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ABSTRACT

This exposition presents a state-of-the-art survey of models and

algorithms for the convex cost network flow problem.
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I. INTRODUCTION

The convex cost network glow problem may be easily described in terms
of a distribution problem over a directed graph [V, E], where V is the node

get and E is the arc set. The capacity of arc j is given by u,, and the

j,
vector of all capacities is denoted by u. The decision variable xj denotes

the flow in arc j and the vector of all flows is denoted by x. The convex

cost function associated with the flow in [V, E] is given by g(x). Math-

ematically, the convex cost network flow problem may be stated as follows:

! min Ay (1)
? s.t. Ax = r (2)
0<x <u, (3)

where A is a node-arc incidence matrix for [V, E], and r is the vector of
requirements. If r, > 0, then node i is a supply node with supply equal

T, If r, < 0, then node i is a demand node with demand equal -r Nodes

i

™ 0 are transhipment nodes. We assume that L Zi T,

in which case total supply equals total demand. If r, < 0, no feasible |

solution exists. If T, > 0, we may place the problem in the prescribed

g

is zero,

having r

form by adding a dummy demand node having demand T and extra arcs from
each supply node to the dummy node. In this case g(x) remains a function
of the original arc flows only.

The convex cost network flow problem is simply a specially structured
nonlinear program and may be solved with any of a host of techniques.
However, due to the underlying network structure, specializations of these

approaches have been developed. This exposition presents a summary of the

best known applications of convex.cost network flow problems as well as a

unification of the algorithmic approaches available: for these problems.
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Our objectives have been to (i) help researchers place their work in the proper

context with the existing literature and (ii) to help practitioners in algorithm

selection by presenting the algorithms available in a uniform notation. Further-

more, implementation has been the underlying theme which has guided our presentation

of the algorithms.
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II. APPLICATIONS

There are two basic types of problems which are modelled as convex
cost network flow problems, equilibrium problems and production-distribution
problems. Equilibrium models appear in studies involving urban transporta-
tion systems, pipe network systems, and electrical network systems. A
sumnary of the various models which have appeared in the literature follows.
Convex cost network flow problems may also arise as subproblems when using
penalty or barrier techniques on nonlinear programs having network constraints

as a proper subset of the constraint set (e.g. see 3, 11, 33, 41, 49).




2.1 Equilibrium Flow Models

The equilibrium problem most widely studied by operations researchers
involves the distribution of traffic in urban transportation networks. For
this type network the nodes represent zones or intersections of streets in
a metropolitan area while the arcs represent streets, expressways, tollways,
and so forth. The supplies and demands are given by the number of vehicles
which travel between zones during some period of time (for example the
morning rush hour). This model differs from other models presented in this
exposition in that it has a multicommodity nature. The commodities may be
viewed as either the flows between individual origin-destination pairs or
the flows from each origin to all its destinations. To minimize the number
of variables, the latter approach is adopted here. Let the sources (comm-
odities) be indexed by 1,...,p and let xk

3

on arc j. Let the function fj(z) denote the travel time for each vehicle

denote the flow of commodity k

on arc j when the total number of vehicles using arc j is z.

There are two basic models which have appeared in the transportation
literature corresponding to Wardrop's [44] two principles of traffic flow.
The first principle is stated as follows:

The journey times for all vehicles with the same orgin
and destination are equal and no greater than the journey
time which would be experienced by a single vehicle on
any unused route.
This is called the principle of equal travel times and is reflectéd in the

following model:

min I fj(t)dt (4)




SoEY Ax™ = ¢ (all k) (3)

2 > 8, (all k) (6)

where xk is the vector of flows for commodity k and rk is the vector of
requirements for commodity k. It is assumed that fj(t) for each j is cont~
inuous and monotone increasing over t > 0. The continuity of fj(t) guaran-
tees the existence of the integral while the assumption of a monotone in-
creasing function guarantees convexity (see Roberts and Varberg [37]). The
model (4) - (6) is genmerally called the equilibrium trafgic assignment problem
and its solution is often referred to as a user optimized flow pattern.
Charnes and Cooper [8] in 1961 were among the first to present (4) - (6)
as a model of Wardrop's first principle. Since then a series of studies
directed toward developing efficient specialized algorithms for the
equilibrium traffic assignment problem have appeared in the literature
(17, 18, 24, 26, 30, 35, 36]. In addition Dafermos [13, 14] have extended
this model for two-way streets and multiple classes of users.
Wardrop's sacond principle called the painciple 04 overall minimization

may be stated as follows:

Flows are disiributed over the arcs 0§ the network in

such a mannen that the sum of travel times for all users

48 minimized.

The corresponding model is simply

K K

min . Zj fj(Zk xj) (Zk xj)

s.t. AzE = & (all k)
= >0 , (all ¥).

The solution to this model is often referred to as & 4dystem optimized §low
pattern. Jorgensen [26] was among the first to investigate this model. Other
equilibrium models related to traffic assignment may be found in [1, 18, 43].
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The problem of finding steady-state flows and pressures in a pipe
network has been of interest to civil engineers and city planners for more
than forty years. In 1936 Hardy Cross [12] developed the first algorithm
for solving such problems. His procedure is simply an iterative method
for solving a system of nonlinear equations which describe the equilibrium
behavior of pipe networks. Recently Hall [20] and Collins et. al. [9]
discovered that this problem could be modelled as a convex cost network
flow problem. For this type network the nodes represent reservoirs and pipe
intersections while the arcs represent pumps, pipes, and valves of various

types. The model is simply

4
min Zj ( fj(t) dt (7)
0
s.t. Ax = r (8)
z = 0, (9)

where for pipes, pumps, and valves, fj(t) denotes the head loss (pressure
drop) in arc j as a function of flow in arc j and for artificial pipes
connecting the ground to a reservoir, f,(t) is a constant. The decision

3

variable xj is the flow in arc j in units of volume per unit time. As
before fj(t) is assumed to be continuous and monotone increasing.

The problem of finding the steady-state currents and voltages for a
nonlinear resistive electrical network may also be modelled as a convex cost
network flow problem ({7, 19, 16, 23]. For this type network, nodes represent
points of connection while arcs represent the various electrical components.
The model is identical to (7) - (9) where for all components except voltage
sources, fj(t) denotes the voltage drop across the element represented by

arc j as a function of current flow in arc j. For voltage sources which

are connected to the ground by arc j, f,(t) is a constant. The decision

3
-




variable xj denotes the current in arc j. Each fj(t) is assumed to be both
continuous and monotone increasing.

We note that both the pipe network model and the electrical network
model each have special structure which can be exploited in developing
solution techniques. Even though the particular cost functions used differ,
both are separable and convex. Hence, we conjecture that an algorithm which
proves to be effective for one of these models should also work well on

the other model.




2.2 Production-Distribution Models

Distribution problems in which demands are given by random variables
rather than by known constants may be modelled as convex cost network flow
problems. Let DC V denote ﬁhe destinations whose demands are random
variables. Then the requirements for k € D are random variables. Let
fk(~) for all k € D denote the density functions corresponding to these

random variables. Further, let h, denote the unit holding cost and s, denote

k

the unit shortage cost at destination k. Then the objective is to choose

k

amounts to be shipped in order to minimize the shipping cost plus the expected
holding and shortage costs. Mathematically this problem may be stated as
follows:

|
T !

k
4 o -
min L poegXo + I op by J (lrkl £) £, (t)de +
0
Lty S J (t - lrk|> £, (£)dt
i

0 <x <u.
Note that for the demand nodes, the requirements are variables rather than

constants. That is, lr for all k € D represents the total amount shipped

|
k
into node k to meet its unknown demand. Problems of this class were first
suggested by Dantzig [15]. Special procedures for models of this type may
be found in [11, 32].
Distribution problems for which the demands are known constants but in
which some of the supplies at the production facilities are unknown may also
be modelled as convex cost network flow problems. The basic underlying idea

is that production facilities can increase their capacities by any of a series

increasingly expensive additions of equipment and services. For this type

.-
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model some of the requirements, r,, are decision variables. Let fk(rh)
18
denote the total production cost at facility k for a production level of

of e Then we obtain the following model:

min Zj cjx1

S.C. Ax =r

+ Zkfk(rk)

0 <x<u.

Algorithms for models of this type have been developed by Sharp et. al. [40],
and LeBlanc and Cooper [31].

A convex cost network flow model has recently been proposed by Rosenthal
[39] to study multireservoir water release scheduling for the Tennessee
Valley Authority. The objective is to maximize the benefit of hydroelectric
power. This benefit function reflects the savings of thermal fuels that result
from using hydroelectric power. For this model the nodes represent reservoirs
at a given time period to a different reservoir at a later time period or (ii)
a reservoir connected to itself at a later time period. One type of arc allows

for the release of water while the other allows water to be stored.




III. ALGORITHMS

There are basically two tvpes of algorithms which have been proposed
for solving the convex cost network flow problem, approximation methods and
feasible direction methods. Approximation methods use a piece-wise linear
approximation for g(x) and solve the resulting linear network flow problem.
Feasible direction methods, however, work directly with the nonlinear cost
function g(x). Let y denote a feasible point for (1) - (3). We define a
direction to be any nonzero vector. A direction d is said to be a geasible
direction at y if y + Ad is feasible for some A > 0. A direction d is said
to be an Amproving feasible direction if d is a feasible direction and the

directional derivative of g in the direction d at the point y is negative.

Given the above definitions, the feasible direction algorithm may be described

as follows:

ALG-7: FEASTIBLE DIRECTION ALGORITHM

0. Initialization
Let Yo be any feasible point, let € > 0 be a termination tolerance,

and set k « 0.

1. Find An Improving Feasible Dinection

Let d be an improving feasible direction at Vi
2. Line Search
*
Find & such that

*
g(yk + o d) =amin0 {g(yk + ad): A(yk +ad) =r, 0< Ve +ad <ul}.

Set Vbl © Y t O*d and k « k1. If ig(yk+l) - g(Yk): < € terminate;

otherwise, go to 1.

=l D
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The major difficulty with the above algorithm is the determination of
an appropriate direction finding program for step 1. The various methods
differ in the means for finding d. However, all the methods presented in
this exposition make use of the directional derivative. Recall that the
directional derivative of g(x) at y in the direction d with Euclidean norm
|df is given by

d
g [% +t T‘i] = gly)
Dg(y) = lim &

£ =0

t

providing the limit exists [28]. A more computatiomally useful form of the
directional derivative is given by

-G L

D g(y)
4]

d
where Vg(y) is the gradient ef g evaluated at y.

Since Ddg(y) < 0 whenever Vg(y)d < 0, Vg(y)d is the eipression used in all
feasible direction methods for the selection of an improving directionm.

The particular type of line search used in step 2 usually depends
on whether or not g is differentiable. If g is differentiable and the deriva-
tives are easily calculated, then a bisection search [3, 33, 49] is usually
used; otherwise, either a golden section or Fibonacel search [3, 33, 41, 49]

is used.

sl
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3.1 Piece-Wise Linear Approximation

In order to simplify the presentation we assume that g(x) is separable,
i.e. g(x) = Zj gj(xj). Suppose K linear segments are to be used in the
approximation. Then the interval [ O, uj] is partitioned into K segments

each of length uk for k = 1,..., K, such that u, = Zk u?. Let v? denote the

h| h|
right end point for the pth segment. That is,_v? = ft:i u?- Let xk denote the
flow in segment k of arc j with unit cost of c?' Then xj = Zkgk.
- J
Substituting xj = ka§ into (1) - (3) vields
min Z ck x%
ik als
st Zk Axk =r
k k

0<x <u , (all k)

where xk is a vector of all flows for the kth segment and uk is a vector of
bounds for the kth segment. There are numerous techniques [7, 9, 10] which

may be applied to determine the unit costs, ck. An extension of the idea

]
of least squares has been used in [9, 10]. To apply this approach we define

k-1

Kipe 300000 ke Lo, SR
hj(xj) pj + cj (xj Vj )

for the interval v?_%iX.f_v

k
j .» where v? = 0. Then c? is selected as the

J

value which minimizes

k
v
k 2
I g - 2P ae.
, J ]
¢ k-1
Y3
For the first segment, p} = gj(O) and for all other segments p? = h§-l(vg-l
J J

The formula which vields this minimization may be found in [10].

=)D




3.2 Frank-Wolfe Method

In 1956 Frank and Wolfe [19] proposed a method for solving
nonlinear programs having a convex differentiable cost function and linear
constraints. Given a feasible point at iteration k for (1) - (3), say yk,

one finds another feasible point, say z, , by solving the linear network

k,
flow problem min {Vg(yk)x : Ax = r, 0 <x <u}l. As a by-prodoct of

the solution of the linear network proolem, one gets a lower bound.

N

Consider the following prcposition:

Proposition 1.

Let X denote an optimum for (1) - (3) and let y be any feasible point
for (1) - (3). Let z solve the linear program min {Vg(y)x : Ax = r, 0 < x < ul.
Then g(X) > g(yi + Vg(y)(z -4y).
Proof. By Theorem 4 page 72 of [29] we have g(X) > g(y) + Vg(y)«(X - ¥).
Then g(R) > g(y) + Vg(y)f - Vg(y)y. But Vg(y)% > Vg(y)z. Therefore,
g(X) > g(y) + Vg(y) z - Vg(y)y = g(y) + Vg(y)-(z - y).
Using the lower bound provided by the aéo#e proposition, the Frank-Wolfe

algorithm may be stated as follows:

ALG-2: FRANK-WOLFE ALGéRITHM
0. Indtialization
Let Y be any feasible solution. Set k + 0, initialize the lower bound
B « -, and choose the termination parameter € > 0.
1. Solve Network Subproblem, Update Bound, Check Foa Tewmination
Let z denote the solution to min {Vg(yk)x tAx = £, US XS u}.
Set 8« max (8, g(r,) + Ve(r) Gz - y)). If g(y) - B %<,

terminate with y, as an e-optimum; otherwise, k « k +1.

k

=] Y




Line Seanrch

Let Y be the point on the line segment between Yi-1 and z having

smallest objective function value and go to 1.

It is well-known that the convergence rate of this procedure slows sub-

stantially as the optimum is approached [9, 17, 18, 32, 35]. Several modifi-

cations of the basic algorithm have been proposed to enhance the computational

effectiveness of this procedure. These are designed to avoid the zigzag

character frequently exhibited by this procedure. Figure 1 illustrates

this phenomenon.

the direction (y

Figure 1 About Here

The method of parallel tangents (PARTAN) [33] integrates movements in

is given below.

ALG-3:

Initiakization

(same as ALG-2)

Kk Tk-2

) along with the basic Frank-Wolfe steps. The algorithm

FRANK-WOLFE ALGORITHM WITH PARTAN

Solve Network SubproblLem, Update Bound, Check For Terminaticn

(same as ALG-2)

Line Seanrch

Let w be the point on the line segment between V-1 and z having

smallest objective function value. If k = 1, Yie + w, and go to 1.

w] =




w
.

PARTAN Step
Let Yy be the feasible point having smallest objective function value
on the half ray from V-2 through w, and go to 1.

Figure 2 illustrates the Frank-Wolfe method using PARTAN.

Figure 2 About Here

‘In 1970 Wolfe [47]_presented a modification of the Frank-Wolfe
algorithm which incorporated what is called away 4teps. The modified

algorithm is described below.

ALG-3: FRANK-WOLFE ALGORITHM WITH AWAY STEPS
Initialization
(same as ALG-2)
Find Toward Step Direction, Update Bound, Check For Termination
(same as ALG-2 with k + k + 1 deleted)
Away Step Direction
Let w denote the solution to

max {Vg(yk)x thx=sg, 0<x<u, 2, =01 (yk) = 0}

3 3

Set d? « Ve = W

Find Max Movement Tn Away Direction
Let a? denote the solution to

max {a¢ : A(w +0.d2)-r,0iw+d-d2iu}.
a>0

1f a? < 1, go to 5.
Select Direction

If IVs(yk)ZI > IVS(Yk)WI, go to 5; otherwise, go to 6.

a5




Line Search With Towarnd Direction

Let Pst be the point on the line segment between ¥ and z having

smallest objective value. Set k « k + 1 and go to 1.

Line Search With Away Direction
*
Let & denote the solution to
2 * .2
min {S(Yk + ad“)}. Setk + k + 1, Bl ¢ +a d2,

1<ac<a?

k-1

and g0 to 1.

The Frank -Wolfe method using away steps is illustrated in Figure 3.

Figure 3 About Here

Holloway [22] proposed a different extension of the Frank-Wolfe
method. This extension requires that Yo and each z produced in step
1 of ALG-2 be saved. Suppose that after k passes through step 1
that these solutions are denoted z_,.

..,zk_l. Then Holloway suggests

that the line search of step 2 ALG-2 be replaced by the following

problem,
i=k-1 3\
%+
min g(yO i=0 ziai)
s.t. A+ I a =1 ) (10)
A,ai >0, (all i). )

*

i
A* 45 *
-~
then y Yo Ly Zfli'

Letting X*,a for 1 = 0,...,k=1, denote the solution to (10),

-16=-
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The computational experimentation as represented by [17, 22, 321
using both the away steps and Holloway's extension on different classes
of problems is inconclusive. These extensions have been of benefit on

some classes of problems but have slowed computational times for

others.




3.3 Zoutendijk's Method of Feasible Directions

In this section we present a specialization of the work of Zoutendijk [50]
to the convex cost network flow problem, (1) - (3). We assume that g(x) is
differentiable over {x : 0 < x < u}. Given a feasible point y, any feasible
direction d must satisfy A(y + ad) = r for some @ > 0. Clearly, for (1) - (3)

any feasible direction d must have Ad = 0. Furthermore,

dj.E 0, for all j such that B 0 and;
dj < 0, for all j such that Xj = uj

Then an appropriate direction finding program is the following:

min Vg (y)d (11)
g.t. Ad =0 (12)
dj > 0, for all j such that Yy = 0 4 (13)
dj < 0, for all j such that yj - uj; (14)
|d] = 1. (15)

Due to the nonlinear comstraint (15), (11) - (15) is difficult to solve.
Hence a relaxation of (11) - (22) where (15) is replaced by

12421,
is usually solved. The relaxed problem is simply a linear network flow
problem. If an improving feasible direction for (11) - (15) exists, then
an optimum solution to the relaxed problem will be an improving feasible

direction although not necessarily the best local direction.

=B




Beale [4] was the first to apply a feasible direction algorithm (similar
to that described by Zoutendiik) to the convex cost network flow problem. How-
ever, this work was designed for a bipartite structure. Furthermore, the partial
derivatives are approximated and the flows are always changed by a single
unit. This approach does not require that g(x) be differentiable, it avoids
the need for a line search, and it is applicable to integer as well as
continuous ptobiems. Extensions of this algorithm to an arbitrary network
have been given by Hu (23] and Klein [27]. Other similar approaches_may be

found in [34] and [45].

«19=




3.4 Rosen's Gradient Projection Method

The gradient projection method [38] is motivated by a desire to implement
the feasible direction philosophy while not requiring the solution of a linear
program at each iterat%on. The strategy employed is to move, if possible, in
an improving feasible direction, derived from the negative gradient, so that all
active (currently binding) constraints remain active. The negative gradient
is projected onto a subspace of the feasible region which insures that all
active constraints remain active. If the projection is a non-zero vector, it
will lie along an improving feasible direction. If the projection is the zero
vector, then either optimality can be verified or one attempts to find an
improving feasible direction for which one or more binding constraints become
non-binding. The procedure guarantees that either an improving feasible direc-
tion can be found or optimality can be verified. For the convex cost network
flow problem, the equality constraints (2) are always active; whereas, the in-
equality constraints (3) may be either active or inactive at any given step.

Given a feasible point y, the subspace tangent to the active constraints
is given by the set M = {d : Ad = 0, dj =0 if yj =0 or yj = uj}. It is
well-known that one row of A is redundant [2], and that A has rank equal to

the number of rows less one. Let A denote the A matrix with one row deleted.

Let ' = {§ : Y =0 or ¥y uj} and let k denote the order of I'. Let

e'
= ]
A= .__.1__
e
32
e‘

-20-




where ji e P for i = 1,...,k; and e. is a column vector with a one in position
ji and zeroes elsewhere. We assume that A has full row rank and we let M =

{d: Kﬂ=0}. A subspace orthogonal to M is defined by N = {h = A’a o€ EP}
where p is the row dimension of A (i.e. the number of nodes + k minus 1).

The following proposition proves that M and N are orthogonal.

Proposition 2.

M and N are orthogonal.
Proof. Let d € M and let h € N. Then h can be represented as h = A"a for
some & € EP, Then d"h = d"A"a = (Ad) @ = 0.

Then any vector in En, can be Fepreség;ed by d +h whe;§ d € M and
h € N. 1In particular, the negative of the gradient can be represented this
way. That is -Vg(y5-=‘; + A’a for some a e EP. Hut R = -AVg(y) -AAa =0

implies a = -(A X’)_l AVg(y). Since A has full row rank the existence of

(A K')-l is guaranteed [5].

Therefore d = -Vg(y) + A"(A K')-l A Vg(y)
-{1-32AEIT1)%.

Letting P= (I1-A"@Q g Ml ¥ ) we have
d = - PVg(y),

where P is called the projection matrix. That is, Px for any vector x
is the projection of x on the subspace M. The following proposition proves
that d = - PVg(y) is an improving feasible direction, when d # O.

Proposition 3.

Vg(y)d < 0, where d = - PUg(y) # 0.
Proof. Vg(y)d = [Vg(y) +d - d]d = [Vg(y) + d]d - dd. 3But Vg(y) + d is
orthogonal to d. Hence Yg(y)d = -dd < 0 for d # 0.

If -PVg(y) = 0, then eicher optimality may be verified, or one seeks
an improving feasible direction by allowing movement of the variables ccrres-
ponding to active constraints from (3). Verification of optimality requires

straight-forward Kuhn-Tucker analysis, the details of which may be found in

a3]=




{33]. When -PVg(y) = 0 and a variable for which movement is to be allowed

is identified, the corresponding row of (3) is removed from A. This gives
rise to a new projection matrix P and a newly projected vector -PVg(y). This
process continues until either an improving feasible direction is obtained
or optimality is verified.

A major part of the computational burden of the gradient projection method
involves recomputing the projection matrix when A changes. However, A A is
a symmetric matrix and specialized inversion techniques and data structures
may be used to maintain (K'Ku)-l. Furthermore, all changes in A A" may be
accomplished by adding or deleting a single row from A. Hence changes in
(K'X’)-l may be obtained by a simple updating scheme which may be applied
several times each iteration. These updating procedures are specializations
of the following proposition.

Proposition 4.

Consider the partitioned matrices

| i
g L
A= O and B = I
;S P
{
& + N s 0 A S
-1 -1 -1
where B = A 7, and A1 and BA are assumed to exist. Then
-1 -1 -1 -1
B1 A1 + Al A2 Q A3 A1 5
-1 -1
B2 -A1 A2 @ Ty
-1 -1
B3 -Q A3 A1 5
-1
B, =Q ,

_l .
where Q (A4 - A3A1 Az), and

! -1
Al = Bl - BZBA B3.

A proof of Proposition 4 may be found in [6].

o




Suppose that a row, say e;, is to be added to A. Let XV =

e
Then = _
A3 ! Ae
: s
- = :
A
1
= |
eA” | 1 .
s
Then by Proposition 4,
8 |
A M q@TY T e @I 1 g AT TN Re
e —1 |
R R e e s e i e S O e 3150
|
1 |
-q e; A‘ (A A’)- : q
ke |
where q= 4
1-e @A) Re
s ]
Suppose that the last row, say ey {s to be removed from A. That is
PO e
e‘
s -
Let [a” ! q] denote the last row of (K'Z')-l. Then
* 1
A | a
| 1
(A A7) e  leecaa ;S
I
5 |
a | q .
|
Then by Proposition 4,
T B —1 * l -
Ay A7) = A'[ :] - (17)

(16)
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Of course, if the row to be deleted is not the last, (X K')-l is transformed
by interchanging both the last row with the one to be deleted and the last
column with the one to be deleted, before applying the updating formula.

The general algorithm proceeds as follows:

ALG-4: GRADIENT PROJECTION ALGORITHM

> Initialization

Let Yo be any feasible solution and set k « 0. Develop A and (K-Xu)—l.

This inverse may be developed by beginning with (& R')—l and applying (16)

|
[ successively.
| 1. Calcuwlate Profection

set d « -(1 - & @A) DVelyy)-

2 Line Seanrch
*
If d = 0, go to 4, otherwise, let @ denote the optimum of

min {g(yk + od) ¢ 0 <, kod < ul.

>0 -

*
Set yk+l S yk £ d, k+ Kk $+ 1

3. Check Binding Constraints

For each constraint from (3) which is binding and is not accounted for

in A, append a row to A and update (K'K’)_l using (16). Go to 1.
4, Check for Tewmination

Set § « - (A X')-l A Ve(y). Let Jo o Gj > 0 and row j of A corres-

ponds to a variable at zero}. Let g e Sj < 0 and row j of A

corresponds to a variable at upper bound}. If Jol_j Ju = ¢, terminate

with yk optimal; otherwise, select any k ¢ JOKJ Ju’

delete row k from

A, update (A K')_L using (17), and go to 1.

The major disadvantage of the above procedure for convex cost network flow

problems is that the network structure cannot be easily exploited.
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However, A 7 can easily be derived from the network structure. The
element in the ith diagonal position is the number of arcs incident

with the node represented by row i of A and for i # j, the (i,j)th element
is the negative of the number of arcs connecting the nodes represented by
rows i and j. However we know of no way to develop (A ﬁ‘)—l using only
graphical operations. Also note that Kés will always consist of the

sth column of X with additional zeroes appended at the bottom.
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3.5 Simplex Based Methods

There are two simplex type methods (the convex simplex method of
Zangwill [45} and the reduced gradient method of Wolfe [46]) which may be used
to solve convex cost netwgrk flow problems. Both techniques may be viewed
as generalizations of the linear simplex method. They adhere to the simplex
strategy of partitioning the variables into basic and nonbasic sets, but
they differ from the linear simplex method in that the nonbasic variables
are allowed to assume values other than their upper and lower bounds. As
with the linear simplex method, the convex simplex method allows a single
nonbasic to change at each iteration while any number of nonbasics may change
with the reduced gradient method.

Suppose we partition Ax = r into [B !N]x = r where B is a basis. Like-
wise, partition x into [xBE xN] and u into [uBE uN]. Then (1) - (3) may

be stated as follows:

min  g([x> } x'1)

St xB = B—lt - B-leN
B
0 < xB < 4

After substituting for xB we obtain

min f(xN)
8.8 0 f_B—lr - B-leN‘i uB

Uis xe S e

N -1 s L
where f(x) = g((B r = B "Nx E X ]). By making an analogous partitioning of

Vg, 1.e. Vg(x) = [VgB(x) VgN(x)], we obtain

TE(x) = Vg (x) - TgB)B LN, (18)




Hence, Tf(xN)d/ldl is the directiomnal derivative in nonbasic space. For

the convex simplex method, d is always a vector with one nonzero entry which
is either 1 or =1, The components of (18) play the role of the reduced costs
in the linear simplex method. Given the direction of change (i.e. the non-
basic variable to change) a one dimensional search is required to determine
the magnitude of the change. An actual simplex pivot is performed only if
the resulting change forces one of the basic variables to zero or upper bound.

An illustration of the convex simplex method is given in Figure 4.

Figure &4 About Here

Recall that the graph associated with (1) - (3) is defined by the node set
V and the arc set E. Following the notation of Johnson [25] a &imple path
in [V,E] 1is a sequence of alternating nodes and connecting edges such that no
node (or arc) is repeated. The direction of the arcs is unimportant in de-
fining a simple path and both i, (i,j), (j,k), k and i, (§,i), j, (F,k), k
are simple paths connecting nodes i and k. A cycle is a simple path together
with an arc joining the beginning node and ending node of the path. A
connected graph is a collection of nodes and arcs having at least one simple
path between eve;;”é;i; of nodes, An& a tree is cognected graph with no cvecles. e

Since A has rank N - 1, we add an artificial variable to some row (node),

say row 4, to obtain the following svstem,

Ax + gea =r, (19)

where e, is a vector with a 1 in the ZFh position and zeroes elsewhere. The

variable a4 does not appear in the objective function (1) and the upper bound

T
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for @ is set to zero. Let B be any basis of (19). Clearly a appears in every
such basis. Then the subgraph generated by B, called FB, consists of all
vertices of V and arcs corresponding to columns of (19) in B. The artificial
variable may be thought of as an arc incident to a single node, i.e., node £.
It is well-known that FB is a tree, if and only if B is a basis [2, 25].

Node £ is called the root of the tree.

Let xj denote the flow in arc j. Using this terminology the convex

simplex method is now presented.

ALG-5: CONVEX STIMPLEX ALGORITHM

0. Initialization
Let y be any feasible point and partition A into [B ! N].
1. Pricing

Set ¢ + Vg () ~ V&t GiB .

Any non-basic arc j having c? > 0 and yj > 0 or c? < 0 and yj <u, is a

3

candidate for flow change. If no such arc exists, terminate; otherwise, let
¢ denote the entering arc.

2 Ratio Test
Suppose the entering arc has its tail at u and its head at v. The ratio
test requires that one determine the orientation of the arcs on the simple
path from u to v in FB. Let R+ denote the set of arcs in this path from
u to v that are traversed in normal direction (i.e., tail to head) and

let R denote the set of arcs in this path traversed in reverse direction.

Then the maximum change in x¢ is given by

e




a min X min ta, = x5 v, = 2.} 5 4f e, €0
5 38 3 hi ki ¢ ¢ ¢
win st+ jeRrR
5ot
Lo min xj’ min (uj o xj)’ X¢ s 1if C¢ > 0.
- +
G jeR jeR

If V=0, go to 5.

3. Line Search

Define the direction vector as follows:
(<1, 1f arc i is in R,
1, if arc j is in R,

d “
3 ﬁ 1, for § = ¢,

0, otherwise.

*
Let & denote the solution to the following

min gly + a{} g 3 c¢ <0
0<ac<a

min gy + ad)p, if % > 0.
-“A<a<0

4. Update FLows

*
X+x+ad
*
If |a | < A, return to step 1.
If c:‘b < 0 and A = uc - x¢, or if c¢ >0 and A = xw, go to L,
55  Pivot Required?
Some basic variable is either at 0 or upper bound. Perform a pivot

entering xy in place of one of these basic variables and go to 1.

=29~




Specialization of the pricing and line search operations for the convex
simplex method have been developed in [21]. Computational experience using
this approach may be found in [9, 36, 42].

Using the same terminology the reduced gradient method is now presented.

ALG-6: REDUCED GRADTENT ALGORITHM
0. Initialization
Let y be any feasible point and partition A into [B: N]. Renumber the

variables such that y = [yB ' yN] and VB = [yl,...,y ] and VN= v
b = y

'Il'ﬁ‘l"..’y
Choose a termination parameter € > 0.
1. Caleulate Reduced Gradient and Direction In Nonbasic Space
N B - N
c + Vg (y)B Iy - Vg (¥).
N 3
c 1 00< <u
5 L ey
c? s if c? < 0 and yj = uj
dm+j +< P j=1...n
N N
¢ if ¢, >0 and y, = 0
- S i '3
0, otherwise .
\ P,
If ]dm+j| <€, j=1,...,n, terminate.
2. Calewlate Direction In Basic Space
Set d; « 0, § = 1,...,m. Let arc J be denoted by (t,, h,). Let R;"
denote the set of arcs in the path from tj to hj in FB that are traversed
in normal direction and let R, denote the remaining arcs in this path.

h|
& [Initialization] k <« m + 1.

b. [Cycle Trace Required?] If dk = 0, go to d.

3=




N +
- d -
c [Update Direction] dJ 4 dj . for all 4 € Rk

N -
dj * dj + o for all j € Rk'

", [Check For Termination] If k = m + n, go to 3; otherwise,

k+ k + 1 and go to b.

Ratio Test
u —

@ + min min| 3 73 min | 73

1 =1, , o d >0 d, d.<0 |-d

J J ] ’

) 43 al = 0, go to 6.
a, « ain min uj - yj min yJ

i=a+1l,..0,m + 0 d.>0 d d,<0 | -d

j 3 3 3

a3 +< min [al, a2],

Line Search
*
Let @ solve the problem

min 5 g(y + ad).
0<ac<a

Flow Update

%* %*
y+y+ad. Ifa <a1, return to 1.

Pivot

Some basic variable is at zero or upper boand. Perform a pivot letting
some nonbasic variable having dm > & # 0 enter the basis in place of

some basic variable at zero or upper bound and go to 1.

w3]=




Computational experience with both the convex simplex method and
reduced gradient method may be found in (42). In addition, mixed

methods combining both techniques have also been suggested in (42).

w32
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Illustration of Zigzagging Phenomenon
of Frank-Wolfe Method.
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Figure 2. Illustration of Frank-Wolfe Method with PARTAN.
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I1lustration of Frank-Wolfe Method Using
Away Steps. (----, toward step directon;
=SS E==—w == away step direction.)
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BASIS 3 -

BASIS 2

BASIS 1

Figure 4.

Illustration of Convex Simplex Algorithm. (Points
Y through ¥, correspond to BASIS 1. There are

two degenerate pivots at y_ corresponding to bases
2 and 3 before reaching Vel
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