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ABSTRACT

Flutter Analysis of a Cascade of Staggered Blades in
Subsonic Flow. (December 1977)
Louis Kronenberger, Jr., B.S., Texas A&M University
Co-Chairmen of Advisory Committee: Dr. Balusu M. Rao
i Dr. Leland A. Carlson
~

The purpose of this report is to utilize a numerical lifting
surface theory developed by Rao and Jones to predict the unsteady air-
loads on an infinite cascade of staggered blades in subsonic compress-
ible flow. An investigation is conducted to determine the effect on the
unsteady airloads when parameters such as reduced frequency, interblade
stagger angle, interblade spacing, and interblade phase lag are varied
over a specific range of values. Once the unsteady airloads have been
determined, they are used to perform an aeroelastic analysis of the
staggered cascade for a single degree of freedom in torsion and a two
degree of freedom system in bending and torsion.

Results of the single degree of freedom analysis yields flutter
boundaries.=Igese are compared to results obtained by Whitehead who
used a different)technique for calculating the unsteady airloads on a
finite cascade.~A new general flutter program is developed for the two

degree of freedom system.”The\airloads are used as forcing functions in

the resulting two Lagrangean equallions of motion representing the bend-
ing and torsional degrees of freedom:SThe iterative procedure of the
flutter program yields the flutter frequency and speed of the cascade

reference airfoil as a function of the cascade parameters.
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NOMENCLATURE
a = speed of sound, ft/sec.
a(m) = term in exponential series
: A = influence coefficient
f B = hal f-width of airfoil segment
i c = 24 = blade chord length, ft.
i
§ sz = complex translational unsteady 1ift coefficient
i
1 CQu = complex pitching unsteady 1ift coefficient
; sz = complex translational unsteady moment coefficient
3 Cm“ = complex pitching unsteady moment coefficient
T d = horizontal component of cascade interblade spacing
.;
1 D = d/e
! F = generalized force term
i
1 h = vertical component of cascade interblade spacing;
| = gz = flapped displacement
H = gh/2
‘ ng) = Hankel function of second kind and zeroth order
' H§2) = Hankel function of second kind and first order
I = imaginary part of unsteady aerodynamic derivatives;
blade mass moment of inertia about the elastic axis
| K = (¢upper - ¢]ower) = discontinuity in modified velocity
il potential between upper and lower surfaces of an airfoil;
complex doublet intensity in transformed coordinates
KZ = bending stiffness coefficient

K = torsional stiffness coefficient
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NOMENCLATURE (CONT'D.)

reference length (semi-chord), ft.

1ift per unit chord per unit span
1ift with reference to mid-chord
blades of the cascade; terms in exponential series

local Mach number; nose-up pitching moment about mid-
chord axis; blade mass per unit span

segment of airfoil
point on the reference airfoil; blade frequency, rad/sec.

roots of the quadratic equation for the real part of the
flutter determinant

solution to the Tinear equation for the imaginary part of
the flutter determinant

velocity, ft/sec.

distance from axis of rotation along blade axis

real part of unsteady aerodynamic derivatives

cascade interblade spacing

s/e = (D% + HZ)%; blade static moment about elastic axis

exponential series term
aso/ax

time, sec.
kinetic energy per unit span of airfoil
3¢/3x = perturbation velocity component along x axis

lTocal velocity, ft/sec.; blade potential energy

d¢/3z = perturbation velocity component along z axis

complex downwash velocity in transformed coordinates

complex downwash velocity at a point p on the reference
blade
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{x,2;,t) =
(X,Z,T) =

(Xp.Zp) =

Z =
Greek Symbols
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NOMENCLATURE (CONT'D.)
Cartesian coordinates and time
transformed coordinates and time

transformed coordinates at a point p

amplitude in flapping motion

amplitude in pitching or torsional motion
(1-—M2)'L2 = compressibility factor

(6 + eD)/2a

M2w/g2

percent blade chord; blade axis position
Mo /82

cascade interblade stagger angle, deg.
xS/ 2w

(w + ) = w/8?

9
cascade stagger angle as defined by Whitehead ;
displacement for flapped blade in transformation of axis

air mass density; slug/ft3.
cascade interblade phase lag

velocity gotentia], ft?/sec.; phase lag as defined by
Whitehead

velocity potential at a point p

transformed velocity potential
pt/U = reduced frequency

critical frequency

1
: (KZ/M)2 = blade bending natural frequency

xii
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Superscripts

Subscripts
le =

te =

xiii

NOMENCLATURE (CONT'D.)

(K /I)l/2 = blade torsional natural frequency
a

gradient operator in Cartesian coordinates

indicates non-dimensionalization with respect to the
blade semi-chord

indicates transformation to axis other than mid-chord
d( )/dt = first derivative with respect to time

d?( )/dt? = second derivative with respect to time

\

blade leading edge

blade trailing edge




INTRODUCTION

Many researchers have devoted considerable effort towards predicting
the flow characteristics through the multiple stages of blades that exist
in axial flow compressors. The research efforts have been concentrated on
obtaining the aerodynamic loads utilized in the design of more efficient
blades. In addition to the need for information about blade aerodynamic
lToading, flutter characteristics also need to be determined.

Assuming two-dimensionality, the flow through a single row of blades
is mathematically equivalent to the flow through a staggered cascade of
infinitely many airfoils. A staggered cascade is shown in Fig. 1, where
A is interblade stagger angle, & is blade semi-chord length, U is free-
stream velocity, and s is interblade spacing.

Early researchers like whiteheadl, Kemp and Searsz, and Schorr and
Reddy3, assumed incompressible flow and developed aerodynamic theories
and computational schemes for predicting the unsteady airloads on the
blades for oscillatory freestream flow and/or oscillating blades.

An example is the work of Kemp and Sears2 who studied the problem
of the unsteady 1ift generated on a reference airfoil of a cascade. In
their approach, they used an oscillatory freestream flow. Their study
considered the steady interaction between blades but neglected the un-
steady interaction and therefore, the effects of cascade spacing. Their
approach was to express the unsteady 1ift as a function of the design
parameters, such as the ratio of the airfoil chord and the disturbance

wavelength, thus enabling a designer to optimize the performance of a

The format of this thesis follows that of the AIAA Journal.
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turbomachine design instead of analyzing one particular blade arrange-

ment.

In another study, Schorr and Reddy3 treated the flow through a
staggered cascade of airfoils in which the effect of unsteady upstream
disturbances were included as in the case of unsteady or distorted inlet
flow conditions in an axial flow compressor. Their problem was also
formulated under the assumption of incompressible potential flow and
numerical results were obtained for oscillatory flow using an approximate
solution developed from the integral equations involved. In addition,
their solution yielded unsteady 1ift coefficients for the airfoils as a
function of the frequency of the oscillations and for different values
of stagger angle and solidity of the cascade.

In an independent study, Jones and Mooreu studied the incompressible
flow about a cascade of oscillating airfoils at zero mean incidence. In
order to obtain a solution, they utilized a unique numerical lifting
surface technique which differs from all other methods in that it makes
use of the velocity potential instead of acceleration potential doublet
distributions. A major advantage of this method is that it leads to a
simpler set of linear equations. Rac and Jones5 later applied this tech-
nique to the oscillatory flow about an airfoil of a staggered cascade.
Airload results were obtained for several values of high frequency,
interblade stagger angle, and interblade spacing and showed excellent
agreement with the results of Schorr and Reddy3. Results were also
obtained for one combination of interblade stagger angle and interblade

spacing at several interblade phase lag angles and frequencies.

3 6
In a technique similar to that used by Schorr and Reddy , Fleeter
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used oscillating inflow and considered the effects of compressibility on
both the fluctuating 1ift and fluctuating moment coefficients for cas-
caded airfoils having an upstream non-uniformity. A solution was obtained
for the time-dependent, two-dimensional, partial differential equations
which describe the perturbation velocity potential through an application
of Fourier transform theory. The resulting integral solution equation

was evaluated numerically by a matrix inversion technique. The fluct-
uating 1ift and moment coefficient variations were computed and repre-
sented as a function of Mach number, cascade solidity, cascade stagger
angle, interblade phase lag, and reduced frequency.

Jones and Moore7 extended the velocity potential formulation to
oscillating two-dimensional airfoils in compressible filow. In their
numerical method they replaced the series of Hankel functions by a rapid-
ly convergent exponential series. They studied the effects of varying
airfoil spacing, frequency, Mach number, and phase difference between
adjacent blades. Variations in the aerodynamic damping can become zero
but never negative at certain discrete frequencies. This is a desirable
characteristic with respect to flutter due to bending. The results also
indicated that the pitching moment aerodynamic damping relative to the
blade quarter-chord axis, while also being zero at the critical fre-
quencies, could be negative at the higher Mach numbers over a wide range
of frequencies of interest in flutter analysis. This is an undesirable
characteristic from the standpoint that it increases the area of insta-
bility for torsional flutter. In a recent paper, Rao and Jones8 utilized
the theory developed in Ref. 7 to determine the airload and moment

coefficients on a typical airfoil of a staggered cascade of airfoils in




subsonic flow. Circumferential distortion due to inflow conditions was
expressed as an interblade phase lag. The separate conditions for oscil-
latory inflow and oscillating blades were considered. Results were
obtained for several values of frequency, Mach number, interblade spacing,
interblade stagger angle, and interblade phase lag. The oscillatory in-
flow results compared well with those of Fleeter.

In his study utilizing compressible flow, whitehead9 presented
calculations for the torsional flutter of a cascade of unstalled blades
at zero mean deflection and subsonic Mach numbers. Whitehead found that
the effect of increasing Mach number was favorable and tended to sup-
press the flutter that was predicted by incompressible theory.

In this report, a numerical 1ifting surface theory developed by
Rao and Jones8 is used to predict the unsteady airloads on an infinite
cascade of staggered blades in subsonic compressible flow. The effect of
the geometric and flow parameters on the airloads is investigated by
varying them over a practical range of values.

'Additionally, an investigation is conducted for a single degree of
freedom system in torsion. The effect of the flow and geometric para-
meters is evaluated in establishing flutter boundaries and these results
are compared with those of Whitehead9 who used a completely different
computational procedure for calculating the aerodynamic derivatives.

Finally, a general flutter program is developed for a two degree of
freedom (bending-torsion), staggered cascade in subsonic flow.The geo-
metric portions of the equations of the blade motion are derived using
Lagrange's equation of motionlo. The unsteady airloads are used as

forcing functions in the resulting two Lagrangean equations of motion
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representing the bending and torsional degrees of freedom. By utilizing

an iterative procedure which permits frequency variation, the flutter
frequency and flutter speed of the reference airfoil are obtained as a

function of the cascade parameters.
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AERODYNAMIC THEORY
General

The governing equation for the unsteady, compressible, two-
dimensional flow of an isentropic, inviscid, irrotational fluid is

11
given in terms of its velocity potential by,

1 123% . 3 s 3 g?>
)2 M . 2 N s =
Vee a2 l:at? + 3t(Q ) + Q v(z 0 (])
where ¢ is the perturbation velocity and

0 = (U+u)i + wk . (2)

Freestream velocity is given as U. The respective perturbation velocity
, _3¢ _3¢
compenents along the x and z axes are, u(~;x0 and w(»dg).

Assuming that u and w are very small compared to U, Eqs. (1) and

(2) are combined to yield,

o2 %¢ 9% _ 1 3% | 2M 3%¢
(1-M) axZ ¥ ai% a? afg * T axet (3)

where M is the freestream Mach number and a is the speed of sound.

7
Jones used a non-dimensional coordinate transformation such that,

X = % 1=l 108 (4)

and

Y(x,z,t) * Uea(x,2)e’ (cXFeT) ()

1
where 2 is a reference length for blade semi-chord and g = (1-M?)2
Also,

‘E‘,C=T,and¢':\'¥(x,2). (6)
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When Eq. (3) is combined with Eq. (5), it reduces to a two-dimensional
Helmholtz equation for the perturbation velocity in the transformed co-

ordinate system,

vZ¢ + 20 = 0 (7)

where x = Mo

i

For a flow problem, the boundary conditions are usually prescribed.
For an isolated airfoil in compressible, unsteady flow, the solution of
Eq. (7) can be derived by the application of Green's Theoremlz. A rela-
tion for the velocity potential at a given point, ¢p’ is given in terms
of velocity potential distribution over the lifting surface and its
wake. Treating the 1ifting surface as a thin airfoil, the discontinuity
in the velocity potential between the upper and lower surfaces is ex-

oressed as a doublet distribution, K(= ¢ ). One such solu-

upper ~ “lower
tion for an isolated airfoil is given in Ref. 7. The relation between

the downwash at any point p on a thin reference blade on a staggered

cascade in subsonic flow and the modified doublet distribution K(X), is

given as,
32
= - | K(X)— X -X,Z ,D,H,0) dX 8
2 f(x) 2 So(Xp=X:Z,,,0.Hs0) (8)
-] 9 p

where,

w

e %Zeim("“m Héz){x[(Xp-x+mD)2+(mH-Zp)2]1/2} (9)

and D = % y. - ﬁ% , and o is the interblade phase lag. The blades of

the cascade are numbered m, with m = 0 as the reference airfoil. Since

So in Eq. (9) satisfies the wave equation in the form,




e -
a2 T — e —

9
3250 9250 : |
5 t — + k%S =0 10 -:
aX? = a2 e (10) |

and in the limit as Zp + 0, Eq. (10) may be rewritten in the form,

s
ZTW(Xp) 3 K(X) 'a‘x‘“ + i SO dX (]])

-1

e (2) 2,212 %:}
R e o L St 8 P
ax - 3 A (

1
[(xp-x+mo)2+mZHzTé

m=-e

The series involving Hankel functions (SO,S]) in Eqs. (9) and (12) have

very poor convergence Characteristicsa. Therefore, these are replaced
by an exponential series as shown in Refs. 13 and 14. However, it is
important to understand that this transformation from Hankel function
series to exponential series is valid only for an infinite cascade.
Hence, it cannot be applied to a finite cascade. The convergence of the
exponential series is so good, that the required computational time is
less than for a cascade when compared to a two-dimensional isolated

airfoil in subsonic flow where it is required to use Hankel functions.

R0 AN B 0BRSS o A2t

The transformed relations as given in Ref. 7 are,
* ~2na(m)|X_-X|/S
i " 1 e P
' S (13)
: 0 2 1
m==-co [(G‘m)2'112]2
i and,
§ - -2na(m) X -XI/5
f Sy = ig am)e » for X, > or < %a (14)
| 1.
| - 2orsl] 2
=, [(eem2-i?]
where,

B ————
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a(m) = [(d-m)z-uz]% g-i i(8-m) g-, for Xp > or < X, (15)
and,
s =5 =8 and s = (D24H2)% . (16)

The exponential form of the series S0 and S] not only converge

rapidly, but also provides directly the values for critical frequencies
as shown in Ref. 7. The Eqs. (13) and (14) will diverge whenever one of
the denominators vanishes and no solution of Eq. (11) would be possible.

The critical values of the parameter u for which the analysis fails are

given by,
1 S S [ T e

This phenomenon corresponds to a resonance condition at critical fre-

: quencies which constitute an infinite set of values of a parameter

g depending on flow and configuration characteristics at which the aero-
dynamic function becomes infinite everywhere. Resonance conditions, as
shown in App. A, are functions of Mach number, frequency, interblade

spacing, phase lag, stagger angle, and acoustic velocity. They repre-

sent the condition at which self-induced aerodynamic forces are zero

and the blades act effectively as if they were in a vacuum.
Boundary Conditions

e daownwash w(=w e can be expresse n terms ot ¢ ’ y
The d h wi=w'e’T) can b d in t £ 6(X,2) b

using Eq. (5),

' W= %%-= gue ! (eX+uT) %% ! (17)

Downwash can now be non-dimensionalized to give,

i ol Bi il e e i | T Th e it o e




' o-icX
=X (18)

W =

ol
Nie

Rac and Jones8 studied the effects of unsteady airloads on a cas-
cade of staggered blades in subsonic flow for both oscillatory inflow
and oscillating blades. For the oscillatory inflow condition, Rao and
Jones assumed a sinusoidal gust Toading such that the downwash boundary

conditions on the airfoil were,

(19)

where i = 1,2,....N. For the oscillating blades with flapping and

pitching motions about the mid-chord position as shown in Fig. 2, the

i A Ml S Y s <A

downwash boundary condition is defined as,

where z and « are the amplitudes in flapping and pitching respec-

z

'7 | w; - U[iwz' 4 (1+imxi)n'] (20)
{

|

|

tively. Since periodic motions were assumed, z and a are defined as,

L] : ' s
{ 1 TwT
; z=z2ePt =z

(21a)

R L (21b)

The Kn's are normally complex and depend on z and « for any

| particular values of w and M. A typical Kn will have the form,

f Kn = anz + bna (22)
where a, and bn are complex quantities and depend on frequency, Mach

number, interblade spacing, interblade stagger angle, and interblade

phase lag.
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Numerical Procedure

The numerical 1ifting surface method as developed in Ref. 7 is

utilized. The wake boundary condition is given by,

K(X) = Ktee“i\“(x‘” (23)

where Kie is the doublet strength at the trailing edge (X=1). When Eqs.

(11) and (23) are combined, they can be expressed in the form,

3S
1
' - - or ,?
Znhp ’J—K(X)<5Y + K So>dx + KteI (24)

where, .
; as
x -1\)(X-—]) -_] 2
I JE Kte<ax' + K SO>dX
1
& - 5 o w20 M2
S]t 1 Sot (1-M2)p (25)

w -271 N
450 L e SRR

; P (26)

ala [Zﬂa(m)+1' vs] [( g,_M)z_UzJ‘z

and a(m) = {ké-m)z-u%]Q g-- i(6-m) %~. The symbols Sot and S]t represent

SO and S] respectively at the trailing edge.

The airfoil is divided into N equal strips and K is assumed to be
Kn’ a constant over the nth strip, where n = 1,2,....N. Let 2B be the
width of each strip and Xn denote the center of the nth strip. In Eq.
(24), Xp and wp are replaced by Xi and wi respectively, where i refers

to the ith strip. Hence, Eq. (24) will then be given approximately by,
\l
I

= - - -4 - e, —
2, Z Kn[s](xi X,~B) = Sy(X;-X +B) + 2:7BS (X, xn)]

n=1
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+ Ktel(xi) : where i =1,2,....N. (27)
When Xi = Xn’ S0 is evaluated by integrating the exponential form of SO
over the interval Xn—B < X < Xn+B. For other intervals, Xi # Xn and S0
can either be found by integration or be taken as the mean value of So

over the interval. Kte can be expressed as a function of Kn by using the

wake condition. This relation is given by,
Kn a
“to ” Tatupne ) i
For a given geometry and flow conditions, the numerical terms in

Eq. (27) can be evaluated by using Eqs. (13), (14), (25), and (26). For

a known set of Ni's, Eq. (27) reduces to a system of N equations with N

unknowns , K], KZ""'KN’ when it is combined with [g. (28). It is
assumed that wi is known over the airfoil. In Eq. (27), this rcpresents
a set of linear algebraic equations given by,

2n{W;} = [AJ{K} . (29)

Therefore, knowing the values of {W.} and [A] allows for the determina-

tion of the doublet distribution, {K} .

Aerodynamic Derivatives

15
Euler's equation of motion is given as,

U, AU 1 3p ) (30)

at 3X p 93X

In terms of the upper and lower velocity potential and pressure on the

airfoil, Eq. (30) can be shown to be,
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ak ok _ 1
sp i 54P2-Pu) (31)

where k(x) (¢u'¢z)' Since 1ift per unit chord per unit span is

2(x) = (p,-p,)» Eq. (31) becones,

p(%+ ug—';) = 1(x) . (32)

Now from Eq. (5),
K(x) = o,-0, = Us(o -0, )e! (EX*T) (33a)
k(x) = Uzk(x)el (X+T) (33b)

where K(X) = (¢U-¢Z). Equations (32) and (33) are combined to yield,

1(X) = pu2[ivk(x) + §§§Kl]ei(cx*“T) (34)

where v = w/g2. Equation (34) is valid on the airfoil surface,
-1 < X < 1. In the wake region, no pressure discontinuities are allowed

to exist and hence,

iuK(X) + 3§§X) =0 (35)

must be satisfied when X 2z 1.

When values of Kn have been obtained, the local lift, ¢, at a

point X is given by Eq. (34). If K is substituted for Ke'¢X, then
LA o (R + el (36a)
oU2yg
£(X) & (44K + elPt (36b)
pU2g

The lift L(=L e‘pt) and the nose-up pitching moment about the mid-

chord axis M(=M e1pt) are given by,
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N e e
v R o* le Kdk=Cz +C, a (37)
and
, A
, 1 ]
. Rt | KX - dw | XK ax
pU2¢? J
I-] ' -1

N CmZZ * Cm(xu ( 38)

where cﬁz’ €., €, and Cma are the aerodynamic derivatives. These are

La nz

usually complex and depend on the geometry and flow characteristics.
Equations of Motion

Flutter can be defined as the dynamic instability of an elastic
body in an airstream. A dynamic system is assumed to flutter at a speed
where the net damping forces are equal to zero. There exists a frequency
at which flutter occurs. This is termed the flutter frequency. Consider

the spring supported airfoil given in Fig. 3 where K, and K are stiff-

ness in bending and torsion, respectively. The blade segment is permit-

ted freedom to execute small periodic vertical displacements,

22(=£zleipt), and angular displacements, a(=u'eipt), where U is free-
stream velocity and an oscillation frequency of p rad/sec. The cascade
parameters associated with a staggered row of thin oscillating blades
are presented in Fig. 1.

For the reference airfoil, the expression for the kinetic energy
per unit span for a mass element dm undergoing this motion, that is at a

distance r from the rotation point is,

a1 = %{£2+r&)2 dm (39)
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where z and « are nondimensional coordinates. By integrating Eq. (39),

the kinetic energy per unit span of the airfoil is given by,

L
T - %j(zi e (40)
1 ]
T=y M227° + Sgza + 7 la2 (41)

where,

M =’I—dm = blade mass per unit span.
S =‘[-r dm = blade static moment about elastic axis.

I =/f-r2 dm = blade mass moment of inertia about elastic axis.

The potential energy expression for the blade is given by,

U= % K e222 + %-Kaaz ] (42)

o —

The bending and torsional stiffness coefficients are related to the

respective natural frequencies, w, and W, by the relations,
K. = Mw§ (43a)

K

a

2
Iwu : (43b)

Flutter is a self-exciting acroelastic phenomenon involving the inter-
action between the inertial, elastic, and aerodynamic forces. The
structural damping of the blade can be neglected compared to the aero-
dynamic damping terms associated with the forcing function. Neglecting
the structural damping, Lagrange's equations of motion can be expressed

as,

d Al ol ol
Tl = === ++—= =F (44)
dt (aqk ) 9q,  3q, k
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where Fk and q, are generalized forces and coordinates. The aerodynamic

forcing functions are obtained from the two-dimensional unsteady air-

loads prediction method and are given in the form,

= o ali2
FZ ol (CQZZ + Cgau) (45a)
E " pU2£2(CmZZ + Cnh“) (45b)
where czz’ Cla, C,z» and Cma are the complex aerodynamic derivatives

referred to the elastic axis and are given in real and imaginary terms

as,
Coz = Carp ¥ 165 (46a)
oo ™ Taon T Mo (46b)
sz N CmZR i 1'szl (46¢)
m cm.xR 4 icnnl (46d)

Now Eqs. (41), (42), and (45) are combined with Eq. (44) to obtain,

Mz + Sa + K.tz = - pU2£(CQZZ + Cza“) (47a)

Se3 + 1d + K a = pU22(C 2 + C_a) . (47b)

The solutions of Egs. (47) are assumed to have periodic motion given by,
Z = z'eipt (48a)
a = a'eipt . (48b)

Substitution of Eqs. (48) into Eqs. (47) and combining terms,

(nKZ - Mep? + pUchgz)z + (pUZRCRG -Sp?)a =0 (49a)

-(pU742C_ + SepZ)z + (K- pU202C, - Ip?)a =0 (49b)




Equations (49) are a set of two simultaneous, linear, homogeneous,

1 1

algebraic equations in z and « . For this system to have a non-trivial

solution, the coefficient determinant of z and « must be equal to

zZero.

3 2 2 2 2
(QKZ Mep?2 + pU QCQZ) (pU $C, - Sp )

"

0 (50)
A6 pU222 + Sgp?) (K, - pU?chnm - 1p?)

This determinant is referred to as the flutter determinant and the

solution gives the flutter frequency. However, a direct solution cannot

be obtained since the aerodynamic derivatives are functions of w(=ps/U).

The aerodynamic derivatives are complex quantities and thus the flutter

detérminant can be expressed in two parts, real and imaginary. After

expanding the flutter determinant and substituting appropriate values of

Eqs. (46), the real part becomes,

pe3

= pl“ _ pR —
(2K K JP [eK (T + 555 €, o) + K (M2 - 55 C o D)]P +
. e2s% . BE? - Mg2 B
[(MeI - S22) 7{1C,,p = Me2C, o + SCp - S2C o)
Tt
- “ L =
w? (szchnR CizICmaI " Ckalcmzl CmRszR)] 0 (51)
and the imaginary part becomes,
= g2 P . 2 5
[Kaczzl . chmaI]P y [SQCQGI ICQZI R CmaI S‘Lcmzl
pat "
5 _Ef(czaRcsz 3 czuIszR k2 szchnI B CﬁzlcmuRﬂ o (52)
where P = L . If the real and imaginary parts are set equal to zero,

w
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solutions P1 and P2 can be obtained for the real part and P3 for the
imaginary part. For an assumed value of w, if one of the solutions, Pl
or P2, of the real part is equal to the solution P3 of the imaginary
part, then this w corresponds to the flutter frequency. The main objec-
tive is to find the flutter speed. However, the aerodynamic derivatives
are functions of the Mach number and the reduced frequency. The flutter
problem can only be solved after the aerodynamic derivatives are eval-
uated. It is necessary to assume a Mach number and a reduced frequency
and test whether flutter occurs at these values. If the test results are
negative, then it is necessary to iterate on reduced frequency until a
flutter speed is obtained for the assumed Mach number. If the two speeds
are not equal, then it is necessary to iterate on Mach number until the
flutter Mach number is equal to the assumed Mach number. A computational
example is illustrated in App. B.

The reference airfoil as illustrated in Fig. 3, with its center at
the origin of coordinates, is assumed to be describing plunging and
pitching oscillations of frequency p rad/sec., defined by z and a. For a
single degree of freedom of flapping reference blade, the equation of
motion is given by,

MZ + Kzz = Lzz (53)

where z is defined for periodic motion as,
z=zelt (54)

gi.—_ 8 1pt:
¢ = 2 ipe ipz . (59)

LZ is a complex quantity with real and imaginary comnonents.
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Lok 8, (56)
Now Eqs. (55) and (56) will give,
) - g 2
L,z = ZLzR + izl , zLZR + E LZI (57)
and £q. (53) now becomes,
4, 7 . N
Mz - 5 LZI + (kz - LzR)z S0 (58)
when like terms of Eq. (58) are compared to,
W +€Cz+¥z=0 . (59)

L

e

The damping constant, CL, becomes a function of the imaginary part of

il

the 1ift coefficient in flapping.

L

g la:

21
L P {66)

In a similar manner, if a single degree of freedom in pitching is

considered, the equation of motion is given by,

f Ii + K a = Ma (61)
where,

=g 8Pt (62a)

5 =a fpePt = ipa (62b)

and considering the fact that Mu is also a complex quantity given as,

+ iMaI . (63)

|
l Mu iy MaR

It can be shown that,

| L g
/ I - S M +alk - M) =0 (64)
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and the damping constant, CM’ is a function of the imaginary part of the

moment in pitching.

B % o0 (65)
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RESULTS AND DISCUSSION
Convergence Studies and Variation of Parameters

A convergence study was conducted utilizing a program developed by
B.M. Raols. This program used the numerical 1ifting surface technique
to derive the aerodynamic derivatives for a cascade of staggered blades.
In the analysis, the downwash induced at the reference airfoil by the

doublet distribution, K(X), over each oscillating blade of the cascade

is represented by a series of Hankel functions denoted by So. This
series, in the form presented, is poorly convergent. However, it has
B been shown in Refs. 13 and 14 that it can be replaced by a rapidly con-

vergent series of exponential terms. The problem was evaluated using

the alternative exponential form of SO and its derivative form of
S](=aso/ax).

An influencing parameter in the convergence of the exponential
function is the number of terms that are included in the series before
it converges to an acceptable value. While the value of the exponential
series is dependent on the sum of the number of terms considered, a
change of 1x]0'5 was established as a constraint criterion between
two consecutive terms for convergence or until a prescribed limit on
the number of terms included in the series was reached. In the program,
NNN(=2L+1, where L is any integer from 1 to =) was the control para-
meter that was varied in order to determine the maximum 1imit of terms
that could be summed in the series. Naturally, the greater number of

terms would tend to converge on a more accurate value for the series.
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However, in the interest of program efficiency, a compromise value for
NNN had to be determined and accepted. Table 1 shows typical results
obtained for various values of NNN while varying w from 0.10 to 0.40,
dividing the reference blade into 16 segments, with an interblade stag-
ger angle of 45 degrees, Mach number of 0.60, interblade phase lag of
90 degrees, and a blade to semi-chord space rafio of 2.0. As is shown in
the table, the influence of NNN on the aerodynamic derivatives when it
is greater than 100 becomes insignificant. Therefore, a value of NNN
equal to 100 was chosen for computational purpdses.

An additional program parameter that was considered in the con-
vergence study was that of the number of segments on a typical airfoil.
Consider the two-dimensional airfoil as shown in Fig. 4. The blade is
divided into N segments with the coordinate axis located at the mid-
chord of the blade and a collocation point, Xi’ located at the center of
each segment ( where i = 1,2,..... ,N). The doublet distribution, K{X),

over each segment is assumed to be constant.

Xi = Collocation points

-1.0 0 1.0

Fig. 4 Segménted Blade for N = 4.
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Table 1 Effect of Parameter Variation on
Aerodynamic Derivatives

| NNN_
j 50 100 150
w =0.10
i C., | 0.2895 + 0.6259i | 0.2895 + 0.6260i | 0.2895 + 0.62601
C, | 6-4762 - 2.6460i | 6.4766 - 2.64671 | 6.4766 - 2.64671
| C | 0.2356 + 0.28114 | 0.2357 + 0.28111 | 0.2357 + 0.28111
i C | 2.9262 - 2.4431i | 2.9263 - 2.4439i | 2.9263 - 2.4439i
i w=0.20
C,, | 0.5423 + 1.0312i | 0.5425 + 1.0312i | 0.5425 + 1.0312i
C,. | 5-5959 - 2.3289i | 5.5963 - 2.32981 | 5.5964 - 2.3299i
Cop | 0.4771 + 0.4205i | 0.4773 + 0.4295i | 0.4773 + 0.42954
’ C,, | 2.3739 - 2.6314i | 2.3739 - 2.6322i | 2.3739 - 2.6323i
w = 0.30
C,, | 0-6376 + 1.3361i [ 0.6378 + 1.3362i | 0.6379 + 1.3362i
C, | 5-0769 - 1.65541 | 5.0774 - 1.6563i | 5.0774 - 1.6565i
C, | 0.6689 + 0.5233i | 0.6691 + 0.5233i | 0.6691 + 0.5233i
C., | 2.0558 - 2.6647i | 2.0558 - 2.6656i | 2.0558 - 2.6657i
&_LMQ—
; C,, | 0.5794 + 1.6506i | 0.5798 + 1.6508 | 0.5799 + 1.6508i
C, | 4.9709 - 0.8886i | 4.9117 - 0.8896i | 4.9118 - 0.8900i
C., | 0-8300 + 0.6197i | 0.8303 + 0.61971 | 0.8304 + 0.6197i
C.. | 1.9325 - 2.7085i | 1.9325 - 2.70961 | 1.9325 - 2.7098i




The number of segments chosen directly influences the value of the
integral evaluated to determine the downwash at each collocation point.
Since a larger number of segments will converge to an increasingly more
accurate value, a study was conducted to determine the most significant
number of segments along the blade to be used. While a minimum of four
segments could Se used, the degree of confidence in the downwash values
increases for segments greater than N = 10. The program evaluates the
downwash integral using a Simpson's three-eighths rule scheme. Addition-
ally, the first and last half-segment are evaluated by using the trape- |
zoidal rule. This requires multiples of N(=3L+1, where L is an integer)
segments to be used. Table 2 shows the typical influence that varying
N has on the aerodynamic derivatives. While N = 16 provides reasonable
accuracy, N = 22 was chosen to be used throughout the program compu-
tations. Theoretically, the greater the number of segments chosen, the
greater the accuracy of the aerodynamic derivatives. However, because
of the way the solution technique is employed, it is possible that ‘
numerical instabilities could be present for values when N becomes

much greater than twenty-five.

For flutter studies, the aerodynamic derivatives Cz‘ and Cmu

provide meaningful information and are shown for several sets of the
geometric and flow parameters. Figures 5 thru 12 show the out-of-phase

components, (CQZI and Cmal)’ of CLZ and Cm(l which represents the damp-

ing terms in pure translational and pitching motions, respectively.

The sign convention used is such that the negative values of Cm
Q

represent the positive damping constant and the positive values of
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Table 2 Effect of Blade Segment Variation on
Aerodynamic Derivatives

N
10 16 22
w = 0.10 R
C,, | 0-4527 + 0.7491 | 0.4520 + 0.7456i | 0.4518 + 0.7436i
| C, |7-8324 - 4.2956i | 7.8069 - 4.2766i| 7.7898 - 4.2694i
1 C., |0-3850 + 0.2888i | 0.3796 + 0.2785i| 0.3764 + 0.2736i
j C  [3-0517 - 4.0351i | 2.9508 - 3.9835i | 2.9015 - 3.9533i
p w=0.20
C,, | 0-8705 + 11571 | 0.8637 + 1.1504i | 0.8604 + 1.1460i
C, |6-4617 - 4.0992i | 6.4427 - 4.0465 | 6.4265 - 4.0220i
C . |0.7579 + 0.3255{ | 0.7453 + 0.3115i | 0.7381 + 0.3053]
: C |1.8926 - 4.30114 | 1.8251 - 4.2449i| 1.7945 - 4.2109
w = 0.30 '
C,, | 1.1270 + 1.47661 | 1.1133 + 1.47151| 1.1062 + 1.4672
C,, |5-8947 - 3.5670i | 5.8968 - 3.49601) 5.8898 - 3.4613i
C ., |1-0689 + 0.2647i | 1.0540 + 0.2505i | 1.0454 + 0.2451
C. |1.1571 - 4.4697i | 1.1128 - 4.4309i | 1.0961 - 4.4050
w = 0.40 = B T 3
C,, | 1-3239 + 1.8643i | 1.3050 + 1.8638i | 1.2948 + 1.8613i
C, | 5-9616 - 3.2626i | 5.9857 - 3.1835i | 5.9889 - 3.1432i
C,|1.3968 + 0.1313i | 1.3843 + 0.1145i | 1.3768 + 0.1094i
C . |0.5074 - 4.8649i | 0.4686 - 4.85201 | 0.4579 - 4.8383i
Wi =_9.§_0_
C,p | 1-6653 + 2.3449i | 1.6441 + 2.35101 | 1.6321 + 2.3522i
C,. |6-3849 - 3.6512i | 6.4326 - 3.5719i | 6.4488 - 3.5294]
G, | 1.7879 - 0.2137i | 1.7789 - 0.2393i| 1.7742 - 0.2463i
Cre [0-5799 - 5.5162i [-0.6328 - 5.5249i|-0.6457 - 5.5244i




Cizl represent positive translational stability.

Figures 5 and 6 show the compressibility effects (M

fog, @b,

0.7, and 0.8) on C 180° as w is

2 a e
. and Cmu when s = 22, X = 45", and o

varied from 0.1 to 0.5. The absolute values of ng are shown to increase
as w increases for Mach numbers less than M = 0.7 and undergoes rapid
changes for M = 0.8. For the parameters considered at M = 0.8 in Fig. 5,

there is a rapid change for values between v = 0.40 and w = 0.51. The

lowest critical frequency occurs at w = 0.51. Figure 6 shows & tendency

toward larger changes at the higher M = 0.8 value. As the Mach number
increases, the maximum value of damping also increases. This indicates
a stabilizing influence in damping as Mach number increases.

Figures 7 and 8 show the effect of interblade spacing (s = 1.6¢,

: 3 .4: = Y
2.02, and 2.42) on Clzl and Cmul’ respectively when M = 0.8, » = 457,

and o = 180° as w is varied from 0.1 to 0.5. For the parameters and the
range of frequencies considered, the critical frequencies are for

s = 1.6¢, we = C.64; s = 2.02, w. = 0.51; and for s = 2.4¢, w. = 0.42.

Both figures indicate that as the interblade spacing increases, the
lowest critical frequency decreases. As w increases, the damping

decreases rapidly to zero at w = W, and then increases again as w is

increased without becoming negative. Below the first critical frequency,
the damping decreases when the spacing between the blades is increased.
Figures 9 and 10 show the effect of blade stagger angle (i = 0°,

o o) . - i
45~, and 60°) on C,,q and CmuI’ respectively when M = 0.8, s = 2.0%,

and o = 180°, as w is varied from 0.1 to 0.5. fFor the parameters and

the range of frequency values considered, the critical frequency values
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are for A = 0°, we = 1.18; 2 = 457, w, = 0.51; and A = 60°, w = 0.44.

As the stagger angle increases, the lowest critical frequency decreases.
A1l the coefficients are presented with respect to the reference axis at
mid-chord. In Ref. 7, Jones has shown that it is possible to incite pure
pitching oscillation in the airfoils in cascade when x» = 0° and 0.73 < w
< 0.98 with a reference axis forward of the mid-chord. However, since
the values given in Fig. 9 only consider the practical range of values

for 0.1 < w < 0.5, the translational damping coefficient Cizl remains

positive indicating that there is no pure translational instability.
Figures 11 and 12 show the effect of interblade phase lag (o = 0°,

0
90°, and 180 ) on szI and C , respectively when M = 0.8, s = 2.0z,

mal
and A = 45° as © is varied from 0.1 to 0.5. For the parameters and the
range of frequency values considered, the critical frequency for ¢ = 180°

is we = 0.51. The translational and pitching damping constants remain

positive throughout the range of frequency values considered. However,
as o is increased with increasing w, the damping decreases rapidly for

o = 180° until it equals zero at w = W

Single Degree of Freedom

A single degree of freedom analysis for torsion was performed on
a cascade of blades using the 1ifting surface theory developed by Jones
and Rao. After obtaining the results, a comparison was made to the
results obtained by Whitehead9 who employed a technique developed by

17
Smith  to obtain the aerodynamic forces and moments. Whitehead dis-

tinguished a region of flutter that he termed as "sub-critical flutter",
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which occurs in a regime where any acoustic waves generated cannot pro-
pagate upstream and downstream. Figure 13 shows results that Whitehead
obtained for a space-to-chord ratio of 1.0, a stagger angle of 45
degrees, a position of the torsional axis at 58.8 percent chord, and an
interblade phase angle of 60 degrees. The imaginary part of the moment
coefficient is plotted against the reduced frequency parameter. Also
shown in Fig. 13 is a plot of the imaginary part of the moment coeffici-
ent as obtained by utilizing the Jones/Rao technique. As can be seen,
when given the same conditions, the results obtained when using the
Jones/Rao lifting surface technique agree closely with the results
obtained by Whitehead. As shown previously, the imaginary part of the
moment coefficient is capable of adding energy when it is negative.
Assuming that there is no mechanical damping involved, flutter will
occur as a net result of energy being added to the system. However, in
reporting his results, Whitehead found that he had significant mechani-
cal damping and had to allow for an average value as a flutter limit.
This Timit is shown in Fig. 13. If the value of the imaginary part of
the moment coefficient is below this line, then flutter is predicted.
The point where it is just possible for the flutter to exist is referred
to as a flutter boundary. Whitehead observed that as the Mach nunber is
increased, the points at which flutter is just possibie move to pro-
gressively Tower values of the frequency parameter. This corresponds to

higher fluid velocities or to lower blade stiffness. The effect of Mach

number is therefore highly significant.

Figure 14 shows the frequency parameter below which torsional

flutter is just possible and has been plotted against blade axis
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position. Once again, a comparison is made by utilizing the Jones/Rao
technique and the Whitehead/Smith technique. The results are in close
agreement and concur with Whitehead's observation that increasing the
Mach number is favorable and that the worst position for the torsional

axis is around fifty to seventy percent chord.
Two Degrees of Freedom

A numerical investigation for two degrees of freedom was conducted
using the program for unsteady airload prediction and interfacing it
with the program developed for flutter analysis. The geometrical and
structural properties of the cascade reference airfoil used in this
analysis were calculated form data obtained from Refs. 18, 19, and 20.
These properties are given in App. B. To obtain the flutter speed and
frequency, the program was executed for the given cascade according to
the procedure as outlined in the block diagram of Fig. B-1 in App. B.

Figure 15 represents the results obtained for the flutter analysis
for various values of interblade spacing (s = 1.02, 1.12, 1.2z, and
1.32) while the interblade stagger angle was varied from 44 degrees to
60 degrees. Over the range of values considered, it can be seen from
Fig. 15 that as the interblade stagger angle is increased, the flutter
Mach number also increases. This indicates that an increase in the
interblade stagger angle would be beneficial in preventing flutter at
the lower Mach numbers. This trend is in general agreement with a re-
port by White and Rao21 in which a cascade of heiicopter rotor blades

was studied at various stagger angles and rotor blades spacings.

Figure 16 shows the effect of varying the interblade spacing for
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various interblade stagger angles (i = 46°, 52°, 56°, and 60°). The

« 2nd of the curves shows that as the interblade spacing increases for a
given interblade stagger angle, the flutter Mach speed decreases. This
indicates that increasing the interblade spacing will have a destabiliz-
ing effect on the cascade of blades. This same trend was also observed
by White and Rao in their work with helicopter rotor blades.

A summary of the results of the two degree of freedom flutter

analysis is presented in Table 3.

e b e o




Table 3 Summary

of Two Degree of

Freedom Flutter Analysis
Interblade Interblade Flutter Flutter Interblade
Stagger Spacing Mach Reduced Phase
Angle Number Frequency Lag
A S M W o
(Degrees) (Degrees)

44 1.02 0.4087 0.4539 -30
46 1.0g 0.5028 0.3671 -30
48 1.02 0.5497 0.3347 -30
50 1.0¢ 0.5676 0.3234 -30
54 1.0¢ 0.6109 0.2988 -30
55 1.0¢ 0.6216 0.2935 -30
56 1.0¢ 0.6300 0.2888 -30
60 1.02 0.6445 0.2809 -30
46 1.1% 0.3783 0.4907 -30
52 1.1¢ 65561 0.3301 -30
56 Jeli 0.5843 0.3128 -30
58 1.1¢2 0.5818 0.3138 -30
60 1.1¢ 0.6058 0.3001 -30
50 1.22 0.4300 0.4305 -30
52 1.22 0.4809 0.3837 -30
56 1.2 0.5336 0.3440 -30
58 .22 0.5406 0.3390 -30
60 1.2% 0.5501 0.3325 -30
52 1.32 0.4045 0.4580 -30
56 138 0.4715 0.3911 -30
58 1.32 0.4757 0.3872 -30
60 1.:3¢ 0.4990 0.3682 -30
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CONCLUSIONS AND RECOMMENDATIONS

A unique velocity potential 1ifting surface technique has been used
to determine the unsteady airlcads for an infinite cascade of staggered
blades in subsonic flow. The unsteady airloads were then utilized in a
FORTRAN prograin to perform a flutter analysis for a single degree of
freedom system in torsion and for a two degree of freedom system in
bending and torsion.

Several geometric and flow parameters of a staggered cascade were
varied over a specific range of values and were found to influsnce the
cascade in the following manner:

1. If Mach number is increased, it will have an increased damping

effect on the stability of the cascade in pitching motions.

2. If interblade spacing is increased, the damping decreases while
still below the first critical frequency and is equal to zero
at the first critical frequency.

3. As interblade stagger angle increases, the lowest critical
frequency decreases.

4, As interblade phase lag is increased with increasing reduced
frequency, the damping will decrease rapidly to zeroc for an
interblade phase lag of 180 degrees.

When the cascade was analyzed for a single degree of freedom sy.tem

in torsion, results were found to compare favorably with the results
obtained by D.S. Whitehead9 for flutter boundaries. A comparison of the

8
lifting surface technique employed by Rao and Jones and a different

technique utilized by Whitehead in determining torsional flutter, were
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shown to be in agreement in indicating that increasing Mach number is a
desirable condition.

By utilizing work performed by Rao16 and White and Raozl, a FORTRAN
program was developed that is capable of determining the flutter speed
and frequency of a staggered cascade of blades in unsteady subsonic flow.
This program is valid for a two degree of freedom system in bending and
torsion. It was determined that increasing interblade stagger angle
would be beneficial in preventing flutter at Tow Mach numbers while an
increase in interblade spacing would be a destabilizing influence on the
cascade of blades.

While a new flutter program was developed to determine the cascade
flutter speed and frequency, only a limited range of values were analyzed
when varying cascade parameters. This was due primarily to the iterative
scheme that was involved and the associated expense of computer compu-
tational time. Even though cost effictiveness was considered as a criter-
ion in the development of this program, the program still remains as
being a reasonably efficient technigue %o be used in determining the un-
steady aerodynamic derivatives, the flutter speed, and the flutter fre-
quency for a given cascade. By way of example, the run time associated
with determining the flutter speed and frequency for the example given in
App. B, utilized less than twelve seconds of CPU execution time on the
AMDAHL 470V/6 computer at Texas A&M University. However, further improve-
ments could be made in the overall efficiency of the program and the iter-
ative procedure it utilizes. Additionally, investigation should also be
conducted over a larger range of cascade parameter values to determine

their effect on the cascade flutter speeds and frequencies.




REFERENCES

'Whitehead, D.S., "Bending Flutter of Unstalled Cascade Blades at
Finite Deflection," British Aeronautical Research Council, R&M 3386,
October 1962.

2Kemp, N.H., and Sears, W.R., "The Unsteady Forces Due to Viscous
Wakes in Turbomachines," Journal of Aeronautical Sciences, Vol. 22,
1955, pp. 478-483,

3Schorr, B., and Reddy, K.C., "Inviscid Flow Through Cascades in
Oscillatory and Distorted Flow," AIAA Journal, Voi. 9, No. 11, October J
1971, pp. 2043-2050.

“Jones, W.P., and Moore, J.A., "Flow in the Wai ~7 a Cascade of
Oscillating Airfoils," AIAA Journal, Vol. 10, No. 12, December 1972,
pp. 1600-1605.

SRao, B.M., and Jones, W.P., "Unsteady Airloads on a Cascade of
Staggered Blades in Incompressible Flow," Presented at the workshop on
unsteady flows in jet engines, United Aircraft Research Laboratories,
July 1974.

6Fleeter, S., "Fluctuating Lift and Moment Coefficients for
Cascaded Airfoils in a Nonuniform Compressible Flow," Journal of
Aircraft, Vol. 10, No. 2, February 1973, pp. 93-98.

’Jones, W.P., and Moore, J.A., "Aerodynamic Theory for a Cascade
of Oscillating Airfoils in Compressible Subsonic Flow," Texas A&M
University, TEES-3068-75-01, February 1975.

8Rao, B.M., and Jones, W.P., "Unsteady Airloads on a Cascade of
Staggered Blades in Subsonic Flow," Presented at the forty-sixth
propulsion energetics panel meeting, Advisory Group for Aerospace
Research and Development, September 1975.

SWhitehead, D.S., "The Effect of Compressibility on Unstalled
Torsional Flutter," British Aeronautical Recearch Council, R&M 3754,
August 1973,

10Scanlan, R.H., and Rosenbaum, R., "Aircraft and Vibration,"
Dover Publications, Inc., New York, 1951.

'1Ashley, H., and Landahl, M.T., Aerodynamics of Wings and Bodies,
Addison-Wesley Publishing Co., Inc., Reading, Massachusetts, 1965.

12Jones, W.P., "Notes on Unsteady Aerodynamics," Unpublished

notebook, Department of Aerospace Engineering, Texas A&M University,
February 1975.




13Infeld, L., Smith, V.G., and Chien, W.Z., "On Some Series of
Bessel Functions," Journal of Mathematics and Physics, Vol. XXVI, No. 1,

April 1947, pp. 22-28.

1%Kaji, S., and Okazaki, T., "Propagation of Sound Waves Through a
Blade Row," Journal of Sound and Vibration, Vol. 11, No. 3, 1970, Parts
I and II, pp. 339-375.

15isplinghoff, R.L., Ashley, H., and Halfman, R.L., Aeroelasticity,
Addison-Wesley Publishing Co., Inc., Reading, Massachusetts, 1957.

16Rao, B.M., "Unsteady Airloads on a Cascade of Staggered Blades in
Subsonic Flow," Computer program developed at Texas A&M University,
September 1975.

17Smith, S.N., "Discrete Frequency Sound Generation in Axial Flow
Turbomachines," British Aeronautical Research Council, R&M 3709, 1972.

18Sawyer, J.W., "Gas Turbine Engineering Handbook," Gas Turbine
Publications, Inc., Stamford, Connecticut, 1966.

19Emery, J.C., "Systematic Two-Dimensional Cascade Tects of NACA
65-Series Compressor Blades at Low Speeds," NACA TR-1368, U.S.
Government Printing Office, 1969.

20Johnson, I.A., and Bullock, R.0., "Aerodynamic Design of Axial-
Flow Compressors," NASA SP-36, National Aeronautics and Space Adminis-
tration, Washington, D.C., 1965,

2lyhite, G.P., and Rao, B.M., "Flutter Analysis of a Cascade of
Rotor Blades," Air Force Research Project Report AROSR-74-2700B, 1977.




e ATTRmETE———

51

APPENDIX A
Physical Interpretation of Resonance Conditions

Consider the airfoil as given below in Fig. A-1,

1 ; e T
| ;. I
! 7
L s S COoSA
E‘\," Ut
] RN S o l Reference Airfoil
]
; =i S s iinX -

Fig. A-1 Resonance Model .

where X is stagger angle, s is the distance between the leading edge of

censecutive airfoils, and U is freestream velocity. The influence
created by the unsteady motion of the airfoil will propagate and influ-

ence the reference airfoil after time t. This gives,

[U.t]? = [s(sim) - Ut]2 + [s(cosr)]? (A1)
‘ Ugt2 = 62(sin?x) - 2Uts(sinn) + U2t2 + s2(cos?)) (A2)
% [U2 - U2Jt2 + [2us(sina)]t - s2 = 0 (A3)
i

solving for t gives,

= AT——

b o et BT EREREA S ST - ) (8]
f| (L2 - v2) (2 - u2)

|
i
]
i
k!




oiile
given that g = [1 - M2]? and M_ , Eq. (A4) becomes,

—_M.z_.g' 4M2
t = U(smA) e

g2
From Ref. 7, it is shown that,

pt + a =0, 2z, etc., (A6)

where p(=9%) is the frequency of blade oscillation in rad/sec, and o is

phase lag. Now Eq. (A5) becomes,

P14 s s s soer ol B SN X 0 ek | i PP o

2 2
-0 = - iad wS(sinx) + M—-ws
82 82 M2
where S(=%) is space to blade semi-chord ratio. After consolidating

terhs, Eq. (A7) becomes,

1 e
— - cos2x - sinx .
M2

The critical or resonance frequency is then given as,

= !:: /l - €08%) = sinx] %
M2
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APPENDIX B

Example Probliem for Two Degree of Freedom Flutter

A numerical test case for cascaded airfoil flutter analysis was

computed using a flutter analysis FORTRAN program interfaced with the
unsteady airload prediction program. The geometrical and structural

L properties of the reference airfoil used in this analysis are calculated
from data obtained from Refs. 18, 19, and 20, and are given below.

& Static moment about

the elastic axis 5.35x10"% slug-ft.

w
1"

Moment of inertia

about elastic axis I =6.316x107° slug-ft?.

Mass per unit span

of blade M = 0.0214 slugs/ft.

Bending natural

frequency By = 1000 yad/sec.

Torsional natural

frequency w = 2000 rad/sec.
The cascade parameters used are,

Blade semi-chord

length % = 0.0833 ft.

Interblade spacing g = T2k

Interblade phase

lag & = -0.0835

Interblade stagger

angle » = 52 deg.

To obtain the flutter speed and frequency, the program was executed
for the given cascade according to the procedure as given in the block

diagram of Fig. B-1. After the input parameters are read into the pro-

gram and initial values are assumed for the Mach number and the reduced
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frequency, the program calculates the unsteady aercdynamic derivatives
that are to be used as the forcing functions in Lagrange's equations of

motion. The aerodynamic derivatives that are initially obtained are

referred to the blade mid-chord axis. Since it is necessary for the
aerodynamic derivatives to be referred to the elastic axis, a coordinate
transformation is performed as explained in App. C. After the coordinate
transformation, the flutter determinant is solved. This yields Pl and P2
e¢s solutions to the quadratic equation of the real part of the flutter
determinant and P3 as a solution to the iinear equation of the imaginary
part of the flutter determinant. Since an iterative scheme is involved
in obtaining the flutter speed and frequency, initial values of Mach

1 number and reduced frequency are assumed. The initial values of Mach
nunber are 0.500 and 0.5100. Several values of w are then calculated for
each Mach number and the respective values of P1, P2, and P3 are found.

ﬁ These values are then plotted as shown in Fig. B-2. Figure B-2 indicates

1

that P2 is equal to P3 when w = 0.3600 for M = 0.500 and Fig. B-3 shows

0.510. These values

I

that P2 is equal to P3 when w = 0.3486 for M
represent possible flutter frequencies if the assumed Mach number is
equal to the flutter Mach number. When the assumed Mach number is equal

to 0.500, Fig. B-2 shows P2 = P3 = 2293 at w = 0.3600. If these values

I are used in the following equation,
M= L (81)

where a = 1037.26 ft/sec. , then the flutter Mach number should be
equal to 0.5116. However, since this is not equal to the assumed Mach
nunber of 0.500, another iteration must be performed. The next iteration

for an assumed Mach number of 0.510 is shown in Fig. B-3. Here it can

A * )
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be seen that P2 = P3 = 2290 at w = 0.3486. Again, using Eq. (B1), the
flutter Mach number is calcuiated to be 0.5276. Once again, the calcu-
lated Mach number is not equal to the assumed Mach number, so a flutter
speed still has not been determined. For the next Mach iteration, Fig.
B-4 will provide the assumed Mach number. If the previous assumed Mach
numbers are plotted versus the calculated flutter Mach numbers, it can
be seen from Fig. B-4 that an extrapolated value of M = 0.480 should be
used for the next assumed Mach iteration. If this is done, then P2-P3=
2297 at w = 0.3837. Using Eq. (B1), a calculated flutter Mach nunber
value of M = 0.4809 is obtained. Since this value is essentially the

same as the assumed Mach number, it is therefore considered a valid

flutter apeed at a flutter frequency of we = 0.3837.
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APPENDIX C

Change of Reference Axis

12
Jones  has given a convenient axis transformation. In Fig. C-1,

'
let the reference axis be moved from mid-chord to a point 0 , at a dis-

tance h&t forward of mid-chord.

Fig. C-1 Blade Reference Axis .

When referred to the original coordinates z and o, the displacement
of a point, p, downwards is,

z=90z+ 2a + 2(z + ta) (1)

and for the new coordinates z and a referred to O ,
z =12z + (¢ +h)a (c2)
hence,

z2=2+ha (C3a)

a=a . (C3b)
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If L and M are the 1ift and moment referred to 0 (mid-chord) and

- o '
L amd M are the corresponding force and moment referred to 0 , it can be

shown that the relation exists as shown in Fig. C-2.

L L

4_\,,2 :

i/ o )

Fig. C-2 Force and Moment Orientation .

From Fig. C-2,
L=i (C4a)
M=M- het (Cab)

where M and M are positive in the clockwise direction. 1t can be shown

that,
R R TR e (C5a)
pU?f, pUZ.Q 22zR 2zl LaR fal
= (CQZR + 'iwCQZI)(Z + ha) + (CiaR s ‘imCQ“I)a (C5b)
= (CKZR + iwchI)Z e (CSLuR + mcml)u . {C5¢ )
Similarly,
M _ = et i
;U;;; = (Copp * TuCp, )2 + (Cpp + dolp p)a . (c6)

From Eqs. (C5c) and (C6), the expressions for the new aerodynamic

derivatives are given in terms of the original ones referred to the

mid-chord. These equations are given as,
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g ZR g22ZR

Coz1 = Gzt

CfaR =C
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Coon = €
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CmaR ¢

meR

Cmul =&

ma ]
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hCizR

hC9_21

hCs:zR

hCf,zI

- B2
fond 7 IC,

= L:
mzR 2aR (C79)

R
- C

0

mz 1 Lo

The equations in (C7) are a linear combination of the original

derivatives referred to the mid-chord. These equations apply when the

reference axis is moved aft of the mid-chord a distance hg towards the

trailing edge.
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