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rot curl
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Page 6~7.

On e Prob le. of B. V. Nedenko.

D. G. Neyzler .

1. on sesin~ r on pr obability th eor y , for target /pu rpose of

generalization of already known results C l i , of B. V. Nal nkos was

placed pr3ble .: to find class of ma ximum laws of •axiiu a ter m ,,~
first n from saqu~nce of independent differently distributed random

variables ~~~
. ?hi3 problem has direct interest for stnt istics , namely

— for that case v~ en experi mental conditions vary and the

distr ibution fun ct ion of the result of the i observation d epends on

i. Ta rget ~~purpose of this work — to give, under some sufficiently

ge nera l cond it ion s , the solution recently for mulated p rD b lei .

Let us nate that the obtained by us results are foun d in close

commulP icat ion/connection with P. Levis ’s results. ob taim ~ I by it in

re spom se to the ~aest ion of A. Ta. Khinc bia concer uinj a lEimu s laws

_________________________
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for the standardized/normaliz ed sums (see (21~ §6).

Let us c asiler the sequecce of the independent r inlom

quan ti ties

~1, ~~~~~~~~~~~~ ~~
,i, .. .

of subordinate with respect to the laws of the distribut ion

F1 ’~-),  i’~.( . ’-), . .,
Let us assum e

,,~~~~rn :x (i,, ~E,, . • , ~r.) 
n=1, 2,...

The distribution f suction of maximum ter m r~, is

~ (x) ~~P~ r~,, <x} ~ J’~ (.‘i) . F.~ (x) .

We le t us say,  that the law of distribut ion 1i (x) belongs to class

C, if ther e is this sequence of distribution function T~~~-) and

such positive nuaDers ~~~~, that

~~~~~ -
~~~ ~~~ v) (1)

• 
~~ —:1

an d evenly relative to ‘E ~~-~~i~~ id

for all x for whi: h i~- ) ;-. 0.

Our probl em Lies in the fact that , finding the of :h~ racteristi~
sign/criterion of the laws of class G.

a
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Page 68.

For conven ieac e in the formulation Df the proven sign/criteria ,

let us intro duce the following designations:

L
~.et G~ it designates the set of t hose laws ~ (x) f :Lass G for
(Ji(O)=O -

wh iclt—ç ind G - respectively the set of those for whic h 0(O)= 1.

It is ob vious, classes (~ and G do not intersect, and , as

subsequent ly will  be shown (le mma 1), occ urs the equ a l i t y

G~ ± G = G.

2. In the present work are demonstra ted foUoviaçj  ths or ems:

T
~ heor em 1. F)r the law of distribution 0(x) would ei nging to

• class G~, it is nece ssary and sufficient so that for any z (0 < a ( 1)

there would b~ n,~ decreas in g function q~,,(x)~ such so t ha t wi t h all took

place the equalit y

• 0(x) = (pg(X). (3)

Theorem 2. For the law of distribution 0(x) woul d beL nging to

cl ass ~r, it is necessary and suf f ic ient so that  for ~iy ~z (0 < a ( 1)

there would be no~ decreasing function q~(x), such so that with all took

place the equality

0(x) 0(ax) . tp (x) (4)

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~ - _- - - -~~~~~~~~~~~~~~~~~~~~~~~~
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and so that the law of distribution 0 (x) was continuous at point x =

0.

Theorem 3. rhe laws of the distribution 0(x) of c1a33 G can have

the quite larger one point of discontinuity, and, if z~ t2ere is a

point of d iscontinuity,  th en

XO=o(
~~o(X) =.(X)=i0 i~J x<O,

~ l n’~~ x > O ,
x0*O,

key : (1). or. (2). with. (3) . for. (~I). ~~~~~~

Theorem ~. ?ae laws of the distribution 0(x) ot :las3 G do not

ha ve intervals of constancy bes ides t hose in which the? are converted

in 0 or 1.
I

Theorem 5. if for the sequence of the laws of distri ution 4~(x)

class G

1iin -ø~(x) = di (x)~ - (5)

where 0(x) is a la w of distribution , then 0(x) belongs also to class C,

and, if di(X’~ it belong s to sub—class o~ (respectively Gi,
• then , beginning wit h

certain n , every ta ieg 00(x) belong to sub—class G~ (respectivel y G— ).

In other words , class G, just as e ach of the sub-classes ~ + and a— ,
they will close relat i ve to t ransi t ion to limit.
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Theorem 6. If the law of distri bu tion 0 (x) belongs to class ~G+

(respectivel y 0—) then the law of the distribution

0’ (x)=Ø(a ,x—b)

also belongs to class LY (respectively cv), w here a an d b any

positive numbers (moreover b satisfies condit ion 0 ( — b ) —— I) .

Page 69.

For the formulation of one addit ional proper ty of the law s of

class C, is necessary the following observa tion. Let F(x) any law of

distribution , continuous in poin t x = 0 and such, that F(z) = 0 for x

( 0, then -

-~ - ., 
~~~ ~iii 

-

— F!——) kjisix (O , - 
‘ 

. -F(x)  = “ X • 
• 

- - (6)
-
~~ I . )j~ä x>O,.

Key: (1) . for.

there is also the law of distribution , continuous in point x = 0 t .
Conversel y , if F Cx ) is the law of distribution , continuous in point
x 0  and is such thaL F (x)=l for x~ 0, then

P(x) for x<O, ( & ‘ )
~~ xj or

~~>o,
Is also a law of distribution , continuous in the point x 0*)

FOOTN OTES. F (x) can and not be the law of distribution during the
presence of discontinuity/interruption In point x=O. For example
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for a single law we have:

1
~ 

~~~ x<~°~ ~~x ) -=I ~IJ~ø

~1~ I ~~~ x >O ,

Key: (a). for. (b • for all *1 ~NDF0OTNOTE.

It is easy to note that F (x) = F (x) and, there fore ,

transformations (5) and (6’) establish/install one— to—one conformity

betw~a~ ma ny of distribution function F(z). con tinuous in poin t x =

0, which satisfy condition F(x) = 0 for x < 0 and , c rreeaon dingly,

F(z), that satisfy condition F(x) = 1 for x > 0.

Let us agree to call distribution functions F (x) and F(x)

corresponding.

- - I

Th eorem 7. If the law of distribut ion 0(x) (di(x)4~~(x)) belongs to

class 6~ , then corresponding to it law ~ (x) belong s to clas s  &~~
Conversely, each Law of distribution, corresponding for certain law

of class 
~~~~~~~~ 

belon gs to class C14 .

3. Pcoo f of theorems wil l  be base d on B. V. Na da~ t ’ s  fol lowing

lemma [1]. which we wil l give withou t proof:

lemma 1. Let F~(x) and 0(x) sill be distribution functions ,

moreover 0(x) is its own law. If with so~~ sequences of r ea l  nu•bers 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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a~>O, b,4, a,~> O f l ~J1c~ they occur of the equ ality:
(I) u r n  F,, (a,~x + b,,) = 0(x)

and (U) Iirn F,,(a,,x + ~I,,) =

tk.n (III) Bin a , = 1 ii tim 
b,, o.

_ a,, ~~., a,,

Page •70.

Conversely, if for the sequence of distribution f u n ct i o n  1~

during cer ta in  seLection of real constant s a,,>Oan d 1’~ for  all x

occurs equalit y ( I ) ,  where cP (x) is certain nondecreasia; f in c tion ,

then for a n y  two sequences of the  real nu m bers a,> O  and fl~ which

satisfy conditions (III) , for all x also (II) .

In order subsequently not to interrupt  the p r e s e n t a ti o n  of the

proofs of fundamen tal theorems , let us demonstrate prel iminari ly a

series of the simple propositions :

lemm a 2 (being the  light/ lung transf ormation of B. V. ~edenko ’s

le mma 3 C l ) ) . If wi th  some a~> Oi t  occurs (1) and (2) , 13r?over the

law of distribution 0(x) is its own , then

1im~~~-~= 1  - (7)
‘
~~~~.. a,,

I
- - -

~

-, -- - -~~~ - ---- -—--—- ~~—
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Proof, according to the condition

n-f-i fl -

0(x) = Jim II F~(a ,,+1x) = h u m  J JF~,(a1,+,x)
-, •-e~~i=i. 

-

and since for all z for which 0(x)>O,

Jim F,,(a,,x) 1, io di(x) IimfIF1(a,.+1r).
- - “

This reLationship~ ratio, together with (1) , on the basis of lemm a 1,

it gives (7).

Lemma 3. If wit h some a,,>O they occur (1) and (2), moreover

the law of distribution 0(x) is its own, then or

Jim a,1 = o~, fIJI!! Jim a,, = 0.

Proof. Let us first of all note that there is no sacit

subsequence {n,,}, fo r  which

Jim a,,,, a

with 0 < a ( —. After allowing contrary, on basis of lem ia 1, we

woul d have
nk

Jim JjF~ax~ = 0(x).

since 0(x) its own law of distribution , there is such ~~~, tint
- . . Rh .

0<0(~) = I i m JJF1(afl < 1.
I,~~l

- . -
~~~~~ -— .~~~~~~~~~~~~~~~~~~~~~ -~~~~~~ •~~~~~~~~~

- •  - _ _
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But in view (2)

a~)1 for i ’1 ,2,...,n,

whence -
. - ‘ 

“* 
-

- 
~~-‘~~~ 1=1

wh ich is led to contradiction.

Page 71.

From another  side it is not d i f f icul t  to show tha t if for

certain sequence of numbers a,,)O it ~~curs (7), th en m a n y  limi t

points of this seiuence or consist of one (its own or improper) limit

point, or everywhere dense (in the f i n ite o~ infinite interval).

This observation , together with that which was demonstrated,

shows the validit y of our lemma .

Lem•a . If w i t h  some a,,>0 they occur (1) and (2), moreover

the law of distribution 0(x) is its own, then either

dl (0)~=0 &~ d-.Ilrn a,,~~~ .’
or

0(0) I&P2~1i1Im a.~~~O.
•-• 1~ -
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Proof. Let us first of all note that it cannot be

O<0(0)(I.

Actually, with x • 0 factors F~(a,,x). cease to depend on ii and in view

(2) we woul d have

)(0=1 for 1=1, 2,..., n,

whence 
- 

- - 
- . -

0(0)- IJmJJF,(0) = I,
- 

- .. - n—• •
~~~1 -

which is led to contradiction. In view of that which was demonstrated
an d lemma 3, it suffices to show the incong ruence of the

rein tionsh ip/ratios

0(0) =0 and Iim a,, = 0 : (8)

and respectively

0(0) 1 and Jim a,, = • -

Let us assume that they occur (1), (2) and (8) und let ~ be

such, thatQ<~P(~)< 1.Ia view (8) we have ~ > 0. Let z > 3 be any

number. Beginning from certain a it will be 

--- - - ---- - -- - — ~~~~~~~~~~~~~~~~~~~~~~~~ L~~~~~~-; - -;~~S ~~~~~~~~~~~~~~~~~~~~~~~~ - -- ______ -— --
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aj <x ~ J~(a,,~) < F~,(x) 
- 
~~ø-i 1, 2;. ., ti ,

but in vie w (2)

1irn F1(a,,~) I  ~i w m i I 2,...; fl,
n-ø~ 

- 
- .

whence

-~n . 1~~1,2,...,n.

Since the latter occurs with any x > 0, with any the natical i and
,j (i -~~~ n) F~ (a ,,~~~~~J

whence 0(~)=h , which is brought k contradictory.

Page 72.

Analogously is proven the second part of the lemma. L fter

allowing (9), we iould have for any x < 0

flrn [ (a~x ) = 0  for i=1 ,2,..., n,

whence 0(x) O  for any x < 0 and, in view ~‘(0)=i , law “4 it would be

improper.

Lemma 5. U the law of distribution 0(x) possesses those by



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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property, that with certain .(0 ‘C a ‘C 1) there is nondecreasing

func tion mp~(x) such , that in all points of the continui ty o~ law

(respectively 0(ax)) occurs the equality

0(x) = 0 (:~) ~~~~ (x), 
- 

- 
(JO)

(respectivel y that
0(x) O(ux) ~‘i (x)), 

- (11

0(x) O for x<0.

(respectively 0(x)=1 for x > 0).

Proof. Let U S  assume that this is erroneous. Since 0(x) is

continuous to the lef t, there is such ~ ‘C 0, that

moreover 0(a) is continuous at point !~ After  allowing 0(~) = o ~ we
obtain from (10) 0(~) = o , which is impossible. After allow i ng

we will obtain ~~~~~~ that it is also impossible, since liin çli (x)=1 and

W (x)nond.creasing function.

The second part of the lemma is proven analogously.

Lemma 6. If the law of distribution 0(x) possesses property (10)

(with respec t to (ii) j and there are such x(x >-•), t hat 0(x) 0), then

among all possibl e Vl,(x), that satisfy (10) (wit h rt~~psct to(11) 3, 

-—~~~~~~~~~~~~
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there is d i s tr ibu t ion  funct ion ~p,,(x) such, t hat 0(x) an d  ç~.(x)

simultaneously they are converted into ~~ro.

Proof. From (10), in view of continuity 0(x) to the Left and on

the basi s of lemma 5 it follows that there is such z•, that 0(x,)O

and 0(x)>0 for V z0. Let us place
- (I)
0 fl)UI x<xo, -

0(x) (/)
q,,,(x) —

~
-j
~ 

, j in x> X0.

01- -- -

Key: (1). for.

It is obvious , so that which was deter m im ed w( ’) satisfies the

condition of lemma ,

The second par t  of the lemma is proven analogously.

Page 73.

Let us note that  if 0(x))O for all x , then such p.(x) can not

exist. It is easy to check that the law of the distribution
1 Yl) -

— —  AJI!!X< l,
~ (I) ’- 

1 ~JI!!x>- l,

Key: ( 1) . for.

satisfies condlt i n (11) with any a(0 ‘C a ‘C 1), that whic h is



_ _  
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determining una mbiguously IP,(x) taking the form

- -‘ (I) . 
~i -

a J~)1g x < — ,

-t-
~ 

(I)  ‘ i
~i’~ (x) = — — Mg — ~ <x~~~ 1.

- - 
- ( I)— -

-
. 1 MH x>—l.

Key: (1). for.

It is ob vious, ~,,(x) not there is distribution function.

The lemma 7. If law of distribution 0(x) possesses property (10)

(with respect (to 11) ], then among all possible ~,,(x), t h at  sa t isfy

(10) , (wit h respect (to 11) ] exists such, which (10) ( w i t h  respect

(to 11)) occurs for all x.

Proo f . On t h e basis of lemma 6, we can be bounded to the

examinat ion of those values z, for which 0(x)>O. Let x5 and x2 (x, >

x~ ) any two numbers (0 (x,)>O). It suffices to show that

0(x,) < !i!~.. - , (12)

o(~ ) o(~~) - 

-

Actually, let US take any ~, ‘~ 
(~(x1 (m7 (x,) such , t h at a nd ! they

are the points of the continuity of function 0(x). ID vie.  (10~ we wil l

ha ve 

-~~~~~~~~~ _ _
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0(e) 0(fl)

Let now ~-~x1, ‘j-’x2. Since 0(x) is continuous to the left , last/ latter

relat~uonship/ratio to us will give (12). The proof of the second part

of the lemma is carried out by the same way.

Lemma 8. If the law of distribution 0(x) possesses those by

property, that for certain sequenc e of nu .bers u,,(0<u ,,< l),

striving k 1 , th ere are nondecreasing funct ions W ,,(x)suck, that wit h

any natural n and any x
0(x) 0 (

~
). ‘s,, (x), (13)

(respectivel y 0(x)= 0(a ,,x) . tp,, (x) ], them for any a(0  ‘C a ‘C 1) there exists

this nondecreasin; function ~~ (x), that for all x

0(x) = ~j , , (x),  (14$

( respectivel y c1~(x) ~ (c~x) -

Page 714.

Proof. On the basis of lemma 6, we can be boun ded to the

examination of those values x, for which p (x)>O. From (13) it follows

that for any x~ nad~~(x~~ x1, 0(xi)>O) with any natural a

— --

~

--- - -~~~~~~~~~ -~~~~~~ - - - -
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-~~ c~i
)_ <

~~~~ ~~ (~9

~a,i! ~~~

or - ‘ I x 
-

01-i
0(x~)

‘U,,

Since ~~~~~‘ substituting into last/latter inequality ~
‘ and

instead of x~ and , correspondingly, 12 VO we will obtain

~~~~ ~
(
~

)
I t ~~~~~~~~~~~~~~~~~ ~o1~- I  ~~~a,,j ~~

that together with the previous inequality it will give

a,
~~~1 _____

0(x2) ~~
Analog ousl y discussing , we will obtain tha t for any 

~~ 
a m I X , (X2>Xi .

4$(x~)> 0)’
natura l a 

!SI~ . 
• 

~ 5)
0(x~) ~~ 

- 

-
- ‘a.

On the other hand , it is not difficult to show that if for

certain sequence of numbers a,,(0<a,<1) Jim a,,=1, that  for a n y  a(0<a<J)
4-hc41

it is possible to f ind such natural numbers m m  (a , n), ‘i.e lim a ’=a .

On the basis of this observation from (15) we obtain, tha t with

any .a(0<a<1) occure the inequality

- (‘~(x) ‘IR -•

-
-

- -•_ _ _ _ _ _ _ _
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x3(x3>x1, QJ(x1)>0),
for all x~ and which are the points of the :oatinuity of

function

Page 75.

On the basis o~ Lemma 7, this will  occur also for any ~~ and
x2 (x~ >xi, 0(x3) > 0).J

,V Le t us assume

- for  those x for which 0(x)=0,
0(x) -

01--
‘a

for  remaining x.

In view (16) , S~~~ that which was determined ~,(x) will, obviously ,

Satisfy condition (114). Proof of the second part of the Lemna is

carried out by the same way.

I. Let us pass to proof of fora”lated previously theorems:

Proof of theorem 1.

Suffic iency.  Fr om (3) , on the basis of lemma 5 it fol lows tha t

there is such x0 (x.> O) , that 0(x,)0 and for x>x0 O( xJ >0. Ui the basis

of lemma 5 - - 

- 
0 i-or x<x.,

~~ ~9r x>xo,
- 01— .- -

• \a 
-

- -
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will be fu nction dis t r ibut ion func t ion  during any z ( 0  ‘C z ‘C 1) . Let

us place a = i/i • 1, then wit h any natur al i

(I)
- 0 .n..~si x<xo(i+1),

F (x) s (j-~-j) JL!±~ ‘ J X >X o (I+1),
~+1 

, (x) 
-

-I —

Key: (1). for.

it will be also distribution funct ion. After assuming a,, n+l, we will

have -
- (I) xo(I+1) -

0 - .7L~’I S! x( —-- -

n+1
F z ,,x)~~ p ,  ( ?~) = 

~~~ ((L> ~~±!2. 
(17)

- n+1

key: (1). for.

Is easy to check that  for any x > x~ and any natural i (J < i - ~~n) c~(— ~- )*O

and F(ii,~x)-40.

j
- -J
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Page 76.

Let as assume

0,, (a,x) = JIPI (a,,x),

then ftor all x > I, 0(x)
O
~ 

(a,~x) —

and, in view Jima = will be JIin O,(a,x) 0(x)

for all x for which 0(x)>O,

On t he other han d, from (17) it follows that F~(a~x)=0 for x .~~

x~, therefore , for all x it occurs (1) . Final ly , ftom ( 17k is

obtained immed iately (2) , therefore, 0(x) belongs to c lass  G, and

since x0 ~ 0, 0(0)=0 and 0(x) belongs to class 11

Let us note tha t  f rom lem mas 7 an d 8 it follows th a t  for

equipme nt wi th class it suffices to require so that

relationship/ratio (3) would be fulf illed for certain 3?~ uence
c,( O<u  <1),]

aJ~th~ch ing 1, moreover it is suff icient  so that  this would occur

at the points of cont inu i ty 0(~).

_______________________  
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h eed, Let us assume that the law of distribution 0(x) belongs to

class this means that is made (1), (2) and 0(0)=0. Slice each

improper law of distribution 0(x), which belongs to class (i.e.

such, which 0(0) 0), sat isfies condition (3), we can to a s s u m e tha t 0(x)

— its own law of distribution. On the basis of lemmas 2 a n d  1$

Jima,, = H liii = 1,

a therefore we can substitute into confotmity to each iilex n this

another indexzn=m (a,n),that

h im-~ -— = a , -- • (18)
- - - - - - - 

- 
- -

where a — any number of interval (0.1). Let us assume

0,, (x) fl~~ (a,,x);

then 
-

= JJF (a,,~,,,x) JJF~(!!~±f~i a,,x)  ‘I I  F1(a ,~.,x)

Let us designate
J 

~~~
;3+..

~
-

- 
- -

5-

II

then last~latter relationship/ratio is rewritten ~n the f o r m

- - 
- - 

- 

(19)

Page 77. 
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On the basis of the first Belly theorem , there is this

su bseq uence q,,,,-~,(x), that  ~~~~~ •(x) q ~,(x),,rØe 9,(x)- certain ioo decreasing

(limited) f unction. From (19), in view (1), (18) and lemmas 1 we

obtain, that in all points of the continuity of the law

0(x) = 0 (f) . q,,(x) 
-

with any a(0(a< 1).~~a the basis of lemma 7, last/latter

relationsh ipfrati, will occur with any x, which proves nee d (3).

Let us not e tha t  on the basis of leama 6 it is necessary that

relationshi p/ratio (3~ would occur , also, whe n q,(x), as t~ e being

distribution function.

Proof of the~ ren 2.

Sufficiency. Let us allow first, that 0(x)>O for all x, then,

in view ( ) ,

- (‘) a
- 0 ~~

Wa(x) ~~~ 
(I)

- 0(ax) - 
a—I

Key: (1). for. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~- - - - - — - --- ------------ ------- ~~~~~~~~
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will be distribution function during any a(0 ‘C a ‘C ip . Let us assume

- en with any nat ural i

f 0 ~~ x~~ —I,

f(i-~-’)x1 ~~~~ L’IR X> 1,
ifi 

~ 0(ix)

Key: (1). for .

it will be also distribution function. After assuning a,,= _LL we will
n+I

obtain

(I) -• - 
0 ~ji~

~~(a,~x) = ~~ [ (1± 1) a ,,xJ = n x>~~ i(n+1). 
(20)

il- I 
O(

zX )

Key: (1) . for.

Let us assum e

(Pu (G,( X) I I F ~ (a ,~x).

Page 70.

Since for any  x and any i(1 .~( i~~< n), beginning with certain n , it

- - - -- - - - Sa15-—- --5 . --s~ — __ ___2 - ~~~~~~~~~~~~~~~~~~~ - •~~“‘~~~-~~~~• S—~----- -~~ - —~~~~~ - —S- 

-
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will be x > — i ( n  • 1), beginning with  certain i ,

0 ( /~±J~)
for  Ll l i (l< i(a)  and

n+1

whence , on the basis of cont inui ty  con dition in zero an d o f lemma 5,

in view Iicna,,=0, we we obtain ( 1) .  From (20) i t  is obta ine d

immediately (1) • an d since, in view of continuity coad iti~ n in zero

and lemma 5,ø(0) 1, 0(x)belongs to class (i .

Let us allow now , which exists such x,, that 0(xo) 0 and 0(x)>O

for x > x0. In view of lemma 5, x~ ‘C 0 and on the basis ~ lemma 6

0 X<XO,

q, (x) = - - .~> ~•,- 0(ax) -

key: (1). for.

will be d i s t r ibu tion  funct ion dur ing  any a ( 0  ‘C a ‘C 1) . ro analogously

previous, a f t e r  a s suming  ~~~~~~~~~~~~~~ we we obtain, t h a t

- (/1 x~(n+1)-
~ 0 J~LJI R X<

- (21)
F(a,,x)~~~~, [(i+ 1)a ,,x1 ~~ ±L’ ~~~>~~~-‘~±P ,

• S.” I I \
- 0(—x -

‘n+1

ke y: (1). for.
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it will be distribution func tion , also, for any z > x, and any

natural I (1~~ I<n) o(—~--)*o and P~(a,,x)~~ 0. Let us assume

0~ (a,~x) = JJF (a~x),

then , it is easy to check that for all x > x~
0(x)

0~(a,,x) 0(a~x)

and , in view lhn a,,=O, on the basis of continuity condition in zero and

of lemma 5, viii be made for all x > 10 (1)..

On the other hand, from (21) it follows that F,,(a~x ) O  for x .~ X~~~~,

it consequently for all x occurs (1). Fro m (21) it is obtained

directly (2), which together on condition of continuity in zero, on

the basis of lemm a 5, proves th e sufficiency of s ign/cri terion, also,

in this case.

Page 79.

Need, Let us assu me that  distribution func tion 0(x) belongs to

class & i.e., they occur (1) , (2) and cp (0)=I. since ma ca improper

law of distribution 0(x), which belongs to class & (i.e. such, which
0(0) = Thi
/[8itisfies the condition s of theorem, we can to assu m e  that 0(x)
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its ova law of distribution. On the basis of lemmas 2 jad 4

Iima,,=O and B,n.f!~
±L =1

,~~~ a,,

a therefore we cam place in conformity to each index a his another

index m= rn (a , n),that
• 

- 
- - 

-
• 

. km — - .r=a, • • 
• 

- (22)s-.. a,, -

where a is any  number of interval (0.1). To analogously previous,

after  assuming

0,, (x) = J J F (a~x),

we we come to relationship/ratio (19) and in view (22) we obta in ( 14) .

Finally from (14 ) and  condition 0 0 ) = 1 , on the basis of lemma 5 we

obtain the need for the continuity of law 0(x) for point x = 0.

The observation, done by us in the proof of theorem 1 rel ative

to the possibility of the weakening of sufficient conditions, is

applicable, obv iously, and to theorem 2, but for the laws of the

distribution 0(x) ,f class ~ which are converted into zero at end

point, it is possible to somewhat amplify the necessary c ndition,

since in this cas. it is necessar y tha t  relationship/ratio (14 ) would

occur,} also, when ~,,(x), as the being distribution func t i on .

~ 1
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Proof of theorem 3.

Since the laws of class G accor d ing to theorem 2, are

continuous in point x = 0, first assertion of theorem sufficient to

demonstrate on the assumption that 0(x) belong s the U. to class

Actually,  if 0(x) class it had a discontinuity/interruption at

point x 0, them t here would be such an a ) 0, which for any x > 0

wo uld be -

O(x) > a>0,

whence, in view (3), we would have

0(x)Jim qg(x) Jim — = I ,

vhenc.0($=0(~ j for  z > 0. and then since 0 ( 0 ) = 0 , To O(x) F(x) .-

Let us allow now , that the second assertion of theoram not is

correct and let x~ will be the point of the  discont inuity of lav O (x) ,

moreover 0(x0)>O.

Page 80.

Let us allow first, which (i’(x~ belongs to class (i~~~~~~ conseque ntly

I~ > 0 there is sick an a > 0, that for any z )z~- 

- 

0(x0)+a<0(x). (~3J

_________________________________________________________  —. - S .  — 

.

-
~~~~~~~~
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since 0(x) is con ti n u o u s  to the lef t, Will be located sich  E ( 0  < ~ ‘C
x0) t hat

(24)
ø(xo )

and with any a ( 0 ( a (  1) it will be

• 0(xo) S. !~~~~~
_

Specifically , whee a = ~~~- vs obtain

0(x0) 0(e)

and in vie w (214 )
(25)

•o(~~) 
• -

Bomever, since ~<x,, that ~~>x, and in view (23) viii be

0(xo) + a < 0 (
~

)
or

which contradicts (25).

Lu perfec t analog y is prov en the came, w hen 0(x) b.lGngs to class6

taking into account that Z
~~< 0, since fOtx>0 0(x) is knowingly

continuous.
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. 0(x)
Let us note the following interesting fact: whatever was the lai71

of class 3 , the law
( i)

10 ~~~~~ g x~~a,
- S

(0(x~ Mg x >a,

Key: ( 1) . for.

where a (any real number) also belongs to class G. This oaservation

gives, obviously, rule for the construction d isrupt ive laws of class

C.

Page 81.

Proof of theorem 4~

Let 0(x) will be th. law of class G and let us assume that  there

are such ~ and ~ ~~~~~~~~~~~ that

0<0(g~) = 0(
~2) <1. . (26)

Since 0(x) belongs to class C, from this it f ollows th n t~~~~,>O.

Let us allow f i rs t, wbicb~ ,>~~>O; then O(x) belongs to :ia ss G
and occurs (3) with any a(0(a<1).After assuming in (3) a~~~- , x =~ t , ye
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viii. obtain
= 0(h) 9.(~~)

and in (26) ~~~~~~~~ Since q (x) noad.crea.ing function, a

also~~aU~
) 1 subgt itntjng in (3) x=~~~~-1, we will obtain

=~~ ( ~
) q. (b),

whence

Discissiag analogously, we come to the equality

0 (~~) . (Ei)

where n is any na tu ra l  nu.ber . But Iirn !i,=oo, consequently

1,

vkemc• 0(~)=I , which contradicts (26) .

Af te r  assuming  th a t E 1<E <0 and 0(x) belongs to class (-~ we,

discussing analogously, let us arrive at the relation
=

Iim al, 0, 0(0) 1
where n is any nat ural number . Simce’~~ and 0(x) is
continuous at poin t x • 0, 0(~)=I , which also contradicts (26).

Proof of theorem 5.

________________________________________________________ 
•
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t(s (x)
Let us f i r s t  of all  show that  if for the distriDution funct~~iiV¼

of class ~~ it occurs (5), then 0(x) there is also class G~ .

Actual ly ,  wi th  any x and any a (0  ‘C a ‘C 1)

0 x)=0n(~~ )q~”(4 for fl~~ .r J , 2, . .

w)m.r. q’~ (x) — Ire some nondecr easiiig functions.

Page 82.

on the basis of th e  first  Hel ly  theorem, it is possible to f in d this

subsequence {n4, that

1irn (J~,’l~ (X)

where ~~(x) these is also certain nondecreasing fun:t i ~~~, moreover

last/latter relationship/ratio will occur for all x, with any a(0 ‘C a

‘C 1). Thus , in v iew (5) for all x with any a(0 ‘C a ‘C 1) will be

0(x) =

consequently, 0(x) there is a cla ss (~~.

Analogously it is proven, which if for the dis tr ibut ion

functions of class occurs (5) , then 0(x) there is also class~ -~~.
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Let now 0,~(x) will be the sequence of the laws of the listribution

of class 3. let 04(x) viii be all those laws of the distribution of
sequences 0,,(x),which belong to class and respsctivelyO- (x)—G. At

least one of the sequences (u) and {s} it is infinite and, in view of
recently t hat which was demonstrated , if (v) [respectively {s) ) it is

inf in i te, then 0(X) belongs to class (-
~~~~ (respectively C-c) .

On the other hand, since classes C-~~~ and C~~~~ , obviously ,  do not
in tersect, of (5) it follows that  one of the sequences &v) and (s) it

lust be final, which, obviously, proves our theorem.

Proof of theoren 6.

Let 0(i) will be the  law of class and I
~ 

— the number , which
satisfies the relationship/rat ios: 0(x0)=0 and 0(x)>O for x > X~.

Let us show f i r s t  of all, that the law of the distrj)ution

0’(x) 0(x—b),

where b is any positive number , also belongs to class ~~ For this,
it suff ices to s~~v that for any x and y (x ). y > I~~~ .- b~ and with any

a ( O  ‘C a ‘C 1)
0’(x) 

~~~~~
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or 
~~~~~~ ~~&T~)

Let us assus a tha t  with  some z
~ 
) y1 > x~ • b and certain O

i (0

‘C a~ ‘C! 1) ii fulfil led the inequality
0(x1—b) 0(1,1—b) - - 

(~)7)
o(n1_b~ o(!Li.-.~)a1 -

Page 83.

Since 0(x) belongs to class G~, wit h any a~0<a<I)

0(x —b) 0(q, —b)

specifically, vk.a a=  viii bex1 a1b

>

~~~~~ ot~~EP~~iE1j~f (28)a1 [
(since with so determined a it occurs equality 

~‘—~=~~—b). it is easy
to chsck tha t  for b ) 0, x, — y~ > 0, 0 ‘C s~ ‘C 1 will be

vi (q1 —. b) (x ,—a 2 b)

in view of which from (28) we obtain

0(~
1— b) .(~~—b)
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which contradicts (27).

0(ax)
On the other hand , if o(x) belongs to class C1~ than , obvi~~~Ij~i

al so belon gs to class wit h any a > 0, con sequentl y t i e  law of

distribution 0’(x) 0(ax—b) such belongs to class 6i~~so for th .

The proof of the second part of the t heorem for the  laws of

class is carried out by the sa ne way; condition 0(—b) 1

ensures the cont inui ty  of law O’(x) = 0(ax—b) at point s = 3.

Let us note tha t with b of negative this theorem, generally

speaking, is inaccura te, as is evident fro. the followia; examples:

0 RX < I , 
— 

_ 
J T  x<— l,

F’~ (x) = ~~~~~ I )~J111 I <X <V 2 , F1 ~x) = 
~

~~ > 1r~ - 1 z~1g x > 
— I.

Key: (1). for.

it is not difficult to check that Fj (x) (with respe~ t F2(x))

be longs to class 6 * (respectively G1, nevertheless law ~~~
‘
, (x) =

F~ (i—b) (respectively F’~~(x) = F2 ( x— b) ] with any negative b to class~Y

(respectively ~~~) does not belong.

1~~
e proof of theores 7.

-~~ 

- 
— ------—
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Let th. law f distribu tion ~P( x) belong to class 6~~ there fore,‘7(x) 
~~~~~~~~~

1ç~~r x 4 0 iii with any a(0 ‘C a ‘C 1) there is this nondecreasing

function q a (x) , which for all x occurs (3).

Page 84.

Since accor-din; to condition ‘f’(4~~~~F(x), according to theorem 3, ~i~(x) it

is continuous at point z • 0, whence

- x < o ,
x

1 J~JIS1 X~~~~~~ O,

Key: (1). for.

will be the law of distribution corresponding to law Q~(x) . In order to
show that  0~x~ belongs to class 6 , let us note that if we place

I ~~~

~~(x) ~~~ 
.,vi~i x<O,

I ~~~ x>0,Key: (1) . for.

that q,9(x) will be also the nondecreasing function, since accord ing to

lemma 6 ye can t3 assume that ~~(x) and ‘1’(x) sisultaneously they are

converted into zero.

_ _ _ _ _ _ _ _ _ _ _ _ _
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-
~~~

But in vii. (3) ,  with any x

~(x) = ~i(ax)’

a since our transformation retains contin u ity in zero, ~(x) belongs to

cl ass C 7 ’

The second par t  of the theorem is -pr oven analogously.

in conclusion I express deep appreciation to my lanler B. V.

Nedenko for th e  set t ing of problem and manageient/.anua]. durin g its
solution.
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