~ — 1)L (~.~ )~~(’0 ÷q!~~
. (~~(‘0)~ (1.231)

whence

(1.232)

5- - — - 5-- - -5 5 --  —~----- ---- -,- — — -‘.5--—.-- - 
- - - -—~~~ ---- — 

— — 5~~~- — .—I,----- —-5 
~~~~~ - - - -.5-
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Page 62.

This formula makes it possible to  f i n d  opera tor ’s v a l u e

if is know n Operator’s value L (~~, ~) .

By examining L (~~~)~~~q, (,~fl or b y apply ing repeatedl y several timps

(1.232) , let us arrive at the following fotaulas :

tc~ (‘0) — L (
~. ~

) (‘i’c (‘0)— 2til. (i.. ~) 1 ’v (‘i)) +
+ti’L( ~, ~) ~~~~~ (1.233)

( ‘0) = L (~, ~) ~t~’q (‘i)) — 3i-1L (~, ~) ~ 2q (TIfl+

+ 3i 12L (
~. ~S) ~q (‘01 — ~f L  (~, ~) lv (‘01

and so f o r t h .

6. Exponential , hyperbolic and tr igonomet ric operators.

Let us consider now the  con crete/ specific/actual  operator

L (k. )~~ . = ~~~~~~i~~’, (1.234) ~~~~~~

.

4
-
-

- -
--5-

-- -5--

— ~
-51 

. —~
- - - -5 5-- . 

,

~~ -,--—-~-—‘~ 
.._ !., ~~. ._ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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“4

where k — any real or complex number. Here

a, = S~L, a~
) — ~~L...., 

- 

(1.235)
sl (s—m)l

m
which means, are satisfied conditions (1.150) (with k l<R < oc ) .

— ±[~~
‘ P’v (’0 ]

ip (q +k ~) (1.236)

whereupon DEdM , if only are implemented and condition (1.132) .

Substituting here k on — k, we find

k~J~ ( ‘0— 
f e~~~ (‘U —  ~(‘1 + k~) ~ v (ti — k~) — 4 ,  (t.TUj

(1.237)

Page 63.

F i n a l l y ,  after replacing bare k by ik , we will  Obtain

sin 4~~ (I%J — v (’~ + Lk)~ ~ (‘ Ik~ Im (q~(7~+ik~))

cosk~~p (q) — W( ’) + ik) ~ + ç (q — ik) ~ = Re {c (n + ik~)} =

(1.238)
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It is not difficult to see that under condition (1.1~~2) for all

formulas (1.237) — (1.238) viii be ØEW~
A
~.

The obtained formulas are completely analogous ‘o for mulas

(1.614), (1.76) anl (1.78), which were found at considerabl y more

ccmmon /general/total assumptions relative to function 0 ( ) .  In

exac t ly  the same m a n n e r  i t  is possible to find the realization of the

gi pe rbo lo—tr igonon e t r i c  operators, who correspond to the functions of

acad. A. N.  Krylov

~,(k, )=ch k~~cosk~~p(’0= -~-1vI,~+(1 +Ok~J+ ,fi~—

— (1 + I)k ~) + v i’i +(1 —i) k~1 + ~uii— (I —~)k~J )  (I.239~

and of so f o r t h  (see (1.8. 1)) .  

i-5_ -i-5i __

5 

- —-5- - 
—

~
- 

~~~~~

— - ---5- 

-~~~~~ -
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7. Example s of realization.

Let us g ive  severa l  examples , w h i c h  i llus t ra te  t h e

application/use of the obtained in the present paragraph

couuonJgeneral/total formulas.

a) Ut ilizing permutability of the regular operators (page 144)

and of for mulas (1.237), (1.238), we find

r ~n k~Pv ffi) — sin k~~D4 ’c(TI) — lm(ç~~(q + 1k)),
cos k~~p (nJ = cos k~$ . ~ “qi(n) = Re {‘p~

9
~(’i + 

ik)),

— ~~k~~.r,(’0 = 
(i~ + k)~ ± qi~(T~ + k~) .

(l.24c~-

b) from (1.205) and (1 .206) , (1.208) and ( 1.209) , (1.2 37) and

(1.238) let us have

~~~~~~~~ ~~~~~~ 
I

S1IAW — 
sIn k~m.cosmt 1. (1.241).

COS J — si n k~,n.sinmi,

,~~~~~~n,~~j_ g.hk~ni.c*nni.
(001 J (—sh k~f ls.s, n snl

I,

-

- 

-

- 

— 

~~~~~~ .~~~~~ IT . ~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~
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and so forth .

Page 64.

C) from (1.238) we find

sIn k~~; 1 ) = I m ( 1 ~ =0, cosk Ej(1 )=Re( 1)= 1,
sin ~~ {t ~} Im 

~ + ik~) —

(1 .242)cos k~ l’~} = Re {t i + lk~) = ii,

sink~p :ii’) ‘= Im((i) + ik~)’) = 2k~ii

and genera l ly  with n n a t u r a l

- -- - S.—— — ~~ -~~~~-- - -

- -~~~~~~ 5- —. ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ ‘ 
- . ‘.r . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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sInk~~ (ii”) =nk~iY’’ —
”
~~ 

~~~~~~~~~~

+ 
n (n — 1) ( n — 2 ) (n _ 3) (f l _ 4 )  

5 5
5! k~~tj — ... +

+ h— 1) 2 (k~)~~~t~ ~Ae.v~n = 2s,

(— 1) 2 (k~ )
n 

~~~e~~n = 2s + 1,
(1.243)

cos k~ {‘i” I - -  — 

~-~‘~2T--~ 
k2

~
2i 2 +

+ 
n ( n — 1) (n — 2) ( n — 3)  k4

~
4ti’~

4 —. . .  +

~ 
~(— 1)2 (k~)1 w*.w n 2s,

(— 1) 2 (k~)”~~i~ “.~ Is — 2s + 1.

d) By us ing t he  p rope r ty  of operat o r—func t ions , expressed by

formula (1.1614), le t  us i n t eg ra t e  over ~ t h e  second of equal i t i es

- — 
-

— 
- ~~~~~~~~~~~~~~~~~~~~~~~ 

- S~,,,_ __~ ~‘_ —c - — 
‘ -_-- 

-

— - — - - —~~~~~ — -5 — - - ‘k~~~~~~!-: ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ‘- -
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(1.23 7)

hk~P c ( i i 4 _ (j ch#~d~) f c ( i I ) } _  ~‘~~ v(’0=

=

~~~~~~~~~~~~~~~~~~~~~~~~~ (1.244)

I. e.,

( ‘0— (
~ 

+ ~~~~~
- P +~~- - j q~ (ii) v (C) dC.

(1.245)

Pa ge 65.

Let us rep lace k for ik

(1.246)

, ‘, I

- - — -- — 5-— -— - - - - - - - — - - ~~~ -5- -- -  - -  —‘I—-- __i_~~~ 
- . 5

- - -5— -- ~~~~~~~~~~~ -~---~~~~~ .- .— - - 4 -  - -- - ~~~t-5’- ‘~4~~-~~~
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e) By using (1.245) and (1.225), let us find

+k)~~~~~ (shm~k m~kchm~4—thn g E~
k + k’

— v (C) dC. (1.247)

Then

slnn - k)  

~~~~~~ (1.248)

Let us note that here a and k — any.

f) Let us assume in (1.232)L..~~!iPL,Taking into accou nt (1.245)

this it wi l l  give

____ 
-~~~~~~~ -

- -~~~
. 

~
- 

_
t ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



--5-— - —-5 - ..- --5— - _._.__. n_~~~~~~
_  ._______5--_-- - -.5- - -— — _5_-n -.---~ ~5~=~S* .5- 1.. t~~tT h -S .__ ~..__ _ _  . . - - - -

DCC = 77055304 P A G E  
~~~~~~ \J  ~~~.

( sh ~~ ) ~~ 
k~ chk~J— shk~~ shk~ 

~~ 
—

~I1+k~

~~~~~~~~~~~ ~S cv ~
) dt

~~~S ,(c) d
~
. (1.249)

whence

~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(k—~uoØoe) (1.250)

Page 66.

8. The equation s, by which satisfy the values of the operators.

ope rator’s value • — th is  is funct ion of one is ‘D(ii) — either

5 .  - - - - - -- 5- -- - 5- -- -

- . - .  _~~~L~’&5- 5~~~_
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two — D (~,i~)— variables, according to that , will ~e L operator L (8) or

cpera tor—f unct ion  L (~~, ~). In certain cases (this depends on fo rm L)

it is possible without the speciai. work to establ ish/install, which

differential equat ion satisfies functicn ~~~I~)E&A regardles s of

the fact, above which function vEd~ will act operator L. Let us

give examples .

a) Let

Lç— sin k~~p = ~~~~~~~~ (1.251)

Twice we d i f f e r e n t i a t e  (in sense (1.15 1)) th is  i d e n t i t y  with

respec t to ~:

~~~~~~~~~~~~~~~~~~~~~~ (1.252)

and then twice on :

(1.253)

After multiplying the latter on k2 and a f t e r  f o r m i n g  w i t h  (1 .2 52) , we

w i l l  obta in

(1.254)

b) Let

(1.255)

—-5- - -  —-5----- - -~~~~~- - - — 
-.
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It differentiat ed this identity on ~~, and the n twice on and after

subtractin g results, let us find

~7. Singular operators.

In the subsequent chapters for us it is n€cessary to deal in

essence with the regular operators. ‘rherefo~e and in the present

chapter to the singular operators is given considerably less

at tent ion t h a n  r egu la r .

1. Determination of the singular and mixed operator.

a) Operator L (~ ) let us call singular, if t he  expans ion in a

series of func t ion L (a) .~—,.L4~)

,
~ 

- iri the v ic in i ty  of the  i n f i n i t e ly receded point  conta ins the
4 - - -  — 5-

c n l y  negat ive  degrees of z:

(1.267)

- - - --- -
- —~~~~~ - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -
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If necessary to e m p h a s i z e  ope ra to r ’s s i n g u l a r i t y  L (~ ) leP us hi.

designate L (8). The general view of singular operator it will be

L (z) 4—~ L~~) — + ~~~~~
- + . . .  — ~~aJ~’. (1.258)

It the coefficients a are the functions of variable ~E(0.lJ, then

L (E~.z~ 4— *L(~p)~~~ a~.., (~)p-” (1.259)

it is called singular operator—function.

8y a p p l y i n g  L (~ ) e i ther  L (~~, 8) to c(’0(EeL,~-’ w• w i l l  ob t a in

sin g u l a r  operator ’s va lue

L (p) (v (’0) — ~~ a,..,Ø ’(c(’0)) — ~ a~~-’, --  •(‘0 (1.260)

cr

— Ea-.(~)ø” f,(’0))— ~~a~~(Ijr, -
(1.261)

~~~~ -: 
- -~~ k~~~~ —

- -
, 

- - - . 1 ’ . ~~~
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The existence domain of operator WL— is determined from the condition

cf t h e  convergence  cf the entering in (1.260) and (1.261) series.

If the Loran expansion L(4..’L(~)

in the vicinity of the infinitely receded Foint takes the form

(1.262)

where at least one a,. s>0, exce l len t ly  f r o m  zero, then t h e  ope ra to r

L (z) +—~~ L(~) ) .~~
a$ ( 1.263)

let us name that which was mixed.

b) the introduced operators cannot hav e  a sense, w h i l e  not the

rating value of symbol ~~~~~~~~~~~~~ In operational calculus tt is accepted

differential operator to determine not according to (1.2) and (1.214).

but according to the formulas

— c~(’0 + ~ ‘~~ (O) + ,~~‘~(O)~ + . . .  + ,(0~~~~~~

(s — 1,2.3,...). (1.264)

~

•

1

— - - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Inverse operators (integral operat ors)

— S (C) dC.

— f~— ’q = -

~

__ ‘- -

~~~~~~ 
~~ 

(t~ — ~)‘~~~q (~) d~ (s = 1, 2, 3....) (1.265)

are obtained in te rchangeab le  w i t h  the  operators fr’(n ~~~s) . Th is fac t

turns out to be very valuable during the practical application/use of

operational calcul us, which deals almos t exclusively wi th th e

singular (according to the tak en here terminology ) operators.

- -  - - - ~~~~~~~~~~~~~~~~~~~~ 
- -

— ‘-p-. ~~~~~~~~~~~~~~~~ --5
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We , howeve r , fore vent  d e f i n i t i o n s  (1.264), since t hey extremely

co mpl ica te  the r e a l i z a t i o n  of t h e  regu l ar operators, w i t h  whoa , as

already me ntioned, in essence it is necessary tc be encoun tered

subsequently, and they stopped at determinations (1.2) and (1.24). As

concerns the operators ~~~
- , let us take for them as in operat ional

calcul us, determ indtion (1.265). In this case let us consid~ r that

— the real or coapl.~x variable , which ~ass~s is certain finite domain r

(page 39), at least , for example , (1.1). But then i n teg ra l  opera tors

cf d i f f e r e n t i a t i o n  and  become n o n c cm au t a t i i e :

(1.266)

For exampl e,

(1.267)

a)lcj

~~~~~ q (t ~)~~~ ~ ‘1~ - C) 2,’5~(C) dC — ç’(J—~’(0)—,’~(O)v~—

—~~‘~(0~ 
‘
~~~. (1.268)

Th is, it is logica l , it requires precaution and attention in

invers ion wi th  the combina t ion s of the r eg2l a r and s i ngu la r

cperators.  The noted inconvenience  do not cause , in our op in ion ,

—-5— - - -. - --5- - -- -Ii - 
- 

- - —-5 — 
- 

-.

- 5-~~ ____~
_
~~~~ & _ ’
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great diffic ulties (as, for example , and the noncommutativity of

matrix/dies does not impede their wide çrcpagation)

Page 69.

Eut if in inversion are located t h e  o n l y  singular operators, then

generally similar difficulties do not appear , since of (1.265) easily

is perceived the interchangeability of integral operators:

— !. ± r’ r’ = r’~~. (1.269)

It fo l lows  f ro m t h e r e that

(s>n~~- 0), (1.270)

that means in part icular

~~S 

~~~~~~~~~ 
= 1, (1.271)

i. e.,

(1.272)

— the differential operator is reverse/inverse with respec1~ to

integral operator. Differential operator during determinat ions (1.2),

(1.24) and (1.265) does not have inverse operator. It is possible to

demonstrate the more common/general/tot al affirmat ion: it is not

possible to construct the operators, reverse/ inverse for  (1 .2)  and

— ~~— ————-- -—- - —I- —
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(1. 24) .

Tru e, it is possible tc 3ttain partia l interchangeability 8’

and after introducing the determination

(s 8S’ (Tl — c)’ ’ ç(~) (it + 
~~~ 

ii’. (1.273)

In t h i s  ca se ‘=8’4~~=l, but will be preserved as befo re

inequality (1.266) w i t h  n ~~ s.

c) on the basis of (1.260) and (1.265), we obtain

- 

L (~) ç (,i) — ~~a_) ~’ç = 
~~~~ ~~i~r~(’1 — Q’

~~~~ (C) dt~~ (‘i)

(1.274)

or, on the strengt h of t h e  in t e r c h a n g e a b i l i t y  of fold ,

(1.275)

Analogous expressions are o b t a i n e d  f r o m  (1 .2 61)  fo r  o p er a t o r — f unct ion

L ( ~, p).

-‘— 5-——- - 
— 

— _ — —S.
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- — - - -i.. — 4~~~ __ - -~~



DCC = 770c5305 PAGE 133

rage 70.

Let us explain the conditions , sufficient in order that entering

in (1,274) (but, and also, therefore, (1.275)) a series would

converge absolUtely and evenly.

According to Weierstrass’s sign/criterion , if

0>1,, (1.276)

that series (1.274) converges absolutely and evenly, since con verges

a series

Let us designate b y R distance from point z = 0 to the mos t receded

frcm the origin of coordinates singular point of function L (z)

(according to (1.257) all the singular points of this fun:tion they

lie/rest on the final distance), also, through N •axi.um)L (z)I on

circuiference\z\ = p > B. Then, apply ing the estimations of the

module/moduli of integral and coeffic ierts of Laurent series, and

also the asymp totic re presenta tion ot factorial, we obtain

From (1.27 6) we have

S _ _ _ _ _  
ri a

• ~~~~~~~~~~~~ ~~~~~~~~~~

a

~
-
~~~~1 

- 
- - --u---

- .~~~ t__ ’ .,~~~ __ —~
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This be the unknown sufficient condition. All the funct ions-

integr ated (in the sense of ~.iemann or Lebesgue) in domain 7’ (page

39) and satisf ying condition (1.278), form set L— .

Assuming now that 
~~~~~~~~~ 

we can interchange the posi$ ion signs ~
and in (1.274) , (1.275) and simila r to them to formulas for L

(~~, ~). As a result we will obtain the following representation of

the singular opera tors and operator— functions in the form of the

ser ies:

L ~~)q — a..J’~ — , (C) ~~ — 0 (‘i)’ 

-

(1.fl~

and simila r expressions, which are obtained from (1.275).

Page 71.

Ear the mixed opera tors in accor d anc e w i t h  (1.263) , (1. 113) ,

(1.1143) amd (1.279) 1St us have

~~~~~~~~~~~~~~~~~~~ ‘.S~.,~~(1i)+

- ~~~~~~~~~~~~~~~~~~~ (1.280)

— - ---5- —5-- 
. - 



DCC 77055305 P A G E  135

and the sa me expression, but with replacement of a by a (~~) and ~~(q)

on f or L (~ , ~). Here ,(i ~ lust satisfy twc conditions: (1.278)

and  (1.91)

2. Properties of the singular operators.

O n t h e  bas is of (1 .265) , (1.269) and (1. 279) and k e e p i n g  in mind

absolute and uniform convergence of series in (1.279), it is

possible, in the  same way as th i s  was don e in to  §5 and 6, to

demonstrate * a series of the properties of the sinqular opera tors

and ope ra to r—func t ions .

POCTNOTE 1 , For t h e  purpose of a decrease in the  volume t h e  ma jo r i ty

Cf proof s let us lower. ENDFOOTNOTF.

- --~~~~~~~ fl —--5- 

. —

~ 
-5- 5--
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a) If ç(i~)Eei.-, that also ~‘E~~-.

b) from p. a esca pe/ensues the existence of the product of the

singular operators and operator—functions

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~ (1.281)

C) from (1.269) follows the interchangeability of the product of

the  sir~j u la r  operators

(1.282)

d) f rcm (1.279) is eviden t that

L— (~, ~) 10) —0 . (1.283)

Therefore , in order that product (1 .282) would become zero, it is

su f f i c i ent i f at l east one operator is zero.

e) Singular operator is linear. It is more tha t,

(1.284)

if in curl y braces a Series confronting converges evenly and

absolutely, a’.’ ~~~~~~

f) fhe singular operators, presented by series or closed

expressions, can be store/added up, grcuped and multiplie d . This

follows frcm the absolute convergence of series (1.257) and of

absolute and  u n i f o r m  convergence  of se r ies (1.279) . For i l lus t ra t ion

let us consider in detail a following exauile.

— -

— — ‘  ,,~ ~~~~~
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Function L—( z), generally speaking, can be represented in two

tcris: series (1.257) and the closed expression

(1.285)

(t..— the ind ex of explicitness). 1 ,

FCCTNOTE 1 _ Sometimes we car and not be able to f i n d  the  close d

expressicn , adequa te to series (1.257) , but then generally drops off

t he  quest ion c o n ce rn in g  act ions w it h  t h e  operators, presented  in the

closed form. ENDFOOTNOTE.

To this correspond operator’s two representations:

• L~~ )
..—

~.L:(z) i J ’.— a ..,r- ’. (1.286)

dep ic t ing one and the same operator, realized on (1.279).

1’~~’’~ 
L (,), L~ (e)J

Let, for example , four fmnctiont~~~ ~~~~~ ãndL/ ~x), for which

$I) 1, J— 1,2 ,3, 4, (1 287)

satisf y the relationship/ratio

• (1.286)

This functional relationship/r atio is record/written in th~

— — —. -

. 5- - .- _ t _ ~~.
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clcsed form :

(1.286)

Above p r o p e r t y  of the  s i n g u l a r  opera tors  presented i nd i ca t e s

that the escape/ensuing fro. (1.289) fcr.al equality

~~~~~~~~~~~~~~~~~~~~~~ (1.290)

expresses the real equality

~~~~~ + L ),(i~ — L ,(* (1.291)

A c t u a l l y ,  since

2, 3. 4.

• (1.292)

that

- .~~~~, 

~~~~~~~~~~~~~~~ • (l.29~

Page 73.

Under integrals series confront ing converge absolutel y and

evenly. In fact, after conducting the estimations, similar (1.277),

let us have (see [24, page 69 and 411 ] (6.118)):
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a~.j < M q ’, (a <j/~
--r (r) ’ (1.294a)

a~~( ’i—Q’~ f 5 
_ _ _

(a—1) 1 < V 4I ’~~~~~~ 
a /

L5. > t~
Let us select~ Y~~~~ an d intro duce the designa tion s

~ 2 ~~~ 
g - ~~~~~~~~~~~~~~~~ <1. (I ~~~

‘Then

I ~ ‘~1~ j <A~1. (1.294c.)

i.e. series are ma jorized by the infinitel y decreasin g progression.

This proves the required convergence. Ihu s, entering in (1.293)

series allow/assume multipl ication , grouping and termwise

integr ation. Therefore

(1.2 95)
By v a r y i n g  t h e  order  of i n t e g r a t i o n  and a f t e r  using f o r m u l a

(2.151) from (37], we will obtain

x

.~~~~~ 
x t7~~

4 +.!lJ4. (1.296)

—-5— -- -- -----5 --—--
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N ow , keeping in m i n d  a bsolute convergence  of series (1.257) , let

us find

~ ,-i I.1 
•

(1397)

whence

(1.286)

Finally, com paring (1.296) with (1.292) and taking into account

(1.298), we see tha t rea l ly/actual ly it occurs (1.291;.

For sim plicity of notation we examined singu lar operators. It is

- ~~~~~ - -
- - — - - - - - - ~~~~~~ - - - 

- -

- ~~~~~— -,-- - -- ~~~~ - 
-- 

- 
~~~~~~~~~~~~ -~
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not difficult to ascertain that all lining/calculations and
(a_, ~~~~~~~

conclusions will remain in force and fcr the operator—fun:tion, wh en T’

For example ,

tht(~~-+f) (~~J__ l If lj -(~~). (1.296)

However , exa mining operator—function , it is necessary to fo l low the

in t e rva l  of the v a r i a t i o n  ~~. So , t h e  equa l i ty

(1.300)

wi l l  be va lid onl y in i n t e rva l/gap  ( ~,• 1], ~~ > 0. since in (1 . 139)

series the y will conve rge unevenly.

g) ~ ny rational relatively ~ proper fraction represents the

sin gu la r  opera tor

— 
A,~”f ~~~~~~ ~~~ !±A$P + A ‘p < (I 301

The sum and the product of proper fractions give again pro per

fraction. Therefore on the basis p. g it is possib le to claim that

above operational fractions it is possible to produce the actions of

addition , mul tiplicat ion, resolu tion in to par tial frac tions, etc. For

exa. p le ,

-5 5-— •
_ _ _ I_ - 

~~~~~~~ - -
~~
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1 1 1— ~ 1 -

f ~~~~~(i+ ~)I~PJ — (1+ ~~~~~ (1.302)

1- 2~ 1.+(1+2~’)P 
-

/

Page 75.

In  a la st/ lat ter  example  ~~~~~~ ~~>0. since in i n t e rva l/ ga p

(1.139) a series converges u n e v e n l y .

Let us note still that on the strength of the permutnbi lity of

the regula r and singular operators thus far let us consider

inadmissible this represertation of fractions as, for ex3mple ,

(1+ p) _ _ _ _  -
•

~ 

- 
-

h) If funct ion L fr)+—~ L (ft) i8 multisheeted, then let us agree to

always choose those expansions (1.257) and (1.258) , whic h correspond

to the so—called mai n branch of funct ion, for exam ple,

- 

- 
_ _ _ _ _ _

- 

1 — (2s + 1)~~~~
’ 

•

I If 1k’ 1.3k’ \ 1- çi (2s— 1)H k’

(l.3O~

-5 _ _ _ _  _  - 

. :-
~~~~~~

_

_

•~~~
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Then and to these operators will be spread the enumerated

previously properties, in particular p. f and g. So that , for

exam ple, 1
1v’O’~~’ 

‘ PTa’’

— ~~~~~~~~~~~~~~~~~~~ 11. ~,>0. (1.305~

i) Taking into account the infinite differentiability of series

(1.25)), in the sane way as this was dcne in p. 3 of §5, we COS P to

the conclusion that singular operator unlimitedly “we differentiate”

with respect to symbol ~~.

Page 76.

According to (1.279),

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

--  -- 5 -- - -- - ~~~~~— - --5
-
. ~~~ :~~

-
~
- 
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a

(1.306) 
-

it is possible to show , as t h i s  was done abov e, that if t he  fu nction

• was li m i t e d  and i n t e g r a t e d , then  series here also converge

absolutely and evenly.

Now , besides add i t i on  and m u l t i p l i c a t ion , into t he  n u m b e r  of

permissible  act ions above  the  s ingula r  operators  it is possible to

include/connec t differentiation. For example,

(
~ ~~~ 

) (,) — .V~
--
~;~~

’
1).’ I 8 1%.. 11. %.> 0.

sore that, it is possible to speak about differential equations for

the singular operators, So, the operator

(1.308)

js the solution of the problem:

(VP _~~~~~~~ (#~~.) ‘_I,(L.-) ._ 0, L (%. .
~
) — 1. (1.309)

-5—.-- -~ -—- - -- ---5 -5- 
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Is a p p r o p r i a t e  to  call  to m i n d  t h €  o b s e r v a t i o n , d one at t he  end

p. 3 § S apropos of terms “differentiation w i t h  respect t~ 8”,

“expansion in a se r i~ s according to  degrees 8” and so f o r t h , i t  here

retains its force.

~) let us designate by 1\ that range of change in the real or

complex variable E, in which function L (~~, z) is regular in vicinity

z = — (i.e. correctly expansion (1.257)). Then funct ions a_,(~) are

limited with any fixed/recorded s (although t hey can unliri itedly

grow/rise with S -~~~~~ a) ,  since (see (1.293))

a.., (t)I<M~, IEFi (1.310;

(relative to ~ aad 11 see page 71). If moreover:

1) fu nct ions  a_,(I) are evenl y con t inuous  in r%, then
cperator—f unction L (~~, ~) is continuous:

1imO(~,i~1imL (~.p), — L (11,P) — ~~(Ii n,~, (1.311)
~ 0~~

or , otherwise,

(~) (t)

U.312)

Page 77.

2) functions m,,(%J :are in tegr ated and t h e i r  in tegrals  are evenly

continuous in r, tha t L (E ,  ~) is integrated, whereupon

!~~~~~rL1
~I~ ,(1o4., ~~~~~~~~~

- (I.3l3~ 

1 : __ -r----—— - 
— 

- 
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Cr, ctherwise,

~~~~~~~~ ~~~~~~~~
-

f’~.~~7~_D1 d~J d I

— ç ~
(c) (~~-~Ti%, $a~..~~dI)dc (1.314)

3) functions G—.(t)fll Oflce are differentiated and all their

derivative s are evenl y continuous in 1’s, then o p e r a t o r — f u n c t ion L
(~ , ~) is diffe rentiated on E, whereupon

(1.315)

or , otherwise ,

The proofs of the  enum era ted  propert ies  (they are based on

absolu te converg ence of series (1.257) and on absolute and un i f o r m

________ 
-~~~~~~~~~~~~ 

.

- -~~~~~~~ -
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convergence of series (1.279)) lover , since th ey are analo gous

thereby, that are carried out in p. 18 §5; let us give on ly  several

examples.

1. If 

~~~~~~~~~~~~~~~~~~ (1.317)

that

(1.318)

but , for example , 1Im 1~
_
~~~~~(iI) does not exist , since , funct i o na .~%) — — ~~

is disrupt ive wit h F = 0.

P age 78.

2. If ~~~~~~~~ -

that

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(1J20)

3. The general solution of the equa tion
fr p’L’—L— O - (j.$21)

will be

1.9)  _Adij-+8$h~ -. (1.32~

— -5—, 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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where A = A ($) and 8 8 (~ ) — some oper ators.

§8. Re a l iza t ion  of the  s ingula r  operators.

The present paragraph almost who l ly  includes lead—in part §6;

therefore to here inexpediently repeat there the reasonings

presented.

1. Met hod for analytic functions.

Let us ~onsider that ~—0EF (s ee Sect ion e page 39), and  let us -)

narr ow down the class of the permissible  f u n c t i o n s  ~(v~) to ~ (see

Section 7 pages 1$i8): cEe with iEl’. Then • w ill be analytic function,

and that mea ns correctly the expansion
- 

(1.323)

$iace Y lae. page 71), to such funct ions 0 it is possible to apply

the sing ular opera tors

(1.324) 

~~- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - -
~~~~~~~~~~~~ ~~

-- —
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as a result of which we will obtain

(1.325)

as is known, the integrat ion (including multiple) of functions Ec

dces not derive/conclude beyond l imi ts  w. T h e r e f o r e

•(%,q)_A~(%)~~ A1(%)II+...~~~~~A,(%)11’. (1.326~

Page 79.

From (1.265)

~~~~ (i~ — O~ 1C’dt - -
~~~~~~~~ ~~ ~~~ (1.327)

By introd ucing (1.323), (1.3214) and (1.326) in (1.325) and by

t ak ing  int o account (1 .327) , let us f i n d

A1 — a_ ,c . - -

A,~~~ - (a_ s; +a_.c1) . i
(1.328)

A, — ~j-(2Ia_icu + lla....c1 + 0la...sc.)~ 
-

A44(31a_14+ 21a_,4 + 11a~44+0Ia..4c,),

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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i. e.,

A,—0. A,ft 1~~~p . * $4L.(%)4.. p— 1, 2 , . . .  (1.329)

E xample .  Let us f i n d

(shi%l —~~(‘i). (1.330)

In this case (see (1.304))

— ~.Lj..; cm. —0, cs.-i —

A,,_~—0, A t_ ( 1+~~
+...+ 2~_1)l~ W

and consequently,

If 4’~ 23if 176,f -

(1.331)

Page 80.

2. Realization above polynomials, ex ponentia l, hype rbolic an d

______ 
____ - -- -5 .- - - - 5—
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trigonometric functions.

a) Let
N

prOm (1.326) and ( 1 .32 t) we o b t a i n  a~ fo r ( 1 . 3 2 k ) ,

~ p —I:N

(1.333)

where n it varies from 0 to p —I , i t  p —i  0 N, and  from 0 to N, if p— i

�. N .

b) Let
(1.334)

Since

(~•33~)
—

(this formula is obtained by repeated integration in parts), of

(1.279) i.t us find

L.~~~ ~
)e
~”’ 

— e”L.~~ in)— 
£(

~~~ 
~~~~~~~~~~~~~~~~~ (1.336)

(m — any).

Comparing this formula with (1.192), is detected one of the most

i.çottant differences of the singular operators of the regular.

— — --- 

- 

- ~~~ ~~
- - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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without selecting first term in (1.336) , it is possible to wri+~’

(1.337)

— ._I -

C) substi t u t i n g  in (1.336) a on — a and taking the L i n e a r

ccm bination of results, we obtain -

L (1.9) m~ - ~~~
- (4 (1.m) + L (1. — a4) ~uii~ +

+-~- L m) --L —m) J ~~~nuil —A.(I1.1.a4 (1.338)

where markedly

~4. 
- - - - -.4 - - - -~~~~~~~~~

- -

- - -

£, ~~~~~ m) — 

~~ 
(
~ 

1 — ( ‘r’~ a~~(1j ) ~~~~~~~~~~~~ (1.339;

P age 81.

Hence , in particular:

if ope rator L (~ , ~) ev en relatively ~~, t hen

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
- . 

- (1.340)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_ _ _ _  
— -5- - ..- — 

-

- 
-
~~~~~~~~

-., -
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if  operator L (~, ~) odd r e la t ive ly  ~~, then

L (1. 9) ch mil htutL (1.m) shnP)_~~~( ~~
~-O ~~~D+l

—— (1.341)
t.9)shmt L_(1.m)chnhI_~~1(~~~~

(
~~ I 

~~~

Page 82.

By substituting i on in, let us have

— ~-(L (1dm) + L (1,— ins)j comnzi~-~.

+ -~-I L (L 1m) —L (1. — im)J sln m1~—A,(t1, 1.(m) ,

- 
(1.342)

L~~(1. IIi mI)

and further, it operator L (~ , ~) e,~ n rela tiv ely ~~, then

~~cas.m~ — L~~~~ml)cossnI — 
-

~ I V ~~ \ ~~~m1))~

— ._.+I

- 
L (1, 9) sIninil~~ L ( 1 , 1m) $j n mi).... -

.

VI v a...,, \ (‘n~~~~— (— 1) ’ 
~~
— 

-
. 

-— — t .,

~  

- - - -



it operator L (~ , $) odd relatively ~~, then

17(1, 9) cos mi~ — 117 (~, im) sin mu —

— ~~ 
( (—1 ~~~~~~~ (mt~)’~+’ -

~ ~
‘(2p+ 1$’ ‘ - -

- (1.344)L (1.~)sin muj
r. —IL (1. im)co smu +

+ £(—~~ 
1)l~ ~~~~~))(_ 1)j!!.~~ -

If we in L (~~, ~) chmu) and so forth do not select terms,

so forth (see (1.203) — (1.209)), then , after

using (1.337) , j t ~~ possible to o b t a i n  t h e  f o l l o w i n g  expressions:

— ‘V (V a~~(1) \(inI~)2D 
+ ‘V (‘Va.p~~~(Ej\ (mriJ ”+1

,n~ )j ~~~~ ~~~~~~~~~~ 
m~ H~ )(2p+ )l’

— (1.345)
~~~~

- 

~~ 
()
~~~ ~Z

Pf1
~ ~~~~

whenc e
- -

~~~1.ø)cosnnp. ~~(~~
c_ 1~ a.

,~1) ( _.. o’.~j+
- 

~~~~~ 
I !-4s.÷n(1~ 

(nli~~~
- 

-+ 
‘S ~~ 

~~ ~
‘(2p +1$’ 

-

- 
- (1.345)

~~ (1. 9)  sin flP) — ~~ (~~
(_ l)1

~~~~~ )(_.1? X 
-

- 

____+ 

~~~ ~~~~ ~(—1Y~j~.

5- --

________________________ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Let us note that these formulas , as ( 1 . 3 3 7 ) , have conside rable

ad vantage over (1. 336) and (1.339) — (1.344), since of t h e l a t t er t he

internal sums are infinite and in certain cases (for example , p. 6h

the present paragraph) they can turn out to be those which are

d i v e r g i n g .

C p er ato r (~+k)~~

Let us consider the operator

L ) _
0

1
1~, ~~Ø— h ~~~n> I —in t e g er .  (1.347)

~k(Z) — ( Z—~~~
Th is opera tor sin gul ar, since the function Th

( ~as a pole at

Fcint k, but is regular at infinity. Therefor e occurs the expansion

—

:‘ ~~~~~~ 

~~~~~~~~~ 
- - 

~~- - : 

(1.348)

whence

1$ - 
(1.345)-

-a- ~~~~~ ~jip~~~~ ~~~~~ I!u.l.> ~~

- 5 -  - —- - - -- -- — - -  - —~ 
-

- -~ ~.!—_ —
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Pa ge 84.

7aking into account this, we convert  t h e  series, en te r ing  in (1.279) :

‘ a.., (il — 
— (‘1 — I ‘V (a — Q’~ h”

(s — 1) I  (n —. — 1)1 (n—- 1)1 (s—n)l
— 

- 
~~~~~~~~ 

[ 1  + ~~ ~ ;F~
’ ] - ~~~~~~~~~~~ 0)

B~ in t roduc ing  ( 1.350) in (1.279) , we will obtain

-,( il) ” ~~ —k) ~~,(il) ” (n— 1) l

n ~ 1, whole , 
- 

(1.351)

cr, after replacing k b y—k, 
-

•+k) . ’~~~~~~~~~~~ ’~~~~~(n-- f l1 ~~~~~~~~~~~~~

- (1.35Z
ii ~ 1, whole.

Specifically, w ith n 1

(1.353) 

- : - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

.
~~~~~~~

- .. - 
— - -~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —
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4. Operato r (L— (E, ~ + k).

According to de t 4 ra i n a t i o n  ( 1.259)

(1.354)

Since the operator s (~ • k)~~ are s ingula r (see Section 3) • also L

( c ,, ~) s i n g u l ar .  K e e p i n g  in mind  (1.351), we ob t a in

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (1.355)

The legitimacy of the exchange of addit ion and integration follows

from p. 2a §7.

Comparing now (1.355) wit h (1.279), is detected, that

L (1J + k)~~~ -r (I9)fr~’,(i~hI (1.356)

Page 85.

Thus, formula  (1.225) turns out to be accurate bot h for regular

and for the singular operators.

~~. Ope rator
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According to (1.257), (1.259) and (1.279) we have  (we  produce

exchange in roll) -

- - - -

(‘U ---~~~ ~~~~~~~~~ ‘*i) - _Jcc,i —~~~~~~~.(1~Vd~
- 

I 
- - s~~I

dC. (1.357)

On the other hand, on (1.279)
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
—

—‘~
‘,(u c~ ~~~a_.~~ c— ’ dC ~~~~~~~~~~~~~~~~~~~~~~~ (1.358~

Comparing both for m ulas, we see t h a t

— L49)~
,
~(IU) —I)L (L9)1~ ’U}~ 

(~-355)

(I. t)This formu la coincides with (1.232). Since series ~~~, converge

wi th any n, repeatedst possible application/use (1.359), as a resul’

of which we will obtain (1.233) and  genera l ly

(1.360k
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whereupon  t h i s  f o r m u l a  is accurate bot h for singular and for the

regular operators.

6. Examples of realization 1•

PCOTNOTE ~~. The large part of the given here results was obtained

together with N. A. Wenzel. ENDFOOTNOTE.

Here in essence will be given examp les of the determination of

t h e  va l ues of t he operators above concrete/specific/actual functions

and , f u r t h e r more , the  realization of some nev ope rators. • -~ 
-

Page 86.

a) On the basis of the known integrals

— 4~.(.ia ..... l)~ 
- - - 

~~~~~~

I.~dI — f r” (ax — 1)+ 13. 

-

- 
- 

(1.361)

- 
-

~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~
-- -~-



and taking into account (1.353), let us find —

(1 — — 1), ~~~~ ~~~~~~ 
(es’ —1 —kq), -

(1.362)

b) ~.1sing formula (1.353), we obtain

1 e ”-e ~ 
-

~~~~~ rn— k

1 kchmu + msh nzu — ke~
~

_
kchmTl ... rn’—k ’

1 , ksh mu+mchmu— me~— s1unu~~ m’—k~ - (1.363)

1 —kcos mu+ ms1nmu + ke~ -cosrnq — ,,
~ + ~

1 —ksInmu—-mcos,nu+rnd~ 
-

- 

-

Page 87.

To th i s  sa le result  it was possible to arrive on the basis p.

2b. In this case it was necessary to use formulas (1.337), (1.35)

and (1. 346). But if we apply (1.336), (1.338) • (1.339) an~1 (1. 3142)

then it is necessary to introduce supple.entary, that not bein g

internall y n ecessary for operations (1.363) condition~ k( <I~
ctherwise 9.nternal” series and so forth will turn out to be

those which are diverging that it was noted at the enri p. 2b.

- -I___ — —--- -- 5- -- ---- - - -  — 
- —-
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I..
Pur ther , On (1.353) let U~ ha ve

I ,~e1”~ V~~-e~
- 

- — — (m — k)’ -
- 

c h n h I _ . !~
(k ch

~~±rm~
) 

—

(m’+M ;ch m1H- 2mk sh m 1_(m1+k1) e*i~(m’— k’)~ 
— ,

-

. 

0~-L~{q shm,1)~~ ~
(kshm11+mchm?1) 

—

— 
(m*±k hmll+ 2rn k ch mll _.2mkehll

~
_ — 11co~m~1) 

1(kcosrn’l_rnsinmTl
+ 

(1.364)

~~(m~
_ smij+2inksInmI1_ (m1_ k$)eh’1

(nz+k ’) ’

~ .L (,1 sIn m,1} — 
_ !1(k sin rn1PI

~
rn cosrn?iJ

+

- ÷
(rn $ _.kl) sInm?1 _ 2nikcosmll+2mkekll

- 
-

m *k .

Here, as in (1.363) , the  second and t h i r d  fo rmulas  a r e  obtained

from the first (by replacement a on—a, and then by additio n and

suttract ion), the fourth and the fifth — by replacement a by in.

Page 88.

- C) ~he ope rators ~~~
-
~
-

~~~: and ar e singular and , therefore,

peratitable. Therefore, applying (1.353), vi f ind

.

~

-: 
~~~~~

— 

~~~~

-

~

- 
-
~~~~

- -
~~~

-
~~~

- -
~~~~~~~~:
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v~~’~~~ t~+~’} w { ~~’ } J ’ ~”~” ~~
.: 

~~~~~~~~~~

e i the r , c h a n g i n g  t h e  order of in tegra t ion ,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
: - -

~~~~
-
~~~~

— e-4~.--r4~’I) ~~(ts) d~&, 
- 

(1.366)

or , f i n a l l y  (a f te r  r ep lac ing  des ignat iccs  ~~ by C),
1 I ’ -

(1.361)

Hence

_____________________ - 

(1.368)

d) a ft e r present ing  sine in complex form and a f te r  us ing

(1.361), it is not difficult to compute the following integrals:

- 
~~~~~~~~~~~~~~~

—
~~~~~~

- -  - 5 -

— ---5 — ~~~~~~~~~~~~~~~~~
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- 

J
s I n k ( x_ t ) d t_ .~-( 1_ cos kx) .

n~ j .(kx~~ sInkx) ,

S ~ sin k (x —1) dl ~~ (i_
-f 1V’~’(.... 1)~~

( l) T~ + H  1)’ k x (  1) 1 I — ( —  
~r nnkx II

( 1.3693

Then from (1.368) we obtain

1 ~~ — 
nI I f..’(_. J)1+P 

~~~~~ 
1fT i~ — (1.3703

— ( —  l)T —~Loshi1~~ (~~ ‘3
-r 1 -

~~~~~ ~—f -

Page 89.

a) 3irectly on (1.368) we find
—

1 ~~~‘—msnhq--.jc ~~*~ 
- 

- 
-

— 
~~~“ + ~~ 

-

1 cosmI~—cak~( - - -

.~~~~~~(ch nni)— m1+k’ ‘ 
-

1 ksh m~—msi~~j 
-

((.371)
1 cosm,~— cosk~ 

- 
-

- - p~~~~~(cosnsvi)~~ k’ m’ 
-

- - 
I kstnni,~—nis~~~

_ _ _ _ _ _ _  
----—--5--— - —- 5 -  -- — - - —~

- ;__ - _--
~~e

-5 - - -— - - a-— - - —
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_.._~~~~_5-J - — -~~~~~~~ ------ - - - -

an d f u r ther, ~~

1~~~ ‘we’ _ _ _

D~ +k ’~~~~~~~ rn1 + 1 (& + k1) i +

+ 
m’—k -n 2rnc o~ckt1k(m’+k’) ’~ ~~ t( nz’+Tk~1’

- 1 ch 
,~ch rnti 2in shm,imi~, m1+ k1~~~~ñ~+k1)P +

- - m’—k’
-
~ 

- - - 

~~k(m’+k’)’~
”
~
’
~
’ - -

I shrn ti shrn~ 2rnchrn,~
- t1 ’+k’~~ 

1J
~~~~rn1+k1 j(~~~~i~i+

- 

+ 
2,,z cos kq - - - (1.312)
(in1 + k1)’’

÷
~~2rn sinmi~ rn’-f- k’ -

- 

— 
I 

~ 
i~ sin mu 2,,z cosmu

~~~~‘ kI _m~~~ (k1 _nz1) 1 +

2rn cos kv1

The observat ion , which concerns formulas (1.363), in equal

measure is related also to formulas (1.371).

- - - -—  —5- ---~~~.
- - -
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Page 90.

t) 1(eeping in mind  t he  i n t e r c h a n g e a b i l i ty of s in g u l a r  opera to r s

11.367) and (1.368), we f in d

— C~) c (C1) dC1. (1 373)

By char g ing  the order of in tegration , ty pro ducin g ~lemantary

conversions and being returned in the designaticn of the variable of

integration from C1x~. we will obtain finally

(1.374)

Uter replacing kerei~~k,~t=~~ j
t5-k. we will obtain

(1.375)

__________________________________—

g) !n a num ber of cases it is convenient tc appl y formula

(1.356). So, using (1.356) (here k — 1) and th. first of formulas

11.372) (here k 1/-~-.m— ’i)’~5~~ f in d

- 

:~~~~~~~~~~~~~~~~

“

~ 

ii 
~~

_ _ _  
_ _  5-— - - -

-
-5- — -5  — 

— - - 5 -
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+-~ + 3~~~~
’Mn~~j/T+

+ ~as~ (1.376)

Page 91.

h) it is sometime s con venient  to use and (1.359) . So, using

(1.359) and the latter from formulas (1.371) and (1.372) (here a = 1,

k = i ) ,  we wil l  obtain

( ( p)I$1fl 11 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (i~~n~ )—

— 

~1 1 ~ 
(sin 3 = — 

~~~SIfl 1 
± (a’ 1)1 — + (1.377)

+,i t
~~~~~~~

uh1 _ -~- (cosii — ch1l+,i sh*

Here, of course , it was possible to find operator’s value above

function sine ‘~ directly from formula (1.3146). However,

— — -  - - - —_-t___— — -‘—; -

5- _~~ I
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calculat ions would turn out to be bulkier, since it was necessary 1-0 .

4.-.

expand ope rator in a ser ies according to degrees ~.

i) Let us give an example of the use ci i n teg r a t i o n  of

cperator— f unction for operator ’s r ea l i za t ion .  Prom f i r s t  for mu la

(1.363) *

1 e~n-sII
(1.378)

Here fu n ctions a~~(~)=~~—’are integrated , and their integrals are evenly

continuous in 0 .~~ ~ 4 1, which means, possibly the app1i~ ntion/use of

for mula (1.313). Therefore there exists

U~ ~
) ~~~ - I - (1 -~~~~~~

After fulfillin g integration , we will obtain

_ .uu~(ln
m

~
— 1 _ El (_ m9) ÷El f_ (m_ f l 1~J}. (1.380)

j) $nalogo~ily is utilized differentiation of operator—function.

So, withou t resorting to (1.351), but taking into account the -

d i f f e ren tia bility of f unc tions a (~)trom the preceding/prev ious

exampl e and differentiating (1.378) vith respect to ~ (on the basis

(1.315)), we find:

- (1.381)

Pa ge 92.

— - — —5- -5- -~~ -5 —-5— -

- - 
- 
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k) If singula r operator is expressed by a complex pro per

traction of type (1.301), then a series of its realizat ion is most

simple decomposed fraction on the simplest (basis/base: p. g ~7) and

then used (1.2~ 5~, (1.351), (1.353), (1.368) and so forth, for

exam p le,

________  
1 3 4

~‘ p  J + ]+~~j~j . (1.382)

Therefore, using (1.265) and ( 1.363) , we de te rmine

6~’— P +  I g’n ...... 1 g2n_ ~~~ ~l~l_,-.- ’~
2—1 +42- -(_I)=

(1.383)

1) In conclusion let us consider irrational operator I 
- -

‘
I 

~~~~~~
Funct ion has t he  s i n g u l a r  po in t s  z = .t Id and is regula r in

the vicinity of the infinitely receded point. Therefore the

corresponding to it operator is singular. Consequently, occurs the

ex pansion

I I I h’ ~~ I f  1 A’ 1.3 A’ 1-3.5*’

v~rw
--

~~~Y~~~~p) ~~~~~~~~~~~~~~~~~~~~~~~~

+...)- 1+ -5~. (1.384)

A - —  . - -  —

~~~~~~
;-

~-- .t.t. ’è. ~- ~~~~ 
_
*~~‘i_ _ _ - ~4.-1~ - -
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Put 
-

(2s)I! — 2’.st. (2s — I)!? — (2s$I{—~~~ 1)11 
—

(2s) t (2s) r
- ~~~ — 2

j-~j- (1.385)
and, whic h means,

— 1. a~~ = 0, d~~ ,44) = a — 0. 1 2,. . - (1.386)

~=I .Lk (1)—C) J.  (1.3871

where I~ is a Bessel function of apparent / imagina ry arg u •emt . The

last/latter expression is written on th. basis of formula (6. 57)

from [37 ).

Page 93.

Substit uting (1.381) in (1.279), we obtain

~(‘i) — c (t) I. (‘~‘)—t)I dCi..’~ , (
~ 

— 

~ 
i, (At) 

H_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  (1.388)
Substituting k on ik and taking into account that (see (6.1407)

from (37 ])

I.(ix) — J(— x) — 4(x) , (1.389)

we ccnve rt (I.~ ’?~~
)
~ _________________________________________

_____ — 

5
~~(t)h.t4”~1_t)1’~t 

=

(1.39~On this 1.t us finish the present ation of the th ory of the

req.lar and simgslar operators. The th .cr y of the miv.d operators,

which syith.sises the results of the invastigat ion of both fot as of

the operators, sill be examined in the folloving cbapt.r.

- — - - --- -————- - - - -- - - - 
_~~~ 

— —-

~~~~~~-“~~~ 
- 

-

-5 ~~~~~~ — —~ -5 _ 4_  -5-- ~~~~~~~~~~~~~~~~~ —
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Chap ter 2.

SOME QUEST IONS OF THEORY. Mixed operators.

I n chapter 1 were more or less exa mined in detail re;ular and

s ingula r operators. On t he  basis of the given there theoretica l

sut s ta nt i a t i o n , here we w i l l  consider the mixed  ope rators, and also

some commo n/general/total questions, connected with the operators.

{9. Mixed operators.

1. Basic determinations.

Mixed operator ’s conce pt was introduced in p. Ia 47. General

view cf this  operator

cr, in the can. of the mixed operator— funct ion,

- 

— u (t) P . 2.2)

.-4 -

--~
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Page 94.

To such operators  corr espond to f u n c t i o n  L (z) or L (~~, z),

representable in the vicinity of the infinitely receded po int by

Laur ent series

(2.3)

L (~, ~) ~ — -.+ L (
~
, z) = .. - + 

a_ 1 ()~ + ao(~ ) + a1 (~) z + - - - = 
-

* (2.4)

It is obvious, func tion L (z) or L (t ,  5) ,  ~Ef4 (page 77), it

mus t have the isolatedj insulated s ingu la r  po in ts  a t  the fina l

dista nce a n d in z = —, the latter cannot be branch point.

In accordance with (1.88) and (1.258)

(2.5)

Then , according to (1.113) and (1.279), where mixed operat or’s values

let us have

(iU —L ) 
~ (ii) 

_~~~~~,,lh )  (
~~

f  
1

ç,(
~~~~~~~ a_. 

~~~~~~~~ 

H (2.6~

_______________________ - -  
- - -

______ -5 - — — ~~~~~~~~~~~~~~ _*__ -5*___ ~~~~~~~~~~~~~~
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- (~
L

for the  value mixed operator — funct ion

• (~. ii) = L (~
, 
~

) q (Vt) ~~~~ a. (t) c” ®+5~ (t~~~
a_4x 11_cr- 

dC.

(2.1)
As concerns d o m a i n  the d e t e r m i n a t i o n  of the mixe d operator,

cn the basis p. 2 § S and p. 1 § 7 it is possiUe to indicate seve ral

ver s ions:

a) is infinitely much a,#0 with s ?‘ 0 and s < 0, and domain F’

(page 39) is infinite; then

— ~~~~~~~~~~

i.e. ,(t~) must be that which is integrated in F’ and sati sfy

condition (1.91). f~age ~sj

b) is inf initely much a,#0 with £ 0 and s < 0, and domain

is f i n a l ;  then

(2.~

i.e. 
~~~ 

it must satisfy condition (1.91);

C) is by n of the coefficient s a~,’-O with . . s> o  and in f in i te ly

much a, ,i O  with sçO . , but domain 1’ is infinite ; then (see page

38)

— LI1 L~~ ’ 
(2.10)

___________ -

5-- 5- - )- ~—~~~~~~~~~~~~~~~~ --.—~- ~~ — —
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S

i.e. ~~(t~) it must  be th at integr ated and n once that which is

differentiated in F’ and so forth.

If ~EM~.then series in (2.6) and (2.7) cony€rqe absolutely and

evenly.

The interchangeable operators can be alget~raic rational ,

i r ra t  ional , transcendental, for  example ,

ifv~ ’— I. e - (2 .I0a~

In the case of the mixed o p e r a t o r — f u n c t i o n s  let us assume tha t

always tE1’~ (see page 39). Therefore, for example , if ~Et0.lJ, then—p
i~’-~~ is not the  mixed  ( b u t , a n d also, the refore, b y regula r  or

s ingular )  operator.  Let us name it special operator. The numbe r

special includes also the operators, for whom is impossible the

representation in the form of Laurent series in the vicinity of the

infinitely receded point, for example

lzi~ , V T— k .  J.~~ , tg~~. (2.1!)

In the present wor k specia l operators are examine d only  ca sual ly .

~~ —
‘ 

- — 
--5- - -5 --5-

— -5- -5~~- —~~~ -5 — ~. ~~~~~-.:l .~~-.i3
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2. Properties of the mixed operators.

Since the mixed operator is the sum of the reg ular and singular

cpetators, its properties easily are obtained from the pro perties,

studied in p. p. 3 and 4 § 5 and p. 2 § 7. Specia l a t t e n t i o n  t h e y

require, h o weve r, the  properties, connect ed wit h t he  product  of the

operat ors, and then we will consider in the following point/items of

the present paragraph.

Page 96.

a) if exist L1 and 1.2,  then there exists and L = + L2,

whereupon
— L1 

-

, + L,,. (2.12)

h) lf~~(vi) Ee~.that also •E C L.

c) I f there exis ts  L 2 0 , there exists and

L1L,q~~ L1(L,ç}. (2 13)

d) ôper ator L (0)  is linear. It is more that ,

L{>.~A. q~~(,i)} ~~A,L{q~(i~)). 
(2.14)

i t  tm cerl y braces a series confront ing converges evenly and

.S....t.Iy, Ø , i .~ wit h ‘iEr. Hence , in particular ,

L(0}— O. (2.15)
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e) Operator 1. (~~, ~) unlimitedly “we differentiate ” with respect

to ~ whereupon on the basis p. ~ §6 and p. 5 §8

Ic(’i)) L(.~ )~ 
(1)lp (I9} — i~L(.~ ~) {c (ii) !~ (2.16)

an d generally
= L(~, ~) (e~*,(~) } —nr~L~~, p~ (~~~~ ç(’~)) +

~ ~~~~~~ -I- -- . + (— 1) niy’L (~, ~) (q (i~)).

(2.17)
Therefore it is possible to speak about “differential equation s” for

the  operat ors. So, the opera tor

~~~~~~~~~~~~~~~~~~~~~~~ (2.~8

i t  satisfies the equation

~~~+L=e~. 
t2. 19)

f)  If w ith ~~~0 coefficients a ,~(E) satis f y condition s (1 . 150) ,

and wit h ~s < O ~ are satisfied the conditions , indicated in p. 2 1C ~7,

then operator—function L (~~, ~) is differentiated and integrated by

~~, for exa mple ,

3 T~1~~~i, ~
‘
cc44_oa~n.~.. (2.20)

It is poss ib le to ex a m i n e  d i f f e r e n t i a l  equat ions  for

Operator—functions . 

- - . - - - - ———  - - —
~~~~~

- — 
-— —-5-- - - —5-— -

5-
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So, the solution to the equation

(221)

un der the condi tions

L(0,~ )=- 1. -~M=1 (2.22)
it will be

L (~, ~) — ~~
- sin ~ +

____ 5- 

~ + 
I’

FOOTNOTE 1• For tr ea tment  of f r ac t ions  see le low (p. 6) .  ENDFOO TNOTF.

g) from p. 4 §6 and p. 4 § 8 fo l lows  t h a t

LL( +k),(TU~~~~~L(~,P) {ebh1,(,I)jj  (2.24)

h) Occurs the following sinilarity transformation: if

L (~. ~~~ ( ‘i) — • (t. ‘i). - (225)

that

_ _ _ _ _ _ _ _ _ _ _  

(2.26)

In fact , let , as usual ,

- — —  — -5--—-—-- — ---5

— - ~~~
- —
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I

L~~. ~)j~(’~)— ~~~~.(~~~p (11) _ 
~~~~~~~~~~

* 
-

L (~ . ~ ) w (~) = ç (ij )p (2.27)

= (C) a5 (~)(,j—C)’ ’ dC = 
~‘ 

(
~. TI),

L (~. ~) q (‘1) = (L+ (L P) + L— ~ , 
~)J q 

(i-i) =

— ~~~ (~. ‘i) + ~~~ (~. ‘1) — ~~

Hence

L4 (~, m~) p 
(a-

) 

= a, (~) m’~’p (;~
-) =

_____— _____

L (%. m ) ç  (p2) 
~~~~~~~~~~~~~~~~~~~~~~ ~~

S 

~ t1)~~~ — T) 2.28)

Page 98.
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Ccapa ring (2.28) with first two formulas (2.27), is detect ed , that

(2.2~

But then from third formula (2.27) it is obtained (2 .26) .  The

cbtained result can be formulated also as follows: if we in equa l i ty

(2. 2 5) replace of v ar ia i le s

TI—my, (2.3(~
that

= ~~~ y)- (2.3!)

3. Mul t ip l ication of t he  operat ors..

a) f i r s t  let us consider the elementary prcd ucts, in which enter

the integral ~~nd diffeee~i#’~~~ sv~ ØV~~~ ¼~ L Direct ca lcula t ions,

tased on det e rmina t ions  (1.2) . (1. 24) and (1.269, give :

with 0 ~ n s

- - - - ——-5 
‘- - - - - - - ~~~~~~~~~~~~~~~~ - ~- —
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Lt
n > s

npw 1 < n < s

(2.32)

~~(s—n_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
uplI 4> $

~ fl~~p _ ~~~~~p
(P..S+n) (0) !!~ =

-

Ney: (1) . with.

Pa ge 99.

Hence easily is perceived noted even in (1.266) the

nonin terch an gea bil ity of in tegral a~~ ~~~~~~~~~~~~ ø?Q~~b~&~S.

b) 1.et us pass ferther to the more comp lex operators. Let

L~ G~~~E~ ’P Lt~~~~~E”~a
’P.

(2~3~
- £~

$-
~ 

L~~ ) - ~~ fr’.
9_I s-I

-—-5 -——-—~~**- —5-- 
- ~ --i--- — - - -- —--- 5
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For the produc t of the  regular operators accordin g to (1.122) let us

have

Lt ~) Lt (~)~ —
~~~ ± ‘( ‘~~- ~ ( ± d .~~)4P~~~. (2.34)—— 9-0 .-s

whi l e  for the singular operators accord ing to (1.29W

L ) L P)~~=5~~~~~~~~~~~~~~~~~~~~~~~~dt_

- ‘
~~ ~ 

(Z ~~
-) ~~~~ ~ (2.35)

These f o r m u l a s  can be w r i t t e n  in s y m m e t r i c a l  re la t ive  t o4~ and

aW form , for  example ,

(
g(I)g(SI +a~”

a
~” 1(’~— ø ’—’

Lt ~ ) 
~~~ (a), — 

~~~~~~~~
f f_ ..tLps

_
ii i

5- dC (2.36)

Is hence visible established /installed into 43 sad 7

interchangeabil it y of the products of the regular and singular

c p e tat or s.

I,

_________ - - --5 
- -- 

-
-5

- - 5 - - - .- -— -~~~~~~ -5 - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ —
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C) Now, being based on the absolute and unifor. convsrgeace of

those being enc oun tere d subsequen tly together (see 65 and 7), and
al so on the lin ear ity of the opera tors L4an d L an d us in g f ormulas

(2.32), let us consider regular operator’s produc t and singular and

singular by regular. Vs hive

Lt ~
) — 

~~~~~
‘ i~-’1 ~~~~ iy~ ’ 

— 
~~~~~~~~~~~~~~~ ~~dC +

(2 37)

fags 100.

Then

=

(2.38)

cr

dt+

(2 38) 

.— .——
~~~

—-—-—-*———---————-*—--—- --—-- - — — — — ——5-— —-5— 
-.. — —---5— 

- -‘-
-5-— 5-- - -



DOC - F AG! -
~~~~~~~~ ~~~~~

Further wi th n # 0

A N ~~L (p ) f p n p; =~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
s-

I~ OD 00 s— I
~~ (TI —

(2.40)
I —

therefore

(00 SN

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ E a?’L~~ ) (f r ,J ...
00

a~2) $ w (C) 
~~~ (s—I) ! (TI — C) ’— ’dC +

0
00 00

+

~~

,(C)

~~~

a

~

2

~~~~~ 
(s_ n_ 1) C~~

(TI —

n—I I -

a?’ a~ W~” ’~(TI) 
— a~

) a(I)p(P-1+’U(O) —

n-I s-I -
00 s~ s--I

— a(2) 
~~j a~ ~~~~~~~~~ ~~~

. (2.41)

Page 101.

After  elementary, but suff ic ien t ly  bulky transfor mation s we viii

cb ta in

00 / 00

+ ~ ( ~ a~~a~~ )  
p~P) Ø~) — (2.42)

p-..O~~i—4

5-

——____ — -- 5 - 5 - -
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Dy chuging here by places indices 1 and 2 and by co.pari ng with

(2.39) , let us fin d :

L;L~ p = Lt L~ p ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .(2.43)

d) Ey using results p. b and c, let us find another expression

fcr the prod uct of the mixed operators. Let
SN SN

— (2.44)

Then

L1LA = LtLt~ + ~~~~ + LtL~, + ~~~~~ 
(2.45)

Af te r  substituting here expressions (2 .3~) ,  (2.35) , (2.3~ ) ,  ( 2 .42)

and after leading simple lining/calculations , we will  obt a in

+E(’.~a!~, +a~~ :~~ )j  ~~ ® +

+

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(2.46)

__________ *— — — - - ----‘—---— -—---- -—--— -

— - - 5  S * -5~ —
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4~ I n t e r c h a n g e a b i l i t y  and the  f u n c t i o n a l  propert ies  of product .

a) un l ike  the prod uct of the regular or singular operators mixe~1

product (where  t h e y  en te r  and  Lj ’, and L—) and the product of the

mixe d operators in the general case are noncon.utative. So, fo rmul a

(2.43) shows that 
-

— (2.47)

in that and only when

_ 0 0  / A  \ (t~E a~’ (E a
~~+~)c4” ’)(o)) =0 npii p 0. 1.2 (2.48)

n-I ~~I

ke y :  (1) . with.

S

and this is impossible. It means L+ and L— never they Commutate.

b) If we in (2.46) interchange the position indices 1 and 2 and

result to subtract from (2.46), then we sill obtain
L,L~~— LL,~—

~{Z1 ~~~~~ ~~
_
~

m a!~ .,,),I.s_v)(o)I1 ~~, (2.49)

where L1 and L5 at. given by fornulas (2.66). Hence follow s the

necessary and 8ufficient condition of the interchangeability of the

--5 -- ~~~~~~~~ 
--5— 

--- - - -

- - - ~ 1~~Lr. -
- 

- .-~L -_ -~ 
—
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mixed cperators:

[
~ 

(a(iI a a ~~~~~~~~~n-’) (O)} ... 0 (2.50)
n—I v 1

p— 0,1,2 

key: (1). with.

This is possible only in three cases:

1) if

(2.51)

i. e., both operators are regular ;

2) if

i.. e., both operators are singular or tak e the form

without expa nding operator in a series, this form easy to d iscover,

after computing Iém L (~ ) — it it must be equal to constant).
~ .SN

Page 103.

3) if

~~~ 
(2.54)

Key:  (1) . wi th .

— - ---—--------—-- —-—-----—-- 
- — 

- --5 — — --5- - ~~~~~~~~~~~~~~ — ———-—--—- S 5--~-~ 5-_~~~ - — ~ — _____i ~~~ — — - — _ a ’ ~L_~~ ’—~ —-- — --
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i. e., the  m i x e d  ope ra to r s  are distinguished to constant —

L1 — 7,L1+ C. (2.55)

Substantial to note that formula (2.50) s1~cvs that  if the

ex pansion L 1 (o r L 2) con ta ins  at least according to one positive and

negative degree ~~, t h e n  t he re  is no ope ra to r  L 2 (or L 1) .

interchang eable with L2 (or L3), besides oper ator (2.55).

Let us give several examples:

ch~~.(l +~’)— (1+P)ch t~, ch~~- -,
~~~~~~~ 

#V~y
ch
~~

.

1 1 1 1

~‘+1 V~~’—k ’ V~~~~k’~~~~+ ’’ ~
= ch 
} - ch -~ - . 

-

~ (2.56)

(~_i+fl (~
÷ i —

~~-)# (~
-
~- i —+ ) (~

--i -
~
-
~

-).

~~~~~~~~~~~~~~~~~~~~~~~~~~

C) let

j 1 , 2,3, (2.57)

whereupon

(2.56)
and

Lg(s)-~---÷L~J~. (2.69)

___________-— _________________________ - - L
- -

~ 

~4~~~~~~~~- -- - - --
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Let us exp lain, which dependence between the prod uct L, (8) L2 (~ )

and L3 (~ ) corresponds (2.58). Let us introduce (2.57) in (2.58):

L1(z) L,(z) _
~~~E~~~~,

’) Z ’~ +

05 00 SN 00 -j b ( ’) - b(Z 
~1 -

+ ~~~ -
÷

-
~~~

- + (ar ) b’~ + ~?‘ bO) ~)
n~ I s~~I a~~iJ o.~~I

=Ls(z)=~~~ a~
3)z1+~~~~~

!. (2.60)

Page iOq .

A f te r some t ransforma t ions th is expressio n can be given to

Li (z)L a (z) a_
~~~[ E ~~~

+
~~~

( a + a
~~

b(
~

) 1z5 +

~~ ~—O is—I

+ (a (
~
t) a(
~~+1,+a~ 

a(~0~11) ~ +

+ ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
(2.61)

Thus ,
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a— 0,1,2....

— )(a(~’) ~~~~ +a~
) a1..!.~÷1 ,), (2.62)

E a!~~
a(.~~~ )+ ~ (a ~~~~~~~~~~~~~~~ 

s=2,3 
,i-0

Then regarding operator and (2.57)

L~~ ) ~p( n) ~ + ~~ (a~~

+ (C)E (a~ ~~~~~ dC + ~
, (C) 

~~ 

a~ a(
~._a) +

Page 105.

Ccmpa ring (2. 63) wi th  (2 . 146) • is detected, that

L,L,, - L., £ [~ ~ 
(
~ ~~~ ~ (2.64)

and, which means,

- L,q - 

~~~~~~~~~ ~~~~~ ~~~~~~ . (2 65)

d) t ibw it is possible to formulate the following affirsation: if

L, (z) are given by formulas (2.57) and it occurs (2.58), then for
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tha t  in order to - - - - ~- -

L1( ~) L ,(~) — L ,(~) (2.66~
(Dot only formall y ,  but also in sense p. 1 page 27), it is necessa ry

and sufficient in order that in product eithe r the left operator

vculd be regular (then right any), or the right operator took for.

(2.53) (then left any)

~ I ~ ~ ( Z ÷~’~’” 
( IP))] 

‘~~ —0. (2.67)

Proof of need. Let it occurs (2.66). Then in (2.6~) m ust be

p—0. 1, 2,..., (2.68)

~a!2~~ O, a =1, 21
a th is possibly on ly  in two cases: either vi~1 ~~~ Ti... the

1d~ o. n = 1, 2, .
~~
_j

left operator regular), or ~t!n ~Y-~~ (i.e. the right opera tor

takes the form (2.53)).

Proof of sufficiency. If is product L1L2 the left operator

regula r ~~~~ 
O s  .

~~~~ th. tight operator takes ~he form (2.53)
ta? O~~~~ 1’ 2,...),)

(I. ~~~~~~~~~~~
‘ ibat is correct (2.68). Then from (2.6~) it follows

(2.66).

Consequence 1. If both operators regular or both operators are

singular, then under condition (2.58) it is always correct (2.66).

Consequence 2. Any operational equality will not be broken, if 

- . . - _ _ _ __ _ _-
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toth parts of it are multiplied to the left by regula r ope rator or to

the right by the operator of form (2.53).

Observation 1. From (2.66) it does not follow that L1 L2 = L2L1.

For this must be carried out supplementar y condit ions (p. b).

Observation 2. 1~verything said is related to the action of the

operators above the arbitrary ~Eez

Page 106.

For some sets S(r~ the condition of correctness (2.66) they are

expanded:

if
,(0) — ç’ (0)— ... — çd1~s)(~~ — 0. (2.69)

that wi th the arbitrar y L 1 must be

a~”~~~O. s — n + 2 . n + 3~.... (2.7~

This is easy to see from expression (2.68), converting it

preliminarily to the form

E m?)( E ~~~~.~i~4’)(O)) 0. p 0. I, 2 (2.71)

Thus, if are satisfied conditions (2.67). then opera t iona l

product (2.66) possesses the same functional properties as funct ion

_
~~i_I_i— 

- -— -~~~~~ 
— -

-_~ ~ L~~ ir - ~. - 4 .&_ _.~
_
~1.
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I ~
L, ( z )  frs~ (2.58).

Let us giv e several examples:

(1 +~~)(i _~~)~~ ‘— k .

(
~ + i - ~~~~ 

=
~~~~~~~~~

-
~~~•

(2.72)
sh

~~ chJ~~~
Ch
F

Sh ~

4a

It is not difficult to demonstrat e also the reverse/inverse

affirmation: if correctly (2.66), then it cccurs (2.58). For this is

Eufficient to consider (2.64), (2.46), (2.57) , (2.63) and (2.62).

~~. On inverse oper ators.

a) Let L1~ be certain cperator. Let us assum e that there is

opera tor L 2 (~) such that

(2.73)

thin in accordanc, with p. d,

(2.74)

--a--- - - :

- - ~~~~~~~~~~ 
- ~~~~~ ~ —
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where L,(z) ~~~~~~ U .  L1 (z) ~~~~~~~ L~ .

According to (2.73) and  (1.25) operator  1.2 will be reverse/inverse

f or L~ .

Thus, establish/installed tha t if for any L (~ ) there is an

in v e r E e  operator , then it co.pulsorily takes the  form

17 (~) U (s) , —, (2.75)
and i (2.76)

b) f o r m u l a  (2. 75) and a f f i r m a t i o n  (2.67) give answer/response to

the  ques t ion  concerning that, for which L (~) the re are inverse

cperators. Spec i f i ca l ly ,: for L (~ ) th ere is an inverse opera tor in

tha t  and onl y tha t  case, when e i ther  L (~ ) has for m (2.53) , or for mal

expression L it is regula r  operator . Therefore , for example ,

for  the operators

I 0—1 1-i.. 
~~~~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

(2.77)

xeverse/in verse will be respectively

— ~
., ~±4. ~~~~~~ r* (I + ~ ) r-5, (2.78k

a,vlthe operators

0. P—A’ . ‘~4. v,=~I. ,., ,
~~~~ (2 78~ 

-- -- ~~-- __I.

_____ - - -
. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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they dc not have reverse/inverse.

6. Fractional operators (operational frac tions).

a) first let us examine the only rationa l fractions. Let us

introd uce designation

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (2.80)

wher e n 0 — integer, and Aj _ the n u m t~er (gener ally spea k in g

comple x) or of f u n ction of ~. According to the determinations of

r e g u l a r  and  s i n g u l a r  operator  a l w a y s  there  are the operators PA (~)

while according to (2.67), always there are their products , whereu pon

I P (0)
(2.81)

This  e q u a l i t y  can be considered t he  d e t e r m i n a t i o n  of Oper it io f la l

tract ion.

~~~
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Using this determination and results p. 4 g even 5; it is

possible to show that the operational fractions possess the

properties of usual fractions (exception is the multiplica tion of

fractions).

1. Fractions are equal to:

pt f t~t p ‘~ ~~~~~~~~~~~~~~~~
____ 

m ‘ ‘2.82p iA~ p—

in that and only that case, if

~9 (~
) p (

~
) P ~

) p,~ ~~~~~ • 
- 

• - 
(2.83)

2. Denominator is decompose/expanded into the factors:

where A1 — the root s of polynomial P~~z).

3. Are valid equalities
0— he (P~~~X 0 k .)

0 —k~~~—k,  — . . •

- (2.85)
-_____________ -
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4. Fract ional  operator wil l  not be changed , if n u m e r a t o r  and

denominator is multiplied by one and the same polynomial or is

Ehortened fraction by it

P,0) @ — k) P~1 ~~ 
(0) ~~ (0) (2 85a)

U(0) — (
~ 

— k) P~~~ 
— P,~ ~~~~~~

5. . During  the  addi t ion  of f r a c t i o n s  w i t h  common denomina to r s

st ore/add up their  n u m e r a t o r s

P (0) P,,(0) P~,1(J) + P,(0)
P ,(J) • (2.86)

6. From p. 4 and S escape/ensues the possibility of reduction

with their subsequent algebraic addition, and also the possibility of

the expansion of fractions to the simplest.

7. The product of fractions exists alway s, whereu pon

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~

bu t to multi ply operational fractions algebraically possible only

when n 2 4 m 1.

_ _  -T -

- 

-- --

- 

— 

- -~~~~~ •~~~~~~~~~~~~~~~ ‘ — -
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If this condition is satisfied, then

P (0) ~
P
~1G) P (0) P, (0) P..+~.(0) ~~ (2 88)

~~~~~~P~~~~~~ P W)P .,,W) ” P~~~~(0) ~~-~

Therefore , for  example ,

~ 
1, j (289)

- - - -

but

- ~~
‘iLl, (2.90)

In fac t, using (1. 368) • it is easy to ob ta in

(2.91)

Even if a 5 .~~ m 1, then the product of fractions is permutable.

8. The product of polynomia l for fraction always exists, is

impl emented algebraically and not permutable. - For example,

•— -
, 

( 04  — 
(2.92)

- •   
----- i--- - -

~~
— ------ -- --
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For an  example  let us demonst ra te  p. 1.

seed. Let oc:urs (2.82), i.e., takin g into account the

determinat ion of operational fraction,

____  
— p ) ~ p (p) • (2.93)

Then, according to the last/latter affirmation p. 4g,

1’~u~ 
(z) . 

~~~~ (z) — 
~~N. (z). P ,~ (z) ’ • 

(2.94)

whence

P,, (z) P,,~(z) — P~ (z) P~ (z). (2.95)

Prod ucts P~(0)P ,,(0) and P ,1 (0) P ,,,(0) satisfy conditions (2.67).

Therefore from (2. 95) it will follow (2.83) .

Sufficiency. Let it occurs (2.83). Then, according to the

last/latter affirmation p. 14 g, it is valid and (2.95), but thereby

also (2 .9 14). If We replace in (2.94) z by ~, then in both part s will

be obtained the  fo rma l products  of the  operators, which s a t i s f y

conditions (2.67). Therefore accurate it will be (2.93). Keep ing in

min d the determina t ion of opera tional frac tion, hence we obtain

(2.82).

I

Page 110.

~
—
~~ 1~ 

— —  -—-- — -  :~~~ ~~ -
. — — 

- -  - —

— - 
.

- - —.  - -~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ .-
~~~ 

‘. 
-
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b) Now let us consider the fractions of general view. For the

operators we do not determine the action of division. Therefore the

f o r m a l  f r a c t i o n  La~ /Lz~ is understood as single symbol. This

operationa l fraction makes sense, if function L 1 (z) 1.2 (z) in

vicinity z = is decompose/expanded in series (2.3) or (2.4). On the

basis of these series must be realized operator fraction. Howe ver, in

the ma jority of cases above the operational f racl  ions of general view

it is possible to produce usual algebraic actions. Are justified

these actions just as for rational relative to ~ fractions. Only,

wh ich requires certain attention , is the operat ion of multiplication .

Curing its execution one should be guided (2.67). Specifically, for

example :

1. If L~ (~ ) 1.2 (~ ) it is regular operator , then this fraction

can be mul tiplied to the right by any operator and then to imple me nt

any transforms.

2. If L~ (~) L2 
(~ ) it has expansion (2.53), then this fraction

can be multiplied to the left by any operator and then to implement

any t r ans fo r ms.

3. Fr om preceding/previous it follow s that

(2.96)

• ~~~~~~~~~~~~~ — --- —  _ _ _ _ _ _ _---

______________  I~~~~~~~~~~__ _ _ .. -~~~ - - 
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in that and only that case, when either L1/L 2 regular operator or

L,,’L, is represented in the form (2.53). Let us give several examples

___ ___ -

~~(1 +~
)sin~ -.

~ cos~ e~~cos~ ~ 1 (2.97)
_

~~~

. _
~~~~

— • p
_ _ e 2 coso.rP

— ~~~~ — ~ ~~~~ 
~
.

j ~-~~ -m V0’+k’. ~~~~~~~~~~~~~~~~

Page 111.

7. The algebraic actions above the mixed operators

a)  If ~Es,, t h e n  series in  (2.6)  and  (2.7) they converge

absolutely. Therefor e operationa l sum possesses the same funct ional

proper t ies , as the  sum of the corres ponding func t ions. For example ,
4 - - ,~~~~~~ -

~~~~~~~- cos*+ isin .
~
._ .1, 

~~~~~ 
-

(2.96)
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b) the p reced ing/p rev ious  po in t/ i t ems  was e x a m i n e d  in de ta i l

the mul t ip l i ca t ion  cf the operators. The basic result can be

fo rmula t ed thus :  i f  opera t iona l prod uc t sa t is fies  cond i t i ons  (2 .67) ,

then it it possesses the same functional properties, as t h e  produc t

appropriat e of functions. So that , for  example, 
-

1 1

ch(0++)
_ ch

~
.chf+sh 0sh+#ch+

Ch
~
+

+sh
+

sh0,

+ O—~
)
~~’0 ~..U~_t1i.52!~i+ 

(2.99)

0— 1 0+ 1  (0+ 1)0— 1)

(0— 1)’sIn~~ 2(0~ + 1) + 2Ocos 2O
~~— 1 . ——

1 0’+l I 0 cos~+T~~_j  + ( p T

If product contains more than two factors, then it is expedient

to use assoc iat ive property (1.21). For e x a m p l e ,

1—s’. (2.100)

• •
~~~~~~~~~~ -- - -~~ • ~~- -~~~~ -~~~~~— -
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C) from p. a and b fol lows  that abov e the mixed operators are

permissible any algebraic actions, connected with addition and

multiplication, if o n l y  w i t h  a ul t i pl ica t ions  are im p l e m ~ n ted

condition (2.67).

Page 112.

It is n a t u r a l t h a t  in appendices of t h e  action a bove the

operators they are implemented on pu rely fctmal basis. If we in this

case forge t about the need for sat i s fac t ion  of condit ions (2.67) ,

then it is possible to allow large error. For example , althoug h at

first glance it seems that

cos ~~)‘ii.i C!1, (~ci~ ~-)_ ~‘ ~
:-
~~- (2.101)

but  in actua l i ty

( Ø)’,_
~~

coso{.k cos,1_

— ÷ ~~~(2(s+ )JI ~

~~~~~~~~~~~~~~~~~~~~~~~ 
-

______________________ —- — — .---- —

— S ~~~~~~- - —k
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To this result it is easy to arrive, using formul a (2.64).

Can arise inaccuracies, also, during the carrying out of factors

for brackets. For example, while the actions

- 0co s0+0sin+_ 0(cos0+0sIn -
~-)~

1 +0’ e~ (1+0’ 1’ ____ 

-

- 
• -

~ i 
- (2.103)

—~~ 
+ sinT_ (sIn J+ 1_ _ 0 ) i_ ~~ , -

I (sin 
~ 

1

are completely va l id, the  f o l l o w i n g  t r ans fc ras  are inaccurate:  
—
~~~~~~~ 

- -

.‘si~~ .-. (coaP +

~~+ (1+0) 40,_ (~ 4~—~ +..)o÷i~ ~ (2.104)
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8. Examples of the realization of the mixed ope rators I .

FOOTNO TE ‘. The significant par t of the g iven here results was
obtained together wit h N. A. Wenzel. ENDFOCINOT!.

a) Let
(2.10W

Fu nction I. (z) — P’l~~~ has a branch point in z *k, but is

ome-sheeted in z = ~, which  is for it s imple  pole. Therefore

(2 106)

A 
___

—— — ___________________________________________________ - — — - - - - - _ _, • _— —
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cr . since 
( s_ 3)I_ ~~~~~~~~(23 2)~ _ (2S—2~______ - 

~~~~~~~~~~~~~~~~ 
(2.106)

that

(2.107)

Conseque ntly,

g — 0, ~~~~~~~~~~~~~~~~~~~~~~~~~~ s~~~1,2, 3 (2.108)

Therefore

~ 1 m —O ’~~_ _ ’c~ ~~—~) i*’~~—c~”_ ’ -—(s—i)! ~~ j2
b
~~.(s—1)1 St

k çi (k (T~—~)J~~
i~~~~J 2~~’.at(s+ 1)I

Page 1114 .

Using fo rmula  (6.4 57) f rom (37] ,  we can w r i t e

~~~~~~~~~~~ ;~~ L114~(s—1$ II 

where J 2 — the Bessel func t ion  of f i rst—order of apparen t / imaginary

argument .  Then fro. (2.6)  we obtai n -

[v
P_h.~

_ 
~‘(i~)_h ~~~~~~ Js(k(~l_ .C)J dC.j ’(2.111)

- - -
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whence, after replacin g k by ik,

(2.112)

b) let

(2.113)

Fu nction I. (z) r exp  ( k/z) has essential s i n g u l a r i t y  in to  z = 0 and

is regular  in the remaining part of the plane. Therefore

(2.114)

and

_ _ _ _ _ _  
_ _ _ _ _ _  

(2Yb~~_O)~
~~ a...ø~—cr ’ - ______- k 

~ (is + 1$ 
-

- - • (2.115)

~ (2yk (s i—ç~)~
”4 

_______“ Vk Ø,— p~~~ 
‘4+

~~~~~~

Here we again used formula (6. 457) from [3 7 ) .  By in t roducing (2. 115)

___________________________________________________— - — —



H- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~ —--—•~~~~ ~~~~~ ——-— - - -- - - - :

DOC = 77055307 PAGE -1~ - 
~~

in (2. 6) and  by  t ak ing  into account (2 .114) ,  we wi l l  obta im

(2)18)

Page 115.

By u t i l i z ing the f o r m u l a

~~~~~~~~~~ ~~~~~~~~ Vk (i1—QL~~L (2117)
~~~~~~~~~ ~

:- 
-

and after fulfilling then integration in parts, it is possible

formula (2.116) to convert to the form

.T,.~ (c) 4(2 p’Ej) + j I . (2 Vk (i~— c’,’ (2.118)

By su bstituting in (2.116) k on — k and by taking the linear

combination of results, let us find

- 

- k (2.119)

— ~54(2 ~~k ~ (~ 
— 

~
)) 
, (C) dC 

— i-
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C) let now
(2.l20~

Function L (z) = ex p  ( ~ (z — ~
‘z’—h’) I has branch poin ts in  z

th i  and is regular  in the r e m a i n i n g  par t  of p lane , whereupon  L (~ ) =

1. Therefore its expans ion  in t h e  vicinit y of the infinitely receded

point will, take the form:

- 

(2.121)

Page t 16.

In or der to o btain this  expa nsion , let us write first

A

~~~~~~~~~~~~~~~~~~~ 
,(2v~k~~~~~~~ . I

Xj~~r.

(z— Yi’+ k9A_ (— 1)” is (hz)” x - 
• 

-

(— ‘~ 
(ii + 2v—~~~. (~ )“, a — 1, 2,.... - --

‘then

L 0) — 1+  
~~~ (h+ 1)l (0 V0~~Fi~

) —

(2.123)

— 
_ _ _

X_-f.+~ ~~~~~
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P ut

r’~~’ ‘~~ (a ±2w)) ~ 
— CY”, (C) 4• (2.124)

Therefor e

L(~) , —  T (s l) —k~~~~(— 1Y’~~jj~~~~ (— ‘~~(n+ 1

x~~~~-~~(I) — Cf’~”~ (C)dC. (2.125)

I f ,(~) is integrated , then the enter ing here Series conve rge

absolutely and evenly. By using t h i s, it is possible to l ead  the

transformation s of the series, as a result of which let us a r r ive  at

gI -Y~~~~~,(i1).. ,(I%)— 
(2.126)

~~~
‘(

~~~ sI(s+ 1$ [~~V i~~~c) (t I_C+ .2~~}’~’}x

‘p (C) 4
- X
y~ C)( C + 2 ~.)’ 

-•

Cr , accord ing to (6.1451) from (37), 
- -

- A I — V(i~— ~
) (11— C + 2~

)

~~~~~~~~~~~ ~~~~~~~~~ 
(2.127)

Pa ge 117.

Bearing in min d th at

~-f ~~4$~~~f ~~~ ., -VF~~ (2. 126)

- - ~~~-~~~- - -~~~~~~ - S - - - -  - - - — ~~~~~~~~~~~~~~~~~~~~~
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and act ing on bot h parts (2.127) by ope rator r ,  we obtain

C V(~~

(2. 129)

Hence it is possible to find the realization of the different

transcendental operators. For example , by substituting ~ by i~ , then

cm — U and by store/adding up results, let us have

fi ‘~[-~v~— c ’÷~’ (2.130)

§10. Separ at e observat ions about the operators .

1. Expansion of the  domain  of de f in i t ion  of operator.

In §5, 7 and 9 were establish/installed the domains of

defini t ion for  the regular , s ingular  and  m ixed operators. These

______________________

_k
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domains can be considerably expanded , if we use t he  metho d , used in

§4. By com paring §4 with §3, 5 and by all followi ng, it is possible

to plan two possible approaches to the construction of the the ory of

t he  operat ors: a) is assigned concrete/Epecific/actua l operation , is

located analytical expressicn for an operator , who

realize/accomplishes this operation, and are investigated his

~roperties ; b) is assigned analytical expression for an operat or, are

investigated its properties and is found the corresponding to it

operation (operator ’s realization).

The first met hod is only casually touched upon in §14. The

ad vantage of this method of the introduction of the op?rators is the

considerab le expansion of the domain of definition of operator to its

Nnaturala boundar ies, which depend onl y on cpera tion, but not on

operator. But if we now use the formulas for the realization of the

operators, found in §6, 8 and 9, and to ta ke these formulas ‘-.~.J the

determinat ion  of t h e  corresponding operat ors, then for the  d o m a i n  of

determinat ion of these  operators it is possib le to take m a n y

func tion s, for which is permissible this operation. Thus, for

imstance , according to (1.246), by domain Of definition for operator

sin~/~ will be not &~‘, but many functi ons , integrate d alon g

seg ment (~ —~; i ~+ iJ . 

- -- - - -- - - -~~~~~~---- - — --
______________ -J
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2. The equ at ions, by which satisf y the values of operator—fu nctions.

In p. 8 §6, it w as shown , t h a t  the  va lues  of o per a t o r— f u nct i on s

sa t i s f y  some d i f f e r e n t i a l  equat ions .  This fac t  can be in te rpre ted

even by anot her fo rm.  Let us consider tha t in equalit y I. (~~, 8 •~n)

~~ Th~~=ø(~,i~) ,  known to L 0. ‘
~~~~~~~

.—“ th i s  equal i ty  is be certain

equat ion ( t r anscenden ta l  differential , integrodifferent ial infinite

order , d i f f e r e n t i a l — d i f f e r e n c e  and so f o r t h )  re la t ive  to u n k n o w n

fu nction 0. The f o r m u l a s , sim i l a r  (1 .254) and (1. 256) , show that t he

r ight  side of this e q u a t i o n  cannot  be represented by a r b i t r a r y

func t ion .

The aforesaid is related not only to regular , but also ge nerally

to the mixed operators. For c o n f ir m a t i o n  let us consider  the

fo l lowing  of two examples .

a) L.t

(2.131)

We differe ntiate wi th  respect to ~

1*  (2132)J_ • ,_ .w .

D i f f e r e n t i a t i n g  the  latter f r o m  t aad taking into accou nt the

_ _ _ _ _ _ _ _ _ _ _ _  - — -~~~~~~ - - — .- - — — 
.- .
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va l id i ty  of the eq u a l i t y

(2.133)

let us f i n d

a,. -
- ~- (2.134)
/ : . .

Fa ge 119. . - -

From (2.131) and  (2 . 1314 ) now we ob ta in

- (2.135)

b) Le.~~

(2. 136)

We d i f f er e n t i a t e  wi th  respect to ~

_ _  

a. . (2.137)

then

(2.138)

‘twice by d i f f e r e n t i a t i n g  (2. 137) wit h respect to t~. by m u l t i p l y i n g

(2. 138) by — ~ and by store/adding u~ results, let us f i n d

(2.139)

I

- - - -,
~~- -~ ~~~~~~~~~~~~ - ~~~~~~ -
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3. Some ident it ies for Bessel functions.

The formulas of the realization of the singular and mixed

operators make it possible to establish/install some new identities

fo r  Bessel f u n c t i o n s .  Let us consider two examples , based on the

applicat io n/use of f o r m u l a s  ( 1.3°~i) a nd (2. 107) .

The expans ion

~~~~~~~~~~~~~~~~~~~~~~~~ 
, Vf l’ + k’=~~+ - ~- - - — ...

(2.140)

• shows that operator  y~
,’÷ 1,~ 

— singular, ar~( , V~’+k’ — mixed .

That means these operators do not commutate , but in accordance with

(2.67)

_ _ _ _  (2.141)

I
Therefore

_ _ _ _ _ _  - ----a-~ - ~~~~~~~~~~~~~~~ - - 
-
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i. e.,.

~~~~~~~~~~~~~ 
J L[k (*1

~~~~
LdC!, (O J .~

k(
~~

(2.142)

Page 120.

After fu lfilling differentiation and by v a r y i n g  t h e  order of

integratio n, let us arrive at the identity

1ç ~~& 1,tk (C~~~~hJ t t~~
I1
~~~~i dC~~~~, Wj tk (I1—Q)dC.

(2.143)

wher e 0 — arbitrary function.

Further, taking into account (1.390), (1.368) and that that

1 1 1 I
YP + h ’ V0’+*’ PT~

we wi l l  obtain

$ 146)

- _ ____________  - _.- 
—
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whence, in particular,

(2.146)

i$• On the operators L (a, ~) .

In the same way as this was done for the operators 1. (8), the

operators L (a, ~) • wher e

(2. 147)

or

I. —- ~~~- , P -jj .

it is possible to determine by the formul a

L(s, $) 4 -‘L(& * ~. (2.149)

h r e  L (z , w) is analytic function of two complex variables.

Page 121.

_______________________- --  
~~~~~~ 
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But in the method of the initial funct ions for two—dimensional tasks

with such operators barel y it is necessary to deal (we wil l be met

them onl y in §16). Therefore, in no way by affecting the theor y of

the operators L (a, $) , we will be bounded only to several formula s

for the realization of such operators. These formulas will be

obtained from already being by purel y formal way. Of the aut hentic ity

of results it is possible to be convinced by direct checking .

For pclynoaial operators the operator’s value is loca ted

directly, for exam ple,

•(~
, it)— (m’—2*+~’),( ~.

(2.150)

For exponentia l operator, accordin g to (1.236), we will obtain

(2.15))

Nov let us c3nsider operator 1/ (a + ~) .  From formula (1. 352)

with n = 1, let us have

(2 152)

or

(2.153~

-- ~~~~— -- - — :  - - — —
~~—

_ - 1__ ~~~~
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After replac ing in (2..152) k on a either in (2.153) k on ~ and after

taking int o accoun t (1.251) , let us find

O
~
, 1U.. j +~

-
~~
(I ~o_ Jd~-* ,(L ~~~~~~~~~~~~~~~~~~~

(2.154)

or

S . (2.155)

Is checked formula (2.1~ 3). We have :

~~~
i
~(L iI)_J 

~
Page 122. (2.156)

He nce it is apparent that as probably

In th i s  e x a m p l e  it is evident  tha t u n l i k e  L (~ ) t he  s ingu la r

Operators L (a, ~) have on several for ms of realization. So, two

representations can be obtained also for

(2 158)

Accord ing tc~ (1.368)

W F’~ ’~~
’
~~ 

a~~k~~—~ ~~~~~ $ 159)

or

_ _ _ _ _ _ _  _ _  ----~~~ -

- - -~i - ~~~~~~~~~~~~~~~ -
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After replacing in (2.159) k on a either in (2.160) k on 8 and taking

into account (1.246) let us find

•(I. ‘U j.~
—
~~~~(I 

iI)..
f ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~

‘I t+S(ip—Ø

~~~ c~~~. $ 361)

or 

— _ _ _ _ _ _ _

1 ~i+itI-4)

~ (t, C)S~. (2.162)

It is not difficult to ascertain that for both expressions it will be

I

(s’+P-~r~y~~I ~}-~ ‘+~~.— ;-+-~~~--~~(I ~

(2.163)

r~~~ ~~~~~~~~~~~~~~~~~ - .i_ _ _ _ _~
_ __ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ - ~~ —- - - - —
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Chapte r 3.

NETHOD OF THE INITIAL FUNCTIONS FOR TWO—DINENSIONAL BOUNDA RY—V ALUE

IROBLENS.

§11. Cauch y roblem.

The present chap te r  is dedicated to b o u n d a r y — v a l u e  pr oble ms , but

for a larger clarit y first will be in detail examined Cauchy ’s

elementary problem (about vibration of infinite string).

Let the f u n c t i o n  m(~.i~ in half—plane 0 ~~~~~~~~~~~~~~~~~
sati s f y  the equa tion

c— coi*t. (3.1)

Let us name boundary ~ = 0 initial line (Fig. 1). On it t h e y  can be

assigned/prescribed: function and its nor.al derivative, i. a.,

U, — u,~ij — ~~ ~o. ,~~
. u Us ~iiJ — 

(~~~~~~

-L•

Let us call these values the initial functions. The value of function

u at each point of domain depends, on one band , on the coordinates of

—-5— -—~~~~~~~ — — 

- 

- 
.—

~~~~

———------------

~~~~ , 
— 

;

_ 

- ,~‘q ~- - -~~~~~~ - 

- 
~~~~~~~~~~~ -
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this point , and with another, on the initial funct ions. De pendence of

u on ~ and ~ is expressed by usual funct ional dependence .

Dependence u on U 0 and U 1 is more complex : it is possible to count

what ~~~~ is the result of the act ion of some operators above

functions U0 and U 1. Accordingly, let us seek solution in the form

u (~
, i~ — L, (~

, 8) U, (~
) + L1 (~. 8) U1 (‘i). (3.3)

L~ an d L, — to be determined of operator—function.

Let us substitute (3.3) in (3.1), after explaining preliminarily

the method of differentiation of the values of operator— fu nctions.

According to (1.1149) or (1.315)

~~~~~~~~~~~~~~~~~~ 

8) U(i ~) j —  ~~
_ {u( v~J . (3.4)

a~on the strength of the determination of the operator

~~~~~~~ 8)U(i~J_ PL~~. 8)Ufr~)~~~~’L)(U(IU). (3.5)

Therefore from (3. 1) we will  obtain

U. + U1 - ‘LJA-+ PL1U5) (3.6)

or

(.~~~_ a.PI..) u.+ (.~ iL—.1P1.1) u1 _o.c (37)
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— 1

(‘4

Pig. 1.

Ney: (1) . Initial lines.

Page 1214 .

Functions U0 and U 1 are independent (f or example, retaining U 0, it is

possible ar bitrarily to change U1), and this means that

(~~~i — a~sL,) U, — 0 , 1—0 , 1. (3.8)

Here U 0 and U 1— are arbi t rary  functions. H ence in accordance wi t h  the

determinat ion of zero operator (page 28) let us have

(39)

Integratin g these equ ations (see Secticn d , page 53) , we f ind

~~(L 8)-Ach4+8.~ia$. L,~%. 8) - A~cha~J + B1~s*
(310) 

- -  —~~ ____ —~-- ~~~~~~~~~~~~~~~ ~~~~~~ —
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For d e t e r m i n i n g  constants (operators) A, an d ii let us

introduce (3.3) in (3.2):

— L, (0, 8) U.(~s) + L1 (0, 8) U, (iO,

(3.11)

whence (again taking into account independence U0 and U1)

L, (0
, 8) — I, 1.., (0, 8) — 0, (3.12)

~~0, 
.~~L —~~~•4 1~~

But hyper bolic operator—functions possess the properties of

usual hype rbolic functions; therefor e from (3.10) and (3.12) we will

obtain: A,—. I Ag u.’s O, 
-

B,i~~ — 0 , 8~a~ — 1 .  (3.13)

Hence, after multiplying the last/latter equality to the right on

1/a. let us find A~— 1,B1—~~ 4I1—0,81-.-~~... (3.14)

and , therefore ,

~I16)

Page 125.

_ _ _ _ _  
______________
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Af ter substituting these expressio ns in (3.3) , let us have

~~ ~~~~
i. cb4U.(’i) + (3.16)

If the initia l funct ions are assigned/prescribed :

(3.17)

(are known the deviations of string and speed of its point s to zero

time) , than of (3. 16) we will cbtain the soluticn of problem in the

cperationa l form -

m~~~i~)-.cba%~p(i~+ 
-
~~~i~~~(iU. (3.18)

In order to pass of operational form to usual , it is necessary to use

the obtain ed in the first chapters formulas for the realization of

the operat ors. So, after using (1.237) and (1.245 ) to (3.18), let us

arrive at ci’ Alewbert’s known formula

~ ~~~~~~~~~~~~~~~~~~~~ 
(3)9)

In th is task operators L0 an d L 1 were obtained regularly, so

that, strictly speaking (p. 2 §5), the ini tial functions mus t belong

to class .I~~~~. However , by taking into account the aforesaid in p.

1 §10 and §14, it is possible to claim that during function U0 and U,

is superim posed the only limitation: they must allow/assume the

-- ---- --5- -- _-~__4_ - - 

-5 - 
- 

- -~~~~~~~~~ -- -~~~~~~~-
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c~era tions, determined by formula (3.19).

§12. General solution of two—dimensional boundary—value problem.

Let the unknow n functiom u (~~, ~ in r ec t angu la r  d o m a i n  0 ~
1, 0 4 ‘% ~ (Pig. 2) satisfy equation in particular derived

D (s, 8) (a (~. nJ) —1(1 ii) . (3.20)

where f — assigne~1 function , D — the assigned differential operator

cf order n. Let us consider that this is operator wit h constant

coefficients, i. e.,
D (s Ø) — ~~ a,.&fr . (a21)

I—

Let us take bounda ry  ~ = 0 for  the init ial line.  Dn it can be

assigned/p re scribed the  funct ions

~~~~~~~~ 
1. .... n—i, (3.22)

or the m a k i n g  de te rmined  physical sense l inear  combination s of these

fuoc ticns

~~~~~~~~~~~~ 1—0, ) , . . . . n — J  (3.23)

(for exa mple , with  the curva tu re  of plate such linear comb inations

-
- - - - -J ~-.
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they will be the boundary/edge bending moments and the given

transverse forces)

Pa ge 126.

In bot h ca ses let u s na me U,(qj the ini t ia l  func t ions and  let

us consider that the unknown function u ( ~, q)  is the “function ”

of these initial f unction s. Accordingly the general solution let us

seek in t he  fo rm
u(~. i)— ~~~~~~ 8) U,® +“1. (3.24)

Here L,(~J)— to be determi ned of operator—function, a u1—. the

part icular solution to equation (3.20), whereupon such, which turns

on the initial line intc zero together with its derivative s to (n —

1)th order inclusi vely, i.e.,

— 0. s— 0 ,  I , . .. , n—1.  (3.25)

Solution (3.214), is named common/general/total in the sense that

it is not connected with specific boundar y conditions.

Now it is necessary to substitute ex pression (3.21$) into

equation (3.20). Preliminarily let us note that, accorling to (1.141)

and (1.315),
~~(L U W) _ s ~j {L~I~~~U(vdi} _ 

~~~~~ f Uw).

~‘ fL (~, 8) U (‘i)) — ~‘L (I. 8) (U (‘ifl ~ 
(3.26)

.~ ‘ (L (1. 8) U (‘0 ) — , ~
) 

{u (1J. 

~~~
- - —

~~
- - -

~~~~
- .— — — —

— 
—---

— _-i _ -~
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which means ,

D (a, 8) (L (
~
, 8) U (,~} — 

I
llS ~ {u (‘0} —

_

~~~~(Ia~~~

1

~~~~~~
)1

~~~~ 
8)] (U(Ii) ) .u.

—~D (4. P~L(L P) ] ~U (1l)} .
I ~~~~ /

.7
A

I

1i9. 2.

key: ~1). Initial line.

Page 127.

Therefore, after substituting (3.24) in (3.20) , let us have

~~~~~~~~~[D
(*

. P) z 8) ] (ui~io)~i..o (3.2 8)

Hut the initial functions are independent (each of them can be

assigned/prescribed independsat of othets) , th .refore,

[ o (4~— . ,) ~~~ 8) J iti~ (‘0) — 0, j—.0, 1, ... . — I . (3j 9~

Since the initial functions are arbitrary, this means that standin g

La brackets operator ’s valme ow by a rb i t r a ry  func t ion is e qual to

-- - - - -— -  - ~~~~~~~~
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~~ rj

zero , and this is possible onl y in such a case, when operator himself

zero ~see page 28) , i. e.,

o(_~
_ . ~)Li(~.. 8)—0. (J—0, 1. ... , n—i. (3.30)

Thus we obtained n of the ordinary differential equations of the n

crder with constant coefficients for the unknown operator— functions.

Obviously, it is necessary to still dispose of condit ions for

d e t e r m i n i n g  n2 integration constants (this will be also the

operators). In ord er to obtain them, let us substitute (3.24) in

(3.22)

— ~~ --~~~~~~~~~ U1 (‘0. s — 0, 1,... , a — 1. (3.31)

Hence , aga in  keeping in mind  the  independence of the  i n i t i a l

functions, we obtain

s , !— 0,  1,... , n — I ,  (3.32)

where 6,,— kronec ker ’s symbol. Out if as the initial functions are

accept ed expressions (3.23), then instead of (3.31) it will be

U~ (‘0 _Zba{~ 
L~ f U ~ (‘0 

~ 
-Z IZ h.

I ________________________ — . .— ~- - _________________________________

- 1 ’  L_  ~ —
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,

whence
1. k ..- O. 1...., n—i . “ (3.34)

Page 28.

By integrating now equations (3.30) under initial conditions

(3.32) or (3.314), let us find all operators entering in (3.214), and

consider that is concealed by form the general solution constructed.

As concerns particular solution u~, about its determination it will

go speech in §16.

In many instances of value (3.23) they make sense ~n d are of

interest not only on boundary, but also at the points of domain. Then

it is expedient somewhat to modify notations. Let us write the basic

syste . of the d i f f e r e n t i a l  eq u at ions:

D(s 8)(u(~,’0)—f(L’0,

(3.35)

-5 ____ - - ~~~~~~~- — - - — - - ____
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Let us select as the initial functions

U1 — U, (‘0 — a, (0. ‘0. (a — a). 1 0. I, 2, ... , j~j J  (3.36)

5

and seek the  gene ra l  solution in the  form

1’ (t. ‘0— L~ (
~
, 8) U, ( ‘0+ L,1 (~, 8) U1 ( ‘0+... +

~~~~~~~~ 8) U.,...1(’0+U,,
u1( ~, ~U — L 1o( ~, 8) U ,(’0+ L11 ( ~, 8)I J i( rij + . . . +

•,+ L1. ~~~~~ 
(~. 8) u,...1 (,~) + U11, 

+ L~_1. .,—a (L 8)Ujp...1 (to + a....u. (3.37)

Here a1 it wakes previous sense, and

u11 — b, (3.38~

After substituting (3.37) in (3.35), we will obtain the system

cf the ordinary differential equations 

-

6—0, 1, ... , n —i ;  J — i .  2,’ ..., n — I ,
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while after substituting (3.37) in (3.36) we will obtain the

necessary for determining a’ integration constants initial conditions

L,, (0. 8) — 6,~ 1, * — 0. I, ... . a — 3. (3.40)

Page 129.

Af ter per forming integration, let us f i n d  a l l  ope rators , and

also, therefore, let us construct the general solution. Expressions

(3.37) can be named the cancnica l equations of the method of the

initia l functions or the canonical form of general solution.

Here we are l i m i t e d  to the  problems, s ta ted  for a r e c t a n g u l a r

domain and by the described differentia l equation s in partial

derivative s with constant coefficients. If domain rectangular, but

the  init ia l equat ion has var iab le  coeffic ients (i.e. is solved

problem in orthogonal curvilinear coordinates for the domain , l imi ted

by coordinate lines) , then  in many  instances of compl ica t ion  concerns

on ly  equa t ions  (3. 30) and (3. 39) — th is  w i l l  be ordinary d i f f e r e n t i al
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equations with variable coefficients. Examples of such solutions will

be examined in to  §~ 17 and 20.

§13. Satisfaction to boundary conditions. Resolving equations.

If we the differential operator D (a, 
~~ ) 

hyperbolic and in the

task in question eat the only initial conditions, then all the

funct ions  ~.,(‘0 are know n and expression (3.24) it gives the

read y solution of problem , w r i t t e n  in operat ional  form (ana lo gous  to

(with 3.18)). By realizing operators, let us arrive at the usual form

cf solution.

More complexl y is matter in the case of boundary—value problem,

when not a l l  n of cond i t ion s are assigned on the ini t ial l ine;

certain number  N of conditions is related to opposite boundary  of the

region (~ = 1). If as the i nitia l func t ions  are accepted e xpressions

(3. 2 3) , th en this means tha t  n — N i n i t i a l funct ions  will  be known

1—0 ,  1, ..., a— N—I, (3.41)

~~1of  f unctions U, (j ~~~~a — $ , n — N + 1 ,  ..., n — 1) they will

re~~ ia enk iovas. Hith even a usual ly I • 0.5w. 

- --~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- -  ~~~~~~~~~~~~~~~~ -~~~~~ —. - 

~~~~
- ,
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Conditions at edge ~ = I take the same form

a~(1. ‘0_~~~~~b_ (~~~~~ )1.,
1”Prn. j~~~a— N. a_..N+l,..., a—~

since as initia l are selected the functions, which ma ke in this task

concrete/specific/actual physical sense. Outside in (3.142) function t’!

from general solution (3.37), we will obtain for unknown initial

functions system N of the equations, w ritte m in the opera t iona l form :

+ u,,-.iI (1 , ‘0—*,(* J ’i.n—N , ,s—N + 1..... a — I  (3.48)

or
L1. ....,,(I, 8)U...N(’0+ ... + I.g. ,~4(1. 8)U,...t(’0i.i ~ ,(‘0. j ~~n—

—N. n— N + 1,.. . , n— I , (3.44)

w here 
~~ know n func t ions.

Depending on that, in which form are here written the operators,

to this system it is possible to give the differe nt interpretations :

1) if the operators are given in the closed form, the n this it

will be the system of transcendental of ordinary differential

equa ticns;

F
1

- ITTT —  
~~~~~~~~~~~~~~~~~~~~
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2) if the ope rators are decomposed in series and moreover are

regular, then will ~e ottained the system cf the ordinary

differential equaticn s of infinitely high order ; if the operators

•ixed — that is the system of the integrodiffer ential equation s of

infinitely high order;

3) if the operators are realized 
~
y the formulas of :ha pters 1

and 2. the n this there will be the system of some funct ional

equations (final intogrodifferential , difference,

differential—difference) .

For finding the particular soluticns of a heterogeneous system

it is necessary, obviously, to use that treatment , which faster leads

to the result: if ‘DA’i) polynomials , then p. 2, if •,(iij

exponentia l, trigoncmetric or hyperbolic functions , then p. 1 or 3.

As ccncern s the determination of the g€neral solution of uniform

system (3.414), everyw here subsequently we let us adhere to the first

i n t e rpre ta tion.

the i n t eg ra t i on  of u n i f o r m system (3.44) can be carried out by

several  methods. Subsequent ly  fo r  th is  pir~ ose is applied the

resolv ing funct ion W

- - - ~ ~~~ ~~~~~~~~~ ~~~~~~~~~~
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Page 131.

Let us Flace

U.( ~~—L, U, P)~~(’U . s~~a—N,..... s—i ,  (348)

wh er e L.(l,8) the  opera to r , w h i c h  w ill ~e obtained as a result of

expansion of a determinant , which is the cotactor of cell/element

L._,. .(l,P) in the determinant of system (3.44). Then will be

~
..

L’~~~~~~~~~~~~~

’

~~~

’

~~~~~~~~~~~~

0 ~~~~~~~~~~ 2

and , the re fo re , t h e  l e f t  sides of al l  equa t ions  (3. 14 1 4) ,  w i t h  t h e

exce~ tion of the latter (j = n — 1), they will becom e zero w i t h  any

f(’U.By substituting now (3.45) in ‘his last/latter equation , we will

obtain equat ion for determining the resclving function

r .—. 1-
~~~~L’—  [E  L,..~ .(I , )L, (1.8)( ,~~ ~ o.

Let us name it the  reso lv ing  equa t i on .

In the overwhelming majority of the real tasks of the theory of

elas tici ty (yes even generally mathema t ical physics) all opera tors,

en te r ing  general  s ol ut i c n  (3.37) , t u r n  out to be regular .  But then

regu la r  wil l  be operator  L. 

~ _ _ . _ _L~~~~~~~~~_ - - — -- ~~. ~~~~~~~~~~~~ - ~~ .~~~ ~
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The resolving equaticn allow/assume three noted above

interpre taticn. By adhering to the first of them , let us consider

that (3.146) this transcendental ordinary differential equa tion 1,

whereupon with constant coefficients. Its solution logically to seek

in the for m

(3.47)

FCCT N OT E 1 !xamp le ~ of o ther  t r e a t m en t s  a r e  b rough t  in ~23.

F N DF COT NOT F.

Cutside (3.47) in (3.46) and after taking into account (1. 192) , let

us a r r i v e  at the transcendental characteristic equation

(3.48)
L(~) — O

Generally speaking, it has an infinite multitude of complex roots.

‘Therefor e

where A, arbitrar y (complex)  constants .  This expressi on is

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - -~~~~ - -~~~-- ~~~~~~— -5-”-
- - - — ~~

-a -______________________ -- ~~~~~~~ - ~~~~~~~~~~~~ - - - - ~~~~.
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w r i t t e n  fo r  t h a t  case, w h e n  a l l  roo t s  cf equa t i on  (3. 148) s i mple.  But

if be and multiple toots, t hen in (3.149) i t  is necessary to  in t roduce

t h e  aF l r o p r i a t e  pol y n o m i a l  factors .

by subs t i tu t i ng now (3. 49) in (3. 4 5) , and then  resul t  i n  (3.37) ,

let us fin d the unknown functions in the fcr. of series with

arbitrary coefficients.

~~

ug _ F ~~.,’) +~~ l . , ~4viJl
ø,,

~~}. 
(3.5t~

- i J

Page 132.

Coeff ic ients AlirJ m ust be determined frcm boundary conditions

at edges ‘1— 0 and ~~~~~~~~

1 1 ~:;1
mg (%. v~- P g (%. 0~+~~ I~~ A. ?..,(0)I~~1f(%)~~~P’f~~ ’

1—0 1.—s 1 (3.53)
— N

ug( ~,7 i ) —  ~~~ ~) + E IL. —

If set of functions is orthogonal, then it is possible to

find everything ~~~ as a result of wh ich we will obtain precise

the solutions to task; but if functions ø,,(~j are not

crthogonal, then solution it will be that which was approximated — it

accurately it satisfies equations (3.35) and to conditions at edges ~

= 0 a n d ~ = 1, but to app rox ima te -bounda ry  conditions at edges ,~— 0

and ‘.I~~ ’

_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

_  

~~~~~~~~~~~

__________________  ~~,:. - ~~~~~~~~~~~~ J
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As concerns the deteLmination of the approximate value of

coetficients, here possibly application/use of the different methods :

minimization of the root—mean—square deviation , collocation (point to

sa t i s fac t ion  of b o u n d a r y  condi t ions) , ort hogonaliz at ion of a series

with respect to any set of functions 
~ 

p (x) ) (specifically, the

applicat ion/use of a method of torque/moments ). etc. The first met hod

( m i n i m i z a t i o n )  mus t g ive  better/best f o r  the  taken into consideration

quantity a of the terms of a series of result, but it, as a rule, is

conjugate/combined with cumbersome calculations. Collocation with

small a usuall y gives the sharp bursts between the points, where the

conditio ns are sat isfied accuratel y a wit h large a it leads to the

strongly oscillatory functions. To fair results it leads the method

cf orthogonalization, but only in such a case, when succes s f u l l y  (for

the task in question) is selected system ( p (x) ). According to our

op inion, most rapidly conducts to target/purpose the following

method: let us w r i t e  c o n d i t i o n s  (3.51) in the fo rm

is decomposed f un ct i o ns  fw(~ and in series accord ing to

degrees ~

(3.53)

_____  - 
~~~ 

~~~-—— —,-.

________ — — - ‘~~~~~ - ‘
~~~~~~~ —
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either (1 —

(3.54)

w~. let us find As,,, by equalizing zero several first coeffic ients

of series (3.53) or (3.54). Examples of the application/use of this

eethcd are give n in chapter 5.

In conclusion let us note that if the task possesses expl icit

symme try,  then the initial line expedient to chcose on the axi s of

symme try.

Page 133.

~ 1l$ . Dete rmina t ion  of the  roots of t ranscendenta l  character is tic

equaticns.

•ne of the bulky stages in the solution to specific problems is

the determinat ion of th e roots of transce nden tal charac teristic

equation (3.48). This unwieldiness is connected with the fact that

equat ion (3. 148) has i n fi n i t e l y  many  complex roots. In the literature

are suffic iently wi dely i l lumina ted both metho ds of the ca lcula tion

of t hese roots and the general theory cf transcendental equations.

_ _ _ _ _ _ _ _ _ _ _ _ _  
- 

—

-~~~~

-

~~~~~~~~~~~~~~
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~~~~~~~~~~~~~~~

-

~~~~~~~~~
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There fo r e  here we w i l l  paus e  briefly only at some practica 1

questicns. Convent iona l  is the preliminary determination of

approximate values of k graphic or tabular method , and then the

refinement of root s according to Newton ’s methcd. The research of

ap p r c x i m a t e  va l ues is f a c i l i t a t e d, i f  it is possible to ob tain

asymptot ic f o r m u l a s  f o r  roots. Are most common / genera l/to ta l  results

on this question are given , apparently, in [33], chapter 3.

Howe v er , in concrete/ specif ic/act u al cases it is poss ible to

find the iterative methods, which ensure acre rapid than from

Ne wton’s me t hod , the convergence of t he  process successive

approximat ion and the more light/lung determination of asymptotic

iOcts. As an example  let us examine the equation

sin z~~ vs, v)0. (3.55)

Obvio usly, if z is a rcot of th is  equa t ion , then — z, ~~ and —

alsc w i l l  be roots. There fore , a f t e r  assuming

s — x +4 p ,  (3.56)

we can count x , y > 0. Let us divide in (3.55 ) in n a t u r a l  and

appa rent/i maginary part

a~nxchg .. wx , - (3.57)
cosx sh~— w y . (3 .58)

In order to f i n d  real roots , let us place y = 0. Then

(359)

I 
- 

- ~~~ — -,- -~~ z _ - - — -
- 

_•

~
__
I—I 

- - ~ _ . ~~I
- -~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



DCC = 77055308 PAGE ,f

4

a cu rve/ g raphs  (Fig.  3) i t  shows , t h a t  w i th  ‘> 1 there  are no rea l

roots, and with v< ) will be one or several teal roots.

Let now x = 0 a n d, c o n s e q u e n t l y ,

shy—wy . (3.60)

Prom curve/graph (Fig. 4) it is evident that with V< 1 there are

no pure imagina ry roots, and with m) t there will be one such

root.

Further let us present (3.55) in the form of the series

( 
~~
‘)Z—

~~+&—
..._ 0, (3.61)

Page 134.

He nce it is apparent that with ~v~’ I equation (3.55) has idle t ime ,

and with ‘~~~~~ the triple roo t z = 0.

Let us pass to th e determina tion of complex roots. From (3 .57)

and (3.58) it follows that

~~
_

~~~~
_:‘tcdlIv.

- ?~-i~ ~~~~

— __J
_
~
_ ’  .—.—— ----—-—-.-.---.- -- .

~~~~~~~
— JL_ - 5-5 —

— - - S - 
— ‘ ~~~~~~~~
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with sufficiently large and therefore the approximate

(asymptotic) value x will 1€

(3.63)

Introducin g this expression in (3.57), we oLtain

~nx.— 1 ,

i~hence

s— 0 . 1,2 (3.65)

‘Then from (3.62) the precise value

(3.66)

where  6. — generally sp e a k i n g ,  sma l l  number .

The m i n i m u m  va lue  s depends on value V. Let us estimate ~

From (3.63) and (3.65)

chy. — v - ( 4 + I ) .  - (3.67)

--5—— —- __.— -- -- - 5- ---- -
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Fig. 3. Fig. ‘4.

Page 135.

$ince must be To ~~. 1 , hence it follows that

1,) t’ 2
— 0, scam v > 

~~
- ,

~2 2 2 .  I ~ ~~~~~ .fr 
~ 

68)
~~~

.u

2 :~ i. •
.1 111 :12.

Key: (1). if.

and so forth.

-5 - — 
- -~~~~~~~~

- -~~~~~~~~ .~~~- -
.. 

~~~~~~~
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0
From (3.66) it escape/ensues

~~~~~~~~~~~ ~~z. ~~~~~ ~~~~~ (3.69)

Then from (3.57)

M._ath ( ,). (3.70)

a from (3 . 58)

6._ a  n(~~J ..). (3.t l)

Afte r substitut ing (3.6€) in (3.70), and result in (3.71), we will

cbtain

,arch[ ‘6 (-~
.(4s+ I)—6.]~~

6, — arcsin • JJ_ (3.7~

V
r 
[a~

’
6. (-

~ 
(4’+ 1 ) 6 .)j

_ i

Iterationa l  process due to this formula rapidly leads to the

sufficiently precise values of roots (see §24). Analogous form ulas

can be obtained also for other transcendental equations. But if

obtaining a simila r formula turns cut to be d i f f i c u l t ,  t h e n  is

applied Ne wton’s method. In t h i s  case the convergence of p rocess can

be somewhat accelerated.

Let us write equation (3.55) in the form

(3.73)

- — S  — - _ C ~~~~~ - - - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

111 -__- -, -
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and designate by z~ the initial approximate value of root, but by z1

— refined. Then by Newton’s formula

(3.74)

Fage 136.

This formula can be obtained by the method , which slightly

d i f fe r s  f r c w  conven t iona l .  Let

i. e.,

~nz .cos~~~~~coiqMnbz_ ’(I.+h4 hhh1 O.

After assuming here

~~Az— 1 , ,inàs—At . - ~~IT7) -

let us arr ive at (3.74) . But if we t a k e

($78)

that more precise, than for (3.74), valu e ~z will be located as

sm aller in the module /modulus of the root of the quadratic equation

_ _
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~15. Solution of V. Z. Vlasov.

Let us take the second of three ncted on page 131 treatme nts of

system (3.44) ye will be bounded in the expansion s of the operators

by several first members. Then (3.44) it is converted into  the system

of the ordinary differential equations of the fina l order. By its it

is possible to in t eg ra t e  usual met hods, including the introd uction of

the resolving function. By accepting as before (3.45) • let us arrive

at resolvi ng equation (3.46), which now vii i  take the for.

~~~~~~~~~~~~~~~~~~~~~~~~~~~ - (3.80)

After integr ating it, let us arrange/locate a the constants, which

will permi t to satisfy a conditions at edges ‘I “0 and ‘i —‘ ).. &s a

result is obtained the solution, which it satisfies only

approximately both the initial differential equat ions and all

)oun dary conditions. Then in this case is decreased the volume of

-

S . 
-. ~ 

__y
~ ~~~~~~~~~~~ —.-~~~ ~~~- —
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0
computa t ional  work.

This method coincides ac tua l ly  with the tact, that v~ s proposed

to V . 2. Vlasov for the solution of the three—dimensional problem of

elasticity theory. Actually, searching the solution to equ at ions

• (3.35) in the for m (analogous to (with 0.26))

u~ (%. s~) — Uj + ~~ (~ ) + ~~~~ (st) +. . .  (3.81)

and entering further in the manner tha t it was described on page 15,

we vii]. arrive at thereby (truncated) operators and resolving

eq uation (3.80) .

This method of solution is used to ax i s y m m e tr i c  thermoelas t ic

task in the articl e (23]. To the described method expediently to

resort whe n the construction of general solut ion (in essence the

integrat ion of system (3.44)) causes considerable difficulties .

-- 
• 

- - -

S ~~~~~~ - •~~ ~~,
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p f~~€ j~~7.
Chapter 4.

SC~E G1~NERA L SOLUTIONS.

In chapter 4 are given examples of the construction of general

solutions for some two—dimensional tasks of the applied theory of

elasticity in acco rdance with the plan/layout, presented in ~12.

Genera l solution (3.37) contains the uniform part , expressed by the

terms of form Lh(~,4)U.(1O
, and a heterogeneous part (component u,~) ,

connec ted with particular solution ~ nonhomogeneous

differential equat ion (3.35). First will be examined a heterogeneo us

patt of the genera l solution.

{16. On the particular solution to nonhomogeneous differential

equation.

Let it is required to find this sc].ution ~ the equation

(4.1)

(where the differential operator D (a, ~) it is deter.ined by formula

_________________________________________________________________ 5--

- —

~ 

~~~~~~~~~~~~ — - -  _~ _ ~~ : -  
- — “~~~~~
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(3.21)), which on the initial line satisfies conditions (3.25).

It we write formally

(4.2)

that quest ion will be reduced to ope ratcr’s realization i4~ (a, 8))

abcve the function t(I.’~ For this purpose it is necessary to

use ~~. 4 §10. As it is there noted , singular operator i4~ (a , 8)~ has

several forms of realization. It is necessary tc select that (if it

exists), that ensu res satisfaction of conditions (3.25). 9oreover

(since expression (4.2) it is obtained formally) necessary to check,

really/actually the obtained function u,(I,Ii) is the solution to

equation (4.1). Let us consider several examples.

1. The equation of Poisson in Cartesian coordinates is sach:

(4.3~

Page 138.

Here

and, according to (2.162),
I 5+4~~~-~~ 

-
~~~~~ “-k

a~(L vo_
~~ fmJ  ~~~~~~~~~~~~~~

_____________________________ -

- —~~~~~ — —
~~

- - — - -::. —
~~~~~

-- — 
— L ~~— “

S
_
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D i f f e r e n t i a t i n g ,  we f i n d

m 
if  ti ‘.~~+‘

fr, — ~~~~~~ ~ + ~~~~~~~~~~~~~~~~~~~~~~

- 

~~~~~~~~~ 
-

Hence it is apparent that expressicn (4.5) satisfies both

equaticn (14.3) and to the conditions

ul (o,VaILL.,_ 0 .  (4.7)

2. Eq uation

(4.8) .

Co.paring this equation with (11. 3), we see that for obtaining U~ is

mutfic ient in (11.5) to replace i on i)

~~~~~~~~~~~~ .. . (‘.~

~#tL_ 5 ~~~ ___ _ _
~J~~~__ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --



DOC z 77055108 PAGE ~~~~ ,24D

p
1

3. Equation

(4.10)

Page 139.

Here

Therefor e, twice by applying formula (11.9) , we will obtain

,i ~—r- 
— -  5-

E~
w. iu__ .

~.J4 ~f d I  ~ dci,~~
Mdt 

r 

~412)

Elemen ta r y ,  but sufficiently bulky checking shows that this

expression it sa t i s f ies  both  equat ion  (4. 10) and to the conditions

~~~~~ ..Q,~ O~~s+I1~~$.

~
1I

~
I
~-s~~-~~

_ _ _ _ _ _ _ _ _  - - 

~~~~~
5- _w -

- --:- - 
_
-_ _ _ J _~~~~

_-_ --__ - 
-
- 

—
_________ 5-
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~17. Equat ion of Poisson.

i Ct r t ~s;~~i ~~~~~~~~~~~~

Let the function (t’lJs in rectangle (Fig. 2) satisfy the

equa tion
(4.13k

Let us take the initial tuncticns of type (3.22)

(Ig\ (4 14)
U,(i~ - ’a(O~’~’ Ui(11).~~~()

and in accordance with (3.37) seek the general solut ion in the for.
U~~~~~~ L P U .1U+L M U I~~~+ US . (4.15)

(4.16)

~ ,mtIa~ .cuiwj

~<~~ ‘1 ~.(j). I~~1t;oJ l ;r ~~

1~~~

_ _ _ _ _ _ _   _ _ _ _ _ _ _ _ _ _ _
—~~~~~~~~ -_ _

- 
tr~~ ~~~~~~~~~~

-
~~~

-- - 
— —~~
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Page 1110.

After selecting as u~ ex pression (4.5) and after subst it uting

(4.15). in (4.13), let us arriv, at equations (3.30)

~~~~+P4uvi-0. 1—0 ,1. - ~~(417)

BQnce

L~~~A,cos~~+B.Mfl~~. 
L~~~A ~~P+8 n~~, 4.49k -

Accord ing to (3.32)

~~(O.~)—1. ~~tj ,,,
.o L.1(OM—O, 

~~~~~~~~~~~ 
(4.18)

-
_ _1T - _ _ _  

5- .
- 

- 

~~~~~~~~~~~~~
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Therefore

L0- cos~D, ~~~~~~~~~ 
.

‘ (4.20)

Differentiating (4.15) with respect to ~ and comparing result with

(4.16), we find

L,~ —Ø~ u ~~~~. L1~..scoS~ft . . ‘ . (421)

Thus,

(4.22)

2. Polar coordinates (initial line is curvilinear) .

Function u (p, e) in region X 4 p ~ 1, 0 ~ 0 ~ 01 (Fig. 5)

satisfies the equation

(4.28)

Here p is a dimensionless tadius (radius, referred to an outside

•/1~ -

— 
_ 

- — —  C —,- . ~~~~~~~~~~~~~~~ 1_••5’5S 4&t~;~
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radius). Let us take for the i ni t i a l  line e x t e r n a l  arc (p = 1) , and

for the initial functions

‘J ,— U,($) — u( l . I ) ,  U$ _ U $(8) _
~ L.1 (4.24)

let us find out the general solution in the form

(4.25~

where  m a r k e d l y

d
~4.26~

FOOTNOTE 1~~~ In this simple case there is no need to retain the dua l

indexing of the operators. ENDFOOTM0IE.

Subst ituting (4.25) in (4.23) (see (3.29)), we will obtain

1— 0,1. (4.27)

Page 141.

Hence
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F
Prom conditions (see (3.32)) wit h p = 1

- 
~~~~ Al 

-

L,~~~1 , ~~ — O , L1-.O ~~~~~~~~~~ (4 29)
—w

~e find
- 

~~~~~~~~~~~~~~~ 1
A,s31— -2-, A1 —— B 1 -~~~. (4.30)

Conse quently ,

•
~~~~~~~~~~~Q) ~ff i 1 n ~)

and

u (Q, S)—cos Ø In Q) (/ .c$) + ~~~p~ -~1-Ut(S)+s,. (4.33)

As concerns particular solution it it is possible to obtain and

directly from (4.23), but simpler to use given in the fol l owing

point/ite, formula (4.43). Set/assuming in it

~‘— lnQ , 1— In~ ~~ ~~~ (433)

and taking into accoun t (4.41), we obt ain

“ *~f 1 d T S t (v.od ~. - 

- 

(434)

It is not difficult to ascertain that this ex pression satisfies

equation (4.23) and to the conditions

-
~~~~~~~~~~ 

- - -- 5- 
_l~~~

- _ 
—

~~ 

_ -
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.4
— ‘.0. (4.35)

In accordance with (1.238) and (1.246) the general solution can

be written in the form

u(Q,I)— RC LU.(S + t ln Q)) + 
~3:u

*
~~~

+ u,. (4.36)

I

3. Given polar coordinates. Conversion of independen t variable.

I lnQ, Q u 4 ’  (4 37)

it transla te/transfers the region, depicted on Pig. 5, int o the

rectangle of Fig. 6.

Page 142.

In this case

~ 1 814 J ~g I 
_ _ _ _ _J i 1~~’

- ~~~~~~~~~~~~~~~~ - 
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and Laplace ’s operator (4.23) will pass in

Therefore instead of (4.23) let us have

- h - , .

where

(4.41)

Equation (4.40) coincides with (4.13). Consequently, accor d in g ly(4.22)

U (
~, I) Ca ~~ U~ (8) + U1 (8) + ~~~~~ (4.42)

where

MI - (4.43)

a

U~, — U. (8) — I  (Oi8), U1 — U4 (I) — 

~L_. ~~
- 

~~~~~~~~~~

‘the genera l soluti on can be wr itten also in the form

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (4 48) 

.—_-—--~~~~ - .- 
~~~ __~~ 

-.—_-—--- —
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Fxpression (4.43) s a t i s f i e s  equa t ion  (4 .40)  and  to the  conditions

(4.48)

Let us select now the initial line on the axis of abscissas

(Fig. 7). The initial functions they will be

U,— U ,(Ej — u~~, 0), Ui~~ Ui~~~
_
~~~~~. (4.47)

since equation (4. 40) is s y m m e t r i c a l  r e l a t i v e  tc  variables  E a n d  9 ,

for obtaining general solut ion in this case it suffices to

interchange the position ~ and 0 in (4.45), (4.42) and (4.43) and to

replace ~ by

Page 143.

~~hus w ill be

cr

~~~~~ 

_ _ _ _

—.5—. —---5—--—--—
—5 
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and

~~~ ~~~~~~~~ 
(4.51)

The last/latte r expression satisfies equat ion (4.40) and to the

cond it ions

,~ (~, ~~~ 
— .~~~~ L J 0. - . 

- 

(4.52)

4. Polar coordinates (initial line is rectilinear).

In P. 2 was obtained genera l solution when the initial line was

the ex te rna l  arc b o u n d a r y  of the  region (see Pig. 5)’. If we for the

i n i t i a l  l ine take  one of the radia l  boundar ies  (Pig. 8) ,  then the

corresponding gene ral solution can be easily obtained from formula

(4.50)

1
~~~~~~~~H. (4.58)

— 5 -  - - - -- - -—-- - -.5- — - 5 - - - -  5------ .- 

~~~~~
_
~J~~~~ __ _
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lI _ s 
— - •  __________ -
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- I 
4•

~~
•.

~
;1I •

~~~~

Fig. 6. Pig. 7.

Fig. 6.

Key: (1). Initial line.

Pig. 7.

Key: (1). Initial line.

Pig. 8.

Key: (1). Initial line.

Page 1414.
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For ~~ after prod ucing in (14.51) the replacement 
£

(4.54)

it wil l  hav e

~~~~~~

— di j rf (
~ 

j)~
j
~r ~ (4 55~:.

- ~Y~~_

The last/latter expression satisfies equat ion (4.23) and to the

conditions

uI (Q
~o)’auu

~~~ILu ,, o.

~18. Two—dimensional problem of elasticit y theory . Thermoelast ic

task.

Let us consider the rectangular plate (Fig. 9) of thickness 6,

which experience/tests state of plane stress of the action of loads

on outline/contour and the vertical volum e forces q (kg/c.3). To Fig.

9 are show n the positive directions of the appear ing in pla te

-
_- -.5-- —. - - - - .5 - - - -5- —- --- £ -

5- ..f._k —~~ — ~~~~~~~~



p 
£ - ~~ 5- -~ t5 £5-5.-5~~~~~~~r— — e5 S5-~ _p — — - ~~~ ••~ •~~~~~ — - - 5—. -5-5 — — _—

DCC = 77055308 PAGE ‘~~~~~~~
- ,24.2.-

voltage/ st resses 0,,c,, “ ~~~ and displacement /movements u an d V.

Are introd uced th, dimensionless coordinates

— i, (
~ 
— .

~
.) - (4.57)

and the dimensionless static and geometric values

I U U — C

~~4-. ~~~~~~~~~~~~~~~~~~~~ u—-i.. V — - ~~ q m.-~~.q.

Complete system of equations for state of plane stress takes the

form

~%~
-+

~~~
-

•
-., 

~~~~~~~~~~

~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~ 

r

-5— - -5 ~~~~~~~~~~~~ -
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I.
4 (S)~~

F ig. 9. Fig.  10.

f ig. 10. -

Key:  (1) . I n i t i a l  l ine.

Page 1145.

Is selected the initial line at edge E = 0 (Pig. 10). At the points

cf this face they make ph ysical sense of valu e

j i. . v — i  :~4~ -~~s0)

Therefore the initial functions they will be

(4~$~i)..—c,W— .(OiO, ;~~ —v~O i~ J

a the general solution in canonical  form (3.37) it will be wri tten as

t

_ _ _ _ _ _ _ _  £ 5-  - - - 
—-5-

5-
. 

—5— - - - -~~~~ - —
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fol lows:

a (
~
, i~~ — U ) , + L,V0 + L,,a, + L,,+ 0~ (4.62)

- v~~~~~~LJJ .+UJ. +L~,a,+L~~11+ x,.
a, (I ‘0— L,,JJ• + L/ .  + U,,, + L1, r, + a~

Here U,. V, dnd so forth are quotient of the solution of system

(4.59), whereupon such, that with ~ = 0

(4.61) -

he will obtain first this sclution. For a brevity let us write system

(4.59) in the symbolic form :

(4.64)
(4.65)
(4.66)

uU—~ V— ~~~~~~~~~ 
- (4.67)

(4.68)

Fr cm (4.67)
(4.68)

Page 146.

4 —.——- — — —----- -- - _ -— — J~~~. T 5 -

5 - — -- — - - - -~~~~~~ -- —~~~~~~~~~~~~~~ -~ ,- -~~~ -~ -~~ -- .5’- ~ - -
~~~ -
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Let us substit ute this expression in (4.65) and (4.68)

C—  ~sU +p V). ‘ (4 70)

(4.71)

Cuts ide  now ex pressions f o r  • and r from (4.70) and (11.66) in (4.64)

and (4.71) , we will obtain . £

(2a’+(l —,~)p’1U+(1 +ii)SPV 0~ ~~ :~~(4 72)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~(4.78)

Se t/assu.i ng

u .._
~~~ ~~~~~ 

(~, el). V — (2u’ + (1—u ) p9,, ~ .‘0. (4.74)

we tur n (4.72) into identity, and from (11.73) we find

(4.75)

A f t e r  using now (4.11) and  (4.12) , we w i l l  obta in

~ *t~ D 5-J ‘+‘~ -4)

‘I 
— — 

~~~
‘ j(C’, o de’. - (4.75)

~
- -s’)

Sy knowing s,.., by formulas (4.74), (4.66) and (4.69) it is

possibl. to find U,. I~,. .,. v, and • If we fulfill this in

general form , then for all functions we will obtain expressions of

the type

- -~~~~~~~~~~~~ 

-

, 
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so that condition (4.63) they will turn out to be those wh ich were

carried out. In particular with ~ const it will  be
q44 —

,,
_ .

~~~~~~~. v,...~~., v,—ç( (4.78)

Let us note t h a t  the  determine d by homogeneous equati on (4 .75)

f u n c t ion  corresponds  to t h a t  i n t roduced  P. iL Var v ak  ( 7 )  t o  the

function of displacement/movements for two—dimens ional problem .

Let us pass to the  u n i f o r m  part  of t h e  genera l  solut ion.  One

should expressions (11.62) substitute into equations (4.59) or, which

is the same, in (11.64) — (4.68). However, since is carried out the

alread y pa rtial separation of functions, let us substitute (4.62)

equation (4. 72) , (11.73) , (4.7 0 ) ,  ( 14 .66) a n d  (4 .69) . This  w i l l  reduce

to the f o l l o w i n g  e q u a t i o n s :

2~~~
L +(1_p~~L.,+Q+,Ø~~~~

_0, (4.75)

(1 +s)~~~~~~~~~+ 

_ _

+ —~~-! ~ ~(4.81)
¶y �j. •~~~~~~~~~~~~~~~~ ‘ ‘  .~~~~~~ . ,, ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

L,,,_Aw-~3A~~A+t11w. I J j ~~~~~~

Integratin g this syst.m under the conditions (ale (3.3$))

L~~~~~~_ 1~~~~~~_ a,.~...uh
__ 

~~
- r - -

~~(4.s~~

--5 

.5- 

—- 

-
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we will obtain (bulky, but elementary conversions we Let us lower) :

L~ —L,, ~~~~~~~~~~~~

£ 

L
3 _L

~~~~
?gcos~~~~~, 

(4 83)

L,,—2(1 +~&)~ cosW—(1 ~~~~~~~~~ 

-5 - —
-.5 

- - - - 
. ~~~~~~~~~~~~~~~~~~ - - ~-_ —
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Page 148.

Thus, the general solution for state of plane stress is

cons t ruc ted :  all  t h e  d i s p l a c e m e n t / m o v e m e n t s  and  voltage/st resses are

expressed through the initial functions. For example , according to

(4.58), (4.62), (4.74) and (4.83) for hcrizontal

d i sp l acemen t/ movemen t s  let us have

5- u(~ ’0_a{(c s~ -i- 41 n P ) u.( ’0+ (4J ~s~n~P _. -

L ) v . ( ’0÷(! i~~~~_ 1+~~~~~~~
)
~~

X a,(ii j— ~ .5t~ I$jfl~~I,(’0.... (l +u~~~~}/~~ 4.s4)

or , by taking into account (1.238) and (1.246),

— — - - - -5- - - -5~~~~~~~~ - - -— 5-- - - - — - -5- - -~~~~ -— - -— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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+‘ 

I+JA 
~U~(t1—i~) —I I ;u V,(T,+i~)÷i- --~

.V,(?i—i~)—

H ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ S a, (~ d~ — ~ ~a, (‘~ + 
i~ — ~ ~~ ~~~ 

— £
~~) +

;~ ~~~~~~~~~~~~~~~~ 
-

—2(1+u)-~~~ }. (4.85)

If we in the  obta ined  solution everywher e replace number ~ by

u —  (4.86)

that we will obtain the general soluticn for a plane strain.

Let us note still that equality (see (4.83))

U — L — L~ L , — L. 
(4.87)

L ,— L , L ,— L,. L — L ,, -

.5 - •- _ _ - - _ 1  .- --5
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is expre ssed the theorem about the rec iprocity of works.

If plate (Fig. 9) is subjected to certain therma l effect, then

in two last/ la t t e r  equat ion s (4.59)  w i l l  appear  supp lement ary t e r m s

and in each of equa t ions  (4 .62)  it w i l l  be supplemented  on two

members , connected w i t h  t e m p e r a t u r e  a n d  g r a d i e n t  of t empera tu re  on

the in i t ia l line.

Page 1149.

The genera l solution of two—dimensional t hermoelast ic prob lem is

obtained by the literal repetition of presented above. Results are

given in the article (42).

{19. Curvature of rectangular plates.

Fine/thin rectangular plate (Fig.  h a )  is subjected t o  the

action of tran sverse Load p (kg/caZ). For sagging/deflections w,

angles  of rotation . ø,  and $,~ the standards to .edian surface, the

A s n.ar bending moments M, and M, the given (accord in g t3

5------
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Kirchhoff) , tr ansv erse forces V, and V, and the concentrated

reactions R in angles are accepted as the positive such directions,

which are show n in Fig. lib , and c (vectors of torque/moments
r i g h t — h a n d e d ) .

By the  in t rod uc t ion  of d imensionless  coordinates (4 .57 )  occupied

by p l a t e  doma in  is conver t ed  i n t o  the  d c m a i n , analogous give n in P i g.

10.

. ;;T~ 

~~~~~~~~~~~

L

’

~~~~~~~

P

-

’

_Li

Pig. 11.

Page 150.

The stressed and the state of strain of the snifor. and

_ _ _ _  .5— — 
.5 -5 - - - - 5 -  - - — —-5- ~~.___

5- — .5 £ ~~~~~~~~~~~~~ _ _  -



-- 5-JN~ • it~~~~• £5-.55-.5~ -5--- - - - .5 - .5 .5- ‘— -——- 5-.——— -__ - V.,!.. SS•flS ~~~~ ___*5-~ £~~_~~ — — —

DCC 7705 5309 P A G E  .27.2

isotropic plate of constant thickness 6 is described by the complete

sys tem of the  d i f f e r e n t i a l  equa t ions

a’~~ (4.85)

~~~~~~~~ ~~~~~~~ wt~~

M O’w\  -.~~

‘ ar~~~jjr +~~
1-

~~ F). -..-
~~:

- 
:.~

-

~~
-

D /O’rv ö’w \  ‘5-

‘ / 5-

- ‘- (4.89)

~~~~~~~~~~~~~~~~~ 
‘
~~~~~~~

v D 1Ô’W O’w 1 - -~~~~
‘

-

~
-.: 

•~

- ‘
.5 

. 
.~~~

where, as usual, the flexural rigidity

. (4J ~

-I - -  — - - —
~~ —-5- 

— —
- - - - - - —  _

_ _ _ _
____11

__________________  - 
‘Ir
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Let us take for the initial line the edge of plate F~ ~ 0. In

this face in accordance with the technica l theory of plates have a

physical sense and there can be the given values

w. 8— 8,, M — M ,. V -V 1. (4.91)

Therefore dimensionless initial functions they will be

M, — M, (‘1.) — -~ M (0, ~i) — -~~~~ M, (0, ‘i)~

V.~~V.(~~~~~~V(O~~~~~~ V~~~~

a the genera l solution in canonical form (3.37) it will be written as

fo llows:

- ‘- -.5 -- -

- .5 - - - -5- -~~~~~~~~~~ ____ _____ ~~~~~~~~~-.- -~~~~~~~ - -.5 
‘_ i~~~~ - . -- - —- - -~~~~~ .5 -~~~~~ -5 - ‘

~~~~~~~~~—
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w —a( ~~~W,+L~ I,+L_~M,+ L ,,V,) + .,.
Is (I. iO — L•g i,W~ ÷ U , +1~~ M + L,,Y, + 1~,
I,ft. iU — L~ V,+ L,,8.+L, M,+ L~ V,+8,,

- ~~ L~, W, ~~~~~~~~~ ~~~~
+ ~~~~~ + LM Y VOI +M~~~~’~ ~~~- 

D •-L -~~1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• 
M

~~~
(

~~ a~~ M”~’•+ LM.I,+ •

~~~~~

‘

~~~ ~
‘ 1.~ ::~~~I. ~~~~ ~~; • ,  ..

5

45-LM~M o +L My V0) + Mp~ ’ •~ ~~!

.V1 (L ’
~~~~~~

(L,,.W,+L
~
•e.+ .1. ~ (4 93)

5- - +L...,f .f,-l-L,,,V,}+ V,, ~~ ‘ .

— -
~~~~ ~~~~~~ +

‘~~,,•÷

£ 

: -. 

:‘~ + Ly aiMo + 1v,iYo) + 1’~ 
£

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
5- 5
;

5- 

~~~~~

~~~

‘

~~~~~~:.
- +L RMM,+La,V.) +R ,. 

-

--5— 
..— -- —.5 —.5 _J - .5- .5—

—.5 
-‘ —- ‘ - - - ~~~~~~~~~~~~~~~~
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Page 151.

Here •, is a p a r t i c u l a r  so lu t ion  to nonhomoge neous  equat ion

(4.88) , that satisfies the conditions

(4.94)

a I •,....R, — t h e  f u n c t i o n s, which  wi l l  be ob ta ined , if we i n

formulas  (4.89) w replace by w,. Accordin g to (11. 10) — (14. 12) it is

possible to take

-

. -o
(4.%J

Specifically, for the evenly distributed load let us have

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ M ,— — pi.~~ 4’,

V,——p 4 .  S — V ,—R,— O, (4.96)

that  it corresponds to the cylindrical curvature of the evenly loaded

can tilever p late, show n in Fig. 12. In accordance with (11. 13) alwa ys

it will be: with ~ a 0

.,~~I~~~ S,—M ~~—M ,~~V,—V,,—R,—0 (4.97)

________________ - —~~~~~~~~~~~~- - 5 -
- -— _ _ J

.5— -5-—.---— .5~
.- 

-‘5-. -‘5- ~1 ~~~ ~‘t
_ ~~~~ —
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Page 152.

By t r a n s f e r/ c o n v e r t i n g  to the  u n i f or m p a r t  of the general

solution , let us i n t r o d u c e  (4 .93) in (4.88) and  (4 .89) .  As a r e su l t

we w ill obtain the following system of differential equation s for

opera tor—funct ions  Lw:

£ (. r+2P’~~~ +P4 )
’
L~~_ o .  -

-

L,,—ISL,,, L ,su.-4~~~, 
‘

- 

.

~ 
(~ 

+ 

~
‘) L_~, (4 98)

- 

L~,~1._~ A~1
!L, j — w, L M , V. 

-

Page 153.

After integratin g this system under th. cond itions (see (3.34))

-.5-—- —~~~~~~~~~~ 
-5— 

.5— 
-- .5. --5 —.5 - - -5-- - £

- - — A~~UL ”_~ _,~~.1_’ -
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L~ (O,~ ) iuui öq, s, J w ,I,M,V, (4.99)

let us f i n d (aga in  let us lowe r i n t e r m e d i a t e  lini ng/ ca lcu la t ions )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-
. 

~~~~~~~~~~~~~~~~~~~ 
-

- (4.1O~

L,.~~ L c o _~~~i W~ n~~, 
£ 

£

- 

. U Ly1~..Q~~~~~~~I.j i 1p ; 
-

-
4

.5— - - - - —--.5—------ -- 5- —--- .5 —

.5 -5- - - - - - ~~~~~~~~~ .. -
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~

_i ~~~~~~

— 
i+i~ ~~ 

~ 

1 —~J~ w cos ~~

- 
- 

- ~~~~~~~~~~~~~~~ 
- 

5- 

1 ~~~~ 
- 

I 
‘ -

~~~~~~~~~~~~~~~~~~~~~~~

-

5- 

L
M —~ Lj .&~-t sin t~— ’wcosu~. I

£ L,~~ — IL COS ~ + 
.L2i~ ~ ~ (4.101)

£ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(l — IL)(3+I’) _____

(l— i~)(3-—i’) _____

WsinW, I

— 
(5~~~~~(’ 

1&) 

~ sIn~~+ ‘~ 
~~~~ ‘‘~~~ WCGSW~

- -‘ 

— (2—~*)~ ccm~P--

~~~~~~~~~~~~~~~ ~~~~Wccs~~,

~~~~~~~~~~~~~~~~~~~ 
1 1

~ W~~~~~

~
hsin~~ ~~~~~~~~

~ (4.101).

0
’

- - .5
- 

.5 - —--

.5 - — 
- - .5 - —‘i- .- _a
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Page 154.

Equal ities ( 14. 100) can be cons t rued  as the peculiar expression

of Bet ty ’s theorem. In fact, everything it is possible to write them

in the form
(4.102)

~~~~~~ ~, s —w , S,M, V)

Then j  wi l l  be those by the power factor, whic h can produ:e work on

d i sp lacemen t/ movem en t  j  (if j — d i sp l acemen t/movemen t ) , or t he reb y by

the displacement/m ovement , during which I can produce work (if j is a

power factor). This is related alsc to s and s.

~20. the curvature of the plates, referred to polar coordinates 1.

FOOTNOTE 1
• Dur ing  the writing of the present section partiall y were

used the results of the investigations of N. N. Cherny. ENDF OOTWOTE.

For the  plates whose outline/contour is outl ined by the

coordinate lines of pola~. coordinate system (Fig. 13a), is log ica l

the soluticn to carry out in polar coordina tes.

-5
- - -- -

— .5 -- ,~~~ jL,t. - - .’~~~
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The positive directions of sagging/defl.ctjons w , of t h e  angles

of rot at io n of standard to median surface 0, and 0,. the give n

b .nding mo •ents M , and M ,. the given ( k i r ch h o f f )  transverse  forces V,
and V. a n d  the concentrated react ions Vp in angles  are  g iven  in

Pig. 13b and c (vectors N and ~ r i g h t — h a n d e d ) .

Let us introduce the given polar coordinates (see SeCtion 3 §17)

— In-i, r — ReI. (I — 1n~~). (4)03)

• • P t  , • •

Pa ge 155.

Then the domain , occupie d wi th pla te (curv i l in ear r ectangle  A BCD in
Pig. 13a) is converted into rectangle ABC D in Pig. 114, and the

complete system of the differential equations, which descr ibe the

stressed and the •tat• of strain of the uniform and isotr3pic plate

cf constant thickness 6, it will tak e th. form:

- - — 
—-- --- —

— - - - - - “ .5 -



DOC 77055309 PAGE

(4.304)

I 8. 1 8 w
5- 

_
~
t. 

~~~~~R ’’ W’
• D -1ö’w Ow

D r O’w Ow O’wlM1 - — -~~~~~ e~~ LIL ~~~
i- + (1—IL) + ~~rJ.

— — e-* —2 + (2— IL) x
- (4. 105)03w O’w l)( -

~~~~~~~~~
- — ( 3— IL) -~~ -j .

- 

O’w ~ O’w Owl

v~ ~- 2&f,, - — -
~~~
. (1— 

~~~

.- (~4 — 

~
). /

.
~~

:

‘

~~< . , 

a

13.

— .5—--—-- - - -— - __J -5 - -  —- --5 — 

-
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Key:  (1) . the initial l ine .

Page 156.

Jr. this case in accordance with (4.39)

- .-* (
~~ 

+ ) (i.e (~ 
÷

~~~)~~~~~~~
0

so that instead of (4.104) it will be

(~~~~~~÷~~~~~~~~~~~~~~~~~~44÷~~ç~~÷ 4 ) 1 ( 4~iO7)~

Let us take for the initial line the external arc edge of plate

(r = N, ~ = 0). In th i s  face m a k e  physica l sense and can be

assigned/pre scribed values

w(~.
I),

•M ( ~S ) —M ,(~ I), V(E ~,$) — V,~..I).

Therefore d imensionles s initial functions they will be

— V~(9) — 
~

-w (0. I), •, — •, (I) — • (0,8) — • (0. I),

(4.109)

I

-

- 

~~~~~~~~~~~_
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a the general solu t ion in canonical form (3.37) it will be written as

fo l lows:

- W~~, O) — R ( L~~ WO +L~~,O +LIJ .1O +L.VV.) ÷ W,. 
£ - 

- 
-

•, (~ 8) — L~,W, + L~ *.+L~,M, + L~ V, + 0_ 
£

•, (~. 0)— L,,,V, + L0,,*0 + L,,MMO+L,IVVO + 0,,,

M, ~~~, 0) — (LM~WO + LM,00 + LMMMO + L~~V0)-j.M,,

- 
M, (~ 0) — 

~~ 
(LM,II ,WO + L5100, +

+ + fiN ~
Vo) + M,,, (4.110)

V, (~. 0) — (J _~,W~ + h~,~0~+LvMMo + I_ VYVOJ + ~~
V1 (L 0) — ~~ (LI _W0 + Lv,,0~+Lv.MMo+LI,,vV,) +V,,. - -

- 

V4~~e ). .~~(j — & ) t L~~f .÷L1.,.÷ 
. 

-. 
- .

- +L,~,/4,+L~ V.) + V5,.

_ _ _ _ _ _ _ _ _
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Fig. 114 .

fey: (1). the initial u n..

rage 157.

Here ; is a particular solution to non ho.ogeneous equation

(14.107), that satisfies the conditions

~~~~~~~~~ O~~if ~~~~~~~~~~~~~~~~~~~

~~a •~ ~~~~~~~~~~~~~~~~~~ the function., which will be obtained, if we in

fo r.ulas (14.105) i replace by 
~~~~~ A

After introducing the designations

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

— 

- 

- ~~~~~~~~~~~~~~~~~~~ —-
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let us r.vrit• equation (~ .1O7)

+ PX(e—2) ’+P)w-4 ’..41
~P~L.)~ ~~~~4 11~

He nce

But on the baeis (1.356) and (4.5) will be

1 • (4.115)

Introducing this expression in (4.11*) and again using (4.5), we

obtain

— .
~~~~~ D 

af .ii~ c. 

•Jt_r (C’. t)E’. f4. I I~

øy the direct substitution of this ex~toaeion (4.107) and
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(4.105) it is possible to ascertain that W, satisfies equat ion

(4.107) and , furtk.r.ore , with e 0

P~~~ M M, M. p , V, 1
~~ ’r.~~

1O (4.117)

By t r a n s f e r/ c o n v e r t i n g  to the unifor. part of the general

soluti on, let us i n t r o d u c e  (4.110) in (4.107) and (4.105).

Page 158.

As a resul t we wil l  obtain the fol lowing sy s tew of d i f f e r e n t i a l

equations for operator—functions £.~

L~.,
_ .-*{ ~~~~~~~~~~~~~~ r•!~

~ ~~
L_ (

~
_ )

~~$L~ j . ~
(4.118)

L,, —

,—....~~ v. ~• ‘
:~

• p

• • —.‘- _______________________________________________________________________

~~~~~~ ~~~~~: • - • • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -•
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After integrating this systea undn the conditions

L,~(O.~)—6~. e,p~~.,•.MV. (4.11w

let us find

A

L -  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• (4 120)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

and ~ r~’th .

____________________ ______________ • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Page 159.

During the solution to specific probleas it can turn out to be

•ore convenient to choose the initia l line not on curvilinea r, but at

the rectilinear (radial) edge of plate (e 0) . As dimensionless

initial fu nctions here will be

V.- V.(I).4.(l O) ~•;~ ~~~ •4)—~1~~($. 0).
• 

• 
~~~~• 

• 
• (4.121)

a the operators will take the for.

• 
+~~~I(a—2)

.
~~~~~’-~~~~~ .

1 
• 

(4.122)
L~.,

...
~ ((1_ l &)u+2(1 +, I)J !L.. 

•

J



- — — • -.

DOC 77055309 PAG E 
~~

an d so forth.

The construction of the common/general/total and quotient of

solu t ions, all opera tors, and also som€ ot her formu las are given with

to article (3].

~21. Natural oscillations of rectangular plates.

The free oscillation/vibr ations of rectangular plate upon ihe

linear formulat ion of the problem are described by syste. of

equations (4.89). and instead of (4.88) will be

‘w ô’w (4.123)

where

v- ~~S 
, (4.124)

— angular frequency, y — the specific grav i t y/we ight of the

ma terial of pla te, g — the acceler ation of g rav i ty .

• Page 160.

the positi ve directions of diaplace.en t/ .ove.eTits and stat ic values

— —‘— 
—

~~~— -  ~~~~~- • •
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ii

bill  be the same as in Fig. 11.

Accepting as the initial line edge ~ = 0 , we they must as

initial select the same functions (4.92), and the general solution to

seek in the form (4.93) , after reject/throwing on ly in it terms

,, aftd so forth. After substituting those which were altered thus

function (4.93) into equations (4.123) and (4.89), we will obtain for

determining operator—functions L.,, the system of d i f f e r en t ia l

equations, which differs from (4 .98) only in terms of first equation.

Specifically, instead of it it will  be

~~~-+2 +W v’)Lw” 0. 
(4.125).

After integr ating the obtained system under  the conditions (4.99),

let us find all opsrators:

- — 
(
~~~!~~~~!

‘ tY~T~ + • • • 
•

(1~~~ i)~ ’-~-v ’ 5Lfl~~~~~~~ ’J’ 4 J~~— 2v’ + ~~~~~~

•

(~~ _~~~~~ I_ .~I s~n~~Y~’— v
+ 2w’ }t~

1—v’ •

— 
- 

.

~~

. -•- 

—. 

• - .••p•~.• ‘fl— 

:_



• • • •~~~ • • -•, ~~~~~~~~~~~~ •- -• • • - •-•—~~••~~~~~~~~—— ~• • • • •• ••  ~ ••~~ • ~~~~~ •~ •-• • • • • • -

CCC = 77055309 PAGE 
~~

an d so forth.

The construction of general solution, all opera tors, and also

the resolving e quat ions  for the  basic cas es of the a t t achment  of

plate durin g symme t rical, skew—symmetric and asymme tric

oscillation/vibration s are given in the article 110).

let us note still that in spite of the apparentirrationality,

______ _____________ t. ~~~~~ .~~~~~~ ..“
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and , and a lso, the re fo re , the s i n g u l a r i t y  of operators (14. 126),

actua l ly  t h e y  all are regular .  In this it is easy to ve r i f y  tha t

after decomposing operator— functions cos ‘p’~~~..Ln Iyp
s
~~~ according to

degrees ~.

—-•
~~~~~~~~~~~~ ~~~~~~~~~~~~~ 

-- 

~~~~~~

- - •- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-
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Chapte r 5..

APPLICATION / USE OF A METHOD OF THE INI ’IIAL FUNCILONS TO THE SOLUTION

10 THE A P P L IED PROBLEMS CF M E C H A N I C S .

~22. Free twisting the rod of semicircular section.

The function of twisting Prandtl, which describes free

(Saint—Ven ant) twisting the cy lin d r ical ro d, cross section of which

is shown in Fig. 15 , satisfies the equation

~? (LI)
- 

*øi. -2. ~~

a voltage/stress it is deter.ined from the formulas

0.~~~ ~~~~~iis~~~~~7~~ ~T ~~~

~~~
• •

~~~~~ •$,

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  • .- - •

_ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  - -—~~~~~~~~~~
•-~~~-
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where  G — sh ear m odu l u s, ~ — the linear angle of torsion.

On the outline/contour of domain~~ = 0 after passing to new

var iable  (~~ e (4 .37))

L~~ In jr . 
- 

r —R .’, ~~~~~~~~~ 
• 

(5 3?

we will obtain the equations

~~ 4. 
- — 2R’~*. (5.4)

~m414
~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (55)

and the  b o u n d a r y  condi t ions:

0(0. 0) — 0, 
• 

(5.6)

• ~~~.I) ... O. • (5.7)
- 0(1. ± a) —0. (5.8)

I

-
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Fig. 15.

Page 162.

Is consistent initial to line with the initial arc edge (~ 0)

and will, use formulas (4.42) — (4.44)

• (1. *) — 001 ~$)~ (~ ÷ ~~ 
(0) + r (5.9)

where , according to (5.6) ,
• ,—0(O. )-0, 

• 

•

a.
Oz (I) — L. - -

_ _ _ _ _ _ _ _ _ _ _ _ _  - - - - _ _ _ _ _ _
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is an unknown f unction. Particular solution we find through (4.143)

2R”~ ~~~~ 1 ~•~
__ .

~~ ~~~~~~~~~~~~~~~~~~~~~~~~

Thus,

~~

We satisfy condition (5.17)

~
fltIfl

~
.P)
~~ (9)_R.(~

1_ 1 
_Inl). (5.14)

A f t e r  expa nding ope rator in a series in 0

easily we find Ui• particular solution

— 1). (5.16)

To homogen eous equation (5.11$) correspond s the characteristic

eq ua tic n

~m(h Ia 1)
h 

ui~0, Ø~17) .

—-~~~~~~~~~~~~~~~ --~~~~~~~~~~~~ 
4 

- •
~~~~~

- 
~~

________ __________________ - “.t~. ~~~~~~~~
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_ 
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roots of which wil l be th. number

(5.18)

Consequent ly,

•i(I _ S( _ i) +~~(A.ch~~ +a~~~~) .s~a

Ey introducing (5.19) in (5.11$) and  by taking into account formula

(1.2146) aid (1.205) • let us find

(5.20)

Page 163.

Fy s a t i s fy ing  now condi t ions  (5. 8) , let us a r r ive  at the  e qu a l i ties

~~r’4i ~~~
“ - -~~~~

-
~ 

-
~

~
‘ I~ 1_As 

_ _ _ _ _

_____________________ — -
. 

- ~~~- ---~~ -~ - ~
. _~&__ - :‘ a L ~
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In order to find coefficients .’4, it suffices tc multiply (5.21) by

sine n w~/ln) d~ and to integrate over E within limits from F = 0 to ~
= m A .  As a result we will obtain

-~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~

t~ 0~I.)—ç 1~—
’
~~~ I--t”—

~~~~~~~~~~~~~ T~~r’

know ing the func t ion of Prandtl, it is not d ifficult to fulfill
different cOncrete/specific,actual calculations. Let us plot, for

example, t h e  diagram/curve of distribu tion v along the axis of the
I 

- 
- - - — .k.-
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symme try of semicircular section (~ ~/2) during A = 0.5. According

to (5.23) and (5.5) wi th  8 0

(L)4~

where is marked

‘
I

;/ ~~~~~
$

4 . 

~~~~1 AI( 1?
COS1iI 

(5i5)

- ~~~~~~~~~~~~~~~~~~~ — —-  
- - 

— — ~~~~~~~~~~~~~~~ 
-
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Fig. 16.

~ey : (1) .  Diagram/ c urve.

Pae 164.

Let us substitute here value A = 0.5 and return to

a l te rna t ing/var iab le  r

cooo9sl32cos (~.5a24o1nj )L. e..] . - - ,_ ~ x

Is here written out the only first term of a series, but even he is

_ _ _ _  

_________________________________________Ni__ -
~ 

1~- - ~~~~~ 
-.

- — - —-—- ~~— —— --— -  -
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suffic iently small in order that hi. it would be possible to

re jec t/thrcv  and to  count

v(r) — 2j~— 1.08203 ~~
..

Corresj~ond to this formula of diagram/curve ~ is represeete~ in Fig.

16.

~23. Some resolving equations.

The exa mined in the preceding/previous paragraph problem is

suffic iently simple. In the more complex cases, when it is necessary

to implement all those stages of the calc u lation, about wh ich went

the speech into §12 and 13, considerable labor input requires the

composition of the resolving equation (see page 132) and , especially,

the determination of the rocts of characteristic equation (see ~14).

In the present paragrap h are given the resolving equations for the

most characteristic conditions of attachment during curvat ure and the

oscillatio n/vibrat ions of rectangula r plate , an d also in

two—dime nsional problem.

The syste. of transcendental differentia l equat ions, obtained as

a result of satisfaction to boundary conditions at the edge, parallel

I
________________________ 

— -— --~~~-—-~~~ -- — - — --- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -
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• to the initial line, will be, generally speaking, heterogeneous (see

(3.41$)). However, assu.ing that the particula r solution is found

(about this goes speech on page 132), we here write out the only

uniform part. The attachments of two pa rallel edges of plate are

shcwn in Fig. 17—22 (for example , in Fig. 21 left edges hinged is

supported , right — is free). The initial line in all cases coincides

with axle/axis ‘it. If strain is symmet rical (or is skew—symmet ric)

relative to the axis of the symmetry of plate, then axle/axis ‘fl~
expedient to choose in the manner that this is done in Fig. 17—19.

~~~~ ~~~ - - - - ~~~~~~~~~~~~~~~~ 
L, _________________ - — -
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1. Curvature and the oscillation/vibrations of plate.

Symmetrical strain for Pig. 17

• —.—-—- - .~ . ~a-~ 
— . - -
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- ~: ~~~~~~~~~ ~

~~~~
.— — ‘... (T.

~ )’(’~
,

for Pig. 18

~~~~~~~~~~ 

~~~ 
M._ _ L N ( -~~.~~)~~(l)).

- 

I 
-

• 

( I+~~i)~ (7~... o.

- 

- 

(v~ +~~~n cos

— ~~~~~~ ~f 
~ (‘1) -

~~~~ x’ Fig. 19.

A _ L 411.(~
..~~),(1U. ~~~~~~~~~~~~~~~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (5.30)

/

Fig. 20. Fig. 21. FIg. 22. :

_ 
- -- 

•~~
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Page 166.

-
. 

Skew—symmetric strain

• for Fig. 17

0.— L..~~(4.
.~~~~~

)

~~~~~(iO. ~~~~~~~~~~~~~ 
::

• 

~~~~
. sins~~ ~ (‘i) —0 . 

•

for Fig. 18

- 
v.__ ~~(~ . 

)~~ (i~~

- ~ (l_ ~~P)~ (~ _o,

v~—~ vp +v ’
.2 ~~ 2 

—

— -

________ ~1L i~~~~ .- ______ —
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for Fig. 19

0.— L,~., 

~ ~
) ~ (‘U. V. — — L5, (4- . o)

jL(I —~&)~‘—~‘J’ j /

~~

I_ j , .  
~~~~~~~~~ vi (5.33)

I J/~’—v’ ~~ 2 2 —

KI—~~~’+v’I’ pfT
— Wn

Asymme tric strain

for Fig. 20

0.—L ,(1.~ )~ (~’~J, V, —L~~(L, ~ ) , (s i),
- t  sin2~\ 1

• ~
I__ _

~ _-)~i tP(fl)..O. - 

-

/ sin i/Ri — _____ (5.34)
i .r’

ii V~1+v 1 )

_ _ __ _ _ _ _ _ _ _ _ _ _   -.~~



— — .~~— .— — • ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~

~OC = 77055310 PAGE 
~~

Page 167.

for Fig. 21

~~~~~~~~~~~ ~ V.—~~L~~pJJ~4m

~ ((1—. i’) 2~ + (3+ i&) sin 2~1~ (‘i) r
~~ {(~

I .. — 1  cos (535)

~~~~~~~~~~~~~~~~~~~~~~~

________ 
________________ _________________________________________________________ 

( 

H
J
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for Fig. 22

A~~—L~,(1.~ )~ (si) . V , — LMM (1,m, (T~~~~~~
3—2~& — ~&’ _S+2~+~~J,(~) O

{2ic1_~)so4—vuJ—t(1_I.)o1
_v1J1
(
cos V0’—v’co sVp i~v’+

+1/’~~~~~ sin Y~’+v ’sin ht0’—v ’)_ 
(5.36)

—((1 —~i)~’+ v’I$ (co5Y0$~~v$ cos V0i+~i÷

Here the ever y wher e  tha t  r eso lv ing  equat ion , w h i c h  3oes not

contain param.t•r V. is related to the curvature of plate , but

contain ing V — to oscillation/vibr ations.

Page 168.

2. State of plane stress.

- ~~~~~~~~~~~~~~~~~ 

.- —--_ -_

--- ~~~~ 
.,

— _Ti— - - - -- ~~~~~~~~~~~~~ --
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(Necessary designation s are given in Fig. 9 and 10)

a) u,—-v,—0. •,(1.i~J— -~,(1,n) 0,
—0(sin~~+~~cos~ ),(i~). V.~~~0’sin(kp (~), (5.37)

~~~~~~~~~~~~~~ 0;
6) U,.s V.-r= 0 , u ( 1,-nJ..o(1. i~)— O ,

0.— (1 +p) s1n0,(~i), v.[(3
_ IL).~~~

_ (1 +IL)cos0J~(1~), (5.38j
shi’O I + I L ’
[— __(3....,.)]~~

CI~
_O; • 

.

•) d,— v,— 0 u(1.I%)~~v( 1,IO~~0.
— (cus 0 -~~~ IL 0 sin c’i . v. — (~

j _ 1~ s i 1+t i ~

:‘;~

[3_ ii) (1 + J’) cos 20— 
(~L1; 

‘
~~~~ 

(20) ’+ 4 +( 1—IL) ’) v (ii)— 0; 
- s

a) U,— r ,—O, u(1,s~)~~v(1,nJ—0, 
•

V. ((1 —IL)slnO— (1 + )~ cos~J ,(i~~
, 

(5.40)• 
~~~~~~~~~~~~~~~~~~~~~~~~

sin ’0rp (t~) — 0  
• - .

a) V.’a a , O ,  v(1.si)—a(1.s~)—0,

(5.41)

~~~~~~~~~~~~~~~~~~~~~~~~~~~ •- :

sln’Op(ii) — O
e) U.— ’v,— O. o(I,ti)—v(1, -s~)—0. .

(5.42)

+ ~ i (ii) 0, • 

-~ 

-

— - — - ~
,t
~ __ • -
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In accordance with the facts that it was said on page 131 , the

resolving equation s allow,’azsume different interpre tation. For

exam ple, by taking into account (4.100) and (4.101), instead of

(5.32). it is possible tc write

~
(-s i4  co4’~

~~~

I sin1 
•

2 j .... . 0 1  -
V.u_

~~-\ 2 ~~~~ 
cos-~-J~ (i~J; •

(i — !~P.) . ~~ ~i (t)) u”O. - (5.44)

Page 169.

The last/latter equation — this transcendental ordinary

differential equation for the resolving function ~(nJ. an d formulas

(5.43) express the initial functions through resolving, in addition

wi th the help of transcendental differential operations. If we expand

in series those entering in (5.43) and (5.44) ope rators, then we will

cbtain:

L.
~~~~~~~~~~~~~~~~ •
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-
• 

- (5.45)
• V,.. .4 

[~~(1~)_1i~~~~~~’(n) ÷ q,~V(~~~~ . .J;
- 

~~~~~~~~~~~~~~~~~~~ (5*

After being bounded in series to certain number of terms, we will

obtain Usual differential expressions.

~ut if we use formulas for the realization of the ope rators,

then resolvi ng equation (5.41$) will take the form

(L47)~

Ibis already there will be integral equat ion for the resolving

function.

I

________________ ___________________________________________________________________________________ - . 
- ---

- ---~--

~~~~~~~~
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~24. Roots of some characteristic equations.

( In the preceding/previous paragraph are given the resolving

equations for the characteristic forms Of the boundary conditions of

two—dimensional problem and curvature of plate. If we seek the

resolving function in the form ~~~~~~~ then each r esolvin g equa tion

will reduc e to the appropriate cha racteristic equation (see page

132). For the majority of these equations was found certain quantity

cf first (counting in the ascending order in the module/modulus)

roots. Roots were calcu late c~ in the ma nner that this is described in

~14. As an exa m ple of calculat ions Table 1— 5 gives iterative process

for equation (3.55) with -

• v— ~~~~~a.0.21212, (54$)

based cn fcr.u]as (3.68) — (3.72).

I

-- _____________________ ~~~~~— ________ 

—I
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Page 170.

Table 1.

S_ i , -(4s+I)—7.e53ss

______ 1 
0.10 0,17630 0,17024 .

2 z,— 7 ,8 398--41 ~~~~~~~~~~~~~ ~~~~~ 7,67774

~~ 

I 

cos 6~— sIn x1 
- 

0,99500 0,98450 0,98451

4 0.21212/(3) 0,21319 0.21546 0,215465 ch p, (4).(2) ‘ 1,65307 1,65423 1,654256 ,1~~~.rdi(5) 1 ,08836 1,08925 1,08927
7 sh~., 1 ,31631 1 ,31779 1,317818 (5)’— (7)’ 0.99997 0.99991 0,999929 0,21212.(6) 0,23086 0,Z’106 0,203106

10 sin 6~ — c~~s1 — -~~
— 0, 17538 0,17533 0,17534

II (3)’+ (lO)’ - 1.02H78 0,99998 1,00000IS 6i — aicsIn(l(~ 0, 17630 0,17624 0,17625

in Table 1—5 for convenience in the calculations in numera l in

brackets () is designated the number of the row , from whic h one

should take  numerical  value for the execution of the corresponding

cperations.

—~
-.-•a--—-- _ • ~~~~~ ~~~~~~~~~~ - -
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table 2.

_ _ _ _  
- 

a ..,2~~~-(4~+ l)_4-_14,I3117

I 6, 0, 10 0,13275 0,13203

2 z,— 14 ,13717-—6, • 14.03717 14,00442 14,00454
. 3 ccs S... Max, 0,99500 0 ,99105 0,99122

4 0,21212/(3) 0.21319 0,21404 0,21400
5 ~~~~~ (4).(2) 2,99258 0,99751 2,99697
6 y,.. arch (5) 1 ,76013 1,76186 1,76167
7 s h t, 2 ,82059 2 ,82578 2.82521
8 (5)’— (7)’ 0,99981 1,00003 1,00002
9 0,2I2I2 .(~ 

‘ 0,37336 0,37372 0,37366
10 sin 52~~~cr4sz,—--~~— 0,13237 0,13225 0,13221
II (3)’I (lO)’ -- 1,00756 0 99967 1,00001
12 4,— a1u1a (1~ 0.138Th 9,13610 6,13611

Page 171.

— — -* —— — 
— - --5 • - -

_______________________ 
~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~
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Table 3.

~~~~~~~~~~~~~~~~~~~~ _20,4I032~~
_

—- _
_

I 4, 0, 10 0.10818

2 “ .~~~—20.42036.-.4, 20,32035 -2 0.31217
3 - cos&—~ ln~~ - 0,99500 0,99415 , . 

-
4 0.11212/(3) - - 0.21319 • - 

- 0,213.37: -

S - th1,,~~(4)’IZ - 4,33210 4 ,33401 -
6 •

~ - ‘ b—’rth(~ 2.14560 2,14&6 -
- 

-

7 - 
- 4, 21508 4.21702

8 - 
- • (5)’— (7)’ 1,00019 1,00038

9 0,212I2.(~ 0,45512 0,46 .22
10 sin52—cax,——~ - 0,10797 0,10795
II (3)’+ (lO)’ ‘‘ 1,00168 0,99999
1* 0,10811 0,10816

TA BLE 9.

____  

I (4S+l)_.!~L _IS,lSSSs 
— ______

I • 6, 0,10 
f 

0.09192 
[ 

0,09214

2 sg .s 26,70353_52 26.69353 26,61161 26,M1393 ~ s6,— ’Inz4 0,99500 0 ,99578 0.995764 • 0.212121(3) 0 ,21319 0,21302 0,21,i026. dl jt,~~~(4).(2) 5,69(179 5,66880 5.6t87b’- 6 •.~~~arch (5) 2,*419 2.42025 2.420247 5, 60229 5,57990 5.579848 (5)’— ( 7)’ O,ogo44 1.00001 I ,O(WI2~9 0,21212.0 0.51422 0,51338 0.51331
10 

• 
iII52 —~~~z. ..~~~~ 0.09179 0,09201 0.,19201

ii 
- 

- (3)’+(IO)’ 0,99845 I , 00(X14 1, 00000$3 ~~~~l.r~ I.(IØ 0.10199 1,11014 0.01014

____________________ _____________ ~•.-&  - - --b
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Page 172.

Everywhere  in the  equa t i ons , wher e enters Poisson ra t io, we

set/assume hi. equal to 0.3:

1) the equation

.ie
4~~~s. i. e. ~5 s O ,2121b,

;—2J6603

— 7.67774 + 1.039271.
— 14 00454 + 1,761671, (5.49)
— 20.31217 + 2,54605 1,

z4 — 26.61139 + 2.420241,

,.-3La000l+2.6343U

2) the equation

i.e. séns— O ,4$$4$ , - - ~~~• .

-s.— 1.93027; 
-

z~— 7.58626+2,00697i, I 
-

ii — 13.95025+2.60~92i, ,,

— 20.27368 + 2.97980g. 
-

— 26.58162 + 3,248421. - (5.5~

________________ -
~~~~~~~~~~~~

-5 .,- -I___ _ -

___________ ~~~~~~~ - - 
-S
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:3)

snz__4±Ez. I e iinz—+0,4814$i

— 4.35754 + 1.444431. -
.

— 10.77666 +2.354851, • • -

z, — 17.11415 ÷2.81210i4 
- 

‘(5.51)
z.~~23.42889+3.123191.J . 

-

s.~~2L73234+&35967i1 - ,

T/ IBLE  ~~~~•

• 
. & ~~~~4,+I) .. ~~~~~u.3I.01072 

~~~~
— 

I I 6, “ 0,07 
— 

0,U&174 
________

2 x,—32,98672-—6, 
• 

32.91672 32,901.98 32,90601
3 cu S s — s i n ,, : 0.997,5 0,99674 U,991i74 ’
4 0.212121(3) ‘ 0.21264 0.21i81 - )~,212S1
5 ~~~ — (4) .(2) - 6.99941 7,00272 17,00273
6 ,p .. arch(5) 2.6.1383 2 ,63431 ~ ,643I
7 6.92761 6.9)097 $1 13097
8 (5)’— (7)’ • 0,99996 0,99974 9,99988
9 0.2I2l2.(~ 0,65859 0,55879 p.56179
10 sin 4,~~~~~ cos r~ ..- ~~~~~ 0,08066 0,08062 b,00062
II , (3$’+(Io*’ • 1,00161 0.90090 0.9010013 4,~~~~ ~~~i. ($9 0,USJ14 0,08071 •,11071

— 1

Pa ge 173.

II) the equa tion

ass 52
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+ 2.76s671;~ ~~~~~~~
- - ‘ -

~~~~~~~~~ 
J~ -~

-
• :,— 13.89995 + 3.35220i. .

~~ 
;~.-~k ~~~~~~~~

z,”—~20~2387 I + 3716761, ~ -
~ (552~)

‘ is — 26.55454 + 3.983141.- -- - - .

~~a,i.3I,86~74~~ 4.19325I~

5) the equation

an: .-~— z,

:, u.~4.2 1239 + 2.250721 ~
az, — 10.7 1253+ 3,103141, 2~

S. — 17 ,07336+3551081. (5.53)’

~ z.— 2 3 39835+ 3 858801
S. ~ *70811+ 4,0987~~ ~~~~

6) the equation
,-
~~~~~

I 
~~~~~~~~

(3-”F)(l + &cssa~~ T(L +pP s’+4 +(1—p? O.- 
-,:~~- ~~~~~~~

0Th ese roots  are borrowed f rom work to  Fadle [117] .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - — - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _~~~~~~~~~~~~~
j -

~~ - -~ ~~~~~~~~~~ ~~~~~~~~ - - ~~- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~ —~~~~
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i.e.

5.31251+4,IS3OSccs:—a’-’O,
i,— l.tM653 -

z,— 5,17172+2.719801
z,~~ 11.84600+4.311801 (5.54)
is — 18,29200 + 5. 145701

— 24.67304 + 5.725501 -

X. —3 1.02110+6,112561;

7) -t~

0,

i.e.

- 23.2245 + L4 6cosz— .a . 0
- 

(5.55)
— 4.0545 + 0.7 13001

- 4, 11.92765+3.34$351.

* These roots are borroved fro. work to Fadle (-47 ).

- -I -- - -- —------ --

—~~ - - - -
~~-----~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -
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Page 174.

~25. Rigidly embedded rectangular platc.

In this and the following paragraphs are examined the specific

problems of the applied theor y of elasticity. In this case the

expressed goal to so much not obtain the co.plete (in engineering

sense) solution of precisely these problem s, as to illustrate

common/ge neral/total course of solution by the method of the initial

functions. Therefore are given only some numerical data , necessary

for the engineering. In particular this is related to §26 and 27. As

concerns the selection of proble.s themselves, it is accidental.

Is examined the rigidly embedded on outline/contour recta ngular

plate (Fig. 23), on which acts evenly distributed load p.

On the strength of the symmetry of strain is selected axle/axis,

as shown in figure. Then in general solution (*4.93) one should assume

- 
(3.58)

a instead of the particular solution ~~,I, and so forth to take

exireasion s (4.96). Then . 
-

:
1

_ _ _ _ _ _ _ _ _  
. —-

- — —-5—.- -~~~~~~-- _I~~~•~. — ~~~~~ ~, ~~~~~~~~~~~~~~~ .... . — — -~
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~~~

ii) — L,_ W,+L,,,~M.. - -

$,(~, ii~) ..‘L~,,,W1 + L,M M. + 
~~~~~~~~~

M TO _~~~(LM _ W.+L M~,Jif._ I~!.Jg~.}.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

VS _
~~I .1 .WS M M.~~~~~~~} .

V,(~. is)  - ~~~
- (L1,~ W• + L~~M1~.

D 

- 
- (5~~

— j -(l —p)IL.,V.+ ~~~~~ :• - -
~ 

-

r ~

_ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _

— 

— s- — ~~~~~~~



- -5—- - -5
~—--~~~~~~~~~~~~ ’-.

-5-

DCC 77055310 PAGE 
~~

.5.,

t~~~~~~~I

~ p.c~7si fp~

Pig. 23.

Page 175.

Recal l that

We satisfy the con ditions of the attachme nt

_____ 

-- —~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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at the right ed ge of t h e  pla t e

- ~-t ~0 - 5 - ~~~~~~~~~~~~~ i~~ - .

L,.(k. ~) w.(~ +i..~ (-~-. D)M.i’U — 

(5.60)

For t h e  deter m i na t i o n  of t h e  p a r t i c u l a r  solu t ion  of t h i s  system

is decompo sed the entering here operat ors series (they easily are

obtained from (4.100) and (4.101)

(
1—-i~~

.
~+...)

W.(is)+

+(4÷~~~~.
— . ..) M.(is) _ _

~~ D. 
-

(5.61).
- (—~~~~~

-_ ...) w.(~~÷
1 1  I d ’

Renc e

I~~~q~~~~h15
3
~~~~~~, ~~~~~~~~~~ (5.62~.

_ _ _  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  

I

- ~~~— — ---5- - - — — — -‘ — —5——-- ,, —

_______ — - • 5- -~~ ~~~~ •5~
_ _ _~~~~~_~~ _ - - -~~ 

_
~~

5 _ 5~ - - - -
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The genera l solution of uniform system (5.60) and the resolving

eq uation for the present instance can be undertake d from (5.29).

After taking, expressions for the necessary ope rators from (4. 100)

and (14,101), we will obtain thus

M,(q) — 

~~~~~~~ 
+[4 coo -

~-+ (1 _i&) n-~-j~(iOJ. 
(5.63).

where ,(is) it satisfies the equation

~5.64)

Pages 17F,—177. Pages missing.

Page 178.

4 ~- - -

384 ‘ - ~5Th

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (5.78) 

- —  --- - - ---
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To find the hence precise values of coefficients a. and ~m

scarcely is possible. In order to obtain approximate values for thom ,

is decomposed the functions, entering equations (5.77) and (5.78), in

series acc ording to  degrees E, we will ~e bounded in expansion only

by f i r s t  member  let us equate zero coefficients with this member. For

calculations let us assume X = 1.2, ~ = 0.3 and preliminarily let us

f i n d

1,48460—0,703Ig~, ~~- “~L ~

- 
- -

— 1,37725 + 6,0702k . ‘ . (3.79)

Then from (5.75) we obtain for the characteristic points of the

pla te: in center ~g o .  is— 0)

—

5 

-

-

Mj,~~~~ (0,3— 155,26a~+39.756b~), 
~~5 • ~

-
‘ 

- 

-

- (1 +4LU1a~-f- 108, I$b,~~ 
- 
(LK~

—ii- - - --—--- — 

— 

- .- - 5 -  - - - - -~~~~.. 
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at point 
~~~~~~ 

~_ o)

M,u.~~~(. 2_ 2,4$~,_ lg7,lgb.~; - (5.81)

a t Point
(~
_ 0. i — - ~-)

Ma — ~~~~~~~(0,3 + 27~502m~ + 997.21b.).

Page 179.

For determining a 1 and b1, we record/write syste. of equations,

which are obtained fro. the condition of reduction to zero only

absolute terms in expansions v and 8, according to degrees e:

~ 

LINI ~~.--~~ 7.~~ OSa~ — o. 
~~~~~~~~~~

—

~~~~~~~ — 

—— -5

~~~~~~~~

———— — 
— — 

—~~ ~~~—
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Hence

-ooo~~oi~~~~~, ~~~ —

By s ubs t i t u t i ng  these values in (5.80) — (5.82), we will obtain

in the  center of the  p l a t e

-

~~~~ 

5 ~~~~~~~ 
~i

•

~~au.0,0l91~~~- (0,0I* 0.0191), ~

— O,O23Opa’(O,0228; 0,0231),
Al,, — 0.~~0W’~~~ 9~~~O302); )

the supporti ng momen t of the halfw ay long side

the support i ng moment  of the  half w ay shor t side

.—0 P~~’I- UII~-.0.OIO4).~~.$7)

Her e in bracke ts f or a coapar i~ on ar e giv en values, given by S.

‘ 4

— -
- —~~ — ~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



_
~~ —‘.-,~~~~ ----_~~~~-- — —

DOC 77055310 PAGE ~~

F. Timoshe nko f 140, page 222] and by D . V. and by Ye. D. Va ynbe rgs (6,

pages 452).

~26. Recta ng ular plate—arm.

Retaining in force introd uction tc §25, let us note, that since

the solution here will be carried out according to the sane

plan/layout, as in §25 , the intermediate lining/calculations and

expla nations will be considerably abbreviated/reduced.

Is examined the evenly loaded cantilever plate (Fig. 2 14) .

Let us select the initial line in stopping up, and particular

solution again let us take in the form (*4.96).

1~- 5 r -

_ q.A

~ 1

• 

—-~~~ -~~~~~~ -5
— 

- -  • - ~~~~~~~~~~~~~~~~~~~~~~ 
t Y,s 

- - ~~~~~~~~~~~~~~~
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Page 180.

Then it viii be:

w~. ~ 
— a (Ls~.M. * L,pyV~ + 

~~~ 
~j .

a (~. ii ) — L,~~M, +L..,vV., 
• 5 188

- I.

Vs _j r {LvatM..*LwV._~~~ J . - 
-

- 
• (5.88k

V. — 

~~ ~~~~ + Lv,vV.}. - 

- 

- 
- - 

-

it edge ~ = 1

_  - — -5-i-- - - - -
-5 - ~~~— - -
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5 
-

- 
C5.89

For the determination of particular soluticn , taking into

account (14.100) and (4.101), we have

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

•

3— 2~~~ \~ pa’
120 

~~
—.••

~) ‘ gb ’
(5.90)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Hence

~~~~~ ~~~~ ØJI)

a keeping in mind (5.36), 

- -5 -~~~~~~~~~~~~ 

_  

-5

______- - ~~~~~~~~~~~~~~~~~~~~~~~~~~ — - ~ -~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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(5.92)
V.—~~~+L~~ (1,~)~~(1s). 

/

cr

where ,(i~) satisfies the  equat ion

_ _ _ _ _  
- “

c

I 1 ~44~~~?] ~~~

Pa ge 1 81.

By characteristic equa t ion wi th p = 0.3 and z = 2k will be

L.L~_ _ _ _ _ _ _ _ _ _ _ _ _ _  - - 
-
~~~~~~~~~~

_ -
~~~~~~~ ~~~~~~~~~ - -
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23.22145 + 9.142856 cos z—z1 = 0. According to (5.55) its root s

- - 

~~~~~~~~~~~~~~
~~~~~~~~~~~~~~~~~~~ .~~~~,4

4 
~~~~~~ ~3.9~

, h,— 5,96382+1,67418i . ~

In accordance wit h (5.94) and (5.96) , and also with s ymme t ry

relative to axle/axis ~

5. 
- 

— 1*

~~~~~~~~~~~~~~~~~~~~~~~ +i~~ ciia.~}.4 i~i~

Now from (5.88). (5.93) and (5.97), accept ing p = 0.3 and

substituting concrete/specific/actual expressions for the operators

of (‘4.100) and (14.101), we will obtain

—5---- 
— 

-5 

—-5— 

— 
5. 

~1~~~; ~ ~~~~~ ~
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+2Re +Ib.)*.,(t,k.)chh~~, - 
- 

-

— —0.15(1 —
~~~~ ÷ A,*M,(Lk.) thh.I) +

+ 2Re~~ (a. +1b,)*M.(~.k,I)chh.’i,

(5.98)
2 + M ,(~,k,)Chk,V l+

- 

+,2Re E (a + ’ibs) *M ,(~,k,)thkst!,

+ R e + a Lh .chh.~,
- —~~5- - — - --~~ •-

I -
~~~ 

- -
- --

pl
y, (~. ~U — (~ k,) ~h k,r~ + •• ~

+2ReE~~~+ ,~~ k ,~ hh~,,i , ~~~;

_ _ _  -

/ 
-

-

- - 

L I
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Page 182.

Here

— 0,35x (k) ~ coo k~ — 0, 175ky (k) ~ sin k~.

(5.99)-~
,(~. k) —x ( k ) cook~+0.325ky(k) sin k~ —

- 

— 0.175~k [ky (k) cosk~ —2x (k) sink~J .

+ 0. 3 5xh) ~ cook~+0,I75k ’y (k) ~ sIn kg ,

$a(I,k) — — 0,325~~~~—0,175~.

,(h~— ( 1+ $~~~~~+ (r— ~i) cosh— U~~~~~+0,7cosk,

- 
(5.100)

as~~) — c osk—--2--- k s i n k—cosk—0,35ks ink ,

Q~~~~~ 
0J75(h ÷ v c ~~~*hIJ_ 

-5- 

_ -5___ ____ _
~~~

_
~i - ~~~~~~~~~ 

- -
~~~~

-
~~~~ -

-
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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By s a t i s f y i n g  c o n d i t i o n s  at edges ~~— *2  and i. free angles,
let us arrive at the following:

15(1 4J+A *a~~~ku)~h *.P~ +

~~~~ -~~~~~~ —

)
I ~ 5,

A, ~v, (I. h~ oh k,). + 2Re ~ (a, + £b4 ~~ .~~~~~ o,~ (~
—

S.

w 1.h,)uk~~~~ *sZ ~~~~~~~~~~~~~~~~~~~ 5,Ios, -

I - ~~~~~lJ~ -~~~~- - - ~~~~~~~~~~~~~~~~

— 
— - 5— - --—- — — ~~~~~~~~~ ~~~~~~~~~~~~~~ —- —~~~~~~ —~~ 

- ____

- -—~~~~~ - - - - i _ _ 1_i-5~
_ _
~~

_
•~~~

3
~ 

- - - - S ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - •
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Page 183.

Let us  assume for  a concreteness A = 1 ( p la t e w i t h  t h e  r e l a t ion

of sides 1:2) . E q u at i o n  (5.103) can been satisfied accurately, in the

re la t i cn  to  e q u a t i o n s  (5 .101)  and (5.102) t h i s  is e x t r e m el y  d i f f i c u l t

or generally impossibly. Therefore let us act as follows: we will be

bounded in series n = 1, is decomposed function ~s,(~.k) a n d

In series according to degrees ~

and let us equate in equations (5. 101) and (5. 102) absolut~ t e rms

zerO, a (5.103) let us wr ite accurately. This will lead to the system

— 3.25491A,+t92518a,+2,48870b, ——0.S
— 8,7323M.+3.72752a,+3.747I6b~— 0 ,  (3.105)
—3,69146A,-—3,41204a1 + 1.23890b1 — 0 .  -

Rhence

A, —— 0,11084 • a, — + 0.02581 , b, — — 0,46776. (3.106) 

I 

-5 —~~~~~~ — .  -5 -~~~~~~~~ - - 1~~ 
- - ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~ ~
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Let us make table of auxiliar y values (Table 6—R).

V~~~ L E  L~.

“4 
5

S

~~~0 0 ~~~ 0 0

0,2 +0,54137 -p.0,40545+0 ,07130 4 41,19276 4 0,33484 1
- 0.4 +0,108273 4’-0,8109I40 ,142 60 1 +2 ,3855340,66967 1

0,6 +1,62410 +1.21636+0,21390 1 +3,57829+ 1,0045 11
0,8 +2, 16546 +1,6218240,28520 1 +4,fllOG + 1 ,33934 1
$ +2,70113 +2,11727+0,311604 +1.96362+ 1 1744$ I

-- —-—--~~~_ 
— 

- - -

— 

-
— — - — - - - - a-— — - ____  -

- - -~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~ 1 -
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Pa ge 184.

chh.-~... + 2,06445 ohh,-~-—+ 1.80612

chk 1~~-~~ + 1,534534.0,212121 thk1 -~- - — + 1,17737-f-O.2764fl

chk, -~~
. — + 6,62160 + 7,305511 ~hk.4 — ± 6.58666 + 7.343161

chk0A — 7,52424 . shk,~,. — 7.45749

chk1. — 3,61963 + 1,302061 shk,), — 3,49624 + 1,348011
— 20.0774 + 193.5071 ohk,). — 20,0771 + 193,5091

Using these data, we compute first of all values M. and V, at

the free edges, where they rust be equal to zero (Table 9)

For M.~~and V, iwe take greatest  the  b e n d i n g  moment and

transverse force in the beam —strip, wh ich corresponds to the plate ,

i.e. , M in question = 0.5pa 2, a V,~~ ~~~~~~

_ _ _ _ _ _  
--—-5 - 

~~~~~~~~~~~~~~~   
-5 

- -5  - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



tcc 77055311 PAGE 
~~

1~~.bk 
~~~

-

I ~me4 
—

0 0 ~,0  0

0.2 +0,51531 +0,39543 + 0,065574 .
~ +0.98198 + 0 1259) 10,4 +0,88324 +0,73231+0 ,098566- 1 +0,84673—0 ’62445 10,6 +0,99858 +0,959384 0,074805 1 —0 65493— 1 07)22 10,3 +0,82833 +1,03960—0.014714 1 —2 .03576+0:10422 1I q.u,42121 pO,96613—0,14049 ~ —0,86682+ 2,44336 1

TAb ft ~~~~~.

I IN~~~ 
— 

-

o ~~i 
- 

I 1~

0,2 40,85700 +0.92)25 — 0 ,028146 1 +0 38999—03 1704 10,4 +0,46891 4-0,69686 — 0 ,10373 1 —0’89686 — 0’49455 I
0,6 —0 ,05328 +0,35503 — 0. 20214 1 --1 ,40308 + 0 50000 10.8 —0,56023 —0.062964 — 0.28870 1 +0,11958 + 1,77419 1

- I —0,90697 —0,46909 — 0,32682 1 +2,62)35 + 0,80797 1

Page 185.

‘table 9 shows that at val ues of coefficients (5.106) the solut ion is

obta ined sa t i s fac tor i ly .  Int roducing  (5.106) and (5. 99) in (3.98) , we

compu te am oun ts of deflection and bendin g mome nts in a ser ies of the

points of the  p lates. necessary for  conotruction diagram/ curve . Table

10 and 11 fo r  a co~ parison give values ~~i~W . &) ~~M,,~ .&Ir.spectiVelY .

given p. I. Varv ak am ( 8 3  for ~ • 0; 0.25; 0.5; 0.75: 1. 

--a- -

~~~~- - ~ _ _ _ _ •  ~~~~~~~~~ - ,
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‘table 9.

- _ _ _ _ _ _  _ _ _ _

I c 
~~~~~~~~ 4W_ % 

~~~~~~~ ,_. %

0 -~~- - ‘—0,0000) ~~ 0 -‘-0,00013 - ~~ 0 -

~0,2 —0,018 3,6 —0,062 6,20,4 —0,023 4,6 —0,031 ’ 3, )
0,6 —0,015 3,0 +0,023 2,30,8 —0.00) 0,2 +0,018 1,8I 40,00011 

— 
9 40,00002 - 0

r~~~ b~~t It ’~

D b 
_ _ _ _ _ _ _ _ _I -~ j -w(~, 0) -

~~~~~~~~~ (t.-~-) ~O) HSWHM

~~~~ j

1L 1~t. B.psmi.

0 0,0000 0,0000 0,0000 0
0,2 0,0084 0,0081 0,00640,4 - -0 ,0330 0,0356 0,0399 0,01270,6 0,062? 0,0660 0,084? 0,0433
0.8 0,0927 0,0931 0.0992 0,0823‘ I  0,1211 0,1180 0,0007 C.1231

Key : (1). according to our data. (2). according to data of

P.  M . Varvak .

T’~~~~~~
’— ft

I -
~~~~~

- M~ (I.e) Il~~
M, ~‘T~ c~~ HalulUg I (‘~no aannii~

_________ ____________ j  - *11141MM ~fl. At. Bapsua

0 
- 

~ 0,5036 —0,6070 —0,6263 —0,4840
0 2 - —0,82)8 —0,3236 —0,3335
O’4 ~ 0,I794 ~~0.I788 ~0,1756 —0,2812
0’6 —0 (P780 ~0,0760 —0,0660 —0,1286

..0,0I9e —0,0196 —0,0186
I . UI’S SUN SAl’S $

Key : ( 1) .  according to our data. ( 2 ) .  according to data of

P. M. Varvak.

- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Pt&c3 c. I’~~.

A ccording to these data on Fig. 25 are constructed

diagra m/curves  w a n d  ‘U~ in to section X = 0; k/2; x.

Recal l that boundary conditions at edges ~ = 0 and ~ = 1, and

also in angles (1, t X) are car r ied  out accu ra t e ly .  If we in series

(5.98) select n > 1, t h e n  in p r i n c i p le  it is possible mor e accu ra t e ly

to s a t i s f y  cond i t i ons (5. 101) and  (5.102) . However , in p rac t ice, by

incr easin g n , it is possible tc arrive also at the oppQsite result:

accuracy/precision is reduced. This is connected wit h the fact tha t,

as can be seen f r o m  (5.96), the nodule/moduli of roots grD v/rise wit h

an increase in the index. In this case especially intensely grow/rise

and converge between the.selves cb Wk and shKX (see page 185)

Therefor e, by increasing n, it is necessa ry  t o simul tan eousl y

increase a quantity of signs in numbers. For an example we can

indicate t hat was carried out the arithmetic coun t with an accuracy

to 5—6 signs. For five unknowns was obt ained the system

_  _  

-~~~~~~~~ 

_ _ _ _ _ _ _— -— -a---- 
- - ~~~~~~~~ ______ ~~~~~~~~~~~~~~~~~ - - - 

- - - - 
-
~~~ - ~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ -
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._32549M.+2 ,925I8a,+2.48870b~~~~ ~~
- -

~~~~~~
- . -

_501,200a,— 651,488b,— .— 0,5, - —

~~3,90666A.—4 .O6398at + 1,72688b4 — - 
- - 

- 
- 

-

— 162,973a, + 268.OlOb. ..i O .

.— 8,73235A, + 6,72762a1 + 3,74716b, —

— 4079,80a, — 3046,30b, 0 
-

— 5.64360a4• — 3.93864a, + 2,68626b~ — -

_281,712a,+1001.78b1— 0 .
_3.69146A.— d ,41204a + 1,238906 + -

-

- +88 2485,+2?2,5106, 0. - 

-. 

- . -

fts root s

A,~~ —003634l. -

a, .._ O.O37356 a,~~ — 0 ,0003hIM, - 

~5 IOS

~~~—0,22474 b~~~-4- 0,0OO16245,

they differ significantly from the same of system (5.106).

Constructed according to these data curve/graph D/pa4 V ( E , ).) (dotted

lin, on Fig. 25) shows that the picture of saggin g/deflect ions, and

means an d effort/forces and torque/moments were not improved , but it

- _ _-.--1~~~

__
~~~~~ - -5— — --

~~~~~~~~~ 
-- — ----- -- —
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deteriorat ed .

~27. Canti lever beam.

As one additional illustratio n let us consider curvature by

force P of the cantilever beam ot the rectangular cross section h x t

(Fig. 26) and explain the distribution of norm al stresses over the

Finched section.

cage 187.

Let us for simplicity consider that as usuall y in strength of

ma terials, the  loa d is d i s t r i bu t ed  on end/ face  according t o  parabolic

law.  For d i s t r i b u t i o n  u over the  embedded secticn, th i s  f a c t  does not

a f f ect, si nce the beam is chosen by sufficiently long.

Let us assu•e

an d wr ite the boundary conditions :

_________________________ ~~~ ~~~~~~~~~~~~
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~

.~~~~~~~~ -a 

~~~~~~~~~~~
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- 

~L111)
I 4if\I~ V)

— r,I,,, —0.
T T

- (5~112)

The initial line is consistent with the pinched section. Then,

according to (5.110),

U— V ~—0 (5113)

and , on (4.62),

- U~~~~~~~~ LSJ ,+L~~~~
v (~, i~) — 1  (L,1,a0 + L,,t~,

— O(L,,c0 + L,1r0),
‘I. ~LaU -0 ( L a 1 + L,,v.~ 

-

_____________________ 5 -

-- -5 
- .~~~~~~~~ 

~~
- -
~~~~:.
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Factors I and G are introduced in order that the brackets wou ld

be dimensionless. We satisf) conditions (5.111)

L
~~~

(1,
~~

)a.(Il) +L,~~
(1.~~

)v0(’o — 
_

~~,~ (i _
~~~

). 
~~~~~

(a, - .

_v~~~
__ 5- , ,

i —
~~~~~~ ri!

-
~ ~~~~~~~~~~~~~~~

Ma ~~~~~~~~~~~~

D •::~~~~~~-~ ,

W..; ~~~~~~~~~~~~~~~~~~~~~~~

— J-JJ-p—-Js i
U 0’ 10 U iS4• (4

Ma - •

- a • 5.4

key : 11). Diagram of diflsctions. (2). With five cosffici•nts. (3).

Diagra m of t orqu./ao..n ts. (*) . l.mqthvis. ....

t_____________________ __  
_____________________ 

-

- -~~~ - - - _ _±~a~ ~~~~~~~~~~ ~~~~ d_ 
-
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Fa gs 188.

Hence

- -

LL,, (I, ~~)L ,, (l .~~~)—  Li. (1e ~)L ,Q. ~)1,(’i) — —- }-
~
j (

~
—
~

)
~- 

- - 

~-~(L1l -

or, if we substitute ez~ ressions for the operatcrs from (4.83),

and 

J

- 

(L118)

- 5- - - - -  --~~~~~~~~~~~~ -5-- — - - - -~~~~~- -~~~~~~~ - - 5- -~~~~~-~~~~~~~-— ~~ ---5 -~~~~~~~ - ---5fl - -- -~~~~ - 5 - - .

_________________________
_____________ 

I
— - 

- 

-- -——-~~~~~~~~~ -i
__
~ 

- 5 , . --- _ 5-- 5__ _
__
~~i~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -
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The pa r t i cu la r  s o l u t i o n  to the  l a s t/ l a t t e r equation

a homoge neous  equa t ion (5.118) reduces to charact er istic equat ion

(5.5~a) ; therefore !(‘I)equally

—~~ 
_,_~ i,f 

~ 
____

wher e

_.
_~f l _ • __ f l , ~ ~~~~~~~~~~~~~~ 

- 

- ~~
‘
~ - :-~~~

~‘h,~~O~S73$L ~

k1— 2.58586+135990 4 
~~~~(5.12l) 

~~~~~~~~~~~~~~~~~~~ -



- - th--—.:~.~~- --~~.e,. s. - - --5, - 5 ~~5-5 t,fl ~~~~~t~fl!)1~~~~~ *~~r C  ~~~~~~~~~~~~~~~~~~~~~~ . —— - 
~~~~~~~~~~~~~~~~~~~~~~~~~ —

DCC = 77055311 PAGE *

_ , - - 
- 

-p 
- 

~
- 

- 

- - 

-

-5
.

- an~o. d~ S ~~wmiu C.D - ,

f - - - -

_ _ _ _  

_ 4,0

-

- 

Rey: (1). Diagram “~~~ in section E 0.

k
— -  - --

~~~~~~~~~
- - 5 - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Is ex pressed all the d isplacement/.ov~ ments and stresses through

the resolving f unction. For this let us introduce (5.111) in (5.114).

Ib is will bring to

- 
~~~~~~~~~~~~~~~~~~~~~ -

- ~~~~~~~~~~~~~~~~~~~~~~ 
- 

(5.12~~

~~~~~~~~~~~~~~~~~~~~~~~~~ 
0

: 

- -

The enterin g here operat or—functions wit h ~ = 0.3 t a k e  the form :

_ _ _ _ _ _ _  
_ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~~~~~- - - -
~~~~~~~~~~~~~~~~~
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*~~~ )-(l.l$—3,3S~’Ij 
cns( l—I)P  

_ _ _ _ _

+ (— 3,51+ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+(—5,4+3,38P’~) ~
‘sin(1—~)~ +5,4

~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +
- +g)P+(2.8 — 3,38pEjsan (1_~~~,

+

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ +t)~ +
+1.69~ (l + n (1— +3,5lMn (1+~~~. (5.123)

cage 190.

Realizing these operators above the function ~~~ (see (5.122))

according to the rules, presented in chapter 1, let us arrive at the

followin g expressions : 

_
I_ -fi - —--

__________________________________ ________
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+ B,chk~ii) + -
~~
- 

~~ fip,~ (~. k11) (A
11
shk,~ij + CNchk.~) +  .~ 

- -

+~ .(~.k.)( B ,shk.1)+ D1ch~~~) }  
- 

(5.124)

and so forth.

Here we by formula G = E~~ (1 + pass of modu lus of s h e a r  C towa rd

the  m o du l u s  of e l a s t i c i t y  E.

S u b s t i t u t i n g  these express ions  u n d e r  b ou n d a r y cond i t ions

(5.112), we ob ta in  the e q u a t i on s

s4+Re
j~~~ (t** ÷1b.),, j .

J
.ui

- 

- 

‘— 8L ~& + ( 2+~L)~J A . (&125)

- 

ç~p,, (~
, k,) ch ~~~~~~ - 

~I- Re (a,, + ib,,) ip (
~
, A,) ch 

~~~~~

.J 
— 

—

- ~~~~~~~~~~~~~~~~~~~~~~~ 
- 

(5.126)

-- _________
- S
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Let us note that on the strength of the symmetry of condit ions withA
— ,,_ ‘ I

and 1~~~~~ the coefficients B. and D. becomes zero. Th~~refore

will be simplified expressions (5.127) for  disp lacement/mo ve m e n t s  and

stresses. For e x amp l e , it will be

a~~~1)’ ~~~~~~~~~~~~~~~~~~~~~~~~ 
-

-

(5~127)

Page 191.
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p
Here as in t h e  p reced ing/p rev ious  e q u a t i o n s, it is marked

A,, — a,, + gb ,. ~~~~~~

Let us take X = 1/4 and  w r i t e  out  the a u x i li a r y  v a l u e s

~Y*~$.~h~~~+ 6,162, ~~ ~~~~
‘-
~~~~~ ~~~~~~~~~~~~~~~~~

ip (O .h , )—— 13 86 1—2 9 7091: 
- 
‘~~ (5 129) 3

*.-(O,,h,)—-+ 73,Th+62.202i. -~~~~~~~-~ -i- -~ ~

A 

-
~~-~~~--5 

- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - — 5- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Table 12
• 

~~~~~~~~~ T- - —~~~~- - ,
- -  

Il-
_ fl 

.- .

_ _ _ _  -5- _ _ _ _ _ _

0~~ 0 -  -~ I -
-

- -

0,025 - 0,02433 1 ,00030 - -  - - -0,u60 0..~4$68 - 1,00118
0,075 0,07306 1,00267 .. -

0. 100 0,~a9748 1.00474 - .

0.11$ - o, isia~ I,0U741 - --

_ _ _ _  -5 
- 

~~~~~~
- --

Tpbk 13

- 
-

- 

-

~ thh~~~~-’~ :

0 0 I

0.1425 0.064 35+0.03406 1 1,00151 +0.00220 d
0,060 0.12935+0,068.d I 1,00604+0.00881 1’-
0.0Th - 0,19(14+0 .10373 1 l,01J57+,),01987 1
0.100 0,25006+0,14u&J I l ,U2408+0,03545 i
0,111 S.11-a$+0,&7$lm i

TM~c. Iq.

‘I 
~~~~~~~~ 

- 
-

o 0 ’_
~ I-

— - _____________________

0~.fl2S 0,14839+0,05446 1 - 1,009319o.oneol I
0,i937’I+0,11233 1 l,038I0+0,O.fl~3I

0.073 0,4529~ +0,I77I4 i I,08’196+0,07389 1
0,400 0.6l30l+0.2,~2S5 1 - 1.13327+0,13424 1
1,111 •,71$I~ +,,1asD I

_ _ _ _ _ _  - -— 
- 

- - --
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Equations (5. 125) and  (5.126) do not m a k e  it possible t o  f i n d

precise the value of coefficients. Therefore let us use the same

approximate method , as in prev ious  paragraphs : is decom posed the

entering these equations functions according to degrees ~ and let us

equate zero absolute terms and the coefficients wit h E in both

equations, and also the coefficient with E2 in equat ion (5 . 126) .

Thus, let us arrive at the following syste.:

- - ~a, - -~-

1,08828 A.+ 1,50973 a,+2,59568b1— 682a,— ~~
— 15.3422 b,— —  2,90,

0,66461 A, — 1, 11473 a + 0.88025 b1+ 2,78427 a — 

- 
-

• 1,49528 b1 —— 1,83333, - ;4i -

5,343124, —8.88934 a1 + 7,54332 b4+ 24,27197a,—
— 16,6220 b1’— — 14.6667, 

- 

~~13~

1,91610A,—6 ,93998 a1-I- 1,71209b1— 8.15918a,-I. 
- 

. 
-

- - + 0.29678b,—— 5,4, $ -

0,99300 A, — 4.880820 a1 -f- 0,50744 b1— 19,0769 a, +

- - 
+ 0.375496,— —  2.85335. -

H Solving it, we f i n d:

— —L75117 a1 — — 0.00348; b~ — — 0.06341; 
~~ 131)

a.— +0.00618; b,—— 0 .0 1906.

— - —
~~~ 

—  --
~~~~~~~~  

- -

— 5 - ,- 5 ~~~~~~~~~~ ~_
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Now, after assuming in (5.127) ~ = 0, ou ts id e in (5. 127) t h e

cbtained val ues of coefficients and after using auxili3ry values

(5.129) and data  b y  Table 12—14 , we can  c o m p u t e  a series of va lues

in the  p inched section (Table 15), where, as usual, it is m a r k e d

C 
~~~~~~~~~ 

(5.133)

According to these data on Fig. 26 is constructed diagram/curve

• in stopping up. This diagram/curve and Table 15, shows t hat i

during precise satisfaction of the condit ions of ja.min~ the

distribution of normal stresses according to the pinched section

remain s virtual ly  such, which is accepted in strength ~f materials.

IAb Ie...- IS.

‘II

0 0

0,025 0,176
0,050 0,356
0,075 0 ,547 -
0.100 o,m~ -
0,111 - i,gp.s— S —

Page 193.
CO NCLUSION .

Att~~ t..d ing result to entire pt.as~t.d above, it is possible

tc note the folloting basic results . obt ained in wor k.

1. Is carriei out the detailed analysis of the basic work
s of A.

I. Lur ’yes amd V. 2. Viasot . whom the y .xpt esesd and d•vslopM the

_ _  - ~~
-5-

~~~~~~
-

~~~~~- - 
- -~~~~~ S

— ~~~~~~~~~~~~~~~~~~~~~ 

- 
- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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ideas of the method of the initial functions.

2. Are developed the bases of the theory of the operators in

connection with the method of the initial func t ions:

a) is shown the possibility of double approach to the

in t rod uction of the  concept of t h e  operators;

b) are based the  algebraic, d i f f e r e n t i a l  and integri l actions
9/

above the regular , s i n g u l a r  and mixed  operators;  c) is demonst rated

the equiva lency of the representa t ion  of t h e  operators in t h e  closed

form and in the form of series, and also the legitimacy of the action

abcve opera tion al ser ies;

d) is obtained a series of the  formu las, whic h express the

~toperties of the operators;

e) are establ ish/installed specific rules for the actions with

the ope rators, the connected with noninterchangeabilit y mixed

operators;

f) are developed the methods of the realization of the

c~erators ;

-  ~~~~~~~~~~~~~~ 

.

~~~~~~~~~~~ 

~~~~~~~~~~~ _~~~~~~~~~~ s~_ - -~~-
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g) is ‘ ablish/installed that values of the function —operators

compulsori l y satisf y some partial differential equations.

3. Obtained considerable quantity of formulas, which facilitate

the practical application/use of the operators.

II. Is shown the possibility of obt aining some new identities for

Fessel functions.

5. Is systema t ized the overall diagra m of the application/use of

a method of the i n i t i a l  f u n c t i o n s  to the  so lu t icn  to two—dimens iona l

boundary—value problems; in this case is assumed the wide use of the

cpera tors.

Is discove red the equivalency of oper ational equat ions and

func t ional equa tions of the ty pe in tegrod if fere ntial,

differential—difference and so forth.

7. Is obtained the new method of the determination of the

particular solutions to nonhomogeneous differential equations in

Fattial de rivatives.

Eage 194.
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8. Are constr ucted general solutions for the series of problems

cf the app lied theory of elasticity and strengt h of mat erials

(two—dimensiona l problem , the bending cf plates, etc.).

9. For facilitating the solution to the specific problems

a) are obtained the resolving equations for the b~si: cases of

support in two—dimensional problem of elasticity theory and with the

curvature of rectangular plate ;

b) calculated considerable quantity of roots of some frequentl y

being encountered transcendental characteristic equat ions.

10. For the p urpose of the explanation oi. the application/use of

a method of the initia l functions some problems (free twisting the

ro d of semic ircula r sec tion, the curvatur e of the pinched on

ou tline/contour pla te, the curvature of short cantilever plate, the

curva ture of long cantilever beam) carried to numerical result.

The method of the initial functions can receive very widespread

propagation in theory of elasticity, theoretical aerodynamics and

cther sciences un d er the condition of the further development of

several the basic for this method questions. The principal directions

of this development, apparently, must bm the following:

I

- -
- — - - 

~iiir iTirr{1L 1 - J  F [1T1 1~~~~ t. 5 1I]ç - i”~~~~~iJ 1 1 - 
~~

-~~________ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~ ~ ~~~~~~~ -
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1) obtaining numerical results directly from the operational

tcr. of solution, passin g tr ansition to usual function al for m ;

2) the development of the met hods of the  d i rec t/ s t raigh t

~rcgram.ing of the actions above operational expressions in the

high—speed digital computers;

3) obtaining the so—called exact solutions for complex boundary

conditions; in this case, apparently, necessary to adhere to th e

first and third treatments of the resolving equations (page 131).

Aut hor made work in the last/latter direction. The obtained

results ma ke it possible to hope that in this direction it is

possible to achieve the determined successes.

_ _ _ _ _ _ _ _ _ _ _ _ _ _  
-Ii -L — —
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Page 195.

APPLICATION /APPENDIx .

Base properties and formulas for the operators.

1. L (fi) L ) —a. + a~~+aJ’ + ... - regular operator.

2. L ~~ 
aL ~

) +j it+-3~-+... — singular operator.

3. L (~~) ,,J 
— the mixed cperator.

— 
a ( —ct -’5. LØ )~ (u) ~~~~~~~ ‘~‘L iN

6. L~ .~~,(,,)..~~~~.,(LJp’~(,1J- operator-function.

7. L (~, 0) (9(’~))—~~(~.’1)

_ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -- 

S 

~~~~~~~~~~

~ ~~~ a~~ a- ~,s- ‘~~~_--i~
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for  all th ose ~(t~,tor which makes sense the concrete/specific/actual

formul a of realiza tion.

8. ~~~~~~~~~~~~~~~~~~~~~~~~~~~

where k is random.

9. 
4

Her e n > is whole.

Page 196.

10. if is sat isf ied condi t ion  ~~~~~~~~~~~~~~~~~~~~

L iuP) ~~(~~ ) — •(I j’) .

• ~~~“ 0 — any (complex) number.

11. For

it is necessary and sufficiently in order that would be

a) both operators were regular.

- —- -5 —-—- --—-—— — — - -‘—— 5 - — - — — -  
- — ~— J~~M. -  —

- - - --~~~ -~~~~ - 
- 

-5- - -  ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
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b) both operators were singular,

C)

d)  L2 = + C.

12. If L, (z) L2 (z) L3 (z), then in order that would be L1 (~~) L2

(~~) = L 3 (a) , it is necessary and sufficiert in order to

a) L1 Lt,

a s a

Fo r exampl e,

sh+ch .
~._ch3sh4~4$4,

‘ 0 ,~.1 W’ —1) ,’~~+1,

~~ —~~~~~ ~~
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13. If in the interval/gap of change 
~ 

func tion a,~~ are ev enly
con tinu ous, then

— L&, P),(’O.

14. 
~~~~~~~~~~~~~~~ mJ M ,~o~

# L~*j.”.

K g: (i~~. o~~~ .
Page 197.
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15. L +h)L’i’)

16. For the eve n operators

L(L P) j~ - L (L
-5

:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

for the odd operators

- 
P){: ..L

~~~~~~a~~
- 

- -

£ (
~
, 
~

) — ± IL (~, un) ~~ m,~, - -

for  exa m ple,

~~sP (qcA mq) —

I
-5 

- 
- - ‘  - 

___~~__ t-5_~~~
- _~_ ~~~~
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17.

- 
-. -

- 
‘~
,(‘U—,(’~4-g).

- —1m(,(i~+i~)), -

—

11~a-~~ 
j . e~~~~~~~ dC.

~~ChI~~~sh~J ~~~~~~~~~~~~~~~~~~

18.. .- -~ 
-

(~—k)”~
’0 — (f l_ l$

-
1ç 
f *(1)~~O”4 ,(t) dt,

(1)- (ii’ — 1), r!~
1”_ -cEc~

- 

I- 

FT’~-

_________________ 
_____ 

I

- ~~~~~~~~~~~~~~~~~~ 
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ft~~e- - S~ 5.

~
i_

~~~e~~~ ~~~ in (i ~~~~~~~~~~~

- 

- 

~~~~~~~~~~~~~~~~~~~~~~~~

-

-

M
, ~~ 

.. p (8) 4 (2J7~j ) + (‘i — C))q ’ (0 d-~.

(1., f ~ V (‘i — 
C)’ —

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~

~
$
~~~~4~k’~~— P (11+ i~) + c (~_ i~)

÷
‘.4-” 1* - -

r 
/ •-

~~

- j r (,~ — C) ’ + ~‘- +i~tj  y( .—y V(O dC. -
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