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Page 67.

One Problem of B. V. Nedenko.

D. G. Meyzler.

1. On seainar on probability theory, for target/purpose of
generalization of already known results [ 1], of B. V. N2i2nkos vas
placed problem: to find class of maximum laws of maxiaua tecm 9,
first n from sequance of independenrt differently distributed randonm
variables !. This problem has direct interest for statistics, namely
- for that case when experimental conditions vary and the
distribution function of the result of the i observation depends on
i. Target/purpose of this work - to give, under some sufficiently

general conditions, the solution recently formulated problen.

Let us note that the obtained by us results are foundi in close
commumicat ion/connection with P. Levis's results, obtaia2i1 by it in

response to the question of A. Ya. Khinchin concerniny maximuas laws
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for the standardized/normalized sums (see [2], §6).

Let us coasiler the sequence of the independent ranionm
quantities
Eis $isoir0 B ai
of subordinate with respect to the laws of the distribution
F.(x), Fo(x ..., Ful9)...
Let us assua2
p,=max (g, &,..., E) n=1,2, ...

The distribution function of maximum term », is

n

P, ()=P{n,<x} =F(x). F(¥)...F().
We let us say, that the law of distribution ¢(x) belongs to class
G, if there is this seguence of distribution function /7)) and
such positive nuabers ¢, that

n
lTn(.q_-') == ';ipn ::: r ('T‘M\') (I)

i
n =l

and evenly relative to /[i < i-7x]

Hn? Fa) =1 )

for all x for which (> C.

Our problem lies in the fact that, finding the of characteristic

sign/criterion of the laws of class G.

A
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Page 68.

Por conveniz2ace in the formulation of the proven sign/criteria,
let us introduce the folloving designations:

i

et G it designates the set of those laws @(x) of zlass G for

@ (0)=0, :
vhickh—X and G- - respectively the set of those for which ¢(0)= 1.
It is obvious, classes G* and G~ do not intersect, and, as
subsequently will be shown (lemma 4), occurs the equality

Gtr+G =G,

2. In the pr2sent work are demonstrated following th2o0rems:

-

®heorem 1. P>r the law of distributiom &(x) wvouli 22langing to
class G, it is na2cessary and sufficient so that for any x (0 < a < 1)

there would be n>idecreasing function ¢.(x), such so that with all took

place the equality
v x b
prres m(;) . @)

Theorem 2. For the lav of distribution &(x) would beld>nging to
class G-, it is nacessary and sufficient so that for aay a (0 < a < 1)
there would be ndadecreasing functiom ¢/(x), such so that with all took

place the equality

D(x) = D (ax) * Pa (¥) )
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and so that the lav of distribution &(x) vas continuoas at point x =

0.

Theorem 3. rhe laws of the distribution &) of class G can have
the quite larger one point of discomtinuity, and, if x, taere is a

point of i1iscontinuity, then

i x.,=b(':)¢(})=c(x)={° ‘g 450
) @, 1 n 3x>0..
wil %40, D(x) = 0% B()>0 §h x> x,. .

Key: (1) . or. (2). with. (3). for. (4) Qnal.

Theorem 4. Tye laws of the distributior &(x) of class G do not
have intervals of constancy besides those in which they are convertei

in 0 or 1.

Theorea 5. If for the sequence of the laws of distripution &, (v

class G

lim @, (x) = di(x); ' 5 (5)

n~»o®

vhere #(x) is a lav of distribution, then &(x) belongs also to zlass G,
and, if 0( it belongs to sub-class ¢+ (respectively G

then, beginning with
certain n, everytaing #,(x) belong to sub-class G+ (respectively G).
In other words, class G, just as each of the sub-classes G+ and G-,

they wvwill close ralative to transition to limit.
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Theorem 6. I[E the lav of distribution 2(x) belongs t> class G+
(respectively (). then the lawv of the distribution

' (x) = B (ax—b)

also belongs to class (' (respectively ), vhere a anl b any

positive numbers (moreover b satisfies condition &(—p)=1).
Page 69.

Por the formulation of one additional property of th2 laws of
class G, is necessary the following observation. Let F(x) any law of
distribution, coatinuous in point x = 0 and such, that FP(x) = 0 for x

< 0, then

( ) {4 <o,

gml x>0, i

F (x) =
Key: (1) . for.

there is also th2 law of distribution, continuous in point x = 0 1,
Conversely, if F (x) is the law of distribution, continuous in point
x=0 and is such that F (x)=1 for x> 0, then

-— f o
F(x)=

- for x<0, (GW
( x) for x>0, R iy

iﬁ also a law of distribqtion, coqtinuous in the point x=0%)

FOOTNOTEx. T;(x) can and not be the law of distribution during the
presence of discontinuity/interruption in point x=0. For example

-

_—
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tor a sinjle lav we have:

0 zan x<0,
l("')_'l 1 aas x>0,

Key: (a). for. (b). for all x/ ENDFOOTNOTE.

£(x)=1 118 BCeEX X.

It is easy to note that F(x) = F(x) and, therefara,
transformations (5) and (6') establish/install one-to-one conformity
between many of listribution function F(x), continuous in point x =
0, vhich satisfy condition P(x) = 0 for x < 0 and, corcessondingly,

F(x), that satisfy condition P(x) = 1 for x > 0.

Let us agrea to call distribation functions F(x) anl F(x)

corresponiing.

Theorem 7. If the law of distribution ¢(x) (#(x)3¢(x)) belongs to
class (;'; then cocresponding to it law &(x) belongs ta class (5 .
Conversely, each law of distribution, corresponding for certain law

of class G-,belongs to class G*.

3. Prcoof of theorems will be based on B. V. Ned=21ak>'s following

lemma [1], vhich we will give without proof:

leama 1. Let F,(x) and ¥(r) will be distribution functions,

moreover #(x) is its own law. If vith some sequences >f real numbers
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an > Or blu an > 0: p‘n/
A they occur of the equality:
(0  limF,(ax+b)=0(x)

n—>®

and () lim Fy(ex + ) = 8(2),
' . . by — By
then {II) lim 2*=1 n lim2—*=0.
n—+ ® an n>® n
Page 70.

Conversely, if for the sequence of iistribution functiom F£. (v,
during certain sslection of real comstants o, >0and ¥, for all x
occurs equality (I), where &(x) is certain nondecreasinjy finction,
then for any tvo sequences of the real numbers«, >0 and f. which

satisfy conditions (III), for all x also (II).

In order subsequently not to interrupt the presantation of the
proofs of funiam2atal theorems, let us demonstrate preliminarily a

series of the simple propositions:

lemma 2 (being the light/lung transformation of B. V. Nedenko's
lepma 3 [1])). If with some ¢, >0it occurs (1) and (2), mdoc20ver the

lav of distributisa ¢(x) is its own, then

 Hm S m g, Y
o a"
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Proof. accoriing to the condition

. & (x) = lim ’;} F.-(%Q*') = li;" I':[l'-':(auﬂ-") - F, 1 (a1 )

Rd® 4o Landdl = §
and since for all x for which &(x)>0,

- lim Fy(@,) =1, 10 &(x)=lim [/F(a,.,%). ;

A ® j)

This relationship/ratio, together with (1), on the basis >f lemma 1,

it gives (7).

Lemma 3. If with some 4,>0 they occur (1) and (2), moreover

the lawv of distribution #(¥) is its own, then or

lim @, = o, wau lima,=0.
n—-»@o n—»w

Proof. Let us first of all note that there is no such

subseguence {n,}, far which

lima, =a
k- ®

with 0 < a < =, After allowving contrary, on basis of lamaa 1, we
would have

lim I1 F(03) = 5(2).

= |

Since #(x) its owva lav of distribution, there is such E, taat

. > 5 ny s
0< @) =lim ] F(af) < 1.
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But in view (2)
F@)=1  for i=1,2,..  n

vhence £ e
#@E)=lim 2 F@)=1,

k»@ ;1

which is led to contradiction.
Page 71.

From another side it is not difficult to show that if for
certain sequence of numbers ¢, >0 it occurs (7), th2n many limit
points of this sejuence or consist of one (its own or improper) limit

point, or everyvhare dense (in the finite or infinite interval).

This observation, together with that which was demonstrated,

shovs the validity of our lemma.

Lemma 4. If with some a,>0 they occur (1) ani (2), moreover

the law of distribution ¢(x) is its own, then either

&(0)=0anrdlima, =

or

4 = y . = 0.
@) =1and lim oy, :
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Proof . Let us first of all note that it canmot be
0<o(O)<1.

Actually, with x = 0 factors F,(@X  cease to depend on n and in view

(2) we would have
F0)=1 for l'==l,2,..,,n,‘

vhence

@(0) = lim [ F,(0)=1,
PR R o o :

vhich is led to contradiction. In viewv of that vhich was lemonstratei
and lemma 3, it suffices to show the incongruence of the

relationship/ratiss

P I o P PR W= P P T RTTRE T A RN TON TORLN T VTSI I8 TN = RN

?(0) =0 andlime,=0 ~ . -° (@8

n-+w

and respectively

20)=1 and lima,=c0. i)
Let us assum2 that they occur (1), (2) and (8) and let & be
such, that0<¢()<l.In view (8) we have & > 0. Let x > ) be any

number. Baginning from certain n it will be
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and 40“
o <x B F(af)<F@x) . wwi=12.5,n

but in visaw (2)

Yon

lim F,(a,,E)_=_.l s (=1, 2,, n,

vhence

for

F(x)=1 SaE i=1,2,... . 8

Since the latter >ccurs with any x > 0, with any the nataral i ani
n (i < n) F;(ang) b 1’
vhenzs 4()=1, which is brought k contradictory.

Page 72.

Analogously is proven the second part of the leamma. \ fter

allowing (9), we #ould have for any x < 0

lim7(e,x)=0  for i=1,2,...,n,

new

vhence #(x)=0 for any x < 0 and, in view ¢(0)=i, 1law ©() it would be

improper.

Leama S. If the law of distributionm ¢(x) possesses those by
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property, that vith certain «(0 < «a < 1) there is nondecreasing
function ¥,(x) such, that in all points of the continuity of law 0)‘5)
(respectively #(«x)) occurs the equality

0@ =0 (%) e, a0

(respectively that e
B (x) = D(ax) - vulx)), - (11

d(x)=0 for x<O0.
(respectively O(x)=1 for x > 0).

Proof. Let us assume that this is erroneocus. Sinca &(x) is

continuous to the left, there is such & < 0, that

20>0(;)>0

’

moreover &(«) is continuous at point 2 After allowing ¢(§)=0
obtain from (10) ¢¢) =0, which is impossible. After allowing ¢(§)>0‘
ve vill obtain y,()>1, that it is also impossible, since limy,(x)~1and

¥.(x) nondecreasing function.
The second part of the lemma is proven analogously.
Leama 6. If the law of distribution #(x) possessss property (10)

(vith respect <o (11) ] and there are such x(x > =), that #(x)=0), then

among all possibla y,(x), that satisfy (10) [with rezpect to(11) ),
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there is listribution function ¢.(x) such, that &(x) ani ¢«(x)

simultaneously they are converted into zero.

Proof. From (10), in view of continuity ¢(x) to the Left and on
the basis of lemma 5 it follows that there is such x5, that @(x)=0

and 9(x)>0 for x> xy. Let us place

0 I{-{l{l x < xop .

(p.(;r)= 2(‘—:—)- 1{1/1{1 'x>x°.
o(2)

Key: (1). for.

It is obvious, s> that which was determined ‘%(;)'sati.sfies the

condition of lemma.
The second part of the lemma is proven analogously.
Page 73.

Let us note that if 2(®>0 for all x, then such ¢.(x) can not

exist. It is easy to check that the law of the distribution
_It <

-t zulu)i x<—1,

m(x)——- ) :t /).; ',

AR LT A ey~

Key: (1) . for.

satisfies conditisn (11) with any a(0 < a < 1), that whizh is
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determining unambiguously v.(x) taking the fora

vl * 1

a s x<L——,

Y. (0) = —.1; ,{:’u’. ’—§<x§—14

(1)

1 g x> —1.

Key: (1) . for.
It is obvious, yv.(x) not there is distribution function.

The lemma 7. If lawv of distribution #(x) possesses praperty (10)
[vith respect (to> 11) ], then among all possible y (x), that satisfy
(10), [vith respect (to 11) ] exists such, which (10) [with respect

(to 11) ] occurs for all x.

Proof. On th2 basis of lemma 6, we can be bounded to the
examination of those values x, for which &(0)>0. Let x, aad x, (xp >
X;) any two numbers (¥(x,)>0). It suffices to show that

B(x) _ B(x)
of2) " of2)
«a « 3

Actually, let us take any §,q(§<xl<q<x’) such, that g and 7 they

(12)

are the points of the continuity of function @(x).In view (10) we will

have

el e irt

i i,

SO IR
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S) d’('/)

o{°ef)

Let now {-x, 772x,. Since ¥(x) is continuous to the left, last/latter
relationship/ratio to us wvwill give (12). The proof of th2 second part

of the lemma is carried out by the same vay.

Leama 8. If the law of distribution ¢(x) possesses those by
property, that for certain sequence of mumbers «,(0<c,<1),
striving k 1, thare are nondecreasing functioams ¥.(x) such, that with
any natural n and any x

P = w( ;f) ¥, (), (13)

[respectively q;(x)::gp(a,,;)-wa (x)],thea for any a(0 < a < 1) there exists

this nondecreasinjy function ¢.(*) that for all x
7 =0 (%) g (14

[respectively o) =g (&x) ‘g (¥)]).
Page 74.

Proof. On th2 basis of lemma 6, wve can be bounded to the
examination of thaose values x, for which ¢(x)>0. Prom (13) it follows

that for any x, udxz(x@xx. @(x;)>0) with any matural n
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m (xl) @ (xl)_

<
o) (2
(l" (I”

O(x) . \%!
mxz)\' (_{!)
Since "%’.>/:—:. substituting into last/latter inequality ;—" ani =

instead of x, and, correspondingly, x, ve we will obtain
~(x\ X,
o(2) o)

YR R Y
"’(.?,,) 2(33)

that together wita the previous inequality it will give

(%)
0("'1_) ____‘f_'___
B(x) q,(iz)

@

Analogously discussing, we will obtain that for amy x, ani¥% (>x,

'm(xl)>0)l‘
a natural n and »
| ey
: P\ gm (15)
fp.(ftl< .
d)(x,) q,(f%l .
- a.

On the other hand, it is not difficult to show that if for

certain sequence of numbers au(0<a..<1).li_§1:¢u=l.that for any «(0<a<l)
+hat
it is possible to find such natural numbers m=m (o, n), we lima"=a,

n—+w

On the basis of this observation from (15) ve obtain, that with

any <¢(0<e<l) occurs the inequality

ouy 2) as)

.Q(x,) Q('El)
L T ¢ «
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Xy (xl }X;, m(xl) > O)D

for all x, and /\ vhich are the points of the zontinuity of

function & (f)
Page 75.

On the basis of Lsama 7, this will occur also for any x, and

x, (X, 2> Xy & (x,) > 0).
us assume2

0 .. for those x for which ¢(0=;Q
O(x)

Pa(x) =

for remaining x.

In viev (16), So that ¥hich was determined 9.(x) will, obviously,
satisfy condition (14). Proof of the second part of tha2 lamma is

carried out by th2 same wvay.

4. Lat us pass to proof of formnlated previously theorenms:

froof of theorem 1.

Sufficiency. From (3), on the basis of lemma S it follows that

there is such x (%>0), that #(x)=0 and for x>x &(x)>0. Oa the basis

of lemma § v " 7N e 8 km,
¢
gl = { —— Sor. x> xo,

2)
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will be function distribution function during any a(0 < x < 1). Let

us place a = i/i ¢ 1, then with any natural i

0‘ J{J{S)l x<xo(i+1).
w PO R
F,.(x)=(p, (1:1)_ —i—-l— Jm x>xo(1+l),
i o(%) :
i

Key: (1). for.

it will bs also iistribution function. After assuming a,=n+1, ye will

have ”)~ ;
£ x(i+1)
: 0 A x-<——n+]
a, "+1 )
Fe=g . (%) = o) ) wury - U
il o =¥y nt1
a(%x)

Key: (1). for.

1+l
Is easy t> check that for any x > x, and any naturali (1 <i<n) 0'( -1—4')4”0

and F(r,x)4-0.
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Page 76.

Let us assunme

l‘ﬂ" (a,,x) L 1["1, (anx)’
i=1

then fior all x > x4

and, in view lima, = », will be :E’;ﬂ’.(a.x):f'(»\')

n—>®

for all x for which ¢(x)>0,

On the other hand, from (17) it follows that F (g x)=0 for x
Xg, therefore, far all x it occurs (1. Pinally, from (17) is
obtained immediately (2), therefore, ¢(x) belongs to class G, and

since x5 2 0, #(0)=0 and %(x) belongs to class G*.

Let us note that from lemmas 7 and 8 it follows that for
equipment with class G* it suffices to require so that
relationship/ratio (3) would be fulfillel for certain s23uence
a'%sl‘u‘ri%gching 1, moreover it is sufficient so that this would occur

at the points of continuity &(x).
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Need. Let us assume that the law of distribution &(x) belongs to
class G' this means that is made (1), (2) and #(0)=0. Siice each
improper law of iistribution #(x), vhich belongs to class Gt (i.e.
such, wvhich 9(0)=0), satisfies condition (3), we can t> assume that &(x)

- its own lawv of 1istribution. On the basis of lemmas 2 ind 4

lima,= o u hma'”"_l

L el d  ad a”

a therefore ve can substitute into conformity to each iil2x n this

another index m=m(a, n), that

. (18)

n+o Cpym o

vhere a - any nuaber of interval (0.1). Let us assume

P, (x) = 1[ F (anx)n

then
N X “a . I T ; .
it B L Tk
n4-m = @pimX) = f-{ { F“(—aT .‘.1"“. '__{ I F, (a,H_,.,x)

Let us designate
Fd '
: i n+m .

P )= 1/ F(amx).

i=n+

then last/latter relationship/ratio is rewritten in the form

ai.+..(x) W,,(—'ﬂx)-?”'-(x). : i (19}

Page 717.
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Oon the basis of the first Helly theorem, there is this
thgt
subsequence ¢, ., (%), thatlimg _ (0)=¢,(x), me ¢,(x)- certain 131decreasing
(limited) function. Prom (19), in view (1), (18) and lemmas 1 we

obtain, that in all points of the continuity of the law xﬁ(f)
0 =0(%)- .0

vith any «(0<«<1).In the basis of lemma 7, last/latter

relationship/ratis will occur with any x, which proves need (3).

Let us note that on the basis of leama 6 it is necessary that
relationship/ratis> (3) would occur, also, vwhengq,.(x), as ta2 being

distribution function.

Proof of thessrem 2.

Sufficiency. Let us allow first, that &(x) >0 for all x, then,

in viev (8),

v (1) a

0 M x< oy

(p;,(x)= 'ﬂ(x) ’ (/) a

'd"i(_a;) nas x>a—_-_‘I,

Key: (1). for.
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vill be distribution function during any a(0 < a < 1). L2t us assume

g en with any natural i
(m

22

0 A x<L—l,

F=g¢ , [Gi0x)= ' PUEDX)  gag x>,

e

Key: (1). for.

it will b2 als> iistribution function. After assuming a,=

obtain

Flax)=g ; [((+1Da,x]= ([.(

i1

Key: (1) . for.

Let us assua2

{pu (an".) =

Page 78.

Since for any x aad any i(1 £ i & n), beginning with zartain n, it

@ (ix)

n+1
0 nglnjxé—i(n“i-l),
i+1
—x) (1)
o "E,lﬁ-_) gy 09
Ix
n+1
: l,"I F (0,%).

i=1

. we will

1
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will be x > -i(n ¢ 1), beginning with certain 1,

@ i—z}%x =
F.-“ux:"”‘q'?‘— for «¢ll i (1<ic n = 20
(a,x) (]‘(qu) e (1<i<n) and a4, (a,x) B (a.x)’
n+1

vhence, on the basis of continuity condition in zero and 5f lemma S,
in view E’mmau:(): we we obtain (1). From (20) it is obtain=21
immediately (1), and since, in view of continuity condition in zero

and lemma 5, #(0)=1, @(x)belongs to class (.

Let us allow now, which exists such x,, that @(x)=0 and &(x)>0

for x > xg. In viev of lemma 5, x5 < 0 and on the basis >f lemma 6

)
0 lfljl}ﬂ X <.l‘o,
gu0)={ O 17 :
& (ax) a8 x > Xo,

Key: (1). for.

¥ill be distribution function during any a(0 < « < 1) . I'o analogously

1 1
1 a,=—7' ve vwe obtain, that

previous, after assuming «=

- 7/, +1
0 lgli{x<x°§:_1 ),

i+1
o : 21
Flax) =g , [(i+ax]= (ntﬁ) N
. ES| .‘ ( i i+1

Key: (1). for.
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it will be distribution function, also, for any x > x, ani any

natural ; (1<i<n) m(n—i‘f—l)#O and Fi(e,x)+0. Let us assume

@, (aux) = ” F:( (anx)n
3 i=1

then, it is easy to check that for all x > x,

D (x)
mﬂ (a"x) o 5’(_2_:-;) ; >

and, in view ling,=0, on the basis of continuity condition in zero ani

n—»ow

of lemma 5, will be made for all x > x4, (1).

On the other hand, from (21) it follows that F,(e,x)=0 for x £ Xq,
it consequently for all x occurs (1). From (21) it is obtained
directly (2), vhich together on condition of continuity in zero, on
the basis of lemaa 5, proves the sufficiency of sign/criterion, also,

in this case.
Page 79.

Need. Let us assume that distribution function &(x) belongs to
class 6° i.e., they occur (1), (2) and ¢(0=1. since 2az1 improper
lav of distribution @(x), vhich belongs to class G~ (i.e. such, which

@(0) = 1),
satisfies the conditions of theorem, we can to assuzs that &(x)
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its own lawv of distribution. On the basis of lemmas 2 ani 4

lime, =0 and iim nyy e
n—+® naw an ’

a therefore we caa place in conformity to each index a tiis another

index m=m (e, n), that
e P A (22)

vhere a is any nusber of interval (0.1). To analogously previous,

after assuming

. () = JTF (a0,
=1

ve ve come to relationship/ratio (19) and in view (22) we obtain (4).
Finally from (4) and condition ¥(0)=1, oan the basis of leama 5 we

obtain the need for the continuity of law &#(x) for point x = 0.

The observation, done by us in the proof of theoresa 1 relative
to the possibility of the weakening of sufficient conditisns, is
applicable, obviously, and to theorem 2, but for the laws of the
distribution &(x) >f class (3 which are converted into zafo at end
point, it is possible to somevhat amplify the necessary c=sndition,
since in this cass it is necessary that relationship/ratio (4) would

occur,! also, vhen ¢ (v), as the being distribution function.




e
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Proof of the>rem 3.

Since the laws of class G, according to theorem 2, are

e

continuous in poiat x = 0, first assertion of theorea sufficient to
demonstrate oan the assumption that @(x) belongs the kl. ts class Gt
Actually, if ¢(x) class Gt it had a discontinuity/interruption at

point x = 0, thean there would be such an a > 0, vhich for any x > 0

would be
¢(X)>a>0,

vhence, in view (3), we would have

s

lim ¢,(x) =lim I;
H+o<r() Mo(ﬁ(f)
@

vhencalﬁ(x)=!ﬁ(§)far x > 0, and then since & (0)=0, 10 &(x)= ().

Let us allov now, that the second assertion of thasram not is
correct and let xo, will be the point of the discontinuity of lawd(x),
moreover ¢(x,) >0.

Page 80.

Let us allow first, vhich «¢(x) belongs to class d", >ansequently

Xg > 0 th2re is sach amn a > 0, that for any x > x,

& (x) +a < P(x). (23

A b v
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Since @(x) is continuous to the left, will be located sazh &(0 < E <
Xg) that
20 - y-q (24)

and with any a(0 € a < 1) it will be
Bl 80
o(2)” a(;) |

§

Xo

Specifically, vhea «=

and in view (24)
(25)

Hovwever, since i<y, that fz-:>x, and in view (23) will be
x,
¢(xo)+a<¢(-§—)

or
D (x,)

) o)

vhich contradicts (25).

In parfect analogy is proven the case, vhen ¢ (x) beloags to class(™
taking into account that x4, < 0, since for x>0 ¢(x) is kaswingly

continuous.
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, D(x)
Let us note the following interesting fact: vhatavar was the lau/!

of class G, the lavw

s £e)
o |1 a1 x<La,
r={on

1 x>a,

Key: (1) . for.

vhere a (any real number) also belongs to class G. This odservation
gives, obviously, rule for the construction disruptive laws of class

Ge
Page 81.
Proof of theosrea 4.

Let &(x) will be the lav of class G and let us assaa2 that there

are such § amd i (5>§) that

0<BE)=D(5)<1. : - (26)

since #(x) belongs to class G, from this it follows thatf -&>0.

Let us allow first, which > >0, then &#(x) belongs td> class Gt

b

and occurs (3) wvith any «(0<az<1).After assuming in (30"’;‘ y x=£§, ve
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will obtain
D(5) = PE) ¢, E)

and in viawv (26) ¢,()=1. Since ¢.(x) nondecreasing function, a§'>5,.

A
also ¢-(f)_l' Subst itoting in (3) x=§,=é, we will obtain
a

oc)=0(3) ¢.(2).

¢@9=f(§);¢(§%)'

Discassing analogously, we come to the equality
°c)-0(3),

vhere n is any natural number. But limf—},:@, consequently

n-w®

n—»wo

vhence &(5)=1, which contradicts (26).

After assumiang that i <: <0 and &(x) belongs to class G-, ve,
discussing analogously, let us arrive at the relation
PE) = B("E),
lime"s, =0, #(0) =1
vhere n is any matural nuamber. Simce " f and 9(x) is

continuous at poiat x = 0, 4(,)=1, which also contradicts (26) .

Proof of theorem S.
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O ()
Let us first of all shov that if for the distribution functionsh

of class (5*,it occurs (5), them &#(x) there is also class C;+-

Actually, with any x and any a(0 < a < 1)

. =0,()gmw  for a=1,2,...
vhere () — ars some nondecreasing functions.
Page 82.

Oon the basis of the first Helly theorem, it is possible to find this
subsequence (7). that

tim ) () = g (=),
wvhere ,(x) there is also certain nondecreasing functi>a, mareover
last/latter relationship/ratio will occur for all x, with any a(0 < a
< 1). Thus, in viav (S) for all x with any a(0 < « < 1) will be

B(x) = & ( = ) e (1),

consequently, &(») there is a class G

Analsgously it is proven, which if for the distribution

functions of class G” occurs (5), then «&(x) there is also class (3 .
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Let now 2,(x) will be the sequence of the laws of the 1istribution
of class 3, lat ¢f(x) will be all those laws of the distribution of
sequences ¢,(x),vhich belong to class G* and respectivelyd (x)— G™. At
least one of the sequences {y} amd {5} it is infinite and, in viewv of
recently that vhich was demonstrated, if {v) ([respectivaly {s}) it is

infinite, them ¢(*) belongs to class (F (respectively (7).

On the other hand, since classes &' and G"; obvisusly, do not
intersect, of (5) it follows that one of the sequences (v} and (s} it

must be final, which, obviously, proves our theorea.
Proof of theorem 6.

Let 4(x) will be the lav of class GDJ-, and xo - th2 nuaber, which

satisfies the relationship/ratios: &(x,)=0 and (x>0 for x > Xg.

Let us showv first of all, that the law of the distripution
¥ (x) =D (x—D),
vhere b is any pssitive number, also belongs to class (5’ FPor this,
it sufficss to sa>w that for any x and y(x >y > xo + b) and with any

a(0 < a < 1) o

@ (x)
o) v (V)

o(3)
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or D (x ) ¢(y b)

o(i-0) o(t2)

Let us assus2 that with some x, > Y1 > xp ¢ b and cactain a, (0

< ag; € 1) is fulfilled the inequality
P _ 9@n=h) - i (@7)

Page 83.

Since ¥(x) belongs to class G', with any ¢ (0<a<1)
(’5(1, ) ¢(’l’ b)

(33%) T oe2)

specifically, whea o %% @b vill be

x,“-a,b
i~ b) Py, —b) v
¢(.J b) [w, b)(x, nb) (28)
o (x,~
(since with so datersmined a :u: occurs equality _—’3=‘5:-b). It is easy

to check that for b > 0, X, - y, > 0, 0< a, < 1 will be

¥ (y, —b) (x,—a,b)
@, . “1(“1 o - °

in view of which from (28) we obtain
P —b) Ol —b)

o(zi-0) " ol% )
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vhich contradicts (27).
@ (ax)
On the other hand, if #(x) belongs to class (i thea, obvi.%uﬁl?}
also belongs to class C—ﬁ with any a > 0, consequently ta2> law of

distribution %' (x) = &(ax—b) such belongs to class C‘;* so forth.

The proof of the second part of the theorem for the lawvs of
class G., is carried out by the same way; condition O(—b)=1

ensures the coantiiuity of law ¢’ (x)= @(ex—p) at point x = J.

Let us note that with b of negative this theorem, generally

speaking, is inaccurate, as is evident from the followinj examples:

‘l
(A
I g A
F)=1x—1 am1<x<V2, RO={ * ',
1 s x>V2, 1 i x>— 1.

Key: (1) . for.

It is not difficult to check that Py (x) (with respest P,(x))
belongs to class Gt (respectively C—»')) nevertheless lavw P!, (x) =
P; (x-b) [respectively P',(x) = P, (x-b) ] with any negative b to class(
(respectively &7) does not belong.

—r
(bhe proof of theorem 7.
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Ol.et the lav >f distribution ¢(x) beloag to class G*, t herefore,
O (x) =
for x £ 0 ani with any a(0 < « < 1) there is this nondecreasing

function (%), which for all x occurs (3).

Page 84.

Since accordinj t> conditiom &(x)+<(x), according to theorem 3, “(2) it

is continuous at point x = 0, whence

= (p(-—l) 11('1/34 x <0,
d'(x)= X (/)
1 s x>0,

Key: (1). for.

will be the law of distribution corresponding to law §(x). In order to

show that &(x) belangs to class G'7 let us note that if wa place

/)

1
e e naa x< 0,
¢alx) = ( ") (/)
1 s x >0,

Key: (1) . for.

that ¢,(») vill be also the nondecreasing fumnction, sinc: azcording to
lemma 6 va can t> assume that ¢.(xY) and @(x) sinultaneously they are

converted into zero.
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But in view (3), with any x
@(x) = O (ax)* 2;, (x),

a since our transformation retains continuity in zero, @ (x) belongs to

class (.

The second part of the theorem is proven anmalogously.

In conclusior I express deep appreciation to my l2aiar B. V.
Nedenko for th2 satting of problem and management/manual during its

solution.
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