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Fage 2.

In the book is generalized the material on the developmsent of
the method of the initial functions and is presented the for the
first time developed by the author general thecry of the operators in
ccnnection with the methods of the initial functions, that makes it
Fossible to obtain the fundamentally new for this method forms of the
general solutions of some procedurally important classes of the tasks
cf the applied theory of elasticity and strength of materials. The
developed theory of the operators is illustrated by the rough
estimates, in which effectively realize theaselves proposed the

cperators.

The book is intended to scientific-technical workers, and also
to the instructors, the graduate students and the students of the old

courses, vhich specialize in elasticity thecry.

Chief editor, member of AS UkSSR Pisarenkc G. S.

Fage 3.
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Preface

During the solution of many important problems of mechanics in

accordance with the contesporary demands of science the technicians
are extremely effective the approximaticn methods, which provide for
the use of coaputers. The effectiveness of the practical use of those
cr other methods in many respects depends on the method of obtaining
cf solutions, simplicity of the required in this case

liping/calculations, etc.

One of the promising approximation methods of the solution to
the boundary-value problems of elasticity theory is the method of the

initial functions, which finds recently increasing application/use.

However, the mathematical formalism of this method is until recently

develcped extremely weakly.

In the monograph, which is the dissertaticn work of prematurely
passing away Victor Andreevich AGAREVA, is based wide use in the
sethod of the initial functions of symbclic operations, and also is
set forth the for the first time developed Ly the author general
theory of the operators (in connection with the methods of the

initial functions) , vhich makes it possible to obtain the

fundamentally nev for this method forms of the general solutions of

sose classes of the prcblems of the applied thecry of elasticity and
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strength of materials, which have large practical

application/appendix in engineeringe.

In the proposed theory of the operators the author substantiated
the algebraic, differential and integral actions above the regqular,
girguiar and mixed operators, is demonstrated the equivalency of the
representation of the operators in the closed form and in the form of
series is demonstrated the legitimacy of the action above operational
series, are establish/installed the specific rules for the actions
with the operators, connected with the noninterchangeability of the
sixed operators and so forth, and also are propcsed the methods of
the realization of the operators and sc forth, and also are proposed

the methods of the realization of the operators.

The developed theory of the operatcrs allowed the aut hor to
cbtain some newvw identities for Bessel functions, to obtain the new

sethods of the determination of the particular solutioms to

nonhomogeneous differential equations in partial derivatives, to
reveal/detect the equivalency of operational equations and functional

equations of the type integrodifferential, differential-difference

and so forth,

EFage 4.
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The author synthesized the overall diagrams of the
application/use of a method of the initiadl functions to the solution
to two-dimensional boundary-value prcblems with the wide use of the
cperators. In this case wvere comnstructed general solutions for the
series cf problems of mechanics, including cf two-dimensional

prcblem, bending of plates, etc.

The set-forth general theory of the operatcrs is illustrated by

practical examples with finishing/bringing some of them to number.

V. Ae. Agareva's present monograph is the criginal investigations
cf the author in the field cf applied mathematics the mechanics, who

have large theoretical and practical value.

It is possible not to doubt that the published work, created

gifted scientist, which was V. A. Agarev, it will be important stage

in the development not only of the applied thecry of elasticity and

strength of materials, but also the mechanics in the broad sense of

this wcrd.

Fage S.

Frce the author.
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Along with the increasing interest in setting and solution of

ncnlinear problems is given at present still ccnsiderable attention
to the problems of linear fproblems. In acccrdance with the
contemporary demands of science technicians in this range it is

possible to indicate the following, in our opinion, main directions.

1. The formulation of the fundamentally new problems, which lead
tc such equations and the bcundary ccnditicns, which were not

examined in classical mathematical physics.

2. Obtaining the so-called exact sclutions for those probleas,
which have lcng beén placed, but scluticn by their known at present

sethods is extremely difficult (due to the fundamental complexity of

toundary conditions).

3. Development of the approximate (mainly rumerical) methods and

their adjustment to the wide use of contempcrary computer technology.

4. Obtaining nev forms for the known precise or approximate
solutions. This is connected either with sispler - according to idea
cr with lining/calculations - by the method of cbtaining solution or
with the measure of the effectiveness of scluticn (in the sense of
cbtaining the numerical result, what, in the final analysis,

frequently is basic for a practice).
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The method of the initial functions (in that form, how it is now

developed) it can be referred to the last/latter two directions.

In propcsed work carried out the generalization of the available
in known to us literature material on the application/use of a method
cf the initial functions; is undertaken the attempt (apparently, for
the first time) to base the widely utilized in this method symbolic
cperations, what, in the opinion of the author, was the basic goal of
his work; were given the fundamentally new for this method forms of
the general solutions of some classes of the problems of the applied
theory of elasticity and strength of materials, and, finally, the
quality of illustration solved several concrete/specific/actual

€ngineer missions.

The significant part of the obtained in wcrk results is

illuminated in articles [1-3, 10, 41 and 42]). Furthermore, the large
Fart of the material of 3-4 chapters was reported by the author on
seminar on mechanics with OTN [O7TH - Department of Technical
Sciences ] of AS UkSSR on 14 February 1959; a content 1 and 2 chapters

- on the same seminar on 9 March 1962.

In conclusion I consider my pleasant duty to express sincere
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appreciation and gratitude to my leader to the fprofessor G. S.
Fisarenko and to my associates N. A. Wenzel, A. L. Kvitke, E. S.
Umanskiy and N. N. Cherny for valuable councils and the diverse aid,

render/shown to me during the execution of this work.

Fage 6.

Introduction.

§1. General characteristic cf method.

Apropos of the common/general/total idea of the method of the
initial functions it is possible toc express different points of view.
Specifically, it can be considered as generalization widely utilized
in the strength of materials of the method of the initial parameters.
The latter is based on the application/use ¢f the universal equation
cf the elastic line of beam, which we will write im the form

@ (x) = Lywy + Lo¥ + LsMy + LiQ, + @ (x). ©.1)
Here through ®(x) are designated the terms, which consider type of

lcad on beam, and

' y
B L.-x.l..-{;T.L.--GET. 0.2)
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Functions y;(j =1, 2, 3, 4) they can be named the operators, since
as a result of their application/use to the initial parameters wg,,
6oe Mgs Qo (simple multiplication by these paraseters) is obtained

the value of sagging/deflection in any section of beanm.

Expression (0.1) it is the special form of the notation of the

general solution of the differential equaticn of the elastic line

ErS% mqen, 0.3

in which are isolated the initial parameters.

If all parameters are known, then forsula (0.1) gives the ready
sclution of problem. But if, as this usvally is, is known the only
part of the initial parameters, then, satisfying conditions for those
sections, where the displacement/movements are known, are obtained
the algebraic equations, from which are located the unknown initial

Farameters.

Fage 7.

Let us find nov function v (x, y), satisfying on rectangle 0 £ x

€ 1.0 € y £ M to certain differential equation, for example
¥ ' BTEE i

, (R
o ; e i

and to the specified boundatfyéonditions of this rectangle. Similarly
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(0.1) let us present the general soluticn of probles in the form

w+ L,-dm:l-t.l . ¢). (0.5)

The functions

= ), -;-.%';L ele ©0.6)

are called the initial functions and play the same role, as the

initial paramseters in (0.1).

The operators L (j =1, 2, 3, 4) they will take the fors

-AcnBX “‘_ Bsh p‘u I ol B
LI V2 + IIV2+ cthﬂanQ-f-
+Dsh§’; = ©.7
vhere f£ it indicates the syrbol of the differentiation
d

Unlike (0.2) these values L, are not usual functions, but they are
transcendental linear differential operators. They completely are
determined by equation (0.4) and by the taken fcrm of general

soluticn (0.5).

As concerns expressiom [/ (xy). that this Le a particular
soluticn to equation (0.4), that turns with x = 0 into zero together

with its first-order three derivatives in teras of x.

If all the initial functions are knowmn (Cauchy problesm), then

forsula (0.5) gives the tcady solution cf problem, expressed in

e W
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sysbolic form. In order to pass to the

necessary to know how to use operators
For this purpose it is possible to use

the operators, whom it arrange/locates

usual form of solution, it is

L, to the initial functioms.
the tables of the values of

operatiopal calculus.

But if is knovwn the only part of the initial functions
(boundary-value problem), then, by satisfying bcundary conditions at
edge x = 1, it is possible to ottain the systes of transcendental
differential equations for unknovwn initial functions. By integrating
it taking into account bcundary conditicns cn edges y = 0 and y = vy,
let us find these functions and then on (0.5) we will obtain the

gcluticn of groblen.

Eage 8.

A quantity of terms in expression (0.5) depends on the order of
egquaticn (0.4), the fors of the notation of the expression itself
does act depend on the imitial differential equation or the
conditions of problem. Therefore it is represented possible to call

exgressions of type (0.5) the canonical equations of the method of

the initial functions.

Let us note still that instead of function v and its derivatives

as the initial functions can be undertaked such linear combinations
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cf these values, vhich are justified by the physical content of

frcbles.

The desct;bed diagram cf the applicaticn/use of a method of the
initial functions (in mcre detail about this will go speech in
chapter 3) shows that this method and the methcd of the inmitial
;arameters are completely analogous in project, but essentially they
differ in the utilized by them apparatuses and the volumes of
computational work. This is completely logical, since the method of
the initial parameters deals with one-dimensional, and the method of

the initial functions with two-dimensicnal grotleas.

As the basis of the method of the initial functions is placed

the tendency:

a) to unify the process of the solution to any linear partial
differential equation under the arbitrary right side of the equation
and boundary or initial conditioms (for this serves the introduction
cf canonical kononicheskikh equations of the method of the initial
functions and the wide use of symbclic operations both for obtaining

general solution and for the solution tc specific probleas);

b) to facilitate the sclution of problems in that semse in order

that the knovwn part of work could be made previcusly and represented
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in the form of the tables of some values and exgressions (for this
are located the "general soclutions®™ of defined classes of the tasks
cf mathematical physics, are comprised table fcor the realization of
cperators and table of the roots of transcendental characteristic

equations for the determined fcras of tcundary-value probleams) ;

c) to obtain the general sclution of problem in this form, which
at least to a certain extent facilitated the analysis of solution

from the viewpoint of the effect of boundary conditions and the right

side of the differential equation.

The effectiveness of the method of the imitial functions is
determined to a considerable extent by the presence of the tables of
"general solutions®", the roots of characteristic equations and so on.
Therefore most advisable is represented the application/use of a
pethod in such questions, where it is necessary to solve a large
quantity of probleams, uniform in its content and differing only in
terss of the boundary conditions, the size/dimensions of the range of
change in the independent variables or in termss of the form of the
function, which stands in the tiqht side of the differential
equation, and wvhere, therefore, there is sense and possibility to

conduct the mentioned tabulation.




i
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Such gquestions include, for example, the curvature, the
oscillation/vibrations and the stabkility of plates, twisting
prismatic rods, tvo-dimensional and axisysmetric problem of
elasticity theory, two-dimensional stationary problem of thermal
conductivity, plane and axisymmetric thermcelastic problems, plane
and axisymmetric stationary thermoelastic probleams, plane and
axisymmetric the stationary problems of electrical and magnetic
fields, tvo-dimensional and axisymmetric probles of the hydrodynamics

cf ideal fluid, etc.

As concerns the form of differential eguation and range of
change in the independent variables, it is logical, simpler anything
are solved problems for equations with constant coefficients relative
to the functions, determined in rectangular range; bulkier is
cbtained solution for the equations, written in curvilinear
coordinates (vith the being divided variables), relative to the
functions, determined in the range, lisited by coordinate lines. is
fossible the application/use of a methocd to eguations and ranges of
more general viev (for example, equation with pclynomial
coefficients, the trapezoidal domain of function), but these

questions are still develofped very little.
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Finally, the method of the initial functioms, appareantly, can be
used to some theoretical studies of boundary-value probleams, for
example to the questions of existence and uniqueness of the solution
cf boundary-value problem, correctness of the setting of problenm,
estimation of a variation in the functicn in range with the assigned

variation in the boundary conditions, etc.

Hovever, this probles, strictly speaking, even are not placed.

§2. Survey/coverage of works, connected with the development of the

sethod of the initial functions.

The method of the initial functions has cosparatively short
history and is connected mainly with vorks cf A. I. Lur'ye and V. Z.

Viasova.

Into 1936 in the article [26] of A. I. Lur®ye it obtains the
formsulas, vhich express displacement/movements and the
voltage/stresses at any point of the plate through
displacement/movements ug, Vg, ¥o points of medium plane and derived
ute, viy, wi, of these displacement/sovements over

alternsating/variable z (z axis is perpendicular to medium plane).  To
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these formulas it is possible tc arrive, searching for the solution
to the equations of Lame the theory of the elasticity

Au+#-g-';-—0. Av+v—g:—-0. Aw+v-g;’--0 (0.9)

in the form of series according to degrees of 2z:

u-},;t"u-(z. y)+§z'+'u;(x. ¥ awrdd 2Ze (0.10)

Fage 10.

Further A. I. Lur®ye notes: "it is possible, however, and not to
sake the substituticn of series (0.10 indicated) to equations (0.9),
but to arrive at final results immediately, after using the following

method of calculation. Let us introduce the designations

: AR

with which equation (0.9) they take the fors

¢+m+mu+m@+wy-q RS
Wi+ B+ o+vdw=0 (01"
vdw' + vdg’ + (1 + v)* + Aw = 0.

By considering dy, d, and A as constant nusbers, let us

integrate this system of three linear differential second order
equations under the initial cornditions: with 2z = 0
U= Uy U Uy We= W, G,

0.1y

W=y, 0 =v, we=uw,
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As a result it is obtained

CsinzVA ., v zsinzVA 9
umcosz)Au,+ 274 .________(au
RN W Ll e e L

e
39, ) sinz VA v inz
o aeva . sinz)/ A
& TN TR 2u+v)( AVa

zcoszVA\ o [ Ou Ov, 4

“T‘)??('b‘io"*"a"y‘o'—w‘) "

and so forth.

sin 2/
Va

vith their expansions in series according to degrees 2z//A and

and so forth

"It is obvious that, after replacing cosz)/4,

returning to value A, which, until now, it was considered as number,
its value of the twc-dimensional operator of Laflace, we will arrive
at unknown series (0.10). At the same time we can thus far this not

sake, but operate directly with foramulas (0.14) and return to power

series already as a result cf calculaticns".

Then the author applies the obtained expressions for

displacesent/movements and voltage/stresses to the analysis of the
stressed state of plate vith a thickness of h. Expanding
transcendental terms in series according to degrees of h and being

limited to the lowest degrees of h, it it comes to the following




T T
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equation of the flexure of the plate:
A'-.-p-ro -;""—“fi&m..._p.. (0.15)

Fage 11,

This equaticn is proposed to solve according to the method successive
approximation, representing wy, in the form of a series according to

degrees of h.

We so dwelt at A. I. Lur'ye®s this work because in it were for
the first tise proposed two of the basic features of the method of

the initial functions:

1) the unknown functions vere represented in the form of the
linear combipnation ¢f the values of some operators (depending only on
the form of differertial equations) above functions, assigned on

Flane z = 0;

2) for obtaining general solution widely were utilized

transcendental differential cperationms.

After six years, being occupied by the thecry of thick

plate/slabs, A. I. Lur®ye again returns to this question in the

article [27). After repeating those previously cbtained by hina
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results, the author it transfer/converts to the question concerning

the determination of six unknown functicns ug, Vg, ¥ge U'gs V'os ¥'%p.

Into 1941 N. A. Kil®chevskiys in its fundasental work [23] on
the theory of shells it proposed to utilize surface conditions of

equilibrius for obtaining the equations, detersining static or

gecmetric values on median surface.

Folloving the idea of N. A. Kil®chevskiy, A. I. Lur'ye it

cbtains systeam of the form

Aty + Aty + A= | (x, y),
A’I". + Aa"o + A”w(; - ,, (X. !I)- (0 |6)
Aytty + Agvy + Ay, = [y (x. o).

vhere f{- known functions, and A,~ some differential operations of

infinitely high order. For the solution of this system is introduced

the resolving functiom ¥(ry)with the aid of the relationship/ratios

Ay Ay

\ a6 Ay Ag

As A Ay A
\lr;v._l 1’ lll\y;w_ 1 nl -
I Ap Ay il Agy b

(if £, = f, = 0). Substitution to third equation (0.16) reduces to

the equation
|Ap|¥ = F(A)Y = fy(x, y), - (0.19)
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where F - the integral function of operator A.

Further the author exasines the scluticn tc equations (0.18). He
indicates the method of cbtaining the fparticular solution to equation
(0.18) , if f3; (x, y) there is a polynomial from x and y or £ (a) -

folynomial from A. The determinaticn of particular solution for the

general case is not given.

Fage 12.

General solution of the homogeneous equations

FAY=0 0.19)
is obtained in the fora = ‘
L £ L 00.200
.z_." ¥ ok v-ﬁk*s ¥
vhere ¥, - the solution to the equations
asg - the roots of the tramscendental equation
F@)=0 T

(these roots there will be an infinite multitude).

Then the author examines in detail unifors solutions for cases
fa = £, =0, f, = £f3 = 0 and f5 = £, = 0 ard gives the containing
arbitrary parameters of expression for displacesent/movements and

voltage/stresses in plate/slab at symmetrical and skew-symmetric
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(relative to medium plane) loads. In this case large role plays the
equation

1 4+ ___sir;x =0, (023)

In the last/latter paragraph of article the obtained expressions are
aprlied to the solution of the problem of the flexure of circular

thick plate/slab.

Thus, in this deep in the content article cf A. I. Lur'ye
substantially developed prcocposed tc them earlier method, after using
for determining functions ug, Vge ¥Wor U%ge VYo, and w<, partial
differential equations of infinitely high crder and after indicating
the method of obtaining the uniform solutions of these equations, and

also particular solutions for some forms of operators and right sides

cf the equation.

A. I. Lur'ye®s works in this direction found their cospletion in
puklished by it into 1955 fundamental mcnograph [28). Systematizing
its previously obtained results, it considerably it deepened them and
gisultaneously enlarged the possibilities of the proposed method.

Painly this concerns:

1) the introduction of orthogomal coordinates in plane XY;

2) obtaining the particular solutions to tramscendental
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differential equation for the cases, when right side (load) is a
Folyharmonic function or the eigenfunction of the
oscillation/vibraticns of the diaphragm/memktrane, when the function
cf lcad is represented by dual trigoncmetric series or Fourier
integral for two variables, and also by a series fﬁr'ye - Bessel for

a circular range;

3) the examination of the thermal stresses in layer;

4) the solution of series of problems for compression and
flexure of thick rectangular or circular plate/slab from static or
thermal effects (in this case boundary conditioms are satisfied in
St. Venant sense). The methcd, close tc this, which was applied in A.
I. Lur'ye's early works, was successfully used Ya. F. Malkin (USA)
[29]) to the solution of the three-dimensional harmonic problem of the
stationary temperature distribution in flat/plane plate. In this case
Ya. F. Malkin does not use the transcendental form of the notation of

the operators.

Fage 13.

Purther works in this direction belong to V. Z. Vlasov aund his

school.
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In that which was published in 19S55 article [11] V. Z. Vlasov

froceeds from the system of equations of the theory of the elasticity

| o, o\ R
-v,-c(——+——);
i : U X% (0.24)
-0 L Ou Ov 0w \].
%= T= [“ " Y5k +”(ay'+7a‘;)]'
! '
(x. 4 z 4, v, w). )
Introducing the basic functions
= " - N W o b
U e Gu, V= Gu Gw (0.25)
X=t, Y=t , Z=0,

it it searches for the general solution of egquations (0.24) for the
layer, limited by fplanes 2z = 0 and z = const, in the form of

Maclaurin series in alternating/variable 2

(0.26)

As a result of exceptions/elimination fros equations (0.28) of
Vop ™ Tyx

stresses 0, 0,and /] is obtained the basic system of equations
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U oz
?;-I—QW"‘X. %’--"-‘-y -&---—qX—b)’
X __ 1.+: aﬁV—(&’U-{- ; 2 a’U)—
s (SN e 4 ‘027)
- )
¥-- :::w-fa-w-——.i,a-v)— .
' ow 5
. v (U + BV) + 2’ 2v) Z,
wvhere parkedly
Q= &
R D w7 (0.28)
Fage 4. &
U 2z
o ), \"o7 ),
¥ith the aid of (0.27) it is possible all derivatives /) to

express by differential ofperations o™ and P~ above the initial

functions Uy, Vg, Wge Xg, Yoo Zo- Then solution (0.26) is written in

the forws Um LUy + LuVo + LaWo + LusXo + LuyY o + LusZe
Ve LolUy+ LeVo + LuwWq + LoxXo + LyY s + LunZo

. e ® & & & & 9 0 s & s b e s s e o .

L - L..U. + an + L-W. + Luxo + Ltpyo + Luzh

(029

wvhere the operators Za are represented by the infinite series
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al_2 [2=v 2y (3~vw ‘
o 2(1—'_';"’”')*"‘24'(7:7“"*

Y [ 4—
+p’)—.’7';‘o—(l—: a’+ﬁ’)+.o'
(0.30
2 #
e e 3 2T—v P+ Blii—y YT¥—

2
~ 20—y Y+

and so forth, in which through y is designated the differential

cperator

Y= Va' + -‘/%,—-y—g’;,—.' (0.31)

Page 15.

Series (0.30) formally can be summed, and then:

I a%

Lu-L“- cos'vg-le——_v;.

o gl 1 afz
Lys = Ly U=V Tﬂnv&

sin yz,

1
Les = Liw -—m —:—[(1—2v)s§nvz+yzoosvz].

-l az A
Iaz-L--—-;(r_—_v—)—Tﬂn?l.

L--L-.-f—‘———‘(,’__,) %[ﬂnw—www)-

7
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“- k-k,-m —-[“ 2v) sin w"'wm?"

dn yz.

v

L.-l...- m 3 (1-2v):inyz—-vzemvzi.

¢ ,...____._.p’
l-. - Lo 4“_\’) ——sinyz,

(0.32)

L= l.. 7-1—_-_—; y (1—2v)sinyz-yzoosyz .
J

‘ ; Loy= Ly, = ll_vuyzsinvz.

1

Y = ke _._____9
o 5 b s COMNY g = ¥

——sin yz,
HER S
0= ¥ (3—4v)sinyz—-yzcosyz].

1
L.-L_-—m;:g (vsinyz+yzcosy:).

ool (Sin ¥z — yzcos yz) .

p*
— (sin ¥z + yzcosyz) i

3 ]
3 “-——a—-sﬂl ——
e s
3

PR 1 :
-~ - Ysinyz—-——vi;—(smyz-f-yzcowz).

, 1
Lpw= L,ym o Byz sin yz,

+ ~l
L-——-l:iy(ﬂny:—wmm J

The resaining stresses are deteraised by the foraslas

Oa =AUy + AN+ .. + Ay
Gy B +BY 4 ...+ 82,
',-g:,.-cal.+c.v.+:..+c.!.. (0.33)

. ; w g »i. i —
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Page 16.

The operators

form of the series

Ah B'- C!

PAGE A 2.

2 2
I —v g s ]—V ‘20""")0*‘

z
+ m(&!"f- fva—...,

A=

2 2
‘%=l:vﬁ*liv[“+w@+

)
+;p]y-p_.....

+ vﬂ’]ﬂ+ TS l(2+v)a’+

(0.34)

and of so forth or in the closed transcendent symbolic form

they can be represented either in the
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(1—wy =y cos yz,
SR za*f
A= B cos yz F—v Snvz A, =
= i v Cos y2 D) (l v) a?sin ¥z,
2a?

- B #
B. I;TC“YZ—“_———';—YHHYZ. B.-
a_.._p A ﬂ' © 3
(1—=v) (2-“"— 2?") snvz+ 571 i?‘\',)’;acmw.

2va® — p’ a 2p2
B. == e Ti—:"V) 'Y—- sin yz — _‘_.B._ cos yz,

v
B, = T P m_i_;ﬁ B sin yz;

C = — __Z_(i’s_- i P b i
« = Pcosyz T=wy sinyz, Cy = ¥ sin yz —

5 (0.35)
s '_3(1 l‘-wv) .%P- (Sin YZ - VZCOS YZ) ’ s, -
C,=acos yz— Tl—i—a%:)? sin yz,
|
C'- ‘Y! sin yz -7.(-] :;) _l_;f:’ (sin V?—\’Icosyz)'
C"“T!‘;pv")?[""""“"+we-w].
. S
T =Wy v
) S ———— —— -
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Page 17.

.Purther author it uses the obtained general solution of the
equations of elasticity theory on the calculation of the plate/slabs
of a constant thickness by 2 h, vwhich is located according to the
actions of symmetrical and skew-symmetric (relative to ma2iium plane)
loads, and also it indicates the possibility in principle of applying
a method on the calculation of the plate/slab-shells of
alternating/variable thickness. In this case for finding the initial
functions it it uses the method, actually identical with the fact
vhich it was used in work [27] and which it is expressed by equations

(0.‘6) - (0. 18).
Page 18.

However, although V. Z. Vliasov it gives the transcendent form of the

solution, expressed through the resolving function F (x, y):

for the symmetric loading
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] o=
Uy= l 2(1 3"’) asinlyh--—ﬂ:"—'-_!-v-)r sin yhcosyh] F,

1—-2
V.- -ﬁ(T:.:T ﬁsil'l'Yh" "2“(:!"7) sin yh cos yh JF'

2 3
Z,= [ i _}7 sin® yh+ »l’g—.—"— sin yh cos yh] F, ;
(0.36)

2
T L~;- sin yh[sin yhcosvh + yhl F + Z, = 0,
for a skew-symmetric load (bending of plate/slab)
W, = r—coglyh Yh
0 l + 2“_—V)-Sinyhcosyh F,
X.-—l-h—_?_J; sin yh cos yhF,
0.37)

Vo= _'11_5_\% sin yh cos yAF,

—l_-;—cosyh[sinyhcosyh—yh]f'—z.- 0,

but it recoamends for the practical solution to use to the truyncated

suss of expressions (0.30) and (0.34), being limited to 2-3 first

teras. So that, for example, instead of (0.37) it will be
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h*(3 — 2v) h 2
- Bl o
o [' S ” T I Ts TV~ ]F'
h? 2ht
Xy~ [—T_‘v VrI3u—y Vv — ]aF.
2nt
Yo ,— P e 3(T—9) viv: — ]ﬂF. (0.38)

. AR w
=% " 2—w ¥+ su—=5 V'V'—

-y !V2V2f<zh

In the work in question V. Z. Vliasov for the first time 1) it

forsulated the basic ideas of the method of the initial functions it
gave name itself this method; 2) for the precise representation of
the general solution of the equations of elasticity theory through
the initial functions and the acting on them operators; 3) it
selected as the initial functions of the values, making
concrete/specific/actual sense in the theory of elasticity
(displacement/movament and voltage/stresses on plane of reference) ;
4) it indicated the possibility of removal from the properties of the

operators of some conclusions of general nature; so, from the

equality of the operators

e
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Lu= Ly Luo=Lyx Ol so forth (0.39)

it follows theorem from the reciprocity of works.

Page 19.

In recently left book [12] of V. 2. Vlasov and N. N. Leont'yev
along with the account of the material of article [11] given certain
improvement of met hod, for example, instead of (0.36) obtained the

simpler solution

U= 3 [(1 — 2v) SlnLh-—hcmyh]¢,

v
¥ .-g—[u _2v)i"y!’i — hecos yh] o,
Zy = Y (sin yh + yh cos yh) O, (0.40)
v ('1 + 2 f,ff-) ® -2,

are given the general solutions of the task of the deformation of
elastic support under the load, applied to his surface, and contact
task in the calculation of plate/slab on elastic support, and also

the basic results of V. Z. Vlasov's works period 1958,

—
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Thus, A. I. Lur'ye and V. Z. Vlasov they proposed and they
developed the method of the initial functions a= method of bringing
the three-dimensional task of elasticity theory for the layer,
limited by planes z = 0 and z = h, to certain two-dimensional task.
As the basis of method placed the isolation/liberation in the
solution of the initial functions, the presence of these functions
frcm the equations, obtained as a result of the satisfaction of
boundary conditions on the planes, which they limit a layer, and the
more or less wide use of symbolic operations. In this case in the
authors of method the basic operator he is the given in different
designations two-dimensional operator of Laplace

(i (i
AlnAavigo’:-Y.c—a-x—'—+~a'yr. (04!)

Unfortunately, A. I. Lur*ye's completely valid observation [27,
page 151] about the fact that "the set-forth method of the

compilation of the particular solutions to the equations of the
equilibrium of elasticity theory it can be used to the large number
of boundary-value problems of mathematical physics in the case of the
bodies, limited by two parallel planes", it not found its realization

in the operations of the authors of method.

Page 20.

Let us stress once again the differences in the author's approach

to the method of initial functlons:
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1. A. I. Lur*ye it uses natural from mathematical point of view
initial functions (function and their ncrmal derivatives), but V. Z.
Vlascv - by natural from a physical point of view functions

(displacement/mov2ment and voltage/stresses).

2. A. I. Lur®ye wider it uses transcendent operations and
transcendental dif ferential equations (thanks to which are obtained
solution the accurately satisfying differential equation tasks and
boundary conditions on two planes z = const), but is forced therefore
to examine the only polyharmonic and other quotients, although
sufficiently the wide, classes of loads. V. Z. Vlasov in principle it
does not limit the generality of loads, but it uses the predominantly
truncated sums of operators (0.30) and (0.34), as a result of which
it comes not to transcendent, but to polyharmonic differential

equations. In this case it is obtained the solution, which accurately

it satisfies only conditions on primary surface.

Each of the approaches it can have its advantages in the

definite missions.

Let us note now two circumstances, characteristic for the works

of both authors and vwhich are to a certain extent a shortcoming in
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the proposed by them method.

1. Limited use of the transcendent differential operators - in
essence for the reduced recording of series. Hence naturally it
escape/ensues identification by them the method of the initial
functions with sequence method. That, for example, in A. I. Lur'ye
(28, page 190] he tells that "the symbolic method of the recording of
the solutions to the equaticns of theory of elasticity, of course, it
is not the necessary means of the study of the problems, connected
with the equilibrium of a layer. It would be possible from the very

beginning the solution to these equations to seek in the form
u = U (z) eftar+pn)
v =V (2) eltax+by) (0.42)
w = W (2) eltox+80,

Synmbolic method it made it possible simple economical to
organize this calculation, prompting in each stage further motion of
unpacking/facing". Scarcely whether it is possible to agra2e with this

affirmation therefore, that, for example, for Cauchy®s problem

—a;:‘i—-a'%:',‘-. a=const; 0< x, < + oo,
(0.43)
u(x, 0) = @(x) (—%’;—) =) u© H=0

=0

through the method of the initial functions easily (see [2, page

1309)) it is located the solution of d4* Alembert

x+4-at
us, = -;[w+ar)+ v(x—at)] +—;;-j Y@ k. 0.4
x—ad
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vhile this obtaining similar to it solutions with the help of series

extremely difficultly, but sometimes is generally impossible.

Page 21.

2. The absence of any substantiaticn of the actions, produced
above the transcendent operators, to say nothing of about the fact
that are not shown the domain of definition of the operators (that,
true, it is of purely theoretical interest). Thus, for instance, the
formula

Gin2z VA + cos2z VA) ¢(x, y) = 9(x, o) (0.45)
cbvious, if A be a number, and it requires not only proof, but also

interpretation, if A is an operator of Laplace.

Pollowing works of A. I. Lurtye and V. Z. Vlasov in recent years
it appeared a series of the articles, in which they were solved
specific problems with the application/use of a method of the initial
functions, they vwere developed the separate/individual positions of

this method, they were given some of its generalizations.

So, into 1958 they left V. V. Vlasov®s article [ 16, 14, 13],

article E. S. Umanskiy, A. L. Kvitkya and V. A. Agareva [41] and

S ———
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the article of Ye. I. Silkin and N. A. Solov'yev [38]).

In the article [16] author it used the method of the initial
functions to the static task of the equilibrium of diaphragm/membrane
and plicated type moment-less slightly curved shell almost with any

form cf loading.

In the article [41] the authors was obtained the general
solution of the equations of the axisymmetrical task of elasticity
theory in the presence of temperature and inertia actions, and also
the equations of the torsion of body of revolution with the arbitrary

form of axial section/cut.

Characteristic for both articles it is that har2a for the
first time the method of the initial functions it was used for the
reducing of two-dimensional tasks to ordinary differential equations.
The difference between them (to say nothing, of course, about series

of question touchad upon) it consists in the following:

in V. V. Vlasov's work method it is used to comparatively idle
time, from mathematical point of view, task, and therefora2 it is
possible to obtain expressions for the operators in the closed

transcendent form;

B —— et et e " — :
e Y 4 S g £ Nm\ ﬁm ‘-‘ aN4
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37
in work E. S. Umanskiy, A. L. Kvitkya and V. A. Agareva the
task in question considerably more complex, but the opearators are

cbtained only in the form of series (besides torsion).

In the article [ 14], using the method of the initial functions,
Vo V. Vlasov it obtains the general solution of the equations of
two-dimensional problem of elasticity theory, whereupon the operators
are expressed in the closed transcendent form. Then the general
solution it is used to the tasks of the depression of di2/stamp into
rlate/slab, about +he stressed state of two-layered plate/slab, of
the stability of three-layered plate/slab, to research of the voltage

distributions in double T during load one flanges by distributed

load, and also to the study of bending and torsion of thin-walled

box.

Page 22.

In all cases boundary conditions on two of the four opposite edges

they correspond to the known solutions of Paylon and Rib'yer.

As concerns the process of obtaining general solution, in our

cpinion, author it allow/assumes excessive liberty in rotation with
the operators (although to a certain extent this is generally been

inherent in symbolic methods). Thus, for instance, it
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record/vwrites system of equations for determining those entering the

general solution of values C, as follcws:

14 [ ° __l__+l‘_ = ]-
- Yy (YC, + Co) = «&°, Y[ D) YCy+(1 P)Cnl v°, (0.46)

YG (1 +w) YC,—(1 —p)C,) =0, VGI(14+p)C,—2uC )=,

vhence by purely algebraic way it finds C4, C3, C3, Cq4, although here

g - _a}- ’ (0.47)

a value C, they are functions of x.

To two-dimensional problem of elasticity theory is dsdicated and

Vo V. Vlasocov's candidate thesis [ 15].

In the article [13], on the basis of the oltained in [14]
general solution of two-dimensional prcblem, author it gives the
solution of the problem of the bending (in the sense of plane strain)
of multilayer plate/slab - final, by periodically depending on and
not limited; in this case again on two end/faces boundary conditions

they correspond to the solutions of Faylon and Rib®yer.

FPinally, in the article [ 38) Ye. I. Silkin and N. A. Solovyev,
on the basis of equationrs (0.29), (0.32), (0.33) and (0.35) V. Z.

Vlasov and using the method of double trigonometric series, they

— T e pre——— - R —————
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trace the limits of the applicability Kirchoff - Love's hypothesis

for thick square plate/slabs with hinged support on outline/contour.

In 1959--1961 they left the article of V. V. Vlasov [ 17, 18] and
cf article of the author of this work [1, 2], and also of the
article, written by author together with N. A. Wenzel, E. S. Umanskiy

and No N. Chern [42, 10 and 3].

Vo V. Vlasov's articles [ 17, 18) are dedicated to some
particular questions of two-dimensional problem for a rectangular
domain and the bending of rectangular plates. Unfortunately, in these
articles author it does not give expressions for voltage/stresses and

displacement/movements.

As concerns articles (1, 2, 3, 10, 41, and 42)], in them is

briefly illuminated part of the questions, presented in this book.

To this it is limited the enumeration of the works,

direct-connected vwith the development of the method of th2 initial

functions.

One should note, however, another the research, which do not

have direct/straight relation to the method in question, but very

close to it in its ideas.
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Page 23.

Most characteristic in this respect they are P. F. Papkovich's work

[31, 32), I. Fadle [47] and G« A. Greenberg [ 19 and 20].

Into 1940 P. F. Papkovich [31) and I. Fadles [47] (latter -
under the effect of the ideas, expressed by F. Tel'ke in work [50])
sisultaneously and independently of each other used to
tvo-dimensional problem of elasticity theory the method, which is

actually the generalization of M. Levi®s known method (for example,

see [32, §14-24)) and that which consist of the fact that the unknown
solution it is represented as expansion in terms of the functions,
vhich are selected by special form, so that they they would satisfy
some uniform conditions on two opposite boundaries of rectangular
domain. In the article [20] G. A. Greenberg it generalized this
method, after widening the class of functions, according to which it
is conducted expansion/decomposition, and P. F. Papkovich [32] it
spread this method to the tasks of the bending of rectangular plates.

In specific problems P. F. Papkovich and I. Padles they arrived at

equation (0.23) they tabulated the first roots of this equation.

Into 1946 and then into 1948 [19]), developing this tendency, G.
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A. Greenberg it profposed for the sufficiently broad class of the
tasks of mathematical physics, described by the differ=antial second
crder equations, the method of the representaticn of solution in the

fora of Fourier series in the eigenfunctions of uniform task.

All the mentioned here works they have that that
common/general/total with the method of the initial functions, that
if, using the last/latter, transcendental functional equation is
treated as ordinary differential equation of infinitely high order,
then solution it is obtained that which was presented as expansion in
teras of the fact eigenfunctions of uniform task. True, the
coefficients of expansion they can be others, since P. F. Papkovich,
I. Padle and G. A. Greenberg select any particular solution, but in
the method of the initial functions this sclution it is obtained by
cospletely determined - to the satisfying zero conditions on the
initial line. This it clear Greenberg®s method [19, 20], but it, as
has already been spcken, was worked out only for second order

equations.

In conclusion let us pause briefly at use in the method of the

initial functions of the apparatus of operational calcuius.

In §1 has already been noted that for the method of the initial

functicns the characteristically wide applicaticn of symbolic
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cperations. At first glance it can be shown that both for conducting
operations theamselves and for their proof they can be usei apparatus
and the theory of operational calculus. However, the situation is not

entirely thus. Without going into details, let us note following.

1. In three-dimensional tasks the method of the initial
functions it deals in essence with the flat/plane operator of

Laplace, in operational calculation/enuseration this operator it does

not figure.

Page 24.

2. In two-dimensional tasks the basic operator, utilized in the

sethod of the initial functions, he is differential operator, that in

known sense it dravs together this methcd with cperational methods.

3. The purposes, as which they serve the operators in
cperational calculus and in the method of the initial functions, in

essence are different:

a) in operational calculus - the presence of operator, who
corresponds to the unknown solution, and then either this operator's
realization for unit function (as is done in works [ 25, 35, 21 and

22), where operational calculus it is based on the integral transfora

T —— bt e pre— -
» " -
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Laplace- = cCarson), or the presence of function, identical to the

cbtained operator (as is done in works [30) and [49), wvhere

operational calculus it is stated in purely operator form) ;

b) in the method of the initial functions ~ the presence of the
operators, and then either their realization for the

assigned/prescribed functions (in the case of the Cauchy problem), or

the presence of unknown function from transcendent

integrodif ferential equations (in the case of boundary-value problenm)

during the wide use of symbolic operations.

4, During th2 solution to boundary-value problems for elliptical
equations for the method of the initial functions dominant role they

play the operators of the form
F(p)=e¢* (k ~ real number), (0.48)

a in usual operational calculus such operators they are excluded,

since the integral
‘“.!.F +oo R ad
Pdp| < | |e*e+io|dg = ( e~ dodo .4
¥ S Lot s o
it diverges with any k and, it means (see for exam. (28, page 404)),

P (p) not represented by Laplace's integral. Analogously and in

cperator calculation/enumeration Ya. Mikusinskiy "there 10es not

~= e e —— _ T e
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exist exponential function eAs (A really)" [30, page 247).

S5« Prom formal point of view those symbolic operations, which
are used in the method of the initial functions, most of all they

correspond to the style of works M. Vashchenko-Zakharchenk [9], O.
Heaviside [48], V. I. Smirnova [39) and I. I. Khirshman and D. V.

vidder [45 ).

Thus, it is possible to do the following conclusions:

a) the used in the method of the initial functions symbolic
operations they require the develofrment of its "algebra" and its

proof, not connected with the theory of operational (or operator)

calculation/enumeration;

b) during the solution of the problems of Cauchy in the method
cf the initial functions they can be used the table of the images of
operational calculus, in particular table from "Handbook™ [22];
partially this it is related also to the presence of particular
solutions (last/latter members in the canonical equations of the

method of the initial functions).
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Page 25.

Chapter 1.

SOME QUESTIONS OF THE THEORY OF THE REGULAR AND SINGULAR OPERATORS.

In this chapter it is given certain proof by those to the
transcendent differential cperations, which widely are used in the
sethod of the initial functions. It is natural that from the theory

of the operators they are affected in essence those questions, which

are connec ted with following presentation. However, incidentally are
obtained and the separate/individual results, nct connected with the

method of the initial functions, but which are of to known degree

coamon/general/total interest as, for example, integral relationships
for Bessel functions, the particular solutions to harmonic and

bibarmonic equations, satisfying conditions Cauchy.

§3. Basic determinations.

Let ¢(y) be a function of dimensionless real or complex variable -
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(Let us note that subsequently it is necessary to deal predominantly
with the interval/gap
0<n<hA, 0<Acl). (.1
let us introduce symbol B differentiation with respect to

variable

ww=£-¢w- 0.2

let, further, L (z) - analytic complex variable function z. If

ve in the analytical expression of this function replace z by B, then
which we_call operator. sThuslphj

it will be obtained the formal expressicn L (B),\sign A, etc. are not

the operators).

The fact that operator L (p) it corresponds (formally) to

function L (z), it is noted by the sign ¢!

LB)~L@). (1.3)

Jf function L (z) besides alternating/variable z it contains
even any parameter k, i. e., L (z) = L (k, z), then during
replacement of z on p it is obtained operator L (k, B), da2pending on
the parameter. The role of the parameter it can play also variable?
or any another dimensionless and not depending on 7 and z variable
€. In this case operators L(nf), L (&, B) or L(@np) they can be

named operator-functions.
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Depending on the form of the function L (2z) (whole, irrational,

meromorphic, logarithmic and so forth) the corresponding name it is

conferred and to operator. For example, L (f) = a = bp3 + cBé, L (B)
L2838 o aare
(ZJigg. L (B) = VP*++, L (B) = sine mEP they will be respectively

polyncmial, fractional, irrational and trigonometric operator,
Special place occupy the operators, assigned/prescribed not in the

closed form, but in the form of any series, for example an‘*}_‘,a,ﬁ"-

If to function @(n) it is used operator L (B) (otherwise:
operator L it functions above the function ¢ or above the function ¢
it is produced operation L), then it is used any of the following
recordings:

LB)iom) =LB)oMm=Lem=LI¢}=Le. (1.4)

As a result of action L above ¢ (if, of couvrse, this action it makes
sense) ve obtain the functicn

Om)=LPom. (1.5)
vhich it is called operator®s value L atove the function ¢, or simply
by operator®s value. The process of finding operator*s value let us
name operator?s realization. Sometimes so let us call formula itself,
which it shows, which operations necessary to produce above ¢ in

crder to obtain @ (for example, formula (1.2)).
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Set o all functions ¢(v), for which is possible operation (1.5),
it is the domain of definition of operator L (f). Nany all functi ‘
above vhich are possible operation LW'L!%:;.,LM¢, obvious equal to
product to set ©.,oL...0,. Set @, the functions @ (n),obtained as a

result of applying operation (1.5) to all ¢(niw,, it is called the

range of values of operator L.

If monomial expression it contains operator L (B) anl functions
cf 7, then operator L (B) it functions only akove those functions,
vhich are placed to the right of it. For example, in expression

(® (W) LB @: () 92 ()
Tator it functions above the function ¢(M) = @:(n)qa(n).

Now let us establish/install the elements of the algebra of the

operators.,

1. The operators are equal, i.e., Ly = Ly, if:
a) o =0,

b) L = L@ for any ¢€o,. (1.6)

Pros L; = L, and Ly = Ly, it follows L, = Lj.
2. Operator L (p) it is called unit it is designated p° or
sisply 1, if
le=¢9 for any ge¢a,. (.7
Prom the eguality
L=p=1 (1.8)
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it follows

L == f° = —-—
STy (1.9)

Fage 27.
Obviously, w, and 9, coincide with many all functions.

3. Operator L (B) it is called zero (zero-operator) it is

designated through 0, if
Lg=0 for any Q€. (1.10)
Prcm the equality

L=20 (1.11)

it follovws
Lg=0lg)=0 (1.12)

Obviously, wg = wy, and 9, consists of one number zero.

4. Operator®'s multiplication by number (generally speaking,

complex) it is determined by equality (see (1.5))

(cLyg=c-Lg = cD(n). (1.13)

ER——

_!

> »L‘Mi i‘-‘nlu. §
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This equality it vwill remain in force, if constant c is replaced
b-\' q.'ﬂ‘-nc)‘.h 0‘ Soma

variable (including 7)) Obviously, o, =

5. Let
LiPem=DMm. LiB)emn) = De(n). (1.14)

Operator L it is called the sum of operators Ly and L, it is

designated
L=Li+Ly=Ls+ L, (1.15)
if
Le=@, + D == @y 4 D, (1.16)
Obviously, o,=o o, . Prom the given determination it follows that

the sum of the operators it is subordinated to communative and

distributive laws whereupon for any (final) numkter of teras.

6. Let are as before accepted designation (1.14). Operator L it

is called the product of the operators L, and L, it is designated

L=L@)= L) Ls ()= LiLs, (1.17)
if (under the conditions 9€e, , Q, Coy)

Lo=@=L,Dy, (1.18)
cr, in more detail,
Lo=Lilsg=LB)'Ls®)om) ) =LiB) D () =D (). (1.19)

Analogously it is determined product L,Lj. If moreover

Lilag = L, (Law, = LoL\9 = La (L\y}, (1.20)

that the operators L; and L, are permutable (are commutative).
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Page 28.

As concerns the domain of definition of operator L, scarcely possible
to establish/install common/general/total dependence between a, o,
and o,. In the case of the adjustable operators the necessary (but,

generally speaking, insufficient) condition it will be o, Co o, .

Not difficult to spread the given determination to product n of
the operators and to show that this product it is subordinated to
combined law, for example,

LiLsLyL Ly = (LyLs) (LsLyLs) = (L\LaLs)(LeLg) =
= L, (LaLsg)(L4Ls)- (1.21)
7. Operator, who is the product of the identical operators, it

is called operator's degree:

LL=L* LLL=L*..., LL...L=Lo, (1.22

The commutativity of the identical degrees L is obvious, and from the
associativity of multiplication it follows and the commutativity of
the different degrees L. Hence: for any operator L with arbitrary
entire m, n » 0 it will be

L™ s LWL® = LOL™ . (1.23
From (1.2) and (1.22) ve find the realization of degrees B:

p-z"'—‘. p'-}"?..... p«-‘%...., (1.24)

208 e
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Crom w\r\;(\\ wWe See H.A.f
otkuda_sidrop=ecto

Oy = @, vhere through « markedly many infinitely

differentiated functions.

8. Operator L; (B) it is called reverse/inverse with respect to
L (B) it is designated through L™t (B) or 1/@ (aD, if it there exists

and

Lig=L~'lg =7 Lig| =9, (1.25)

ie €., (see (1.8) and (1.9))

1
-1 = [, ==
=L A L=1. (1.26)

If operators L and L~! are permutable, then it is possible to
record/vwrite then:

~ = [ = .—.l-z_l. L
U =Ll lmLlp =p-L=T =1, (.27

but if they not permutable, then multiply by inverse operator one
should alvays to the left (this purely conditional understanding it

escape/ensues from determination (1.25)), blut recording L/L it

becomes not determined.

Fage 29.
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Generally in the case of the incommutable operators L, and 1/L,

fraction Ly/L, is not determined.

Analogous to (with 1.22) and (1.23) it is possible t5 obtain

11
L'LT' b

= "= -

z.. “E (1.28)

L

1 - L

D

for an zero-operator (L = 0) inverse operator there does not
exist. Operator, reverse/inverse unit (L = 1), unit itself (this it

follows from (1.25) and p. 1), if Lt = 1, then also L = 1.

9. As usual, operator L let us name linear (or additive), if

L[y A.v.} =¥ ALied. (1.29)

vhere A; are constants or the functions of any alternating/variable
independent variables of )+ Hence we let us meet almost exclusively

the linear operators.

In conclusion of this paragraph let us do several observations,

useful for future reference.

1. Obvious that the equality

M =pm (1.30)
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it imply the equality
Lo, = Loy, (1.31)

but reverse/inverse, generally speaking, erromeously.

2. From the equality

Ly(2)= Ls(2) (1.32)

and the correspondences
LB)«Li@), LB)L@ (1.33)

it does not follow that
LiB)=L®. (1.34)

For example, let

I Am—l+z+9+nn¢ﬂ lz|< 1,

Le)=7— = 11
R o et e o R U
Page 30.
Then, after assuming that (1.32) and (1.33) it follows (1.34), we
will have

LO=p=L® =1 +B+F+...,

1 g it
L@)-T—_T’-Li(ﬁ)-*———ﬂ' = e

vhence in accordance with p. 1 page 27

|+a-+n'+.......r-";—",—.... (1.39)
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that erroneously. For this elimination and similar to it

misunderst andings necessary to choose cne of the possibla expansions

L (z) in a series (logically, after establish/installing

preliminarily the criterion of this selection).

3. Let
L]‘L’. LIQ -0., Lﬂ‘“. (1.38)

According to p. 1 page 27,

Ly =Ly, (1.39)
or

O, = @,. {1.40
Eut then, according to p. 1 page 30,

LD, = LD,, (1.41)

either, taking into account (1.38),

L{Lg) = L{Ly), (1.42)
cr, finally (see (1.19)),
LL,|p) =LL,y(g). (1.43
Hence again on p. 1 page 27
LL, = LL,. (1.49)

Rnalogously, on the basis of equality L, = L, and p. 1 page 27,
it is possible to find
Ll = Lol . (1.45)
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Formulas (1.44) - (1.45) they show that the operator equation Ly = L,
it vill not be broken, if it or to the right are multiplied to the

right by the arbitrary operator L.

4. Let us designate

L= =t,. (1.46)
According to determination (1.26), if L, there exists, than
LiL =], (1.47)

Page 31.

Let us multiply to the right this operator equality (in the right
part of it stands unit operator) by L:

Lil-'L=1.L=L, (1.48

or, on the strength of the associativity of the product of the
operators,
Ly 'L=L, (1.49)

ie €.y (See (1.26))
Li=L. (1.50

Equate/comparing (1.46) and (1.50), we include that
@Ly'=L. (1.51)
Consequently, oparator, is inverse with respect to inverse operator,

is equal, if it there exists, to the injtial operator.

After placing L, = L™t and using (1.26), easy to show that for

B TR Kt
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any L correctly expression (1.27), if only L™1 there exists.
S5 If Lt there exists, then it only.

6. Without the special labor it is possible to demonstrate that
if ve keep in mind the action of the arbitrary operators above the
;\v oA | ? :AP
arbitrary~/ then:'a) L; ¢+ L, = L, when and only when L, = 0; b)
Lily= LaLy = 0 vhen and only when and Ly = 0, and L, = O;Qz) Lely, =

Ly then and only when L, = 1 (with L, 3 0).

7. In all given above deterwminaticns and considerations the zero
and unit operators they played the same role, as usual numbers zero
and unity. Introduced for them designations 0 and 1 they stress that
there is no need for making the difference between the operator or

number.

8. If there exists L™t, then of

LL = LLy OF [, = L,L (1.52)

it follows (p. 1, page 27)
Ly=L,, (1.53)

i. e., operator equality possible "“to reduce" to the operator, which

occupies identical extreme places in the left and right sides of the




.
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equality. But if operator it stands not on identical places (LL, =

LpL) or not at all at edge (LyLL, = LyLL,), then "cannot be reduced"
(if, of course, operators L, L,, L, they do not commutate either they
do not occur of equality Ly, = Ly, or L, = L,, then equations are led

to expression (1.52)).

Fage 32.

§4. Exponential, hyperbolic and trigonometric operators.

In the literature (for example, [4, page 147, S, page 10; 45,
page 10]), frequently it is encountered operator ¢*. on the basis of

formal expansion e*® according to degrees P and assuming that 9€o, the

authors easily they come to this operator's folloving realization: 1.

efom) =M+ k). (1.54)

POOTNOTE !, Here are given our designations. ENDFOOTNOTE.

Further I. I. Khirshman and D. V. Uidder they are limited to this

observation: "now we define e"fix) as f (x ¢+ a) ve note that in
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spite of the background of definition, expression ¢°"f(x) it will
make sense and when function £ (x) is nct differentiated®. This
valuable by itself determination it does leave, however, opened this
very important for a practice (at least in application to the method
cf the initial functions) question: actually wvhether of the fact that
the operator in question they did designate €® it was converted
into exponential function and is it possible during operator

transforms to use the properties cf this functicn? In the present

paragraph we let us attempt to give answer/response to this question,

and also to a similar question for the trigcnometric and hyperbolic

operators.

Thus, let us determine operator-function L,%.f) with the help
of the equality
LEPeM=9Mm+8) (1.55)

let us explain its some properties.

1. With & = 0 it will be
LO.Bem=—qeMm, (1.56)

vhence, according to p. 2 pages 27,
L.Op=1. (1.57)
Q.‘bt/assuling in (1.55) &€ = €, and &€ = E&,;, we will obtain two
different operators L.(.P) and L,(¢.p). Por their product, taking

into account (1.19) and (1.55), let us have:

|
»
l
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LGB L G Byo(m) =L, 0P LB Pro(m)) =
=L EGHoMm+8)=9oMm+8&+ &)=L & + EsB)o(Mm) (1.58)

and, analogously,
LGB LG.Pom =L EGuB) (L G.P)o() =
=L E+EPom. (1.59)

ﬁ:o- last/latter two equalities and p. 1 page 28 we obtain

Lo @B Lo (BesB) = Lo G B) Lo (81 B) = Lo Gu + Eo.B).  (1.60)

3. Set/assuming in (1.60) &, = &, & =-& and taking into account
(1.57), we find

vhence (multiplying to the left by operator L;-n(g,p)el_.(;_p_). and

keeping in mind p. 8 page 29)

4. Since there is no fixed &=, with which, for any
function, @M would be $(M+E)=0 on the basis of (1.55) and
Pp3, p 28, we come to the conclusion that with all §

LGgp+0. (1.63)

Me will be distracted for a period of the fact that [ p -
this function of operator, and let us look to it as for the usual
funsction of &, in which is included certain parameter B. Equalities
(1.57), (1.60), (1.62) and (1.63) they estaklish that function L,Ep)
in main properties it coincides with usual exponential function, in
particular (1.60) it expresses the base property (theoream of
susmation), vhich is inherent in this and only this function (see for
exaaple, [S, p. 75)). Therefore it will natural designate L,tp) as

e to degree &. Hovever, into amalytical expression for L,(p) it

b nami————
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must enter even the parameter Pf. Given above considerations they do

not give any indications in the relation to, as precisely it enters

in LB (parameter P generally in them it did not figure - it it

served only recall about the fact that LB from not simply
function, but at the same time and operator). Therefore for L.EB)
it vould be possible to take any of the following designations:
= e"; 2:& (such designations, as fet and es+h, do not match up,
since they they contradict determinations §3). Into §6 examined the
action of operator L.(%B) above functions e¢(n)éw. as a result of
vhich it will be discovered the naturalness of designation e¥. 1In
crder not to make the difference in the designations of operator,
used to any and to infinitely differentiated to functions, let us
take and here

L. §.p)=e®,
after vhich (1.54) and (1.55) they will give

LgPom==clo(m) =omn+8). (1.64)

Now let us consider operators

LEh =gl Eh+ LM, LEH=
-[zLep-L-tp). (165

iee. in accordance with (1.64) and p. 1 page 27

LEPom= Qj;i’_,“_ -}lv(w+ D+em—0l. (166




L
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L&D =5 o - Lo+ D —em—8l.

Fage 34,

1. With &€ = 0, according to p. 2 and 3 pages 28, it will be
L:O.B)=1, L,(0p) =0. (1.67)

2. Set/assuming in (1.66) & =&, and & = €5, let us find

Ly oo B Le o By @ () = Le G B) Le o B9 () =
- OO+ t+ )+ o —t+E) +

+oMm+E—8)+em—E—E), (1.68)
L G BYLs Ba By @ ) = Ly (B0 B) Ls G B) @ () =
= PO+ E+ ) — 9O —a+ E)—
—eMM+E—8)+oM—E—E&)). (1.69)

vhence

Le@Gi+ 80P+ Lo B —80B) = 2L G, ) Lc B B).  (1.70)
3. Store/adding up and subtracting (1.68) and (1.69), ve will

obtain
Le@i+ 80P =L G P)LcGoB) £ L. B B L G B). (17D

T
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vhence, in particular when &, = €, = E,

LERH—LEDH=1. (.72

AMfter building, similarly (1.68) and (1.69), products L,(E.P)L:(¢:P) and
Ly &g B) L G B)
N let us find

LG £808) =L G B) Le Ba B) £ L Bi, B) Lo o B),  (1.73)
L2530 =2L G PL G P (1.79)

and so forthe.

4. Substituting in (1.65) & on - &, is discovered that
Le(~8B=LGEBH. L(—LB=—LEPp. (.75
ﬁepeating the considerations, given above for an operator L,(.B)
and, in particular, paying attention tc the fact that equation (1.71)
it is the indicial functional equation for a hyperbolic cosine (see
[S, P« 75)), and formulas (1.67), (1.70) = (1.75) they coincide with
the formulas of hyperbolic trigonometry, we include that formula

(1.67) determine the hyperbclic operators

L@ B o =chiBom) = 3 901+ B+ 90—,
(1.76)
L&MW =shibem = 3le(+D—em—Dl.

a (1.67), (1.70) - (1.75) they express the usual relationships:
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chO0=1, sh0=0,
ch(—t) =chB, sh(— )= —ship,
ch(g + 8B +ch(€, —E)B = 2chEPchi,l,
ch(E, 4 &) B = chEBch i 4 shESshE, 4.7
shig £ E)B = shEBchEH + chEBshid.
ch®tp —sh2gp = 1,
sh28p = 2shEBchip

and so forth.

Page 35.

Literal so it is possible to show that the operators, introduced

by the formulas

cos o (n) = %lv(n+it)+v(n—l€)l.

(1.78)
sntho () = 5 (901 + &) — 9 (n— D).

they satisfy the functional relationships of usual trigonometry:

ens0=1, sin0=0,
cos(—BP) = cosEP, sin(—EP) = —sinkP,
cos (§; £ Eg) P = cosEBcos S F sinEPsin P, (1.79
sin (§1 £ §) P = sin §uP cos §of 4 cos §4f sin §43
sin"tp 4 cos’{P = 1,
8in 23p == 2sin §f cos Ef
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and so forth. Furthermore, equate/ccmparing (1.76) and (1.79), we see
that

chiff = cosih, shith =isingp, (1.80)
CoSiEP =chiP, siniZh = iship. | 8 i

:
|

. e L e R S v
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Page 36.

Using (1.76) - (1.78) and (1.80), it is not difficult to obtain
the following formulas for the realization of the operators, who
correspond to the functicns of Acad./Academician. A. N. Krylov ( [ 25,

page 38]):

Y\ @ P @) = chid cos to () = 5 (ch (1 + D+ .'
FehQ—DBIoM =t arouFom—|
—(+0U+oMm+(U—DE+ol—0—B [ &
Y2 B)@ (1) = - (ch £ sin £ + sh 2P cos &) 9 () = '
= (1=Dsh(1 +- DB + (1 + Dsh(1—D) Bl =
= LU=+ +08—om—0 +08) +
++0{em+1—=nE—em—(1=0%).
V2 (% )9 () = 5 sh EPasin o (n) =
= glch(1 +DE—ch(1 =) tBlo (0=
= S iotm+(1+DU+oin—(+E—
—e+A=0U—em—(10=0%). | .8y
Yo 8) 9(n) = - (ch Epsin £ —
— shiPeosth) o () = — g (1 +Dsh(l +
OB+ —Dsh(1—DEle ) =
-—i5 (1 D@0+ +DE—gMm—

—(+98l+(A=NieM+A—=)El—
—em—=(1--08.

. " - e e — VT ————
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and also to the oxponontial-ttiqono-etric operators:
% cos nthy (n) = -; en +o-+mu+m+o-—mm-

- (182
"‘-lll.vu-glvh-l-(--i-hm—vh-i-(ﬂ—ﬂw-

vhere m and n - any nuambers.
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Page 37.

One should do another observation that in the same way as in the

region of real numbers hyperbolic functions are not periosdical, so

also the examined operators they are not periodic with that sense of

the symbol B, which to it is given.

Thus it is proved that for the expcnential operator e, the

hyperbclic operators ‘¢ch§p and shgp and the trigonometric operators cos
€p and sine &P are valid all those functional relationship/ratios,
that also for the appropriate usual functions of & (vhereupon

independent of form and character of function @(w)

§ Se Reqgular operatorse.

1« Polynomial operators.

' n
To function ULs(®)= Y as* corresponds the operator
L b

Lap)=a,+ap+...+aP, (1.83)

vhich logical to name polynomial. On the basis (1.13), p. 5 pades 28,

e

M TG 3
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(1.24) and (1.9) we obtain this operator's realization:

Ou() = L@ = a@(W) + 0,9’ (D + ... + G PP (D (PE ), (1.84)
whereupon ae, G, ....a they can be constants or the functions of any
variable (including y). The domain of definition of operator e is
the set n once of the differentiated functions. The theory of such
cperators is thoroughly developed in the book [S5, § 38). Therefore

here we will note (without proof) only following 1:
a) operator Ls linear (see (1.29));

b) for L, are valid the usual summation rules, subtraction and
sultiplication, whereupon the operators L, and L, are commutative
with any vhole m, n » 0; therefore with the operators can be turned

as with usual polynomials, for example
LymB'—5+6 = LILA = B —3)—2);
c) occurs the identity

Lo+ By () = L) (emom), (1.85)

wvhere k is the constant or not depending on m variable value;
d) if
L#=0 for any e€e,, I I (L8e)

that

Goma=imam0 e
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and vice versa;

e) let TI— be certain closed domain in complex plans (if o=
complex variable) or certain closed interval on real axle/axis (1if it
is real); if with ner ullbc/,then the function @u(y), deternined by

equality (1.84), is continuous and differentiated in I.

FCOTNOTE !. However, all this it is not difficult to obtain directly

cn the basis § 3, but for the purpose of reduction we this not do.
ENDFOOTNOTE.

2. Determination of regular operator.

a) let us compose formal expression (power operational series)

Sl =ay+ap+ad + o+ ...
L od .

.8

It determines the regular operator L (f) = L*(z)

Lopmimla®~ L+ Q) = LOm Lt ) (189
= "
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in that and only that case, if the series

G+ a2 +ap* a2’ + ... (1.90)
ccnverge to function L*¥(z) in an entire (final) plane coaplex
variable z. In order to emphasize operator's regularity (if for this

te a need), ve agree to above place sign +-.

Let us introduce the designation: o4 Ce t - pany assigned on I
functioms ¢(n) such, that they are infinitely differentiated,
whereupon

l¥m )| <B-A*, (neD), (1.91)

vhere A, B > 0 - constants.

FCCTNOTE 1, See p. 7, page 29. ENDFOOTNOTE.

b) let us demonstrate following if power operational series
(1.88) it determines regular operator (1.89), then the function

series

WM +agM+...+aePm+¢..., (199

cbtained as a result of the formal application/use of operational

i
eI AL SRS E

——
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series (1.88) to functions g(Mew4(MET), it converges and besides

absolutely and evenly.

Fage 39.

Actually, on the strength of ﬁgﬁgﬂﬁ series (1.92) is majorized

together

but power series (1.90) it converges in the entire plane z, a that
peans according to Abel's fi;st theorem [ 40, page 49], it converges
absolutely with |d=A (A - any). Therefore converges series (1.93).
Then in Weierstrass®'s sign/criterion series (1.92) converges
absolutely and evenly in closed domain T\ (Let us note that the
condition (1.91) can be replaced by less rigid). Let us designate the
sum of this series by W
O (a9 ()

From p. 2a (1.83), (1.94) and determination of sullat1on of series,

0. () im0, ,ﬂ.‘ ePoiivesn. (.9

c) according to the Weyerstrass theorea tuncti.ono (M is evenly

it follows that

continuous in closed domain I. Moreover, it is possible to show that
D ewn. (1.96) !
Actually, the multiplication of ccnverging series by which

conveniently number does not change its radius cf convergence.
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Therefore the series

Gz + ;3% 4 Gg2® + ap2* + . .. (1.97)
will in an entire plane converge to function zL*(z). That means the
€xpression

ab +ap +af+ad +... (1.98)

determines regular operator pL@)«—»>zL*(2).

«@—— On the basis p. 2b the series

a9 M +89 M +... +6,¢" @ +...(pe W) (199
will ccnverge evenly (and absolutely) in domain I. But saries (1.99)
is obtained by term-by-term differentiation of series (1.94).
Consequently [43, page u41)],

@ ()= MO, () = 49" () + " (V+.-. (PE @A) (1.100)

After using mathematic induction, let us find that with any whole m >
0

O () = O (1) = Gy (1) + 8P () .. (0 € 04
| (1.101)
i. e.o O MEw

Fage 40.

Now let us estimate the module/modulus of m-th derivative. Since ? €W,

that of (1.107) and (1.91) we find

W‘m<u.ﬂv"'m+l-.l¢'*’h)+la.lv""'m
< Bu-.ll"-l-?a.m'" +|a At 4. ) -u-uﬂ.l-a-

il "'-l-!'sld-o-lg.ld'-o-...). o .\’"‘m

— s a——————— , e
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But representing whole function L (z) series (1.90) converges
absolutely in any final part of plane z. Therefore
|Go| +1a1| A+ |ay| A +... =C, (1.103)
vhere C > 0 - certain constant. Then, after designating BC = B,, from
(1.102) we will obtain
|OD M) <B A" (meD), (1.104)

that, according to (1.91), and proves affirmaticn (1.96).

d) Arises the question concerning regular operator's
realization: that whether operator's value will be function @_(n
(see (1.54)), that whether

DM = L+ B o (w. (1.108)”
where L*(B8) it is determined from (1.89). Let us demonstrate that the

result will be one and the same.

Preliminarily let us note that from the determination of
operator (page 26 and p. 7 pages 32) and of the determination of zero
cperatcr (p. 3 pages 28) it follows that

0« L*(2) = 0, (1.108)

i.e. tc zero operator corresponds L*¥(z) = 0, and, on the contrary, to

function L*(z) = 0 correspond Lp - 0.

Novw let us introduce the designation

Lu®)=Zeap (.100
ol
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and subtract (1.95) from (1.102):
Q=0 = Ltg—L g=(L+—L)¢ (pEwM. (1.108)

But

L*@)—L.@)«—_»u»(g)_.i Q2. (1.109)
[ ]

The last/latter expression is equal to zero, since L*(z) - this is
=
summation of series Y ag

)

Page 41,

L+ —L ) >0,
Therefore V4 Or (On the Strength of recently the done

cbservation)

oo 90 RO e, x

Thus, in expression (1.89) sign ~ must be tfeplaceé !;y equai sign.
Finally, from (1.100), (1.108) and (1.12) follows:

O =0 _ (W NW*, (1.112).
Thus, .it 9€¥M and 9€lthen, taking into account (1.95) and (1.96),

LY O)om G+ 0 +aB+ .. )9 =am+ 0y + oy +

L im0 mewn, 4 (1.113y

8T

ie @., any regular operator can be represented in two adaquate forms:

closed L*(P) and series ap *+ asP + a,P2 4o ..o
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For example:
L"m-c"-l+»ua+i’§','-p°+-"§','-r+.L..l
LY () = shmp = mb+ = p’+ pn
, 1.114
L*(b)-chmb-l+i'2‘,~p'+£4'|—pc+....l e

L;@)-sinmﬂamb——-ﬁ' ,:5'—

L"O)-enunﬂ-l-—-~ﬂ‘+ 4 D‘ GRS

All the examined previously concrete/specific/actual operators

are special cases of common/general/total regular operator (1.113).

So, with a5 = a; = ... = 0 we will obtain the zero operator L*(8) =
C; with ag = 1, a3 = @2 = +e. = 0 - the single operator LY (8) = 1;
with a; = 1, ag = a, = o.. = 0 - differential operator LY (B) = B8;

*-
with a, = .o )50.“-0.....-...-0 - polynomial operator.

Fage 42.

Let us note still that conformity (1.111) together with the

prcofs conducted establish/installs isomorphism between many whole

complex variable functicns z.
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3. Properties of the regular operators. Differentiation with respect

to symbol B.

a) on the strength of the linearity of the operation of
differentiation any regular operator satisfies identity (1.29), i.
€e, it linear. Moreover

T An@l=ZAlte, (15

'
if in curly traces a series confronting converges evanly and

absclutely, and ¢,€w4 and ner.

From linearity L*(B) it follows that
L* @) (0) = 0. _ (1.116)

Therefore from LY*@)e(m)=0 we consist that either L¥(B) = 0, or e =0.

b) As the domain of definition of regular operator 0L+. as this
escape/ensues from p. 2a, b, ¢ and especially d, necessary to take
set A (page 139), i.e.,oL+-d4’. Pormulas (1.96), (1.112) and (1.113)
show that then and DL+-C“’. That means

'L"'-QL"'-#"‘ 'G.L_.,. 0-L+QGQL+, nel, (1.117)
i.e. the application/use of a regular operator to set o4 does not

derive/conclude beyond the limits of this multitude.
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Hence follows the existence of the product (p. 6 pages 28) of

the finite number of regular operators - LiLf...L}.

c) let e(m)€ w4, nel' and

L0 =outoubtad+o. L0 tntaudt ot

Oy (n) = LT (B) @ ()=0:09 (9) + @’ (n) + 3:159" () + } (1.119)

@, (1) = LT ) 9 () = Gpu@(n) + G0’ () + Gna¥"() + .-

According to p. 6. there exists

LiLfg= Lt G) (LT B) 9 () = (@10 + 8 -+ ..) X
X (a9 0@ + o) C(1.120)

cr, taking into account uniform and absolute convergence of series in

(1.119),

Page U43.

After leading the same reasonings for a productmqain ve will

cbtain right side (1.21). Therefore

Tham, two (but, and also, therefore, any finite number) regular

et et ot are comsutative:

QL= lLt. L L L ..., (1129
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for example,
. €®sin kf == 5in kP -e™® = kP 4 mif® +
+ ﬁim;l—'k')pa mk (m —K) [

. €™ cos kff = cos kf-emt = 1+mﬂ+

ms — 3 m(m'—sk')v
v p’+——-§r——'p'+

— 3
+M sz+ﬁw+

-

€™ sh kP = sh kP e = kB - mkP? +

‘(3"'. + k"p.+ mk (mal‘f'k:l B+

e"chkﬂ—chkﬂ-c"-l+mﬂ+
m? +I¢' m(m® + 3k%)

+m‘+'6m'k'+ k‘p‘_*_

M-ﬂp-p-w-.--%’-r—%-rq-....

Fage 44,

.

(1.124)

d) Unlike p. 6b, on the basis (1.123) and (1.116) ve come to the

conclusion that in order that the product of the regular operators

would become zero, it is sufficient if at least one operator is zero

(abocut the need for this condition see p. a).

e) On the basis P. a and ¢ and uniform and absolute convergence

of series in (1.113) we consist that series (1.88), which represent

regular operators, can be storesadded up, grouped and multiplied as

polynomial operators. On the st~ gth of identity (1.113) thLese
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actions will be valid, alsc, for those closed expressions L"(p),

whick represent regular operators.

f) from p. ¢ and e, and also p. 8 page 32, follows that any
operational equality, which contains the only reqular operators, will
not be broken, if it are multiplied either are shortened by the

regular operator L¥(g) * or to both parts of the equality are

ad joined on equal regular operator.

FCCTNOTE 1. Durinj reduction it is assumed that there is commutative (L%)-.

ENDFOOTNOTE.

For example, if

UL+ L+ Py =Lt +L,  * (1125)

that are valid the conversions

Ly+pL, =LL, :
Li(liy=L)+Ple=0 and s0 forth (1.126)

It is clear that as in usual algebra, the operator, to which is

conducted the reduction, must be different from zero.

# b " W, ’%m 2 Ik'ii'l‘;"’:‘
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g) On the basis of indicated in p. e, we shall conduct some
multiplications and the additions of series (1.114).
e | 4mp+... .
After multiplying a series A to a series e~ wm |—mp+...,
we will obtain unity. Therefore

em.e=m |, (1.127)

3
Purther, after multiplying a series alnmﬂ-M—%—ﬂ'-*-... itself

by itself, then after squaring a series cosmﬂ-l—-%.-p'-g-,., and after forming
the results, again we will obtain unity, i.e.,
sin*mp 4 cos®mP = 1. (1.128)

That means the operators e*™ <«—e*™, sinmp«—ssinmez ©nd cOSMP<—>cosmz
satisfy thereby to functional relationship/ratios, as function L¥(z),
which correspond to these operators.

On the basis of the
conformity (1.111) and the demonstrated above properties of the
cperators L1(B) it is possible to formulate the more
common/general/total affirmation: if integral functions Lﬁ'.(:). L(",'.(:).....
LY@ 2 satisfy certain functional relationship/ratio, which does not
derive/conclude beyond the limits of many integral functions, then

this same relationship/ratio they satisfy regular operators

wssnlt@. For example, (h)fem oW igin2h =

POOTNOTE 2, Indices are undertaked into brackets in order not to aix
these integral functions with polynomials /& , 2+ and the so forth
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cf degree. ENDFOOTNOTE.

h). Now let us introduce the concept of "differantiation” of LY

(B) with respect to B. let
L) = oyt + oyt + 2

bte integral function. It determines the regular operator

L¥ @) «—>Lt () = 0y + 0B + o fad.oii (1130)

Eut L*(z) is infinitely differentiated. Therefore

A ot tat Bt (13D
also it will be integral function. As such, it determines the regular
operator :
#4——»&‘;’)-‘1* 20 + 3ap*+.... (1132

Thus we will obtain

LG s Ly ®=ta, 40P 4. (113)

and so forthe.

Since, in the first place, series in (1.132, (1.133) and so

forth can bte obtained by formal differentiation of series (1.130),

but in the second place, even on page 26 it was accepted on both

sides of the sign <= 2o
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write jdentical expressions (with replacement of z on 8), let us
agree instead of L&@), LE@) and so forth to write

AL ) o gy 20,8+ 30 +....

" (1.134)
;'_‘&p.ﬂa??,+w+...

and to speak about differentiation (not limited) of operator L¥(8).
Fage U46.

With this understanding in formulated in p. g affirmation of the
functional relationship/ratios of the operators in the number of
permissible actions, besides addition and multiplication, it is
possible tc include/connect differentiation with respect to symbol B.

For example,

g Ky

o i(km

. Wy
(of this not difficult to be convinced it differentiated on B in

(1.114) a series for sine mp and after comparing result with together

fcr cos mp).

More that, it is possible to indicate that the regular operator

L*(B) satisfies certain "differential" equation or that it is the
general solution of differential equation, implying by this, which to
the corresponding differential equation satisfies L¥(2) « L+(f).

For example, the operator

L®)=Asinp+Beosp+--%, (1128
T Al 3 :




e
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(A and B - arbitrary numbers) is "general solution™ of the equation
. Fri=e (1.137)
i.e.
L(z) = Asinz 4 Bcosz + -é-#«——»L@)
- this is the general solution of the equation
L' 4 L =e, (1.138)

This freedom in terminology is very convenient in appendices
(just as designation €, sine mp and sc forth or the expression: "is
decomposed by L*(B) in a series according to degrees B", "let us find
sugmation of series ﬁ-ﬁiHP+ .. s).Hovever, one should remember that in
actuality even the expression itself ' does not have a sense, that
this the only useful symbol, but all the menticred above terms and
"operations" only show, which actions must Le produced in many
functions L*(z) in order to obtain the function, which corresponds to
the necessary operator. rightly to the existence of this terminology

it is given by determinations and proofs p. 2 cf present paragraph.

4. Regular operator-functions.

a) Let us consider now that the coefficients of series (1.90)
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are the functions of variable &, that passes the interval/gap
0gt< . (1.139)
Page 47,

TheR regular operator and the corresponding to it integral function

they will contain & as the parameter 1!:

mbquwﬂwc)w ay &) P
b ) > L&,3) = ay® + 0, @)z +'ay(

FCCTNOTE !. The superscript ¢+, which stresses operator's reqularity

L, for reduction let us lower. ENDFOOTNCTE.

The radius of convergence of a last/latter series must be equal

2 ()

to = (p. 2a). Therefore functions 8,\ sust be those which were

limited with any s and €& and satisfy condition (24, page 63]
{myia®T=0. 0<t<Lil
If it is implemented, then, obviously, all results of point/items 2-4

are spread alsc to operator-function. In particular (see (1.113))

l-a.mu-n.m-«-.aww.ur,g:‘..uw-
@+ R+ M+ ... =OR. 0. (1.143)

Thus, the value of operator-function @ will be the functisn of two
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variables. As function m it will belong w4 with any &€ of (1.139),
if only @(ne€ w4 As concerns behavior ® depending on &, it it is

determined by the character of functions a,(§).

First of all let us show that if a,8) are limited and satisfy
condition (1.742), then series (1.1743) it converges evenly relatively
&~ Actually, if are satisfied the conditions indicated, then function
(1.140) whole and series (1.143) converges evenly relatively 7 (p-
2b) with any Eé. That means it is possible to indicate this natural
nuaber ng, which does not depend on 9 and §, that vith arbitrary m

=1, 2, 3, ...« and n » ng occurs

(1.144)

If ve here fix vnwMm=n€l), then (1.114) will express the

necessary and sufficient condition (Bol'tsano - Cauchy) uniform
relative to € the convergence of series (1.143) and of uniform in &

continuity function @@,m) in interval/gap (1.139).
Page 48.

b) let us amplify now the limitations, superimposed during

function a,(). Specifically,, let us require, in crder to
|8, ®)| € M = const, lim}/Ta,E)[=0. 0gE<1 (1.145)
-pey

Then in the eXpression

.‘.‘-*.1-.;@4..;@:4--;@:-'4-... (1.146)
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a series is absolutely and evenly to ccnverge in any final part of
plane z and, thus, to determine whole function !%g?i by
alternating/variable z, to which corresgonds the regular operator
&gﬁ.-{é;@qf@r;mn-;a)r+.;¢;.§;‘?(n.a4n
Consequently, the series
Ly@Pem=a,®em+a®em+a®e ®M+... (1.148)
will be absolute and evenly (relatively v) to converge. By the
literal repetition of the given above reasonings it is possible to
show that this series converges evenly and relatively # from (1.139).
Introducing now acccrding to conformity (1.147) designation L, (&, B)
and comparing series (1.143) and (1.148), on the basis of the
Weyerstrass theorem we consist that series (1.143) allow/assumes
term-by-term differentiation with respect to € and
%ﬂv(ﬂ-:a;m+-;(¢)ﬂ+-mﬁ’+...nw- ;
-¢$(Dv(ﬂ+¢i(!)v'h)+c;(!)v'w+-..-"3‘;%-1. (1.149)
After superimpcsing during functicn an the even more rigorous

conditions:

10™ §) | € M = const, EVW-O. 0CEi<l, m=1,2..,
(1.150)

let us arrive at

Ll o= @ + o OP+ AP RP+ .. 1000 =

=PRI+ DY (0 + IR )+ ... = T g Dewia,
(1.181)
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whereupon this series it converges absolutely and evenly (relatively
€ and %), if
0<t<l, nel, pMEwA, (1.152)

a, according to (1.96), operator's value belongs to set i,

d=L (¢,

Furthermore, formula (1.153) shows that it is regular

operator-function.

Page 49.

c) expression dL (&, P) /d& is similar dL/dB, it was introduced
in p. b simply as symbol of operator, ccrresponding to function %ﬁ‘ﬂm
It is possible, however, to show that dL/d&, unlike dL/dB, actually

is derivative.

For this purpose let us give variable & increase h. Instead of
(1.140) then we will obtain

LE+hB) = ag@®+h) £m @+ LB (1159

Since operational series (1.140) and (1.153) converge absolutely
(recall that this expression indicates absolute convergence of series
(1.141), and also, therefore, series in (1.143), it is possible to
piecemeal stores/add up them (algebraically). By deducting (1.140)

from (1.153), let us arrive at the newv regular operator

"

AL @B L (B4 A )= LB = T (0 + 4 )~ 0y 5. B P,
F i SRR e R s G
= v . (1.154)
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which logical to name an increase in the operatcr-function.

Let us assume that the functions of as(i) satisfy condition
(1.145). Then according to the law of mean (Lagrange) it will be
a,E+hp)—acR.P)=ha ) E<ET<E+4 (1.155)

That means
AL B)=hL, &, B) " (1.156)

vhere L ®'.f) is given by formula (1.147).

Hence, bty the way it is apparent that operator function L (&, B)
is continuous in terms of variable & (whereupon is evenly

ccntinuous):
lim AL (8. B) = lim [AL,, (', B)) = 0-L,,, &, B) = 0. (1.157)

After dividing (17.156) into h and after passing to limit, let us

ascertain that Lm(t.’) - this really/actually derivative of
cperator-function L (&, B) in terms of &:
M dL(g. » 0
,_m(‘”-‘lg._.%ﬂ--—“-ﬂ-%m*‘ﬂ.ﬁ)’i- e
(1.158)

Thus it is possible to show that i in (1.1%1) figures the usual

p-th derivative.




i
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If a,=const, i.e., L (§ B) = L (B), then of (1.158) we obtain

.‘%EL- 0. (1.159)

Therefore during differentiation of operator-functions L (&, B) the

usual operators L (f) play the role of constants.
Fage 50.

let us note that strictly the constants (number) on the strength of
determination (1.8) also are related to L, for example, S = S5e1 = 580

=L (B).
On the basis of deterwmination (1.58), it is possible as in
rathematical analysis, to deduce usual formulas and the rules of

differentiation.

As illustration let us consider

Lap=ren DI
Here
L e w0
(1.161)
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Conditions (1.150) are satisfied. Therefore

d \Y 5+ 1
qg-(zc')-u+me'-;i‘——,,ﬂ.

'%.—(&’)-p(2+§§)¢"-29%2g—;r'£ and the so forth (1.162)

d) as in analysis, can be placed the question concerning the
determination of original operator~function for this regular

cperator-function L (&£, B), i.e., concerning integration L (&, B):

jLandy ((Ea0r)a=3 fooa)pr o6

The last/latter expression is the abbreviated notation of the

fcllowing (see (1.43)) -
Lepdiem) = [[Da@p|diem)= (1169
4 =

=X [fa@d]p iom) =X [[a @ dt| ¢ () = (OE W&
Integral (1. 163) e;‘ists. since oper:t‘ot-fnnction L (€,B) is

continuous on € in interval/gap [0.1] (see (1.157)). The legitimacy

cf the exchange of signs 2 and J in (1.163) and (1.164) and
O,

transition to integral of /A escape/ensues [rom the continuity of

functions g,(f) and uniform relative to & convVergence of series

(1.143).

Page 51.
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Further it is possible to introduce the concept of definite
integral, integral with the alternating/variable upper limit, to
justify usual rules and the formulas of integration. This is made
just as in mathematical analysis for Riemann integrals. Therefore let
us simply consider that the formulas of analysis are spread also to
integrals of L (£, B) Let us note recently in the case of indefinite
integral instead of the arbitrary cunstant one should write arbitrary
cperator L(p). In formula (1.164) to this fact corresponds that fact
that during the indefinite integration of function @(§,m)one should add

arbitrary function fn).

One should also focus attention on certain special

feature/peculiarity of indefinite integral of L (&, B). If is

catisfied the condition

Eﬁ/ﬁmmd&[- 0, (1.165)

that a series in ((1.163) represents reqular operator, i.e., under
condition (1.165), by integrating the written in the form of a series
operator-function L (&, B), again let us arrive at reqgular
cperator-function. However, integrating the clcsed expression L (&,

) with arbitrary (,() ve can obtain irreqular operator. Por exanmple,

La.p=-0k0P) (1169

the operator
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is regular, since function L (&, 2) =(sine E (1-21)/1-2 whole (during
supplementary definition L (&, 1) = E). By integrating it, let us

find

LE&H= S""“‘ a=—00 0. (ien
LG =L

With A operator L, (&, B) will be irregular, since function L,(, )=
s _?TF_U——)‘i-{-L*u) has a pole of the second order at point 2z = 1,

Operator, obtained as a result of the indefinite integration,
always it is possible to make regular, after selecting properly L. )

Sc, in (1.167) one should assume
LO =G +EO (1.168)

Is simpler, however, to generally avoid similar phenomena.
Page 52.

In order that the integration would not derive/conclude beyond limits
many regular operator-functions, let us agree tc apply only definite
integrals with constant or changing limits (it is suggested to be

carried out also condition (1.165)). For example,
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5 t(l-g ‘l-eﬁ

f""‘“‘“ np—pey |

Let us note still that the operators, similar that which stand
in the right sides of equalities (1.166) and (1.169), thus far we
consider as one-piece/entire symbols. Below (p. 6 pages 108) it will
become clear, that with their defined stipulaticns it is possible to

consider and as fractionse

e) because of the fact that are determined the actions of
differentiation and integration, appears possikility to examine,
differential equations for operator-functions. The methods of the
integration of these equations and their sutstantiation will be in
essence the same as for usual differential equations. Por example,

the integral of the equation

dL - :
—a-'.'"--t (1.170)

under condition L (0, B) = 0 will be

L&D ...‘:':r‘.;tﬂ, (1.171)
and

/I the integral of the eguation

%‘*L-O (1T
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under the conditions L (0) = sh B and L' (0) = ch B will be
LEB) =shE+P). ' (1.173)
Consequently, in order that the soluticn tc equation would be
the operator-function, but not simply function, into equation (first
example) or under supplementary conditions (second example) as the

rarameter must enter the symbol B.

The solution to differential equation can render/show irregqular
cperator. It is difficult to indicate the conditions, necessary and

sufficient in order that the scluticn wculd be regular.

Fage 513.
Sc, the equation
. T tpL=w (1174

has regular coefficients and right side; hcwever, its general

soluticn is represented by the operator

However there is no need under such conditions since in the future

will be examined the irregular operators.

- e et s e @
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f) in conclusion let us do several observations.

1. Speaking about operator-function L (&, f), we we consider it

possible to call it also either simply operator or simply by function

(in the same way as this is made in the relaticn to vector function).

2. with any fixed/recorded € = €5 L (&g, F) it is converted into
the usuval regular operator whose properties were described and
subkstantiated in p. 2 and of 3 present paragraphs. On the strength of
uniform continuity L (&, P) and uniform (relatively &) convergence of

series (1.143) all these properties are spread also to the reqular
cperator-functions L (&, f). The number of permissible actions
includes the differentiation with respect to syebol B (p. 3). Let us
agree this action to designate by the symbcl of particular

differentiation. So that, for example,
) =@ =P, @) e (11T
Fcr differentiation with respect to variable & let us apply both

designation of Leibnitz and Lagrange's simpler designation (that also

is done in (1.176)).

3. All reasonings were carried out for g€[0.1l. since precisely
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this interval/gap will be required by us subsequently. It is not
difficult to see, however, that all results can be generalized, also,
to wider intervals, for example (0, «). Actually this it is necessary

to take into account only under conditions of form (1.150).

4. On the basis of observations p. 2 and 3g, let us find
sin (8B 4 2m) == sin EB - cos 2% - cos &P sin 2x = sin EB,
cos (BB 4 2n) == cos &P - cos 2% F sin EP -sin 2 = cos §P,
sin(g‘-—ap) = sin F-cos § — cos 7--sin P = cosEB, (1.177)
sin (;l— §f) = sin“a.‘qnhb —cos nu-sin § = sin £,
- sin(kRE + P) £ 2n] = sin £ + B)
and so forth. This means that for the trigonometric operators are

valid the "formula of bringing", and same these operators have the

"rericd” of Z2w.
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Page 54.

§6. Realization of the reqular operators.

In the implementation (determinaticn of values) of the regqular
operators or operator-functions can be met the different gquestions:
necessary to realize the assigned in the form of a series operator to
that which was assigned in the form cf a series function; necessary
to realize arbitrary operator for the assigned function or, on the
contrary, the assigned operator for arbitrary function; is known
cperator's value L (&, f), it is required to find value L* (&, B) and

sc forth.

All these questions will be solved, on the basis of formulas and
the properties, found in §5. Let us assume those which were carried
cut conditions (1.152). Then all the being encountered series will
converge aksolutely and evenly, but therefore the application/use of
formulas and properties §5 will be that which was substant iated. As a

rule, in text we will not this specify.

S——

o — - - . MR I —
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1. Method.

Let
LEGPHoem=L"EPHom=0E ), (1.178)

whereugpon

LGB =@+ a@b+a@F +...= X 6@, (1179
()

oM =co+em+cnt+...=Y e, (1.180)
n=0

R =AE+ 4@+ 4G +... =X AEW,. (1.18])
‘ pem0

Cutside (1.179) - (1.181) in (1.178), wvwe will obtain

O&n=3 T actr =3 A, (1182
$==0 =0 p=0

where
Ay = Qo + 010y + 21840y + 3lagey + 4lac, + . . .,

Ay = aey + 21a,¢, + 3lagc, + 4laye, +8lage, + . . .,

Av = o @1y + 3aycy + 4105, + Slac, + Slagcy+ ..., (1-189)

Ay = -—;T (3la,cy 4 41a,c, - 5lages - 6laseq 4 71acy+-. . .,
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j.. €Cey

A--%Z(s+p)!a,c.+,. p=012.... (1.18%)

=0

Page 55.

The obtained formulas make it possible to obtain the value of
the assigned in the form series according to degrees B (or decomposed
in this series) the regular operator above the assigned in the form
of a series according to degrees (or decomposed in this series)
function ¢(n). Operator®s value also is obtained in the form of a
Series, its coefficients can be calculated, Jenerally speaking,
approximately, although to any degree of accuracy. In special cases

series (1.183) and (1.81) can be convolute or they generally are
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troken. Then @(.n) is obtained in the closed form. Let us consider

examplese.
a) Let
Leh=so@ =Y T (5) s
o=l =Y (—n,;;%,; . (1.185)
Here

p— 28 1
a"-((cli‘lr 'gi-" Gt =0, ‘u"w. Cpgr = 0. (1.186)

According to (1.183)

DE——— - — - ——
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218 418

A_l__y“+awf_.“=|_mm&h+

< 0,00586%¢ — 0,000136E¢ + . . .,

I (2 4182
A’= -‘Tl-{—éi—?é-l');‘?—o' + ...}::

= 0,25 — 0,04698* - 0,00244%¢ — . . .,

L4 61g2
A‘='4_l{(2l)’2‘ T @D “""'}'=

= 0,0156 — 0,00326%2 +-. . .,

(1.187)

and
4 therefore

Jo (&, ) Jo(n) = 1 —0,12588 + . .. + (0,25 — 0,04698* 4 .. .)n* +
<+ (0,0156 — 0,00326%* + .. .)%* + ... . {1.188)

b) let L. B)=L*@Ep) - arbitrary operator, and

\"
w(n)=¢'"'->5‘5:nrn". tn= (1.189)

where

]
[ I
]
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m - any complex number. From (1.184)

e 71_ w‘ ms+p mr “‘ : me
Ap = pl Z‘(s + o) as—(s—m o s agms = 7'—-L(E,m).
s==U s==0
(1.190)
Further, from (1.81)
ogn=Y " LEmw=LE rrz)z_“;"'_nx;= L& m)-em.
ek P ol
o . (1.191)
Consequently,
|L(E.ﬂ)e’""=L(§.m)e"’"] (m - any). (1.192)

Here L (&, m) - this is the already usual function, obtained from L

(E, z) with 2z = me Let us note incidentally that the used here method

cf obtaining this very important formula is not better/best.

The described method of realization, obviously, is completely
universal (within the framework of the regular cperators and ¢(n)€wt),

but in a number of cases it is excessively bulky.

0 b MG S L
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2. Realization above polynomials, hyperbolic and trigonometric

furcticnse.

When the known closed expression fcr ¢ () and this expression
sufficiently simple, it is expedient tc use directly formula (1.143),
i. e. [

LEReM=LTERHom =Y a.®) ¢ () =DEn. (1.193)
s=0

Let us consider concrete/specific/actual examples.

a) Let

¢(M=n"n - is natural number. (1.194)

Then

24, .‘:"n':'_ & Za.(a)n(u-l). . An—s+ Iy =n i"-‘—"p,—-@n'

(1.195)

and

e o r— - P — v r
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L :Sn’a"“’“) nifa,®+a,_,®n+a_,®0+
(E'ﬂ)h")="_l——;r—'l’=ﬂ a,®+a,_ @n+a,,0,
p=0
+...+a,(§)_:'T:_]. (1.196)
Fage 57.
So that, for example,
LEB) {1 — 69+ 3n*} = a,(§) — 6 (a1 ) + g, E)m) +
+6|a® +a@nt ga@n| (1.197)
b) Let (we repeat the example b p. 1)
’(") = Qm. (l.lm’

Then

LEPe™ =Y a,@m'e™ = ™) a,E)m =em™LE m), (1.199
=0 =0

which coincides with (1.192).

c) Function ¢ () is assigned/prescribed in the form absolutely

——— —




g
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and evenly (withn€l) of the converging series

o= Y ce™"ea™, (1.200)

According to (1.192) we obtain

PEN=LEPeM=LEPY c, ™" =Y c LE m)"".
n=0Q

n--0
(1.201)
The convergence of a last/latter series depends on the form of the

target/purposes of function L (&, z) and must be specially

investigated.

d) let us consider action L (&, B) above hyperbolic functions.

Taking into account (1.192), we find

Sy 1
L& Hehmn = L&H |- " = G @ me™ +
+LE ~me™, (1.202)

cr

L& Bychmn = (L& m)+ L& —m) cham + (Lm) —

—LE —m)]shmy (1.203)

and, analogously,
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LB shmn = - (L G.m) + L@ —m))shimn + 5 (L6E. m) —
— L&, —m)|chmn. (1.204)

Page 58,

Helce, in particular: if operator L (&, B) even relatively B, then

L@ B mn=LE.m) § mn, (1.205)

if operator L (&, B) odd relatively B, then

L&A mn=LEm) mn, (1.206)

By substituting in (1.203) and (1.204) m on im, let us arrive at

L& Beosmn = -5 (L&, im) + L (& — im)] cosmn +
+ ;5 (L . im)— L (§, — im)] sin mn, (1.207)

L, B) sinmn = %[L @& im) + L (& — im)) sin my —

— 5L (& im) — L & — im)) cos v,




R
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Hence, in particular: if operator L (§, P) even relatively B,

then

» cos Ccos
LE.B) sin ™ =L@ im) sin ™M (1.208)

if operator L (&, B) odd relatively B, then

L(;.p);:mq-iu(;.tm)g;m (1.209)
So that, for example,
prsinP (sinmn) = — m* sh cosmn. (1.210)

3. Application/use of the operators to the product of functions.
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a) let us use (1.193) to function ¢ () = u (?) v o (y)

LEHumom = F o,@pmom (.21

sl

and introduce in operator p indices u and v, which indicate, to which

function is spread its acticn.

Fage 59.

Thus, for instance,

B um) =pum =« () Pom)—pom) =10 )
Biu(m) =u®(n), PBiv(n)=0v®(n)

s (uv} =« (om). BLP; (uv) = u (m) v (y),
Pom end Bu(y) do not have sense.

(1.213)

Then
5 (40) = B, + B, luv) = 3 CBLu()-B—to(n) =
f=0
= 3 Cu® o™ (1.213)
=0
e —————— w——
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and

LEHumom) =3 o,®|3 C’-u"’(n)v""‘('»] -
fu=

=0
= qouv + a, (0'v + uv’) + a; W'v + 'Y -’y 4. .. (1.214)

b) Let, for example,
) =1"e", u=1", o=, (1.215)

where n is natural number. From (1.214) we will obtain

LEP) ('™ = z a, é Cl.n(n— )e-sa—j+ l)mo-lﬂn—lcm] e
sa=( [m=0

-3 C’[i 8,56 — 1)+l — [+ ™ ™/ =
o Lomo |

O ILEm) o P

f=y

- (n + a‘:.)"l. & m). (1.216)
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Thus,

i LEP ") = '.'(""'a:i ).L(E.m). (1.217)

Fage 60.

By substituting here m - on - m and by deducting result from

(1.217), let us find

———__

——




DoC = 77055304 PAGE 4§~\()R

acCh

LE.B) {'1 sh m'l} -~ —é—izmn[ (n+£r_l)'l,(§. m) + ( _‘%)" +

2

+LE —m)+ A;f;‘mn[ n+ :,; )"L & m) "("_am)

In particular with n = 1 let us have

L, —m). 2
(1.218)

L& gy mn] = 5 g (oI @om) + L& —m +

1 sh

+ L Gm) — LG, —mlf -5 gy 7 (WL @) — L& — ml +

l
+ L LEm+LE —m)
am " d }’

whence with the even relatively B operator

(1.219)

I, ch ch OL (&, m) sh
i LeP " sh ""l} =L@mm g mn+ “dm  ch

mn.! (1.220)

and

# with the odd relatively B operator

I L(E.B){n::mn; = L mm :‘:'m,,.;.d’: . m) ch

So that, for example,

cos P {nchmn) = cosm-nchmn —sinm-shmn.

(1.222)

— R —————— S —

]
.
L
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After replacing in (1.219) - (1.221) m on im (as this was done

in fp. 2d), let us find analogous expressions for v('l)-'l::mn.

4. Operator L (&, B + K)e.

a) let us assume in (1.214) and u=¢€" (k - any), v = @ o) .

This will give

LB o) =3 o, (&)lz W o (n) j -

s=0 =0

- e"'(f a,@® {L Cik’ﬂ"'])w(n)} =e"'(§ s, <5><k+p>s){<p(nn.
5854 sy i (1.223)

i. e.,

L& B o m) = "L & B + Ao m). (1.224)

Page 61,
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Hence

LB+ Bem = "LEP) (o) (1.225)

which, actually, coincides with formula (1.85) for the polynomial

cperators.

The obtained formula makes it possible to find operator's value

L (8, £ *+ k), if is kncwn operator's value L (€, B).

b) Let us assume ¢(n) =€™. Then, taking intc account (1.192), from
(1.225) we find

LEB+R)e™=e "LE P =
="LE m+ ke ™ = LE m+ k)e™. (1.226)

c) After assuming in (1.225) ¢ =19" and after takiny into

consideration (1.217), we will obtain

LEB+ k) IN' =e L £ B) n'e") =
-.—"ﬁ(n+£—)‘£(&»-(q+%)'u§.» (1.227)

vhence, in particular, with n = 1:

Lep+hm=nan+ 250, oo

-
VAN ke S
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and
A with n = 0

LEP+A(1)=LE k). (1.229)

. Operator ?L_(gljﬂ]/}%ﬁ

Let us assume in (1.214) and u M) =M, v ‘ﬂ) = ¢ (7). Then

LEPMmem=X a®|Y dn‘”b"’v(n)l =

5=0 /=0

=Y a,@ICnB'em) +CB g = X a &) [nB'g(m)+sB""p(m)]=

s=0 s=(0

=Y a@®Fem+ Y a @ e+ 8 oM (1.230)
=0 )

or, taking into account (1.134),

L. B) (ne () = nL &, m«m+‘¥%—’-’— (@), (1231

whence

PES ™ to 0 = LB ime ) —nL G B fo0wh | (1299
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Fage 62.

1
fl\

B

I~

This formula makes it possible to find operator's value

L

if is known operator's value L (&, B).

By examining LE.B)in"e(m)} or by applying repeatedly several times

(1.232), let us arrive at the following formulas:

O‘La ,(35 P o ) = L& B) ('@ () — 2nL & B) o () +

LGB (oM} (1233
p)((p(q)} = L&, B {n’e M) — 3nL . B) {n*p (m)}+
+ 3L . B) {ng () — n°L &, B) (9 (W)

LG,
ap

and so forth.

6. Exponential, hyperbolic and trigonometric operators.

Let us consider now the concrete/specific/actual operator

LkLD) = = Z"‘"’ (1.234)

el




pocC = 77055304 PAGE ~20.\\"\

where k - any real or complex number. Here

g, =& gma~ G (1.235)

sl (s —m)l

cld
A wvhich means, are satisfied conditions {(1.150) (with 2| <R <o)
Therefore b k)

ot = 2[“’5«»(:»] ;%{—«»‘”(n).
i e.

| o) = ¢t + k) = OE. .| (1.236)

M)

wvhereupon ®€o if only are implemented and ccndition (1.152).

Substituting here k cn - k, we find

) i
S o = T oy HERT OB o,

(1.237)

Fage 63.

Finally, after replacing here k by ik, we will cbtain

sn kEPp (n) = £+ ) — 90— "'5' Im (g (n+i48)} = O (&, .

cos ki () — 2148 L 9N —ThD = Re (g (n-+ik3) = @ (&)

(1.238)




-
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It is not difficult to see that under condition (1.152) for all

foremulas (1.237) - (1.238) will be ®@¢o'r.

The obtained formulas are completely analogous to formulas

(1.64), (1.76) and (1.78), which were found at considerably more
ccmmon/general/total assumptions relative to function ¢ ( ). In
exactly the same manner it is possible to find the realization of the
giperbolo-trigonometric operators, who correspcnd to the functions of

acad. A. N. Krylov

\ Y1 (k.8 B) = chkthcos KEBo (1) = 4 (9In -+ (1 + 4] + @ln —
— (1 ORI + 9l + (1 — D1+ 9ln — (1 — DAL} (1239

and of so forth (see (1.8.1)).
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7« Examples of realization.

Let us give several examples, which illustrate the

application/use of the obtained in the present paragraph

cosmcn/general/total formulas.

a) Utilizing permutability of the regular operators (page u4)

and of formulas (1.237), (1.238), ve find

B sin &EPp (n) = sin £%B-B" @ (W) = Im{e™ (n + ik)},
B" cos kB (n) = cos £EB-B"p () = Re {¢"™(n + ik)),
,nch KB () = sh m o) = o™ (n + &%) i ¢ (n + &) .

(1.240).

b) fton (1.205) and (1.206), (1.208) and (1.209), (1.237) and

(1.238) let us have
sh ch
mm{ch m\} = sh kgm-

shAL { sm {sin kEm.cosmn, (1.241).

— sin kEm - sinmn,
anm{e.m} g

|—sh &&m - sin my

R " o i SRR
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and so forth.

Page 64,

c) From (1.238) we find

sinkEh (1) =Im{l} =0, coskiB(l)=Re(l} =1,
sin k2B () == Im (n + ikE) = kE,

cos kEB (n} = Re (n 4 ikk) = 9,

sin kEP (n* = Im ((n + ikE)*) = 2kEn

and generally with n natural

(1.242)

4
SR S — o

o
&
-
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"

sin k&P ‘nﬂ’ s nkiq"" _____l) (n—2) k'&’n""‘+

n(n—1)(n—2)(n— 3)(n— 4) n—
i R Ry —... +

n—2

l(— D k)" whewn = 2s,

n——l
l(““ l) (RE)" whenn = 25+ 1,
(1.243)

cos kEB (0"} = 0" — ( =

3 n(n— l)(n4—!-2)(n—— ) BT e e

i 1) (k)" whewn = 2s,

n—1

(— 1) 7 ()"0 whean =2 +1.

d) By using the prcperty of operator-functions, expressed by

formula (1.164), let us integrate over & the second of equalities
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(1.237)
b : sh ktp
}cmemroa- | cnsepat )} 9o f= = 0w =
0
d ¢ 3
=,_§j 1+ 49 dt + ?J vo—R) =g | e@d—
0
—n it
| s~ | sld (1.244)
2% j otz S 21:5 P :
o L
i« e.,
nEeE
li;";v(v»-(ke+‘—'~§,~'r+---;w(n)=—;j o dt.
—8
(1.245)
Page 65.
let us replace k for ik
T
F#m-(u—’%‘-'rw-)m-%f PR
ST

(1.246)




T
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e) By using (1.245) and (1.225), let us find

shmi (B + &) L shmgk , mEkchmtk — sh mgk
YR e (TR @

p+...)¢(ﬂ)_
ln+mi
- j Ay Y474 (1.247)
g
Then
p H-img
si B 1
%“g j Ve (1.248)

nSimt

let us note that here m and k - any.

f) let us assume in (1.232)L-ﬂp@£,raking into account (1.245)

this it will give
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o~ 4 (o) —

R =
shkE l'l+* I n+ht

—nTm-—z- j‘*Cv(odc——gnJ' o) dt, (1.249)

'—-

nia

shence
ML E o= (e — aur 4ot =

1 H-AE
-—2—f C—~De@d. (k—moboe) (1.250)
ik

Fage 66.

8. The equations, by which satisfy the values of the operators.

operator®s value @ - this is function of one is ®(y) - either
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twc - O, - variables, according to that, will Lke L operator L (B) or
cperator-function L (£, f). In certain cases (this depends on form L)
it is possible without the special work to establish/install, which
differential equation satisfies functicn ®@En)en™ regardless of
the fact, above which function ¢ew® will act operator L. Let us

give examples.

a) ket

Lo = sin ktpe = O, n). (1.251)

Twice we differentiate (in sense (1.151)) this identity with

respect to €:

. 7o
O 9= — P snatse = I3, (1259
and then twice onn:
Van-ﬁ’linkm-%. (1.253)

After multiplying the latter on k2 and after forming with (1.252), vwe

will cbtain

%’.L + %"; -0, (1.254)
b) Let
Lo ="9=0¢ (1.255)
B R ———————— N ————————— e

e < A A 4 < 5%
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It differentiated this identity on &, and then twice on 7 and after

subtracting results, let us find

(1.256)

§7. Singular operators.

In the subsequent chapters for us it is necessary to deal in
essence with the reqular operatocrs. Therefore and in the present
chapter to the singular operators is given considerably less

attention than regular.

1. Determination of the singular and mixed operator.

a) Operator L (B) let us call singular, if the expansion in a

series of function L@<—>L@)

A i‘n\ the vicinity of the infinitely receded point contains the

cnly negative degrees of z:

LP)«——rLliz)= '—:='-+:‘i'— 4 e -2._,:". (1.257)
]
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Fage 67.

If necessary to emphasize operator?’s singularity L (3) let us hinm

designate L ~ (B). The general view of singular operator it will be

a_ a ros
L@ <«—>L@P)= —5'—+—B‘,1 + o -Za_}"‘. (1.258)
s==|

If the coefficients a4, are the functicns cf variable }g[0.1], then

LG > LEH=Y o, @)p~ (1.259

it is called sinqular operator-function.

By applying L~ (B) either L~ (&, B) to q;(rp(eo,_-. we will obtain

singular operator®s value

L@ em) =X a6 (em) = Fa_pg~¢ =M (1.260
s==l| so=|

cr

L&D o) =T o, ®E (e0))= So_ ®F~p = O&.
[ ] ol
(1.261)
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The existence domain of operator .- is determined from the condition

cf the convergence of the entering in (1.260) and (1.261) series.

If the loran expansion L(zeL()

/\ ‘in the vicinity of the infinitely receded point takes the form

Le)«— L@ = ¥ a2 (1.262)

Su— OO
vhere at least one a, s>0, excellently from zero, then the operator

Ly«—>LB)= Y ap’ (1.263)

Sme—00

let us name that which was mixed.

b) the introduced operators cannot have a sense, wvhile not the

rating value of symbol Fl--p". In operational calculus it is accepted
differential operator to determine not according to (1.2) and (1.24),

but according to the formulas

h-%+9(0).

Po=0"m+ "0+ " 2Op+ - +o0)p"
s=123,..)). (1.264)
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Fage 68.

Inverse operators (integral operators)

n
1 1
p 5

n
g7 =00~ oy (=0T =123, (269

are obtained interchangeable with the operators ﬂ%ni?

turns out to be very valuable during the practical application/use of

s). This fact

operational calculus, which deals almost exclusively with the

singular (according to the taken here terminolcgy) operators.
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We, however, forewent definitions (1.264), since they extremely
complicate the realization of the regqgular operators, with whom, as
already mentioned, in essence it is necessary tc be encountered
subsequently, and they stopped at determinations (1.2)

and (1.24). As
concerns the operators

g let us take for them as in operational

calculus, determination (1.265). In this case let us consider that 17

- the real cr complex variable, which passes is certain finite dcomain T

(page 39), at least, for example, (1.7). But then inteqraf operators

cf differentiation and become nonccmmutative:

1 1
e e — P 1.266
p p; p. ( )

For example,

B g 9 (0 = 9" (0, (1.267)
and

¢

BI'W(") = —.:, j(ﬂ-t)’v“’(t)dt =¢"M—9 O— e O)n—

—¢" (0 "2’. A (1.268)

This, it is logical, it requires precaution and attention in

inversion with the combinations of the regilar and singular

cperators. The noted inconvenience do not cause,

in our opinion,

ihitede
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great diff iculties (as, for example, and the noncommutativity of

matrix/dies does not impede their wide prcragation).

Fage 69.

Eut if in inversion are located the only singular operators, then

generally similar difficulties do not appear, since of (1.265) easily

is perceived the interchangeability of integral operators:

St g =TT =T (269)
It follows from there that
B T;‘ =P P =F"" (>n>0), (1.270)
that means in particular
p. E'_._p-.p-'= 1, (1.271) «
ie €.,
B =0¢""" §1.272)

- the differential operator is reverse/inverse with respect to
integral operator. Differential operator during determinations (1.2),
(1.24) and (1.265) does not have inverse operatcr. It is possible to
demonstrate the more common/general/total affirmation: it is not

possible to construct the operators, reverse/inverse for (1.2) and
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\'})c"’
(1.24).
True, it is possible tc attain partial interchangeability §
and -pl-. after introducing the determination
"

" s—1 o
o= ﬁj a—v-ea+Y L Qv axy
p=0

In this case P p'=PpP"=1 but will be preserved as before

inequality (1.266) with n = Se

c) on the basis of (1.260) and (1.265), we obtain

- -] [=-] ?
L“®oem = 2"_}—'? = Z(;afr)fj =0 '@ dl=d M)
$=| Sma)

(1.274)

cr, on the strength of the interchangeability of fold,

0

L @om=Ya s o= Zﬁj'r'o(n—oa = o).
=) (]

(1.275)

Analogous expressions are obtained from (1.261) for operator-function
L™ (&, p).
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Let us explain the conditions, sufficient in order that entering

in (1.274) (but, and also, therefore, (1.27S5)) a series would

converge aksolutely and evenlye.

According to Weierstrass'®'s sign/criterion, if

1
‘;.0>l. - (1.276)

e

!
z,—":"—,;rJ (=0 e @&

that series (1.274) converges absolutely and evenly, since converges

a series = 1
27

Let us designate by R distance from point z = 0 to the most receded
frcm the origin of coordinates singular point of function L (2)
{according to (1.257) all the singular points of this function they
lie/rest on the final distance), also, through M -axi-ullL (z)'on
circulference\z\= p > R. Then, applying the estimations of the
module/moduli of integral and coefficierts cf Laurent series, and

also the asymptotic representation of factorial, we obtain
5 (ce
b (—0'e0&|< ]/ TH-maxigou). L0l
=0 :_‘.

(1.277)
From (1.276) wve have

m|9w|<1[%ito7'.F'EF "°[(FI:U).-T.:}.;7.
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This be the unknown sufficient condition. All the functions.
integrated (in the sense of kienann or Lebesgue) in domain T (page

39) and satisfying condition (1.278), form set a-.

Assuming now that @€w. -, we can interchange the position signs S
and s in (1.274), (1.275) and similar to them to formulas for L-
(E, B)- As a result we will obtain the following representation of
the singular operators and operator-functions in the form of the

series:

@)v-Za_hv va(c)z 0" e om.
=1
jL‘(a.b)-Za-.a)b“v—jvmz-"“—ﬂ?‘_l;—,—‘L-dc-oa.m
[ - [}

(Llﬂ»

and similar expressions, which are obtained from (1.275).

Fage 71,

For the mixed operators in accordance with (1.263), (1.113),

(1.143) and (1.279) let us bavc
vtf‘é G“*’.

Luv-?l-’qwl-‘m- 2 -.n-};...ﬂm-«

ijz-—'%ﬂ—rﬁ—a-ow (1.280
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and the same expression, but with replacement of a by a () and @y
on @y for L (€, p). Here @) must satisfy twc conditions: (1.278)

and (1.91).

2. Properties of the singular operators.

On the basis of (1.265), (1.269) and (1.279) and keeping in mind
absolute and uniform convergence of series in (1.279), it is
possible, in the same way as this was done into §5 and 6, to
demonstrate ! a series of the properties of the singular operators

and operator-functions.

FCCTNOTE 1. FPor the purpose of a decrease in the volume the majority

¢f proofs let us lower. ENDFOOTNOTE.
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a) 1f ¢(w€m-, that also D€w.-.

b) from p. a escape/ensues the existence cf the product of the
singular operators and operator-functions
LLRP Ly @B o= Ly, G P) (L & B) g). (1.281)
c) from (1.269) follows the interchangeability of the product of

the singular operators

d) frem (1.279) is evident that
L-&00) =0 (1.283)

Thetefore)in order that product (1.282) would tecome zero, it is

sufficient if at least one operator is zerc.

e) Singular operator is linear. It is more that,

L™{E Aa 0 | = T AL w0, (1.284)
) LS

if in curly traces a series confronting converges evenly and

absoclutely, ad @a€ o

f) The singular operators, presented Lty series or closed
expressions, can be store/added up, grcuped and multiplied. This
follows frcm the absolute convergence of series (1.257) and of

absolute and uniform convergence of serjes (1.279). For illustration

let us consider in detail a following examfple.
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Function L —(z), generally speaking, can be represented in two

fcrms: series (1.257) and the closed expression
L~ @ =5 (@ ! (1.285)

(e - the index of explicitness). 1.

FCCTNOTE ?. Sometimes we can and not be able to find the closed

exfressicn, adequate to series (1.257), but then generally drops off

the question concerning actions with the operators, presented in the

closed form. ENDFOOTNOTE.

To this correspond operator's two representatioans:

L:and—ﬂbqu)IJEGLJr;d—-biéqdf*. (1.286)
smsl el

depicting one and the same operator, realized on (1.279).

(o 0 L ok L @)
Let, for example, four function Y and L (2, for which

satisfy the relationship/ratio
L; 0 Lg @) + L, @) = Ly, @) . -
This functional relationship/ratio is record/written in the
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clcsed form:

L(sp(‘)L»(')'*‘Lm(‘) -L_ (1.289)

Above property of the singular operators presented indicates

that the escape/ensuing froe (1.289) fcrmal equality

LK»¢)L(L¢)+L;.O)-L.7,¢) (1.290)
expresses the real equality
Loyl + L) o = Lo ™) (1.291)

Actually, since

= —1
LJ,”'(Q-S'QZ%?—“~ i=1234,

(1.292)
that
LEnQL;Q'.' n»"-m-" S{)’""’Z (a-—l)l e
"“‘}Z"(-’—ﬁ"“w' o
Fage 73.

Under integrals series confronting converge absolutely and
evenly. In fact, after conducting the estimaticms, similar (1.277),

let us have (see [ 24, page 69 and 44] (6.118)):

— ki e . e
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;i Sygas
Ia-.|<w.—m ;,-< E—';—(—:-) (1.294a)

| 5—15‘5 < 4ln—-l“"( s ) .
8> €Q| N |
let us select and introduce the designations

A-fﬁ':ym. q..’;“.l"_.'-:-la. (1.2940

Then

=0
_.‘_‘___m__l < Ag, (1.294¢)

i.€. series are majorized by the infinitely decreasing progression.
This proves the required convergence. Thus, entering in (1.293)
series allow/assume multiplication, grouping and termwise
integration. Therefore

L‘T,L;,,'-J IQMZZ ‘,_,f,).—(:—_—ﬁ")ﬂ &..

(1.295)
By varying the order of integraticn and after using formula

(2.151) frem [37]), we will ottain

ﬁ'h+wv-fvca{§[(2¢m;..+a]

P2 (]
o x9S +02)}¢ (1.29)
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Now, keeping in mind absolute convergence of series (1.257), let

us find

Lo @) = L5y () Liay () + Lz (2) = 2 . Z-L-r“‘+2£"a"’
-2[(2-‘-&-.)&-3]:*+-‘4r' (1.207)

shence

]

¢ (TaN) + %> 2 8= a®l 1200y

Finally, comparing (1.296) with (1.292) and taking into account

(1.298), we see that really/actually it occurs (1.291).

Por simplicity of notation we examined singular operators. It is
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not difficult to ascertain that all lining/calculations and
conclusions will remain in force and fcr the operator-function, when

Fer exau;le,

cni(§+F) 0 = —sag (0 (1.299)

However, examining operator-function, it is necessary to follow the

interval of the variation &. So, the equality

2
cost 35 (9] — sint g5 (#) = congg (9] (1.300)

will be valid only in interval/gap [ €g. 1], £ > 0, since in (1.139)

series they will converge unevenly.

g) Any rational relatively P proper fraction represents the
singular operator

P AP Ap B 4 ...+ AB + A,
B +B 8" +...+BS+8,’

‘p<n. (1.301)

The sum and the product of proper fractions give again proper
fraction. Therefore on the kasis p. g it is possible to claim that
above operational fractions it is possitle to produce the actions of
addition, multiplication, resolution into partial fractions, etc. For

exasple,
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T Al 1
”F{(Hb)""} T D

g(’l + ]—W (@) = %i:rz%it(ﬂ-

Page 75.

In a last/latter example E€lk,1), & >0, since in interval/gap

(1.139) a series converges unevenlye.

Let us note still that on the strength of the permutability of
the regular and singular operators thus far let us consider

inadmissible this represertation of fractions as, for example,

Y i
1'—1';-0”)3—3.- e (1.303

h) If function L™ (@)«—»> L™ () is multisheeted, then let us agree to
always choose those expansions (1.257) and (1.258), which correspond

to the so-called main branch of function, for example,

bt 3 1
l‘tl 2"—?&"’

s_ G A
e Z @+ 1P

' ‘ 1. 3 K 1 (2:-1)11 »
i (1.304,
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Then and to these operators will be spread the enumerated

previously properties, in particular p. f and g. So that, for

examgle, 1 VE—p
we—e . PFE T

(1—§)5'+(1+E)5 1 0. 1.305)
“ P+ =D PE€[R 11 8> (

i).T;king into account the infinite differentiability of series

(1.257), in the same wvay as this was dcpre in p. 3 of §5, we come to

the conclusion that singular operator unlimitedly "we differentiate"

with respect to symbol E.

Page 76.

According to (1.279),

R o m

%,—f—o-(— l)"z'a-_-x)(c-a---({—m)a-u-.&"“"

— p———
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- sk gk
-(—l)"fvm; “’“;':’f,"'_ﬂ, a ~(1.3os)
]

it is possible to show, as this was done above, that if the function
¢ was limited and integrated, then series here also converge

absolutely and evenlye.

Now, besides addition and multiplication, into the number of
permissible actions above the singular operators it is possible to
include/connect differentiation. FPor example,

’ ; (1.307)
More that, it is possible to speak about differential equations for
the singular operators. So, the operatcr

L™ }.p) = V=R (1.308)

is the solution of the problea:

v - (%) —twer=o (L F) =1 030
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Is appropriate to call to mind the observation, done at the end
pe 3 § 5 apropos of terms "differentiation with respect to A",

"expansion in a series according to degrees B"™ and so forth, it here

retains its force.

j) let us designate by Iy that range of change in the real or

complex variable &, in which function L (&, z) is regular in vicinity

2 = » (i.e. correctly expansion (1.257)). Then functions a_,(}) are

limited with any fixed/recorded s (although they can unlimitedly
grow/rise with s -> =), since (see (1.293))
la—®)| <M, t€ny (1.310)

(relative to @ amd M see page 71). If moreover:

1) functions a-(f) are evenly continuous in [y then

cperator-function L™ (€&, P) is continuous:

Im oG DlmL GHe=L G h=0G 7] (31

cr, cthervise,

N - i adB)n— :
s fre JAefa- oo Bt
. (1.312)
Fage 77.

2) functions ?&ﬂﬂato integrated and their integrals are evenly

continuous in Fp that L™ (&, p) is integrated, whereupon

i

PRSP S
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cr, ctherwvise,

ﬂf Za..(em zr-'d;},,e_

] )

; fv«)(zi—_—’,')}'-fa..ma)m (1.314)

3) functions a-()m once are differentiated and all their

derivatives are evenly continuous in v then operator-function L~

(€. p) is differentjated on ¢, whereupon

r%j' 3;-.-”-‘(! P)v(fol-—--v-u-»q. (1.315)

cr, ctherwvise,

o
om

n A o
- {',QZ"-'-"&%Q—_“‘Q—'- & (1.316)
¢F 9

s—1)

S,@)Za..@(n—g'_-

The proofs of the enumerated properties (they are based on

absolute convergence of series (1.257) and on atsolute and uniform
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convergence of series (1.279)) lower, since they are analogous

thereby, that are carried out in p. 4 §5; let us give only several

examples.

q_"‘_ tle=oqn (1.317)

that

) 4 ‘F +1 o = (0,n); (1.318)

1 ; : 1
but, for exanmple, I.;il.lh—-_—gv(*l) does not exist, since, functiona— () =——

3

is disruptive with €& = 0.
Fage 78.

2. If ‘
F—xTB' -0 . . (1:319)

that

1 x5
‘—a—g_—ﬁqh) - f.@.%w‘:‘n'(ﬁ - 5’@!)4 (1.320)

3. The general solution of the eguation
vill be

- £ ¢
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f:‘.‘ T

shere A = A (B) and B = B (f) - some operators.

§8. Realization of the singular operators.

The present paragraph almost wholly includes lead-in part §6;
therefore to here inexpediently repeat there the reasonings

fresented.

1. Method for analytic functions.

Let us Consider that n=0€l' (see Section e page 39), and let us
narrow down the class of the permissible functicns ¢(n) to w (see
Section 7 pages 44): 9€® with ne€l. Then ¢ will be analytic function,

and that means correctly the expansion

- .
P =+t +en P ... =T can. (1.323)
S w0
o Co
Since see page 71), to such functions ¢ it is possible to apply

the sinqular operators
Le.n-rm-t;@ar'-#b,...-zu.m-.
‘ (1.324) 5
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as a result of which we will obtain

LEPemM=L"GPMoem = dE. . (1.325)

as is known, the integration (including multiple) of functions €w

dces not derive/conclude beyond limits we. Therefore

OGN =ABD+ABNF...= TARY. u.azs)/
pub

Page 79.

From (1.265)‘ i -
W:?ﬂ;-}vf(ﬂ—v"m -Tgl)" v (132

By introducing (1.323), (1.324) and (.326) in (1.325) and by

taking into account (1.327), let us find

Aqm0, - a0y
Ay = a_Co : ' '
A.-:‘;l,-(a-nc;-i-c-ac.)'

| } ( i.328)
Ay = m‘(ﬂd—lcn + lla—gc;, + Ola_scy),

Ay = i (Blaicy + 21846, + Mast, + Ola—scy),

® s 8 s 8 @ % s & s 9 & & s e s & & a2 2
D
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i €.,

. [
Ag=0, A,(%) -%Z(p—:)la_.(&)c,_. p=12...(1.329
gl

Example. Let us find

.;.mg{—} shn) = (). (1.330)

In this case (see (1.304))

1 1
G- =0, ﬂ—o-l)'_'g:—; Comn =0, Cont = Ga 1Y’

1 0 O .
Ay S A.-(l+-3-+-~-+zp—“‘—x) @0y

and consequently,

i ‘ .
OW=r+gatiser Trogar =

-2(1'+-5-+"'+.F‘:i) 2o (|.33”/

Fage 80.

2. Realization above polynomials, exponential, hyperbolic and
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trigonometric functions.

a) let : -
e =co+em+emt...FEGMN. (1.332)

From (1.326) and (1.32€) we obtain as for (1.324),

o p-IN

C O -Z( P

vhere n it varies from 0 to p-1, if p-1 < N, and from 0 to N, if p-1

.

N.

b) let
() = ™. (1.334)

Since
S‘.'(“_ tr-tedt = (_'_;_'._')'_[.-._.i(!.;t] (1.335)

(this formula is obtained by repeated integraticn in parts), of

(1.279) let us find

L™ @ Bem = emL™ G, m)—Z(g =) G o)
]

(m —-any).

Comparing this formula with (1.192), is detected one of the most

isgortant differences of the singular operators of the regular.
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Without selecting first term in (1.336), it is possible to write

}r & B)em = 5‘_‘ (i‘:mﬁ)‘-ﬁ;‘# (1.337)

C) substituting in (1.336) m on - m and taking the linear

ccebination of results, we obtain

L @B mn = i Eom) + L @ —m)) omn 4

+ 3L @m) — L@ —m) 5 mn— B Lm),  (1.338)
where markedly

A

A.(n.e.m)-Z(Z Lo "—;ffl)("";):, (1.339)
\ =0 Pl ; %,

b

Fage B81.
Hence, in particular:

if operator L~ (& p) even relatively f£, then

) - e e - »
L‘(E.p)chmA-'l.‘(E.m)chm—Z( %'75'-) %%)T'
(8 . PO nemp-4-1

\ “ . (1.340)
2041

S PR
: 3 R L]

T ———
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if operat

or L™ (& §#) o0dd relatively p, then

mn)»+

fromameremam 3§ o

Pl Nmepi-)

L™ &, B) shmn = L™ (&, m) chmn — ( 2 B=gnsiy ) -

Fage 82.

By

and further, if operator L

substituting m on im, let us have

(mn)>*

.

(1.341)

L™ @ Bycoumn = 3(L™ & bm) + L™ @, ~ im) cos m, +

+ L™ @ im) — L (. — im) sin mn— A, (1, E, i)

(1.342)

L™ (%, B) sin mn -—;-.'.L"(e. im) 4- L™ (&, — im)) ;inmn-

— 3 L™ @, i) — L™ &, — im)] con mm + 48, (. &, im)

'-_T'Weum- & im)cosmn—
—2(2(—1)» )=y,
b0 Aepyl

L™ (8, P) sinmn = L™ (8, im) sin mn —

4§(§“(— ) =

~ (&, B) even relatively B, then

W oimcnrt ot n




\ B Y
if operator L~ (&, P) odd relatively B, then

L™ (E B)cosmn = iL" &, im)sinmn —

5 — pw F=@ntn) (o (mn)PeH
PNPNETE- Iy ot B
wiBang 1.344)
L™ ¢ B)sinmn = --lL’ (8, im) cosmn + (, g
AN G—(2n+1) (m)*
+ P r ) -l
a=p
If ve in L™ (&, B) chmqy and so forth do not select terns,

(L~

)ch
simila (EP‘ mm‘ d so forth (see (1.203) - (1.209)), then, after

using (1.337), it is possible to obtain the following expressions:

|

| L‘(&.D)chmn-ilgﬂ_‘z’_r;%m_:@](ﬂg’_

- 5_" (Z =10 )('(';2;‘ 4 2 ( Za—(zu-n(i)) (mn)’*‘;'
L™ (& Byshmm -Z[Zl —(— lw'a;fa)](m;:)- |
Z a_z.(a) (&n’m:;‘ 2(2 a-.(:f} (E). )(r(r;;)T"

(1.345)

whence

L‘&ﬂimhﬁQZ(Z(—w (—lr!a"'_,"’.g. |
L‘M)dnmn-Z(Z(—lr“‘"")(-wx

e aadd § et B=aity @)\, (0
g+ $(S e ey

(1.346)
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Let us note that these formulas, as (1.337), have considerable
advantage over (1.336) and (1.339) - (1.344), since of the latter the
internal sums are infinite and in certain cases (for example, p. 6b
the present paragraph) they can turn out to be those which are

diverging.
Cperater (B+4)—
Let us consider the operator

L0 -6_1;,? =@—k)"n>Il—integer. (1347

‘L(z) -(l—*)"s
This operator singular, since the function as a pole at

pcint k, but is regular at infinity. Therefore cccurs the expansion
1 C\a(a+ | )— 1) &
-.\ ’. _ p p

i -_"..,.ZF_EE.G‘_E_W;."_. )

i)

vhence
B0, ccAB M Buqum )y 0 i
| (1.349)
Pl — ‘...'.‘m'>"‘ r
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Page 84.
Taking into account this, we convert the series, entering in (1.279):
a—s—0— _ =3
2 =) =1 +(n-—l)|§g'_—tl—-s-—n)
L\ Dt 2 n— < = :
= a=n ['*2 |- 4 e
By introducing (1.350) in (1.279), we will obtain
. { -(P-k)-"v()--——":-— e %n—r (Odtl.
@1:17'0'0 b Al g 11 n P 4r~»

n > 1, wvhole, . (1.351)

cr, after replacing k by-k,

o P = B+ Ao = - Ty San—:r-'mc
C s

n >

> 1, whole.

Specifically, with n = 1

%‘vm - —hle(n) ~ ﬁje"'v(t)dc. (1.353)
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4, Operator (L- (E, B + k).

According to detérmination (1.259)

LGB+ 0= T amn @B+ b1 (1.354)

n-‘

Since the operators (B ¢ k)™ are singular (see Section 3), also L~

(€, B) singular. Keeping in mind (1.351), we ottain
n °o
L-M+h)m-r~5c*vm2“i2‘—}7—),ﬁa (1.359)
. n==|

The legitimacy of the exchange of addition and integration follows

from p. 2a §7.

Comparing now (1.355) with (1.279), is detected, that

L= @B + &) @(n) = L™, B) (p(n)).| (1.366)

Fage 85.

Thus, formula (1.225) turns out to be accurate both for reqular

and for the singular operators.

S. Operator QL#
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According to (1.257), (1.259) and (1.279) we have (we produce

exchange in roll)

oL, v
—%‘J-’-wo‘ 2-’53;‘—"—«'» - —jw(n n}_,‘;,a—.(ex-dcn
-—1 P

—J em—0 —‘:,l_@—’,—fl—d;. (1.357)

Cn the other hand, on (1.279)

i

L‘(!.mmnn-J(n—nm ) 1-_(%:_‘4;-
sem|
n
-nj«pm—n 2“(‘;“’%’, jw(n—:)za"(‘g))f . (1.358)

Ccocmparing both formulas, we see that

aL™ ¢,

{pn) = L~E P){ne(n)) —nL~E. Bio(n)).| (1.359)

This formula coincides with (1.232). Since series ‘-’:E‘Tz,,ﬁ‘—') converge
vwith any n, repeatedst possible application/use (1.359), as a resul* 8

of which we will obtain (1.233) and generally

r‘.&y'“ - 2(— DCNLEBIN"eM )| (1,360
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wvhereupon this formula is accurate both for sinqular and for the

reqular operatorse.
6. Examples of realizatiocn 1,

FCOTNOTE !. The large part of the given here results was obtained

together with N. A. Wenzel. ENDFOOTNCTE.

Here in essence will be given examples of the determination of

the values cf the operators above concrete/specific/actual functions

and, furthermore, the realization of scme new cperators.

Fage 86a.

a) On the basis of the known integrals

Jﬂﬂ--a-(“'—l). : i : RS

jtc‘dl-%-(ﬂ(ax-—l); il. e big c
St (1.361)
jw-;',[;-(%::_wf.)-n]. i |

Svﬂa-(—xr-;""r[wZ—lr-@—;"t—i] :




ave
and taking ianto account (1.353), let qs find

1 = =1 g ] = (e —1 —m,
| 2 . kn?
F—k {n'l-p(e"‘—l— ——27)- (1.362)
1 ! kM ko
p“_‘._‘i,('\"}"f;-ﬁ(‘h-l- ---—il——...——'a—).

b) Using formula (1.353), we obtain
- :
1 ™ — gim
oy o Py

1 k chmn + m shmn — ke
‘B_——k‘:hmn- m’—k’ "

1 S kshmn + m chmn — me* :
p—k m* — i . (1.363)

| — kcos mn + msinmn + ken

1 —ksinmn--mcosmn-f—me"ﬂ
B—*_—Eﬁl‘lmﬂ- flif‘l-r .

mek R

Page 87.

To this same result it was possible to arrive on the basis p.
2b. In this case it was necessary to use formulas (1.337), (1.345)
and (1.346), But if we apply (1.336), (1.338), (1.339) and (1.342),
then it is necessary to introduce supplementary, that not being
internally necessary for opergtions (1.363) condition |k| <||‘;
ctherwise "internal" series .Z‘%.’- and so forth will turn out to be

those which are diverging that it was noted at the end p. 2».
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Further, On (1.353) let us have

! ne™ _ em™— e
F—T""""m—k—rm—k)f'
F‘_k (nchmy) = 'l(kchm-_l-;nshmn)
— (m*+ &) chmn + 2mk shmn — (m® + &) e
m — kﬂ'
b'_l_k(’ld"ml) (kshr;zgiz:chmq)
___(m® + &% shmn + 2mk ch mn — 2mket
(m’_kl)i v
1 . SRp (1.364
g7 (ncosmn) a__'l(kCOS’I::I+’ZISInm11+ )
+(m'—k')cosm1]+2mkslnmn (m? — k%)etm
(m* k% '
5:‘; (nsin my) = — N&sin ”’":" IZ: Soam
.+ —k')sinmn—%kcosmn+2mk¢kn
(m* + &3p
m 5 k.

Here, as in (1.363), the second and third formulas are obtained
from the first (by replacement m on-m, and then by addition and

suktraction), the fourth and the fifth - by replacement m by im,

Page 88.

c) The operators r_l_-‘ and ﬂ_l—‘ are singular and, therefore,

permutable. Therefore, applying (1.353), ve find
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piw v = g e - ey -rﬂjcﬂa f G &, (1360

either, changing the order of integration,

. " &
P—i—ng-m)w«omjrﬁ-_, '

.

-5 5’ ) (K —~ W) o L)y, (1,366)

or, finally (after replacing designaticms §; by ¢),

1 ‘ n ; A
‘P‘_:_T?('I) -—,:—J‘shk(n—t)v(odc- (1.387)

Hence

(1.368)

n
FrEom- -i':j sin kty — DO,

d) After presenting sine in complex form and after using

(1.361), it is not difficult to compute the following integrals:
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;unw-oa-%u—mu), 5

Jt‘sink(x—l)dt = kl—;-(k;t—'sinkx).

»
2 )

Sl"sink(x-—l)dl - kﬂ,

$(L i)

n — n—! S S
_(_1)Tﬂ‘_(§:_l.)_mu_(_ nT 1—7(—-12- sinkx].

Then frem (1.368) we obtain
1 1 1 1
e 1) = (1 —oos k. gL ) = gt — sin k)

i Al [XQ 1 41— 1) 2 by
m(ﬂ"l = [2 3 (=1 T A i
Dwl)

(1.369)

(1.370)

n n . n~1 n
(= )T I——.H;:-Q—enth-(- "T'l:_%.‘_!l.mh‘].

Fage 89.

e) ercctly .on (1.368) we find
he™ — m sin hm

r-p-{o"'} - : ‘

{chmn}‘ osmn;—cosg' i

& shmn — m sin kn

";‘F‘F"""""" Yy
.. r'?‘“"""' = i

kdnmn—mtinkg[
o ) = S
3 meh

(1.371)

e ————tcem




T e —

and further,

The observation,

(R L}\

1 ne™ 2me™
o A Rl oyl oy

mt—K? 2m cos kn
¥ im0 Nt e

1 28 nchmn  2mshmn
Frm nehml = o

m— R
A TR

1 nshmn 2mchmn
e hmnl = e (v A
2mcoskn -

i (m* 4 k32’

1

g (ncosmn) = SIE00 4

" 2m sinmn mt 4R
+ (k’_m.)’ -‘k(k’ _m'), sin kn.

-+

1 2 _nsinmn __ 2mcosmy
p.+k|‘ﬂ3‘“mﬂ} k.—m’—(k.—m’)'+

2m cos kn
¥ =

mek k.

reasure is related also to formulas (1.371).

(1.372)

which concerns formulas (1.363),

in equal
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f) Keeping in mind the interchangeability cf singular operators
{1.367) and (1.368), wve find
Fp? = g Epem| ,;';J’ahk(n-cmfunuc—
— Lo ) b "

By changing the order of integration, ty producing elementary

conversions and being returned in the designaticn of the variable of

integration from & we will obtain finally

n
i 1
— P = 555 | Bk —D)—sink(n—DIe@d. (1.374)
v
After replacing horeu-')k/l '/2 k ve will obtain

! ;[ﬂnm D=0 _

o.+u o =55 el Vi e
o H1=D) k(n )
1 ] Q)

g) In a number of cases it is convenient tc apply forwmula
(1.356) . So, using (1.356) ‘“tt. k = 1) and the first of formulas
- e
(1.372) (here k = ‘/--i-.u-l)- us find
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2 7|1 w0, wE, /T
-¥(T:i27°“ﬂl/r3'"74P-i§+-i;ﬁr‘nﬂ Tt
5

10~

Fage 91.

h) It is sometimes convenient to use and (1.359). So, using
(1.359) and the latter from formulas (1.371) and (1.372) (here m = 1,

k = i), we will obtain

a 1 1
= ppenn= (5 rps) 00 = s —

1 . 1. 2cosn _ 2cosin

+n“‘"‘—J,.T__3:T"‘—"-—;—(wn-—dm+nshv»-

Here, of course, it was possible to find cperator's value above

function sine n directly from formula (1.346). However,
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calculations would turn out to be bulkier, since it was necessary +o -

expand operator in a series according to degrees p.

1) let us give an example of the use cf integration of
cperator-function for operator®s realization. From first formula
{(1.363)

1 e — étn
I A (1.378)

Here functionsa_,(§)=¢%"'are integrated, and their integrals are evenly
continuous in 0 £ &€ £ 1, which means, possibly the application/use of

formula (1.313). Therefore there exists

] ]
3 e — gin
(f‘::i)l““l-‘[j;::t-dg. (1.379)
After fulfilling integration, we will obtain
1 1 1
|n(|—-;-)(m)-(-T-g,—g,—...)w-
-n{ln"‘;'—Ez(—-mq)+£n—(m—lm}. (1.380)
j) Analogously is utilized differentiation of operator-function.

Sc, withcut resorting to (1.351), but taking into account the
differentiability of functions a_,(€) from the preceding/previous L
example and differentiating (1.378) with respect to &€ (on the basis

(1.315)), we find:

1 - ﬂ—[l+w1§)q|-
u—_—srﬂ m—bp . (1.381)

Fage 92.
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k) If singular operator is expressed by a complex proper
fracticn of type (1.301), then a series of its realization is most
simple decomposed fracticn on the simplest (basis/base: p. g §7) and
then used (1.26%5), (1.351), (1.353), (1.368) and so forth. for

examfple,

—_— 1
=T TTUSRWN PO e

Therefore, using (1.265) and (1.363), we determine

e = -l g = e
-
- g — g e+ 2 (1.383)

1) In conclusion let us consider irrational operator V;T—Z;w
1 . S
Function has the singular pcints z = ¢ ki and is regular in
Va—® ’ ’ .

the vicinity of the infinitely receded point. Therefore the

corresponding tc it operator is singular. Consequently, occurs the

expansion
'% k? 3k 1358
7—‘?':7-%(1—;) -;—(|+;p+%—;p+2~———“p+

+)-%+g%£n (1.384)

i i b
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Eut
o 22 (2s)IN(2s — I
(2s)!! = 2¢.s1, (25 — 1) = __kf__zl)T_
@) (@
@ﬂ" o sl {-385)

and, vhich means,

k> (2s)
o= 8 =0 8 gy = g5 g =0 b2 (1.386)

Then
O a0 mas» =0 _ \Mk@—OF _
:E; (2“'01 Z”Gbﬁ@! 2. (sI)*
= Iolk(n— ) (1.387)

vhere I, is a Bessel function of apparent/isaginary argument. The
last/latter expression is written on the basis cf formula (6.457)

from [37].

Page 93,

Substituting (1.387) im (1.279), we obtain

n ; n
\--ﬁ—_—— o = Svm l.mvr—mdc-Sv(n—m.acm.

(1.388)
Substituting k on ik and taking into account that (see (6.407)

from [37))

lo(ix) = J (— x) = Jo (%), (1.389)

ve cenvert (/3¥Y )te

VF‘P ot = Sv(m.um—mdc Svm—cu.(kc)dc

On this let us finish the presentation of the thooty(é?o%ho
regular n;d singular operators. The thecry of the mized operators,
which synthesizes the results of the investigation of both forss of
the operators, vwill be examined in the following chapter.
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Chapter 2.
SOME QUESTIONS OF THEORY. Mixed operatorse.

In chapter 1 vere more or less examined in detail regular and
singular operators. On the basis of the given there theoretical
substantiation, here we will consider the sixed operators, and also

some ccmmon/general/total questions, connected with the operators.
§9. Mixed operators.

1« Basic determinations. 4

Mixed operator's concept was introduced in p. la §7. General

viev cf this operator
LP)=...+ %’—'+%‘J+a.+a&+¢#+---'2¢’""-“
cr, in the case of the nmixed operator-function,
a a
LG.»-...+—"’.-@+-=‘;@-+¢.(N+¢.(!)I+...-
& .

-f_‘-.aw. @2

ra——
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To such operators correspond to function L (z) or L (&, 2z),
representable in the vicinity of the infinitely receded point by

Laurent series
a o
L(ﬂ)*--v‘l-(z)n...+—z-‘-1+a.+a.z+----Za.z'. 2.3)

Lep s Ll@a=. + =20 a0 ra@er...

= Za, &)z . (2.4)

It is obvious, function L (z) or L (&, z), €l (page 77), it

must have the isolated/insulated singular points at the final

distance and in z = =, the latter cannot be branch point.

In accordance with (1.88) amnd (1.258)
LB)y=L+*@)+L-®). 2.5)

Then, according to (1.113) and (1.279), vhere mixed operator's values

let us have

w=LB o = Yap )+ 5’ omz;‘“—'a!:?;‘,’—& @6
= ,
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}

ﬁtor the value mixed operator-function

|‘| o
OEn=LGEBHom = Za. ® ¢ (m+§<p <c>2“‘————~'§§"_".‘n?”——' d.

2.7)
As concerns domain @, the determimation of the mixed operator,

cn the basis p. 2 § 5 and pe 1 § 7 it is possible to indicate several

versions:

a) is infinitely much ¢,+0 with s > 0 and s < 0, and domain T
(page 39) is infinite; then
© = u‘N.gL_p 2.8)
iece. 9(M) must be that which is integrated in I and satisfy

ccndition (1.91). Eage 95_]

b) is infinitely much a,+0 with s >0 and s < 0, and domain
is final; then
o, = o), (2.9

is@s @(n) it must satisfy condition (1.91);

c) is by n of the coefficients q,+0 with s>0 and infinitely
such @, «0 vwith s<0., but domain T is infinite; then (see page
39)

o, =0, 0., (2.10)
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i.e. ¢(m) it must be that integrated and n once that which is

differentiated in T and sc forth.

If 9€0,.then series in (2.6) and (2.7) converde absolutely and

evenly.

The interchangeable operators can be algetraic rational,

irrational, transcendental, for example,
2 (=
g;QHVF—Le i (2.10a)

In the case of the mixed operator-functions let us assume that
alvays B€l (see page 39). Therefore, for example, if E€l0,1], then
7+€B is not the mixed (but, and also, therefore, by regular or
singular) operator. Let us name it special operator. The number
special includes also the operators, for whom is impossible the
representation in the form of Laurent series in the vicinity of the

infinitely receded point, fer exasple

inp, VF—%. ;,{F tgB. @11)

In the present work special operators are examined only casually.

R — . €,
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2« Prcperties of the mixed operators.

Since the mixed operator is the sum of the regular and singular
cperators, its properties easily are obtained from the properties,
studied in p. p. 3 and 4 § S and p. 2 § 7. Special attention they
require, however, the properties, connected with the product of the
operators, and them we will consider in the following point/items of

the present raragraphe.

Page 96.

a) If exist L, and 1,, then there exists and L = L, + L,,
whereupon

Lo=L,9+ Ly @12

b) IfeME®, . that also P€o,.

c) 1If there exists L,¢, there exists and

LiLyp = L, {Ly9)}. 2.13)

d) Bperator L (p) is linear. It is more that,

= .E.A.L (¢, )} 2.14

Lh&%w

if in curly braces a series confronting converges evenly and
\

sheoletely, 1’"'& with n€rl. Hence, in particular,

L{0} = 0. (2.15)
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e) Operator L (&, B) unlimitedly "we differentiate” with respect

to p whereupcn on the basis p. 5 §6 and p. 5 §8

["Lgf”l (@)} = LE B) (o)} —nL & By o mi| @.16)

and generally

é"_ﬁ(gégﬂf) (@) = L@ B) (n"e @)} —nnL G, B) (w9 ()} +

n =1 € ) r—29m) + - + (— 1y1"LE B) (o ().

T
2.17
Therefore it is possible to speak about "differential equations" for

the operators. So, the cperator
L@) = —psinp+ 1+ cosp+ L e
T+ B ] s
it satisfies the egquation
%,I:+L=¢". 2.19)
f) If vith s>0/ coefficients a, (&) satisfy conditions (1.150),
and with .s<0' are satisfied the conditions, indicated in p. 2X 87,
then operator-function L (&, B) is differentiated and integrated by

&, for example,
!

FE -t —RVF—P, Scos%-dt =psin - (220

It is possible to examine differential equations for

Ccperator-functions.
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Page 97.

So, the solution to the equation

%’% +pL=1 (2.21)
under the conditions
co.p=1 LGP, e

it will be

La.p)-%snw+t,f;"lmv+5';°. 2.23)

FOOTNOTE !. For treatment of fractions see telow (p. 6). ENDFOOTNOTE.

g) from p. 4 §6 and p. 4 § 8 follows that

CLEP+Hem=c"LE P)(Foml. | (2.24)
h) Occurs the following similarity transformation: if

LGP =2E n (2.25)

that

fem(i oG] o

In fact, let, as usual,

L
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L4G. o= Za.(a)ww-Za.m"Zf,?’

b ¢+ (E' '1)-

JB

L=EPom=

5 ?Q) Z a_s(E) (n

LERem=I(L*EP+L-EPlom=

@.27)

dC =& n),

=0+E. N+ P E W =P@En)
Hence
L+ ¢ mﬁ)cp(’:lT) ia ® mP'e (,—,,"—)
s==0
- ) l‘.! . g 1)
-.- a,(t)m'. d(:: -gq@) ‘((;;)' ’
L~ mbye ) j“‘;,—';‘,%’v(,—',‘,—)-jv(,%) :“—T;'—(_‘w—%:“'
n/m = a_.(%'—;l b
= | 9y s =T dg, (2.28)
Page 98.
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Ccmparing (2.28) with first two formulas (2.27), is detected, that

" L :
Liﬁ.ﬂ)v(,;) = @+ (5',,, ) 229
But then from third foraula (2.27) it is obtained (2.26). The
cbtained result can be formulated also as follows: if we in equality

(2. 25) replace of variatbles

N =my, (2.30
that

LEmPow) =PE o) .31
3. Multiplication of the operators.
a) first let us consider the elementary prcducts, in which enter 4
the integral awmd differentiatiem oypevater. pirect calculations,

tased on determinations (1.2), (1.24) and (1.26%), give:

with 0 ¢ n

IN
7]




-

DCC = 77055306 PAGE 179

.

2

U
opu n>s
g o Bl" @ = pr—sp = @9 (n),
mp 1<ng<s
§—1
S92 e W s ¥
B pre g ® ztp"““‘ ) (0) o
5 Pl (2.32)

-1 (—p—reqa- Zw—*ﬂ’w) ¥
@ —n—1) o’
OPE 2 > s PR

s—I

l 3 = —— SN, E’;B
p—;M e Zd"""(o)p,

-wu-iw«»}. |

Key: (1) . with.
Fage 99.

Hence easily is perceived noted even in (1.266) the

noninterchangeability of integral and differeviiial apev ataRs.

b) let us pass further to the more complex operators. Let

#O=Saw, Le=Tap. |

:‘ :" 233 bt

L @) = Sat2p—, Lm-}:.:-'.'zh
~ B
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Fcr the product of the regular operators according to (1.122) let us

have

110 0v-5 Taue,)erw= 5 (Sanar Jon 230
- se0 \ A0
while for the singular operators according to (1.296)
n o =l
Lo ¢e= 59(0 Z@“‘_".ﬂ‘-’k-»)m—:c%

-59«)2(2 angh, )(—'L__—‘}), & 2.35)

These formulas can be written in symmetrical relative to a® and

48 form, for example,

Is hence visible established/installod into §5 and 7

interchangeability of the products of the regular and singular

cperators.
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c) Now, being based on the absolute and unifora convergence of
those being encountered subsequently together (see 85 and 7), and
also on the linearity of the operators L*and L~ and using formulas
(2.32) , let us consider regular operatcr's product and singular and

singular by regular. We have

1t ® 5o = 2«9' (5] -2“—‘%"3"5’“ — OOk +

+Zad e @37
Fage 100.
Then
\ o)
Lt®L; @) o= L} {L-e)~L} "k
oo ol s—1 1
5 Za‘” t®fge= Yy I Bf (1 — Do) &t +
=) =] n=(
+2§ vf: ) @~ (), (2.38)
sma) Amg
cr

n = =2
LTL;v-5¢(C)Z(Za‘..”“‘-”mm\)“(‘p O;)—l 4

p=l \ n=g
+3 Ea,',»,a«z)wm 2.3
=0
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Purther with n+£0

n n =1

L ® (fre) = 2 o gty - Z a!) Zv"“"’ © :,% +
5= =0

frodiebee Sefrag ee

therefore
o=y (L gy=Li {2«%} = S a7 6) (b 9) =
- ai”jw@)z(s 5 (— D +
n— §)“"-'
*5"’“’2“"’2"9‘ G—a—1 %~
nax| $=|
-— Z a(z)z al) q)""”('l]) - Z a(2)2 a(_lz(p(p—o+n)(o)g - :
A=l =l '
Z z‘a«' st T @41)
Fage 101.

After elementary, but sufficiently bulky transforsmations ve will

‘«L-'-fmZ(Z-'.'zmcz""‘(;‘-‘:i'%«-.

+ i(): asnaﬂ.) ¥ () — @.42)
pe \ susi

S[§ (gl

cbtain
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By changing here by places indices 1 and 2 and by cosparing with
2.39), let us find:

LF Lt o= Lt L7 9 —Z[Zas' (Za(ﬁ:v+,,¢(~—v’<0))]];—{ 243

d) By using results p. b and c, let us find another expression

fcr the product of the mixed operators. Let

LG)=Lt®)+ L ® = Za«;»p» + i;;-:,
=~ 49

L.@)-z:@)ur@)-zw:'bw =

Then
LiLg=L{LYe+ LiLve+ Ll + LiLe (245
After substituting here expressions (2.34), (2.35), (2.39), (2.u42)

and after leading simple lining/calculations, we will obtain

Liww= 5|3 ava, + £ (o + e o0 +

oo ©o =1
+ j"m Z( ) 6% 1y +aPal) )+ Z[Z“ﬂ“‘—”«-ﬂ +

. +§(a:"dz:.+..+a‘.”cﬂzm>]"2,:—°,';']a-

SILRNE
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Fage 102.
4. Interchangeability and the functional properties of product.

a) unlike the product of the regular or singular operators mixed
product (where they enter and L#} and L-) and the product of the
mixed cperators in the general case are noncommutative. So, formula

(2.43) shows that
L7 = Ly 2.47)

in that and only when
- e n W\
Y a» (2 0‘_’.}..,.,,9"”’(0)) =0npn p=0,1,2,..., (2.48)
ne=) vl

Key: (1) . with.
and this is impossible. It means L+ and L- never they Commutate,

b) If we in (2.46) interchange the position indices 1 and 2 and

result to subtract from (2.46), then ve will obtain
LyLy@= LiLs9—

—Z[X[ ans." %—¢d£w.w"<°>]}§—- @49

vhere L, and L, are given by formulas (2.44). Hence follows the

necessary and sufficient condition of the interchangeability of the

—
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pixed cperators:

f[gera-raarme]- oo
vaml
,,_ 0,1,2.

Key: (1). with.

This is possible only in three cases:

1) if

i. e., both operators are regular;

2) if
A =aP=0 a0 |, 2.52)

i= €., both operators are singular or take the form

L a_, a_, , 6,
-¢'+T+T+—p-+-n 259

without expanding operator in a series, this form easy to discover,

after computing }El L (p) - it it must be equal to constant).

Fage 103.
3) if
)
o = AaD), = haty hu a0 aff, @50
Key: (1) . with.
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i« €., the mixed operators are distinguished to constant -
Ly=AL, +C. (2.55)
Substantial to note that formula (2.50) skcws that if the
expansion L, (or L,) contains at least according to one positive and
negative degree B, then there is no operatcr L, (or L,).

interchangeable with L, (or L;), besides operator (2.55).

Let us give several examples:

1
(1 +B) = (1 + BYehtd, entp g o+ g en. |
l l = 1 . l .E_. ‘§,=
BT VE=R V= F BT T
oy oy - |
’Chp ch‘3 v '(2.56)
1 1 pA Ly &
(ﬂ—l+i)(ﬂ+1—3—)+(p+1—--ﬁ~)(b 1+5).
1 1 LT A B
c) let
L) = Zas»z-+23‘§-. =123, @57
vhereupon
Ll (Z) L’ (Z) = L’ (z) (2-58,
and
Ly@) «—L;P). (2.59)
\ PR — IR A———— . - W
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Let us explain, which dependence between the prcduct L; (8) L,

and L3 (B) corresponds (2.58). Let us introduce (2.57) in (2.58):

Ldﬂ£««h—2§2§¢9¢9*”‘+

A0 sem0
VALK RINY
2.42.. ORI AL L
n=l s=I| n=0 s=I

cd

= L:(Z) == ZG‘»Z’ Z

(2.60)

?hs

Fage 104.

After some transformations this expression can be given to

L @)Ly @)= }_‘, 2 aha?, + 2 (@, a2+ a2, b0 |2

s=0] n=0

2 1) g(2) 12) Ty
+ (a( 'al (n+l)+a al (n+l )

L s—1 -
+ Z[Zag;a«m ;(a“’a(’) By +AD 3 ,,)] ,‘7 2.61)

-

Thus,




o

AD=AQ0S0 T4

UNCLASSIFIED

FOREIGN TECHNOLOGY DIV WRIGHT=PATTERSON AFB OHIO F/6 1271
METHOD OF INITIAL FUNCTIONS FOR TWO DIMENSIONAL BOUNDARY PROBLE==ETC(U)
SEP 77 V A AGAREV

FTD=1D(RS) T=0553=77 NL
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ad= Y aha®» + 2 (a‘,'gna(_”“+a"'m¢£’.). §=0,12,...

n==l)

a® = L (@a?, ., +a? a_LH_”) (2.62)
n=0

s—I
a¢’_3’,= Yalla® + E @"a? ., +aPal) ), s=23,....

A=l

Then regarding operator and (2.57)

s==0 | n=0 =l

LiBom =Y [E ala® +2 (@, a2 +a®, “"3.)]‘?‘"('!)4‘

+ dgmz @a®,,, +aP ), ) dt + gq»(t)z zawam._.. +

+Z@‘-"a‘.”«.m+«w-".+.»]"' —Ura ey
Page 105.

Ccmparing (2.63) with (2.46), is detected, that

o[ Se{ g o
Lolsg = Lyg— ZJZ#(Z%W"M)]% - (2.65)

d) Now it is possible to formulate the following affirmation: if

and, which means,

L, (z) are given by formulas (2.57) and it occurs (2.58), then for
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that in order to

LB L® =L@ (2.66)
(not only formally, but also in sense p. | page 27), it is necessary
and sufficient in order that in prcduct either the left operator
wculd be regular {(then right any), or the right operator took form

(2.53) (then left any).

Z‘ 2 0‘,."(20‘_’(’”,,0‘"" v) )J '—::,— =0. (2.67)

Proof of need. Let it cccurs (2.66). Them in (2.64) must be
L q(z)(z a“) ql""" 0) ) =0, p=012,..., (2.68)

n==|

al=0 s=1,2
a this possibly only in two cases: either with | (i.e. the
a‘}’-o,n=l, 2.-..
left operator regular), or &I!E"—_‘Y"'-Tszf the right operator

takes the form (2.°53)).

Proof of sufficiency. If in product L,L, the left operator

i s =1, 2
tegular (1%"—\—4!1' the right operator takes the form (2.53)

"'-0n=l 2
(i.85 at is correct (2.68). Then from (2.64) it follows

(2.66) .

Consequence 1. If both operators regular or both operators are

singular, then under condition (2.58) it is always correct (2.66).

Consequence 2. Any operational equality will not be broken, if
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both parts of it are multiplied to the left by reqular operator or to

the right by the operator of form (2.53).

Observation 1. From (2.66) it does not follow that L;L, = L,L,.

For this must be carried out supplementary conditions (p. b).

Observation 2. Everything said is related to the action of the

operators above the arbitrary g€ez:

Fage 106.

; For some sets %(n) the condition of correctness (2.66) they are

expanded:

if
O =¢ (O)=...=¢w(0) =0, (2.69)

that with the arbitrary L; must be
e =0 s=n+2 n+3,.... (2.70)

This is easy to see from expression (2.68), converting it
greliminarily to the form

f 4'.”(.‘3 ¢L‘:._.+..v"'(°)) =0 p=0, i. 2,.... @M
L =0 :

Thus, if are satisfied conditions (2.67), then operational

product (2.66) possesses the same functional properties as function
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Ly (z) frawm (2.58).

Let us give several examples:
e Ay ik,
(1+) () =1
1 1 T . P BL s e S
(p'i'l)‘E?:‘l:E:—' VP ‘—k"ﬂi_k:"“v‘aﬁ—_‘kfz'

3

4 @.72)
sh-%»ch-p«-=ch-p--sh R T

t U +B)
B._l_i@'—l);tﬁ-f-l. B’

It is not difficult to demonstrate also the reverse/inverse

affirmation: if correctly (2.66), then it cccurs (2.58). For this is

sufficient to consider (2.64), (2.46), (2.57), (2.63) and (2.62).

S« On inverse operators.

a) let Lyp be certain cperator. Let us assume that there is

cperator L, (B) such that }

LML Pe=-9 @7
then in accordance with p. 44,

LEbL@ =1 LE=o, @79

el

— =
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f\ciﬂe, /07.

vhere [ (2)<« L8, L,(2) <> L.

According to (2.73) and (1.25) operator L, will be reverse/inverse

for L;e.

Thus, establish/installed that if for any L (p) there is an

inverse operator, then it compulsorily takes the fora (LO)"--E!(-’T:

L~ G)LPo=9 (2.75)
and i 1
L@ = o (2.76)

b) formula (2.75) and affirmation (2.67) give answer/response to
the questicn concerning that, for which L (p) there are inverse
cperators. Specifically,: for L (B) there is an inverse operator in
that and only that case, when either L (B8) has form (2.53), or formal
expression E—QET it is regular operator. Therefore, for example,

for the operators

1 1 p—1 1 » lad

7O R bpFr e O 1w @7
reverse/inverse will be respectively

b p—w fEL VPR e a1 2w
ardthe operators

" "‘”' %‘;t"!v V’—':’- ”' *. c.m

————— ~ e et Wdm— T ———— ~eeenemm—
" P - . R "




DCC = 77055306 PAGE 32 Va?b

they dc not have reverse/inverse.

6« Fractional operators (operational fractions).

a) first let us examine the only rational fractions. Let us
introduce designation
Pa®)=P"+ A f"" + A"+ ...+ AB+ A (2.80)
where n > 0 - integer, and {j- the number (generally speaking
complex) or of function of &. According to the determinations of

regular and singular operator always there are the operators P,(f) and

1
Pn(®)°’
shile according to (2.67), always there are their products, whereupon

1 _P®
P_(B)- -t 2.81
O H"r® -
This equality can be considered the determination of operational

fraction.
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Page 108.

Using this determination and results p. 4 g even 5; it is
Fossible to show that the operational fractions possess the

properties of usual fractions (exception is the multiplication of

fractions).

1. Practions are equal to:

PO Pl R
o~ e

in that and only that case, if
P.BP, B=P ®P, B (28

2. Denominator is decompose/expanded into the factors:

! ' I i
PP = F—Rb—h . B—h’ o

vhere & — the roots of polynomial Pu(2)

3. Are valid equalities

p—h _B—h)(P—
P—k G—rR)P—

B—k) @B —
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4. Fractional operator will not be changed, if numerator and
denominator is multiplied by one and the same pclynomial or is

shortened fraction by it

P® * B—HP,® _ P OP,O s
P.®-—nP.® POPG’ o

5 e During the addition of fractions with common denominators

store/add up their numerators

Pu®) _P,®+P, 0

P, (B
TR0 R e

6. From p. 4 and 5 escape/ensues the possibility of reduction

vith their subsequent algebraic addition, and also the possibility of

the expansion of fractions to the simplest.

7. The product of fractions exists alvays, vhereupon

(o 7 ) =20 k5 o0 o))

but to multiply operational fractions algektraically possible only

vhen n; £ m,.

e —— R ————— R ———————————————————

R . -
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Page 109.

If this condition is satxsfxed. then w

LP.0) Pl ® P, ® P
f‘asr‘p‘w 'Pim??:n‘ 1""0?

Therefore, for example,

LR

+ 0 RY i

(2.88)

but

'I"-F-r- .-—FE' < AT (2.90)

In fact, using (1.368), it is easy to obtain
n!,.[l—";ﬂv]-vw-vmu 2.91)

Even if n, £ m,, then the product of fractions is permutable.

8. The product of polynomial for fraction always exists, is

isplemented algebraically and not permutable.. For exaaple,

o— it @Y Lptin it 0

Rt T
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For an example let us demonstrate p. 1.

Need. let occurs (2.82), i.e., taking into account the

determinat ion of operational fraction,

: L. W 7 2.93

Then, according to the last/latter affirmation p. Uug,

1 |
P..(‘)'W - P.,(l)'p:w. ; (2.94)
whence
P, (P, ()= P, ()P, (). (2.95)
products P, B)P, (B ana P.BP, B satisfy conditions (2.67).

Therefore from (2.95) it will follow (2.83).

Sufficiency. Let it occurs (2.83). Then, according to the
last/latter affirmation p. 4 g, it is valid and (2.95), but thereby
also (2.94). If ve replace in (2.94) z Lty B, then in both parts will
ke obtained the formal products of the operators, which satisfy
conditions (2.67). Therefore accurate it will be (2.93). Keeping in

mind the determination of operational fraction, hence wve obtain

(2.82).

£

¢

§ Page 110.
!
$
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b) Now let us consider the fractions of general view. For the
operators we do not determine the action of division. Therefore the
formal fraction L,B/L,P is understood as single symbol. This
cperational fraction makes sense, 1f function L; (z) L, (z) in
vicinity z = « is decompose/expanded in series (2.3) or (2.4). On the
basis of these series must be realized operator fraction. However, in
the majority of cases above the operational fractions of general view
it is possible to produce usual algebraic actions. Are justified
these actions just as for rational relative to g fractions. Only,
vhich requires certain attention, is the operation of multiplication.
puring its execution one should be guided (2.67). Specifically, for

example:

1« If Ly (B) L, (B) it is regqgular operator, then this fraction
can be multiplied to the right by any operator and then to implement

any transforms.

2. If Ly (P) L, (B) it has expansion (2.53), then this fraction
can be multiplied to the left by any operator and then to implement

any transforms.

3. From preceding/previous it follows that

SGEG-SRLG  ow
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in that and only that case, when either L,/L, regular operator or

Ly/Ly is represented in the form (2.53). Let us give several examples

&
WVP'FP-H'V [

g 3
sin—

@ +5)— = +Bsing.

(2.97)

B cosp  e?cosP Sk
-e—_?-- ﬁ. g} p B@’cmp ﬂ [

sinf p? Psinp R |
B 'l—ﬁ-l—ﬂ =pcosp-1—__jﬁ.

P4 p* sinp  Psinp
____;.‘_.-VE-_-FF, Pr et 2

Page 111,

7. The algebraic actions above the mixed operators

a) if o¢€e, then series in (2.6) and (2.7) they converge
absolutely. Therefore operational sum possesses the same functional

froperties, For example,

. -
it

i, - ackink < & . e )
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ié
b) In the preceding/previous point/items was examined in detail
the multiplication cf the operators. The basic result can be
formulated thus: if operational product satisfies conditions (2.67),
then it it possesses the same functional properties, as the product
appropriate of functions. So that, for exasfgle,
Py | 1
—ght = ],
ch'-a— sh'p
1 1 1 1
= .¢ch = sh— h—ch
ch(p+-3-) chp-ch g +shBsh g s chgchp +
+sh—lp—shp,
: 2.99
B+ Deos'd  @—1Dsin'p _ B+ 1fcos'p Xl
p—1 B+1 B+ DE-=D
+(p—1)’sm' 220 +1)+2Bcos2p _
G—D6+D pr—1.
1 pr41 1 Pcosfp
typ—1trE—i-
If product contains more than two factors, then it is expedient
to use associative property (1.21). For example,
pU+B 50 —=m=p[p+ |0 1+8
FA=O=p[ (£ |1 =P =P (1 —P) =
14 '
(I=P=(U+p(1—=Pp=1—p. (2.100
‘;q*-;« e s - VST 2= D m— - |

B M S LS SEEVST 1 SRS JOREE, - R
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c) from p. a and b follows that above the mixed operators are
permissible any algebraic actions, connected with addition and
multiplication, if only with multiplications are implemented

condition (2.67).

Fage 112.

It is natural that in appendices of the action above the
operators they are implemented on purely fcrmal basis. If we in this
case forget about the need for satisfaction of conditions (2.67),
then it is possible to allow large error. Por example, although at
first glance it seems that

(§ o p)'- i‘!:?-. (peu ,‘-)'- ra}. ~ fo-lﬁ):.

but in actuality

\

(oompomslome]= | 7
-b ‘”’Zl?w St e
(”"3‘) ""M'T{’“T'} -

2@\
"""'r'j'zlz(rrmm~

(2.102)°
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To this result it is easy to arrive, using formula (2.6U4).

Can arise inaccuracies, also, during the carrying out of factors

for brackets. For example, while the actionms
Beosp + B sinB = B(cos B+ psin ) = (cos B+ Bsin ),
Dcosb-}-p’sin%—p(eosb-{-psln%),

148 & 14 p 1 : S
T—etT=p" (H—ﬂ*") J
: (2.108)

are completely valid, the following transfcras are inaccurate:

B e
lf“v." e o

?,_i;,—‘i-u—a-q-pw- (F +-)(a+n.'

+
e
st

RIS SRR N MR WY 5 il



DOC = 77055307 PAGE %0 ) .3

Page 113.

8. Examples of the realization of the mixed operators 1!.

FOOTNOTE *. The significant part of the given here results was

obtained together with N. A. Wenzel. ENDFOCTNOTE.

a) let '
L) =VF—". (2.1049)

Punction L (2) -Vm has a branch point in z = gk, but is

one-sheeted in z = =, wvhich is for it simple pcle. Therefore

L= l(l-—:)"- 9—2%’53‘&- 2.105)

oo o~ . W eyl R s o
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cre since

g (B —IM@ =2 (25—
@—gn = S NE F'_a_-'ilﬁ @109

that
-p— \'\ (@2 -”" . A
LG)=p Z o— sl -i;r (2.107)
Consequently,
-o a - m— k. . 1-1.2.3..... (2.108)
st S . i «(s— Dist"
Therefore
" _.(q—o"'__" @ — 21 A" (n = ™"
=0 (s — 1) sl (25—~ o
2 (2.109)
e LU
n—¢ gl o4 1N
Page 114,

Using formula (6 u57) from [37], ve can vrite

vhere J; - the Bessel function of first-order of apparent/imaginary

argument. Then from (2.6) we obtain

.Va"l‘ﬂv-v'(on-kj o( J.lu(n-c)m. 'mm

wis t‘
"
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- [

(§)

wvhence, after replacing k by ik,

b) let

Function L (2)

VF Ry ~¢ (n)-hf,,’—fltl.u(n-om @.112)
0

L(P) = . (2.113)

is reqular in the remaining part of the plane. Therefore

and

L) =l 2%3',- @14

= G—1Nsl ST 7PN )
(2.115)

o, =" _ N\ A~ < (mr
Seer- -3

A.. WfW—f <o
I = S

= exp (k/z) has essential singularity into z

0 and

i Here ve again used formula (6.457) from [ 37). By introducing (2.115)

e ) Py

F AR
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Page 115.

By utilizing the fornula

and after fulfilling then integration in parts, it is possible

formula (2.116) to convert to the form

.

s i .
Tomo(0) /s 2V + fl.(zm—nn— 7 Q&

(2.118)

By substituting in (2.116) k on - k and by taking the linear

combination of results, let us find

ch g 9=+

J.(sz_rT—’t)“—J.(zﬂn_
e ) Vk’TETn— )

lhTQ-

Li(2Vk + /i (2
J’A.ﬂ%)mm,m,

(2.119)

T e rep———
- S -~ e i SN,

LT,

Lo e

0 R v s
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b oS PAGE 2428 _ /')
c) let now
L(P) = & &=YFTFT, (2.120)
Punction L (z) = exp [E& (z - V#=®) ] has tranch points in z =

=

tki and is regular in the remaining part of plane, whereupon L (=)

1. Therefore its expansion in the vicinity of the infinitely receded

point will take the form:

L(:)-|+‘-"—;-'-+_“—‘;£+..... . @21

Fage 116.

In order to obtain this expansion, let us write firs

1 o 1)
B\T v @™ :
vaFmes (14 ) == 0 R
e l o " ; (s
X;;;;:r,.
E—VFT B = (— 1)'n(@)'x

Z )\v(”_v‘ﬁ?ﬁazl_( ) y A 1,2 ..., ' ,

Then

- 'n+|
L) =1+ Z: Ty - VEE T -
(2.128)

3 n4-2vl
-1—&2——)—"‘ k& Z‘" (nfl- Fovi e
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But

3;;%4—4- M) = (T-i—lT)l Kf(n D" &L (2.124)

” kn n+2v41
LP)o=om— kEZ( L Z; e (n-:l+V)|V|

x =o)L (2.125)
;lw

Therefore

If ¢(m) is integrated, then the entering here Series converge
absolutely and evenly. By using this, it is possible to lead the

transformations of the series, as a result of which let us arrive at

Ao Vg (n) = @(n) — 2.126)
% 2\ =1 (% r—rr—trs ]u+l
"‘ﬂ;m[z Va—0a—tF®|  |x
FE 'P(C)d;
v S Vea—om— c=’+’2e)’
cr, according to (6.451) from [37],
RN Y 1 s
| J;[-z— =M=t F B
= VIFHQ = (1) — , Q) L.
" "': 90— Voa—0a—ttR
4 X - L Z’;; ;1‘ a.l27)
Page 117.
Bearing in mind that
o (2.128)

- i o e e Ak o e v S leBRNE R e L
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and acting on both parts (2.127) by operator -9, we obtain

0
S‘ .I,[-;- Vin— C)‘—fj
VT @ o (1) — ; ®adt.
—t ?=e(n C)+k§““ Vhiepen °

(2.129)

Hence it is possible to find the realizaticn of the different
transcendental operators. For example, by substituting &€ by i&, then

cn - ié and by stores/adding up results, let us have

qosﬁva-v("+“);'("—‘g)+

o+
J [-.} Va=0r+o * (2.130)
s Viao—tre t0% '

§10. Separate observations about the operators.

1. Expansion of the domain of definition of operator.

In §5, 7 and 9 wvere establish/installed the domains of

definition for the regular, singular and mixed operators. These
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domains can be considerably expanded, if we use the method, used in
§4. By comparing §4 with §3, 5 and by all following, it is possible
to plan tvo possible approaches to the construction of the theory of
the operators: a) is assigned concrete/specificy/actual operation, is
located analytical expressicn for an operatcr, who
realize/accomplishes this operation, and are investigated his
properties; b) is assigned analytical expression for an operator, are
investigated its properties and is found the corresponding to it

operation (operator®s realization).

The first met hod is only casually touched upon in §4. The
advantage of this method of the introduction of the oparators is the
considerable expansion of the domain of definition of operator to its
"natural" boundaries, which depend only on cperation, but not on
ocperator. But if we now use the formulas for the realization of the
operators, found in §6, 8 and 9, and tc take these formulas z%:} the
determination of the corresponding operators, then for the domain of
determination of these operators it is fpossible to take many
functions, for which is permissible this operation. Thus, for
instance, according to (1.246), by domain of definition for operator

sinp/p will be not olh, but many functions, integrated along

segment M—16 0+ i)
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2. The equations, by which satisfy the values of operator-functions.

In p 8 §6, it was shown, that the values of operator-functions
satisfy some differential equations. This fact can be interpreted
even by another form. Let us consider that in equality L (&, B) ¢f)

o T he
= OE.n) ., knovwn to 56 L.vﬂ this equality is be certain

equation (transcendental differential, integrodifferential infinite

order, differential-difference and so forth) relative to unknown

function ¢. The formulas, similar (1.254) and (1.256), show that the

right side of this equation cannot be represented by arbitrary

functicn.

The aforesaid is related not only to reqgular, but also generally
to the mixed operators. For confirmation let us consider the

following of two examples.

a) let

;}.“_ o ‘ .131)

We differentiate with respect to &

;—c*’--g—. : : (2.132)

- B

Differentiating the latter from % and taking into account the
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W e

validity of the equality
N S 1
] g =l " - 213y
let us find
i}"'lﬁﬁ?' // § o0 (2.134)
Fage 119.
From (2.131) and (2.134) now we obtain
(i
—Q=0. (2.135)
(22 .
b) Let
VP+Pém=0k n. (2.136)
We differentiate with respect to &
¢ - 2.137)
VFIB' " &
Then
P ( ¥ ) o—t%. (.13
- o = — . . )
ZCEs MR o ik 3
Tvice by differentiating (2.137) with respect to v by multiplying
(2.138) by - & and by stores/adding uf results, let us find
e
e S ——— s —

AR # SRR 5 TR R
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3. Some identities for Bessel functions.

The formulas of the realization of the singular and mixed
operators make it possible to establish/install some new identities

for Bessel functions. Let us consider two examples, based on the

application/use of formulas (1.320) and (2.107).
The expansion

(2.140)

shows that operator - singular, and VP+# - pixed.
o a p Vm sing ¢ ix
That means these operators do not commutate, but in accordance with

(2.67)

Vm?l"lﬂ -1 Wlﬁ.vm #1 @.141)

Therefore

w.-,.-p{s,(:'u.u(n—.md:]-vm |




. ¥ G

e T T
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ie €up
"\ .
d . Jilk(n—D) il
WJ’@J(‘(“D‘“'}' k S ——-“—:E—Q—ajv(l)lolh(t
—N))dt = ¢ (n). (2.142)
Page 120.

After fulfilling differentiation and by varying the order of

integration, let us arrive at the identity

Sww S’JJ___‘Z_FS—-Q-*G— e ] a-Sml.un-om.
: (2.143)

vhere ¢ - arbitrary function.

Further, taking into account (1.390), (1.368) and that that
i 1 = = ¢u°
VPR VPR FEE
ve vill obtain

Svmjl.u«—ou.ua—ma- -}yam—ama
: @.149

SRR
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vhence, in particular,

3 n
jajl.mn—cnf.mc—-mdc - 1= @

4. On the operators L (a, B).

In the same vay as this was done for the operators L (8), the

operators L (a, B), vhere

.-i-.'-{;. @.147)

or

9 9 @.1
=% .
it is possible to determine by the formula

-Léulb<h->l4m o) ; ' (2.149

here L (z, w) is analytic function of two complex variables.

Page 121.

O el AR 4 s
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But in the method of the initial functions for two-dimensional tasks
with such operators barely it is necessary to deal (ve will be met
them only in §16). Therefore, in no way by affecting the theory of
the operators L (a, B), we will be bounded only to several formulas
for the realization of such operators. These formulas will be
obtained from already being by purely formal way. Of the authenticity

of results it is possible to be convinced by direct checking.

For pclynomial operators the operator's value is located
directly, for example,

b O, W = (et —2ap + ) 9 . m-%’f—-’:%—-ﬁ%’;.

% For exponential operator, according to (1.236), we will obtain

| g} W =eC+m n+n=O& N (215])

Now let us consider operator 1/ (a ¢+ pf). From formula (1.352)

with n = 1, let us have

CFFE™ -fv‘“-'vmdc. (2.152)
or
;—}Tvm-fﬁ-‘vma. 159
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After replacing in (2.152) k on a either in (2.153) k on B and after

taking into account (1.251), let us find

OE W= ‘—_:_Tq(g. m-jo‘*""(ﬁ- Dl = | oE+E—n DL
(2.154)

cr

oE 2= ﬁr'(& '\)‘S""“"'& N - SQC- n+i—Bdt.

-~ * (2-'55)
is checked formula (2.1%5). We have:

Foves-fomale R-foups

Page 122. "(2.156)

Hence it is apparent that as probably

1 o :
@+p =@+pOE V= +'ﬁ'-'m~'
(c+' } k3 @.167)

In this example it is evident that unlike L~ (B) the singular
cperators L~ (a, B) have on several forms of realization. So, two

representations can be obtained also for

OR n= 7_—:—,—9(& n. (2.188) .

According tc (1.368)

,.—}-,m-'f W00 ypk @159

or

ﬁ,m-f LLLL Sl By (2.160)
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After replacing in (2.159) k on a either in (2.760) k on B and taking

into account (1.246) let us find
1 Q-Q
R )= m'(& 'I)-j = - okt DR =

n +in—0)

-"ﬁ-'fdti ol Dt @.161)
s -0

or

Ok M= g 96 n)-f'm—(!ﬁ‘—”—w.n)dl-
[ . : - =0
-—gyaj o D& (2.162)
i

It is not difficult to ascertain that for both expressions it will be

(«* + ﬂ{;rl_*_—r'(b »]-(-'-4-!')0- ';l’;'f":;‘"“' -
@163
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Chapter 3.

BETHOD OF THE INITIAL FUNCTIONS FOR TWO-DIMENSICNAL BOUNDARY-VALUE

FRCBLEMS.
§11. Cauchy ? roblem.

The present chapter is dedicated tc bcundary-value problems, but
for a larger clarity first will be in detail examined Cauchy's

elementary problem (about vibration of infinite string).

Let the function u(t,n in half-plane 0 € £t < o, —c0 <N+ %%,
satisfy the equation
%qv%. a == const. 3.1)
Let us name boundary &€ = 0 initial line (Pig. 1). On it they can be

assigned/prescribed: function and its normal derivative, i. e.,

Up=Uy() = u (0. n), Ul"”l“-(*)‘_.- 3.2)

Let us call these values the initial functions. The value of function

u at each point of domain depends, on one hand, on the coordinates of
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this point, and with another, on the initial functions. Dependence of
uon £Eand 1 is expressed by usual functional dependence.

Dependence u on U, and U, is more complex: it is possible to count
what «(§.q) is the result of the action of some operators above

functions Uy and U,;. Accordingly, let us seek solution in the fornm

u® W =LeG PUs)+ L& BUi ), 3.3

Lo and L; - to be determined of operator-function.

Let us substitute (3.3) in (3.1), after explaining preliminarily

the method of differentiation of the values of operator-functions.

According to (1.149) or (1.315)

‘%',ll.(;. pww]--%-{um}. 3.4)

a’on the strength of the determination of the operator
o v
[t U] =pe pUm=pu M. @9

Therefore from (3.1) we will obtain

U o
#U.+-§"‘.fv.-c~m~+ LU @.6)

or

( —-rL.)U.+(%"rf-‘-vL‘)0.-m @an
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Pig. Ve

Key: (1)« Initial lines.

Page 124,

Functions U, and U, are independent (for example, retaining U,, it is

possible arbitrarily to change U,), and this means that

(%L-C'P'LI)UI-O' /=0, 1. (3.8

Here Uy and U,~are arbitrary functions. Hence in accordance with the

detersination of zero operator (page 28) let us have

G—ewL=o. 39

Integrating these equations (see Secticn d, page 53), we find

L@, p) = Aochalp + B,shalh, L, €. P) = Aichalf + Byshatp.
(3.10)

P 2 R o
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Por determining constants (operators) A, and B, let us

introduce (3.3) in (3.2):

ug() = Ly (0, B)Us(m) + L1 (0. B)UL (W)
dL, dL, :
Uim = x Huo('l) + @ HU:('I)- @1

vhence (again taking into account independence U, and 0U,) \

P ﬁL_ll
&R |y B o

-],

But hyperbolic operator-functicns possess the properties of
usual hyperbolic functions; therefore from (3.10) and (3.12) we will

obtain: Ay=1 A;=0
Baf =0, Bap = |. 3.13)

Hence, after multiplying the last/latter equality to the right on

1/B, let us find ‘.-l. B.-O. A, =0, ’l‘?{" (3.14)
and, therefore,
L& h=cas, LE H= 22 @15 |
Page 125.
R ———— . L e—————————— e ————

— — SRR S —
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After substituting these expressions in (3.3), let us have

u@ = chatlo + E U @6

If the initial functions are assigned/prescribed:

Uym o) Uy=v(n) 317

(are known the deviations of string and speed of its points to zero
time), then of (3.16) we will cbtain the soluticn of problem in the

cperational form

4@ W= chatbo( + Lg w(n. (3.18)

In order to pass of operational form to usual, it is necessary to use
the obtained in the first chapters formulas for the realization of
the operators. So, after using (1.237) and (1.245) to (3.18), let us
arrive at d* Alembert®s known formula
u® 0--,'—[0(n+¢9+v(n—¢€)]+-% v @)t 3.19)
n—at

In this task operators Lo and L, were obtained regularly, so
that, strictly speaking (pe. 2 §5), the initial functions must belong
to class @A, However, by taking into account the aforesaid in p.
1 §10 and §4, it is possible to claim that during function Uy and U,

is superimposed the only limitation: they must allow/assume the
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cgerations, determined by formula (3.19).

§12. General solution of two~dimensional boundary-value problen.

Let the unknown function u (&, n) in rectangular domain 0 € & ¢

1 0 n <\ (Fig. 2) satisfy equation in particular derived
D B){u@ ) =fE n). (3.20)

vhere f - assigned function, D - the assigned differential operator
cf order n. Let us consider that this is operator with constant

coefficients, i. e.,

- h-ompn
D@sB)= 3 awatr. @3:21)
et

Let us take boundary & = 0 for the initial line. 2n it can be

assigned/prescribed the functions

'U,.(;o-(-ﬁ‘;-)u. j=0 1, .o m=1, @.22)

or the making determined physical sense linear combinations of these

U‘“'z"‘(%).-' J=0 L a m

functicns

(for example, with the curvature of plate such linear combinationms
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they will be the boundary/edge bending moments and the given

transverse forces) .

Fage 126.
In both cases let us name lh@b the initial functions and let
us consider that the unknown function u.n is the "function"

of these initial functions. Accordingly the general solution let us

seek in the form

[
uf W= FLE AU+ (324)
=0

Here LAtB) — to be determined of operator-function, a u— the
particular solution to equation (3.20), whereupon such, which turns
on the initial line intc zero together with its derivatives to (n -

1) th order inclusively, i.e.,
oy,
T i

Solution (3.24), is named common/general/total in the sense that

=0 s=01...,n—1 (3.25)

it is not connected with specific boundary conditions.

Nov it is necessary to substitute expressicn (3.24) into

equation (3.20). Preliminarily let us note that, accoriing to (1.1741)

and (1.3195),
@ULe AUM) =4z (L BUM| = —‘?%—ﬂ-{m}
B (L& HUM) =FLE B (U ),

o Le AUm) =r=RB v,

§ -
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?i vhich means,

D B(LE HUM) -:Z«r-‘f‘;%ﬂ{um}- @3.27)

[ 2«.&' )L(a a>] (U(v»)-*‘

(’it‘ ) Le »][uw}

A7

PUHUA ™

,.\
MNOYCNoHAR

0 ooy

Fig. 2.

Key: (1) . Initial line.

Fage 127.

Therefore, after substituting (3.24) in (3.20), let us have

R e . g
; 2: d R N
[D(To ’)Ll“- ’)](U,(?)f-@. R
But the initial functions are independent (each of them can be

assigned/prescribed independent of others), therefore,

[o(—i—. u)m. n]w,(»»-o. Jm 0 by eees ne—1. (329)

Since the initial functions are arbitrary, this means that standing

in brackets operator's value on by arbitrary function is equal to
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zero, and this is possible cnly in such a case, when operator himself

zero {see page 28), i. e.,

d
D(?. p)z.,(;. Bat (b1, ..., 0k - GMS

Thus we obtained n of the ordinary differential equations of the n

crder with constant coefficients for the unknown operator-functions.

Obviously, it is necessary to still dispose of conditions for
determining n2 integration constants (this will be also the
ocperators). In order to obtain them, let us substitute (3.24) in

(3.22):
ne—|

Lh““";z;jgéF

Ui} $=0, 1,...,n—1. (3.31)
=0

Hence, again keeping in mind the independence of the initial

functions, we obtain

;‘_L;L : -y 8,/=01,..., n—1, 3.32)
dg’ |amo.

vhere &y — Kronecker's symbol. But if as the initial functions are

accepted expressions (3.23), then instead of (3.31) it will be

. A (o) A=\ " n—|
i oL, i er ] o
) Zb.[z Y2 Hu,m] Z[Zb.——l-a. ]‘_. o
: - 3.33)

e S —— e et
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n—lA
whence . f!i
s av

b f =0 V....6=1 % 280
e :

Fage 728.

By integrating now equations (3.30) under initial conditions
(3.32) or (3.34), let us find all operators entering in (3.24), and
consider that is concealed by form the general solution constructed.
As concerns particular solution u;, about its determination it will

go speech in §16.

In many instances of value (3.23) they make sense and are of
interest not only on boundary, but also at the points of domain. Then
it is expedient somewhat to modify notations. Let us write the basic

system of the differential equations:

D@, P){u® ) =[& n.

n—|

W@, 0= Zon%“g-. f=0, 1,2 ..., 8—1 (3.35
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Let us select as the initial functions
UymUm) =40 n (=4, j=012..,s—=1 (3.3

3
r 4
\

and seek the general solution in the form

u@® W=Lo® AU+ Lau@ U, M+...+
+ Lo, a1 €. B)Upei M) + U,

m@E =L@ BV +Lu @ AU +...
L G B) Ui () + Uy,

tner (B ) = Lo, o BYUs) + Lnct, 1 & BV () + ...+
+ Lo, a1t & B) Ui M) + tp—p 3.37)

Here u; it makes previous sense, and

1
l‘n-sz'%‘-;#- (3.38)
=0

After substituting (3.37) in (3.35), wve will obtain the system

cf the ordinary differential equations

."(’i" »)L.(;..»-o.
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vhile after substituting ({3.37) in (3.36) we will obtain the

necessary for determining n2? integration constants initial conditions

Lin, P) =8y j, k=0, 1, ..., n—1. (3.40)

Fage 129.

After performing integration, let us find all operators, and
also, therefore, let us construct the general solution. Expressions
(3.37) can be named the cancnical equations of the method of the

initial functions or the canonical form of general solution.

Here we are limited to the problems, stated for a rectangular
domain and by the described differential equations in partial
derivatives with constant coefficients. If domain rectangular, but
the initial equation has variable coefficients (i.e. is solved
problem in orthogonal curvilinear coordinates for the domain, limited
by coordinate lines), then in many instances of complication concerns

only equations (3.30) and (3.39) - this will be ordinary differential

A L
Pl e J 3 s R LT
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€equations with variable coefficients. Examples of such solutions will

be examined into §§17 and 20.

§13. Satisfaction to boundary conditions. Resolving equations.

If we the differential operator D (a, £) hyperbolic and in the
task in question eat the only initial conditions, then all the
functions u/n) are known and expression ({3.24) it gives the
ready solution of problem, written in operational form (analogous to
(vith 3.18)). By realizing operators, let us arrive at the usual form

cf solution.

More complexly is matter in the case of boundary-value problenm,
when not all n of conditions are assigned on the initial line;
certain number N of conditions is related to opposite boundary of the
region (€ = 1). If as the ipnitial functions are accepted expressions

(3.23), then this means that n - N initial functions will be known

~—l Pu vy
Um)= bp | —— -y () j=0, 1, ..., a—N—1, (3.41)
. g'(u’)..- ' 5

\/
v
”\l of functions (U, (J=n - ¥ n — N ¢+ 1, ccc, n = 1) they wvill

resain unknowns. With even n usually ¥ = 0.5a.
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Fage 130.

Ccnditions at edge £ = 1 take the same form

u(l, W= .i." (%)u- v, (), j=n—N, a—N+1, 3 g .
0 A (3.42)
since as initial are selected the functions, which make in this task
concrete/specific/actual physical sense. Outside in (3.42) function Y/
from general solution (3.37), we will obktain for unknown initial

functions system N of the equations, writtenm in the operational forms:

Lu(l. BU) +La(l DU, + .. + Ly, ar (1, HUni 0+
+tif (L, D= W) JmA—N A=N+1 ..., 0=1 @343

or

Lo (ls Unw + ...+ Lp et (1, BUncri (M) = ¥y (n), j o= n—
—N,n—=N+1, ..., n—1, (3.44)

vhere ¥, known functions,

Depending on that, in which form are here written the operators,

to this system it is possible to give the different interpretations:

1) if the operators are given in the closed form, then this it
will be the system of transcendental of ordinary differential

equaticns;




e P S T

LoC = 77055308 PAGE 233

2) if the operators are decomposed in series and moreover are
regular, then will te ottained the system cf the ordinary
differential equaticns of infinitely high order; if the operators

mixed - that is the system of the integrodifferential equations of

infinitely high order;

3) if the operators are realized ty the formulas of chapters 1
and 2, then this there will be the system of some functional
equations (final integrodifferential, difference,

differential-difference).

For finding the particular soluticns of a heterogeneous systenm
it is necessary, obviously, to use that treatment, which faster leads
to the result: if  @fn) polynomials, then p. 2, if ®fn
exponential, trigoncmetric or hyperbolic functions, then p. 1 or 3,
As ccncerns the determination of the general sclution of uniform
system (3.44), everywhere subsequently we let us adhere to the first

intergretation.

The integration of uniform system (3.44) can be carried out by
several methods. Subseguently for this purpcse is applied the

resolving function ®M:

P BEREP A & i & g T DR, . P
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Fage 131,

let us rplace

Uym=le(l.B)om, s=n—N...., a—1, 3.45)

vhere L (1, the operator, which will Le oktained as a result of
expansion of a determinant, which is the cofactor of cell/element
ba-io(lllP) in the determinant of system (3.44). Then will be
e
'S el DL =0, |
s

“r .

and, therefore, the left sides of all equations (3.44), with the
exception cf the latter (j = n - 1), they will tecome zero with any
9(M. By substituting now (3.45) in this last/latter equation, we will

obtain equation for determining the resclving function
— PO
le=|3 ‘—-l.-(l-”l-“-.]m-.#  ae
=N -

Let us name it the resolving equation.

In the overvhelming majority of the real tasks of the theory of
elasticity (yes even generally mathematical physics) all operators,

entering general soluticn (3.37), turn out to be regular. But then

regular will be operator L.

S SN —— —— P TR Y g p Bl v on coee iR RN by
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The resolving equaticn allovw/assume three noted above
interpretaticn. By adhering to the first of them, let us consider
that (3.46) this transcendental ordinary differential equation 1,
whereupon with constant coefficients. Its solution logically to seek

in the form

o) =, (3.47)

FCCTNOTE 1, Examples of other treatments are brought in 523.

ENDFOOTNOTE.

Cutside (3.47) in (3.46) and after taking into account (1.192), let

us arrive at the transcendental characteristic equation

Generally speaking, it has an infinite multitude of complex roots.

Therefore
-
'(Q_Emo 3.49)
oaet)
vhere A, arbitrary (complex) constants. This expression is

P Y S . . & i N
B o NIRRT L : i
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written for that case, when all rocts cf equation (3.48) simple. But
if be and multiple roots, then in (3.49) it is necessary to introduce

the appropriate polynomial factors.

by substituting now (3.49) in (3.45), and then result in (3.37),
let us find the unknown functions in the fcrm of series with

arbitrary coefficients.

e N
4G =FiEn+3 I[Z Ass Py (n)]@:,(!)}. (3.50)
; ted | Lot :

Page 132.

Coeff icients Aw must be determined frcm boundary conditions

at edges "1=0 ,ap3 a=M

“yEW=FEo+X [2 A‘ugm(o)]on(t)} -py®.| ° .-
(0 | | sl (3‘5"
m(E.l)-Fi(&lH-f lﬁﬁuvu(l)]@l(i)}-mm- s

i \| o)

If set of functions @

is orthogonal, then it is possible to
find everything A as a result of which we will obtain precise
the solutions to task; but if functioms @y ) are not
crthogonal, then solution it will be that which vas approximated - it
accurately it satisfies equations (3.35) and to conditions at edges &
= 0 and € = 1, but to approximate~boundary conditions at edges n=0

and n=M
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As concerns the determination of the approximate value of
coefficients, here possibly application/use of the differant methods:
sirimization of the root-mean-square deviationm, collocation (pcint to
satisfaction of boundary conditions), orthogonalization of a series
with respect to any set of functions { p (x) } (specifically, the
application/use of a method of torque/mcments), etC, The first met hod
(rsinimization) must give tetter/best for the taken into consideration
quantity m of the terms of a series of result, tut it, as a rule, is
conjugate/combined with cumbersome calculations. Collocation with
small m usvally gives the sharp bursts Ltetween the points, where the
conditions are satisfied accurately a with large m it leads to the
strongly oscillatory functions. To fair results it leads the method
cf orthogonalization, but only in such a case, when successfully (for
the task in question) is selected system { p (x) }. According to our
opinion, most rapidly conducts to target/purpose the following

method: let us write conditions (3.51) in the form

fum-w@-m-h@“'} (352
@) = @A) —pr €)= 0,

is decomposed functions Jfu® and @ in series according to

degrees &

®=a+at+o+... . (3.53)
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either (1 - §)

For®) = bo+ 5, (1 = D) + by (1 =8 + ... (3.54)

and
W let us find Ay, by equalizing zero several first coefficients

of series (3.53) or (3.54). Examples of the application/use of this

smethcd are given in chapter 5.

In conclusion let us note that if the task possesses explicit

symmetry, then the initial line expedient tc chcose on the axis of

sysmetry.

Fage 133.

§14. Determination of the roots of transcendental characteristic

equaticns.

One of the bulky stages in the solution to specific problems is
the determination of the roots of transcendental characteristic
equation (3.48). This unwvieldiness is connected with the fact that
equation (3.48) has infinitely many complex roots. In the literature

are sufficiently widely illuminated both methods of the calculation

of these roots and the general theory cf transcendental equations.

——————— S ————————— T —————————— O ———
- T - Lirl bt TGP BRI, ST RS ST |
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Therefore here vwe will fpause briefly only at scme practical
questicns. Conventional is the preliminary determination of
approximate values of k graphic or tabular method, and then the
refinement of roots according to Newton's methcd. The research of
aprreocximate values is facilitated, if it is possible to obtain
asymptotic formulas for roots. Are most common/general/total results

on this question are given, apparently, in [33], chapter 3.

However, in concrete/specific/actual cases it is possible to
find the iterative methcds, which ensure mcre rapid than from
Newton®s method, the convergence of the process successive
approximat ion and the more light/lung determination of asymptotic

rocts. As an example let us examine the equaticn

sinzmvz, v>0. (3.55)

Obviously, if z is a rcot of this equation, then - z, Z and - Z

alsc will be roots. Therefore, after assuming

‘-‘+‘y' (3-“)

we can count x, y > 0. Let us divide in (3.55) in natural and

aprarent/imaginary part
sinxchy mvz, (3.57)
cosxshy = vy, (3.58)

In order to find real roots, let us place y = 0. Then

sinx = vx, ; (3.59)
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a curve/graphs (Fig. 3) it shows, that with v3>1 there are no real

roots, and with v< 1 will be one or several real roots.

Let now x = 0 and, consequently,

" shy=wy. (3.60)

From curve/graph {Fige 4) it is evident that with v<I1 there are
no pure imaginary roots, and with +>1 there vill be one such

roote.

Further let us present (3.55) in the form of the series

(x-»v;:—;-,'-+§-...-o. @.61)

Fage 134.

Hence it is apparent that with v+l equation (3.55) has idle time,

and with Y=! the triple root z = 0.

Let us pass to the determination of complex roots. From {3.57)

and (3.58) it follows that

P-g—'feﬂ.
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ch
With sufficiently large U-;&»V‘mﬂo and therefore the approximate

(asymptotic) value x will Fke

zg= S, (3.63)

Introducing this expression in (3.57), we obktain

sinxg=1, (3.64)
whence
fomg@s+l), s=012.... 3.65)
Then from (3.62) the precise value
x,--;(h-}-l)—-b.. s=01,2..., (3.66)

where &, - generally speaking, small number.

The minimum value s depends on value V. Let us estimate Smo

From {3.63) and (3.65)

chyomvg e+ D). @67
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Fig. 3.

Fage 135.

Fig.

4.

Since must be Yo > 1, hence it follows that

Key: (1). if.

and so forth,

3

T —— A ——————
£ P, F R ~."Q/m.t‘rﬁ-n _
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From (3.66) it escape/ensues

sing,e=coed,, cosx,msind,. - (3.49)
Then from (3.57)
vz,
a from (3.58)
0.—main(;ﬁ'!':). 3.71)

After substituting (3.66) in (3.70), and result in (3.71), we will
chtain

v

va rch —"-(4:+|)-o.n_
3, = arcsin [c“ 3 K || @

/T (i -

Iterational process due to this formula rapidly leads to the
sufficiently precise values of roots (see §24). Analogous formulas
can be obtained alsc for other transcendental equations. But if
cbtaining a similar formula turns cut tc be difficult, then is

aprlied Newton's method. In this case the convergence of process can

bte somevhat accelerated.

Let us write equation (3.55) in the form

[(@)w=sinz —vz =0 Q.73
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and designate by z, the initial approximate value of root, but by z,

- refinede Then by Newton®s formula

[(20) _ Sin2e— V2o (3.74)

2=y —zy=— v — COS Z¢

Fage 136.

This formula can be obtained by the method, which slightly

differs from conventional. let
%

St b~ v+ 89=0, .

ie ey

sinzy-c0s Az + cos zysinAz — v(zy + A7) = 0. . (3.76)
After assuming here

csbr=1, sinAzmdz, @M

let us arrive at (3.74). But if we take

euaf-l-i‘-’,-‘t. sinAz = Az, - (378)

that more precise, than for (3.74), value Az will be located as

emaller in the module/modulus of the root of the quadratic egquation

B Ar + (v—cmzg A —inzy—ved = 0. BT
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§15. Solution of V. Z. Vlasov.

Let us take the seccnd of three ncted on page 131 treatments of
system (3.44) we will be bounded in the expansions of the operators
by several first members. Then (3.44) it is converted into the systenm
cf the ordinary differential equations of the final order. By its it
is possible to integrate usual methods, including the introduction of
the resolving function. By accepting as before (3.45), let us arrive

at resclving equation (3.46), which now will take the form

G +Cp' +...+CB+C)om=0. /(3.80

After integrating it, let us arrange/locate m the constants, which
will permit to satisfy m conditions at edges " =0 and n=A As a
result is obtained the solution, which it satisfies only
approximately both the initial differential equations and all

toundary conditions. Then in this case is decreased the volume of

O — e e —————— £ PO —— S a—
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computational work.

This method coincides actually with the fact, that was proposed

to V. 2. Vlasov for the solution of the three-dimensional problem of

€lasticity theory. Actually, searching the solution to equations

(3.35) in the form (analogous to (with 0.26))
ou  (Pu\
u; € n !+§(x’) % att '

and entering further in the manner that it was described on page 15,
we will arrive at thereby (truncated) operators and resolving

equation (3.80).

This method of solution is used to axisyametric thermoelastic
task in the article [23]. To the described methcd expediently to
resort when the construction of general solution (in essence the

integration of system (3.44)) causes considerable difficulties.
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Pase_l'37.

Chapter 4.

SCME GENERAL SOLUTIONS.

In chapter 4 are given examples of the construction of general
soluticns for some two-dimensional tasks of the applied theory of
elasticity in accordance with the plan/layout, presented in §12.
General solution ({3.37) contains the uniform part, expressed by the

teras of fors Ly, B.Bus(m), and a heterogenecus part (component uy),

connec ted with particular solution %' nonhomogeneous
differential equation (3.35). First will be examined a heterogeneous

fart of the general solution.

§16. On the particular solution to nonhomogeneous differential

equaticne.

Let it is required to find this sclution % the equation
D@.Pu@wW=/fEn. “.n

(vhere the differential operator D (a, f) it is determined by formula
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{3.21)), vhich on the initial line satisfies conditions (3.25).

If we write formally

Y@ = sl G, 42

that question will ke reduced to operatcr's realization y<§ (a, ﬂ))
abcve the function K& FPor this purpose it is necessary to
use pe 4 §10. As it is there noted, singular operator lAb (a, p» has
several forms of realization. It is necessary tc select that (if it
exists), that ensures satisfaction of conditions (3.25). Moreover
(since expression (4.2) it is obtained formally) necessary to check,
really/actually the obtained function up(Em) is the solution to

equation (4.1). Let us consider several examples.

1. The equation of Poisson in Cartesian cocrdinates is such:

u-g-&-g-mw. : “y

Page 138.

Here

and, according to (2.162),

| ——————— R —————————— W
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Differentiating, we find

1
- ,fuu.w:e-m+m.-.—u-on¢.

"“"izf{m%ﬂlmm_;-l;‘-”"' . Ja+ren.

’“l-%I(/lf.-'|+l(!—-01—llt.v|—l(g_(ma. “9

pm,-%f{%_é[«. vzl ]a.

Hence it is apparent that expressicn (4.5) satisfies both

equaticn (4.3) and %o the conditions

Lwoa=g -0 un

2. Equation

BTG, ' “y

Comparing this equation with (4.3), we see that for obtaining &
sufficient in (4.5) to replace i on i

u,a,m-éja i ,“onao iF o '“'Q

is

e e ——

AP

R —
TR Y S
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3. Equation

PR A RN T X T 81

Page 139.

Here

Elementary, but sufficiently bulky checking shows that this

expression it satisfies both equation (4.10) and to the conditions

fﬂ"t 0<s+n<d
Q, o .
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§17. Equation of Poisson.

8 Carfis.‘an Cow-dinakeS

Let the function (M 'YPms in rectangle (Fig. 2) satisfy the

€quation

Btm-en. 13

Let us take the initial functicns of type (3.22)

u\ .14
Uy = (00 u;«o-(g)“ @14

and in accordance with (3.37) seek the general solution in the fora

SR = Lo @ D) U (M) + Lou & B) U, () + 1, 4.15)
- |
%=V = Lu@B Uy + Lu G AU () + y. (4.16)

wel

@ GNOHOR Juny,

K€Y Q). Init-‘m' line
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Page 140.

After selecting as u expression (4.5) and after substituting

(4.15). in (4.13), let us arrive at equations (3.30)

%4-'"4—0. I-b.l .

Hence

Lo Agcos i+ Bysintd, Ly = Acosth + Bysindh, (4.18) .

According to (3.32)

mo.n=1. ol <o @n=0. G =1iwim

¥ R W, o 3 R

iy
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Therefcre

tamctp, L=, T

pDifferentiating (4.15) with respect to & and ccmparing result with

(4.16), we find
Lyg= —Psintp, L,,=costp. . (4.21)

Thus,

(@) = costBUo(n) + LR U, (0 +§—,fd: S 1e.0ds.
“2

2. Polar coordinates (initial line is curvilinear).

Function u (p, @) in region A L p € 1, 0 £ @ £ 8, (Pig. 5)

satisfies the equation

Pu , 1ou, 6 1%
A?-aarbjiai4';:ap"f«b'L (4.23)

Here p is a dimensionless radius (radius, referred to an outside
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radius). Let us take for the initial line external arc (p = 1), and

for the initial functions
Jo=Us) = ui1. 0, U"U“”'g... @20

let us find out the general solution in the fors

V@0 =L@BUs®+L(@BU,® +4 . , 425

where markedly

d
P=2- (4.26)

FCOTNOTE '. In this simple case there is no need to retain the dual

indexing of the operators. ENDFOOTNOTE.

Substituting (4.25) in (4.23) (see (3.29)), we will obtain

‘7%{+7'%-+§L,-0._ j=01. “.2n

Page 141,

Hence

e
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From conditions (see (3.32)) with p = 1

L R
Ly 1;3%_0, L,=0,

we find i - A
ekl SR B ]
Ccnsequently,
Ly=cs@ing, L= 2000 w3y
and

u@O=coe@inUe®+-2800 y g 4y w3z

As concerns particular solution ¥, it it is possible to obtain and
directly from (4.23), but simpler to use given in the following

point/item formula (4.43). Set/assuming in it

feing, t=inw ;“'33)

and taking into account (4.41), we obtain
+in S
g | T 4 3
Up= o5 | vt _f fe. D dt. S (4.34)

th.

It is not difficult to ascertain that this expression satisfies

equation (4.23) and to the conditions
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ou
a1, - -0,
K1, 0) ;’l . (4.35)

In accordance with (1.238) and (1.246) the general solution can

ke written in the form

lH"lQ
“(ﬂ-‘.)'kﬁ(uo("i"m@))'i'g.j U@+ (4.3
. : £

LY

3. Given pclar coordinates. Conversion cf independent variable.

t=Ing, Qmet 4.37)

it translate/transfers the region, depicted on Fig. 5, into the

rectangle of Fig. 6.

Page 142,

In this case

1 w_'“"""‘”“"‘“ e —— R ——
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and Laplace's operator (4.23) will pass in
0y
‘“"“.(33:4'57)'

Therefore instead of (4.23) let us have

o*u L ’
%+ =heo. o

where

hE 0) = %/ (&, 6) = 0% (0, 0). . (4.41)

Equation (4.40) coincides with (4.13). Consequently, accordingly(4.22)

“BO=cutbUy+ SR04y,

1 - |
“ -,‘Ic Eh«.aa. . (449
H . 3 .

where

Uy Us(® =50, 9), U.-U.m-ﬁ“. W

The general solution can be written also in the form

ltﬁl X
4@ 0 =,Re (Uy@ + ) + g j Q& +u. @49
—8
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Expression (4.43) satisfies equation (4.40) and to the conditions

% (0, 9) -%‘L-o. “.6)

Let us select now the initial line on the axis of abscissas

(Pig. 7). The initial functions they will ke
U= Uy®)=u®. 0), Un'UnQ-g“. (4.47)

Since equation (4.40) is symmetrical relative tc variables ¢ and 9,
for obtaining general solution in this case it suffices to

interchange the position & and 6 in (4.45), (4.42) and (4.43) and to

replace B by

CCTETTme U4y

Page 143,

“Fhus will be

cr




o
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1 84 :
Uy = dt >
.’-J‘ J-o ,l C- 0@{ «JD

The last/latter expression satisfies equation (4.40) and to the

and

conditions

n(t-o),-%ll“-b- | (4.52)

4, Polar coordinates (initial line is rectilinear).

In p. 2 was obtained general solution when the initial line was
the external arc boundary of the region (see Fige. 5). If we for the
initial line take one of the radial boundaries (Pig. 8), then the

corresponding general solution can be easily obtained from formula

(4.50)
""’"‘R‘Wo(hafﬁ} +
+5 | wek+
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Fig. 6.
Key: {(1). Initial line.
i Fige 7.
Key: (1). Initial line.
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Key: (1). Initial line.
Fage 144,
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For % after producing in (4.51) the replacement

f=ing {=log, (4.54)
it will have
1 g A
U= —ﬁ-J‘dIJ tf(s,Hde. ‘#‘X (4.55) -
orl(4=0 R T, TR

The last/latter expression satisfies equation (4.23) and to the

conditions

§18. Two-dimensional problem of elasticity theory. Thermoelastic

taske.

Let us consider the rectangular plate (Pig. 9) of thickness §,
vhich experience/tests state of plane stress of the action of loads

on outline/contour and the vertical vclume forces q (kg/cm3). To Fig.

9 are shown the positive directions of the appearing in plate

- A —————

T ————

|

e e LSO e 0 sk e R K v




e A
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0.. 0,, ‘.' £ ‘"

voltage/stresses and displacement/movements u and v,

Are introduced the dimensionless coordinates

x b : -
=% a=l, (;-_a) (4.57)
and the dimensionless static and geometric values

i e e $ e e
o, __d'_. o,=- -d—, t.—ﬂ-, U - o ¢ -?‘-.w |

Complete system of equations for state of plane stress takes the

form
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*5
y
L)
LY 1€
L,U @t., St
i gi
X AR
] - 0_)0 : 4
Fig. 9. Fig. 10.
Fig. 10.

Key: (1). Initial line.

Fage 145.

Is selected the initial line at edge € = 0 (Pig. 10). At the points

cf this face they make physical sense of value

Therefore the initial functioms they will be

”**”'N%”Eﬁ” Vo m Vy(n) = V (0, 1,} i A,
Gy Oy () = 0 (0, ), T = %) =¥(0.7), mt %

i a the general solution in canonical form (3.37) it will be written as

- i u—dﬂw " “‘—“qn -——' ——-“ =
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follows:

YR = LU+ LY+ Lo+ L%+ U,
VRN = LU +L Y+ L0+ LT+ Ve
0(®, W = Lo Uy + LoVy + Lg%+ Lot 0

T@W =L U+ LV, + L0+ Loty + Ty

5, @0 =L, Uyt Ly Vot Ly 00+ Lo+ 9,

(4.62)

Here Uy Ve and so forth are quotient of the solution of systenm

(4.59), wvhereupon such, that with &€ = 0

U,-V.-c.-c,-o.-o. (4.63) -

We will obtain first this sclution. Por a trevity let us write system

(4459) in the symbolic form:

..‘ + h _ ol ! ("“) &
‘et +Po, =g, (4.65)
T = pU +4aV, (4.66)
o/ — BV = ."_'_;i’r.. : (4.67)
._’; ’ -

i T oo

Frce (4.67)

;'-.—w*"o . “-q

Page 1u6.
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let us substitute this expression in (4.65) and (4.68)

a-.‘—j;.(.u.;...m, 2 ’f_"i."ro)f;
Potar—2aU+ BV =g  @7l)

Cutside now expressions fer ¢ and v froe (4.70) and (4.66) in (4.64)
and (4.71), we will obtain —

(20% + (1 =) B1U + (1 + p)apV = 0, j~"‘1;*;:.(4-72)
A+ pepl (1l —pa* + 2V =g(l—p). - 479

Set/assuming

U m—(i+upbe, 6, V= (204 (1 — WPl &) (474)

we turn (4.72) into identity, and from (4.73) we find
q
(""*’W'.-?' X (‘-m

After using now (4.11) and (4.12), we will obtain
) I-E~L") ;
v."""rj& i at f & | e.ne.  we
-0 =I5

By knowvwing ¥,., by formulas (4.78), (4.66) and (4.69) it is
possible to find U, V,0,%, and O, If wve fulfill this in
general form, then for all functions we will obtain expressions of

the tyge y
A:Fﬁ-soﬂ @«
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so that condition (4.63) they will turn out to be those which were
carried out. In particular with @ = const it will be
4 - # !
'0-%’ vc-g}g'." '.-7!' (4.78)
U.-G'-;.'-o.
Let us note that the determined by honogeﬁoous equition (8.75)
functicn corresponds to that introduced P. M. Varvak [7] to the

function of displacement/movements for two-dimensional problenm.

Let us pass to the uniform part of the general solution. One
shculd expressions (4.62) substitute into equations (4.59) or, which
is the same, in (4.64) - (U.68). However, since is carried out the
already partial separation of functions, let us substitute (4.62)
equation (4.72), (4.73), (4.70), (4.66) and (4.69). This will reduce

to the following equations:

2 G HU—WPL A+ R =0

VQG¢tLJLFV7.

Integrating this systes under the conditions (see (3.34))

. ;:'—.ww -
% T 5 > § v .
AR i PRSI i3 LA e i "W
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we will obtain (bulky, but elementary conversions ve let us lower):

Ly =L, = costh -+ thsingp,

Lyl 5 sings — 1 P escosts,
L.‘-L" -—LT_Egsmgp,
LymL, =costs— T LeBsingp,
Loy =Ly, = (1 + w)Ep*singp,
: L.-'-L«-—'.‘,;“sinib—'—zﬂwcoséﬂ-

et L B SRR L 489

L, =3 9me | Tt castp,

Ly = —(1+p)BsinEP + (1 + u) EB*cos EB,

Ly = —(1+wPsinth — (1 + ) E* cos 8.
o hg==—(1+pBsin B — (1 + p) EP* cos &,

Lep=2(1+ p)Bcostp—(1 + p) t*sin EB,

Ly, =pcosth— %—&Eﬂﬁﬂ@- ..'.,.

U PPN




T
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Page 148.

Thus,

the general solution for state of plane stress is

constructed: all the displacement/movements and voltage/stresses are

expressed through the initial functions

(4.58), (H.62), (4.74) and (4.83) for hcrizental

displacement/movements let us have

SR g

u(f..-o-a{(eo-v+ L;‘—Eﬁaw) U.(-»+('—',"-#‘af;9lalf

—‘—';'—Eﬁﬁcostﬂ) V.(n)+(3':" 'inp” - l':'“ Ecolip)'x

x oy — L¥ L gain e, (9 — 1 +ugel wen

#

*eo
o

or, by taking into account (1.238) and (1.246),

- For example, according to

:&m featlh s :
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uca.m-—‘;—{U.(n+m+0.(n—m-t%‘-l‘-w.m+m+

+ 1R — i V<n+ta)+t‘—“vm m—

— 1w = LEE v — —m+

w3
# 3_:_‘_1‘_5' 0y Q) dt — '*4'“ B0 (1 + 18— Loy (n—10) + _

+ 4 ‘t"gr.(qwe)-tﬁ—l‘-it.(n—&)—
—2(1 4+ W)z :;"' ‘ (4.85)

If we in the obtained solution everyvhere replace number u by

p - —E—-,l s (4.86)

that vwe will obtain the general soluticn for a plane strain.
Let us note still that equality (see (4.83))

Ly=Lyy Lq-l'w' Ly=Ly

(487
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is expressed the theorem about the reciprocity cf works.

If plate (Fig. 9) is subjected to certain thermal effect, then

in two last/latter equations (4.59) will appear supplementary terms
and in each of equations (4-«62) it will be supplemented on two
rembers, connected with temperature and gradient of temperature on

the initial linea

FEage 149,

The general solution of two-dimensional t hermoelastic problem is

cbtained by the literal repetition of presented above. Results are

given in the article [42].

£§19. Curvature of rectangular plates.

Fine/thin rectangular plate (Fig. 11a) is subjected to the

action of transverse load p (kg/cm2). For saggingydeflections vw,

angles of rotation .'® and @," the standards to median surface, the

linear bending moments M, and M, the given (according to

e




2B W e

LOC = 77055309 PAGE E
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Kirchhoff), transverse forces V. and V, and the concentrated
reactions R in angles are accepted as the positive such directions,

wvhich are shown in Fig. 11b, and ¢ (vectors of torque/moments

right-handed).

By the introduction of dimensionless coordinates (4.57) occupied

by plate domain is converted into the dcmain, analogous given in Fig.

10.

Figs 11,

Fage 150.

The stressed and the state of strain of the unifors and




‘ o

DoC = 77055309 PAGE 272

isotropic plate of constant thickness 6§ is described by the complete

'
i system of the differential equations
!

D [ o*w 0%w
‘G"“']i[iﬁr4'@"F*ﬁaﬁF]-

V.-—%[%.&_&_u’)_&a’;’;‘_]’ # ..

ReMym—D 2o |

wvhere, as usual, the flexural rigidity

| D"unt:;wu . ) (4.90)
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Let us take for the initial line the edge of plate £ = 0. In
this face in accordance with the technical theory of plates have a

fhysical sense and there can be the given values

w 0m8, M=M, V=V, 4.91)

Therefore dimensionless initial functions they will be

v."- '.(m - -5-.(0"')’

'o-.o('i)-.(o.'of.,(o;fl).

M,-M,(m-%M(o,m_%M,(o.m' (492

V.-V.(‘o-%V(O.m-%V.(O.'I).

a the general solution in canonical form (3.37) it will be written as

follows:

e
Pl i &, %
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W@ W=0(L W+ Loy + LMo+ LV} +9,,
LEW=L, VWV, + L.;.O.+L..,M.+L.‘, ot 0,
0, &0 =L, Vot L8+ LM+ LoV, +0,

; +L,,M,+L,,,v,;+
R AL T TTN A +Lv,.° o
L ML VY,
RGN~ 21— (LWL
LMyt LoV +R,

PR 2 B e
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Page 151,

Here g, is a particular soluticn to ncnhomogeneous equation

(4.88), that satisfies the conditions

Ml w0 i
WL— 0,if0Cj+0g3, (4.99)

a o, O.,...R, - the functions, which will be obtained, if we in
formulas (4.89) w replace by w,. According to (U4.10) - (4.12) it is

possikle to take

4. 9 - ~o Y=
---Tﬁf‘ﬁ i d «'J PR VA (4.96)
| -~ =%~

Specifically, for the evenly distributed load let us have

=Rt Y M= —e i
M= =Gt Vym—peh 4=V, =R, =0 43%)

that it corresponds to the cylindrical curvature of the evenly loaded

cantilever plate, shown in Fig. 12, In accordance with (4.13) always

it will be: with £ = 0
o=l =l =M =M =V, =V, =R =0 490 G |

e s e N S v .
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Page 152.

By transfer/converting to the uniform part of the general
solution, let us introduce (4.93) in (4.88) and (4.89). As a result

we will obtain the following system of differential equations for

operator-functions Lg:

('?F"'”'T"‘")‘w""
Loy =Plp Ly~

.Lu_, "—(P' g +ﬂ’)

Lm""'(dga +PP)L./' \

d? aud
Lvl‘—[—d-fr-l-('&’-ll)ﬂ’f]l-.p

(4.98)

L'y,,-—[b'+(2-u)ﬂj§d-’r]l-.,‘

b.-—ﬁ%"f‘. j=w 0 M, V.

Page 153.

After integrating this system under the conditions (see (3.3%))
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L,OP)=3; sj=wbMV, (4.99)

let us find (again let us lower intermediate lining/calculations)

Leow Ly = coutp+ 5L tings,
LUQELMV-I_-;:—E%E—’-'F%"E“E’. .
: L.M-L.V-—_éeﬂ

ﬁ L]
1+p

, \  (4.100)
Lye=Lyy=——FEpsintp+ L E gprcosgp,

Ly=Lyy= Wep—%—& EBsin gP,

L=y =8 gy, [
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sin Eb
2 T

o=Beosth+ 5B Wn ep.—f; j

.-—-—-E-ainﬁﬂ -—-—ttbmﬁﬂo

L.’,‘-—-ﬁ—ﬁsmﬁﬂ. i
1 sintp 1,
Lw'_"z"'_nﬂgl_—few'
L= —a—wprcostp— L rsngs,
A :‘Lu',.-"' (—l;—ﬁpslnab—g—':ﬂ’-iﬂ’mtﬂ.
00 D ;p+—-—§§sin£p.
e A (4.101)

, Lmvm.‘_‘;.ﬂ_s_"‘;!;__‘:i‘_tgw;p,
L.,-‘—‘l:'-"—"‘"—“f—"lpsinaw“—:—"l'-wc«w.
L= LBICB) pagngp B g caup,
& --\u—urp'cosew—‘—“ten'unea. '
-@—-ﬂ——*-‘-a'sinew Q=B e costs,
| b=  pcosth— L tprsings,
Lyy= 35t singp 4 L "Ebcosiﬁ-
L,’,-—Q-E-p'unep-—-,-l‘-ﬁb'eaw- ]
L.'.--‘seo-u+'—",‘-"-wuneq..
L.--}m~@+-}ww&

Ly=5Esintp.
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Equalities (4.100) can be construed as the peculiar expression
of Betty's theorem. In fact, everything it is possible to write them
in the form

L,y=L; (s=w0MV) (4.102

Then j will be those by the power factor, which can produce work on
displacement/movement j (if j - displacement/movement), or thereby by
the displacement/movement, during which j can produce work (if j is a

power factor). This is related alsc to s and s.

§20. the curvature of the plates, referred to polar coordinates 1,

FOOTNOTE !'. During the writing of the present section partially were

used the results of the investigations of N. N. Cherny. ENDFOOTNOTE.

For the plates whose outline/contour is outlined by the
coordinate lines of pola. coordinate system (Fig. 13a), is logical

the soluticn to carry out in polar coordinates.
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The positive directions of sagging/deflections w, of the angles

of rotation of standard to median surface ® and O, the given

bending moments M, and M, the given (Kirchhoff) transverse forces v,

and V. and the concentrated reactions Vs in angles are given in

Fig. 13b and ¢ (vectors M and 8 right-handed).

Let us introduce the given polar coordinates (see Sectiom 3 §17)

t lnR. r=Ret, (A lnR’ .
" q 4.
3iq,/2.

Page 155.

(4.103)

Then the domain, occupied with plate (curvilinear rectangle ABCD in

Fig. 13a) is converted into rectangle ABCD in Fig. 14, and the

complete system of the differential equations, which describe the

stressed and the state cf strain of the unifors and isotropic plate

cf constant thickness 6§, it will take the fora:
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s zg‘_, ' (4.104)

1 ow 1, ow
B
Mp-—-kfr'[g‘aw_“ ») §+P2‘+]-

M.-—'kﬂ“‘[ €'+“ ,;)""E"-;-?%‘,’L]

a’w

*w
73?57"‘3""’%‘]-
V.-—{i—e-u[(z—u)%—aa-mx

xi'1+%+z(!—u)-—]

(4.105)
X

V,-.-m,.--—':?-(l—p)r.( “-%-H/

oo e el SRR e s
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Key: (1)« the initial line.

Fage 156.

Ir this case in accordance with (4.39)
M-.—a(_%‘.....g‘.){c-‘(

so that instead of (4.704) it will be

(6 + ) (= e o+ s

Let us take for the initial line the external arc edge of plate
(r = R, € = 0). In this face make physical sense and can be

assigned/prescribed values

ErReT N
. o -" J g
o0 o°E0 '(E-O)-(““)-,‘

MEY = M,E0, VEO=V,E0.

Therefore dimensionless initial functions they will be

Wom Wy(0) = .!!..(o.o). 0, = 04(8) = 0.0, 6) = 0, (0, 8),
My~ My®) = 3 MO0 =3 M,0.0,
V.-V.«)--';-m»--;v.@»' 4.109)

v
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a the general solution in canonical form (3.37) it will be written as

follovs:

WE 6) = R{L W, + L8 + LyM,+ L V,} + w,, )
0,(%. 0) = Lo W, + LygOs+LopM, + LoV, + 0,
0@ 0= Ly Wy + Lo o0+ Ly, Mot+Ly Vo + 0

0‘” "

M, G0 = 2 (Lo + Lugs+ LMy + LugVol +,
M, .6 = % (LagaWo+ Ly g0 +
+ LMy + By Vo) + M,
V€. 6)= TQDT (LyWy + bygBt-LypeM, + LoVl +V,
V&0 = 1 (Ly Vot Ly etLy Mot Ly Vol +V,e

Va(§6) = 'g' (1 ;‘F) ‘Ln-go + Lag®e +

LMyt LyVy) 4V,

(4.110)

|
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Fig. 14.

Key: (1). the initial line.

Fage 157.

Here -. is a particular solution to nonhomogeneous equation

(4.107), that satisfies the conditions

& e

s g >
a '0,7"0,’.%..- the functions, which will be obtained, if we in
forsulas (4.105) w replace by ®.

After introducing the designations
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let us revrite equation (4.107)
U= +PIe= T a0 @iy
Hence

e e

But on the basis (1.356) and (4.5) will be

= L R U

- (R .
3 '%"!"‘C rop(t-odt- " (4.118)
: —in-o

Introducing this expression in (4.114) and again using (4.5), we

obtain

-2

w-—%fﬂ; ! dj‘ewr ! PR.OYE. (4.116)
)

By the direct substitution of this expression (4.107) and

- A WA cow o ivsialiBE s
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(4.105) it is possible to ascertain that w, satisfies equation

(4.107) and, furthermore, with &€ = 0

.’-0.-0” - M'f M=V, =V =V =0 4117

By transfer/converting to the uniform part of the general

solution, let us introduce (4.110) in (4.107) and (4.105).
Page 158.

As a result we will obtain the following system of differential

equations for operator-functions &wi

({.w)[w-c—a-wu]t.-e.

AN J.
Ly, = %L,

Lm0 ra—n G rl,
Lyy =@ —wp 3 —30 - b x
X oL +B0 + 201 = L
Ly =0 —nr (L —L,). 1=moMV.

(4119

-




-

DOC = 77055309 PAGE #6 _2¢7

After integrating this system under the conditionms

L,O.H=8; sp=wo MV, .19

v let us find

| . 1,_-mu-'7"-l'-pun0+'1‘-!ﬂdnl-' '
by = = itp 4 N L LR Ay,
L_.-.:.[_m;p_(zﬂt)i""—i@# (w120

, +¢ﬂ@uﬁb+ﬁﬂnﬂblr$37-

; b [+ 55 (-] )

o e, T T

and so forth.

; - . » - —_ Y ..
— — AT e o g " -Ill‘iul.lli‘ = "
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Fage 159.

During the solution to specific problems it can turn out to be

more convenient to choose the initial line not on curvilinear, but at

the rectilinear (radial) edge of plate (6 = 0). As dimensionless

initial functions here will be

'. - '.m

Nht ¥

sy, (4.121)
M.-M.m--b-ﬂl.c.m. V.-V.m-b-ﬁoc.q. e

a the operators will take the form

: ‘v;‘:““.['_ﬂ_-_i%.zg__(q_”:_ll]-#' _ l
s '.+wo(¢-z).('_~2ﬂ&c_g¢-)-l) . £ 7

(4.122)
L..--m—m- +20 428 :

- lunie—2)

il ™
RS . o o g o o I U et

BN A B A .

,i.a,@.‘;géa‘g_.'.o.m-n.'“;q:. sy L

L R s v o
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and so forthe.

The construction of the common/general/total and quotient of
solutions, all operators, and also some other formulas are given with

to article [3].

§21. Natural oscillations of rectangular plates.

The free oscillation/vibrations of rectangular plate upon the
linear formulation of the problem are described by system of

equations (4.89), and instead of (4.88) will be

T+ 20+ 5 — Y =0 (129

where

PR Ji‘s'_. ' (4.124)

@ - angular frequency, y - the specific gravity/weight of the

saterial of plate, g - the acceleration of gravity.

Page 160.

The positive directions of displacement/movements and static values

o gl ) '.‘5‘-‘5 0 i leieiRc. i o e Sl oy ¢ ;
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will be the same as in Fig. 11.

Accepting as the initial line edge &€ = 0, we they must as

initial select the same functions (4.92), and the general solution to

seek in the form (4.93), after reject /throwing only in it terms We, b,

#, and so forth. After substituting those which were altered thus
function (4.93) into equations (4.123) and (4.89), we will obtain for
determining operator-functions L, the system of differential
eqUations, which differs from (4.98) only in terms of first equation.

Specifically, instead of it it will be
Ley  opsd ik . we
-+ »ig gm0
After integrating the obtained system under the conditions (8.99),

let us find all operators:

L=~ 0=RB=2 oty +
Y U o KPS V2 o)

o= (=W)B ¥ snBVEF+W

e+ (4.126)
| + (l—p)i‘g'—v' _dntl’z:;. ¢
Low=— 3 UV P T+ ot VF—w

f

T T e ——.— e A ————————————
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and so forth.

The construction of general solution, all operators, and also

the resolving equations for the basic cases of the attachment of
plate during symmetrical, skew-symmetric and asymmetric

oscillation/vibrations are given in the article [10).

let us note still that in spite of the apparentirrationality,
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and, and also, therefore, the singularity of operators (4. 126),
actually they all are regular. In this it is easy to verify that

after decomposing operator-functions cos S/ pEW sin fyp£v¥ according to

degrees E&.

B e e —— T —————————————
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Chapter Se.

APPLICATION/USE OF A METHOD OF THE INITIAL FUNCTIONS TO THE SOLUTION
10 THE APPLIED PROBLEMS CF MECHANICS.

§22. Free twisting the rod of semicircular section.

The function of twisting Prandtl, which describes free
(Saint-Venant) twisting the cylindrical rod, cross section of which

is shown in Fig. 15, satisfies the equation

a voltage/stress it is determined from the formulas
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where G - shear modulus, & - the linear angle cf torsion.

On the outline/contour of domain@ = 0 after passing to new

variable (see (4.37))

t=lng., r=Re, A=, (5.3)
we will obtain the equations
PO, PO _ - 4)
.a..;.w 2R%R, 6
GO .00 Go .00 :
S Lar TR it A 3 ey
and the boundary conditions:
0‘0..)-0. (5'6)
3 ®(ind, 0) =0, (5.7
- O@® to)=0. (5.8)
R ———— T a—— ﬁv.i ¥
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Fige 15.

Fage 162.

Is consistent initial to line with the initial arc =2dge (£ = 0)

and will use formulas (4.42) - (4.44)
otn-xppo0)+ 5L 00 +0, 69

wvhere, according to (5.6),

Dy =®(0.8) =0,

2 o.m-‘-g-L
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is an unknown function. Particular solution we find through (4.43)

g AR
o--F|a | ea-r(try-ja). cm®

Thus,

g ok

oan-TBomim(t+l-ta) @i
We satisfy condition (5.17)

sin(lnd-p) g, (9) -R‘("—,—""' —m). 6.14)

After expanding operator in a series in g

lnu-e(‘-'h’:lr+.'... | (5.185)
easily wve find the particular solution
O =R (p—1): @9

To homogeneous equation (5.14) corresponds the characteristic

equaticn

sin(klnd) o Y |

R, Y e SRR R
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roots of Which will be the nusmber
b=ty a=1,23.. (5.18)

Consequently,

m»-n-(’-‘}r;-; f")*i(""‘ﬁ +n.a,‘,1";).(s.m'

Ey introducing (5.19) in (5.14) and by taking into account forsula

(1.246) amd (1.205), let us find

0(!-')-%—(%5—';-}-1—0)-; 3

+'2(A¢E‘t+a.¢f_§’)“‘;"m;§. e
Sesl ; : ‘

Page 163.

By satisfying nov conditions (5.8), let us arrive at the equalities

b e Sl T R U o R e S
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In order to find coefficients. 4, it suffices toc multiply (S.21) by
sine nw¥&€/1ln\ d& and to integrate over £ within limits from £# = 0 to ¢

= 1lnhe As a result we will obtain

Knowing the function of Prandtl, it is not difficult to fulfill
different concrete/specificsactual calculations. Let us plot, for

example, the diagram/curve of distribution » along the axis of the

P

P, g . TN RS VY U . A Y s Lo AR vy
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symmetry of semicircular section (a = w»/2) during A = 0.5. According

to (5.23) and (5.5) with @ = 0
| ¥, 0GR.T, (520

where is marked

/ nxt
: A & - um
~, 1—a? ] =A% (=1
‘ t -t Ty 2% 4-8In) m—x—’!—%— o1 - (5.25)

——— ——y——

e e i e ————
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Fig. 16.

Key: (1). Diagram/curve.

Pae 164.

let us substitute here value A\ = 0.5 and return to

alternating/variable r

=2 |- 1ot 2(f)=

-o.mmm(imm,'!)-’-.;_.].; M

Is here written out the only first term of a series, but even he is

s




g
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sufficiently small in order that him it would te possible to

reject/thrcv and to count

%

¥ =2~ 108203 X, “@m

Correspond to this formula cf diagram/curve T is represented in FPig.

16.

§23. Scme resolving equations.

The examined in the preceding/previous paragraph problem is
sufficiently simple. In the more complex cases, vhen it is necessary
to implement all those stages of the calculaticn, about which went
the speech into §12 and 13, considerable labor input requires the
composition of the resolving equation (see page 132) and, especially,
the determination of the rocts of characteristic equation (see §18).
In the present paragraph are given the resclving equations for the
most characteristic conditions of attachment during curvature and the
oscillation/vibrations of rectangular plate, and also in

tvo-dimensional problen.

The system of transcendental differential equations, obtained as

a result of satisfaction to boundary conditions at the edge, parallel

1 RO PR Lot w e v oelnati s o
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to the initial line, will be, generally speaking, heterogeneous (see
(3.44)). However, assuming that the particular solution is found
{about this goes speech on page 132), we here write out the only
uniform part. The attachments of two parallel edges of plate are
shewn in Fig. 17-22 (for example, in Fig. 21 left edges hinged is
sugported, right - is free). The iﬂ{tial line in all cases coincides
with axle/axié “L If strain is symmetrical (or is skew-symmetric)
relative to the axis of the symmetry of plate, then axle/axis 71

expedient to choose in the manner that this is done in Pig. 17-19.

-

P LU e e i R .
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Fag. 177, Fiy.18.

Page 165.

1. Curvature and the oscillation/vibrations of flate.

Symmetrical strain for Pig.

——— i A

S03

17
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for Fig. 18

v..,:-l.?.'(-;-- b) oo Mom =L (3.8) 0tw
' i o (l+“:’)v(n)-0.

(VPP EI2 o VP _

-V F—=¥sin Emﬁﬂ;__"‘) (W =0

for Flg. 19.
N R L
P3 +msinB = (1 —p)Blom =0,
P

== ="y FFPun KE;"EF_:}

xoW=0

(5.29)

} (5.30)
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Page 166.

Skew-symmetric strain

for Fig. 17

for Fig. 18

=t (30)o0  Vem— Ly, (3. 0)vemn |

El,-sin'%- o(n) =0,

x VFES"@“E'W-Q

0=l (g B) 00 Vem—Loy(z.0) 00

b (1-%8)vew=o

o B m BT

N T -

S X T ERNGT  Y SRR

(5.33)
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for Fig. 19

Oo-L,w(—;—.b)v('\)- Vo""'"m(‘é"p)'(")'}

Bill—wB+ B+ mwsinflom =0,

l[(l—u)ﬂ'-\"l' VF=v VP++# (5.33)
VE—=v AR R

_M—wP+vP TS YW
BT I s LA

Asymmetric strain

for Fig. 20

=Ly (L BOm. Vo= L, (1 e
Argmaen o
(sorE=s VBT (5.34)

V'F'l a;_'*;,"' eosVP'—v‘) v(n) -G

e e A PG . i
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Page 167.

for Fig. 21

PAGE

£

307
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for Fig. 22

M= Loy (LBOO)  Vom—Lyy(LBo.

{21(1—11)‘3‘-*"1—((1—»)5‘—\"]'(&8 T cos V TV

+ ]/ %{—-::sin VB + visin )/ pF —vi) —
— (1 —p)B* + v*|* (cos V PY — vicos V PT + +8 4

o ‘/-'——ﬁxngF-{-v'ngp"—_v')lv'(m- 0.

(5.36)

Here the everywhere that resolving equation, which does not
contain parameter ¥ is related to the curvature of plate, but

containing ¥ - to oscillation/vibrations.

Fage 168.

2. State of plane stress.

S A S ——
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(Necessary designations are given in Fig. 9 and 10)

Q) Oygm=<ym=0, Ox(l, M) = (1, ) = 0,
({o-ﬁ(siﬂﬂtbmsm(v(n)- Vio = p*sin B (n),} (5.37)
B*(B* —sin*B) @ (n) = 0;

6) Ug=V,=0, u(l, n) =uv(l,n)=0, \
a0 = (1 + w)sin Bo (n), r.[(s—»)";’ (l+u)mﬂ}w(n)- P
- (e |

0 Gmrn=0  wll.m=o =0 "
Uo-(ewp-’—.l_-*'_'.‘psinp‘)v(n). : V.-(l_';_E‘mp_":‘,'» X

LT

N

[(3—u)(l+u)cos2n—f——&-(2a)'+4+(l—u)-1v(n)-o; “
2) Uy=1=0, u(l,n)=x(l,n) =0, A
Vo = (1 —p)sinp — (1 + u)B cosp] ¢(n),
O = 2(1 + )P (sinp + P cosp) @(n),
sin*fo(n) =0; :
0) Vomoy=0 ov(l,m)=0(l,n)=0,
U.-[(3—p)¥+(l+u)cosﬂlv(n)-

%o = 2[(1 — p)sin + (14 p) B cosp] @(n).
sin*fo(n) = 0;
e) Ugmtym= 0, o(l,n)=x(l,n)=0,

Veu (eosp+ “asinp)wm
®.42)
Og = — (1 + p) p*sin Po (n), ‘

u'(n +'i",§)vw-, o

" (6.40)

" (5.41)
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In accordance with the facts that it was said on page 131, the
resolving equations allow/assume different interpretation. For
example, by taking into account (4.100) and (4.101), instead of

(5.32). it is possible tc write

L 13
b _’_( i) 1°°’2)
o =3 _r+—f_ﬂ'— ?(n)

B

n% o !5.43)

v\ +’T“°°=£)v(m: o
sin B l_ =

(1 5 ),,. Ym=0 (5.44)

Page 169.

The last/latter equation - this transcendental ordinary
differential equation for the resolving function g{y). and formulas
(5.43) express the initial functions through resolving, in addition
with the help of transcendental differential operations. If we expand

in series those entering in (5.43) and (5.44) operators, then we will

cbtain:

(% -
s e A
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B NG
.\, e’

;‘[;w(n)-—ov'(n)h..] s w |
(5.45)

V-a-"““ [?('l) 55'—'1’ ('l)+32-. ;“W(n)—-.-]:

3,m>-a-v'(-o+,,-o"w---.-o (5.46)

After being bounded in series to certain number of terms, we will

obtain usual differential exfpressions.

But if we use formulas for the realization of the operators,

then resoclving equa“*ion (5.44) will take the form

( 4 ;
j(n-nvma-,‘{f‘j«—mma-u (X
wei

This already there will be integral equation for the resolving

function.
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§24. Roots of some characteristic equations.

In the preceding/previcus paragraph are given the resolving
equations for the characteristic forms of the boundary conditions of
twc-dimensional problem and curvature of plate. If we seek the
resolving function in the form em=eM then each resolving equation
will reduce to the apprcpriate characteristic equation (see page
132) . For the majority of these equations was focund certain quantity
cf first (counting in the ascending order in the module/modulus)
roots. Roots were calculated in the manner that this is described in
§14. As an example of calculations Table 1-5 gives iterative process

for equation (3.55) with

4 -
e r_ﬁ - 0,21212, (5.48)

based cn fcrmulas (3.68) - (3.72).
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Fage 170.
Table 1.
L b #ee %w";ﬁé
sm=], (s 1) = 7,85308 . ; NN
1 & 0.10 0,17630 | 0,17624 -
2 2 == 7,85398—, 7,75398 - | 7,67768 | 7.67TTM4
3 cos &, = sin x, 0,99500 | 0,98450 | 0,98451
4 0.21212/3)* 021319 | 0,21546 | 0,21546
5 chy, = (4)-(2) 1,65307 | 1,65423 | 1.66425
6 1 = arch(5 1,08836 | 1,08925 | 1,08927
7 sh o, 1,31631 1,31779 | 1.31781
8 ) — (N 0,99997 | 0,99991 | 0,99992
9 0,21212-(6) 0,23086 | 0,2°105 | 0,203106
10 slno.-eosx,-—g- 0.17538 | 017533 | 0,17834
1 @+ (10 . 1,02078 | 0,99998 | 1,00000
12 & = arcsin (10) 0,17630 | 0,17624 | 0,17625

in Table 1-5 for convenience in the calculations in numeral in
brackets {) is designated the number of the row, from wvhich one

should take numerical value for the execution of the corresponding

cperations.

N e L e NN v o oo ndialRatG BRI .
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Table 2.
$=2 (e ) e 14, 18717
1 & 0,10 0,13275 | 0,13263
2 5= 4.18717—, 14,0377 | 14,0442 | 14,00454
.3 sty = sla 0,99500 | 0,99105 | 0,99122
4 i 1212/@3) 0,21319 | 0,21404 | 0:21400
5 chyy = (4)- 2,99258 | 099751 | 299697
6 o = arch 176013 | 1,76186 | 1.76167
7 shyy 82059 | 2,8%578 | 2.82521
H g 0.99981 | 1,00003 | 1,00002
9 0,21212- 0,373 | 0,37372 | 0,37368
10 i 8y == c08 2, = 01327 | 0,1325 | 0,137
i @400 T | Loorss | 0.086r | 1,00001
12 8 = arcala (10) 01327 | 0,139 | 0.i2988
Fage 171.
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Table 3.

77055310

e
1 AL By 0,10 0,1u818
? 203508y 20,32035 20,31217
2 m ‘ . .
‘3 : "',:u - sin 99500 0,99415
4 . 0,21212/@3) 0,21319 0,21337
5 1 dnp. - (4) 4,33210 4,33401 -
6 2,14560 2, 1465
7 4,21508 4,21702
8 (s)- 1,00019 1,00038
9 0, zlm (o 0,45512 0,45622
10 sin &, -em. e 1.3 0,10797 0,10795
1 @ + 1,00168 0,99999
|
Tagre 4.
8 &7 () = T = 20,7008
1 o 0,10 0,09192 0,09214
2 £¢™= 26,70353 — &, 26.69353 | 26.61161 | 26,61139
3 co8 3, = tin ©,98500 0,99578 0,99576
4 0,2121%/(3) 0,21319 0,21302 0,21302
5 ch gy, = (4). g 5,69079 6,66880 5.66876
6 Vo= -rch 2,42419 2,42025 2.42024
» ; 0,99944 ?’&’&?‘.’ !ls.&nng
9 &) mlp(ﬂ 0.5142 | 0,51338 | 0.51338
10 dlb. - 08 x4 0,09179 0,09201 0.09201
11 @)* + (10 0,99845 1,00004 1,00000
iz & = aresin (10) 0,00192 00214 | 0,084
!
|
[ SR — e —————
| &= e 0 A TRt Uy _ig¥ e L
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Page 172.

Everywhere in the equations, where enters Poisson ratio, wve

set/assume him equal to 0.3:

1) the equation

T
"‘" Fe” e,

i
2, = 7.67774 4+ 1.08927,

2, = 14 00454 + 1,76167i,
2, = 20.31217 + 2,146051{,
2, = 26.61139 + 2.42024i,
2, = 32,90601 + 2,634314; |

2) the equation

‘2, == 7,58626 + 2,00897,
2 = 13,95025 + 2,60992i,
25 = 20,27368 + 2,97980,
'€, = 26.58162 + 3.24842i,
2/ = 32,88169 + 3.4§973;

o )

e oy, s

sinz = 0,21212s,

(5.49)

(5.50)

P




DOC = 77055310

PAGE ‘3,7

i
3)
uz--—'ﬂt i sinz = 4 0,481485;
F—p* I e. v ,
2, = 4,35754 + 1,44443/,
2y = 10.77666 +4-2,35485i,
23 = 17,11475 + 2.81210i, . (6.81)
2, = 23,42889 + 3,123191, ’
25 = 29,73234 4- 3,359674;
TAgLe 5.
o =t et =2 w2007
§ i o A L 0,07 0,U8074
2 Xg == 32,98672—8 32,91672 | 32,9098
3 = sin 1, | 0.99755 | 0,99674
4 0,21212¢(3) ' 0.21264 0,218l
5 chyy = (4)-(2) ' , 6.9994 7,00272
6 ¥ = arch(s) ' ' 2,63383 2,63431
7 ¥s . 6.92761 6,93097
8 )s — (M) ' 0,99996 0,99974
9 ,21212.(6) , 0.55869 0,56879
19 sin 8 = cos x; -4("3,,—- . 0,08065 0,08062 4
1] ' + (10 . ¢ 1,0016l 0,99999
- & &= arcsin (10) 0,08074 | 0,08071
Fage 173.
4) the equation
sinz =3
S e e WAL L TR TT L R JAR ©U EEES N——




DocC = 77055310 PAGE =

3/

? ;9-26.55454+3.983|4l‘
o = 32,86974 + 4.19325%)

S5) the equation

“'..z. - lO.7l253+ 3.103!4l P
2= 17,07336 + 3.85108/,

- 2, = 23,39835 + 3,85880i. |
2 = 20,7081 + 4,003701; )

6) the eqnation 3
ﬂu+»~s-—,-u+#a'+4+a-pr-o.

t,{“ “‘

*These rcoots are borrowed from work to Fadle[47].
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ic€e

86,3126 + 4.15385cosz — 2% = 0,
2, = 1,94653

2 = 5,17172 4 2.71980i
2y = 11,84600 + 4.31180¢ (5.54)
2, = 18,2920 + 5,14570
2, = 24.67304 + 5.72550i
2 = 31,0210 + 6.172564; |

7) the W

@+W1— Weoss — g (1 — st + 44 (1 + WP = 0,

i.e.

23.2245 + 9.42856cos 3 —2*= 0;

2= 5.4'366. (5.55)
2, = 4,0545 4 0,71300¢

2, = 11,92765 4 3.348354.

¢ These roots are borrowved from work to Fadle [47].

P ETIT—— e ——————————— A
P o 2 : g
A e i N BT % x: g i iy
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§25. Rigidly embedded rectangular plate.

In this and the following fparagraphs are examined the specific
problems of the applied theory of elasticity. In this case the
expressed goal to so much not obtain the complete (in engineering
sense) solution of precisely these prcblems, as to illustrate
ccmmon/general/total course of solution by the method of the initial
functions. Therefore are given cnly some numerical data, necessary
for the engineering. In particular this is related to §26 and 27. As

concerns the selection of problems themselves, it is accidental.

Is examined the rigidly embedded on outline/contour rectangular

plate (Fig. 23), on which acts evenly distributed load p.

On the strength of the symmetry of strain is selected axle/axis,

as shown in figure. Then in general solution (4.93) one should assume

Voo e

a instead of the particular solution w0, and so forth to take

exgressions (4.96). Then

NG—

Baid o o v ra it ) A AR TR 1 T
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S|

s
O W =0 LW, + Loy + 3 Lot }
0, €n) =L, Wet+L, M
0,@ W =L, W, + LM, + £ 1,

M =2 {L,, Vo + Ly Mo — 102 E.l ’

M8 = 2 (Lo + LMo -—;%-e-} :
Vi@ = 5 (LW + LM — 508},
V& = 3 Ly Wy + Ly (M),

R W) = 2 (1 = 1) (LWt LouMo).

(5.67)
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4
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|

Fig. 23.
FPage 175.
Recall that
!
i
H
|
|
v |
- R IR i) o e ot
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at the right edge of the plate

1 i

e (= n)'v.f(v'oi"\q-{ Lo (7} #) o S Y
. . . | (560)
L.-(}l‘-ﬂ) v.(v»-i-l.,,()‘_,a)M‘w__%.

For the determination of the particular solution of this
is deccmposed the entering here operators series (they easily

obtained from (4.700) and (4.101)

(5.61)

Hence

v B Mo 227 (5.62)

system

are




SRS SEEESCS .

& —
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The general solution of uniform system (5.60) and the resolving

equation for the present instance can Lte undertaked from (5.29).

After taking, expressions for the necessary operators from

(4. 100)
and (4.101), we will obtain thus
-.(-»-f,g‘-'[m-+—3mv(n)]
(5.63).
Mo =25 ‘“+[4m—g-+(l—u)bﬂn-§]v(n)} :
vhere ¢(n) it satisfies the equation
(l{#),m-o. (5.64)
Fages 176-177. Pages missing.
Page 178.
-t &m
RGZ‘{(&‘}lbu)dﬂ%“k-i—zwk—;-‘-wnk.t)sh%—*} 0. (5.78)
im-v» e e ———————— s appp—— - — e
il - P R # ONTS I S,
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To find the hence precise values of coefficients a, and &,
scarcely is possible. In order to obtain approximate values for thenm,
is decomposed the functions, entering equations (5.77) and (5.78), in
series according to degrees &, we will te bounded in expansion only
by first member let us equate zero coefficients with this member. For

calculations let us assume X\ = 1,2, y = 0.3 and preliminarily let us

find

%)= is600—0703, | .

eosk—z‘——o.86880—- 1185421 ,

en%l'-xm-e-emm. L. (8.79)

Then from (5.75) we obtain for the characteristic points of the

Flate: in center (=m0 n=()

w4 = 500 (1 4 T7.219, + 106,366,

M, = B (0,3~ 185,260, -+ 30.7565,),

M.-’-;z'(xmlgfna.xu.x )

e —— . O e A=~ =~
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at point (E--;-. 'l-o)
M= B (—2—624380,— 107.740);  (58))
at point(l-oo 'I-‘;‘)

M, = 52 (0.3 4 27,5020, + 997.210). ' (5.82)

Fage 179.

For determining a, and by, we record/vrite system of equations,
which are obtained from the condition cf reduction to zero only

absclute terms in expansions v and ?0," according to degrees E&:
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Hence

;g.g-‘-,-‘o.mq . by~ —0,00

By substituting these values in (5.80) - (5.82), we will obtain

in the center of the plate

T

we= o.omﬁ\%o.’oi&;aom) i l
M., = 0,0230pa" (0,0228; 0,0231), {®-85)
M,, = 0,0304pa*(0.0299: 0,0302);

the supporting moment of the halfway long side
‘Q--QJICHIPQ-OWIIR-QDOHD:GLNN

the supporting moment of the halfvay short side
My = — 0,0672p8* (— 0,085:4; — 0.0604). (5.87)

Here in brackets for a comparison are given values, given by S.




|

DOC = 77055310 PAGE 3N
3a¥

Fe Timoshenko [ 40, page 222)] and by B V. and by Ye. D. Vaynbergs [6,

pages u452].

§26. Rectangular plate-arm.

Retaining in force introduction tc §25, let us note, that since
the solution here will be carried out according to the same
plan/layout, as in §25, the intermediate lining/calculations and

explanations will be considerably abbreviated/reduced.
Is examined the evenly loaded cantilever plate (Fig. 24).

Let us select the initial line in stopping up, and particular

solution again let us take in the form (4.96).

o | St R
“?r‘ e

W, g o
o G s EPRR-2 . 5E o ol oalNER S
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Page 180.

Then it will be:

: ok W)= ‘lu‘.’ ‘dv. + ﬁ;’}o
L3R Y
€ )= Ly My Ly Vs,

(5.88)
GG = LMy 4 LuVe s S50,

MG = %{L..{.un Lus¥s —pgi'} .

MEnN=— {LmuMo +LWe— 2D t’} ‘WW :

VG- -;{L..M-& L=t
Ve @ = {rpMe b L) B |

RC-Q--;(l-l!)(Lu"o*'-VJ-

M edge &€ = 1
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Lu“-»“.(ﬂ:f-l-.(l.l)v.w-g, e
1 e
'-u(l-ﬁ)M.(m-l-L..u.mv.w-Eg,

For the determination of particular soluticn, taking into

accocunt (4.100) and (4.1701), we have

: (—w-—‘—%@f—'aw )ﬁ.+(:—%n'- 0
{—}‘—’ﬂr% }V.- .
Hence
M, -5, V.-.%'. @
a keeping in mind (5.36),

IV {7 LAl LN e e R
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33/
Mym 85 — Loy (L. o). -
Vo-p—;.'PLu(l.ﬁ)Q(n). /

cr

u.-—g—('—";-l'##.'—';—fmﬂ)vw.

=15 + (b= L5t puas)oo. -

(5.93)

vhere ¢(n) satisfies the equation

Page 181,

By characteristic equation with py = 0.3 and z = 2k will be

s
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23.2245 + 9.42856 cos z-z2 = 0. According to (5.55) its roots

In accordance with (5.94) and (5.96), and also vith symmetry

relative tc axle/axis &

3 3"3‘ .‘:f..‘q
e AT +mZ«.+m«m}‘vm

P

Now from (5.88), (5.93) and (5.97), accepting pu 0.3 and

"

substituting concrete/specific/actual expressions for the operators

cf (4.100) and (4.101), we will obtain
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ERTRTR 2L S PR ATy

+2Re Y} (8 + iba) Vo (B, ka) ch ham,
ne=}

pl,.M.(w = —0,15(1 —E)* + Ag¥w, (& ko) ch ken +

+ 2Re T (an + i6n) Y, (B, ko) ch ka,

nel
¥ 3
pa?

-

+.2Re Y] (ae +952) Yu, &, k) chkan s
o} :

pl,V.(e.vu-n-HA.w,(e.w?hk.w
fm.g«.mw,wm.
,—';V.G-m;&w,(&-';m‘ﬂn +
*lkeg.(&-}ww,(&kdmkm.

1 R(Lw
'Ej =" -onl(lowtkﬂl'f‘

M, @ = —E S 4 g, @ k) chben +

+2ReT @+ by on(l. AshAN.
L= ‘

(5.98)
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Page 182.

Here

@b = = Txankt + 12T 0y

W, @ = — 0,15y (8 cos 68 + 252 o k) in 4 —

—0,35% (k) £ cos kE — 0,175ky (k) & sin % .

¥, @ 1) = — 0.5y (B cos k% -+ 252 o ) sin k% + (5. ).

¥, (€. k) = x (k) cos kE + 0,325ky (k) sin ki —
— 0,175k [k (k) cos k% — 2x (k) sin &2 .
W, (& k) = — 0.85ky (k) cos &% - 1,35 (4) sin £ +
+ 0,35k (&) E cos kE + 0,175k (k) E sin 4%

r(l ) = — o.mi‘;?'—o.xm.

Yo = (1 +p)‘—°‘—*+(l‘—p)euh- l#"—j—.-l-OJeab.

% (k) = cosk — l—;—'fkslnk - cosk—0,35ksink,
Q. A) = 0,175 [2x (k) cos bt + Ay (R)sm ALl

(6.99)-

(5.100)

e ]

RS s il
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By satisfying conditicns at edges n=4A and in free angles,

let us arrive at the following:

—o.wu—tndm.c.ud»o

-2 Eé’ od«zgr& @ _ 2
+2R¢'2 (a.+wv..<;.mu
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Fage 183,

Let us assume for a concreteness A\ = 1 (plate with the relation
of sides 1:2). Equation (5.103) can been satisfied accurately, in the
relaticn to equations (5.101) and (5.102) this is extremely difficult
or generally impossibly. Therefore let us act as follows: we will be

tounded in series n = 1, is decomposed function a4 and w,GEA

in series according to degrees &

: (5.109)
Vv, (B &) == — 0,85ky (&) + 1.7k (k) — 0.60k% () 3* — ... }

and let us equate in equations (5.101) and (5.102) absolute terms

zero, a (5.103) let us write accurately. This will lead to the systenm

- 3,25491A, 4 2,92618a, +- 2.48870b, = — 0.5

= 8,73235A, + 6,72762a, + 3.74716b, = 0, (5.105)
—3,69146A, ~ 3,41204a, + 1.238908, = 0.

Whence

Aym—0,18084, = 4002581, b, = —0,46776. (5.106)

R

v
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Let us make table of auxiliary values (Table 6-8).

TABLE lo.
3 X wg (3
0 0 L 0 0
0,2 40,54137 | $0,40545 4 0,07130 « | $1,19276 4 0,33484 {
0,4 ©0,108273 | <0,81091 ¢ 0,14260 { $2,38553 @ 0,66967 ¢
0,6 41,62410 | +1,21636 4 0,21390 / <43,57829 + 1,00451 {
0,8 42,16546 | »1,62182 xo.%szo { | $4,77106 > 1,33934 {
l ! 027274 0,35650 ¢ | 45,96382 4 1,67418 ¢

— i PESOSp—
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Page 184.

A
chky 35 = + 206445 shi, > = + 180612

’

A /
chk, 5 = + 1,63453 021212 sh, -2; = + 1,17737 + 0.27647;

A \ |
chi, 5 = +6.62160 + 7,30551  shky - m - 6,58666 + 7,34316¢

chkoh = 7,52424 T shkA = 7,45749

ch &\ = 3,61963 + 1,30206( sh k) = 3,49624 + 1,34801
chkyh = 20,0774 + 193,507 sh k) = 20,0771 + 193,509

Using these data, we compute first of all values M. and y, at

the free edges, vhere they must be equal to zerc (Table 9) .

FOr Mg and Vimes ye take greatest the bending moment and

transverse force in the beam-strip, which corresponds to the plate,

ie€ey Mus in question =-0.5pa2, a Viem= 7#* '

2
-
i.
3
24
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Table 7
¢ sa gt s m ney |
0 0 “ 0 0 %
0.2 40,51531 | 0,39543 + 0,06557 ' A
; " \ ,065574 ¢ | 40,98198 v 0,1
0.4 . $0.7321 + 0,098566 (| 40,8457 Ryl
3 190858 | $0.95938 + 0,074805 { | —0,65490 — 1.07122 ¢
0.8 0,82833 u.oaoeo—o.omm —2.03576 + 0.10422 ¢
1 42121 ,96626 — 0,16049 ¢ | —0,86682 ¢ 244336 (
Table $.
t | cmmd o8 mt o8 et
0 1 | ]
0,2 40,85700 | $0,92125 — 0,028146 ¢| ¢0,38099 —
0.4 +0.46891 | 40,69586 — 0.1 i 2 .89686-8:%4795;;
0.6 —0,05328 | +0,35503 —0.20214 | —I,40308 4 0.50000 {
0.8 —0,56023 | —0,052984 — 0,28870 {| 40.11958 % 1.77419 ¢
1 —0.90697 | —0,46000 —0, i| +2.62135 % 0,80797 {
Page 185.

Tatle 9 shows that at values of coefficients (5.106) the solution is
obtained satisfactorily. Introducing (5.706) and (5.99) in (5.98), we
compute amcunts of deflection and bending mcments in a series of the
points of the plates, necessary for construction diagram/curve. Table
10 and 11 for a comparison give values %O&Q #M,a.ntolpectively.

given P. B. Varvakam [8) for & = 05 0.25; 0.53 0.75: 1.

R R
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Table 9.
. g A
0
0,2
0,4
0,6
0,8
1
Table |0,
: D
A » N
. D s i k) “pa* €. '
pat ¥R L 1 [ Y [ —"
ASHHLIM M.
: 0 0,0000 0,0000 0,0000 0
0,2 0,0084 0,0081 0,0064
0,4 - -0,0330 0,0356 0,0399 0,0127
0,6 0,0627 0,0660 0,0842 0,0433
0,8 0,0927 0,0037 0,0992 0,0823
R | 0,1215 0,118 0,0087 C,1236

Key: (1). according to our data. (2). according to data of

P. M. Varvak.

Table ||

Key: (l).-aé

1
:? PR 2o MG N
: P~ My ®O 15, G D) | g0 wamim | ©ro asnmm
’ AAHHEIM M. M. Bapsaxa

0 «0,5035 -0,6070 -0,5263 -0,4640
0,2 -=0,8218 -0, -0, 3335
0,6 «0,0780 «),0760 «0,0650 -0,1286
0,8 «0,0198 -0,0196 -9,0185 -0,0317
1 0,0000 0,000 0

——

P. M. Varvak.

cbrding to our data. (2).

according to data of

LN R S L

e
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According to these data on Fig. 25 are constructed

diagram/curves w and 41, in to section X\ = 0; A/2; A.

Recall that boundary conditions at edges &€ = 0 and € = 1, and
alsc in angles (1, ¢ \) are carried out accurately. If we in series
(5.98) select n > 1, then in principle it is possible more accurately
to satisfy conditions (5.101) and (5.102) . However, in practice, by
increasing n, it is possible tc arrive also at the opposite result:
accuracy/precision is reduced. This is connected with the fact that,
as can be seen from (5.96), the module/moduli of roots grow/rise with
an increase in the index. In this case especially intensely grow/rise
and converge between themselves chlfA and shk)\ (see page 185).
Therefore, by increasing n, it is necessary to simultaneously
increase a quantity of signs in numbers. For an example we can
indicate that was carried out the arithmetic count with an accuracy

to 5-6 signs. For five unknowns was obtained the systenm




1
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Its roots

— 3,25491 A, + 2,92518a, + 2,48870, —

— 501,200a, — 651,4885, = — 0,5,

— 3,90666 A, — 4,06398a, + 1,72688b, —
— 162,973a, + 268,070, = 0,

— 8,732354, + 6,72762a, + 3,74716b, —
— 4079,80a, — 3046,300, = 0.

— 5643604, — 3,93864a, - 2,68626b, —
— 281,712a, + 1007,78b, = 0,

— 3,691464, — 3,41204a, - 1,238905, +
+ 88,1248a, + 2725108, = 0.

»

Ay = — 0,036341,

a, = — 0,037356 a, = — 0,00031154,
b == — 0,22474 b, = <+ 0,00016245,

(5.107)

(5.108)

they differ significantly from the same of system (5.106).

Constructed according to these data curve/graph D/pa* w (E,\) (dotted

line on Fig. 25) shows that the picture of sagging/deflections, and

seans and effort/forces and torque/moments were not improved, but it

R T S A A N A St e

B - —

B A R
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deteriorated.

§27. Cantilever beam.

As one additional illustration let us consider curvature by

force P of the cantilever beam of the rectangular cross section h x t
(Fig. 26) and explain the distribution of normal stresses over the

pinched section.

Fage 187.

Let us for simplicity consider that as usually in strength of
materials, the load is distributed on end/face according to parabolic

law. Por distribution ¢ over the embedded secticn, this fact does not

affect, since the beam is chosen by sufficiently long.

Let us assume

and write the boundary conditions:
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The initial line is consistent with the pinched section. Then,

PAGE & S ¥4/

SOk =0 G110
=0 ==
CEE A e
(1)t
04_*%-1%_,‘;-0.

6.112)

according to (5.110),

and, on (4.62),

UG =L o, 4 L3

0, @) =G(L,y0,+ L, 7).

UV, =m0 6.113)

v (Eo m - / (Lwao + Ln"&.

0, @ = G(L,g0, + L,%):
ﬂna“"'aaﬁﬁf*lmﬁi

6.114)




sevogere

TR T

poC = 77055311 PAGE ¥ B

Factors 1 and G are introduced in order that the brackets would

be diwmensionless. We satisfy conditions {5.111)

Log(1,1) 8y (0 + Ly (1. B) o (W) = 0, e i
Loy (LB oy + Loy (1,B) 7o(n) = _.g. 5 (, -1;17’) (5.115) |

SS8ESR.

g 8¢8sc¢s .

Y

an 9.

P ST

Key: (1). Diagram of deflections. (2). With five coefficients. (3).

Diagras of torque/soments. (4). lengthwise ....

N p—

P R i W oS ieRRRRES )
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Fage 188.

Hence

==L, (LAom :
T =L, (1,0)9Mm ‘ _
|L‘..u.ml-..(l.ﬁ)—l...u.n)z.“a.pnv(vo-__g_%'(!_%-);

e

or, if we substitute expressions for the operatcrs from (4.83),

c,(q)-(+ L ¥ unp ¢ !—‘;-hean)om

= (oot “3Lpans)om o

and

[s-a--o-u'fq-n-'-_ne-!l-'-“—*;ﬁm]m-

"'llzrf(“%')- ®.118)
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Yo = ;&[2(1 +u)—..'!':-+f]'. &9

The particular solution to the last/latter equation

a homogeneous equation (S.118) reduces to characteristic equation

' (5.54) ; therefore %M equally

where
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Q)

- Jnwpa &, 8 mm'e-a

)
0100

Q0501

0

?

; 050 100 6 (on)

oLiw

- qoso

3»? &6

Key: (1). Diagram ¢, in section & = 0.

el P 7
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Fage 189.

Is expressed all the displacement/moverments and stresses through
the resolving function. For this let us introduce (5.117) in (S5.114).

This will bring to

"; @) =15 ¥, & B oo, g YR
0@ 1) = 15, &) 9 (0.
v.c.m-%v.,a.ﬂmd : (5.122
o, &0 = 5 v, & B) 9 (. |

&0 =5 ¥, & Bo.

The entering here operator-functions with u = 0.3 take the form:

e i e v e oo eS|
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.00 =89-3 U8 _ ool 0B,

+ (=351 + L6 sin (1 ~B)B -+ 3,51 (1 — B sin (1 + B B,
¥, (5. B) = (3,514 1,69¢)cos (1 — ) p— 3,51 (I'—§) cos(14-E)p+

LY
+ (=54 +3,38prp S — ) +54 00 0E

¥ . B) = 1.69B (1 —E)cos (1 —E) B+ 3.61 B(1 — &) cos (1 +
. +8P+(28—3.38p%)sin(1 —E)B,
o @.P) = 180@+ QP cos(l —DF—351(1 —Bpoos (i +
48B4+ (—6.18 + 3.38 V) sin (1 — ) p + 7.02sin (1 4 q?,l
W (€ ) = (4,49 —3,38P%) cos (1 —§)B -+ 3.51 cos (1 + )P +
+ 1698(1 +Dain(1 —PP+35lsn(1+ 1P

(5.123)

Page 190.

Realizing these operators above the function g(n) (see (5.122))

according to the rules, presented in chapter 1, let us arrive at the

folloving expressions:
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UG = g 120 -mzn-—(l +m-n+-,v.a-uww‘+

+Bchky) + 5 Z I, (. £,) (A, shk,n + C,chi,m) +

n=| '

+ 9, &) (B, shkn + D,di,'m} ‘ (5.124)

and so forth.

Here we by formula G = Ef2 (1 + pﬁ pass of modulus of shear G toward

the modulus of elasticity E.

Substituting these expressions under toundary conditions

(5.112), ve obtain the equations

A.v,(g.uih%+ke {Z @, +u,n,(;.t.).h—,-

= =8+ 2+ mEa, (.125)
A,v,(ﬁ.k,)chk"" + Rel)Ill (a, +lb,,)tp, (E.k,)chT
== 16—24p 4 16ut + 8(2 4 ) o, : mm '
T— e co———— U — i TR



DOC = 77055311 PAGE W

-

SS L
A
=3
Let us note that on the strength of the symmetry of conditions vitth/1
-
and "™ =5 the coefficients Ba and D» becomes zero. Therefore

vill be simplified expressions (5.127) for displacement/movements and

stresses. For example, it will be

'~“"f‘%{’“—h+%’v.e-~am+

Q%Re'[Z(a.-l-lb)v.(gmkm ]}_ @.127)

Page 191.

e na——— ; e __._-—-“‘ ee———
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Here as in the preceding/previous equations, it is marked

Ai-l + b, H*J

Let us take A\ = 1/4 and write out the auxiliary values

! v,(o k,)-—-13861 -297091

9,0,k =+ T3TT) + 622000 |
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Table 12

S

,,.A,,.‘ % * .‘L..,
R i -
» L)
2 S838 |
. 3 EE2S8 |
A SR TR
e 238228
£ | °| sS3538
4 SScoe
Fleo m.mmmm
: Scococe

13.

Teble

4k

Table 14,

ch xyn

00000

o\\
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Equations (5. 125) and (5.126) do not make it possible to find
precise the value of coefficients. Therefore let us use the same
approximate method, as in previous paragraphs: is decomposed the
entering these equations functions according to degrees £ and let us
equate zero absolute terms and the coefficients with &€ in both
equations, and also the coefficient with &2 in equation (5.126).

Thus, let us arrive at the following system:

1,08828 A, + 1,50973 a, -+ 2,69568 b,— s.ocwc.—m $ e
— 15,3422 by = — 2,90, #i
06646!A.—l 11473 a, + 0.88025 b+ 2,78427 ag—
— 1,49528 by = — 1.83333, ~
5,34312 4, — 8.88934 a, + 7.54332b,+ 24.27197 a5 —
— 16,6220 by = — 14.6667,
1,91610 4, — 6,93998 a, + 1,712096,— 8,15918a,+ :
. 4+ 0,20678 by = — 5.4, .
0,99300 A, — 4.880820 a, + 0.50744 b,— 19,0769 a, -
4 0,37549b, = — 2.85335. '

‘(5.130)

Solving it, we find:

Ay = — 2.75817; @y = —0.00348: b, = — 0.06341; } ®.131)
. Gy = 4 0.00518; b, = — 0,01906.

AR L 2D i B
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Now, after assuming in (5.127) & = 0, outside in (5.127) the
cbtained values of coefficients and after using auxiliary values
(5.129) and data by Table 12-14, we can compute a series of values

in the pinched section (Table 15), where, as usual, it is marked
Pl

According to these data on Fige. 26 is constructed diagram/curve

¢ in stopping up. This diagram/curve and Table 15, shows that i
during precise satisfaction of the conditions of jamming the
distribution of normal stresses according to the pinched section

remains virtually such, which is accepted in strength of materials.

lable IS,
0 0
0,025 0,176
0,050 0,356
0.075 0,547
0.100 0,753
0,128 0,980
Fage 193.
CONCLUSION.

After feeding result to entire presented above, it is possible

tc note the following basic results, obtained im wvork.

1. Is carried out the detailed analysis of the basic vorks of A.

1. Lur'yes and V. Z. Vlasov, vhos they expressed and devel oped the

2l e P
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ideas of the method of the initial functions.

2. Are developed the bases of the theory of the operators in

connection with the method of the initial functions:

a) is shown the possibility of double approach to the

introduction of the concept of the operators;

b) are based the algebraic, differential and integral actions
above the regular, singular and mixed operators; c) is demonstrated
the equivalency of the representation cf the operators in the closed
form and in the form of series, and also the legitimacy of the action

abcve operational series;

d) is obtained a series of the formulas, which axpress the

Froperties of the operators;

e) are establish/installed specific rules for the actions with
the operators, the connected with noninterchangeability mixed

operators;

f) are developed the methods of the realization of the

cperators;

e 4o ks e e o oskesed el RINRGR S . L
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g) is ¢« “-ablish/installed that values of the function-operators

compulsorily satisfy some partial differential equations.

3. Obtained considerable quantity cf formulas, which facilitate

the practical application/use of the operators.

4. Is shown the possibility of obtaining some new identities for

Eessel functions.

S« Is systematized the overall diagram of the application/use of
a method of the initial functions to the soluticn to two-dimensional

toundary-value problems; in this case is assumed the wide use of the

Cperators.

€. Is discovered the equivalency of operational equat ions and
functional equations of the type integrodifferential,

differential-difference and so forth.
7. Is obtained the new netﬁod of the determination of the
particular solutions to nonhomogeneous differential equations in

fartial derivatives.

Fage 194. ?
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8. Are constructed general solutions for the series of problems

cf the applied theory of elasticity and strength of materials

(twvo-dimensional problem, the bending cf plates, etc.).

9. Por facilitating the soluticn to the specific probleas

a) are obtained the resolving equations for the basic cases of
sugpport in two-dimensional problem of elasticity theory and with the

curvature of rectangular plate;

b) calculated considerable quantity of roots of some frequently

being encountered transcendental characteristic equations.

10. For the purpose of the explanation o. the application/use of
a method of the initial functions some fproblems (free twisting the
rod of semicircular section, the curvature of the pinched on
outline/contour plate, the curvature of short cantilever plate, the

curvature cf long cantilever beam) carried to numerical result,

The method of the initial functions can receive very videspread
propagation in theory of elasticity, theoretical aerodynamics and
cther sciences under the condition of the further development of
several the basic for this method questions. The principal directions

cf this development, apparently, must be the folloving:
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1) obtaining numerical results directly frocm the operational

fcrm ¢f solution, passing transition to usual functional form;

2) the development of the methods cf the direct/straight
frcgramming of the actions above operational expressions in the

high-speed digital computers;

3) obtaining the so-called exact solutions for complex boundary

conditions; in this case, apparently, necessary to adhere to the

first and third treatments of the resolving egquations (paje 131).

Author made work in the last/latter direction. The obtained
results make it possible to hope that in this direction it is

possible to achieve the determined successes.
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Fage 195.
APPLICATION/APPENDIX.

Base properties and formulas for the operators.
e L () = L*"P)=as+aPp+af+ ... - reqular operator.

ca a ‘@ (]
2. L {p) =LJ¢)-—?+—E§'—+—5—+... - singular operator.

IR R

kgt teptapt

3. L tp) = - the mixed cperator.
V4

4. L PromM =aw+aw +a9 +---

‘ " o~ —_ =
sr@vw=le0 Y =050 —a
560 gy

6. LR Do) = .i: e,(})Pe(n)- opPerator-function.

SR

7. L (& B) (em) =@R.n)

e =2

SR VAR TR ST B

p—

J—

T —

EEFISEARISSP Y SR,




i T SN

poC = 77055311 PAGE %
362

for all those 9(M), for which makes sense the concrete/specific/actual

foramula of realization.

8« LEP+MOM =e"LEP)(™om)

vhere k is randonm.

»

L
]. '—".“-'-ﬂ-v(»eZ(-l)'cn'Lc.»nu'*«»n-

Here n > is whole.

Page 196.

10. If is satisfied condition LR.P) o)} = ®F n. then
Lamme () =o(vd)

» = o - any (complex) nusber.

11. For

bty =Lty

it is necessary and sufficiently in order that

would be

a) both operators wvere regular,
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b) both operators were singular,

) L\0L|-‘~+:‘-—.+—.F+.-..

d) L, = AL, + C.

12. If L, (2) L, (2) = Ly (2), then in corder that would be L, (B) L,

(B) = Ly (B), it is necessary and sufficiert in order to

a) Li=L},

a
b) L,-.,+.]:1+355+.,...
For example,

1 |
VE=P = ==
h £ ch -g—-ch-g-'sh—i---;-lh%.

© g —DAB+L,
o*-o'-;c‘{:.”).
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13. If in the interval/gap of change & function a@® 2re avenly

centinuous, then

ImL @B e =Lk B,

SLED 9L = ([ L(E.B)dE) (9).

r ¢ a-L g
e——— L - e o
“.f ’a.fnm = * -

™ L™ =L (m)™ u—%
L™ 0™ o L™,

Key: (). any,

Page 197.
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15. L@+ -

a5

‘**'L(e.m{ mn}-m.am“‘

'w" e

for the cdd operators

l,&n{f,';m} -L(&.u);hm";

LGB (Gamn| = 0L & im) "

'L(E-ﬂ){n:'m}-l-(&n)n:'m-l-“ S,

for example,

cosp (nchmn) = cosm-nchmn —sinm-shawm,

L(m{n ,,,m}-l-(&um...-'ﬁ"”'ﬁ"f*f-)f:”'"'

R I T
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17.

Fom =9m+ &)
sin Efo () = Im (@ (n + )},

cos§f@ (W) = Re (9 (n + )},

sinﬁﬂ n+§t 3
g o =g j el TiaY

Q-Q

mﬁﬂvw-ﬂt‘c-mm@
[y

18. .
vh

__...L—- - ___...‘” X n—0" (C)dc.
(p—-k)"m) (,._mj‘ W s

P N TR

B ’?\',
)3 T

-,.—,.—vw---f-um-omdc 3
"

'F_Fwo - Shhb(q—o-du(u-mvf - :

. Vs et
ey ik —




oo

DaC = 77055311 PAGE %%
367

fage 195,
Q.
l(l--;-)c""-c"'{ln(l—-) Eu--mp-;-zc(-«.-nm}

Vﬁvw Jvml.um-nm i

20 .

mv('o-v’(nkanﬂ_%Ju(n—m& ; 8

o) = \P(ﬁ)lo(2Vk'l)+Slo(2Vk('l—C))¢P © dz,

: _
J --VETC)*?&‘ ‘

: 2
c“"“""v(ro-v(n-auef [ = *©

sty FFRg = 20D q»(n-m+ S

!/

J‘ 5 V—(n -0+ 34 +a"]
+ k%

C Va-orE T0%

Pages 199 thru 201.
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