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APPLICATION OF RESEARCH TO THE NEEDS

OF THE U.S. NAVY

Mechanical face seals are used in numerous applications in Naval

machinery. These applications range from propeller shaft seals to

boiler feed pump seals. In such equipment the mechanical seal plays

a vital role. When such seals fail, repair is costly both in terms

of lost time and direct cost, so any improvement in seal life and

reliability would be of significant benefit.

As more advanced equipment is designed, it is sometimes difficult

to achieve desired performance in more severe service environments

with the present state of the art of seal design. Thus, an improvement

in seal technology would serve this important application.

The immediate objective of the research herein is to further the

understanding of mechanical face seal lubrication phenomena. The ulti-

mate objective is to develop the capability of designing contacting

face seals having a longer life, greater reliability, and for extreme

environments. Thus, the objectives of this research are compatible

with mechanical face seal needs for Naval machinery.

I
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CHAPTER 1

• LUBRICATION IN MECHANICAL FACE SEALS

INTRODUCTION

In applications where a rotating shaft must pass from one fluid

region to another, contacting mechanical face seals* play the essential

role of minimizing the transfer of fluid between the regions. Appli-

cations of face seals range from water pump seals to process pump seals

to propeller shaft seals.

The performance and reliability of contacting mechanical face seals

are of great importance for any type of equipment where minimal leakage,

high reliability, and long life are necessary . Even for equipment where

these factors are not so critical, seal failures and short seal life

lead to high operating cost due to down time and maintenance cost.

Even though mechanical face seal technology has been steadily im-

• proving over the past several decades, further improvement in the state

of the art of seal design would be most beneficial. Although seals

having an acceptable life and reliability can be designed for many ap-

plications , further improvement in seal life and reliability would re-

suit in significant cost savings to the user. Also, there are numerous

mechanical face seal applications where seal loading , reliability , life ,

and leakage requirements are difficult to achieve within the present

state of the art. Examples of such applications are seals for pumps

for nuclear power plants and seals for large diameter submarine pro-

peller shafts. Additionally , the friction losses in face seals repre-

sent a significant fraction of energy consumed for pumping purposes.

Within the present state of the art of seal design , it is very difficul t

to design a low leakage seal that also has a low friction loss.

The main barrier to the advancement of the state of the art is that

the mechanics of seal operation are not well enough understood to be

*The class of low leakage face seals where there is definite contact and
wear of the faces as opposed to hydrostatic or hydrodynamic where a
definite clearance is maintained.

1
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able to reasonably anticipate seal performance as a function of design

parameters. There are no well established fundamental theoretical

bases that can be used to indicate the type of seal design tha t will give

improved performance. Improvements that have been made have been brought

about largely by trial and error combined with elementary sealing theories.

In order to be able to predict the performance of contacting face

seals as a function of design parameters, it is essential that the lubri-

cation mechanisms between the faces be well understood. At present it is

known that hydrodynamic lubrication plays some role in providing load

support for oil seals as well as water seals. But, the precise nature

of this lubrication is not known. Several theories have been put forth.

However, as discussed later, these theories have not been verified for

contacting face seals, and it is not possible as yet to use these theories

for the design of contacting face seals.

An argument can be made for abandoning contacting face seal designs

and using hydrodyrtamic or hydrostatic non-contacting designs for which

theories are readily available. However, there are many applications

where non-contacting face seals cannot be used because of high cost, high

leakage, or inability to control the geometry. The contacting face seal

offers low leakage at relatively low cost compared to non-contacting seals.

Therefore, an improvement in the performance of contacting face seals

while retaining their advantages is a worthwhile objective.

In this report, a two dimensional theory of hydrodynamic lubrication

with contact and wear is examined and developed. The hydrodyriamic lubri-

cation considered is the type caused by circumferential waviness. This

particular lubrication mechanism was chosen for study for two reasons.

First, as later discussed , there is some experimental evidence that such

lubrication occurs in seals. Second , waviness is a controllable param-

eter, and lubrication might therefore be improved through seal design.

In the model developed , the interaction of the hydrodynamic pressure

with elastic distortion of the seal ring is considered . The behavior of

hydrodynamic lubrication, leakage, and wear in relation to controllable

seal design parameters such as ring stiffness, material properties, and

roughness has been explored . These results are used to attempt to ex-

plai n the behavior of existing seals as well as to suggest means of

2
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r
improving seal design . Also in this report , a comparison to some ex-

perimental results has been made. Roughness models have been evaluated,

and test rig plans are presented.

*• In a previous report [1] and paper [2] a model similar to the above

was developed on a one dimensional basis. The two dimensional results

herein are considered to be much more accurate than the previous results

[1]. The present model accurately includes seal leakages. This param-

eter was included in only the most approximate manner in the one dimen-

sional model. The conclusions drawn based on the two dimensional model

are somewhat different than those based on the one dimensional model.

The end result of successful research into this subject will be a

mathematical model that can be used to accurately predict seal lubrica-

tion and leakage behavior as a function of controllable design parameters

and to suggest means by which the performance of contacting face seals

can be improved.

MECHANICAL FACE SEAL LUBRICATION

The mechanical face seal consists basically of two annular rings

which rotate relative to each other and which are pressed together by

spring and f luid pressures (see figure 1—1) . The surfaces that rub to-

gether are generally manufactured as flat as possible initially so as

to minimize leakage. The effective gap between the faces is ideally

quite small (order of 1 urn) so that leakage flow across the faces will

be quite small. The difficulty in designing a mechanical seal is in

maintaining the gap at a very low value while at the same time providing

a definite lubricant film between the faces.

The load that must be supported at the faces of a mechanical seal

is due primarily to loading caused by the sealed pressure. The unit

face load can be expressed as some fraction 8 of the sealed pressure

where B can be made greater or less than unity by geometry selection.

The load support at the faces is derived from fluid pressure and mechan-

ical pressure. If the fluid pressure at the faces is large enough to

support all of the load, then there will be no contact and no adhesive

Numbers in brack its refer to List of References at the end of report.3
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SECONDA RY SEAL

Figure 1—1. Mechanical Face Seal
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wear. * If none of the load is supported by f l u id  pressure , the load mus t

be carried by mechanical contact and the wear rate will be large .

In practice, seals often operate at one of two extremes. At one

extreme , a large gap will be created by hydrostatic or hydrodynamic ef-

fects and the seal will leak a large amount. At the opposite extreme ,

the gap will close completely and leakage will be very low. However, the

beneficial lubricant film will be lost and wear and heat generation will

increase.

Based on the above, it can be concluded that an effective seal

should operate between these two extremes--having both adequate lubri-

cation and low leakage. To do this requires that any fluid pressure

generation mechanism used to provide lift and lubrication to the seal

must be very carefully controlled. At present, in commercial contacting

face seals this lubrication is left primarily to chance, and often such

seals operate at one of the extremes mentioned. Quite commonly such

seals will operate in the low leakage condition where wear progresses at

a definite rate. Such seals are quite satisfactory for many applications.

However, when pressure or speed requirements are increased, then this

mode of operation may lead to rapid failure.

In order to be able to d~sign into the seal the proper balance be-

tween lubrication and leakage, the origin of lubrication mechanisms must

first be fully understood. A considerable amount of research has been

accomplished in this area over the years. Various theories have emerged

and are briefly described below.

PREVIOUS RESEARCH

The first observation to be made about mechanical face seals is that

the hydrostatic pressure drop across the faces provides some amount of

load support in all circumstances. For parallel faces, a unit load sup-

port of one half of the sealed pressure will be provided by this hydro-

static effect. If the seal faces become radially tapered in a converging

sense, this fraction can become as large as unity. If the faces become

radially divergent, this fraction can drop to near zero.

Over the years much effort has been made to attempt to control this

radial taper to obtain an advantageous compromise (a converging f i lm)

*There may still be abrasive wear even if the surfaces do not touch .
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between fluid film load support and leakage. Davies , Hooke , and

O’Donoghue developed a radial seal model based on elastic deflection [ 3) ,

[41 . Cheng and Snapp [5] have shown the effect of radial taper in face

seals. More recently, Snapp and Sasdelli [6] have experimentally demon-

strated the dramatic difference in friction and leakage caused by vari-

ous radial tapers . Metcalf has published extensively [7 ] ,  [8) , [9] on

theory and methods to control the radial taper in a seal. The difficulty

in using a controlled radial taper as a source for lubrication is tha t

it is very diff icult  to adequate ly control the taper because of wear ,

thermal distortion , and mechanical distortion . As to whether or not

this method of providing reliable seal lubrication will emerge as a

widely used approach remains to be seen .

The second possible means of developing fluid pressure at the inter-

face is by various hydrodynantic mechanisms. The earliest demonstration

that hydrodynamic effects occur in face seals was performed by Denny

[10]. Denny ’s results show that fi lm thickness depends upon speed——a

re lationship that clear ly indicates the presence of hydrodynanu.c pres-

sure generation.

Many theories have been advanced to explain such hydrodynamic

effects in face seals . A review paper by Nau [11] provides a good

source of comparison of the pressure generation mechanisms proposed up

to the time the paper was published. Nau states that it is generally

accepted that the “majority of seals of all kinds depend upon the process

of hydrodynamic lubrication for their satisfactory operation .” No con-

clusion is reached on what mechanism is predominant, however. Mayer [12)

also reports some experiments on the measurement of hydrodynamic pressure .

Several schools of thought for hydrodynamic pressure generation

mechan isms ar e evident in the more recent literature. The f i rst of these

is that micropads or microasperities (either intentional or by virtue of

the materials themselves) cause pressure generation by acting as smal l

step bearings. Hamilton , Walowit, and Allen [13] provide a solution for

lubrication based on surface microirregularities and associated film

cavities. The theoretical results agree qualitatively with experiment.

In a later paper by Anno , Walowit, and Allen [141, tests were made on

surfaces with planned microasperities and the results were compared to

6
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theory. These tests suggest that the use of planned microasperities is

an effective method for lubricating the surfaces of face seals. A later

paper by Anno, Walowit , and Allen [15) reported results on protruding and

negative microasperities as well as the leakage from a microasperity lu-

bricated face seal. In a paper on generally the same subject, Kojabashian

and Richardson [16) reported on a micropad model where the statistical

distribution of pads produced by wear on a carbon surface was determined.

Using this distribution of pads and a step-bearing approximation , per-

formance predictions were made which were generally in agreement with

experience.

During the later part of the 60’ s an extensive seals research pro-

gram was undertaken by General Electric for NASA . Some of this work is

reported in Reference [171, and th ere are several other reports from the

same study . This work is representative of a second school of thought

which is that face seal hydrodynamics are related to seal waviness, mis-

alignment, and eccentricity. Much of the work has been reported in the

literature by Findlay and Sneck .

Findlay ’s first paper [18] presents a mathematical model ( short

bearing approximation) for the pressure distribution caused by a wavy

seal surface (several waves circumferentially around the face) (see

figure 1—2) and cavitation. In a second paper [19], Findlay presents

the results of some experimental work carried out for a wavy (actually

misaligned) seal . This paper attempts to ver i fy  experimental ly the

leakage predicted by the above cavitation model.

Cavitation of the type predicted by Findlay ’s theory has been ob-

served by several investigators . Nau has carried out extensive research

on cavitation in thin films [20 ] in general , and more recently he has con-

ducted a series of experiments directed toward seals using a glass plate

as one of the seal faces (211. Different cavity patterns could be ob-

served depending on the loading and distortion . Cavitation has also been

observed by Orcutt [22] under much different conditions using water as the

fluid .

Sneck has published a number of papers dealing with various hydro-

mechanical effects in seals. In his first paper [23], Sneck studies the

effects of misalignment and surface waviness on leakage for laminar flow.

7
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HIGH SPOTS

CONTACT FACE

WAVY SEAL RING

Figure 1-2. Wavy Seal Ring
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In a second paper [24) treating the same subject for turbulent flow,

Sneck found that the effects of waviness and misalignment are less.
• Sneck has considered several additional related phenomena in other

papers (25] , [26) ,  [27] , [28] .

More recently Stanghan-Batch (291 reported results of experiments

on hydrodynamic pressure in a carbon face seal operating in oil. He

found that there is a periodic variation in pressure at the face that is

consistent hydrodynamically with periodic variations in film thickness.

He also found that initially f lat carbon rings wear in a manner such that

two high spots are produced when the ring is measured after testing and

that there is some correspondence of these waves with pressure .

One of the most comprehensive studies on seal lubrication mechanisms

has been contributed by Pape [30].  Based on experiments and theory ,

Pape concludes that seal waviness is responsible for hydrodynarnic lubri-

cation in face seals.

In relation to the waviness theory, this author has made an extensive

investigation of the waviness characteristics of face wear on carbon seal

rings [31], [32], [33]. It now appears that most carbon rings1 do not

wear uniformly but rather in some wavy pattern, with two peaks being most

common (see figure 1—2).

Burton et al. have published several papers [34], [35], [36], [37],

(38] concerned with the role of thermal expansion in contacting sliding

surfaces . The relationship of thermal expansion to instability has been

examined both for dry sliding and in lubricant films. Lebeck [39] has

also investigated thermoelastic instability with wear for the case of the

ring geometry used in seals. These investigations are related to the in-

vestigation herein in that they provide an understanding of how seal sur-

faces distort under thermal loading and show under what conditions wavy

seal thermal instabili ty might occur.

Quite recently, Ludwig [40) has summarized many of the published seal

models . He has formulated a new set of models based on interactions of

waviness , misalignment , inertia , and secondary seal fr ict ion . Ludwig and

seal ring made entirely of carbon , that is , having no rigid metal
support.

9
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Allen [41] have worked out the details of a lubrication model involving

secondary seal friction and misalignment.

To determine which of the hydrodynarnic lubrication theories have

some validity , the experimental evidence must be examined. First, con-

sidering the microasperity load support mechanism , cavitation streamers

of the type that result from microasperity lubrication have been ob-

served by Orcutt [22] and researchers at Battelle (42] by using a trans-

parent material for one of the seal rings. Certainly these observations

suggest that microasperity lubrication plays some role in the lubrication

of face seals , but the actual extent or fraction of the load support is

not known.

Several researchers [22], [29], [30], [42] have determined the

existence of circumferential pressure and/or film thickness variations

which in turn indicates that hydrodynamic lubrication and load support

do occur due to waviness of the seal rings. Again, the fraction of load

support developed by this mechanism in face seals in actual service is

not known.

PROPOSED MODEL-WAVINESS CAUSED HYDRODYNAMIC LUBRICATION WITH ELASTIC

DEFORMATION , ASPERI TY CONTACT, AND WEAR

There is significant experimental evidence for either of the above

mechanisms. However, in this research program, the waviness theory has

been chosen for extensive fu r ther study. The reason for this choice , in

addition to the experimental support already cited, is that waviness is
a cont rollable parametet in seal design . A better understanding of how

waviness produces hydrodynamic load support in face seals could lead

relatively quickly to improved designs. However, as discussed in chap-

ter 7, the phenomenon of microasperity lubrication must actually be con-

sidered in conjunction with waviness. So the above choice is not as

restrictive as it might at f i r s t  appear.

In much of the previous research on waviness certain idealizations

have been made to obtain solutions. What is needed by way of further

research into this area is to include the effects of wear , surface

roughness , and elastic deformation . These factors become particularly
important for the class of heavily loaded seals of greatest interest.

10
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Much of the previous experimental work on waviness has been for lightly

loaded seals where the more simple models retain some of their validity .

In the heavily loaded seals of interest here, wear of the seal faces

acts as the primary limitation for better seal performance. The term

wear is used broadly to include a gradual wearing away and deterioration

as well as heat checking and blistering of the faces. All of these types

can be attributed in part to inadequate lubrication or inadequate fluid

film pressure load support. Hydrodynamic lubrication due to waviness,

as the results will show, may or may not play a part in the lubrication

of such seals . However , in order to establish the role of this mechan-
ism, the factors mentioned must certainly be included in the model.

Now, examining the various elements of the proposed model, the pres-

ence of asperity to asperity contact in seals can be justified in two

ways. First, some asperity to asperity contact must exist to account for
the wear found in seals operating in non-abrasive environments. Secondly ,

it can be shown, particularly for seals sealing low viscosity fluids or

for heavily l oaded seals, that the film thickness required for equili-

brium using hydrodynamic pressure only is of the same order of magnitude

as the surface roughness. In some cases the film thickness is less than

the surface roughness. Thus some asperity to asperity contact would be

expected and is required to support that fraction of the load not sup~
ported by hydrodynamic pressure .

Models of asperity load support in conjunction with hydrodynamic sup-
port have been developed for bearings by Christensen [43], [44] and

Thompson and Bocchi [45). These models predict a friction and wear be-

havior for thin film thickness bearings that is consistent with experi-

mental results. These same models have been extended herein to study

asperity contact, hydrodynamic load sharing , and wear in mechanical

face seals.

For small film thicknesses , the effects of surface roughness on

hydrodynamic lubrication must be considered. Christensen [44] has de-

veloped a statistical method that can be used to calculate hydrodynamic

load support where the surface roughness effects are included in the film

thickness variation . Thus, models are available for the purposes of

accounting for these important effects.

11
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In summary, the model developed is based upon a complex interaction

among the following phenomena :
1) Initial waviness

2) Elastic deflection of waviness due to asperity and fluid

pressures
3) Wear

4) Hydrodynamic lubrication due to waviness including the ef-

fects of rough surfaces and cavitation

5) Asperity to asperity contact, load support and friction

6) Hydrostatic effects.

The interactions of these phenomena are all time dependent because of

wear.

SOURCE OF WAVINESS

Waviness of the seal faces is essential to the hydrodynamic lubri-

cation theory developed. In the discussion of previous research , it was

pointed out that experimental evidence shows the existence of such wavi-

ness, and there are several possible mechanisms that can act to produce

waviness in mechanical face seals .

This author [31) has made extensive measurements of the waviness of

initially flat carbon seals afte r some period of operation . The conclu-

sion reached is that a large portion of the waviness measured (on the

order of 100 ’s of u—in in many cases) is due to the fact that the seal

ring is distorted into a wavy configuration due to driving forces [32),

[33]. After a period of operation, the face wears relatively flat——while

the ring is distorted. Therefore, after the ring is unloaded and returns

to its undistorted shape, it appears to be wavy. In addition , Pape [301

has found that a significant waviness generally remains af ter  seal faces

are lapped flat. Lebeck (31] has also measured significant waviness in

as lapped seals. There are other sources of waviness as well. Any

change in operating conditions , such as temperature or pressure, can lead

to changes in waviness. Also localized heating due to waviness itself can

change the amount of waviness. Finally , seals with a planned amount of

waviness can be designed so any amount of waviness can be introduced

into a seal both initially and over a longer term (see chapter 6) .

12 



From these various sources there is clearly enough waviness in

face seals to create tangentially converging-diverging regions in the

film thickness. What remains as the question to be answered herein is

the precise nature and limits of such lubrication and how much waviness

is required to cause significant hydrodynamic effects. Also , can wavi-

ness be designed into a seal and provide improved performance . These

and many other questions are explored using the model developed herein .

13 
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CHAPTER 2

TWO DIMENSIONAL EQUILIBRI UM MODEL

Based on the previous discussion, the hydrodynamic problem to be

solved is shown in figure 2—1. The seal is subjected to outside and

inside pressure . The wavy rough face (shown ) is fixed , while the smooth

face rotates . Given two waves , for example , there will be two points of

minimum film thickness between the faces as shown . The seal may actually

contact in regions near these points as shown . Angular rotation of the

mating face causes hydrodynamic pressure to build up in the converging

regions as the point of minimum film thickness is approached. In the

diverging regions, cavitation will occur as the pressure attempts to be-

come negative. This cavitation is essential for a net lifting force, and

for an outside pressurized seal, the cavity will appear as shown in fig-

ure 2—1. The fluid will flow in streamers across the cavity , and a full

f ilm will again develop at the downstream cavity boundary .

The hydrodynamic pressure distribution for this problem has been

solved by various methods by Findlay [18], Pape [30], and Stanghan-Batch

and Iny (46 1 for perf ~tly sirooth faces . These results show that even a

small waviness produces sufficient load support for complete liftoff.

However, as discussed in chapter 1, it is known that many more heavily

loaded or low viscosity seals do not operate with full hydrodynamic load

support and complete separation because a definite wear results. Sur-

faces of such seals contact during operation , and hydrodynamic pressure

• is affected by interactions with surface roughness. Seals of this type

operate in a mixed friction regime. Hydrodynamic load support due to

waviness continues to provide a significant fraction of the load support,
• but asperity contact must provide the balance .

The problem to be solved is to determine the fluid and mechanical

pressure distributions for the given configuration considering the effect

of roughness. Given the pressure distribution , then load support and

leakage can be calculated and the effect of various parameters can be

studied. In the following sections the various parts of the model will

be developed in detail.

14
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MODEL DEVELOPMENT

Reynolds Equation

Even though no greater error is introduced for most seals by using

rectangular coordinates, it was decided to formulate the problem in

polar coordinates in case a wide face seal became of interest. The

Reynolds equation in polar coordinates is given by

~
_ (rh3 .

~~)+ !.&(h
3 .
~~)= 

6run~~~ (2-1)

Flow equations are

3
q = 

-h ~~ + (2 2)
8 l2rii~~O 2

= ±- .
~~~~~ (2-3)l2ri ar

where coordinates are defined in figure 2—1.

Surface Roughness

Considering now the effects of surface roughness, several investi-

gators [43], (44], [47], (48), [49], (50], [51] have developed models of

hydrodynamic lubrication which account for the interaction of surface

roughness on hydrodynamic pressure. The work of Christensen and Tonder

(43], [44], [47], [48], [49] has been selected as the basis of the model

herein. The Christensen model has been previously applied to the mixed

friction case where some roughness interference occurs [44].

The Christensen model for mixed friction [44] is based on longi-

tudinal roughness [See figure 2-2] as opposed to transverse roughness.

At first glance this appears to be appropriate for mechanical face seals

because sign ificant longitudinal roughness patterns are observed on the

faces of contacting seals. However, it is known that some transverse

roughness does exist in face seals, and the assumption of zero transverse

roughness does introduce some error into the model because theoretically

there will be zero side leakage in regions of roughness interference.

As the results will later show, the use of the longitudinal rough-

ness assumption does cause some unexpected behavior in seal performance,

and results using this approach are later compared to results obtained

16
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using an isotropic roughness assumption. Isotropic roughness (see

figure 2-3) represents a mathematically ideal case in which flow re-

sistance and roughness statistics are equal in all directions. The

reality for seal f aces is that roughness is anisotropic, possibly con-

sisting of longitudinal valleys and ridges of short length, thus giving

rise to side leakage in regions of contact. However, models for aniso-

tropic roughness were not available at the time when this work was

performed. The isotropic model also proposed by Christensen [43] and

Tonder [49] has been used as a first approximation to actual seal rough-

ness.

As to the mathematical correctness of the longitudinal and iso-

tropic models of Christensen and Tonder, it appears that the longitudinal

model is reasonably valid . However , there is some question about the

accuracy of the isotropic model. Again because no other models were

available , the isotropic results herein are based on the Christensen

and Tonder model and must be viewed with the possibility that some cor-

rection will be required as improved models become available . These

questions are addressed in chapter 7.

Now prcceeding with the development of the model, according to

Christensen [44], the total film thickness for rough surfaces can be de-

scribed by a function of the form

H = h ( r ,O )  + h ( ~~) (2 4)

where h ( r , 8) is the nominal film thickness which varies due to waviness

and radial taper and h is the random part of film thickness due to sur-

face roughness. A polynomial approximation of the Gaussian density dis-

tribution function is used to describe the surface roughness

35 2 2~~f(h ) = (c — h ) , — c < h5 
< c (2—5)

32c

c corresponds to three standard deviations and represents the peak

roughness amplitude. It is assumed that the roughness distribution re-

mains constant with time and coordinates r and 0. It is also assumed that

the roughness occurs on one surface only as shown in figures 2-2 and 2-3.

18
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Longitudinal Roughness

• According to Christensen (44], longitudinal roughness effects (see

figure 2-2) can modify the Reynolds equation. In dimensionless form,

the equations for the two dimensional flow region (h > 1) become:

4~~~(~~~
E~~3) 

~~~~ 
= 6 ~ h > c (2-6)

= - 
E(H3) fi - + 

rE(H) 
h > c (2—7)

12r

- 1 h > c  (2—8) :~r 
l2E(-~ -\ 9r

~H /

where

— r
r =—  (2—9) -

•

r
0

H = (2—10)
c

2
= 

pc (2—11)
r u ~

q
= 

r (2—12)
r r w ~

q0
q = (2—13)B

0

= angula r velocity

and where E is the expectancy operator which is equal to

E (  ) = ) f ( h
5)dh 5 (2-14)

where

a = -c where h > c (2-15)

a = -h where h < c (2—16)
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When h < 1, the roughness interference region , radial flow becomes

zero because the longitudinal roughness acts as a series of dams against

the radial flow. In this case tangential flow is given by

= (_ E(~~) ~~ + ~~~ 
‘

~ S (2—17)
\ l2r a h

where 5
h is the fraction of the area available to flow. The bh term re-

presents a correction to Christensen ’s original work [44] and reflects

the condition of reduced flow area.

The Reynolds equation for i < 1 is obtained from the continuity

condition:

dq
0

-

~~~~

— = 0 (2—18)

So, from equation (2—17)

d E (~
3) 

~~ + ~
E(ii) 

)S
h] 

= 0 (2-19)

Isotropic Roughness

The Reynolds and flow equations as modified by Christensen [43] and

Tonder [49) for isotropic roughness are:

~ ~- (~ E ( H ~ )b~~) 
+ -

~~~~~ 
E ( H 3)b

h )  
= 6r (E(H)b

h
) (2—20)

(_ E(H~) ~~ + ~~~ )bh (2—21)
12 r

= ( E ( H 3) 

~) bh (2—22)

For the given roughness distribution function , equation (2—5), the

needed expectancy functions for the longitudinal and isotropic cases as

determined from equatiot. (2—14) are
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For h >  c

E ( H ) = h (2—23)

E(H3) = + i;/3 (2—24)

= 4~~[3(l_h
2 ) (5h 2_ l ) l n (!~±!)_ 26h + 30113] (2—25)

bh = 1.0 (2—26)

For h < c

E(H) = + 
16 ~ + - I ~~ + ~~~~~ - J ~8] (2-27)

E(H 3) = 

~
- [
~

. + io•g- 
~ 
+ 

3 ~2 + 16

+ 
1 ~4 - ~~ ~6 + ...L ~8 - .L i lo] (2-28)

= :h- [16 + 35~ — 35~
3 
+ 2lS~ 

— 5h7] (2—29)

Boundary Conditions

With reference to figure 2-1, at the inside and outside boundaries

the boundary conditions are -
p = p at r = r (2—30)

p = p. at r = r. (2-31)

The type of cavitation expected in face seals is similar to that en-

countered in journal bearing where flow separates into streamers at some

upstream condition where pressure would otherwise become negative. A

full film is reestablished at some point downstream where continuity is

satisfied (see figure 2—1). The cavity boundary conditions used herein

are those given by Jakobsson and Floberg [52 ] .  For a non-asperity smooth

surface contact condition , at the upstream boundary , the cavity boundary

conditions are

= 

~c 
(2—32)

~~~~~

= 0 (2—33)
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• And , at the downstream boundary ,

= (2—34 )

6 cosa~
= 

~~~~ 
(1-~ — (2—35)

where n is the direction normal to the cavity boundary as shown in fig-

ure 2-1. Now, for the case of interest here where the cavity boundary

may pass through a region of roughness interference, the upstream bound-

ary conditions remain the same. The second downstream boundary condition

must be re—derived based on the flow equations (2—7), (2—8) and (2—17) for

longitudinal roughness and equations(2-2l) and (2—22) for isotropic rough-

ness and continuity. The result for longitudinal roughness is

-~2j {E(~
3)~~ b~~ cos

2c~~, + sin 2cz~~

] 

=

6r ~~~~~~~~~~~~~~~ — E(H)~ ,b~~
] 

(2—36)

where the subscripts ~ and ® refer to the upstream and downstream

boundary conditions as shown in figure 2-1. The functions bh are as de-

fined previously for h < c and h > c. For the special case where the

downstream cavity boundary falls in the roughness interference region,

then c~~ -* -~~~ and the above equation is modified accordingly .

For isotropic roughness the result is

~2j E ( H 3)~~~= 6~ cos [Edi )
~~.. bh~,

_ E(Hi ~~ b~~
] 

(2-37)

In the isotropic roughness case the special case where + —
~~ when the

downstream cavity boundary is in the roughness interference region does

not apply.

Roughness Interference Region

In regions where there is roughness interference , additional load

support is obtained by the flattening of the peaks of the asperities. S
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It is assumed that the asperity pressure 
~m is equal to the compressive

• strength of the softer material [44], and that this pressure is constant.

Thus, the average pressure due to asperity contact across the seal face

is equal to the fraction of the interference area times the asperity

pressure or

- bh
) (2-38)

a

• For this relationship to be valid , it is assumed that surface roughness

is homogeneous and that after the faces are pressed together in regions

of contact, the roughness distribution is simply truncated giving rise

to asperity load support. It is further assumed that this truncated

distribution does not change with time (except by wear). The validity

of this assumption depends greatly on the wear model assumed. This

topic is discussed in chapter 7.

Load Support, Leakage, and Friction

Total load support is determined by the hydrodynainic and asperity

pressure distributions

2n
= f f [~ + Pm h ) h 1

~~~
dO (2—3 9)

0

where

= 
wc2 

(2—40)
r~~w

The load support required for equilibrium is determined by the

sealed pressures p0 and p. and the balance ratio B. Thus

= i~i1 
— ~~) 

~~~ 
+ 

~~~ 
— B ) ]  (2—4 1)

assuming spring pressure is negligible .

Leakage for the longitudinal roughness case is given by integration

of the flow equation (2—8)
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= 

2-n 
_______ 

i 
do (2—42)

0 l2E(_-~) 
ar

21r 
—

— —l a —Q0 = f r dO (2-43)
O l2E 1—~ ar —

i — 3 i  r
0

• where

• = 

r2
~uc 

(2—44)

where the leakage function is zero for the edges adjacent to the cavity

and in the roughness interference region .

For the isotropic roughness case , leakage is given by

- 
• 

~i 
= — E(H

3) dO (2—45)

= 

2ff 
— E(H

3
) do (2-46)

0
0

In the full film region , tangential fluid friction shear stress is

given by

-
~ 

= ~ruE(~~) 
+ 3— ~~~ 

E U-I) (2—47)

Asstiming a friction radius r f where

2(r3 — r~ )
0 1

rf 2 2 
(2 48)

3(r — r.)
0 1

then the total fluid friction force in the full film region is

F
f 

= 1’ full  
~2[~F(1) + fi - E(H)] bhd

~de (2- 49)

f f ilm
• area

25
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In the cavitated film region , the above expression becomes

EU-i)

I I cavitated r3
E(i

) E (H ) 1’ 
(2-50)

f area

E(H)1~where the ratio ~ accounts for the fraction of full film.
E (H)

The average friction shear stress due to asperity contact is given
by an expression similar to the asperity load support.

= p5 (1 — b11
) (2—5 1)

where PS is the shear strength of the asperities. The total friction
• force due to asperity contact is

~a = ~~ (l_b
h
)
~ s~

2d
~
dO (2—52)

r f roughness
• i interference

area

also ,

• = (2—53)
r~~ w

The coefficient of friction is

F +F + F  F +F + Ff c a 
= 

f c a c 
(2—54)r

Two additional expectancy functions are needed to evaluate equations

• (2—49) and (2—50) . These are

E(i) = ~~~[(l~~
2)

3
1n ~+l - 11 + 

11 ~ + 23

- ~~~ - ~~~ + + )~~ ~6] , < 1 (2-55)

E(i) = .~- 
[

l...~
2 

~1 (11+1) + ~~~~ . ~ — ~~. i~ + 211
5] 

, h > 1 (2—56)

The limits on the expectancy integral , equation (2—14 ) , when de—

2E~
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riving equation (2—55)  are from —h + ~ to c where t~ is a small non zero
positive n umber to limit the value of E(1/H). Otherwise viscous fric-

tion goes to infinity as the fi lm thickness becomes zero . A realistic
value for ~ can be obtained by setting the maximum viscous shear stress
equal to the shear strength p5. This gives

= J~_ 2-. (2-57)
Ps 0

Film Thickness and Deflection

In general, nominal film thickness is a function of 0 and r. For

the cases here, it is assumed that the faces are radially parallel. The

radial variation case is treated later. It is assumed that the tan-

gential film thickness variation is of an arbitrary character within

each of n equal periods around the seal face. The nominal film thickness

is represented by a Fourier series as follows.

= 

~o 
+ 

~ ~ 
+ h

da) 
cos njO

j=l j  j

+ + 11
db ) 

sin njO (2—58)

Since n can take the value of one, this film thickness description is

completely general.

The terms h . represent the initial waviness and the modification of

initial waviness due to wear . The terms hd represent the contribution

to waviness caused by elastic deflection.

The amplitude of the nth harmonic of the waviness is given by

— — 2 — 2 1/2
= [(h .  + h

d a)  + (  h~~ + hdb ) ] (2-59)

The load support as a funct ion of B is obtained as follows:

r
p (O) = f [P + 1)

mU 
- bh

) ] rdr (2—60 )
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~~(0)  0 ) c  
(2- 61)

0

when p ( 0 )  is expressed as load per unit angle. This function can be

represented as a Fourier series

~~(0) 
~e + ~ 

cos njO + 
~ ~b sin nj O (2-62)

j =l j  )=l j

where p0, 
~a and 

~b are the Fourier coefficients. The deflection for

a seal ring ~an then 3be obtained from reference [33 1. For a face pres-

sure distribution represented by a Fourier series , reference (33] shows

that

2
lId = 

- 6 
m + A  

2 (2-63)
j K m  -2m + m

2in + A  (2—64
db . — 6 4 2

j  K m - 2 m  + m

where

it = nj (2—65)

~
= 

X (2—66)
r r r~wo c

J is the moment of inertia about a radial axis through the cen-

troid of the ring, E is the modulus of elasticity for the ring, and r

is the radius to the centroid . For the case unde r study , it is assumed

that the s t i f fness  of the mating ring is infini te so that only the

stiffness of the seal ring is required . However, in general

1 (2-67)

seat primary
ring ring

In many of the solutions to follow , on ly the combined or net

wa viness hn is used as a parameter , since this pa rameter alone is

sufficient  to describe the total effect  of waviness . Later in chapter 5 ,

28
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equations (2—63) and (2—64) are used to predict the initial waviness

required to obtain a given net waviness.

METHOD OF SOLUTION

The problem to be solved is to find the complete pressure distribu-

tion for the configuration and boundary conditions shown in figure 2-1

for an arbitrary film thickness h. Then load support , leakage , and fric-

tion can be calculated using previously given equations, and the mean

film thickness h can be adjusted so that the applied load equals the

supporting load.

The most difficult aspect of this problem is that the cavity shape

(figure 2-1) is part of the solution and not known beforehand . In fact ,

the boundary conditions , equations (2—32 ) , (2-33) and (2-34 ) and (2—36 )

or (2—37 ) require the boundary to assume a particular shape. In spite

of this difficulty , the solution has been obtained by both Findlay [18]

and Pape [30], except that surface roughness effects were not included.

However, both of these investigators indicated that the numerical meth-

ods they used were somewhat time consuming because of the difficulty in

finding the correct cavity boundary shape. In fact Pape [30] used a

method of trial and error by hand calculation to obtain the correct

cavity shape.

Because of a need in the present research to be able to converge

on pressure distribution and cavity shape in a short amount of computer

time so that equilibrium solutions could be obtained , a different approach

to the solution of the outlined problem was developed. This approach

includes the effects of surface roughness as required for the solution

of interest, but has application to any type of two dimensional unde-

fined boundary problem such as solved by Jakobsson and Floberg (52] for

journal bearings using more time consuming methods.

The method developed works as follows: The 
~ 

> PC pressure region

is solved using normal successive overrelaxation methods. The upstream

boundary conditions (figure 2—4) , equations (2-32) and (2-33) are satis-

fied by setting 
~ 

= PC when otherwise p would be less than The

downstream boundary is established by moving the right hand boundary

29
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nodes to the left  or to the right so that the pressure at the boundary

is reduced to zero and the normal derivative condition equation (2-36)

or (2—37 )  is also satisfied.

Now considering the solution in greater detail, figure 2-4 shows

the basic problem to be solved in discrete form . The distance repre-

sented by I = 1 to I IMAX represents one of the n periods around the

seal . It is assumed that only one cavity occurs within this period .

The cavity is defined as shown by connecting a series of corner points
IUP(J) and IDWN(J ) which are the last points where p > p~ before enter-

ing the cavi ty . It is also assumed that PC = so that the cavity is
open to the inside of the seal .

For the solution , the numerical formulation of the Reynolds equa-

tion , equations (2-6 ) and (2-19) for longitudinal roughness and equa-

tions (2-20 ) for isotropic roughness, was obtained using central dif-

ference, (p1 — p 1)/2AX for the first derivative and (p1 
— 2p0 + p_~)/t~X

2

for the second derivative. Equations (2-6) and (2-19) or (2—20) can

thus be reduced to the following numerical form.

P(I,J) = AIM 1 * P ( I — l ,J) + AIP 1 * P(I+l,J)

+ AJM1 * P ( I ,J- 1) + AJP1 * P ( I , J+l) + s(I,J) (2—68)

where the coefficients are functions of the expectancy equations , mesh

size , and mean film thickness at each point. The relationships for the

coefficients are given in Appendix A. For the longitudinal roughness

case, there will be a shift between equations(2-6) and (2—19) when moving

from point ~ to point ~ in figure 2-4. To ensure continuity , an

extra column of points was added through point ~~ at the edge of the

interference region and special equations* were derived for points

~~~ 
Q) , and (3.)

Ang~le Definition

Before the iterative method can be desc r ibed , the angles shown in

*The necessity for doing this was discovered later when it was found that
load support as a function of h0 was discontinuous .
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figure - 2—4 must be defined. Angle definition for the downstream corner

points is obtained as shown in figure 2—5. Because of the angle defini-

tion used , a movement of IDWN(J) to the left or right does not cause the
angle for the given J to change . This helps to stabilize the solution.
From the geometry of figure 2-5 , an angle is assigned to each of the

downstream corner points IDWN ( J) .

Figures 2-6 and 2—7 show how an angle is assigned to the first and
last corner points . The angle for the top cavity point (ITOP, figure 2-4)
is assigned the value of ct = -ir/2 so that the normal direction is ra-

dially inward.

Given an angle definition for each of the corner points and the top

cavity point , angle values for all other downstream cavity points 4~~
(see figure 2-4) are found by interpolation between the adjacent corner

points.

It was found in the solution to the problem that with each iteration

the corner point angles would change significantly , and this created some

• instability in the solution. To minimize this problem, corner point

angles were always taken as the average of the values at four successive

iterations. As the solution approaches a stable Cavity position, the

error caused by this averaging goes to zero .

An angle definition is not actually needed for the upstream boundary.

Selection of JTOP and ITOP

JTOP (figure 2-4) was selected as the bottommost row of non cavity

pressure . For cavity angle definition , it was assumed that the cavity

boundary extends to this row as shown in figure 2-4.

In the isotropic case ITOP was selected as being midway between

IUP(JTOP-l) and IDWN(JTOP-l) as shown in figure 2-6. This procedure

was also followed for longitudinal roughness where contact does not

occur . For the longitudinal roughness case where contact does occur ,

ITOP was selected as point®on figure 2-4. JTOP becomes equal to

JMAX-l. It was found for contacting longitudinal roughness cases , point

(sin figure 2—4 would always assume cavity pressure unless restricted

by the above choice . Numerically speaking , a large and erroneous inflow

32

—— --~~~~~~ - --~~ --~~ -—-•— -•-— 
~
--——

~~~~~ —~~~~~ ~~~~~~~~~~~~~~ •~~~~~~~~~~~~~~~~
•
~~ • •



__  -—-- - - -—--__—-- - - - • _ _ _ _ _

tancz =

AY =(-IDwN (J-1) + IDWN(J+1)) ~o R(J)

1 _
• tI~IL (J+1)

® ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

• -2t~r = t~ X

/~I ~~~~~~~ 

~~ 
~~~~~
-L (J - l )

IDWN(J+1 ) IDWN(J -1)

Figure 2—5. Angle Definition - General C?se
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would then occur at points Based on numerical experimentation, it

appears that the cavity boundary for the longitudinal case approaches

• the outer seal boundary very closely. This situation is diff icul t  to

simulate numerically , so the best approximation available was used--

that of requiring-non cavity pressure at node® in figure 2—4. Al—

• though this approximation allowed the inside and outside flows to bal-

ance, some results show unusual pressure values at this point.

This particular problem occurs only because of the zero side

leakage assumption in the longitudinal roughness case. Given even a

small side leakage, this discontinuity would not occur.

Iterative Method

The sweeping pattern used for successive over relaxation starts at

the top left corner of figure 2-4. The sweep is performed row by row

so that the cavity is swept in the direction of motion as opposed to

being swept radially. Each complete sweep of all rows is called one

successive over relaxation iteration.

Before the iterative method can be initiated, some initial guess

must be made for the cavity boundary. This is accomplished by using

equation (2—68) in a successive over relaxation for a few iterations

completely disregarding the cavity boundary conditions. Then all points

where pressure is less than PC are assigned to the cavity and the corner

nodes are assigned accordingly .

After  an init ial  guess is obtained , the row by row relaxation is

continued , but the following operations are performed as each row is

swept.

1) Start at I = 1 and solve for P ( I , J) using successive over

relaxation and the basic equation (2-68).

2) As I increases, at some point the pressure will become less

than the cavity pressure. Set all such pressures equal to the cavity

pressure. Call the node just to the left of the first pressure set to

the cavity pressure IUP(J). Setting the pressure to the cavity pressure

satisfies the upstream boundary condition of p = p , ap/an = 0 , equations

(2—32) and (2—33)
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3) From (IUP(J) + 1) to (ID WN(J) - 1) the pressures are set to the

-
~~ cavity pressure p.

4) When IDWN(J) (point~~~in figure 2-4) is reached , special equa-

tions are used to solve for the pressure at IDWN(J) and those boundary

points just to the right of IDWN (J) which are identified with triangles

in figure 2-4 (points(j)and® . Based on the downstream flow boundary

condition, equation (2-36) or (2-37), depending on the type of rough-

ness, 3p/3n can be determined for IDWN (J) and the points to the right

by noting E(H)
(1)

corresponds to E(H) for 0 (IUP ,J). The angle ~~~~, 
is de-

termined as mentioned in the previous sections for the corner point and

for the remaining adjacent cavity points - to the right. Given ap/an, then

(2 69)
an

= sin ~ (2—70)
ar a~

These derivatives are approximated for the corner and cavity points by
• first differences. For the corner point,

= 
p (I,J) — p(I—l,J) (2—71)ao A G

ap 
= 

p ( I , J) — p (I , J— l) 2—72
- AR
ar

These equations are substituted into the general form of the numerical

equation given as equation (2—68 ) in order to eliminate P ( I , J—l ) and

P ( I — l , J) from the general equation . This results in the following

equation .

P ( I ,J) * (AIM 1(I , J) + AJM 1(I ,J) — 1) + P ( I + l ,J) * AIP1(I,J)

= —B (I,J) + A G * * AIM 1(I ,J) + AR * * AJM1(I,J)

— P(I,J+l) * AJP 1(I ,J) (2—73)

whe re for point I ,J the right hand side is completely known . For each of

the cavity points(~~~in figure 2-4), a similar equation can be written ;

however , only the radial derivative ap/ar can be specified for these

nodes. For example , for the f i rst  node to the right of the corner node

(I+ 1,J) the appropriate boundary equation becomes:
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P(I+l,J) * (AJM1(I+l,J) — 1) + P(I+2,J) * AIP1(I+l,J) + P(I,J)

* AIM1(I+l,J) = —B(I+l,J) + AR * * AJM1(I+l,J)
-

• — P(I+l ,J+l) * AJP 1(I+ 1,J) ( 2—74)

where the right hand side is completely known. On the last of the cavity

nodes to the right, the term P(I+2,J) * AIP1(I+l,J) will move to the

right hand side of the equation as a known quantity.

• Thus, the corner node plus the cavity nodes to its right become a

• system of n equations and n unknowns which depend on all of the sur-

rounding nodes on adjacent rows. This set of equations can be solved

simultaneously ;  but in some cases the number of cavity nodes in a row

becomes large , so relaxation is used instead . Starting at the right

most cavity point~& and using an equation such as (2-74), the pres-

sure P(i+1,J) is solved for. Then the pressure at the next point to

the left is solved for and the process repeated until the corne r point

pressure is calculated. This procedure is repeated several times until

the corner point pressure stabilizes.

Pre~--sure values for the corner point P ( I ,J) and the cavity points

to the right are now known . Then equation (2—71) is applied to de-

termine P(I—l,J) (point 
~~ 

in figure 2—4).

P(I—l ,J) = P ( I ,J) — AG (2 — 75)

Now if

P(I—l,J) < PC and P ( I ,J) > Pc (2— 76 )

then the corner point position is acceptable . That is , the second of

the downstream boundary conditions , p PC , is satisfied as close as

possible within AG. Now if

P(I,J) > PC P(I—l ,3) > PC (2 — 7 7 )

the corner poi n t is shifted one to the left and the entire process of

computing the value for P ( I ,J) is repeated with the new corner point

position.

If

P ( I ,J) < PC and P(I—l ,J) < PC (2—78)
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then the corner point is moved one to the right and the entire process

is repeated.

If condition (2-77) shows up and the point is moved to the left

one node and then condition (2-78) shows up, or vice versa, this indi-

cates that condition (2-76) cannot be satisfied within AG and that

either of these positions can be considered sufficiently close to the

correct solution. (This explains why in the results some of the nodes

adjacent to the cavity have small negative pressures.) In order to

help stabilize the solution, the corner node is moved back to its orig-

inal position when this situation occurs . Otherwise , the point will

shift back and forth one node with each iteration.

5) Once the corner point position is selected, relaxation begins

jus t to the right of the last boundary point determined by the special

condition (point (9)in figure 2-4) where general equation (2—68) applies .

Then the remainder of the pressures in the row are relaxed and the iter-

ation is completed row by row.

• Boundary point® and those to its right in figure 2—4 are treated

in the same way except that there is no corner point for this row . An

equation of a type similar to equation (2—74) is set up for each of

these points and the pressures along this row are relaxed accordingly.

Convergence

Normally the convergence criterion used for an over relaxation solu-

tion is the maximum amount of change in pressure at some point between

one iteration and the next. When this quantity becomes sufficiently

small, convergence is considered to have been achieved. This criterion

does not work for the solution method above because with each iteration

small changes in the downstream boundary position relative to a mean

position continue to occur. Thus, small perturbations are continually

introduced into the pressure distribution and the criterion cannot be

easily satisfied.

Now it has been established that if the boundary is fixed at its

mean position, the solution will converge using the above criterion and

the boundary conditions will be satisfied to an adequate degree of approxi-

mation. However, to do this for each solution requires many iterations

• 39

— -  -— —— - —-5 -~~~ -5  — S - ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
__

~~~~~~~~~~~~~ •



because it takes a large number of iterations to converge to an approxi-

mate boundary shape which can be used to establish the average position

and even more iterations to converge to the final solution. Thus, it was
• decided to seek a different type of convergence criterion based on func-

tion rather than individual pressures.

The parameters needed from the solution for studying the effects

of waviness are leakage , load support, and the first harmonic of the

variation of load support (p and needed for deflection calcu-
a1

lations. It was found that these parameters are not greatly affected by

the small shifts in the boundary position , and in fact display a very

• small oscillation about a mean value . Figure 2-8 shows the behavior of

the total load support W as a function of the iteration number for three

different  over relaxation factors (based on the Findlay case discussed

later) . The oscillation becomes quite small after some 40 iterations.

Figures 2-9 and 2-10 show the behavior of the parameters p and pa1 b1
These too reduce to small variations about a mean . Since p and p~a1
reach a small oscillation at about the same time as the total load

support, the behavior of only W was used for a convergence criterion.

Letting i equal the number of the iteration , the convergence criterion

used was

A - A21 (2—79)
A1

where

A2 = 
4 ~ 

(2—80)

A1 
= 

1 i—7 
(2—8 1)

j = i— 3

Thus a current average of three points is compared to an older average

of 5 points. For best results in converging on load support, c = 0.001

was used.

In some rare cases it was found th at the above cr iter ion could be

satisfied but that the solution had not at all converged. This generally

occurred when , during over relaxation , a temporary asymptotic value such

as shown in figure 2-8 for the ~2 = 1.5 curve was reached. In such cases
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it was found that there would be a large discrepancy between inside and

outside leakage . Thus , an additional convergence criterion was added

Q~~- Q
— 

° < o.os (2—82 )

Average values over 5 iterations were used for and A large dif-

ference was allowed because leakage agreement is not generally good at

the small number of nodal points used in most of the solutions (see

later discussion on error) .

As to the speed of convergence , for the isotropic base case pre-

sented later, a total of 20 successive over relaxation iterations was

required to converge to the limits indicated. In order to converge on

load support, a total of 4 of these solutions were required (the ini-
tial guess was good). Each solution required fewer successive over

relaxation iterations because the final pressure distribution from the

previous solution was used for the initial guess for the next solution.

The total CPU computer time required for this solution was 73 seconds.

Although the primary objective of rapid convergence was achieved

for this example and many other cases , a greater number of iterations

are needed for some cases , particularly for low pressures p0 .

SOLUTION FOR SMOOTH FACES

In order to compare the solution obtained by the methods herein to
that obtained in the first report [11 and that obtained by Findlay [18],

a solution for smooth surfaces with two waves was first carried out.

The dimensionless parameters chosen were

p = 0.012
0

= 0.0

~ i = O.0

r . 0.8 (2—83)

~ = 0.5
0

= 0.05

n = 2
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The mesh size was 60 points in the 8 direction and 12 points in the r

direction.

For the solutions for smooth faces, the solution method used was

slightly different than that described previously. First a constant

number of 120 iterations was used as opposed to convergence on load sup-

port. It was found that 120 iterations were more than enough for the

solution to reach a small stable oscillation about a mean (see figure

2-8). Second, the special boundary point relaxation feature described

previously was not used. The special boundary equations were relaxed

along with all other node equations. These two features were incor-

porated into the program after the smooth surface results were obtained,

so that all the results for rough surfaces given later do use the corn-

complete method as described.

Since the solution was set up for rough surfaces with C ~~ 0 ,

to accomplish solutions for smooth surfaces it was necessary to use an
arbitrary value of c to obtain dimensionless constants. To make the

sur faces effect ively smooth ,

E ( H ) = h

E ( H 3) = h 3

(2—84 )
E(_ ~~) 

= 1/h
3

e tc . ,  for all h .

The resulting pressure distribution for one of the two waves is

shown in figure 2—11. The extent of the cavity is indicated by the zeroes .

Minimum film thickness occurs at 90° and maximum film thickness occurs

at 180°. The cavity begins immediately after the point of minimum film

thickness and ends just after the point of maximum film thickness.

• Pressure builds up in the converging region as expected. Looking at the

outside two rows, a radially inward f low occurs between the 7th and 44th

poi nt , and an outward flow occurs over the remainder of the outside.

The net flow is radially inward . Leakage and load support for this

solution are
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Figure 2—11. Pressure Distribution for Smooth Surfaces
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= 0.00757

= —0.00370 (2—85)

= -0.00407

The difference between the inside and outside leakage represents error

in the solution and this is explored later.

Comparison to Previous Results

To verify the computer program and solution method, the results

obtained using the solution herein can be compared to those obtained by

Findlay [18] and to those obtained using a more elaborate program pre-

sented in a previous report [1]. Findlay ’s [181 non dimensional input
parameters are :

A = 

~~~ 
(
~~ 

(2-86)

• 
~~= h  . /h (2—87)amplitude mean

~~0(p ) = (2—88)
°F ~ref

pi(p.) = (2—89)
1 F ~ref

= ~c (2—90)

F ~ ref

Findlay ’s numerical solution parameters are :

CL 
= ~~~~~~~~ (2-91)

ref o

q = 
l2nQ (2—92)r 3

h .p
i ref

The Findlay solution and the solution herein can be compared by as-

suming certain arbitrary constants. Let
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h. = 20 j~ in — Findlay mean film thickness

~ref 
= 14.7 psia (2—93 )

c = 40 ~
j 

in

Also consider the Findlay case where

(p) = 2

= 1 (2—94)

= 1
F

A = 2000

Then , from the definition of A

= 1.96 . io
_6 

lb (2—95)

The pressures used in the present solution are gauge pressures, so

(p0
) = 2 x 14.7 psia
F

(p.) = 14.7 psia
F (2—96)

p = 14.7
0

pi = 0

and from equations (2—93), (2—94) , and (2—95),

~~= 0.0l2
0

= 0.0 (2-97)
3-

~ c = 0.0

As given previously, the waviness equivalent to the Findlay case is given by

h . = h (2—98)
1 0

h h
= _IL = (2—99)

h.  h
3. 0

h h .
h = = —i = 0.5 (2—100)

0 C C
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Also , -

r = 1
0

(2—101)

r~~= 0.8

Findlay ’s load support is based on absolute pressure. Load support

W used herein is based on gauge pressure. The necessary conversion is

2 
_ _ _ _ _ _CL — 7(1 — r.) = 2 (2—102)
c p ref

For leakage the necessary conversion is

2 —l2 rir wcQ
= 

3 
(2—103)

h. P f

Table 2—1 shows a comparison between the Findlay results and the

present solution for several different cases. In general the agreement

is good, especially considering the fact that the Findlay values were

taken from small curves presented in the paper.

A comparison of the cavity shape obtained in reference [1] to the

present solution for case 2 of table 2—1 is made in figure 2—12. The

present solution is referred to as the 3rd approximation in the figure.

Comparison to the reference solution is good. The dots plotted repre—

sent the zeroes of cavity pressure which outlines the cavity as shown in

figure 2—11. The dashed line was plotted just to the outside of these

points. Since the Findlay solution agrees closely with the reference

solution (see reference [1]), the present solution then also agrees

closely with the Findlay solution.

The above results were considered as being an adequate independent
• check on the solution method developed herein.

• Limit Studies

To establish a grid size necessary for an accurate solution, studies

were made using various mesh sizes. Table 2-2 shows the results of

• these studies. For the double precision method, double precision was
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Table 2—2

Limit Studies

• Single Precision Partial Double Precision

Mesh Size ~ . ~.
I M A X X J M A X  3- ° 3. 0

50 x 10 .007488 — .003675 — .004087 .007488 — .003675 — .004087

60 X 12 .007672 — .003672 — .003791 .007672 — .003672 — .003791

75 x 15 .007690 — .003592 — .003788

100 x 20 .007767 — .003618 — .003795

p = 0.012 r. = 0.8
0 1

n = 2

p = 0.0 h = 0.5
C

= 0.05 
120 iterations

2
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applied to only the finite difference operations, i.e., the entire

program was not written in double precision. From the tables it can

be seen that load values approach a limit. The single precision

values are equal to the double precision values, so that single pre-

cision can be used to acceptable accuracy. The inside and outside leak-

age values approach each other as the mesh is made finer. This is an

indication that the solution is becoming quite accurate at the smaller

mesh size. One of the factors that causes a significant difference be-

tween inside and outside leakage at large mesh sizes is that leakage at

the inside boundary is defined by only a few points because of the

cavity (see figure 2—11) . Also , the net leakage across the seal re-

presents a small fraction of the total circumferential flow .

Because of the better accuracy, the grid size chosen for further

studies was the 100 x 20. This was reduced to 100 x 10 for seals where

r . = 0.9 since this provides the same Ar.

Approximate Solutions

The solution method developed herein and termed the 3rd approxi—

• mation is based on the application of correct boundary conditions on the

cavity such that flows balance and inside and outside leakages match to

limits imposed only by the finite difference nature of the solution.

Even this method requires large amounts of computer time to obtain,

for example , a time dependent or wear study , so it is of considerable

interest to compare faster and more approximate methods to this more

exacting method to assess the error . Two other such methods have been

so evaluated. They are both commonly used in lubrication problem solu-

tions. The first of these, termed Approximation 1, is to simply solve

for the pressure distribution completely disregarding the cavity. Then

all pressures which are less than the cavity pressure are set to the cay—

ity pressure. The second of these approaches is to enforce the condition

0
(2—104)

p = p
~

along the entire Cavity boundary . This is accomplished by setting all
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pressures less than the cavity pressure equal to the cavity pressure as

soon as they occur (same as for the upstream boundary of Approximation

• 3).

Both of these methods are numerically very fast. But table 2-3

shows a large error in the leakage since flow across the cavity does not

match. There is also some error in total load support. Figure 2—12

shows how the cavity shapes compare for the three different approxima-

tions. The first and second approximations compare favorably at the up-

stream boundary but depart radically toward and at the downstream

boundary.

Of interest in later chapters where deflection of the seal ring

is studied is the error introduced into the load distribution function

p(8). p (O) has been plotted for the three approximations and the solu-

• tion in reference [1] in figure 2-13. The f irst  and second approxi-

mations create a large difference which will lead to a significant

error in the first harmonic content of p(Q). Thus, for any precise

evaluation of deflection, the first and second approximations are not

satisfactory. Even so , as discussed later, in order to obtain some

preliminary time dependent results, it has been necessary to resort to

the second approximation.

• Convergence on Load Support

To be most meaningful , solutions obtained must provide equilibrium

between the seal closing force W~ and the total opening force W. Now

= 
~o~’ ~~ ~m ’ ~~ ~ h ,  h )  (2—105)

and

= f ( p , 
~~~ 

B , r . )  (2 l06)

where B is the balance ratio. All of the variables above but h are

established by the conditions of operation and the waviness on the seal.

Thus, in order to make W = W~ , h0 must be varied until this condition

is met. Thus h0 becomes a 
dependent variable in the problem, and leakage,

percent hydrodynamic load support, and friction all become dependent

upon 
~~~ ~~ 

p ,  
~~ 

n , h .
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Table 2—3

Comparison of Approximate Solutions
Equation (2-83) Values

~ROGRAM ~~SH w 
~AV

APPROX 1 48 x 10 .0104 — .0100 — .0055 — .0077

APPROX 2 48 x 10 .0107 — .010]. — .0004 — .0053

APPROX 3 48 x 10 .0074 — .0032 — .0041 — .0036
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To find the value of a particular value is guessed and the
secant method of finding a root is used. This requires that many val- 

-

•

ues of W(h ) be found in order to establish an equilibrium solution.

All solutions presented hereafter are equilibrium solutions.

SAMPLE SOLUTIONS FOR LONGITUDINAL AND ISOTROPIC ROUGHNESS

Returniny now to the original problem of interest , that of the
effect of surface roughness, a base case for study must first be es-
tablished. Considering some typical values for a hot water seal (a
heavily loaded low viscosity application) , the following non dimen-
sional case was established as a base 1:

p 0.02

~i =~~ c = 0.0

(2—107)
B 0.75

r. 0.9
3.

n = 3

n c  0.5 X

h 3 = 0.2

These non dimensional values correspond to the following dimensional

variables
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p = 2.87 MPa (416 psi)

c = 1.0 jun (39 iiin)

= 250 MPa (36000 psi)

= 3.05•lQ~~ Pa.s (93°C water) (6.37.10
6 lb•s/ft2) (2—108)

= 188 r/s (1800 RPM)

r = 50 mm (1.97 in)

h3 
= 0.2 jim (8 j.iin)

Recalling that c is one half the peak roughness height, if the sur—

face roughness were distributed according to the parabolic distribution ,

equation ( 2-5 ) ,  then the CLA roughness is given by 0.27c so CLA = 0.27

jim (11 j i m ) .  This is a fairly typical roughness for an as run seal face,

and it will be shown later that smaller values of roughness are realistic

when this topic is discussed in detail in chapter 5.

The value for p corresponds to the compressive strength of a typ-

ical carbon face material. 
~ 

= 0.1 p was established so that the co-

eff icent  of friction will approach 0.1 if the load becomes completely

supported by asperity contact. B = 0.75 is a typical value for the bal— -

ance ratio for a high pressure seal.

h 3 = 0.2 jim (8 j i m )  represents a small amount of waviness that might

occur in a seal due to various distortions or manufacturing imperfections.

As equation ( 2-59) shows, this is the net waviness at the seal face.

The amount of initial waviness required to produce this amount of wavi- -

ness will be larger and depend on the stiffness of the seal rings. This

subject is taken up in detail in chapter 5.

For longitudinal roughness the pressure distribution resulting for

the base values (2-107) is shown in figure 2—14. The ~
1 s indicate the

roughness interference region. The points of minimum film thickness are

at the top and bottom columns . The cavity shape is somewhat typical of

many of the solutions obtained. Generally speaking, the film pressure

reaches the cavity pressure at some point just after minimum film thick—

ness is reached and before entering the non interference region.  The up— -
stream cavity boundary is usually very close to being a radial line as

shown. For roughness interference cases , the cavity will often extend
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Figure 2-14. Typica l Pressure Distribution for Longitudinal Roughness
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to the top row as shown. At higher outside pressure the cavity will move

inward and become smaller as expected. The full film is reestablished

along the downstream boundary as shown in figure 2-14. For solutions

obtained so far, the downstream cavity boundary does not enter the

roughness interference region.

For the solution shown in figure 2-14 the mean film thickness

1-i = 1.1. With h = 0.2, this indicates a maximum interference of 0.1
0 a
at the point of minimum film thickness under equilibrium conditions.

This represents a very small amount of interference because 99.7% of the

load is carried hydrodynamically. Thus, even though this seal contacts

and can be expected to wear, hydrodynamic load support carries most of

the load. Friction coefficient i~ = 0.00165 and Q = 0.0583 which cor-

responds to a leakage of 1.6 cc/mm for the values cited previously.

For isotropic roughness, the use of the previous parameter values

results in no cavitation and consequently no hydrodynamic load support.

The load is supported by hydrostatic pressure and asperity contact.

Thus, in order to study a typical case for isotropic roughness , the

roughness value used was halved and the following parameter values were

established as base case 2 :

c = 0.5 pm

= 0.005

p = 0.5 (2—10 9)
m

n c  = 1 x l0~

h = 0.2a
with other values remaining the same.

The resulting pressure distribution for isotropic roughness is shown

in figure 2—15. The cavity has a shape similar to that of the smooth

surface case of figure 2—11, although somewhat smaller. Again cavita-

tion begins immediately after the point of minimum film thickness.

The results show that the fraction of fluid film load support is

72.5 percent. However, only a small part of this is due to hydrody-

namic effects. The fraction of hydrostatic load support for parallel

faces is given by
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For the present case where r = 0.9 and B = 0.75, W/w~ = 0.69, just

slightly below the total of 72.5 percent. This fraction changes over a

wide range as shown in the next chapter.

The coefficient of friction for the isotropic case is 0.031.

Leakage Q = 0.0296 inward . For the given parameters Q = 0.42 cc/mm .

RADIAL TAPER MODEL

Seal performance is significantly affected by small values of

radial taper. To evaluate such effects, a radial variation in film

thickness can be added to equation (2-58 ) as follows:

= ii~ (r) + 
j~ i 

~~ia. 
+ 

~da) 
cos njO

+ 
~~~ 

(h~~~ + ~~~~ sin nj8 (2-112)

It is assumed that the radial variation is independent of 8, although the

general case of h (r,O) can be solved.

Equation (2-20) applies to a general case. To solve for a radial

variation , it is necessary only to include radial f i lm thickness varia-

tion effects in the finite difference representation.

Of particular interest is the e f fec t  of a uniform radial taper

superimposed over an nth harmonic waviness. In this case fi lm thickness

becomes

+ h (r )  + h cos nO (2— 113)
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where

h (~) = (r — l ) cx  (2—114 )

a = —~~~~~ (2—115)

where c~ is the angie of radial tilt of the seal. A positive c& indicates

that the film thickness is becoming smaller (converging for an outside

pressurized seal) when moving radially inward .

Results based on the radial taper model for isotropic roughness are

presented in chapters 3 and 4.

I -
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CHAPTER 3

PARAMETER STUDIES

— Now that the basic model and method of solution have been developed,

it is possible to make detailed studies of the effects of various param-

eters on seal performance.

The parameters which are considered as the independent variables

over which a seal designer might have some control are surface rough-

ness, face width, waviness amplitudes, number of waves, and compressive

strength of the material . Other parameter values such as seal diameter,

viscosity , speed , and sealed pressure are usually fixed by the sealing

requirements . Thus , these studies will concentrate on examining the

effect of the independent variables while holding other parameters

fixed.

Of the independent variables , the number of waves requires further

discussion. n was fixed at a value of three for most studies herein.

This choice is somewhat arbitrary, but results based on n = 3 are

expected to be typical of what can be expected at a higher number of

waves . This number is typical of the number of waves found in actual

seals.

As for the waviness amplitude , these studies are based purely on

the net amount of waviness at the seal faces. The relationship between

the net waviness and the initial waviness required to produce this net

waviness is examined thoroughly in chapter 5.

PERFORMANCE PARA METERS

There are three performance parameters of importance. These are

the fraction of the load supported by fluid pressure, leakage, and

coefficient of friction . The fraction of load supported by fluid

pressure is impor tant because f rom equation (5-15) ,

d~ ( l _ H ) W *

—
o 

= 
‘
~‘

_ 
(3—1 )

dt 2’n (l — r .)
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where

dh
w

7 0

dt 
= average wear rate

Hy 
= fraction of load supported by fluid pressure.

Thus , as Hy approaches unity , the wear rate goes to zero . This is of

course very important to seal performance. As pointed out in chapter 2,

H has a significant value (.50 to .70) due to hydrostatic load support

alone. Thus , any significant reduction in wear rate compared to

a seal operating with parallel faces requires that H become signifi-

cantly larger than the hydrostatic fraction. L’~akage is important in

that it must generally be held to some minimum value . Friction is

also important. Not only does high friction cause energy losses , but
perhaps more importantly, the concentrated heating effect caused by

high friction can cause undesirable and uncontrollable thermal dis-

tortion in the seal rings.

LONGITUDINAL VERSUS ISOTROPIC ROUGHNESS

Parameter studies will be presented for both longitudinal rough-

ness and isotropic roughness. Now to put the significance of these

results in perspective in relation to actual seals, it is con~L~ered

that pure longitudinal roughness is an ideal situation which is not

likely to occur in any practical seal . Since the fluid film load

support fraction for longitudinal roughness is always very high

(98 percent plus), the longitudinal results may be thought of as an

upper bound on performance.

Now , the results in chapter 7 show that for the Christensen isotropic

roughness model the flow resistance is lower than predicted by the

method of Patir and Cheng (53]. This means that the hydrodynamic

pressure buildup using the Christensen isotropic model will be lower

than that expected based on the possibly more exacting theory of

Patir and Cheng 53). Thus, the results presented for isotropic rough-

ness can be thought of as being a lower bound as far as hydrodynamic

load support is concerned.
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Of the above two extremes, it is thought at this time that the

isotropic results, even though the load support may be underestimated,

are closer to reality. The reasoning behind this is that actual seals

are not accurately characterized by the ideal longitudinal roughness

in spite of the fact that such faces appear to have such longitudinal

roughness. There is in fact a considerable roughness component in a

tangential direction. Roughness in the tangential direction will al- -

low considerable side leakage, and this will greatly reduce the hydro-

dynamic pressure buildup. The longitudinal roughness case represents

a practically unachievable roughness condition. In view of this con-

clusion , most of the studies herein have been based on the isotropic

model.

LONGITUDINAL ROUGHNESS PARAME TER STUDIES

The parameter values used as a base point for parameter studies

for longitudinal roughness are the same as given in equations (2-107)

and (2-108). The results shown here have been taken from reference [54].
Figure 3—1 shows the effect of varying the quantity iiw with all other
parameter values held constant. This type of study will give similar

results to those obtained if the pressure p were varied with 
~m held

constant , but there will be some small differences.

Figure 3—1 shows a friction characteristic that is typical of a

transition from mixed lubrication to hydrodynamic lubrication. There

is a point of minimum friction and friction increases from this point

as r~u is either increased or decreased. One interesting feature of

this curve is that minimum friction occurs to the left of the point

where some roughness interaction begins. That is, the lowest friction

is encountered when some interference exists. From this curve, it can

be concluded that seals will continue to operate primarily hydro-

dynamically with low friction even though there is considerable rough-

ness interference (at the lowest value of l/~ plotted where l/~ 
=

12.5, h = 1.000 so the interference is 0.2). However, if the curve

to the left were continued , the f riction coefficient would rapidly

increase to a limit and % hydrodynamic load support would rapidly

decrease. Thus, for a given initial waviness and other parameters,
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there will be a definite value of r~ below which hydrodynamic load sup-

port will no longer be significant and wear rate and friction will be-

come large .

Figures 3—2 and 3-3 show the effect of initial waviness on various

seal parameters . Figure 3—2 , for the base values (2—107 ) , indicates that

leakage increases with increasing waviness as expected. The hydro-

dynamic load support is greater than 98 percent for the entire curve,

and friction changes very little. However, as the waviness decreases

below 0.03, the curve for shows that the maximum film gap becomes

zero . This means that the entire seal face is in the roughness inter-

ference region. There will be no flow into the seal (theoretically)

and the hydrodynamic pressure field will become indeterminate because

the quantity of fluid present is unknown. In a practical sense, hydro—

dynamic lubrication will cease , and the load will become completely

supported by the asperity tops . Thus , there is a certain waviness

amount for a given set of parameters below which there will be no hydro-

dynamic lubrication.

Figure 3-3 has been obtained for a case with two times the rough-

ness used for the results in figure 3—2 . In this figure, it is seen

that ha does significantly affect friction and % hydrodynamic load

support. Noting that the values of h
a plotted represent two times the

waviness of those values in figure 3-2 , it can be observed that friction

is larger and % load support is smaller for the same actual waviness ha~
In general, other factors being equal, a smaller roughness height pro-

vides a greater % load support and reduced friction. Figure 3-3 also

shows that hydrodynaznic load support collapse will occur at a larger

value of waviness than for the lower roughness seal of figure 3—2.

Conclusions Based on Parameter Studies for Longitudinal Roughness

Based on the above results , several conclusions can be drawn for

the case of longitudinal roughness.

1) Even in heavily loaded or low viscosity seals , most of the

load may be supported by f luid  f i lm pressure . Friction and

wear are reduced accordingly .
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2) Some amount of touching or roughness interference can be

expected in heavily loaded seals even though most of the load

may be supported hydrodynamically. Complete separation is not

expected until the load is considerably reduced.

3) Although only a small amount of waviness is required to cause

a large hydrodynamic load support , the effect of roughness is

that when waviness reaches a certain lower limit , hydrodynamic

support ceases.

4) Increasing roughness, other things being equal, leads to a

decrease in the fraction of the load supported hydrodynamically.

5) The waviness amplitude has only a small effect on the fraction

of hydrodynamic load support over a wide range subject to the

limitation in 3) above. However, leakage does increase with

increasing waviness.

The above conclusions are based on results that do not consider -

the initial waviness required to obtain the net waviness values used

in the studies. This matter is considered in Chapter 5. However ,

since the required waviness is quite small for the above results and

given that such small amounts of waviness in seals is likely, it would

follow that many seals would be 99 percent fluid film supported. How-

ever, comparing wear rates of actual seals to those predicted by the

above results suggests that this conclusion is not generally true——as
pointed out in the comparison between the longitudinal and isotropic models .
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ISOTROPIC ROUGHNESS PARAMETER STUDIES

For the isotropic parameter studies , two base cases are used.

Case 1:

p = 0.02

~~~~~~~~~~~ = 0
1

p = 2.0

h 3 = 0.2 (3—2)

n = 3

r. = 0.9
1

r0/c = 0.5 lO~

B 0.75

These dimensionless parameters correspond to the dimensional values

given by equation (2-108). For case 2 , the roughness was changed to one-

half of that used in the above case; other parameter values remained

the same.

Case 2:

= 0.005
0

~i
=
~~c

= O.0

= 0.5

= 0.1

h3 = 0.2 (3—3)

n 3

= 0.9
1

r0/ c  = 1.0 10~

B = 0.75

The dimensional value of waviness h 3 for c ase 2 is one-half of that

for case I.
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Effect of Net Waviness

Figures 3—4 and 3—5 show the effect of net waviness on seal per-

formance . For case 1 (figure 3—4) the % fluid film load support in-

creases only slightly above the hydrostatic value obtained from

equation (2—111) (69 percent for = 0.9). Friction is reduced as more

of the load is supported by fluid film pressure. Leakage increases

with increasing h 3 , as expected. The mean film thickness also increases.

At 1) 3 = 1.0 , the amount of penetration into the rough surface is 0.34

and at h = 0 , 0.20.
3

In figure 3—5 the % fluid film load support increases markedly as

waviness increases. When compared to case 1, this result shows the

importance of surface roughness on hydrodynamic pressure buildup.

Comparing h3 
= 0 to h

3 
= 1.0 for case 2, the hydrodynamic effect causes

the % fluid film load support to increase from the hydrostatic value of -

69 percent to 92 percent. At h3 = 1.0 the average wear rate would be

reduced to 25 percent of that at h3 = 0 (see equation (3—1)). Leakage

increases a factor of ten. Friction is reduced to one third of the

h3 = 0 value. Thus , these results show that a small amount of waviness

could have a large effect on seal performance if the as-running rough-

ness is small enough .

Effect of Speed and Viscosity

In order to study the effect of speed and viscosity independently, -
the dimensionless parameter was varied while keeping 

~m 
at a given

ratio to Figures 3—6 and 3-8 show these results for cases 1 and 2;

m u )  increases moving toward the left. For case 1, significant hydro-

dynamic effects do not occur until nu is nearly two times the base

values. Leakage Q is shown as decreasing with increasing nu . Actually ,

given the non—dimensional character of Q, if w only were increased,

then the actual leakage remains constant with increasing u. If ~ on ly

were increased , then the actual leakage would decrease in relation to Q.

Figure 3-8 shows that even with the small roughness value , if nu

were made one-half the value in the base case that hydrodynamic effects

would vanish. Also , only after nu is increased a factor of four or so

does the % load support begin a sharp upward turn.
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Generally, based on test data for seals presented in the literature

and summarized by Pape r3oh it is to be expected that friction will
increase with increasing ~w. The beginning of this trend is shown in

figure 3-8. A large increase would occur if the curve had been ex-

tended on toward the left. Figure 3-1 for the longitudinal roughness

included a wider range and shows the expected increase more clearly.

Figures 3-7 and 3—9 show the effect of a variable pressure only .
A].1 other parameters are held fixed. Now comparing figures 3-6 and 3-7 ,

all of the curves are similar except h0. In figure 3-7, the effect of

pressure, the actual load increased. This requires that the depth of

penetration increases in order to develop the needed asperity load

support. Thus, h required for equilibrium decreases. In figure 3-6,

no further penetration was needed because the load was constant, so

• remained nearly constant.

Comparing the leakage curves of figures 3-8 and 3-9 shows that the

leakage wider increased pressure at p0 = 0.01 is somewhat less for the

p study than for the nw study. This occurs because the flow resistance

becomes greater as the mean film thickness becomes smaller.

Face Width

Figures 3-10 and 3-li show that an increase in face width increases

the % fluid film load support and reduces leakage. Friction drops off

accordingly. h increases with increased face width because less pene-

tration is required to develop the needed asperity load support.

Although these results suggest that wider faces would be very useful,

other practical limitations such as heat generation often work against

using a wider face seal.

Number of Waves

Figure 3—12 shows the effect of increasing the number of waves for

case 2. Percent load support is increased with only a very small in-

crease in leakage. Friction drops off accordingly.
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Surface Roughness

While the effects of surface roughness are clear when cases 1 and

2 are compared, a separate study is useful to illustrate some additional

characteristics of surface roughness. Figure 3—13 shows that the percent

load support begins to increase very dramatically for roughness values

less than c = 0.5 p in. Friction drops off accordingly. The curve, if

extended, will give 100 percent fluid film load support at about

0.25 pm (10 U in.). The required CLA roughness for this case might

be as low as 0.07 ~irn or 3 U 
jfl. Thus, the value of the as-running

surface roughness required for complete liftoff is quite small.

Due to the dimensionless character of ~~, actual leakage will, de-

crease with decreasing roughness even faster than shown for Q. Also,

the dimensional h actually decreases as surface roughness decreases.

Radial Taper

Figure 3-14 shows seal performance as a function of radial taper

for Case 2. The results show that even a small converging taper of

ci = 20, which is equivalent to a total taper of 1 pm (40 u in.) across
the width of the face, is sufficient to cause almost complete fluid

film load support. The leakage increases a factor of four compared to

the base case. So, hydrodynamic effects can easily be overshadowed

by radial taper effects.

On the other hand, for ci negative, the hydrostatic load support

rapidly diminishes and total fluid film load support decreases. Hydro—

dynamic effects do persist as shown, but only a small fraction of the

load is carried by hydrodynamic effects because the average gap between

the faces becomes larger with increasing divergence. The seal becomes

supported primarily by the wave peaks at the outer radius. Leakage in-

creases with increasingly negative ci.

Conclusions Based on Parameter Studies for Isotropic Roughness

Bearing in mind that the results in this chapter are based solely

on the results from the ideal model and do not consider such practical

factors as required initial waviness and obtainable surface roughness

(to be included in chapter 5), several conclusions can be reached.
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1) Concerning the hydrodynamic load support and concomitant

reduction of wear rate, the previous results show that a

high percentage of fluid film support can be obtained even

for heavily loaded, low viscosity seals if the magnitude of

the as-running surface roughness is sufficiently small. One

hundred percent fluid film load support will occur for smooth

surfaces, given even a small amount of waviness. The percent

fluid film load support will never be less than that provided

by hydrostatic pressure which is 50 percent or greater for

parallel faces.

2) An increase in waviness amplitude causes the percent fluid

film load support to increase. Friction decreases and leakage

increases with increasing waviness. Relatively small amounts

of waviness are needed to develop significant hydrodynamic

effects if surface roughness is low.

3) Increasing nu will cause an increase in the % fluid film load

support. Friction is not greatly affected over the range of

values calculated but does begin to increase as ~w becomes

larger. Actual leakage decreases with an increase in viscosity

r~ and remains constant with increasing w.

4) An increase in pressure causes a decrease in the % f luid

film load support and an increase in leakage. Friction is

not greatly affected over the range of interest.

5) An increase in face width causes the % fluid film load support

to increase and leakage and friction to decrease.

6) An increase in the number of waves of equal magnitude causes

% load support to increase and friction to decrease while

leakage remains nearly constant.

7) A reduction in as-running surface roughness causes the % load

support to increase and friction to decrease. Leakage also

decreases. At low roughness va1u~s, 100 percent fluid film

load support can be achieved.

8) A radial taper can cause a large difference in seal performance

compared to parallel faces. Hydrodynamic effects can become
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of secondary importance for a radially convergent taper. A

radially divergent taper reduces both hydrodynamic and hydro- -

static pressures. 



CHAPTER 4

COMPARISON TO EXPERIMENTAL RESULTS

To test the predictive ability of the theoretical method developed,

predicted results must be compared to theoretical results. There have

been three previous investigations that provide some useful experi-

mental results for seals of known or approximately known waviness.

First, Stanghan -Batch, and m y  (46] present some leakage results for

a wavy seal tested using oil as the sealed fluid. These results are ,

therefore, primarily applicable to seals with parameter values p which

are very small where full hydrodynamic load support is expected. Since

this is not the range of interest here, these results have not been

considered further.

Although Pape’s work [30] is again for lightly loaded seals, he

does show some results where mixed friction appears to be occurring.

Pape’s friction data for his test series 1 for B 1 has been repro-

duced in figure 4—1. Friction coefficient decreases with increasing

p ;  however, there appears to be a leveling out trend in the data. In

fact, Pape [30] later shows that based on a hydrodynamic theory for

smooth wavy faces, the friction coefficient should continue to decrease

and follow the general downward trend. Thus, the leveling trend in

the experimental data would appear to be caused by mixed friction

(touching) effects.

To test this hypothesis, the mixed friction lubrication model

developed herein was used. The following parameter values were selected

based on data presented in Pape’s work [30].

c = 0.30 pm — based on reported CLA of 0.05-0.1 pm before running.

r = 30 mm
0
r. = 25 mm

1
Ti = 0.85 iO~~ Pa ’ s (50° C Kerosene)

= 126/s (4—1)
= 3.59 . l0~ Pa (invar surface)

h3 
= 0.03 pm (estimate based on Pape’s measurements)

n = 3
B = 1.0

p = 0.1 (assumed value - no data available)
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The dimensionless parameter values corresponding to the above

are

p =0.335
m

= 

~c 
=

— ( 4 — 2 )
h = 0.],
3

r. = 0.83
1~

1~~ l0~

In addition, if gauge pressures are used and p. = 0, then

8Pape = (4-3)

~Pape 
= 

i~

Some of the above values are based on rough estimates. For example,

the net waviness h
3 
is not known but is estimated based on Pape’s

initial, waviness measurements and displacements during operation . The

effective value of roughness is also an estimate and relies on an

assumed relationship between c and CLA. Pape’s data were generated by

varying Ti , u, and p0 
in his actual experiments. In this comparison,

only 
~ 

was varied. As pointed out in chapter 3, some difference in

behavior is to be expected for the model depending on which parameter

is varied. The weakest assumption in the data is that p~ 0.1

The effective value of PS iS simply not known at this time. This

applies to all results herein as well as this present comparison. The

value used for PS 
greatly affects the calculated friction.

In spite of the above limitations, the predicted results shown in

figure 4-1 display a behavior which is quite similar to the Pape experi-

mental results. The leveling trend and slopes are similar. The dashed

curve shows the effect of reducing 
~~ 

to 0.3 of the value above.

Friction at the higher pressure values is reduced.

Although the comparison in the Pape data certainly suggests that

the wavy seal mixed friction model herein may be valid , more precise
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and exhaustive comparisons are needed before any final conclusion can
be made (see chapter 8) .

The third source of data on wavy seals is provided by experiments

conducted by Snapp and Sasdelli [6] . The focus of the Snapp and

Sasdelli work was on the effects of radial taper. It is useful to also

compare this data to predicted results using the radial taper model

developed in Chapter 2.

Approximate non dimensional parameter values for the Snapp and

Sasdelli experiments are:

p = 0.005 at 100% test pressure

~i
=
~~c

= 0

p = 0.32
m

n = 3

Ii. = 11.25 (4—5)

r /c = 4.9 x0

= 0.1

r. = 0.9611.

B=0.74

One of the interesting features of this seal is that the faces

rotate toward each other in a radially divergent fashion as sealed

pressure increases. So, depending on the initial taper, various

angles of convergence or divergence occur at different pressures. The

relationship for the taper is given by

p
_ _ _  - 6 ’— ‘

~initial 
— 

0.005 
x 1430 x 10 in/in. (4-6)

r
- 0 5 -

= — ci . . — 1.40 . 10 p (4—7)c init ial  0

For the theoretical results, it is assumed that no wear has taken

place ; i . e . ,  the radial profile is a straight line. Table 4-1 was pre-

pared using the seal model herein and compares the effects  of various

amounts of initial radial taper. Data supplied for seals C2 and E2 in
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the reference (6] were used. No significant waviness was present . The

table shows that seel C 2  was radially convergent throughout the pressure

range. Friction is very low and leakage is large. All of the load was

supported by fluid pressure . In contrast , the taper for seal E2 is

always divergent because of its low initial taper. Friction is very

high and leakage is low. Only at the smallest taper is the % fluid

film load support significant.

The results in table 4—1 are compared to the experimental results

[6] in figures 4-2 and 4-3. Figure 4-2 shows that predicted leakage

has the same trend as the experimental results but is much larger. It

is thought that the reason for this large difference is that the tapers

on the test seals are slightly worn. A small beveling off of the

initial taper would reduce the leakage. Both the theoretical and

experimental leakage for seal E2 are very low and were not plotted.

Figure 4-3 shows the experimental and predicted friction torque

for seals C2 and E2.

Table 4—1

Predicted Results for Snapp and Sasdelli Seals C2 and E2 [61 ,
Effect of Initial Taper

Seal C2 4 .  = 2460 x l0 6
1

T,Torque
% Test (one seal) Q .Q 

, Percent
Pressure in-lb 

, 

oz/min/].n.

100 505 0.0000287 2.7 304 1.61 100

80 645 0.0000276 2.1 531 2.81 100

60 785 0.0000303 1.7 728 3.85 100

40 925 0.0000386 1.5 791 4.19 100

20 1065 0.0000678 1.3 580 3.07 100

Seal E2 4. = 106 x 10—6

100 —649 0.1017 9760 .0118 6.24~l0
’
~ 0.7

80 —509 0.1010 7760 .0470 2.49~l0~~ 1.4

60 —369 0.1000 5760 .0833 4.41 l0~~ 2.9

40 -228 0.0972 3730 .0889 4.70~l0~~ 6.7

20 - 88 0.0878 1690 .0393 2.08 10~~ 20.3
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Again here, the theory predicts the general behavior observed. The

predicted friction for seal E2 is larger than the experimental values.

This is probably due to the assumption that p ~~~ p~
. The fraction

used is too large for a carbon versus hard face contination.

Table 4-2 compares the predicted performance for two radially

tapered seals. One of the seals has a definite planned waviness while

the second does not. First looking at the results for seal D2, the
initial radial taper in this seal is small enough so that the seal goes

from a radially convergent to a radially divergent operation as pressure

is increased. Thus, there is an abrupt decrease in leakage and an

increase in torque as sealed pressure is increased from 40 to 60 percent.

The experimental leakage is compared to the predicted leakage for this

case in figure 4—4. This transition point occurs at about the same

place for both.

Table 4—2

Predicted Results for Snapp and Sasdelli Seals A2 and D2,
Effect of Waviness

Seal A2 4 , = 720 x i0 6 h. = 11.25 n = 3
1 1

% Test & T, Q 
~Pressure in. lb oz/min/in.

100 -348 0.0996 9580 0.07 0.0004 2.5 0.17 cavitation

80 —208 0.0959 7380 0. 11 0.0006 6.3 0.17 no cavitation

60 — 68 0.0791 4560 0.09 0.0004 23.1 0.19 no cavitation

40 73 0.0142 550 39 .68 0.2099 85.3 7.45 cavitation

20 213 0.0060 120 62.62 0. 3313 94.0 9.94 no cavitation

Seal D2 4 .  = 740 X l0 6 ~~ = 0.0
_ _ _ _ _  

1 1

100 —338 0.1002 9620 0.062 0.0003 2.4

80 -198 0.0964 7400 0.095 0.0005 6.3

60 — 58 0.0792 4560 0.064 0.0003 25.4

40 82 0.0005 20 0.525 0.0028 100.0

20 222 0.0004 10 5.316 0.0281 100.0
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Again , predicted leakage is larger than experimental leakage because

of probable wear on the experimental seal.

Seal A2 in table 4—2 has about the same initial taper as seal D2,

except that some initial waviness is present. The transition between

high and low friction takes place at about the same pressure . However ,

the transition for seal A2 is more gradual. Also , the friction for the

20 and 40 percent pressure cases is higher for seal A2 . The reason is

that in the converging cases, the initial waviness causes some contact

to occur ( compare the percent load support) . Leakage is also higher for

the wavy seal. Again, the reason is that the waves cause the equilibrium

mean f i lm thickness to be larger , causing greater leakage . Leakage for

seal A2 is compared in figure 4-4.

Although hydrodynaxnic effects do occur in seal A2 (cases where

cavitation is noted), these effects are much smaller than the radial

taper effects. It appears that when the seal is convergent, the load

is primarily supported hydrostatically and the large amplitude waves

touch, giving rise to greater friction. In the divergent cases, the net

waviness becomes very small; i.e., the seal flattens out. Net waviness

is so small that very little hydrodynamic load support would be expected.

As for additional support to verify the seal model, the general

friction and leakage behavior of the test seals has been predicted by

the model. These effects are primarily due to varying radial taper and

the results support the concept of load sharing between the fluid

pressure and asperity pressure. As to hydrodynamic effects, no support

to the model is provided because the hydrodynamic effects in the test

seals are overshadowed by radial taper effects.

However, the concept herein of how elastic deflection in conjunction

with waviness operates in a seal is well supported by the seal A2 data

of figure 4-4. As the seal becomes divergent, it flattens considerably,

reducing the leakage (see also table 4-2).
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CHAPTER 5

ROLE OF WAVINESS IN SEAL PERFORMANCE

The information developed in chapters 2 and 3 is purely theoretical.

To determine the role of waviness in non-laboratory or as manufactured

seals , the theoretical results must be interpreted in relation to cer-

tain application parameters . From the previous results it is known that

expected performance depends to a large extent on the actual values of

net waviness and surface roughness. So, in order to determine if actual

seals operate hydrodynamically, representative values for these param-

eters must first be determined.

INITIAL WAVINESS

From previous work [32],  [33], [1] it is known that an initial

waviness placed on a seal will flatten Out to a large extent as the seal

faces are pressed together. Thus, the net waviness , which is the es—
sential parameter for hydrodynamic effects, will always be lower than

the initial waviness. The relationship between the two depends largely

upon the stiffness of the seal rings .

To quantitatively assess this relationship, assume that the tan-

gential varying pressure distribution for some particular set of param-

eters is described by equation C 2-62) . Further , assume that only the

rith harmonic deflection is significant; all higher harmonic deflections

are insignificant as discussed in reference [1]. The amount of elastic

deflection obtained for a given operating condition is then given by

equations (2-63 ) and C 2—64) where j  = 1.

- ~‘a 2
— 

1 n + A1da - 6 4 2 
-

1 K n - 2 n  + n

2
1 n + A  5 21tdb — 6 4 2

1 K n -2n + n
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Define net waviness by two terms

h = h .  + h  (5 3)a ia1 da1

= hib + h~~ (5—4)

such that

h =~~/h
2 + (5 5)

In all parameter studies made , h.0 = 0 so that

h = h  =h. +h  (5—6)n a ia
1 

da
1

Solving for h. and h.ia1 ib1

h . = h  - hda1 n

= -h~~ (5-8)
1

where h~~, and hda are given by equations (5-1) and (5-2) . Then

h. =~~h~ + h i b

where h. is the initial waviness required to produce the net waviness

h given the elastic deflection h and hn da1 db1

With the above results it is possible to determine the initial

waviness required for any set of operating conditions . The case 2

parameter study of the effect  of net waviness (figure 3—5 ) has been ex-

tended over a wider range of net waviness and is shown in figure 5-1.

The curves show that the trends established in figure 3—5 continue as

expected with percent fluid film load support and leakage becoming

greater with increasing net waviness. Using the method just discussed ,

figure 5-2 shows a plot of initial waviness required for the net wavi-

ness curves of figure 5-1 for various values of stiffness (defined in

equation (2-66 ) . As expected for larger stiffness values , the required

initial waviness is lower. The upper curves also show that , for a given

100
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initial waviness is lower. The upper curves also show that , for a given
initial waviness, there may be three possible operating conditions (see

points A , B, and C on figure 5—2). For the lower curves there will be

only one intersection point.

To understand the physical significance of the multiple intersec-

tion points it is necessary to consider the stability of the seal.

Consider the seal as a spring and assume that some small additional ex-

ternal load is applied to the seal ring. If this additional load causes

the mean film thickness to decrease in order to establish a new equi-

libriujn position (displacement is in the same direction as the added

load), the seal will be stable. On the other hand, if the additional

load requires that the mean film thickness increase in order to estab—

lish the new equilibrium position (displacement opposite added load),

then the seal will be unstable and operation at this point will be

physically impossible.

To determine which of the intersection points in figure 5-2 are

stable, it is necessary to evaluate the load support versus h for a

given and constant initial waviness h.. To do this requires convergence

on the two deflection parameters h and h That is, for elasticda1 db1
deflection equilibrium (given a particular h , h . with h. = 0),

0 L~~1
hda and h~ , must be adjusted to satisfy equations (5-1 ) and (5-2).

Thi~ solutio~i is obtained numerically using a secant method (similar to

that in reference El] for three variables h , h , h ).
o da1 db1

Because of the large amount of time required for this solution , the

second approximation discussed in chapter 2 was used. To determine if

stability results based on the second approximation would be valid, a

parameter study, such as shown in figures 5-1 and 5—2 which is based on

the third approximation (the most exacting method developed), was run

using the second approximation and is shown in figures 5-3 and 5-4.

Comparing the results in figure 5-3 to those in figure 5—1 , it is clear

that the leakage is in considerable error , particularly at high net

waviness values. However, percent load support and friction are in

reasonable agreement. Comparing the required initial waviness of fig-

ure 5-4 to figure 5-2 shows that, although the curves are shifted ver-

tically , the general shape of the curve is the same. Based on this ob-

servation , it was concluded that a stability evaluation based on the
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second approximation would be valid at least for general conclusions .

Figure 5-5 shows the results of the stability study based on the

second approximation. The load support developed by the fluid and as-

perity pressures has been found as a function of h
0 given that the

elastic displacements hA and h are in equilibrium and given a con-
- 

a1
stant h. and K. An equilibrium solution occurs when the curves cross1a1
the F3 

= 0 axis. The ordinate is the percent load support above and

below the value required for equilibrium. A negative slope at the in-

tersection point indicates stability (increasing load support with

decreasing h) .

Now considering figure 5-4 in conjunction with fi gure 5-5 and the

case for IL = 65, Figure 5—5 shows that the first intersection is stable.

The intersection at the higher value is unstable . Considering the

case for h. = 17.5, the curve in figure 5—5 shows that an intersection

would be expected at about = 5.0 which corresponds to the intersec-

tion value in figure 5-4. This root is also stable. For h. = 15 the

intersection point is a stable root. For h. = 6.0 the intersection

point is also a stable root.

Looking at figure 5-4 in conjunction with figure 5—5 shows that all

intersection points in figure 5—4 where the slope is positive represent

stable solutions. It can be concluded that stable operation can be ex-

pected to the left of the peaks of the upper curves in figure 5—4. For

the lowest two curves, any intersection point represents a stable opera-

ting condition.

In actuality there will always be three intersections for the upper

curves in figure 5—4. The third intersection point is beyond the range

of the curves. If a seal corresponding to the upper curve in figure 5—4

and having a variable waviness were operated, as initial waviness was

increased from IL = 0 to say, h. = 65 where 113 
= 0.5, friction would de—

crease and leakage would increase as the percent fluid film load support

increased. That is, the seal would become partially hydrodynamically

supported. If the initial waviness were increased beyond the top of the

curve , then the net waviness would suddenly jump beyond the range of the

curve . Leakage would drastically increase and operation would become

stable at this higher leakage rate .
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For the lowest two curves, no sudden change in operation would oc-

cur with increasing initial waviness. However, the slope of the curve

does change from being very steep for low values of IL to being very

shallow for higher values of I L .  Thus, the point of operation on the

curve becomes very sensitive to the value of the initial waviness after

the low slope values are reached.

In order to determine the effect of surface roughness on the stable

range of operation, a net waviness study was made for a roughness value

one half of that of base case 2. The performance curves are shown in

figure 5—6. Corresponding required initial waviness curves are shown in

figure 5—7. As expected , figure 5—6 shows that the percent of fluid

film load support increases to 100 percent at a very small waviness

value. Friction decreases and leakage increases with increasing wavi-

ness. The required initial waviness curves are similar in shape to those

in figure 5—4. For the upper curves it is possible to achieve nearly

100 percent hydrodynamic load support before the peak of the curve and

the unstable point of operation is reached. The slope of the lower

curves is very low indicating that the operating condition could change

radically with a small change in initial waviness.

In conclusion, it appears that only a limited range of initial wavi-

ness values will lead to an operating condition where the fraction of

fluid film load support is significantly above the hydrostatic value

while at the same time allowing only a small leakage to occur. The re-

quired initial waviness to cause operation to occur near one of the peaks

of figure 5—4 depends on the stiffness of the ring. ~ low stiffness re-

quires a very large initial waviness. This question will be examined in

relation to some applications later in this chapter.

SURFACE ROUGHNESS

The results of chapter 3 show that surface roughness is one of the

most important parameters in determining the extent of hy d rodynamic lubri-

cation in wavy seals. Keeping in mind that -the roughness representation

used in the model is an idealization of actual roughness, some typical

roughness values can be compared to those used for the studies of

chapter 3.
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Table 5— 1 shows some typical roughness values for carbon seal faces

after a period of operation in water . The extent of hydrodynaznic load

support due to waviness for these seals is unknown but it was probably

quite small because of the high degree of flatness to which the test

seals were lapped. However, these values are assumed to be representa-

tive of those that might be obtained for a wavy seal. Figure 5—8 shows

the surface profile for the first seal in table 5-1. This profile is

typical of carbon seal faces. There are a number of deep grooves or

craters. The top of the profile appears to be somewhat flattened. The

actual height distribution for this profile would be greatly skewed such
— as obtained by truncating a Gaussian distribution. Figure 5-9 shows a

surface profile in a tangential direction. The profile is similar to

that in the radial direction and this supports the assumption of iso-

tropic roughness used for most of the parameter studies. Figure 5-10

shows a radial surface profile for a seal face with a large roughness.

There appear to be definite deep radial grooves in this face. A tan-

gential trace for the same seal (not shown) appears similar to the ra-

dial trace without the grooving effect.

Table 5-1 shows two additional results obtained from the litera-

ture. The values reported by Pape [30) for a lapped seal surface are

taken as representative of what can be expected for initial surface

roughness. Kojabashian and Richardson [16] did not actually report the

CLA value but determined the average height of microasperities in the

tangential direction. Interpreting this average value in terms of CL?.

is approximate.

Considering the values reported in table 5-1 in relation to the

values of c = 1.0 and c = 0.5 ~.nn for cases 1 and 2 respectively, it ap-

pears that test seal 14 could clearly operate in the case 1 range. The

Kojabashian and Richardson seal might operate somewhere between case 1

and case 2. The as lapped seal could operate at a roughness even less

than case 2 , indicating that 100 percent fluid film could easily be

achieved at least until the surface roughness became greater.

What is important to observe is that based on these very approxi-

mate roughness comparisons and the approximate roughness model used ,

actual operating seal faces (test seal ~l4 in particular) do have rough-

ness values that are low enough such that hydrodynamic effects might be

ill 
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Table 5—1

Surface Roughness Values

Source and CLA
Type of Profile urn u rn

Test Seal #14
Ref. (311 0.22 0.81*
Radial

Test Seal #14

Ref. [31] 0.30 1.11*

Tangential

Test Seal #10

Ref.  [31] 1.54 5.70*

Radial

Test Seal #22
‘

~ Ref. [31] 0.48 1.78*
Radial

As Lapped

Pape [30] 0.08 0.30*

Koj abashian and

Richardson (l6]** 0.21* 0.76

*Estimate based on assuming that roughness conforms to the polynomial
distribution of equation ( 2-5 ) .

** c is taken as one half of the mean value of ~ obtained for method A--
as run seals.
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expected to occur , given sufficient waviness. It is also possible,

given the inaccuracy of the model and the approximate representation

of the surface, that only in the smoothest seal faces will hydrodynarnic

effects be significant.

In order to predict the actual extent of hydrodynaniic load support

for a given seal with a given roughness, considerable refinement in the

roughness model will be required. Some of these deficiencies are dis-

cussed at length in chapter 7.

The fact that hydrodynamic effects are very sensitive to surface

roughness values (chapter 3) in conjunction with the fact that surface

roughness values can vary over a very wide range ( table 5-1) may explain

some of the large variations found in friction values and wear rates

in tests of face seals. Although seal faces are lapped to very low

roughness values initially , little attention has been given to the

roughness that results after a period of operation.

For the remainder of this work it will be assumed that the surface

roughness is low enough or could be made low enough by design so that

significant hydrodynamic efforts might occur. Given this assumption ,

further studies can be made.

EVALUATION OF MANUFACTURED SEALS

Given the assumption in the previous section that an effective

roughness of C = 0.5 urn (20 uin) can be achieved or actually occurs in

some operating seals, then one need consider the typical magnitude of

initial waviness values found in operating seals to establish the con—

ditions under which hydrodynamic effects might be occurring.

To serve as a first example the 3 5/8 inch seals of reference (32]

have been selected for study . All case 2 parameter values of equation

(3-3) apply to this particular seal. To obtain the stiffness K , ref-

erence [32] gives —

10 6
E = 2.06 x 10 

~a ~ 
x 10 psi)

J = 4.83 x 1o~~ m
4 
(0.0116 in

4) (5—10)

A -  6
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Using values in equation (2-108) with c = 0.5 pm , K = 2.77 x which

will be taken as K = 2.5 x l0~~ for evaluation purposes. Figure 5—2

shows that for h 3 = 0.2 (the beginning of hydrodynamic effects--see

figure 5—1) an initial waviness of IL = 31 is needed. For C = 0.5 urn,

then h . = 15.5 pm (610 pin) is the value needed. Reference [32] provides

some experimental results for the initial waviness developed in these

particular carbon rings due to drive forces. These data are presented

in Table 5—2 where it has been assumed the three standard deviations

establish the maximum possible value of waviness.

Table 5—2

Experimental Waviness — 3-5/8” Seal (32 ]

n = 2  n 3  n = 4  n = 5

Mean 3.48 pm 0.71 0.23 0.14

Maximum 10.8 1.36 0.68 0.37

Clearly the maximum initial waviness available is much less than the

15.5 lim need to achieve the base case 2 conditions. This particular

seal will thus have no hydrodynamic effects at the base case condition--

at least not due to third harmonic waviness.

Now to determine under what conditions this particular seal might

have significant hydrodynaxnic effects, the case 2 pressure study results

were used (figure 3—9). The required initial waviness for these results

is shown plotted in figure 5-11. Now taking the maximum third harmonic

waviness from table 5-2 of h~ = 1.36 (h
~ 

= 2.72), figure 5—11 shows that

the seal would operate with a net waviness of h3 
= 0.2 at = 0.00025

which corresponds to 0.14 MPa (21 psi) for the base case values. Fig-

ure 3—9 shows that the seal would be expected to have a very large

hydrodynamic load support. Of course , hydrodynamic effects would per-

sist in this seal even at higher pressures. The net waviness would

simply be lower than the 0.2 for which the results were tabulated. At

= 0.005 the net waviness would be so low that no significant hydro-

dynamic effects would occur.
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Now suppose this same seal were ten times stiffer than for the

given data. This might occur if the carbon were mounted in a steel

backup ring or if the cross sectional dimensions were increased. Then,

for the same i . = 2.72, figure 5—11 shows that = 0.2 would occur when

= 0.0036 which corresponds to p0 
= 2MPa (300 psi). Figure 3-9 shows

that about 73 percent of the load would be supported by fluid film pres-

sure. At lower pressures, with the same initial waviness, the net wavi-

ness would increase above 0.2 a~.4 hydrodynamic load support would increase

significantly.

In conclusion, whether or not a seal will benefit (or performance

become unacceptable because of high leakage) from significant hydro-

dynamic effects depends largely on the stiffness and initial waviness.

The results show that such effects would occur possibly at only very low

pressures for the plain carbon seal ring used in the example. For stif-

fer rings, then hydrodynamic effects may play a significant role even for

small amounts of initial waviness. It is impossible to make any gen-

eral statements beyond this. However, using the methods developed, a

prediction of hydrodynamics can easily be made for a given seal.

Although initial waviness has been measured, the fact of ring stif f-

ness has been given little or no attention in experimental seal research

in the past. These results show that a variation of stiffness only , all

other factors being the same, could cause operation to shift from the

purely hydrostatic to complete fluid film load support. These results

may also help explain why such large differences in seal wear rate often

occur in tests where all factors are otherwise the same. Differences in

initial waviness can lead to large differences in seal performance under

some operating conditions.

EFFECT OF WEAR

The preceding results apply to waviness profiles that are a pure

nth harmonic sine wave. Wear will modify this shape. To understand

what happens to the performance of an initially hydrodynarnic seal after

a period of operation , the effects of wear on performance must be

determined.

Following the method outlined in reference (11, it is assumed that
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wear rate is given by the following expression .

dh
._..! = C p ( l b ) V  (5—11)dt o m  h mean

where C is a wear constant , p ( 1 - bh) is the average mechanical pres-

sure and V is the average speed at the face of the seal .
mean

In dimensionless form the above expression becomes

dh ( 1 + r ~ )
—~~ = p ( 1 — b )  2 

(5—1 2)
dt h

where

3 2tr ~w C
t = ° (5-13)

and other symbols are as defined previously.

Noting that

W~ = ,i(r 2 — r?)p (l — bh) + WF 
(5—14)

avg

where p (1 — b ) is the average asperity load around the seal, and W
m h avg

is the total load supported by fluid pressure, then it can be shown using

equations (5-12) and (5—14) that

dh- -

w ( 1 - H )W
___ 2 (5—15)
dt 2u(l — r .)

where

dh-w
0

dt

is the average wear rate and H is the fraction of load supported byy
fluid pressure. Then the average wear rate is reduced as the fraction

of fluid film pressure load support increases.

Wear 1 is represented by a Fourier series
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hw 
= 

w + 
~~wa . 

cos nj8 + t’wb. ~~~ nj B (5-16)
o

The change in wear over time At is thus

All = Ah + EAh cos njO + Ah sin njOw w wa.  wb.
0 3 3

(l+~~ .)
= 

~m
U — bh

) 2 
1 At (5—17)

The coefficients h a and 1’wb are found by making a Fourier analysis of

p (1 - b ) .  These increments are then added to running totals of I-i
m h wa3
andh

• wb~

To solve the time dependent problem , first the equilibrium problem

for a given initial waviness is solved at t = 0 (this requires the simul-

taneous solution of three functions in three unknowns h , h and
0 da1

h~ to satisfy load support and deflection equilibrium equations

( 5—1 ) and ( 5—2 1). Then a Fourier analysis is made of the mechanical

pressure distributions, and the wear increments are calculated using

equation (5—17). These increments are added to the initial waviness,

and the entire process is repeated for each time increment.

The simultaneous solution for the three variables above requires a

considerable amount of computer time . Since this solution must be ob-

tained for each time step , enormous amounts of time can be consumed even

for a short time dependent study. To overcome this limitation to some

extent , the second approximation discussed in chapter 2 was used rather

than the more time consuming third approximation.

Base case 2 parameters were used for a time dependent study. As a

starting point, 113 
= 0.5 from figure 5—3 was chosen. For i~ = 5 x l0~~

figure 5-4 shows that IL = 16.5 is the required initial waviness. The

time dependent results are shown in figure 5—12. Load support increases
• with time initially as wear progresses. The explanation for this be-

havior is that initially wear induces favorable changes in the pressure

distribution which in turn reduce the elastic deflection. The net wavi-

ness actually increases. However , after a long period of time , fluid

pressure load support begins to decrease. Leakage continues to increase

with time because h increases with time . h increases because net
0 0

L 
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r
• waviness increases as described above.

In terms of real time , if we assume a typical seal material that

wears 0.01 mm per 100 hours under base case 2 conditions, assuming zero

fluid film load support, then 100 hours corresponds to t = 3350. So,

the entire curve in figure 5—12 corresponds to about 100 hours of

operation.

What is expected to occur after a long period of operation (beyond

the range of figure 5-12) is that wear will continue and the fluid

pressure load support will decrease until some point at which hydro-

dynamic load support no longer acts. More studies are needed to actually

verify this behavior.

• One of the limitations on the accuracy of this method is pointed

out by the results shown in figure 5—13. The pressure distributions,

p(e), are smooth at t = 0. However, after a period of wear, t = 3370,

both the hydrodynamic and the mechanical pressure distributions pick up

a significant ripple. The harmonic number of this ripple appears to

correspond to one plus the highest harmonic term used in equation (5-17)

to calculate the wear increment. It is thought that this ripple may be

leading to some error in the results and should be corrected for further

studies. The reason for ripple is that the series has been truncated

at j  = 10. Expanding the number of terms in the series would alleviate

this problem but this cannot be done because too many points in the I

direction are required to properly define these higher order harmonics.

However, a method is now under development which eliminates the use of

the Fourier series. Wear is calculated separately for each point in

the mesh.

In conclusion , the results show that wear causes favorable changes

in seal performance in the short run. However , the results suggest that

wear will eventually cause hydrodynainic effects to vanish.
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CHPIPTER 6

WAVY SEAL DESIGN

The resu lts in the previous chapters suggest that a considerable

reduction in wear rate could be achieved by designing waviness into a

seal. For example , consider a 75 percent balanced seal where the hydro-

static load support for parallel faces is 69 percent. Now suppose the

fluid film load support were increased to 85 percent by hydrodynamic

means. According to equation (5-15) , average wear rate would be re-

duced a factor of 2-1 compared to the hydrostatic case. If 90 percent

load support were achieved , wear rate would be reduced a factor of 3-1.

Even though considerable gains can be achieved , the results of
• chapter 5 show that the effect of any initially planned waviness will

decrease with time . However, if the wear can be distributed evenly

by moving the waviness relative to the seal face, the effect of initial

waviness can be prolonged indefinitely. Reference [1] describes the

principles of doing this.

Now given the possibility of being able to utilize initial waviness

and hydrodynastic effects to reduce wear rate for the entire life of the

seal, there are several design factors that must be considered.

SELECTION OF VARIOUS PARAMETER VALUES

The results of chapter 3 show clearly that load support increases

with decreasing roughness (figure 3-13). Leakage also decreases with

decreasing roughness. For best performance , it is necessary that ma-

terials be selected that provide the lowest possible as—running surface

roughness. The results in table 5-1 suggest that there may be wide

variations in roughness for different material pairs. Further research

is needed to determine what material factors or parameters are related

to as—running roughness and to establish particular material pairs that

give low roughness. For the purposes of the discussion in this chapter ,

it will be assumed that a roughness value as low as c = 0.5 pm is

practically achievable.

Figure 3-10 shows that the best performance can be achieved by

increasing face width . Percent load support increases and leakage
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decreases with increasing f ace width . It has been a practice in the

seal industry to use a narrow face on seals in the order of = 0.9.

• The reason for this is that the heat generated at the seal interface

is roughly proportional to face area. Thermal coning or the rotation

of the face due to thermal expansion (causing a radially converging

taper) is in turn proportional to the total heat generated. Thus, a

larger radial taper will result for a greater face width . This may

lead to high leakage and uneven radial wear. Also, the increased

operating temperature at the seal face can lead to problems resulting

from vaporization of the sealed liquid at the interface . At present ,

it appears that it is best to keep the face width narrow , in spite of

the theoretical hydrodynaiuic advantages of a wider face .

Figure 3-12 shows that improved performance can be obtained by

increasing the number of waves. Load support increases while leakage

stays about constant. Barring any difficulties in producing a large • 
-

number of waves (presently under investigation), it appears that n

should be made large (the limits of this behavior are being studied).

Now limiting the discussion to a case where C = 0.5 lIm , n = 3, and

r. = 0.9 (until further information is available on the practical limits

of c and n) and the base case 2 operating conditions, figure 5-1 shows

the full range of performance that can be expected using a hydrodynamic

seal. The remaining variable over which one has control is the net

waviness 11
3
. Table 6-1 shows some of the various operating conditions

extracted from figure 5-1. The table shows that significant reductions

in wear rate are possible. The amount depends on the acceptable level

of leakage. For many applications the larger rates shown in the table

would be acceptable.

Now to see what is practically achievable from the standpoint of

stability , figure 5-2 shows that conditions 1 and 2 (table 6-1) can be

reached using any of the stiffness values shown. To reach conditions 3,

4, 5 and 6 would require the use of the largest stiffness K = 2.0 x lO
_6
.

Now if initial waviness could be controlled to 5 units ±1, with

= 2.0 x io
_6, then 113 would range from 0.2 to 3.0. Table 6-1 shows

that this would cause performance to vary over a very wide range. Either

more precise control of initial waviness would be required or perhaps
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Table 6—1

Various Possible Operating Conditions
for a Hydrodynainic Seal

- - Actual Wear Rate I
ondition 11 P Q (I cc1min3 Hydrostatic Wear Rate

1 0.2 72.5 0.031 0.003 0.04 0.89

2 0.5 82.5 0.020 0.007 0.10 0.56

3 0.75 87.0 0.015 0.013 0.18 0.42

4 1.0 90.0 0.012 0.021 0.30 0.32

5 1.5 93.0 0.009 0.048 0.68 0.23

6 2.0 95.0 0.007 0.096 1.35 0.16

even larger stiffness values than shown in fi gure 5— 2 (giving a lower

sensitivity) can be used (this is still under investigation) .

In summary , the results show that hydrodynamic water seals could

be designed which would have very low wear rates and acceptably low

leakage. Performance would be expected to be consistent and pre-

dictable over the entire life of the seal. Several questions still

remain to be answered as pointed out. One additional question that

requires further study is how such a seal will behave in a real system

where temperature and pressure changes cause variations in radial taper

as a function of operating conditions .

WAVE SHAPE

All of the previous studies herein were made using a simple cosine

wave shape. However, this may not be the optimum wave form. A dif-

ferent wave shape might improve hydrodynainic load support while main-

tam ing a given acceptable leakage. Such profiles would be termed

optimum. This was shown to be true using the one-dimensional model of

reference ( 11, although leakage was not considered .

To answer this question for the present isotropic model , a gen-

eral shape described by a two term Fourier series was used.

h = h cos nO + h cos 2n0 + h10 sin 2n0 (6—I)a1 a2 2
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hb is always set equal to 0.0 since this term merely positions the

wa~e. The use of three terms allows the profile some amount of freedom

to assume different shapes within a period , while at the same time the

use of only three terms permits a solution to be carried out within a

reasonable amount of computer time. Some preliminary work was carried

out to see what kind of leakage and load support behavior occurs using

the Fourier terms mentioned above . Figures 6—1 and 6-2 show the be-

havior of the hydrodynaxuic load support and leakage functions respec-

tively for a constant value of 11 = 0.2 and various values of h

and lI
b 

A comparison of the tw
l
curves shows that a Q = constant curve

can be followed and some small increases in percent load support can be

achieved.

A three variable optimization program was used to determine the

optimum wave shape as described by h , 11 , and hb . The optimizationa1 a2 2
routine used was a search method referred to as the pattern search

method, combined with axis rotation and “successful direction remember-

ing [55].” Basically, h and h were set equal to some initiala2
(starting point) value . Then the 11a required to yield the given leak-

age was found numerically . Once h 
1
was found, the pattern searcha1

routine optimized on h and h.0 . Any time either 11 or h,0 we rea2 2 a2 2
changed, while being optimized , the h required to achieve the desireda1
leakage was recalculated.

Two different starting points (designated SP1 and SP2 in figure 6-1)

we re chosen and two different “answe rs ” were found. The approximate

locations of these starting points are shown in figure 6—1 as are the

general directions the optimization routine proceeds from each starting

point . It can be seen from figure 6—1 that the ultimate direction the

optimization routine proceeds is a function of the starting point. Note

that figures 6-1 and 6-2 are for a constant value of h = 0.2. Thea1
three variable optimization program varied 11 as well as h anda1 a2 2
Therefore the general directions shown in figure 6— 1 are actually

projections on to the h = 0.2 plane.a1
Figure 6-3 depicts a portion of the optimization procedure that

occurred in quadrant IV (refer  to figure 6-1) . The wave shapes with the

higher numbers are the successively improved shapes , as d~~-ermined by

the optimization routine . Each numbered wave shape in  f i gure 6-3 is a
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• single wave over one of the n periods (n = 3 for this solution). It

appears that the optimization routine is attempting to place two waves

where there once was one . That is , there origi nally were three waves

around the seal face . The optimization program is trying to put six

waves around the seal face . Very similar behavior was found when

optimizing in quadrant III. Consequently the following analysis

applies to both quadrants III and IV even though only the results in

quadrant IV are shown in figure 6—3. Table 6-2 shows the results of

the optimization.

Table 6—2

Fluid Film Load Support for Wave Shapes of Figure 6-3, Q = const

Wave Shape Number Quadrant III Quadrant IV

________________________ 
(not shown) (Fig. 6-3)

1 81.1% 83.8%

2 82.5% 86.0%

3 84.6% 87.5%

4 (not shown) 85.9%

For comparison to the above, if the number of waves around the seal

face is changed from three to six, and the shape is changed back to the

original cosine wave shape , the resulting percent hydrodynaxnic load

support, for the same desired leakage, is 87.5%. Therefore, it is ap—

parent that the optimization routine is changing the number of waves

from three to six in order to maximize load support rather than changing

the wave shape itself.

Based on this limited study, it appears that no improvement in

load support at constant leakage can be achieved beyond that associated

with the simple cosine shape.

132

__ •



-, 

~~~~~~~~~~~~_
‘. - -: ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~r~ r

CHAPTER 7

EVALUATION OF ROUGHNESS MODELS

In this chapter certain questions are raised concerning the basic

lubrication and load sharing models for rough surfaces used in this

work. These questions are raised in order to place the user of this

work on notice of its limitations, as well as to delineate certain

areas of fur ther investigation whose results may significantly affect

and improve the type of lubrication model developed herein.

APPLICABILITY OF THE REYNOLDS EQUATION TO ROUGH SURFACES

It is generally accepted that the Reynolds equation is applicable

to rough surfaces if the wave length of the roughness is large compared

to the film thickness [501. For the work herein , the film thickness

is of the same order as the roughness height. A typical roughness

trace such as figure 5-8 shows that wave length is many times greater

than roughness height so that the above condition is satisfied. If

this condition were not met, then the Reynolds equation would not be

applicable and other methods of analysis such as the use of Stokes

equations [56] would be required.

REYNOLDS EQUATION FOR ROUGH SURFACES

Godet [57] has derived the Reynolds equation for fluids

between two rough surfaces from first principles. This formulation

differs from the classical approach in that the individual surface

roughnesses are not lumped onto one surface. In general, the statisti—

cal combination of two surface roughnesses is not easily accomplished

nor is such a combination an adequate description of the actual film

thickness. The elements of the Godet formulation will be outlined here

to obtain the Reynolds equation for rough surfaces.

Consider two vertically aligned surface segments S1 and S2 at sur-

face heights H 1 and H 2 (f igure 7-1). The fluid flow between the

segments is governed by the simplified Navier-Stokes equations :
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Figure 7-1. Geometry for Derivation of Reynolds
Equation for Rough Surfaces

Figure 7-2. Geometry of Rough Surfaces
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.~a) (7—1)

~~=.i ~~~~ (7- 2)ay 3z ~

= 0 (7 3)

The no-slip boundary conditions at points P1 and ~2 
of the surfaces S

1
,

S2 are appropriate:

S
1
) u = U1, V = V~ , w = W

1 (7—4)

S2
) u = U2, v = V

2, w = W
2 

(7—5)

Making the Reynolds assumptions that density, pressure, and viscosity

do not vary in the z direction by dimensional considerations, then

equations (7-l)--(7-3) may be integrated to solve for the fluid velocity

functions u and v. These functions may in turn be integrated to yield

the leakage fluxes q and qx y

= f2 Pudz = 
~~~ (U1 

+ U2) ( H2 
- H

1
) - (H~ - H1 )

3 
(7—6)

q
~~= 

j2 d = ~~~ (V
1 

+ V2
) ( H2 

- H
1
) - (H

2 
- H1

)
3 

(7—7)

The equation of continuity is applied in the form:

12 ~ dz + f ~~~~~~~~ dz + J ~~~~ dz + 
]!

2 

~~~~~~~~ dz = 0 (7—8)

After  performing the integrations in equation (7 — 8) and substituting the
results (7-6) and (7-7) , the unabbreviated Reynolds equation is obtained.
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For the sealing conditions discussed herein , the density and viscosity

are constant. Further , the surface velocities V 1 = V2 0, and U1~ U2
are constant. The Reynolds equation becomes:

-
~~~~~ IU12 — R 1

)3~~~ J 
+ . [~ — H

1
)~~~~~~~~~~

J 

= 6n (U
1
— U

2
) ~ 

(H~~+ H2)

+ 12n [(~2 — 
~~~~
2) — (~, — -~)] + l2ri ~~ [(H 1 + H

2)] 
(7—9)

Because of the appearance of the quantity (H 1 + H
2
) in (7-9), Godet [57]

has pointed out that equation (7-9) agrees with the usual Reynolds

equation if H 1 = 0. This is equivalent to lumping the surface profile
H 1 onto 

~~ 
as was done in this report , which may be incorrect for seal

surfaces.

For surfaces having roughness , the total surface height H can be

considered as being composed of a nominal height h and a roughness

• deviation 6. Referring to figure 7-2:

H = h  - 6
1 ~ 1

H2 h~ + 2 
(7—10)

The point velocities W1, W2 are evaluated with the aid of figure

7—3. It is evident from this figure that:

~H 3H~
W . = U. —~~ + —i- , i = 1, 2 (7—11)

~ . i 3x at

For the case of interest, only the roughness 61 and 62 vary in time;
the nominal film thickness h is fixed in time and varies only in space.

Hence, ah ./at  = 0 and introduction of (7—10) , (7—11) into (7—9) yields

~~ [th+6, +o 2)~~~~] 
+ .4 [~~÷o~ +6 2)~ 

~~~
]=

— 6 2)
6r~(U 1 + U

2
) ~~

— + 6f l (U
2 

— U
1
) (7—12)
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Figure 7-4. Model to determine
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where

h = h2 - h1

Equation (7-12) is the appropriate Reynolds equation for rough surfaces

and has been used by Elrod (58] and Cheng [53].

AVERAGE REYNOLDS EQUATIONS

Equation (7-12) describes hydrodynamic lubrication effects for

rough surfaces. In order to utilize the Reynolds equation in a practi-

cal way for rough surfaces, it is necessary that the solution be based

upon average roughness characteristics rather than individual rough-

ness configurations. This method predicts the expected values of

pressure and flow based on a minimum number of surface characteristics.

There are two methods of obtaining the average solution to equation

(7-12) currently in use. One method is to average the Reynolds equation

(7—12) itself prior to solution of the pressure distribution.

Christensen and Tonder have developed theories for averaged equations

such as those used herein [43], [44), [47 1 , [48], [49 ] .

It now appears that although the Christensen theory for longitudi-

nal and transverse roughness is considered to be accurate [48], the

Christensen [43) and Tonder [49] theory for isotropic roughness is not

accepted (Elrod , [58)). In a preferred-direction roughness arrangement,

the leakage flow perpendicular to that direction does not vary randomly.

This observation allowed Christensen to average the Reynolds equation

term by term in a mathematically valid fashion. However, in the case

of isotropic roughness , Christensen and Tonder did not treat both

leakage flows q and q~, as random variables; hence , their averaged

Reynolds equation is not correct.

Quite recently Patir and Cheng [53] have developed the Average Flow

Model based on the second concept of obtaining average results for

pressure and flow . This concept involves solution of the Reynolds

equation (7-12) for a number of roughness configurations all having

identical statistical properties and then averaging the results. The

model is practical and the results are consistent with the limiting

138

_ _ _ _ _ _ _ _ __ _ _ _ _ _  ~~~~~ -- . - - - -~~ -



r

cases of longitudinal and transverse roughness evaluated by Christensen.

This method is considerably more powerful than the Christensen concept

because the model is extended to include anisotropic roughness con-

figurations quite easily. However , the Average Flow Model requires

artificial surface generation (or knowledge of real surfaces) which

is not required in the Christensen concept of equation averaging.

In order to compare the two concepts of obtaining averaged results

for equation (7-12) j ust discussed, the model developed by Cheng and

Patir is briefly reviewed. A control volume with base AxL~y and film

• thickness H = H2 
- H1 is selected to analyze the expected flow

(figure 7-4) .  It is assumed that AxA y is large enough to contain

numerous asperities but small relative to the bearing dimensions. The

unit flows are given by equations (7-6) ,  (7-7) . The expected unit flows

are given by the integral averages (q~ only) :

y+Ay y+Ay

= 

~ J c~ 
= 

~~~~~ J [~~
U1 + U

2
) (H

2 
- H1)

— 
j~~ 

~~~~~
- (H

~~ 
— H 1)3J dy (7—13)

Now Cheng and Patir define the pressure flow factor and the shear

flow factor ~ such that:
S

(U1_-_U2) 
~~~~~~ 

- + (U 1 + U
2) ( 7- 14)

where the bars above the symbols indicate average values. c is the

standard deviation of the combined roughness. The term is eliminated

by considering the case of pure rolling where U1 
= U 2 = U. Using the

boundary conditions shown in figure 7-4 with the nominal film thickness

h constant, it is easily shown that:

y+Ay

~~ I (H3
~~
2
~~dyAy j  \

— 
(7—15)

h~ ~~ax
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where

a~ ~b~~~~a
ax 

— Ax (7— 16)

Hence, • is obtained by generating random surfaces having the desired

statistics (standard deviation and autocorrelation), solving equation

(7—12) for p(x,y) and evaluating (7— 15) given (7—16 ) .

Using this method, is found for longitudinal roughness and

transverse roughness. The Christensen-Tonder results are verified in

the limit by the Patir-Cheng results. However, for isotropic roughness ,

the Christensen-Tonder equation is in error according to the Average

Flow Model. in fact, the Patir-Cheng results show that a greater flow

resistance will be encountered for isotropic roughness than is pre-

dicted by the Christensen-Tonder isotropic model. Thus, the Christensen-

Tonder model underestimates the hydrodynamic load support, and this is

a major inadequacy of the model used herein.

it is evident from this portion of the discussion that several

fundamental concepts concerning the lubrication of rough surfaces are in

dispute. However, the recent work by Patir and Cheng [53] and the review

by Elrod [58] suggest that a better understanding and more precise

models will be forthcoming.

REAL SURFACES

It is well known that manufactured surfaces have a microroughness

structure that in many cases is closely Gaussian in the distribution

of peaks and valleys. The rough surface structures used in lubrication

models both here and in the literature are also assumed to be Gaussian

(or a polynomial approximation thereof). There are two major problems

wi th this assumption that may affect predicted seal performance.

First ,  the wear effects on the surface structure of a seal face

during run-in certainly alters the perfect symmetry of the assumed

Gaussian dist ribution and could change the distribution. It is expected

that surface peaks are flattened during the collisions between opposing

asperities , resulting in a severely skewed distribution. If the peaks
are indeed severed at a statistically significant height value , the
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initially Gaussian pattern will not be skewed but actually truncated.

Such a truncated distribution might ~.everely affect both load support

and leakage . This limitation of present roughness models can be over-

come using the approach of Patir  and Cheng applied to actual worn

surfaces.

A second mechanism of altered surface structure is termed “grooving .”
Regardless of how roughness appears on one seal face , it is possible

that due to ideal wear behavior the roughness on the opposing face is

a mirror image of the mating face (at least the longitudinal grooving).

This implies that there is a correlation between the two surface rough-

nesses , or that 61 and 62 are not independent. For an ideal correlation

of 1 (per fect mi rror image) , there is no net transverse roughness at

all. For any non-zero correlation , the concept of two independent sur-

face roughnesses 61 and 62 is incorrect. An understanding of the role

of grooving will require an analysis of many measurements obtained from

both f aces of seals .

EFFECTIVE FILM THICKNESS

In the model herein it has been assumed that when Ii < 1, the rough-

ness distribution is simply truncated and that the maximum valley depth

is reduced accordingly. That is to say that the effective film thick-

ness E(H
3) is continually reduced with decreasing h. Furthermore, it

is assumed that this truncated distribution remains constant for a

given h < 1 with both time and wear.

A fundamental question is now raised . Assume for the moment that

the hard moving face is perfectly smooth and that all wear and rough- • -

ness occurs on the soft face . Now assume that the hydrodynamic con-

ditions are such that asperities must carry a load such that 30 percent

of the rough surface must be in contact. Figure 7—5 shows two possible

distributions that could provide this amount of bearing area. Case a)

shows the present assumption . The distribution curve retains the ori g-

inal assumed form with a maximum range of 2c. The peak-to-valley height

is considerably reduced below 2c and therefore E ( H 3) becomes smaller.

Case b) shows a possible situation which would give qu ite di ffe rent
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Figure 7-5. Variation in Roughness Distributions
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results. Here the distribution is changed , giving a peak—to—valley

height that is much larger than Case a).

The basic difference between these two cases is that in Case b)

it is assumed that contact changes the distribution in such a way as to

retain a constant or near constant peak-to-valley height. In fact , the

peak—to- valley height could conceivably remain the same regardless of

bearing area. In Case a) it is assumed that the peak—to—valley height

is reduced with contact.

Such different behavior could arise depending on the precise nature

of the wear involved in generating the surfaces. Assume that the wear

is due to abrasion by hard foreign particles of a given size. In this

case, one would expect Case b) to be more correct. That is, the larger

particles plow the same depth of groove relative to the hard face

regardless of the bearing area. On the other hand, if softer abrading

particles of the soft face itself are responsible, then it is more

likely that Case a) would be correct. The larger particles would be

crushed very quickly and not have an opportunity to plow deep grooves.

The significance of this discussion is that the pressure buildup

in a wavy seal depends very much upon E(H
3
) when particle contact

occurs. Given the possible difference of E(H
3
) for the same amount of

contact, the type of wear distribution in effect could significantly

alter the hydrodynamic load support .

Therefore, in hydrodynamic lubrication of rough contacting sur-

faces , it appears that the nature of the wear process occurring and the

resulting roughness distribution is of considerable importance . This

question has not been previously addressed in the above context; how-

ever such studies are being made as a part of this research program.

MICROCAVITATION

Several studies have shown that significant hydrodynainic load

support results from the forced lubricant flow over the tops of aspen-

ties on seal faces [13], (14], [15], [16]. Cavitation on the down-

stream side of the asperity is essential to developing load support .
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Such cavitation will he termed microcavitation as opposed to the macro-

cavitation associated with waviness studied herein.

In regions of a wavy seal where average or expected pressures are

relatively small , such microcavitation would be expected to occur.

Present rough surface models which predict average pressure changes due

to large scale nominal film thickness changes (such as the model herein)

do not account for the additional load support caused by microcavitation.

However, load support is developed by both forms of cavitation. A

correct model must account for both types.

This shortcoming can be corrected with a knowledge of the distri-

bution of pressures about the already-predicted mean value . Given this

information , regions of predicted negative pressure due to microcavita-

tion can be eliminated from the distribution and a true mean pressure

determined. It is expected that using the method of Patir and Cheng

[53] , a first approximation for these distributions can be obtained.

CONCLUSIONS

The questions raised in the previous sections indicate that the de-

velopment of mathematical models which describe hydrodynainic lubrication

and wear for rough contacting surfaces is still underway. Much more re-

mains to be done before such models are fully developed. To date,very

little experimental verification of such models has been carried out.

The use of the experimental seal test rig described in the next chapter

will provide some data, but only on a level of measured performance, not

on a level of understanding the microscopic effects themselves, which

are pertinent to such models . Thus , these investigations remain to be done .

In spite of the theoretical limitations of the model as pointed out

herein , the model may in fact be an excellent tool for the prediction of

overall effects such as friction , leakage , wear , and the effect  of sur-

face finish . This question can be answered by use of the test apparatus

described in the next chapter. If the model proves to be a valid pre-

dictive tool for mechanical face seals , then one of the primary objec-

tives of this research, that of developing a useful model for seal de-

sign purposes , will have been achieved. However, work must continue on

developing a better understanding of the fundamental questions raised

herein in order to completely understand face seal lubrication .
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CHAPTER 8

SEAL TEST RIG

As pointed out in chapter 4 , only very limi ted studies have been

made of wavy seals operating in water. To provide additional experi-

mental verification of the model described herein and to provide fa-

cilities for further studies related to other seal problems, the design

of a mechanical seal test rig has been comple&d as a part of this

project.

BASIC REQUIREMENTS

A test rig designed for research must meet more requirements than

test rigs used for study of commercial seals. First it is necessary

that a wide range of speed and sealed pressure be available in order to

verify model behavior over a wide range of conditions . Certain other-

wise uncontrolled variables such as shaft runout and waviness must be

very carefully controlled. For testing the model of interest it is

necessary that a controllable waviness be applied to the seal faces, and

in order to reduce the effects of wear this waviness must be moved cir—

cumferentially with respect to the primary ring. Leakage from the seal

must be measured. Torque must be measured in a manner such that the

seal torque is measured independently of bearing torque or torque

arising from a second seal used in a tandem arrangement. Many of the

distortions commonly found in commercial seals must be minimized.

To meet all of these requirements, the design of such a test rig

must depart somewhat from that found in commercial practice . On the

other hand , it is important that the rig be capable of simulating com-

monly found seal installations. In fact, it is useful to be able to in-

stall a commercially available standard seal in the test rig. 

_
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SPECIFICATIONS

The test rig specifications which satisfy the above basic require-

ment are set forth below .

Configuration: Horizontal shaft, single seal with torque measured

on the seal housing. Rotating secondary ring.

Size : Accepts up to 3—5/8 inch nominal shaft size seal .

4 inch nominal seal face diameter.

Speed : 500—4000 RPM. 9—70 ft/sec for a 4 inch seal.

Pressure : 0—1000 psi continuous . Vessel is rated at 2000 psi.

Bearings : Five ABEC—7 bearings on precision spindle. Bear-

ings are rated at a maximum of 12000 lb thrust at

4000 RPM (corresponds to a 4 inch seal at 1000 psi).

Motor : 5 Hp variable speed drive (belt type).

Fluid: MateE,Ils are selected for seawater service.

• Balance : Balance ratio of 1.0 ( lower values can be used).

Seal Rings : Zero moment design. Designed to minimize the

• effects of pressure caused radial taper.

Waviness: Seal waviness is controllable by variable ring

distortion. It can be moved relative to the

primary ring.

Temperature: Can be controlled at any given temperature above

100°F.

Quantities Speed, pressure, temperature, waviness, torque,
Measured : and leakage .

DESIGN FEATURES

The general layout of the test rig is shown in figure 8—1. The

primary and secondary seal rings are shown as parts (~7’ and ~3 l .

Shaft 1 turns on five precision angular contact bearings designed to

operate under the large thrust load. Cooling water is circulated through

the test chamber 41 through openings not shown . The entire assembly

is supported cantilever style by supports attached to the bearing
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I
housing. The torque transducer (11- acts as the support for the vessel.

The pressure vessel is designed to be readily taken apart by removal of

bolts . The secondary ring support rotor is removed by removing

capscrew (to). To minimize axial runout at the seal face , the end of

shaft (i’) is ground true with the bearings . Rotor is ground both

where it mates with the shaft and secondary seal ring. The two secondary

seal ring faces are ground parallel.

The primary ring is shown in figure 8-2. The material selected for

initial tests is Pure Carbon P658RC . The unusual proportions of the

ring result from adjusting the geometry so that rotation about a circuxn-

ferential axis is not caused by pressure variation. The primary ring is

driven by lugs which engage two notches. Two as opposed to a greater

number of notches were used because this arrangement gives the primary

ring maximum freedom to float radially. Second harmonic waviness is

minimized by driving the ring through the centroid of its cross section.

Any remaining second harmonic waviness produced by drive forces will be

more easily flattened compared to the third harmonic waviness built into

the ring, so is not considered important. The secondary seal is lo-

cated at the left end on the inside diameter. The balance ratio for the

design shown is unity. Springs to the left of the seal provide preload.

The secondary seal ring is shown in figure 8-3. Rings are fabri-

cated from tungsten carbide and ceramic. This ring is also of a zero

pressure moment design . An unusual feature of the particular design is

that the mechanical force at the right hand side of the seal has been

reduced to nearly zero by placing the 0-rin g seal on the right hand face

as opposed to the outside diameter (see figure 8—1) . It is useful to

minimize the axial force to reduce coning effects caused by friction at

the load bearing point in conjunction with radial deformation due to

pressure and temperature . The secondary seal ring is held in place by

spring clips (not shown ) which engage the notches shown in figure 8— 3.

The waviness drive mechanism is shown in f i gure 8—1. A worm

drives gear which is attached to cylinder ® . Fixed to the op-

posite end of the cylinder is the waviness ring ~~ shown in figure 8-4.

An 0—ring is placed into each of the six holes on the ring. These 0-

rings seal between the primary ring and the cylinder ~~i~) . A controlled
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pressure is supplied to each of the six cavities by channels in cylinder

which in turn are supplied by a rotating seal in the left hand end

plate 
~~~ 

The controlled pressure in the six cavities creates bending

moments in the seal ring which cause three waves on the face . Since the

primary ring is not allowed to rotate while cylinder rotates, the

wave pattern is slowly rotated relative to the primary ring. The

0-rings are located symmetrical about the centroid so as to produce a

zero average rotation about the centroidal axis.

The torque transducer is shown in figure 8-5. The difficulty in

designing such a torque transducer is that torque to be measured is

small whereas the axial load due to the thrust of the seal is large .

Several design concepts were developed. Figure 8-5 shows what appears

to be the best compromise . The 0.120 x 1 inch members carry the axial

load in tension . Due to their small moment of inertia about a radial

axis , these members have in combination a low torsional stiffness. The

torsion load is sensed by the two reduced section beams . Strain gages

are attached to these members . The axial load effect is isolated from

these members by the cutout shown. The torque transducer does have

some small amount of sensitivity to axial loads because the 0.120 x 1

members do attempt to straighten (when twisted) due to the axial load .

This effect is largely offset by the fact that the torque sensing beams

have a very high torsional stiffness. Thus the actual torsional de-

formation of the unit is quite small.

The spindle is designed using ABEC-7 angular contact bearings . Four

bearings in tandem are required to support the thrust load. Recircul&ted

oil is supplied to the housing from an oil cooler. The right hand fifth

bearing serves to preload the bearings.

The vessel cylinder and end plates are made of nonel 400 for good

resistance to seawater. All other parts exposed to the working fluid

are made of 316 stainless.

Pressure to the vessel is supplied by pressurizing an accumulator

with nitrogen gas at the specified pressure . Makeup water to offset

leakage is supplied by a slow acting air driven piston pump . Flow cir-

culates through a heat exchanger which is cooled by tap water. Tem-

perature is controlled by regulating the cooling water flow . Waviness
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control pressure is supplied by nitrogen gas .

EXPECTED PERFORMANCE

Using the isotropic waviness model of chapter 2 , expected per-

formance curves have been obtained for the test seal for one set of

operating conditions . These conditions are :

p = l O l O psi

p. = p  = 03. C

w = 200/s

C 20 p in

r = 2.088 in
0

r . = 1.9003.

~m 
= 38000 psi

= 9.9 . i0
8 lb s/in2 ( 100 0 F water)

.3 = 0.0441 in4

E = 3 X l O 6 psi

r
C 0

A = 8.14

n ~~~ H

B = 1.0

The corresponding dimensionless parameter values are

= 0.005

p = 0.176
m

r .  = 0.910

r0/c 
= 1.04 l0~

K = 3.1 x l0~~

The performance curves are shown in figure 8—6. At this high

operating pressure the percent fluid film load support increases from

52 percent to only about 80 percent as increases . At lower operating
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Figure 8-6. Predicted Performance Curves for Test Seal

155 

-. -~ --— •-•-~~ -— -~‘-- ~~‘-- -S 



H T~~~ TT ’~~~ ’T~T T T ~ .T . . ’TT~~T T ~~~~

- • pressures the fluid film load support would be higher. Figure 8-7 -

shows the required initial waviness for these same conditions . For
the test seal , K = 3.1 X l0~~ . This curve shows that a condition of 

-

instability will be reached approximately when h
3 = 1.0. A wide range

of leakage and friction behavior can be obtained over the stable -
operating range.

STATUS OF THE RIG

As of this report date the entire test rig assembly shown in fig-

ure 8-1 has been designed in detail and parts are being made . The -

auxiliary systems, support stand , and controls are nearing design corn-
pletion. It is expected that the test rig will be in operation on a
limited basis in May of 1978. Full operational capabilities are ex-

pected in June or July, 1978.
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Figure 8—7. Initial Waviness Requirements for Test Seal
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CHAPTER 9

SUMMARY AND CONCLUSIONS

Many detailed conclusions have been made throughout this report.

The purpose of this chapter is to pull together some of the various

ideas and make more generalized conclusions and to provide a short
summary of the most important features of this work.

1) A hydrodynamic lubrication seal model has been developed. The

effects of waviness, roughness, asperity contact, wear and elastic

deflection have been included. A numerical technique has been

developed to accurately and rapidly solve for the seal equilibrium

solution. Given initial waviness, period, viscosity, speed, size,

pressure, material, and roughness, the model can be used to find

the fraction of fluid film load support, relative wear rate,

pressure distribution, friction, and leakage.

2) Results based on assuming longitudinal roughness show that 98%

plus of the load is carried by fluid pressure for heavily loaded,

low viscosity seals. This result is unrealistic and shows that

pure longitudinal roughness is not a correct assumption for seals

in spite of their appearance.

Results obtained using the isotropic roughness assumption appear

to be realistic. Using the isotropic model developed herein, it

is expected that predicted fluid pressure load support may be slightly

lower than in reality. Certain refinements to the roughness lubri-

cation model are needed to provide more accurate results. Theo-

retical and numerical developments which will correct these de-

ficiencies are being made by these authors and others.

3) Results obtained using the isotropic model have been compared

to experimental results available in the literature. The comparison

is generally good. However, more complete experimental data are

needed for a thorough comparison.
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4) The results from the model show that surface roughness is the

most important parameter in determining the amount of fluid film

load support caused by waviness in conjunction with hydrodynamic

effects. If the roughness is large , mechanical contact will sup-
port most of the load. If roughness is low, much of the load will

be supported hydrodynamically even with low waviness. The range

of roughness values examined herein is representative of the range

of values found in seals. This suggests that a considerable varia-

tion in hydrodynamic performance would be expected in seals due to

differing surface roughness effects alone. Surface roughness and

the material parameters that affect it will require much more ex-

perimental study before the effects of materials on seal hydrodynamics

are completely understood.

5) The second most important parameter affecting seal hydrodynamics

is the net waviness at the seal faces. Generally as net waviness

increases in amplitude, friction decreases and the percent fluid

fluid film load support and leakage increase. As waviness is in-

creased, there is a distinct transition between pure hydrostatic

operation and partial hydrodynamic operation. If surface rough-

ness is sufficiently small, the load will be supported completely

by fluid pressure even at a small net waviness. However, even at

large fractions of fluid film load support, the faces still touch

at the tops of the waves.

6) Hydrodynamic effects can easily be overshadowed by hydrostatic

effects caused by radial taper. For example, with a slight con-

verging radial taper, the hydrostatic load support increases

markedly over its parallel face value and may easily cause as much
— additional load support as the hydrodynarnic effects. On the other

hand, a divergent taper will reduce hydrodynamic effects . The load

is carried mechanically at the outer radius and the average film

thickness increases. This reduces the hydrodynamic load support.

7) Whether or not significant hydrodynamic effects occur in com-

mercial seals depends on several factors. If as running roughness

is low, the seal rings are stiff, and a moderate amount of waviness

is present , it is likely that hydrodynamic effects are occurring ,
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even in low viscosity heavily loaded applications. On the other

hand, if the rings are not stiff (e.g., made of solid carbon) it

is likely that hydrodynamic effects are not occurring, even for

large values of initial waviness. The waviness simply flattens

out under load.

For higher viscosity applications, then hydrodynamic effects

might occur even in low stiffness seals . The question can be

answered for a given seal system by using the model developed

herein. For the particular carbon seals examined, it was con—
S 

cluded that significant hydrodynainic effects would not be expected

at least at higher pressure values.

It was found that low stiffness high waviness seals could

operate under two equilibrium conditions, one at low leakage and

one at very high leakage. High stiffness seals do not have such

instabilities but the operation point does become very sensitive

to the value of initial waviness.

8) Hydrodynamic load support slowly decreases with time, after an

initial increase, due to the effects of wear. Thus, the long term

effect of waviness in a steady state operation is zero. The time

period over which this occurs depends on many parameters. This

behavior can be overcome by design.

9) As to the potential of utilizing hydrodynamic effects to ad—

vantage by design, the results show that wear rate and friction

can be reduced significantly while maintaining leakage at accep—

table levels. This can be accomplished by moving the waviness

relative to the ring so that the effect of wear is minimized.

10) The effects of roughness on hydrodynamic lubrication are not

completely understood. Better models of this interactive behavior

are now under development. Some questions raised herein are still

to be addressed.

11) A test rig has been designed. Using this apparatus, it will be

possible to obtain data needed to verify the seal model herein as

well as to explore many other seal related questions.
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APPENDIX A

REYNOLDS EQUATIONS AND ASPERITY BOUNDARY RELATIONSHIPS

1) General form of Reynolds equation:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Coefficients are functions of 0, r. In finite difference form:

S P(I,J) = AIM1(I,J)*P(I_].,J) + AIP 1(I ,J ) * P (m +l, J)

+ AJM1 (I,J)*P(I,J_l) + AJP1(I,J)*p(I,J+l) + B(I,J)

A8 AU

‘F P(I,J-f-l)
Ar

S ~~~~~~~~~~~~~~~~~~~

- - -
P (I—l ,J) P(I,J) P(I+l,J)Ar

r 4. 
_ _ _ _ _  _ _ _ _ _  _ _

I 
P(I,J—l)

2) Reynolds equation for longitudinal roughness. Film thickness H

a function of 0 only. (See Chapter 2 for actual equation).

A~~~~~E(H~)
r

:1 ~~ 

[

:

d

~~~~ 

+ E(H~)

E(l/fl3)

1
— 

E(l/H3)

E = 6r [b~~d + E(H)~~j

- 

A-l
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For finite difference purposes:

AIM1(I ,J) = 
~~ 

(—.
~

— - —fl-- 
S

AIP 1(I ,J) = 

~~

- (_ .

~~

. +

5 

AJM1(I ,J) = ~~~ (s.. - ....P....
)~r 2~ r

AJP1 (I , 3) = ~~ ( _.12~~. +

21~r

5 

B (I ,J)

where

~~~~~2A 2C
2 —2L~$ t~r

3. Reynolds equation for isotropic roughness, H = H(U).

A = ~~~E(H
3)

r

B = ~ {b 
~~~~ 

+ E(H3) 

~
]

C = brE(H3)

E = 6 [b 
dE (H) 

+ E (ü)

The finite difference coefficients are otherwise the same as above .
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4) Asperity boundary transition equations from full film to contacting

region. Longitudinal roughness.

________________ e 
_ _ _ _ _  ________________ ____________

1~ t

b 

v 

c f

U 
( l-X) AO 

AAO~ ItO

L > 
> 1 

~~-. .~~~ ASPERITY REGION

H < l

Coefficients A-E already defined for longitudinal roughness.

Finite difference coefficients for the boundary points:

Point a) AIM 1(I ,3) = 
(2 - A)4 

-

AIPI(I,J) = (2— X)(i — A)4~~2~~ 2
~
0
~~B]

AJM 1CI ,J) = I ..~c1 -• Ar 2Ar

AJP 1(1, J) = 1 ~-S~~~ +

Ar 2~ r

B(I,J) = —

2A

(1 — X ) A 8 2 

Ar
2

Point s) AIM1(I,J) = 
~~ A 

-

4’ Cl — 0)A0
2 AU

AIP 1(I ,J) = 

1 xA0 2 +

A- 3
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AJM1(I ,J)
IA ~~ 2Ar J

AJP1(I ,J) = I [ c .  + —fl--

2Ar

B(I,J) = -

- 
2A 2C

A U — A )AO Ar

Point c) AIM 1(I ,J) = 
X(l +A)4’ ~~~~ 

—

AIP1(I,J) = 
Cl A)4’ 

+ 

~X~ j

AJM1(I,J) = 0*

AJ?l(I ,J) = 0

S B (I,J) = - 
~~

-

• = 
2A

S AItO

5) Asperity boundary equations--transition from contact to full film.

Longitudinal roughness. Coefficients A-E defined.

_  _ _ _  

c s _ a 
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AU ~-AA 8- (l—A)AO AU
r ASPERI’I —
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I H < l
yO

*E(1/113) -~ with contact, implying C~~~0.
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4’ Ar 2A~

B(I ,J) = -

t 
— 

2A 2C
— 

2~~~~ -2(1 — X)AO Ar

Point s) AIM 1(I ,J) = j~
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APPENDIX B
ISOTROPIC ROUGHNESS SOLUTION - COMPUTER PROGRAM

BASE CASE 2 SOLUTION

C PRØGRAM NAME • APPR~ K3
C PRØG RAM T~i CA~,cULATE EQJIL IBR IJM ~PERATIM ~ Cø~~ITU~JS F~ R A~d
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100 TG( IJuT
M .RI—0~
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110 RG (3).R
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C INCLUDI NG CA V ITA T 1~ N

. COMMON D T ,DR ,TGU32), R~ (13), IMA X, JM AX ,HA SP(102)
C0MM h~ N T .R ,RI , RO ,PI.PI,PC ,P (132, 1S), PIE,N~ A VE ,PFA C , PHLS
C OMM ON hMEAN ,N IA( 13 ),MI~~(10),3LL ,MTERM S , IAJP ,IAD N
COMMON H.0M ,EH ,D EW , 3,0EH3, c1 a s3 , SI , DSI ,EMl. aAD, PSAR ( 132 )
COMMON AIMI (102.13) ,AIP IC IOO, 13) ,A JM I (t02,13) ,AJ PI (102 ,13)
COMMON 8RH$ (t02,13),$LD (102),HLSAD,~~IN ,QSUf,T5TL0,!I15,4D IMENSION !UP(t3) , IG~ N(13) , $L,D(1D2),~2~ I1U1D2), L?2aJT (13?)
DIMENSION AN GA~~C t5 )  ,PMA T (30, 3 ) , BMA T (30 )  ,ANG2(13,~~)ISTO PU IM AK .1 

S

JST OP sJM AX . I
C IN IT I ALI ZE ALL . E Q U ATI O N COEFFICI EN TS

DO b 12 Jsè ,J STu~P
00 990 Ist,ISTOP
T’TG(I)
C A LL ~dAV SHPAA .BI *E $3/RG( J)
t3R .(B I .DE$3+ EH3* )BI ) / RG (J )
CC .BI*RG (J) *EP$3
00’RIeEM3
EE.b,*RGCJ)t-(aI*)El.EH*0~ I)
A IJ IO, * ( A A / D T / Q T I ’ CC/D 9/D 93
A IM I (I,J) .(AA /)T— ~ 3*,5)/DT/ A I J
AI P I C!,J).(AA /DT ,53* ,5 )/OT /A LJ
AJ M1 (I,J ).(CC/)R.D0*,5)/DR /A IJ
AJP 1 (I,J)u (CC/DR ,03e ,5)/DR /AI i
BR HS (I,Ji .”€E /AI J

99(1 CONT INUE -
b i? CONTIN JE

IM M I . IMAX .t  -

JM2SJMAX .2
IP (JYER ,NE,0) ~Ø T~ ‘U

C THI S SEDJENCE FR ~~M HERE TO 1329 IS USED T HE FI~~ST T IM !  T HRO UG ’-4 1’I’lIS
C SUMPRØGRAM Tk~ ØST A ZN AN IN IT IAL  3JESS FOR THE C A V I l !  S HAP E

L~ 999 J’I,JMAX
IUP (J)aD

~~~~~~

UT øP. 3

C T~US [)~1 L .4 O~ IS A SJCCESSIVE 0VERREL ~~ A T I0N Laa P TO a 3 T A 1 ~ A N
C INI TIAL GUESS FJR T H E PRES5UR~ D 1S TR I~~UT 1O M

u~ 1300 111.1,3
(‘0 50 JJ’1,J~ 2
J .J M A % e J J
11 .1 -:
12.1MM!
00 “0 I’ll.!?
IM ISI .1

IPiIM 1 .E~ .3) IMI P I M M I

B-3
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IF C IP I,Ei ~,IMAX ) IP1I1 -

IE M PSP (I,J)
PCI. 4) IA IM I (I , J) *P(IMI,J) ,A!P1(I, 3) eP(~ P~ , 3)-

- . P (1,J )uP( !,J)+AIM I (X,J)eP (!,J .I)
P (I ,J) .P(I,J)+AJPltX ,J)*P (I.J .1).BRM S (1 ,J)
P (I ,J ) .P(I,J)*aMEGA ,OM0 *TEMP

a~ CONTINUE
SO CONTINUE
1000 CONTINUE

C IN THE SEQUENCE FROM MERE TO 630, THE INITIAL GUESS FOR THE
C CAV ITY BOUNDARY IS DEFINED BY ALI~,~ PRE SSUR E PO IN TS W HERE P P c ,

- JM1SJMAX .1
00 600 J’O,JMl
NUP’j
00 700 1 .1 ,1MM !
GO TO (731, 73 2, 630) , NL.IP

701 IF (P(!,J),LT ,PC) Ga TO 703
GO TO 103

703 IU PCJ )’I—I
NUPS2
JTOP IJ+ 1
GO TO 700

702 IF(P(I,J).13T,PC ) G~ TO 704
GO 70 700

704 I0~e~1(J)’I -

NLJ P .3
S 

700 C~ NT INUE
bUD C0NT1N~JE -

DO 1329 J sj ,JM A X
A ? IJ G A V (J )  ,. .5*PIE
DO 1329 NNaI, 4

1329 AMG ? (J ,N -N)I0.D
41 JOUTU I

OMEGA . ON EGA P
OHki.1,.OMEGA

C DO 710 IS THE PR IMA RY SUCCESSIVE OV E RR E LAX ATI ON L~I0~42 DO 710 III .1,M AXI T
C JTOP • THE BOTTOMMOS T ROW OF NOM .CAVIT Y PRESSURE
C IICI • THE TOP M O ST CAVITY 90.1 CE N T R A L PO IN T S

C tUP(J) • THE RI6$THAP4D MOST N ON CAVI TY PR E S SU R E saINT Ta
C T HE LEFT 0~ T hE C A V I T Y
C TDW N(J). THE LEPTP4*ND MOST NON CAVIT Y PRESSURE POINT TO THE
C ~I3t4T oF TIE CAVITY

IF(JTO P,L!. 3)JTOP’2
IUP0.!UP (JTRP~ I)IIC2.(!D.1N(J-TO’.1)—IuPo),2.TJ~ (JTa~.1)
IIC1 .IDWN( JTOP—1 )
N TOP. I

C THE SW EEP IS ~~~ ~Y R O W S T A R T ING FRO M THE O U T S I D E  RA DIA LL Y IN.~A -~fl
C MT~ P.1 • DURING THE FiRST C A V I T Y  ROW R EAC HE 3
C •2 • AFT ER T M! FI RST C A V I T Y  R O W REACHED

DO 720 J J B t , J M 2
ISO

BEST AVAILABLE COPY
5-4
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~~—AO bO 753 Nfl MEXICO UNIV ALDUGUERGUE BUREAU OF ENGINEERING R E T C F/I It/I
HYDRODYNAMIC LUBRICATION W ITH WEAR AND ASPERITY CONTACT IN MECH—EYCtU)
JAN 76 * 0 LEBECK, .J 1. rEALt y R E PIERCE N000l’4 76 C 007 1

UNCLASSIFIED ME 86C7 8)0NR 41” l. utiirn~!

I

S



PIUPS I
J.J14A*.JJ

C N UP u L • At TilE START •P A R~~ A ND Lø~~ ING ~öR PC aC •

C ~A~ A T IaN
C .2 • $!T$41N TilE C A V I T Y  L~ Ø* ING FØR I0~$(J)C .3 • TS TIlE RIGMT Ø~ TIlE C A V I T Y  • IlØR~!A~,, RE~ A * A tU~C .4 • SEA RC HING ~øR CøNDIT I~~ T~ DE!INE ID~ N
C $5 • D~ tNG SPECIA l. RØW JTØ ~00 752 U’l,lSO

1.1+1
IF(NUP.ELa .3) Ga T2 1105
IF (J.EG.JTaP) Gø T~ 110 4
GO T O 1105

1104 x rC I ,GT .IZC2) •~W P.5
1105 CONTINUE

I t I I ’I . l
• I P I SI . 1

I F C !M 1 , E ~ , 3) TM1.I~ M1
IF (IP1.E~ ,IMA*) IPISI
GO TO (7a1,7ab ,721,7~ 1,1t 03),~~J P

C ~uP.5 ~~~~ HERE T~ 1150 IS fOR A SPECIA L ROM J.Jt~ P, S~ (C IA I.
C C A V I T Y  aaJ k loARy EQUATIa ~ 5 *~ E USED I~ TilE ~E LA X A T I~~4
C FR0~ 11C2 TO IIC I

1103 IFCJ .EG.JTaP ) GO ta tiOa
IFcJ .ErJ.23 G~ T O 1150
IIC2.IDW ’~(J)
IICI.!DWMCJ—11

11ob z p ( I , ! G , I I C I )  ~0 T O 1150
NINC.IICløI!C2
Ir(PJ IMC.LE.1) t 0  T O 1150
A NGA. AM GAV (J 3
I F C J .Ea,JTOP) APJGA ..,5*PIE

C ANGLE DEPINED IN CORN ER POINT o~ E RATIaN IS JSED
C A NGL E IS INTE RPO LATE D

A NGB.ANGAV (J—1 )
0 A MG. A MG 3. A N GA
ZFRAC.I.IIC2
ZF R A C . Z F R A C , N I N C
A MG u A ~GA FR AC IDA 4
IIIIIUP(J 1)
T uTGC I I I)
CAL L. , IAV3H a
~. I l h u E H
3141.3 1
T ’ lG( I)
CAL L. ~AVS H’
3112.31
p P p N P 6 . *R G ( J ) * C ( ~S C A M G ) * ( E P 4 . # i P t 1 # 3 $ ? ~ EH 1) /E $3
PPp R.p P P ’4 *S~ M (A ! 4 3~ANUM.P (I.1,J)*AIill (1,J)+P(I+1,J)*AIP1 (I,J).~)R*PP bA JM 1 fI ,J)
AMUilaANUM ,P (I,i+1)*AJP1 (I,J)44RMS (I.J)
P C I , J ) . A l U ~ / ( l, .A J 4 1  (I , J ) )
P(I,J.1)UPU,J) .OR*PPPR

B~ 5 
BEST AVAILABLE COPY
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P ( I ,  J — 1 )  .PC
GO TO 73 U

1150 NUP.3
C 121 TI 723 18 TIlE ~,A X A TI0N ST EP *PPI.IED 13 TIlE GE lE~ AL. ~3N
C CA V ITY  PSIP~T

72 1 T EMPSP(I,J)
P(Z,J).AIMILI,J)aP(IM*,J)$AIPI(I,J)*P(IPI,J)
PtI,J )SPCI,J),&JMICI,J)*PCI.J.1)
P(I,J)UP(I,J)~~~JP1 (I,J)*P(I,J41J+I3~~’IS(I,J)
PCI,J )’P(T,J3 *a P4(G*+O MO*T EMP
SI TO (123,72b ,1100, 769) , PIUP

C NUPII
723 CONTINUE

IF (PCI,J ).L1.PC) 52 10 725
GO II 1100

C SETS UP UA8C~4 P0~ I0~ NCJ ) IF P407 PREV IOU SLY DEFINE)
125 LUPCJ)’!.l

IP(P4TIP,E0,1) JTOPeJ 1
NUPIO
I F C I DW P4 ( J ) . E 1~.3) NJP ’a
IF(IOWN CJ) ,LE.I) NJP’4
P(I,J)’PC
50 10 73 0

C NUPS2
726 IFCt .EQ .ZD~N(J)) sa 70 721P(I,J)’ PC

GO T O 730
C iu~ sa

~6
q IF (PCI,J),GT .PC) 52 10 168

P(I,J)’PC
• 50 12 730

lbS ID~ N ( J ) u I
C SETS UP L4~ ER !Dw ~4 ~i*~ Ug3 IF N3T DEFI 4ED

1F (ID~ N (J~ 1).E~ .3) GO 10 5326Ga TO 5327
5326 J5.J.1

DI 5323 J3’2,J5
J0sJ .J3+i
IF( ! D~ M ( J d ~) . EQ ,0) ID 4 ( J 4 ) ’ I O M N C J 4 ~~1) + t

5323 CON TI ’I IJ E
5321 111.1

NUPS2
GO Y~ l3~3

C P L G I P ~ C~ R14 E~ NOD E A~ JJST PI~ NT P1E~ f • E~ D A T 113~727 IF(MT3P ,~ U.1) sa ~a 189
1F (I~~

;
~(J).LE.ID4N(J.1)) 50 T~ 188

riO 70 789
768 IDwIW (J).IDMN (J~ 1)+1

PuIJ )a PC
50 T O 130

169 NUPeS
C NSTPsO • sA S ~øT 1~2v E CORNER ~~~~ y tr
C SI • MIVI’4G Ca R dER N00t 12 ~~FT

BEST AVAILABLE COPY



C ‘2 — lOV ING C3RNE~ NO DE TO ~I ( M T
C .3 • INDICA TE S * R EVERSA L • C3RNU NODE IS ~3V E) ~A C~ A N)
C MOV ENE NT IS STOPPED

P4 S 1 P. 0
Tao ICISIDNN(J .1)

IF(J.E~ ,2) ICI.IDWN(J)1C 2 . I D i w M ( J + 1)
• NSPII

IF(MTO P ,~iE,1) 50 T a iaa
622 IUPD’IUPCJ)

IC?.(tDi4NCJ) —Z iP)) /2+IUP (J)
7a2 NINCUICI.1C2

DELIa.2 , .DR
IF(J,E~ .2) DELX’. DR
DELY..NINC*DT*~ SC J )

C ANGLE IS DEFINED
A N G UAT *Na(O EI. Y , O ELX )

C A ISLES ARE SET ~W EN NOT ASSI GN ED DURI NG FI RST FE~ 1TE ~ AT IMJ S
DO 1302 NN.1,b
IF (AN52 (J,kdN),E5,0,D) ANG2 (J,N4)IANG

1302 CO NT INJ E
C A”IGLE IS DEFINED AS AVERAGE OF A4 LES F~1R P3.19 IT E9 A T !~~~S

AP1G2(J,4)SANQ2CJ,3)
* 452 (J, 3) • AN 52 CJ ,  a)
AN5 2 (J ,2)SAN G2 (J ,1)

• *Pd G a ( J , 1 ) U A N G
A N G a O ,  25* (*N5 2 (3, 1) +*4G2 (J, 2) 4ANG2 (J, 3) .*N52( 4) )

824 AM5Av (J)~’ANGIX IS IUP(J)
T ’T G(T I l)
CA LL M A VSH P
EI1IEIl
SN! ‘81
I C 1 . I 0 w P 4 ( J )
T ITS C IC!)
CAL L #I4 V 5 P4~
8’4 2’131

: NE~ DEU PA~ TI*~..S A~ E F3UPID BASE D 2N C A V I T Y  B2 J N3A4Y Ca I T I ~1’~S
pP p’416.*RG ( J ) a C O S ( *N G ) *  (EH.8l1/8Il2*EI41) / EH3

7~ 4 P P P T . R G ( J ) a P P P 1* 2 $ ( *N G )
P P P R . P P P 4 a S I N ( A N 3 )

C A M A T R I *  2F CO EFFICI ENTS FOR T IlE CO RN ER N3OE A N D PO I NT S  J.iSt
: T O ITS ~II1~IlT AR E SET .JP

P MA T ( I ,?) UA T M I  ( 1, .J).AJMI( I ,  J) .1.
PMAT (I,3).AIPI(T,J)
BMAT (1) ..8~~lS (I, J) ,OT * PP PT.A IM I( 1 ,  J) ,D ReS P P4.AJ MI (  I,
V4MA7(t).SM*T (1).P(I,J,1)eAJPI (I,J)
PPP T o. PP PT

• NEQS IDWN( J .1). IDM’4(J )
IF(J .EQ ,?) NEQu I
111 s ’dE~ — 1
IF( IZT .LE.3 sa 13 7300

• 00 6001 LZ ’ I , IZT

BEST AVAILABLE COPY
B- 7



I ROW ! I 1+1
IN’I.!Z

• C IN BETW EEN A NG LES A RE INT ERPO LATE D
* NGA.A MGA V (J )
A 458 U A P45 A V C 3.1)
OA NG .A NG8 .AN GA
ZDUM.IZ

• NINCINES
AMG . Z DUM.DA NG/N T NC .A NSA
T. T G ( I N)
CAL L i~AVSHP
814 2.8!
PPPN s6, *RG(J )e C I S(AN 5) *CEN.Sr4 1 / Ip l2 *EP41) ~~E $3
PPPRIPPPN*SIN(* P45)
P M A T ( I R O i 4 ,2 ) U A J M 1 C ! N ,J ) u *,
P N A T ( I R O . ~, 1) I A ~~4 1( I N ,J)
pMAT( 1Ra~ ,3)sAtP1 (IN,J)BMAT (IR0 d)I.SRIlSCIN,J),0RaPPPRsAJM1(1N,J).~ (jN ,J,3)aAJ’1(1N ,J)
IF (IZ.E5,IZt) PMA TC IRO W ,3 ) . 0 ,
IFC IZ.E9 .IZT ) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

600 1 C O N T I N U E
C CO RNEN A ND ADJACENT PRESSUR ES A R E RE LAXED S T I MES

DO 1493 1*3.1,5
II’I,NEQ•l
PCI N , 3) s(.~ MA T ( N EQ, 1) * P( IN—j ,  3) +$M *T (NEa)) / P IA T ( I E 3 ,  2)
IF( IZT .LT .2) 50 10 1492
D~ 6002 IZs2,IZT
IP4UI,NEQ.IZ
IRÔW ’IN.Z ,l
P (IN .J)IPMAT(IRO ~ ,1 )*P (IP4.1,J).PMATCIR0w,3)*P(Ir4,1,i)
P(IP4,J ).C—P (IN ,J )43MATCIR0W)),PMaT(IR0~ ,a)

bOO ? C2NTPIUE
1492 CONT INUE
C T IE dINNER POINT PRESS UR E IS CA LC U LATED

P(I,J).(—P~ AT (1,3)aP (I,1,J).8MAT(1))/PMA7(1,2)
14~~3 C INTP4UE

GO T O 7001
7300 CONTINU E

F P (I,J).(BMATCI)—PM*T (1,3)aP(I,1,J)),PMAT(1,2)
7001 P(I.1,J).P(I,J).)T*PPPTo

!F ( I S T P ,E0 ,3) SO T 2 749
C FIRST CON D ITI O NS OP CO RNER POI NT PRESS J~ E E3JA L A P P R a X I NA T E LY  14

C A V I T V  PRESSUIE IS CHECKED
IF(P( I,J). T ,PC) GO T O 131
P(I• 1,J) •PC

C CORN ER PO INT IS MOVED T O RIGHT
I’I•l

3) II
I F C J .C3.2) GO TO 1115
Ir(I.G? .( I)W N(J.1) .1)) 50 10 63 1

1115 IF(4STP .EQ .1) 50 T a 733
I P C J ,NE.CJT OP . 1) )  50 T O 1506

• IF(NST P ,EQ .0) so ia 1506

B-S 
BEST AVAiLABLE COPY



r- • • -

50 10 801
1508 NSTP.2

GO ~o lao
801 I.I~~1Iowitn .z

MTkIPS 2
• GO TI 7330

.733 NSTP S3
ID w N C J ) . !
60 10 780

C SECOND CONDIT ION ~F CORNER POINT PRESSURE E5J*L *PP~ 2* IMAT E LY T O
C CAVIT Y PRESSURE IS CHECKED
731 IP( P(I .1 ,J ) ,LT ,PC) 50 TO 749

P(I.1, J ) sP C
C CORNEN POINT IS MOVED 10 LEFT

• 1’1—1
I D W P J C J )  I I
IF (!,L.T.(IDWN (J+1),1)) 50 TO 832
7 F (wS T P ,EQ~ 2) 30 T O 741
IF (J ,NE,(Jr0?.1)) GO TO 1509
IF (4STP ,EQ.O) s~ TO 1509

~~ t’~ 802
1509 N$TPuI

GO 70 743
402 1.1,1

IDWN( J) ’ 1
MT OP .2
(
~0 TO 7330

74 1 NSTP.3
IDW N( J).I
riO 70 140

74 9 MTØP.2
P( I . 1,J )UPC
GO TO 1300

7~ 00 1.IDWN( J . 1)—1
IF (J ,E1i1,2) 1’I3v~N(J)
4’JP*3

GO 70 7 33
C END OF CORNER NODE ADJUS TMENT
1100 CO NT INUE
~3D !F ( T .EGJ . I M M I )  50 16 1101

752 CONT INUE
1~ O1 IF (4JP .E~ .1) IQ’I’4(J)a0P C IMAX , 3) ii ’ (1, 3)

72u cONTI NUE
CA LL LKL.OA D

C LEA KAGE *40 LOAD FOR THIS ITERATI ON A4E TABULATED
• MLOD (III).’4L0*D

05INC !II)s~ P4QQOUT (III) ‘GOUT
WR IT EC6 , I6I I I I ,Il,,aA O,GI r4,GOJ T

• WR ITU6, 17) ( ID ~~4 ( J *) , J * . 1 ,J M A g )
lb FOR NAT ( I4 ,3E2 I .6)

8-9 BEST AVAILABLE COPY



IF( III.LT.S) GO T O 710
• TA L1 u I l LO3 ( ITI .7),HLOD(1II.b)+IlLO0(III.5),H~.33 ( I I I—4)

Ufp I P 4 A V u D , C~
• LJQIITAV~ 0,0

DO ~3 ~~K S 3 , 5

K( K l~~~ .1
j M A V u D~ I NA V +~ Q I4( I I I.KKK)

1~ Q TAV .D TA V,~ GOLJT (III .KKK)
(4 (~ I N A VI  (~ U I ~ A V / A K
U D O T A V * 0 0 0 T A V / * K (
UQAVa(3INs~ OJT)/?,C L~1At) CO NV ERG ENCE C H ECK ED
IF(A ~ S ( ( T A L 1 . T A L2 )/ T * L I) , GT ,EPS) GO T O 710

C L~. A K A G E  t~*LA NCE CIECKED
IF (a Bs cu Q INAv.o~ a r Av ) / o u INAv) .LE .3 .1)  CO TO 2001

lIt) C~ NT INUE
IT€NS.III
WR ITe. ( b. 1)

I PO&MAT ( NO CONVERSENCE’)
1~~TL D :!AL2+EMLOA)
w I~IT E(b ,l53 INA V , T A V ,T 0T L),HL0A0, 3 0 A V , 2 M E5A P

iS F~ RM 4 t (#ie.1 (4.b)
WE

~;) OI I T E ~ S’II1
7$ T L I) .TA L2 ,EMLOA )
P’ILS.ILO A D/ T O T L D * 1 30 .
~R J T E U ~, 1 7 ) C I D M N ( J ) , J I l , J M A X )

11 F~i~ M A T ( I 1 ! 3 )
~RITE (b,la )ITE~ S,3~ INAV ,QDO TAV ,TOT _0,IlL0*D,~~3AV ,aME G*P

1’~ F iR’~A T ( ’  ITE NS : ,15, ’ 3Q INAVU ,Ela. 6 ,’ o~ aT * v : ’ ,E14.b. ,,
I’ T~4 T LD ’,Ej 4 ,6 , ’ l~~O A D $ ’ ,E 14 ,6~ ~3 A V ’,E 14 ,b,’ O l E 5 A $ ’ ,E14 .~~)

R ET (iNN

• BEST AVAILABLE COPY
8-10

_ _  _ _  J



r

SLJ~ ROUTINE WAV SH P
C SUBPROGRAM CALCULATES EXPECTED VALUES AN D DERIVATI VES .• C THETA CT) MUST BE SJPPLZEO

COPIM~IN DT ,)R,T5C102) ,RG(13) , IlAX ,J~I A X ,MASP (132)
COMM O N T,R ,R1,R0,PI,PO ,PC,P (102 , 13),PIE,P4~ AVE, PF A C,PP4LS
C O M M O N  HMEAN ,14!A (t0),P4I8(I0), )EL,MTERMS, I AJ P , Z A DN
C~~ MOP~ H,DIl,EN,DE$,EM3,0EH3,EIOH3, BI,D BI ,EMLOAD, PIAR (l32)
C O M M O N  A IM I u 0 2 , 1 3) , A I P I U O e , 1 3 ) , A J M 1 C I O 2 . 13 ) , *J ’1( 102,13)
C~’MMON BRHS( 1O?, 13),HLD(102),4LaAD,5IN ,Q3UT,TOTL),!l2M

2000 IS IM EA Pi
I#4’O ,O
1.1
CCC . A V E* I
CS s C OS ( CCC * T )
SN I S I ? f l C C C *T )

D4s DH.CCC * I lIA ( I)  *SN
IF(H ,LE.1, J) GO TO ?S
C HIM
I) E l a  D H
FM3.M** 3,H/3.
PEM3. (N , *4 * I 4 +~ ,) * D~4/ 3 ,

Ll Iê I.(EION,2.sIe(33.,H*H*(15.*Il*PI.40,))/15.)S35./32,
E10P4513,*(1,.,I*H)*(5,*H*H 1,)*ALOG ((M+t,)/ ($el ,))
E10M31(E1O13.I4.(26, 30,*H*H))*S5,/32,
81’),
081s0 .

• 52 70 50
25 EMI—O .25P4*HaC3.1.4*P1/Sb.)

El .(Q . 12S.s4*( 16 , /35 ,+H* ( 0.54 l~~H* E P 4 ) ) ) * 3 5,/32 ,

EH3II6,/35.4Ila(.25+P$*HA (.,05+l*H*(3./260,.4*$/643,)))
E 4 31(,D25,Il* (Ib,/135,4M*C,375,4*(EIl3))))*35,/32.
1 EP1311. + la4 * ( e ,3Pli’N*( 3./35 ,.l*H/84.))
DEP43 I( 1b ./ 1DS.,l*(.1S +I4 * (48 ,/35.~ H* DEH3) ) )*3S ./32 . A0M

EI OP’.CE,lOM/60,,(1..M*W )A*3*ALOG ((i,+$)/DEL))*35./32,
I1i~’43’1.E+10I,1s( 16 .+ le ( 3 5 .4I l* Ha( .35 .+HaH*(2 L. — 5 .* H* H)) ) ) /3? ,
08 11(1 ,.le~~) * a 3 * 3 5 ,/3~~,*QI4

51’; WETUR,9
E’IF

BEST AVAILABLE COPY
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SU8ROUTINE LKLOA D
C SUBPROGRAM CALCULATES LEAKAGE AN D MECHAN ICAL , AND PU !) PRESSJ~ E
C LO AD SUPPORT

COMMON DT ,DR ,TG (10Z),RG (13),I~ A X ,J~ AX ,HASP (132)
CO MMON T ,R ,R1,R0,PI,P0,PC,P(132,13),PIE,’4WAVE,PFAC,P$LS
COMMON HMEAN, HIA (1D),HI6(10),OEL,,NTERMS,IA JP,ZADN
CO MM O N H,DH ,EM ,D EM ,EH3, DEH3,E10P4 3,BI,OSI ,EMLOAD. 18A1C 132)
COMMON A IP11(102,13),A IPI(102,13) , AJ MI( 102,13), AJP1 (102,l3)
COM MON BRNS (l02,13),HLD(102),ILIAD,GIN ,GOUT,TSTLD,EIO H
DIME NSION EMLD(102)
HLOAO I O.3
EMLOAD .0.0
J$T~~P.J M A X . 1

• DO 100 I11,P4AX
MUD (I) .0,0

• EMLD (fl13,3
PBAR (1)’D,)

CALL ~4AVS H’
DO 50 J~ 1,J5T 0P
HLD (I)IHLfl(I),)R*(i~G (J)*P (I,J)+RG,(J+t3*P (I ,J~ 1))l2,/~ 0so CONT INUE
e.MLD(fl.(l ..‘BI )*PFAC
P R A ~~( I )  .EMI,D(1),~$LD(S)IF (T,E~ ,1) r,a TO 100
NLO AQ.HLOA ),N~IAVE* (TG(I)u.TG(I.1))* (NLDCI)•HL,3(I 1))/2,*R~
e.ML~ A 0.E~ t•O Ao,NwAvE * (EMLnCI),ENL0CI.t))*.5*CTGC !).T5(I.t))

100 CO NT INUE
DO 10!~) ILEAKII,2
r~o To (110 ,120),ILEAK

110 RIRI
J~ 2
OD d S — O R
(IINSO ,3
GO 10 133

I?f) RuRO
J 1 J 4 A X — j

0 DR OR
QOU T . 3.0

130 DO 200 T . 1 , I M A X
220 T s T G ( I )

CALL &VSHP
DPRSCP(I,J,1).P(I,J 1))/2,/0R
r,PORIDPR.0DR.(P(I,J.1).2.aP (I,J)4P(I,J.1)) /09/DR

• r4TNEW.—DPORaR*EHS*8I
IF(I,E~i .1) GO TO 180
GO tO (165 ,170),IUEAK

• lbS DIN.DIN,NW*VE*CGTOLD,STNEW)*(fG (I).T5 (I.1)),?,,1l,
50 T O 160

110 CONTIN UE
JOUT .DOUT,NWAVEa (2T0L0+QTNE I).(TGC1).T (Z.t))#?,/1?.

• 180 (
~T6 LDIDTNE~200 CONTI NUE
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• 1000 CONTINUE
RETURN
END

, 1
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SUBROUTINE PRS$AR
C SU8PROGRAM CALCULATES THE N—IN P~ ESSU~ E HARMONICS PAl A NO P81

COMMON DT ,DR,TG (1D23 ,RG (13) ,IMAX ,J M A X ,NASP (132)
COMM ON T,R,RI,90,PI,P0,PC,P (132, 13),PIE,NWAVE ,PFAC ,PHLS
COMM ON HMEAN ,HIA (13) ,HIO (10),DEL,,NTERMS,I*JP,IADN
COMMON W~ OH, EN, DE s , E 13,OE 13, £IOH3 , 81,081, EMLOAD. ‘6*9(1 32)
COM MON A1M1 (102,I3),A !P1 (102,13),AJM ICIO? ,13 ),AJ31 (132,13)
COM MON 8RHS(j02,13),IlLD (102) ,HLOAD,~~IN ,QOUT ,TOTLD ,E1O HDIMENSION PBA (1Q),PBB(10)
P8.0 ,0
Lii

PBA (L. L,)uO ,0

oo Ra D I~~I,!MAX
8ILi T?.TG (I)

A RGILL*Ni~AV E *T2
P~ A2IPBAR( I)*COS (*RG)
PAU?.PBAN (I)*SIP4(A95)
IF(I ,EQ .1) GO TO 830
P~IA(LL)PP8A (LL),3.5* (PBA2+PBAj)* (T2.T1)*M~ AVE /PIE
PB8 (LL )IPB~ (LL)+3,5*(POB2+PBB1)*(T2UTt)*N ~5A IE/P7E
IF (L L . N E ,1) GO TO 830
PS.P8+O.5* (P8A9(I)+P8AR (I.1~~)*(T2~ Tl )*NWAV ~ /e,/PIE

830 11.12 5

P~~A t iPB*2
PB~~~iPbB2

840 CON T INu E
~‘ R IT E ( b ,  1) ’R*( LL) , PB8C LL)
F~JN

MAT( / ,SK ,’P~ ESS IRE 4AR MONICSI’,2E14,b)
URN

BEST AVAILABLE COPY
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SUBR O UT INE W L O A D (~~,Ha)
C SUB PROGRAM USES SECANT METHOD TO FIND 40 THAT MAT CHES APP LIED
C LOA D TO LOA D S~ PPORT• C O M M O N  DT,)R,TS (102),RG (13),IMAX ,J 1AX ,HASP (102)

C O M M O N  T,R,RI,~~O,PI,PO ,PC,P(132,13),PIE, NW *VE , PF A C,PHLS
S COM MO N 4ME * N ,I IACIO )  ,$ IBClO) , DEL.,NT ENMS, IA J P ,IADN

COMM ON 14,D I ,EH ,DEI$,EH3,0EM3,EIO N3,$I,DBI ,EMLOA D, PBAR (132)
• COMMON AIMI (102,13),AIPI (10?,13) ,AJ M 1 C102,13),*Jp1 (102, 13)

COMMON 8qHS(j02,13),NUDC102),HL3AD,~~IN ,G3UT,TO TLD ,EtO H
0 4 01,05
TO L . ,005
IK.0
H 01 .p 4 a
H 02 • D P40
1103. 0 ,3
P3 .0 ,0
JTER .D
(10 20 I ’1.10
1 P ( T I ~,E0 , 1) 50 TO 33
IF(H03.E:J,M02) GO TO 32
HMEAM.PIOI
‘.RITE (b,23)HO1 S

23 F~~R M A T ( 3X ,~~~3,5)
CA LL EONSOL (1,7, ,331, 130, ITERS, J T E N J
J T E P a J T E ~ ,1

• T F ( T T E R S ,E,4 ,103) GO TO 21
J M M I . J M * X — t

• ?b F1. t~1 T L O — W
IF iA8 S ( F 1/ 4 ) ,LT ,T0 L,~ GO TO 13

• 1FCH O3 .E~~ ’IOt) GO TO 33
32 H4 ~ A N$ MO 2

wR I TE (b,23)H02 
S

CA L L  E J SO~~(l,7 , ,031, 100 , I T E R S ,J T E R)
J flR.JT E I
IF( 1TERS.E~~.l03) Ga TO 27
F2.T OTLD.W
IFCABS (F2/#4).LT ,TOL ) GO TO 13

5 33 H03.H01—Ft*fI402.HOl)/ (F2—Fj)
IF (F1*F?)2,2,3

~ H M E A N I PIO3
IKu I
w R I T E (6 , 23)
CA LL E0NS0~.,(1,7 , .33 1,100 , IT E RS ,J TE ~ )
JTERu JTEd ,1
1F (ITE NS ,E~ .1OD) 50 10 27
F3.TOTLDeW
IF (*B3(F3/4).LT ,TOL) 50 70 10
IF (F3*F?) 31, 31, 33

• 3 IF (ARS(H63.NO1) .LE. ABS(1103 .e402)) GO TO 31

30 MO?1W03
P~~’F3

TO 20 BEST AVAILABLE COPY
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r~

31 11Q’ 1S l~~3
F 1I F3

S 20 C O N T I N u E
S WR ITE (b ,11 )

11 F~ WMA T (3X ,’WO CONV ERGENCE IN ~L0AD’)• 10 wI4ITE (6,13)JTER S

13 F0 4MAT t5~ , HMEAN CaNVERGEPJCE .ITERAT !ON$I’,IS)
WRITE (b,t2 )HME *N ,TOTLD ,PHLS

12 FORMA T( 3X ,’HMEAN$ ’,E1a ,b,3X ,’TaTL0I’,E1 4,b,3K ,’P.4L3S’,EI4,b)
27 WRITE(b .j)

• 1 FORMAT( IPSI,/)
100 O~ 21 II .1,IMAX

HASP (II)$0,O
T ’ T G CII) 

S

CAL L ~A V S N~IF(H ,LT ,1 ,) HASP ( I I).1,0
5 

21 ~R 1TECb, 22)!I,CP(II,JJ),JJat,J MAX),HA SPC1I )5 

22 f~lRMAT( T4 .10P7 ,4,2X,I1)
2K RET u RN

r 

-

• 

S
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r~ r S

SU8R~1UTI~ E FRICT ( PS BA R, ROO C, 9P’,A MU )
• C $U8PR~iGRA H CA LC ULATES FRICTION

COMMON OT ,3R ,TG (jD2) ,RG (13),I4AK ,JMAK ,IASP (132)
CO MMO N T,R,Rj,9O ,PI,PO,PC,p (132,13) ,PIE,N~ *VE,PF*C,~~MLSCOMM ON P4ME&N ,HIA (I3) ,HIB (10),)EL, NTERMS,I*JP ,IA DN

• C O M M O N  H,D~4,EH,DE4, EH3,DEH3,E13H3,OI,Db!,EMI.aAD,’8AR (1 32)
C O M M O N  AIMI (102,13),AI PI (102,13),AJ MI (102,13),AJ PI (102,13)
COMMON B9HS (102,13),MLD (102),4~0AD, 5IN ,QOUT,T OTL),El 3’4
FZsO,t)
00 10 JI1,JMAX
TSUM.O,
R.WG(J)

• NNII
00 20 I u 1 , I M A X
Go

30 I F ( P ( I , J ) , E Q ,P C) GO T O 60
50 TO ~ê0

60 ~.T G(I)
CALL 54A V Sp4 a

~
$() T.~~5(I)

CALL AA VSH~
I M I S T — t

• IP1’I+l —

IF (IPI.GT .IMAX) !~ 1s2
1F(IM I ,L T ,1)IM 1UIMAX .i

• Z F C P L Z , J ) , !Q . PC) ~ O 7 0 70
IJP.(P (IPI,J).P (I11,J))*,5/DT
P .R* R* ( R* EIOM , ,5/ R* DP*C ,4) * BI /RF
GO T O MD 

*

70 F .BIaRaR*R*E124*E141/EH/RF
S 

~ () F.P,ROvIC/RP* (1,.91)*PSBAR*R*9
FNEVi uF
I F C 1 ,E0 ,1)  GO TO ~3TSLiM.TSU ’ 1,(FNEq+ FØ4 ,D) * ,S* DT

90 FOLOIFNE 4
20 C O N t I N U E

I NITS U M
I F ( J ,C0 ,1) (~~ TO I3fl

10 FOIFN
l~

) C O NT INUE

END
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REOJIRED LOAD w.0,223~ 3HE.02NP~A VE 3
P0 0,5000E—02

• SIAC I ) 0.2030E DO
RI 0,R030E (10

0.I030E 06
S • P4 0,S000E 00

S 0,91500
• I 0,179433E.02 .0,446755E 01 u’D,24D259E.01

O *6 36 32 29 0 0 0 0 0
2 0, 178654E.D2 •0,389601E— 31 •D,20859$E.01

• 0 52 45 35 3i 23 0 0 0 0
3 0, 1761 46E.32 .Q,349013E—31 •U,184523E.01

0 57 51 ‘44 34 24 3 0 0 0
4 3,172072E—32 — 0,360421E—01 —0,6e3i12E~ O2 

S

O 57 53 46 39 25 3 • 3  0 0
S D.1b6l)6E.32 .O,3055?6L—31 .o,a73sb8E.o1

0 61 56 51 *2 3 0 0 0
6 3,IbSBO OE— D2 •0.3271b~ E—fl •3,259’IRRE—O1

3 61 57 5? 43 27 3 0 0 1
1 3,164552E—02 •0,3ldl SOE—31 •0,281439E—01

3 b~ 59 S3 43 28 0 0 0 0
8 0,16384 1E—32 •fl,28653~ E— ~11 — O ,247 166 E—3 l• 0 64 60 5* 43 0 C) U 0
9 D,l62*89E.32 •D.2827a3E— : 1 •O.273094E—O1

• a 3 65 61 54 0 3 0 3 0
10 0,161854E—32 ~0,2B3M74E .31 —0,277539E—D1

O 65 61 53 41 0 3 0 0 0
II D,1b15O1E.3? — O .282~~”8E—01 .U.?7382’dE—0t

• 0 65 61 51 40 0 0 0 Cl I
12 0.161300 E.32 — O , 2M 3870 E.Ot  •0,288D54E .D1

3 6 5 61 49 39 0 0 3 0 0
13 0,lblaq*E—32 —O .283276E.J1 —D .278332E—D1

S 0 65 60 48 3$ 0 0 3 3 0
• 14 D,161637E.32 .0,2M9Sb3E .D1 —3 , ?8119? E—D1

O 65 58 48 3? 0 3 0 3 3
15 0.lb2OqsE—32 —0 ,297?13E—JI •3.283798E.01

3 63 57 ~M 3M 0 3 0 3
16 3, 16?l18E— ~ 2 •0,307339e.—0t —3.2$4380E—0I3 63 5? 39 0 0 3 •J ‘1
17 3,1b3232E—32 —LP ,3O~ 073E.31 —0.285437E—010 63 57 50 ~l0 0 C) 3 0 0

• Ii 3,163701E—32 .0,31S~ 3DE— i1 —D .2Q0627E—01 S

0 62 57 50 ~1 0 0 3 0 3
19 3.164370E.32 •0,3t~~K7bE~)1 •D.2774H3E.01

0 6? 58 51 4 )  0 3 3
20 D. 164331E .3? •o ,3n4 4 c1 3~ — 31 — D , 2 6 1 7 9 0 E .o i

0 63 59 51 ~ 1 3 3 0 3 3
• 21 0,163963E—3? •0,31 1?77E.31 —0.213358E.31

0 6 3 SR SI 4() 0 U 3 3 0
22 3, 1 6 3 7 1 7E — D 2  •0,3(,351Q.31 —0.273742E.0)

3 63 63 51 39 0 0 3 0 0
23 0.lb3alTE—32 •0.295142L—01 —U .2723~d9E.O10 6* 60 50 39 0 C) 0 0 0

O 64 63 50 3ci 0 0 3 0 0
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5 
1 0,0 0 ,0006 0,0012 0 ,00*7 0,0325 3, 0029 0 ,3034 0.3039 0,0343 3 ,3350 .
• 0.0 0.3004 0.0005 0.0013 0,0011 0,0024 0 ,00 53 0.3336 0,034 3 3,30,3 a
3 0.0 0.0002 0.0005 0.3009 0 ,03 14 3,0020 0,00’b 0,3033 0,034 1 3,3050 a
S 0,0 0.0001 0,0003 0,0006 0,0313 3,30*4 0.09?? 3,3330 0,0039 3.3030 a
S 0,0 0.0 0,0001 0,0003 0,0007 3.00*2 0,0319 3,3028 0,0035 3.30,0 a
6 0.0 0,0 0.0 0.0001 0.0304 3.0009 0.J016 0,3025 0,0331 3,3050 a
7 0,0 0,0 0,0 0,3 0,0302 3,300? 0,03 1s 3,3023 0,03 35 3,3059 a
S 0.0 0.0 0.0 0.0 0,0301 0,3005 0.0312 0,3022 0,0335 9.3050 a
9 0,0 0,0 0,0 0,0 0.0303 0.0004 0,~~~13 0.3020 0,003. 3.3350 a
10 0.0 0.0 0.0 0,0 0.0 0,0003 0,0339 0,3019 ø,0~ 33 3,3050 a
11 0,0 0.0 0,0 0.0 0,0 3,000? 0,0039 3,3019 0,0052 3,3350 *
2 0.0 0.0 0,0 0.0 0.0 3,3002 0.3005 O,301S 0,033? 3,3033 a

13 0,0 0.0 0.0 • 0.0 0.0 3,0001 0,0337 0,30 1? 0,0332 3,3059 a
14 0.0 0.0 0.0 0.0 0.0 3,3001 0,3307 0,3011 0,3331 3,3059 a
15 0,0 0.0 0,0 0,0 0,0 3,0001 0,000? 0,3317 0,0331 3,30,9 5
16 0,0 0.0 0,0 0,0 0,0 3,0001 0,0336 0,3011 0,0331 3,30 0 a
17 0,0 0.0 0,0 0,3 0.0 3,0001 0,3036 0,3316 0.3331 3,3350 .
15 0.0 0.0 0,0 0,0 0.0 3,0001 0,0306 0,3316 0,0~ 31 3,3033 a
19 0.0 0.0 0,0 0,0 0.0 3,0001 0,0306 0,30*6 0.0331 3,3359 a
20 0,0 0.0 0.0 0,0 0.0 3.0001 0,0306 0,3016 0,333 1 3,3353 S
21 0,0 0.0 0,0 0,0 0.0 3,3001 0,0337 0,3017 0,0331 3,3050 a
22 0.0 0.0 0,0 0,0 0.0 3,0001 0,3307 0,3017 0,0331 3,30~ 3 a
23 0,0 0.0 0,0 0,0 0.0 3,0002 0,9337 0,3317 0,333? 3.)3 3 a
21 0,0 0.0 0.0 0,0 0.0 3,0002 0,3338 0.3918 0 ,033 ? 3,30 3 *
23 3,0 0,0 0,0 0,0 0,0 3,0006 0,0013 0.3320 0,0333 3,33 9  a
21 0,3 0.0 0.0 0,3 0.3 3.0007 0,0312 0,3021 0,0333 3,30,3 a
27 0.0 0,0 0.0 0.0 0.0 3,3008 0.0013 3,3021 0,0334 3,30~ 9 *
2S 0.0 0.0 0,0 0,0 0.0 3.3006 0,3313 0,3022 0,333; 3,33~ 3 *
29 0,0 0.0 0,0 0,0 0.0 3,3009 0,0314 3,3022 0,0035 3,3053 a
33 0,0 0.3 0.0 0.0 0.0 3,3009 0.0314 0,3023 0.0335 3.30,0 a

S 31 3.0 0,0 0,0 0.0 0,0 3,3009 0,03*5 0,3023 0,0315 3,33,3 a
32 0.0 0,0 0.0 0.0 0.0 3,3009 0,0015 3,3024 0,3~ 36 3,33,9 3
33 0.0 0.0 0,0 0,0 0.0 3,0010 0,00tb 0,3025 0,3336 D,33 3 3
3$ 0.0 0.0 0.0 0.0 0.0 0.0010 0.3316 0,3025 0,0336 3,30~ 0 3
33 0.0 0.0 0,0 0.0 0.3 3,0010 0,0016 0.3025 0,0336 3,33,3 3

• 36 0.0 0.0 0.0 0.0 0,0 3,3010 0,0316 0,3325 0,0337 3,33~ 9 3
• 31 0.0 0.0 0.0 0,0 0.0 3,0010 0.0317 0.3026 0,0937 3,30,0 3
S 36 0,0 0,0 0.0 0.0 0,0 3,0009 0,0316 0,3026 0,0357 3,3059 3

39 0,0 0.0 0,0 0.3 0,0 3,0006 0.0016 0,3025 0,3337 0,30,9 3
43 0,0 0.0 0,0 0.0 0,3303 3,0007 0,3314 0.3026 0,0337 3,3353 3
41 0,0 0.0 0,0 0,0 0,0301 3,3008 0,0016 0,3326 0,0331 3,30)0 3

S I? 0.0 0.0 0,0 0,0 0,0301 3,0009 0.0311 0,3027 0,3339 3,30~ 3 3
43 0.0 0.0 0.0 0,0 0,000 2 3,0010 0 .00 18 0,3026 0.0359 3 .30 59 0
IS 0.0 0.0 0,0 0.0 0.0303 3,001* 0,30*9 0,3028 0,0339 3,3053 3
45 0.0 0.0 0,0 0.0 0.0004 3,00*? 0.3323 0,3329 0,0339 3,30,9 3
lb 0.0 0.0 0.0 0,0 0,0005 3, 30 13 0.0321 0,3033 Q• 33 43 D,30 3 3
*7 0.0 0.3 0.0 0.0 0,0006 3,0014 0,3)22 3,3031 0,0343 3,30~ 0 3
II 0.0 0.0 0.0 0.0 0,0007 0,0015 0.3023 0,303? 0,3 3 1  3.3350 3
49 0.0 0.0 0.0 0,0 0,0308 3.0016 0.0324 3,3033 0.0341 3.33,3 3
S3 0.0 0.0 0.15 0,0001 0,0309 3.3017 0,3325 0,3334 3,3 3 2  3.3050 3
51 0.0 0.0 0.0 0.0001 0,0313 3.0018 0,3026 0,3055 0.034? 3.3353 3
52 0.0 0.0 0.0 0,0002 0.03*1 3,0019 0,39~ 6 0,3035 0,0343 D,)3i3 3
53 0,0 0.0 0,0 0,3003 0,0312 3,3021 0,9329 0,3356 0,3343 3.3353 3
55 0.0 0.0 0,0 0.3004 15,0013 3,00.12 0,3353 0,3037 0,3344 3,3053 3
55 0.3 0.0 0.0 0,3005 0.0015 3,002.1 0,305* 3.3038 0,0345 3,39,) 3
56 0,0 0,3 0.0 0,3305. n.ci~*s 3.002~ o,~~;s 0,30 .49 rI ,334~ 3,3153 o
51 0.3 0.0 0,0 0.3006 0,0319 3 .30 21 0,3 094 0,334 1 3,094 6 3 ,3341  3
56 0.0 0.0 0,000* 0.0011 fl.03?1 3 ,3329 0 ,03*6 0,3(1 4 ? 0 ,0941 3 ,30 0 3
59 3 •3 0.3 15.000? 0.0014 0.0325 3.3051 0,0 3* 6  0.3344 0~ 3 3 7  3,3351 3
63 3.0 0.0 0.00154 0. 9016 fl.03~ S 3,33 54 1• 3 3 4 3  3. 0345 ~ ,0~~4l 3 .9 3 4 3  3
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62 0~ 0 ~~ ~~~~~~ U.~I0 2? 0,0332 3;004O 0.304)  0 ,304 9 0,0353 3.3053 3
63 0.0 0.0004 0,0017 0,15026 0,0337 3,0043 0,0348 3,335* 0.3351 3,3350 3
64 0,3 0,0012 0,15023 0,0033 0.0341 3.0047 0,0351 0,3053 0.035? 3.3050 3
65 0.0 0,00*4 0.0026 0.0336 15.0044 0,0050 0,0051 3,3055 0,0353 3,3050 3
66 0.0 0,0016 0.0029 0.0039 0.0347 3.3353 0,0)56 0,3056 0,0354 3,30,0 3
67 0.0 0.001? o,oo3o 0,0041 0,0049 3,0055 0,3356 3,3058 0,0355 3,3350 3
68 3,0 0,00*7 0,0032 0.0043 0,0051 3.0051 0.0059 0,3059 0,0356 3,30,0 3
69 0.0 15,301$ 0.0033 0.0043 0.0033 3,0059 0,0361 0,3060 0,3351 3.30,3 3
70 0,0 0.0019 0,0034 0,0046 0.0035 3,0060 0,3363 0,306? 15,035? 3,3350 *
71 0.0 0.0019 0,0035 0,3048 0.035? 3,0062 0.0964 3,3363 0,0355 3,3030 a
72 0,0 0,0020 0,0037 3,3049 0,0356 3,0364 0,0366 0,3364 0,0939 3,30,3 a S

73 0,0 0.0021 o,003e 0.3051 0,0363 3,3065 0,0067 3,3063 15,0359 3,00~ 0 a
75 0,0 0,0021 0,0039 0,0052 0.0061 3,00b7 0,3366 0,3066 0,0963 3,093 a
75 0,0 0,0022 0,0040 0.0053 0,0063 3,0068 0,0373 0,3067 0,336) 3,3033 *
76 0,0 0,0023 0,0041 0.0355 0,0364 3.0370 0,0371 3,3068 0,0361 3,3050 *
77 0,0 0.0023 0,0342 0,0056 0,0365 3,0071 9,3)7? 3,3369 0.036* 3,33 0 *
iS 0.0 0.0024 0,0042 0,3057 0,006? 3.0012 0,0373 3,3370 0,3362 3,3350 a
79 0.3 0.0024 3,0043 0,0056 0,0369 3,0373 0,3974 3,3010 15,036? 3,9050 .
50 0.0 0,0024 0,0044 0.3356 0,0069 3,0074 0,3375 0,3011 0,3363 3,3D~ 0 *
SI 0,0 0,3025 0,0044 3,3059 0,0969 3,00 74 0,0315 0,3071 0,3363 3.30 0 *
S2 0,0 0,0025 0,0044 0,30 59 0.0369 3,0315 0,3376 0,307? 0,3363 D,~~0,3 a
53 0,0 0,0013 0,0045 0.3059 0,0373 3.0373 0.3376 0,3072 0,0383 3,3053 *$5 0,0 0.0025 0,0044 0.3359 0,0069 0.0015 0. 307 6  0,337? 0,336 3 3,3350 *$5 0.0 0,3025 0,0044 0,3059 0,0349 3,3074 0,0375 0.3071 0,3363 3,3053 .
Sb 0,0 0,0025 0,0044 0,3358 0.0369 3 .3374 0 .037 5 0 ,337 1 0,0363 3.30513 a
57 3,3 0.002* 0,0043 3,0357 0.0047 3,0013 0,3374 0,3070 0,9362 3.33,0 *
SI 0,0 0,3023 0,004? 0.0356 0,0066 3,0011 0.937? 3,3049 0,036? 3.33~9 *
59 0,0 0,0023 0,004* 3,39 54 0,3364 3, 0069 0 .0371 0,3068 0,336 1 3,3353 a
93 0,0 0,00 22 0,00 39 0,00 53 0.0362 3,034 7 0 ,9069 3,3366 15,3363 3 .3050 a
91 0,0 0,0021 0.0037 0,0350 15,0059 0,0065 0,0366 0,3065 0,3359 3.3350 a
9? 3,3 0.0019 0,0035 0,0048 15.0356 3.3062 0,335.4 0,336 3 0,03 58 0,3053 a
93 D ,D 0,0018 0,0033 0.3045 0,0953 3,0059 0.0361 0,3060 0,33 57 3,3353 a
9* 0,0 0,0017 0,0030 0,0041 0.0349 0.0355 0,3356 0,3055 0,0353 0,3050 •
SS 0,0 0.0015 0,0028 0,3038 3.0346 0,0051 0,0054 3,3055 0,0354 3,3053 *
96 0,0 0.0013 0,0025 0,3034 3,0341 3,01547 0,33~ 3 0,305? 3,035? 3.3359 a
9? 0,3 0,0312 0,002? 0,3030 (1,03*1 3,0042 3,3346 9.3049 0,3353 3,30,3 a
91 0,0 0,00*3 0,0018 0,00 25. 0,003? 3,0038 0 ,3042 3 ,3 346 0,3346 3.33 50 .
99 0.0 0.3006 0,0015 0.00?? 15.0329 3,3033 3,0318 0.3043 0,3347 3,33~ 3 a

130 0,0 0,3006 0,0012 0.0011 0,3323 0,0029 0,03;; 0,3339 0,035 5 3.30~ 3 .

Cfl~ FIC1E~ y SF FIIICTXeIS. 0•310 9E—31

P6!$SIJSI NA 5MS~ ICSs .0,?1S?4a~ —33 3,212904~ .33
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