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ABSTRACT

Let B be a body in R, and let S denote the boundary of B.
The surface S is described by § = {(x,y,z) : 142 + Yz = £(z), -1<251}
where f is an analytic function that is real and positive on (-1,1)
and £ ( 1) = 0. An algorithm is described for camputing the scattered
field due to a plane wave incident field, under Leontovich boundary
conditions. The Galerkin method of solution used here leads to a block
diagonal matrix involving 24 + 1 blocks, each block being of order 2(2N+1).
If e.g. N = 0()412 ), the computed scattered field is accurate to within

b
an error bounded by ce™N" vhere C and c are positive constants depending

only on f.




1. INTRODUCTION AND SUIVARY

Let B be abounded body in R3,' having surface § which is given by
a.n S = {(x,y,2) : '4?*;2—' f(z), -1<z<1},
where f is an analytic function that is real and positive on (-1,1) and
a2 ¢, M a0 < t@ ¢, a® -0, g,

where C a,<1 and B8

p e k|
describe as algorithm for computing the field scattered from B due to

<1 are positive constants. In this paper we

an incident field Eo(?) of the form

_.-;

a.3) @) = & o

where € and Eo (Ifol =k, =w/c = 21/}) denote the polarization and
propogation vectors respectively, and T = x; + y; + z;, where ;, ;
and ; are the unit vectors pointing in the direction of the x,y and z
axes respectively.

Let the body B (rsp. free space) be hamogeneous, with permit-
tivity € (rsp. eo) permeability u (rsp. uo) and conductivity o (rsp.

oo), so that the refractive index of the body is

we

a.u) Ne{E € +18y)s
uO eO [o]

|




where w denotes the frequency of tae incident field. We shall

furthermore assume that
a.s) [N| |k°| p > 1,

where p is the smallest radius of curvature of S. This assumption
enables us to apply the Leontovich boundary conditions [15, 21 ]

~

1.6) AxE)Xn=nZnxH

on the surface of the body, where

@.7m A=W, 2= @ fc)?
(o] 2 (o] 0

and where n denotes the outward unit normal to S, and E and H denote
the total electric and magnetic fields on S. The conditions (1.5) and
(1.6) are satisfied automatically if the body B is perfectly conducting,
i.e. if 0 = =.

The condition (1.6) makes it possible to obtain a singular
vector integral equation over S for the surface current K on S. In the
present paper we describe an algorithm for solving this integral

equation via the Galerkin method, using as basis functions

3% 1+z, n
sinlg N {108(—‘)" } I
ol 1-z N;

&) ¥ (z0) =e'™ £3) Q-2 e
TN {log('l-_'_;)- ;‘—1/2}

ma0, t1, oo, 2N, nm0, £1, couy t M
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These basis functions efie :tively hanlle sinpularities of K

and -g—l-(-as a function of z, which ccowr at z = *1; they are similary very
effective approximants in the ¢ variable, since the Fourier series of
E° (and therefore K) converges very rapidly. The singularities occuring
in the kernel of the integral equation for K are of the type 1/(z' - 2z)
or log | z' - z| at z = 2z', and of the type of fm(z). m=20, 1, ... at

z = *1. The first of these is effectively handled by substiracting out
the principal value. The remaining ones are effectively handled by

means of the quadrature formula (see [22])

L &
(1.9) I g(t)dt = h } 2¢¥" 8[ g
1 k==L (1ta)? lekh-l-l

after u'énsfdnning the intervals (-1,z) and (z,1) to (-1,1).
The integrations over S involve two variables, ¢' and z' . While

' must be carried out numerically, due

the integrations with respect to 2z
to singularities of the kernel in the region of integration, the integrations
with respect so ¢ are carried out explicitly, the results being expressed
via hypergeometric functions. The hypergeometric functions have logarith-
mic singularities which were not present in the kernel; for this reason
explicit integration and later evaluation of the hypergeometric function as
described in the Appendix has an advantage over direct numerical integration,

since any known direct numerical integration procedure such as the trap-

ezoidal rule would poorly handle this type of transformation of qingularity.
The use of the basis function (1.8) thus leads to a block 9

diagonal Galerkin system of equations, one system of order 2(2¥+1) for

each m. By forming 2M+l such blocks, and taking N-}lz. ve arrive an

approximation E' of K which is accurate to within an error €, where

€] = 0 (™Y ) as N + w with ¢>0 and independent of N. The use of

(1.8 ) furthermore makes it possibie to evaluate the scattered field
by means of simple one-dimensional trapezoidal rule integrations.

The error & in our approximation E of the scattered ficld E° satisfies

the relation

. 2R .
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(1-10? IE&(I)I = |E%() - E;(r)l w0 ) sl ne,

for all r on the exterior of B and not arbitrarily close to B.
The above problem of computing E° given E° as in (1.2) and §

as in (1.1) was studied in [ 20 ] for the perfectly conducting case and i

in [5 ] for the case as described above. Ths Galerkin approximating
basis function used in [ 5,20 ] are of the form { = cos (m¥) Sn(z) and 1'
[ sin(my) Sn(;), where Sn is the linear spline which is zero at zn_lv_and . |
Z 410 and 1 at z . Thus the resulting rate of convergence is O(i/NZ) '
if £ has no singularities at z = *1 and 0 (AA®) if e.g. £(z) ~ Cc(1-2)* 1]

as z*1, where it is assumed that the interval (-1,1) is divided into
N subintervals. In addition, the quadratures used in [ 5,20 ] converge !
very slowly as a result of the singularities present in the integral .
equation. Furthermore the expression for the gradient of
G = ei“cE“;"/(tm |t-xr'|) obtained in [5,20 ] is incorrect.

The algorithm of the present paper has been checked out on
a computer for the case of a sphere of radius 1 for which the surface
current K and the scattered field E° can be expressed explicitly.

Using M = 4 and N=MZ= 6 , we find that K is accurate to 4 significant

figures, and for r > 2, E° is also accurate to &4 significant figures.

The paper is organized as follows.
" In Sec. 2 we describe the geometry of the surface. In Sec. 3
we derive a representation on the surface S for the incident plane wave.
Sec. 4 contains a derivation of the integral equation for the surface

current, as well as an integral expression for the scattered field in

terms of this surface current. In Sec. 5 w2 describe the basis functions




by

to be used in the Galerkin methol zf Sez. 7. Sec. 6 contains an

approximate representation of the incident electric field, in terms

of thebasis functions of Sec. 5. In Sec. 7 we derive the Galerkin
equations for the surface current, and we describe a method of computing
the coeffieicents of this system, and for solving this system. In Sec. 8
we describe a procedure for evaluating the scattered field. In Sec. 9
we discuss the rate convergence of the prccedure. Finally, Sec. 10
contains a numerical example, illustrating the algorithm. Appendix A
contains a study of the functions G, derived in Sec. 7 as well as of
their derivatives. The results of this appendix illustrate the type

of singular behavior of the functions Gm and thus they dictate the

type of approximate methods to be used in order to achieve high accuracy,
and they simplify our proof of convergence.

The rate of convergence of the method of this paper, namely

—cn%
0(e e Jusing an approximation of the form

a.11) bf bzz a8 (e'™ (=)
m=-M n=-N

for each component of the surface current is optimal, in a certein sense.

By the results of [ 25], given any approximation method of the type

(1.11) which is to converge for all f analytic on (-1.1) and satisfying

(1.2), the resulting error of this method cannot converge to zero

%
faster than e ™" , for some y > G.

Similar numerical methods have bzen considered but it is believed
that the order of convergence obtained is not as good as that demon-
strated here. For further discussion of such methods see for example

Andreasen [ 2 ] whose proposed method considers a maximum period of 20




i 6

wave lengths. Barber and Yeh|[3 ] and Waterman [ 27 ] have considered

b

o ol Ay - - i
R A e 6 o BN s e

extended boundary methods, while Kennaugh [13 ] and Schultz, et. al.

1 e o2 G TN

[19 ] have discussed other implementations using a product z, ¢ basis.
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2. GEQOMETRY OF THE SURFACE

A point on the surface S is represented by

~

5 (2.1) T = £(2) cosy x + £(z) sins y + zz,

7 where x, y and z denote the unit vectors in the direction of the x, y
(4
g and z axes respectively.

‘ It is convenient to introduce three unit vectors on the surface,

~ A

o)
n, ¢ and t where:

n = a(z) €08 ¢x + a(z) sing y - £'(2)a(z)z
' (2.2) ¢ =—siny x + cosy y
t

= £'(z)a(z) cos¢ i £'(z)alz) sing ;’+ a(z)z,

where

%

(2.3) ats) st 42 1"

~ ~
' The vector n is the unit normal to the surface, ¢ is the unit vector

~

at t, pointing in the direction o increasing v, and t is the unit

longitudinal Vector, pointing in the direction of increasing arc length.

Thus n, ¢, t and x, y, z are relatad by means of the equations




. a(z) cosy a(z)siny -f'(z)a(z)

N D> D> MO

e
BT B

n
(2.4) e| = ~siny cosy 0
t

f'(z)a(z) cosy f'(z)o(z) siny a(z)

R e 0 ¥ R ) 3
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I
rb ok

(2.5)

{A
a(z)cosy —-siny £f' (z)a(z)cosy

= | a(z)siny cosy £' (z)a(z)siny

t> 6> B
—_—

N > Y D> ¥

~£'(z)a(z) 0 a(z)
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3. THE INCIDZIT ELECTRIC FIELD
Let the incident radiation be a plane wave, given by
(3.1) B = E e 0T,

Y
¥
'5 where € points in the direction of polarization, and Eo is the pro-
{‘ ‘ pogation vector which satisfies the relations

4
.
3 = g o o

4 kb 7 lk'ol c A

(3.2)
¥ kK +€=0
[¢]

We shall furthermore assume that Eo lies in the xz plane

and makes an angle Bo with the z -axis. Thus

A

(3.3) ko = ko sin 00 x + ko cos 60 z.
It is convenient to set

(3.4) € = alel«+ a,e,

where a, and a, are scalars, while

~

(3.5) € =Y, €, = xcos O+ zsinB .
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Borison [4 ] has shoun that if a, =0 (rsp. a = 0) then the back

scattered electric field E°(r) is polarized only in the direction El

(rsp. ez). 3
Using (2.5) and (3.5) we can express € in components of ¢, t

~

and n. We get

€= all a(z) siny r: + cosy. ; + a(z) £'(z) siny 't\ ]
(3.6) + 32[-0.(2) (cos 90 cosy + sin eof'(z)) ;. + cos Bosimp ‘;
-a.(z) (cos 90 cos f'(z) - sin 60) ;].
Next, let us find the Fourier expansion of E°(r) on S. To this
end we use the identity

©

(3.7 plxcosy 5 ime ) ImP

M= -0

© n 2/4)m+n
h J_(x) denotes the Bessel function, J_(x) = J L L ry
il e MEARNCINF U CERY

Using (2.1) and (3.3) we get
(3.8) Bt A f(z) sin 60 cosy + k_ z cos 60.

Hence combining (3.1), (3.7) and (3.8) we find that the incident field

e kit

on S is given by

- PR ; imp
i Jm(xof(z)sa,neo)e .

00

(3.9 FPhince s %5

;31\48

where € is given in (3.6). Combining (3.6) and (3.9) we get




R il 7k e, LS < s il
B

Pl
A 508

e

e M

-

11

@ =l aio.(z) siny - aza(z) (cos 60 cosy + f£'(z) sineo) l;

~

+ [alcosv + a_ cos 60 sinp ] ¢

2

(3.10) a
+ lala(z)f'(z) - aza(z) (cos 90 cosyf'(z) - sin eo) ] t}

o
ik ® o8 0, 7 4By o £02) atn eo)e“"’
m=—c m o
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4. THE SCATTERED FIZLD AND THE INTEGRAL
ION FOR URFACE CURRENT

The scattered field E® = ES(r ) is given in terms of the total

electric (E) and magnetic (H) fields on S by [26]

(4.1) E° = - |[ iwp(nxH)G + (nxE)xVG + (n°E)VG ] dS
S
where it is assumed that the field vectors E and H have time dependence

of the factored form e “t, and

(4.2) G = G(T,T') = 71:1r exp [k |r-r'| ]
[z-r*]

The remaining vectors in the integrand (4.1) are expressed in terms of

T, and V is expressed in terms of r.

Let K denote the surface current on S, due to the fields E and
H. In view of the Leontovich boundary condition (1.4), K satisfies
the relations

f=—nx§;nx§--n2nxi
o= - €n*E = o VK

Our development of the integral equation for K follows that in
[5]. We include the derivation in [ 5 ] for this equation, for sake of

completeness.

B T R e
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Let A be a continuous vector field tangent to S. Then the
following results are valid, if S satisfies the Lyapunov conditions (17,

p- 801 (a) the integral

I(x") = | A(x) G(r,r') as

S

is a continuous function of r' in R3.

(b) As ;'-Vr; € S , the relations

a(r) x lim | A(x) x V6 (xr,r')ds
o '
~ - S
= 5 A(T)) + [ n(r)) x[A@E) x V6 (r,r) 1ds

Js

are satisfied where the plus (resp. minus) sign corresponds to an approach

fram the outside (resp. inside) of B.
(c) The term [17, p. 95)

~

n(r') ¢« | 2(x) xVG (r,r')ds

S
is a continuous function of r' on S. The term

E,(r") = J a(@) « E(@) Y6 (r,r')ds
S
suf fers a discontinuity on transition through S equal to n'A-E-y

where Afa is the difference of the values outside and inside. The third
term in E®, therefore does not affect the tangential component, but

reduces the normal component of E to zero.

Since the total electric field E = E° + E° is zero inside the

B T T A S S T
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scatterer, (4.1) yields

0=n XE - _1lim na(r)) x [ 1wp(nxH)G
r'»>r'eS
e s

+ (nXE) X VG + (n°E) VG ]ds

where the approach is from the inside.

Application of (b) gives

e 0= ;(?') x E° (') + ;;; (r')xE(x")
unu ~ ~ ~ ~ =
- n(r') x J[iwu(nx}_i)c + (nxE) x VG + (n°E)VG ) dS

S

Next, taking the limit as 'x—-*:_r'; from the outside of B in (4.1)

and using the relation

R x EG = aGEY x (PG +5° G

we get

nxE = nxE° - _lim n(?c')) x | [ 1wu(nxH)G ]
vl -
4 s

+ (nxE) x VG + (n*E) VG 1ds

Application of (b) yields

(4.5) -g-::(?') CEG) = a@) x @ -0 @) x | [ 1wnnde +

* B s
+ (nxE) x VG + (n*E)VC 1dS

T v AT R 1 ol i i A e




Adding (4.4) and (4.5), we get

;(E') xE(r') + 23(?') x J [wu(;xii)c +
+ (nxE) x VG + (a-E) V6 ]ds = 2a(r") x E°(Y)

The definitions (4.3) now yield

= nz;(?') x K(x") + 23(?') x | { -iwpKG - nZ(; x K) x VG

)
I S e = 00 (F E° ('
i (VeK)VG }ds = 2a(r') xE (r')
This equation can be written in equivalent form

[ z'i(?f + | dwKC + z(; x K) x VG

1 T =0 T
+ —— (V°K)VG ]dS +E (xr) ] =0
iwe t?.n
T€S

Using Egs. (§.3), the scattered field E° given by (4.1) is

expressed in terms of K by means of the integral

.7) E® = | [1wKG + nZ(A x K) x VG + ml—e— (V-K)VG 1dS
S

PPN —
o .




5. THE BASIS FUNCTIONS FOR APPROXIMATING
SURFACE CURRE:'T AND ELECTRIC FIE

let d>0 and d'>1, and let Q, and A,, be defined by

)
Sra
2l
E S
v
e

nd-{zec:|arg[%f—:-))-1 [ty

(5.1)
Ad.-{wec:lld'<|w| <a'}

e, S v, “ %

E e

-

B
Figure 5.1. The Region & 4
E Figure 5.2. The Region Age
= Let H(Q,) (rsp. H(Ad.)) denote the family of all functions g
F | that are analytic in @, (rsp. A,,) such that y
£ (5.2) lghg = sup |g(2)| <= (rsp.hgh, = sup [g(z)| < =).
: d z€ d's ZiE Ad'

d
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Let us set
(5.3) wa) = 205 (20

where f € H(ﬂd) satisfies (1.2), £ # 0 in Qd' let H = H (d,d') denote
the family of all functions F = F(z,w) such that

i) F(z,ew)/ v(z) belongs to H (Qd) as a function of z for
all v€ [0,2n ];

ii) F(z,w) belongs to H(Ad,)as a function of w for all z€ [-1,1].
We define a norm on H(d,d') by

. 17l - max nax
(5.4) Fly max{wdo’h ]lrlnd, 21,1 ] '"Ad.}

If F € H(d,d'), we approximate Fon S = [-1,1 ] xig,2n] as

follows
o M N
(5.5) F(z,e™) Sy o) 2 1 1 oy, by (29)
m=-M n=-N

where the a, are nurnbers and the "’m are basis functions given by

Vg (200 = &' 0 (2)

On(z) = fli(z) (1—22) sinc I._“i;;&".]
(5.6)

i
w(z) = log ('i‘_t_%) ; sinc x = ‘_:,S(."_’.‘)_ ;

h > 0.

The numbers a  are given by

— o
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2m
8 = 1 3 F(zn,e”)e_iw dy

(5.7) Y e
i z = tanh (nh)
5 n 2
; Next, recalling the definition of f and the relation (1.2), letus
3
ti set
33
e | 3
it (5.8) Y, = ‘min (ay,8,) , Y =minl (1dY,); log d' ]
o
4
s Theorem 5.1: let F €H, let N = M, and let h = [7d/(Y,N) 1% Then

there exist constants C, Cl and C2 which are independent of N, such that

]
(5.9) G .p)es | F(z,e Uyie Lo (z,s") J = o't~V
max ) 9 -YN!5
(5.10) (2.0) €S | 5, F(z:9) - 3, Ly (2:9) | < ¢ Ne
(5.11) l Flaith ~ o (z,0) | < C u’ie"f“!i
: (z, v)eS o T ¥ T L (2 -2

Proof: It is shown in [16 ] that if g/ve H (Qd), then by taking

p !
h = (mnd/ (YZN) ]/’ there are positive constants c' and C" such that

B
N £%z) e
el v, ~YN
(5.12) 28 = 1 1] | g(z) - Z_N G 6 () | <cle
and

N £'(z ) ; 3
(5.13) o 'f;""l] | 8'(2) - nZ_N vz 3~ &, @ | <np’ie™TH

B
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Similarly, it follows from Cauchy's theorem, that if GE€ H(A d')’

and if a is defined by

3 2w
(5.14) a_ = %—“ 6(e?®) ™1™ 4y, me-M,-Mt1,..,N,

! 0
‘; then there are constants K' and K" such that for all vy€ [0,27 ],
:
:&;j M

¥ (5.15) fete )~ | as®lex (™
!" . n=-M °

4 and

L
s H M
P (5.16) |2 6™ - T dunae™ | s @™
E oy m —

Y m=-M

On noting that M = N¥, the inequality (5.9) is obtained if we
use (5.11) and (5.15) in thm 6.2 in [24 ]. Similarly, (5.10) is a
consequence of (5.13) and (5.15), while (5.11) follows from (5.12) and

(5.16).

L
Theoren 5.2 [16 ], If vg/fze H(SZ)d , then there exists a constant K such that

1 | I
‘\.)(zn)g(zm)

!/ L
f 2(zn.)w (zn)

(5.17) | | g(=) 6_ (2) dz - b | £ g e~md/n

-1
This theorem shows that if g is any function such that

y

vg/f EH(Q d)’ then for h sufficienty small, the sequence {Gn}: may be

considered to be an orthogonal sequence, for practical purposes, and

g may be expanded with respect to this sequence. The coefficients of

this expansion take on the very simple form




ST

Wb b w1

b
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b
f

. =
(5.18) —d-“-v(zn) g(zn) » 2 tanh (nh/2).

(z))

For purposes of numerical integraticn, we state the following.
Theorem 5.5 [23]: Let g €H (Qd), and let |g(2)| < ¢ (l—zz)a_l on
(-1,1), where Cl a>0. IfN >0 is an integer, and h = (21rd/aN);5.
then there exists a constant C', independent of N, such that

1

N g(z) i %
(5.19) Flatadile -6 § =0 | <t o t0Es)
ne-y @'(2)
n
=1
Finally, thm. 5.4 which follows describes the accuracy of the
midordinate rule used in Secs. 7 and 8 for integrating periodic functions.

Theorem 5.4: Let d' > 0 and let g€ H(A,,) be bounded on Ayi- Then

there exists a constant C depending only on g such that for M = 1,2,3,...,

21
M ; -M
(5.20) | | g(e®®) av - fflkll i LT T
0

PG =
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6. APPROXIMATION OF THE INCIDENT ELECTRIC FIELD

We shall make the approximation

M° N -~
(6.1) FPEOEPE =] ] legt+p ]y TESs,
m=-M n=-~N

of the incident electric field, where Y, e defined in Sec. 5. For

the sake of convenience we shall use the notations

z = tanh (nh/2)
(6.2)
dmn = 1" exp {:Lkozn cos eo}Jm(kof(zn)sin Go)_
V(zn)

As will be seen in Sec. 7, we will approximate a slightly altered field
J° = vE® where v(z) = £(z) (1-z2). Thus
i e Sl « a
ey % =) ) Lo + B, t]) ¥ .
m=~M n=-N
The results of Secs. 3 and 5 show that if r € S then each

component of 7° is in H(d,d'). Using the formulas (5.6), we have

ke rZT\‘
£zl S0 S —imy
a = - g/ | E(r) *v e dv | __
. 2m ™
(6.3) " ‘0
r2T
£z ) =0,— . - -imp
B = n E'(r) ° ¢t
mn ’—_—‘2" ) e “lz-zn
J
0

3. ighs iy s
il i ol Sl s ] i silaizaid
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If this is taken together with (3..0), we get

Iy LY cosf

;,14 amn s (zn)l lsal(dm-t-l,n i dm-l,n) + -—2—{—°-a2(dm-l,n Y dm+l,n) ]
3 (6.4)

gi an - fli(zn){[alf'(zn) + 8281n9°] a(zn)dm—

‘r = 2 coseo a(z-n) £' (zh) [dm+1,n * dm—l,n 1}.

e st o, b

‘.

5
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7.(a) THE GALERKIN EQUATIC!i FOR THE SURFACE CURRENT

DERIVATION Or THE EQUATIONS

Rather than solve (4.11) for K, it is numerically more convenient

to define J by

(7.1) J(@) = v(z) K(r)
where
(7.2) Beo) = & (2) =),

and to solve the resulting integral equation for J. This transformation

helps to take account of the unknown®* singular behavior of K at z = 21,
and enables us to effectively approximate both J and its first derivative
with respect to z, by methods of Sec. 5.

The substitution (7.1) replaces (4.6 ) by the equation

{4z J +VJ[1%’EFG+-Q\ZT(mJ) x VG

(7.2) S
1 1 -0
+ — (V=J) V6] dS +J } =0
L iws AY) tan
where
(703) 3‘0 - \)Eo.

#IF § satisfies Liapunov conditions (ses Sec. ), then K is bounded on §.
It is difficult to determine the exact singular behavior of the derivatives
of K at z = 1.
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: We now make the Galerkin approzimation
e S M N &

(7.4) Iamnfp=s 3 '3 o g+b_ t] #

m=-M n=-N

&
“ in (7.2), where the ll}m are defined as in (5.16), and the o and hmn

; are unknown numbers.
! s

il Let us now recall that if r, r' € S, then
3 ,‘_'*.' 4
| = 2 . .2 2,%
!,’ R= |r-r'| = {£° + £*%° - 2ff* cos (v—') + (z-2")"}

¢ (7.5) ik R

3 Cmd & O

4m R
5 where here and henceforth i
5
(7.6) £f=f£(z), f* = £(2') , a = a(z), a* = a(z').

We shall also use the notations

£ _9R_ f-f*cos(pv')

k= R
z OoR z-z'
R =7=
0z R
(7.7 : (Y ff* sin (v="')
R = R

«f,6?,6") = &5,R%,%) %E G.

\

M N
Moreover, vriting § for } ] , we have
m,n m=-M n=-N




T

and also, that

VG = -} & ¢ + a(e'6T+6?) t + a(6T-£'6%) n

(7.9) -
v.( J’).- I m-fa-gl-+ab -5-; vtb ) .

m,n

Using these results, we get

~ '; : : n
(xJ) x V6 = } o O 0 Vo
m,n
%c“’ a(e'ci4c?) a(ct-£'6%)
(7.10) = 1 [ a a@f-e'6Pp + b att-£'c) t
m,n
- fa_ --1f-c"’+b a(£'GcEHe%))} a ] v

as well as

v . (%J) v

a aq;m
IR, g Gl

m,n

L ]
Y L

T = {% ¢’ ¢+ m(f'cf +65) t+a (Gf-f'cz) n}.
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i Substituting (7.4), (7.10), (7.11) as well as the approximation
L 7°
.
;v ‘ - . 3 -~ ~
& (7.12) PEFz ] le vt tlo
o m,n
:. into (7.2), and recalling that
. 3
? ‘ (7.13) as = £ & dz,
3 we get
] 5
& i e
. {nz ] [a ex+b ] yr
b m,n
1 e2nw
iwpf 5 =
+ vk G- 6 L Lage+b t] vy,
m,n
170
E f VA i f_ 102 =
g a  £(C-f'¢)e +b  £(G-£'C)) ¢t
m,n
(7.14)
E —{a L&+ fecte® tnl v
) m o mn m
I SER ot G inhinBs o £ f1g2 &
+me{afc ¢+ (£'6+67) t + (G -£'G") n }
E a 3'& 3 £
mn ' mn L
i' 'Zl—rw+abm-§;‘(vwm)l}d¢dz
! m,n i
+ I Lo vv+p t*] vk 1 =0
m,n tan

where the starred variables denote functions of z' and ¢'.

PR S
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It is convenient to intrcduce several identities in order to
reduce (7.14) to a system of linear algebraic equations. The

equations (2.4) yield the identities

S
.

S
*
R

cos (v—v") i

>
>

t » ok = = a(z) £'(2) sin (¢'-v)

: x: . ;* = - a(z) sin (¢v'-)
(7.15) Tl
¢ * t*x =a(z') £'(2') sin (¢'—¥)
t o thmalz') alz) [ 1+ £(z) £'(z') cos (w=") |
; . 2* = a(z') a(z) [ £'(z') cos (p=') - £'(2) ].

These identities are useful for taking components of v* and t* in (7.14).
The identities (7.16) - (7.23) which follow serve to achieve

further simplicity by enabling us to symbolically eliminate the

integrations with respect to ¢ .

Upon setting
s ik |r-xr'| = §
(7.16) Gx,r') = 22— G ln(' )
4ujr-r'| m=—

it follows that

2n

imp' e ==y dwp

(7.17) e R G(x,x') e dvy

0.

Notice furthermore, that G_; = G . Therefore




1
(7.18) o
and

1
(7.19) 55

2w

G(;,;' ) eimp

0

2w

imp!'

' e
cos(p'-y) dv 7 [Gm+1 G ]

imp!

== imw e
G(r,r') e sin (¢—="') d¢ = '—2';-[0“'_1 = ks

0

By means of integration by parts, we furthermore find that

(7.20)

(7.21)

(7.22)

1

2w

2m

2m

ime ac(g‘;r') dp - -im ™ @, TY) dv

1

2n

ie

TR

2m
i
2w
0
imp'

1 1
S

27

2n

imy vy 9G
e cos (¢=¢"') ) dy

0

(m+1) Gnﬂ-l + (m-1) Gm-l |

imo ) ac(gv,?' L

sin (v’

[ (m+l) Gm+1 - (m-1) Gm-l ).
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We use (7.13) in (7.12) to take components of ¢ and t. Then,

recalling that

(7.23) v (z,9) = o in¥ 6 (2)
where
(7.24) 0 (2) = &(_z_lg aine | M%P‘hl

£(z)

and where v(z) is given in (7.2), and
(7.25) w(z) = log (%;f):

we can symbolically carry out the integrations with respect to ¢' in

the equation resulting from (7.12), by using (7.16) - (7.21). Upon

mp

equating coefficients of e!™ in the resulting equations, we obtain

N N
mzja en+v[(r‘““a +Q0b _l==-Ja 6
n n=-N n“~”

N N
(7.26) ¥nzIb 6 +v}] [R™a +8"b )=-]8_ 8
e n=-N N Ny

m--M,-M'l"l ,.'-.M.

The coefficients P™, Q" R™™ and s™ depend on z', and are

given by
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g

5

1

! Pm”’l gﬁ{GMII -"—‘fi’-”—f--r(ml)nz +%§m;%;—l]
k.

;: -1 +6 4 [ %—Eﬁ - (w-1)nz + %—:—;}f)- ]
*\ (7.27) ref [nz £+l

el I

? vef [nz £-g=]

., - (G, + o n 2ff') dz

g

1
8
Qm-ﬂ‘ ['%{(Gm1‘°m-1) wy ££°
-1 :
z z  mf |
- (6l = Spp) "0 ! !
(7.28) i

I —————

£6 ).
(=B (- geplml) Cppy * (»-1) G, ]

-

CERE) i
-;:(Gnﬂ-l Gm-i) }} s

PENSRET NS RLO
-

B
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1
0
m _n ' NU m(m+l)
R b} S { Gy akfx' | + i(mtl)n z + = 50 )
-1
v ¢ e n(m-1)
6 o AT s 1(@-1)N z - geaf )
& cm'a* [ - 2inf' n 2]
(7.29) +cE . orper | DEE LB
% w1l i WEQ
f ' I].Z-.
+ G =1 o*xfx' [ b — u)ea ]
+ okER' Dlﬁi_ [ G* e® .1
o+l m—l
2ma* .z
wea } dz
1
s™ ?D { axf*' iw& f£'' [ G ] + 20% dwpf G
v) eyt H
-1
+ 2n 22 6} ,,z:g*_f_t..[ PR
a*f*
(7.30) +( v) { ? [ (@) G,y - @1) G ]
akER" ' £
B | ¢ it ¥ Gy |

20%
* foe iwe Gm }:I

2 ]-’s.

In these equations f*' = £'(z"), a* =[ 1+ (£x')
Next, setting z'= z, = tanh (£h/2) in (7.26) and using the relations

0 if n*e
(7.31) Gn (zl) - -v(z‘)
f (zz)

if n=2

A P S A i, S
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e et

s gt 0"
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we arrive at the system

N
’ﬂZamz*'f%(zz)z [PTam+me ]--amz

g mn
(7.32) “';“
15 m B e
M Zb, +f (zz) n_g; [ il s:“bm ] By

where we have used the notation

mn mm mn mn

P P (zz) + Q2 Q (zz)
(7.33)

mm mn m_ m
Rz R (zz) . s2 S (;2)

The system (7.32) is a block diagonal system of the form

- 1 = TS .
By, R a_y
3 s
(7.34) -M+1 ~M+1 M1
I 2 0 b R B TR

where each B is a complex matrix of order 2(2N+l1), and (since 6_ =G )

|}
B =~ B_ . The m'th system

(7.35) B a =0

in (7.33) corresponds to all of the equations (7.35), for fined m.

mn

Thus if we denote by A . the 2x2 matrix

|
|
|
|
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p™ o':“ 101
1.3 gml iy | sz :
% 2l n® i
R& Sz 01
then
3 [ m,-N , m,-N+1 mN |
‘ :‘; A-ﬁ A"'N ceo A—N
B |
o -N . m,=-N+1 mN
{3 B AR T s R
: r (7.37) m =N+1 " -N+1 N+1
: &i oo 0
B ? m.-N m,‘N"‘l m“
* N % L N
i
’ and
: F [ |
F
am,-N Gm._u
bm,-—N Bm.'N
2p,-N+1 ®m,-N+1
(7.38) B * P el % % 7 | Fm,-N41
E : 2
amN amN
' Poy [ B
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i :

: ]
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-
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7.(b) EVALUATION OF P™, @™, R™ and s™

It is convenient to set

e f

EAPABN £ 1 G i FeAM Sl

? n
(7.39) en/v =Y 4 (T)' = Gn

The following integrals appear in (7.27) - (7.30).
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?-’ Pl rl
: L _ (4)
! S i (f/a) G, dz il J Ynff' G, dz
- -1 -1
4 , 2
gl',’ L AT R T 1 o] yec odz
& mn n m mn n m
1 1
s @ E 6) _
;{_ I J [ Yn/(af) ] G dz w0 S | Y f G, dz
% =1 -1
'l 1
y a _ £ ay x o
{" e | Y f G dz e J Y £ G2 dz
4 -1 k]
¥
Y [1 1 2
) ) _ £ 2y z
(7.40) Jm | ¥ (1/a) Gm dz (u0) K J Ya (1/a) Gm dz
X -1 -1 3
rl rl 3
(3) _ £ €3) . z 1
3 Y, (f/a) G, dz Ly | : (f/a) G, dz :
=1 =1 :
rl gi
!
Lm | 6n (1/£) Gm dz ‘m*O) §
-1
i
1 :
¥ 2| s ¢fa 5
mn J n m ‘
-1 !
1 1
v - | 6% dz
mn n m §
~1

The notations (7.40) enable us to express (7.29) - (7.30) in

’ the "more computable" form




H‘!

o P™ = 7w { dwp (1(1) + 1(1) )+ nz [wH) 1(2) = fusliy Y8 4
m-1l,n

o @) 3

8 ((m+1) 2 e (m-1) Imr_l’n ]

ﬁ (7.41)

(1) (1) (l) (1)
& LN g RS S (R N n’

@2y 4D 53

(Jnﬂ-l,n n-1,n

ime

¢ . |
i

3 m _ (4) (4)
o -0 6 -5
” (7.42) | .
’ 1 1
' S el el e
B oo ookert {- op @D (1) B+ iz [ (kD) 1(2) @I
m+1,n
m o S 2inzn ,(5)
+B @yt - @D T, ] T T
(7.43)
nz (J(l) (1) (1) (1) )
m+l,n m~1 n m+1 n m-l n
(2) (2) %o (2)
we (Jm+1,n e m-1l,n i f*' )}
and

‘ -
g > o DTN I AL G TN g
Ny » vis <

(2)
mtl,n

]
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P |
K ™ = oaxfx' { dwp (I(") + IU')
v‘ otl,n
i 3) Gy 2
§: = & Ak mtl,n l’m-l n f*'
4 (7.44)
Sl e
el @D L - mel) Lo
5
g (1) (1)
& ' The integrals (7.40) can be similtaneously evaluated for all
“
& m,n by evaluating the quantities f, f', a = (1+f‘2) ‘2, f*' and o* = (1+f*'2)—;5,
3 en (n L N’ - N+1’ coey N) arﬁ Gm (m LA M, -}Hl’ ceey N)o The ir\teg‘als
: IS;) and Lg) are evaluated simultaneously by means of the formulas
L
1 z' 1
H (z,2') dz = [ H (z,2') dz + J H (z,z') dz
(7.45) -1 ~1

E u B (') + g v H (')

The definitions for the exact form of ug and v follow in (7.u8).

On the other hand the integrals Jm, Km, an and Nm
i

means of the following formulas.

3 . B Here we use the results (A.2).
m mn

1
‘ cf (z,2") g (2) dz
m

-1

2 1-z'
= - ..._]-'.i. . .1‘-* £k g(z') 108 (-———5-]».'-z ) f‘

£*' o?

1
£ ' 1_.
+ { (e, (z,2") g(2) + p: I

-1

— g(z') ] dz

are evaluated by
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and the integral on the extreme riznt (7.46) is evaluated by method
(7.45).

B Nm. Using (A.2),

mn

z ' 1 a*z ' 1—2'
G, (z,2') g(z) dz = - b—xz' T g(z') log (sz'i‘)
(7-“7) -'1
: 2
% 1
+ ] [G; (z,2') glz) * :‘2 cfl* -y g(z') 1 dz,

=1

and the integral on the right hand side is again evaluated by means of

(7.1}5).
We split the integration in (7.47) since G (z,2z') has a
singularity at z = z'. The formula (5.18) is then used to evaluate 1

each integral. Thus

z'+1 2 sh* A2 W 1.8 sh¥,
- h* sech (2) » Mg 2 + 2 tanh(z)
(7.48) ;
' 1-2z' 2 sh¥ | 1+z' 1-2z' th*
| x A »
Vt h* sech 2 > \,t 2 + 2 tanh ( 2 )

for suitably chosen h* > 0. "
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8. APPROXIMATION OF THE SCATTERED FIELD

The scattered field E° is expressed in terms of K by means of
the integral (4.7 ). Once J has been obtained by means of Secs. 7, 8
and 9, we form an approximation K of K by means of the equation (see

Eq. (7.1))
(8.1) X=X (z,0) = ;%;7 T (z,9),

and we substitute K for K in (4.12) to get an expression for an approxi-
mation ES of E°. In this section we shall give a detailed description
of the evaluation of E°.

We shall approximate E-(r) for

~

(8.2) ' = p cosp' x' + p sinv' y' + z'2'

where p > £(z'). If p is close to f£(z) i.e., if r' is close to the sur-
face, (say |t'-S| <.2 if N = 10) then we recommend the integration
methods of Sec. 9 to evaluate the integrals. This would involve
splitting the integrals from -1 to 1 into integrals from -1 to z' and
from z' to 1, as in (7.45). For sake of simplicity, we shall describe
an algorithm for evaluating T® which is valid if r' is not arbitrarily
close to § (say |r'-s| > .2 if N > 10). In this laftar case it is
convenient to integrate by parts in tﬁe integrals with respect to z

which involve e'n, so that the resulting integrals involve en. This




latter procedure enables us to avcid nurerical integration, by means
of the approximation

}l(zn)

_ 1
(8.3) H(z) w (z) dz _h e
J n £ )

2 (zn)w' (z,

which we know to be accurate, by Tnm. 5.2, where w = en/v.

! T = (pw'sz")

\

: >z
=] b
' 4
(V4 v 1

| Using (4. 7) , the scattered field may be expressed in the form
- - s ~ s ~ s A §
(8.4) E (r)=Exx+Eyy+Ezz 1

where E:, E; and Ez are scalar quantities. Upon substituting the 1

approximation (7.4) into (4. 7) we get

(8.5) E
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# sz e -
»,i (8.6) E, NIRRT et
g m,n

-
s BT

VS ST il T N
mn m
m,n

e

(8.7) E

The relations (7.7) - (7.11) and (7.15) - (7.22) enable us to

obtain explicit expression for B u™. Setting

g b o 58!

9n(2)
(8.8) w = (z) = 5y

we get

g

——— S M
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~

12}111_(»-}i ~
ES=I I { v £G ) [ am(-siny’ x + cosy y)

=16 m,n
-~ 7S -~ iy

; ' '
+bm(f acosp x+ f'asiny y+oaz)] e W,

+ nZ Z [ a f(Gf-f'Gz) (- siny x + cosy y)

+ bm f(Gf-f‘Gz) (f' a cosy x+ £' a siny y + az)

3 .l ") - .A k ! A
{a 5 G (acosy x + o sinv 'y - f'az)

(8.9)

invw

+ bm f(f.'Gf + Gz) (x cosy x+a sing y - f'az)} ] e "

A

siny x + cosy y)

1 p
"'Tme{afc (

A

+ (f'Gf +G% (f'acosy x+ f' asiny y+az)

>

+ ((;f - f'cz) (¢ cosy x + a siny y - £f'az) }

imy
. 1 ’
Jnu tmw +ab  (f)' ] e }dvdz

ik R

Hex'ec-e4;R;R-{ (z-z')2+£

; Collecting coefficients as indicated in ( 8.5) to (8.7), we get

2

+ 02 - 2f'pcos (v—¢') }15.

[
a

R . ml ¢ m~1

mn
_1 .
- +4inz [ £ { (c:|f!+l - f'G:H_l) ei" - (Gi-l
! (8.19)

i¢!

-6 ) ey

G +

+ (m-1) e oy 1

+ (m+l) ew' Gm-l

m 1 i -i¢
+a-€—&[ ?{ (m+l) e Gy = (n-1) e cm_l)-r

+ {2 G:H-l + o710 G:-l} 1} w dz




%
Tk

-«
e

A

o v i 55 i, "o

-~

et o ;

e BB . . e — ——

L} 1 (]
Q" nel™ I { [ iwpff' [ ew &
-1
_mee 100 2
(8.11) s e Gm"-l :

mtl
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-t A
+ei¢ G

m-ll +

14"
e ¢ G:-I]]mn+

sl o, - @ e e

1¢' £ -i¢' f ;
*o G, te G ;) (fw) }dz
1
P imd' iwpf . 1i¢’ -i¢'
Rmn Te I{a (e Gw’_1+e Gm-1)+
-1 )
+nz i £et? (c;lf'_'_1 - f'c:*l) A (c;:‘_1 - FG:-I) ) +
(8.12) + (mtl) ew' Gy ~ (m-1) e-m' 61 i+
_im 1 i¢' -1¢'
we[f((m-!-l)e Gm+1+e cm_1)+
14" ¢ -i6' £
+e Gy =@ Gm_ll}wndz
i
- im‘b' ] i¢' ‘i¢'
.Sm Te J { [ wuff' (e Copp — G )+
-1
inéf [ 10" G:ﬂ-l - oidf G:—1 17w +
(8.13) '
N i¢' _ -id
-'Jé'[f((nﬂ-l)e Gm+1+(m1)e cm_1)+
S G:,+1 i ci_l 1 (fw)' } dz
(8.14) T =-2mrm ei'”' Jl { 1n2f' G6_ - L_c2)w dz
mn m wWea m n
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U = 2n ei®® 1{ sopf ¢+ DEE of +
mn ’ [ iwuf 6, + =3 m]wn
(8.15) =}
P S '
+ e Gm (fwn) } dz

o . T :
Let us next eliminate the (fwn) terms which appear in Qs sm

and U above. Setting
mn

11 1

= = (= !

(8.14) 3 If (F6) (fw)’ dz
-1

we have, upon integration by parts,

1 1
- i -l &e)

(8.15) J oo = F G f | [ (F 6" fu dz

-1 -1
Under the assumption made on S in Sec. 1, K is bounded on S, and therefore
it follows, upon replacing w_ by K in (8.15), that the first term on
the right hand side of (8.15) vanishes, provided that n#* 0 (see (A.1) ).
However, inspection of Qmand smshows that we need never evaluate J'm

if m = 0. Thus
- i - ]
(8.16) Jmn J Gm W dz I Gm W, dz, m > 1,

where G' = d G _/dz.
n )

Similarly, we have, for all m 2 0,

1 1

- f 1] f ]
(8.17) K_ = J Gn (£un) dz = - [ (Gn) fun dz
-1

1
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b and
B
- . = ' » - '
4 (8.18) Lm J Gm (fmn) dz J (Gm) fwn dz,
&' -1 -1
‘|
8 these being the only remaining terms requiring integration by parts in
(8.10) to (8.15).
Hence, we make the definitions
R | 1 1
3 it f 2 1 £
Im JaGmwndz,mz.O, Jmn ‘ chmndz,mzo,
=1 -1
= 1 A 1
2 3 £ £ ‘
: Im-J Gmwndz,mz_l, Jm J~-&-Gmdz,m_>_0,
X -1 -1
1 &
1 3 = .]—'- . 1 - |l z .
Im I fc‘Gml.onozlz,m.z.l, Km j ff Gmwndz,m;(),
<1 -1
1 1
4 g2l £ .z .
Im-J ff'Gmwndz,mzo,‘(m J c’.A(;mmndz,1:1_2_0,
=1 -1
(8.19)
1 rl
5 . T~ L 1l .z i
Im-I mewndz,mz_l. Km : acmwndz,mzl,
=1 -1
1 1
6 .
Im-I meLundz,mz_O; IPm-J G;lmndz,ngl,
-l -1
4
i 1
’ 7 f' " - £ ] > .
‘ Im-J ?Gm“’n“",‘“ll',”m J (Gm) fwndz,m_o,
=1 -1
i 1 ’1
1 f “ - Zyy
Jn-] fcum“dz,mz_o. KPm 4 (Gm) fmndz.mz.o.

-] -1

o SRR -
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Some of the quantities in (8.19) are not required for m = o,

gl" since their coefficient in (8.10) to (8.15) is zero. In some cases
%' this is fortunate, since some of the above integrals do not exist when
?;} m is taken to be zero. In terms of the above integrals (8.1S) we may
‘ express the terms(8.10) to (8.15) as follows.
X
E’ 3\ imy iv _1 iv .1
r P "8 {-wile Im-i-l,n-e Im-l,n]
t{‘" iy 1 bl 1 =i 1 = .1
'( LS (Jm+1,n Km-i-l,n) . (Jm-l,n l\lxlj~1,rz).
H iv 2 ~4p 2 1
i (8.20) + (mHl) e Iml.n + (1) e Im_l,n] 4
; m_ ip _3 - 1o .3
Y + pis [ (m+l) e Im+1,n (m-1) e Im—l,n
i 2 -ip 2 .
+e‘Jm+1.n+e Jm-l,n]}’

Qm‘“eimp{iwu[ o 5 + o7 b ]

: m+l,n m-1l,n
3
; ip 2 -1p 2
-nzl e Kuﬂ-l,n *e l(m--l,u ] 3
1 o T 5
(8.21) + 'R;E-[ (mt+l) e (Im-i-l,n IPm+1,n) i
- iy ., = . %
m+l,n m-1,n
ip _ -y i
s me-!-l,n . me—l,n R

e




w e -y
B Ll s s

v

. R T R

Pt

R R T T ha ¢ e

m+l,n ol,n m-1l,n m-1,n

iy _2

-ip .2
(8.22) + (m+l) e Im_'_l’n 1

- (m-1) e Im—l,n

- inm iv 3 -ip 3
= [ (m+l) e Imﬂ.n + (m-1) e Jm_l.n

ei" 2 54 -ip .2 ] }

* wa-l,n s m-1,n

3 imp ip _4 _ -ip 4
S =Te {wul e Im+1,n e Im—l,n]

iv 2 -ip 2
+4inz [ e Kurl-l.n e m_1’!‘1

iv .7 1P

(Inﬂ-l,n i )

1
(8.23) = w—e'l (mtl) e wibd oy

-ip 7
+ (m-1) e (Im-l,n IPm—-l,n)

1 -1
- s’ o +¥ e 1V

o+l,n 1l,n

(8.24) T =-Zime™ (inz 1
mn

ime 6 - S
(8.25) Um-Zﬂe {iwu1m+nZJm mxrm}.
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Each of the integrals (8.19) may now be accurately evaluated
using the one-term formula (8.3), provided that r' is not unduly close

to S . We shall assume this to be the case. We shall, however,

: £ f :
require Gm, Gm, G:, dGm/dz. dGm/dz and dG:/dz in order to evaluate the

integrals (8.19). Let us now descrite the evaluation of these quantities.

To this end, let us set

23-2
c -cos[z%-:z-ﬂ]

2+f2-2fpc }’s

(] 2
Py { (z=2")" +p 5

Wy et
j oz oy
) f-
B -——ip -————-—Jtzpc
j of Py
dp
PR '
(8.26) yj = aj+f Bj
zy
g an ) P 2
k| pj 5
S s
1@y ny R
h |
B T
: pik ij ik _p
0 o i G*...e__."_i
J 02 03 J Py
h | J

The relations

s Ml e
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) ik R
RE{(z-z')2+02+f2-2fpcosel's,G*Eeko
m
Gm--l-z-f G* cos mf do
4
0
dG L
¥ o _1,dR
e ,‘ZJ(R-Z)dz G* cos m0 db
T R
0
™
aG ik
Gf' _JE (O—L)Rfc*cosmede
m of 2 R 2
4m R
0
3G T ik
z- m- 1 0__1_ z
Gm 3z ZJ (R Z)R G* cos md dO
4 0 R
" ik ik
d f 1[ o . 2. fdR e 1. d if
=G W {(-——+=DR -+ (5 -=) 7R
dz m 4,"2 g R2 R3 dz R R2 dz
ik
o PO TS N
+(R 2)Rdz G* cos m6 do
R
s
ik ik
d .2 1[ s i3 z dR TR D
el TR {(=-=—+=)R =+ (-=) 37 R
dz m 4"2 " RZ R3 dz R RZ dz
ik
_0 _142,2dRy (o
"‘(R RZ)Rdz}G cos md do

cos mO = 2 cos 6 cos (m-1) © - cos (m-2) @
then show that given z,z' and p, we can evaluate the six quantities

referred to in the title of this section, form = 0, 1, ... , Mtl by

means of the following algorithm.

R .

i _— a2 " oo I‘i""" -
" i o
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.
> ALGORITHM 8.1 EVALUATION OF G, GI, 6%, ¢', (¢5)', (6%)°
¥ o’ u* n* ‘u' *'n n

1. Evaluate each of the quantities (19.1), as well as f = £(z) and
£ = £'(3) for § = 1, 2, «o. 5 2842,

i z 5 £, Zy o :
2. (64 G,y 62, (6", (6", (65 ) « (0,0,0,0,0,0)

3 o+1

i =

i P

P dy *25d - dynm=2,3, ., M

g G, * G+ 64 d ]

& G:*-G:+ijjG§dm

b [+ 3+ z z'

1 I] Gy *Gp» *u o GHdy Sy
Gy +Gptu, vy 6fdy “::.'
£y1e (ofye 2 Mtl.

(Gm) (sz + [(ej + wj ; Bj Yj + wj ej ] Gg d.
Zoy Zs ¢
‘. (Gm)*(Gm)+[(ej+mj)ajyj+mjdjlc3*de
‘ j o 2842
eerde)
=) (6, 65, 62 6t (65, ©3' )« D Cor o Co S ©5H', @




9. CONVERGIZNCE

The proof of convergence of the approximation scheme presented
in Secs. 6 to 8 is quite simple, using thm. A.1 and the results of
Sec. S.

Let us denote the right hand side of (A.36) by A:fl and for

Fe€H (d,d'), let us denote Z.MN by Py (F), where LMN (z,¢) is
defined in (5.9).
In view of Thm. A.l, and Sec. 5, we have

(a) lPMN AJ - AJ'H + 0 for every JE H (d,d');

(b) IPMN ) J°|H +0

(c) sup lPMNl <1411 - PHN' <w
Hence according to [ 21 pp. 469-470 ) it follows that the approximation
T = 7MN produced by the algorithm of Sections 6 to 8 converges to the

solution T of Eq. (7.2). Moreover, by taking N = M2, it follows that
%
— L i _YN
(9.1) 1J j—m'n oCe ")

for some y > 0. Due to quadratures and matrix solution involved in the
actual algorithm we actually compute a perturbed solution }m; however,
due to the accuracy of the quadrature schemes described in Sec. §,

and since the resulting Galerkin matrix is not ill-conditioned, we
also have

%

-7 1 =0t P
(9.2) 'IMN Jml“ 0(e ), N
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By cambining (9.1) and (9.2), it thus follows that

%

(9.3) . 17 - 30, - 0™y, N+ w,

Finally, in computing the scattered field E° = —E:m, as described in
Sec. 8, we similarly have by Thm. 5.2 that

~ s
=S & -YN
(9.4) IE° - EMN'H 0(e )

where E denotes the perturbed scattered field that we actually computed.
MN
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APPENDIX A:  THE FUNCTIONS G 3Gm/3f and BGm/az.

In this appendix we study the functions G , G: = acm/ of and

G: = 8Gm/3z which appear in Secs. 7 to 10. The results of this study

i: will enable us to deduce the following:
5 i) Each camponent of the solution J of Eq. (7.2) is in H(d,d');
@ ii) If m=> 0,
E X
4
& (¢ (z,2") =0 (|£@]™ } : *
- £ 0(1) ifm=Q as z* %1,
L (A.1) 1 Gm (z,2") = il } z'e (-1,1);
o(|£(z)|” ), m>0
| 6 (z,2') = oC£¢2)|™ J -,
and 4 E
: & b 1 : :
G_ (z,2") log T4 :
5 4% £(z") [z-2"]
£ - =£'(z)a(z")> i
: (A.2) 1 6, (z,2") 5 t as z + z', ’
. 4 €(z") (2-2") z' € (-1,1). §
E
6% (z,2") ~ —ezl) : ‘
ot 4 (z') (z-2") )

The results (A.1) proved to be useful for choosing the basis
functions, in order to be able to obtain a convergent Galerkin method,

while the results (A.2) enabled us to choose the proper numerical

B e PEP P S
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integration technique for evaluzting the singular integrals to get

the coefficients P™, Qm, R™ and s™ in Secs. 7-9.

Throughout this appendix, the following notation is being

-| HSE:].
9
&
";' £=f£(z) , £4= £ (2")
3
23 v = {(z=2")% + (£+£%)2 )%
= (A.3)
@ LEEX
5 o g
. AY)
2 2
& 1- k= (£-£*%)" + (2-2')
- 2
¢ v
& (a) The Functions Gm

The functions G (see Egs. (7.10) and (7.17) ) are defined for

given z,z' on (-1,1) by

0
(A.4) G, = G, (z2') = _1 J elk®  cos (mo) de,
lmz 0 .
where
(A.5) R={ (z-z')2 + fz + f*2 - 2ff* cos © }’5
In terms of (A.3), we therefore have

R=v{1l- Kcoszg}l‘
;
1 /2 e1k v{1l—xcos“0} !
6 =L I O S cos (2m6) dO ;
® 2 o v{1-cos“6} :

|
{
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Expansion of the exponential in (A.6) and termwise integration

yields
s 2s 2s s s

(A7) c;..lzef(l)vl,‘° {J“‘+1k°x“‘}f

Wl e (2s)! Vv 2s+1 |
where

/2

J: = {1- occos2 0 }s-b' cos (2m8) do6

(A.8) 9

m/2
K: = I {1-«x 4::os2 9}° cos (md) db.
0

The relationship

{1-«x c032 0} 2 cos (2m0)
(A.g)

={1-«k cos2 B}a-l ( (1-25) cos (2mb) - f cos (2m+2) 9-;—:- cos (2m~2)0 ]
shows that

(A.10)

whereas, by (A.8)

s 5
(A.11) Ja®igr BN
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The relationships (A.10) zihow that in order to evaluate 9.
using (A.7), we need only know J: and Kg sfornm 0, 21, £2, ... 3
we can then get the remaining J: and K; for s > 0 using (A.10). To this

end, integrating ternmwise in (A.8) and using the identity.’

s
2 2n 2n | i
(A.12) I cos” 0 cos (2mf) do = (n-hn) 5—‘5””
0
we get
o_ T C2) m'én
e F (}tm, }stm; 1+2m; K)
m 2 22mm,
(A.13)
m
—1ifm=0
l(o = 2
m

0ifm#0.
In (A.13) F denotes the hypergeometric function. Thus we may

compute J: for 0 <k < .6 by means of the formula

g 00 = gy 12

(A.14) ° == v K
m 2 2%m . 2o (1+2m)n n!

whereas, if ,6< ¥ < 1 (see [1, p.559 ]) it is preferable to use the

formula

® 5 2
(A.15) | J: B 5 [(!zﬂn)n]
n=0 Ve
(n!]

where

[¥(n+l) - Y(lsmin) =~ %5 Ln (1-¢) ] (Q-°
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Y@) = -y = - .57721 56649
(A.16) V(%) = -y - 28n2 = -~ 1.9635 10026

V) = 2+ (2

E’ Eq. (A.15) shows that
g

P (A.17) 32 ~=%fn (1-k) ask > 17,
£ 3
1: r
Now, by (A.3)

q

¥ R 1 R O L (S
; \’2 \’2

(A.18)

12 !
..[1+f* Z7z as z + 2z’

E: 4542
so that, by combining (A.17) and (A.18), we get

2%
(1+£%"

,I],z Z .

(o]
(A-lg) Jm -~ Ln [ 2)% lz_z

Using induction on (A.10), it thus follows that

(A.20) 3 0asz+z',s>0,

In view of (A.7), (A.13), (A.19) and (A.ZO) if therefore follows that

Jo
g Yy g 2% 1
A.Zl c  — — Ln[ = . l
an B on2 Ve SR B

i
as z + z',

i A Sl D B b -y T B
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which is the first of (A.2). ‘ ]

In view of (A.3), it follows that
(A.22) k= 0(f) as z + ¢ 1,

for all z' € [-1,1]. Hence by (A.13) and (A.14),

I S A

(A.23) Gm k. O(flml) as z + * 1, for all z'e [ -1,11].
' 1
!

(b) The Functions 6t , 2
m m

Upon defferentiating the expressions (A.3) we get

AU 3. z - v _ z-2'

VEge"w Y TmT v 5
% * *
a2 O PRPT 12T
v v
% = e, . 8£f* (z~2')
9z v3 v

We note therefore, that

f

£ k. e 4

2\)'!'\)'< £
z

z K o
2\¢+\)'< 0

By means of these solutions as well as (A.10), we get the

identities




9 " - ) o e o S

59

aG
b Mgl °Z° (1°Ke?® sk 1 s K s
of 2,"2 s-O{ (2s)! [ v ('f m-—EJm

£
Gm )
(A.26)
- i\)zko3
2(2s+1) (28+3)

£
st1 X _s
sm ‘;Km)l}

~

1
3

and

2 z2' ¥ (1) 5ko?S o oot |
Ll e e g 3+ G Qsts) Ka 1)

These series may be readily computed using the identities

3 @3/2) &
Lot 8. F(-23-+m,%+m; 2m + 1; K)

m

(3/2)1:1'( o (3/2+'m)n(‘5+m)n
i — K , 0
2 imm! 280 (2|:ri-1)u n.

L k<.6

(A.28) 3
® ('z'*m)n(!rhn) -
n! (nt+l)!

.'Sn_n m , 2 n
=5 + ¢ (@ -%) 1-Q .

n=0

[ Ln (-0 + 20 Camin) - 29 (@) + oo~ iy |

| 1f.6<k <1

along with (A.10). These identities were obtaired via a procedure
similar to that which was used to get (A.14) and (A.1S5).

The expressions (A.26) and (A.28) enable us to deduce various
growthpmpertiesofc;:andc:as z+z'axdas z+ % 1.




By (A.28) and (A.3),

(A.29)

. bfrlon’

a5 z % z'e (-1,1)
(z-2')

o L g

(5 i

(A.30) J;l =0(™ lasz-+t1l

Combining these results with the asymptotic identities

T g

-

_ Ex'(z-2")

]
= 2 s 2> 2z
2£%

(A.31)

(A.32)

=0(f) , z+ =1

2

2 f*(z-z') * o 3

1 fx'a*

% 4m
(A.33)

G%. - 1 u*2

T R
n ,mz f*x(z-2')
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The relation (A.10), (A.13), (A.26), (A.28) and (A.3l) yield

0(1) if m=0
(A.34) G = as z+ t1,
0¢£®1) if m

while the relations (A.10), (A.13), (A.27), (A.28) and (A.32) yield
(A.35) c: = 0(£f®) as z + ¢ 1.

(c) Analyticity of K

The above results show that

i) Gm is bounded as a function of z on [-1,1], except at
z = z' where it becames unbounded according to (A.21);

ii) G‘n (z,z') is an analytic function of z € nd. except at
z = 2', where it has a singularity of the form (A.21).

In the following theorem H (d,d') is defined as in Sec. 5.
Theorem A.1: Let K be the solution of Eq. (4.6), and let J be defined
by (7.1). Then each component of J is in H (d,d").

Proof: Each component of the incident field J° (see Eq. (7.3)) is in
H (d,d') where d' > 0 is arbitrary. In view of Eq. (7.2), we need
only show that if J_l = (Jlt’ Jw) denotes a pair of functions in

H (d,d'), each of which is bounded on each of the sets

8, = { (z,w): z €0, Jw] =11}

sz-{(z,u):-1;:51.%.£|w|_<_d'}

where d' > 1 is arbitrary,
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then each of the components of |
I = (JZc’ J2¢)

1wy = z "=
(A.36) -{vI [—\,Ech+n;(nle)xvc

+E Ve CTPVE] as )

is in H(d,d'). ]

By our assumption on f in Sec. 3, the solution K = (KK ) of
Eq. (4.2) is bounded on S = [-1,1] x -[0,2m]. Hence for z € { -1,11],
each component of J has the form ;

(A.37) F (z,ew) -) a (2) ™

-0

where a /v €EH (9 ); substituting this form of an expression into (A.36)

for J andJ andnotmgthata/v-o(e—d Im‘)\;'ze[—lll and for

1t
all d' > 0, we deduce, by inspection of (7.27) - (7.30) and (A.1) and
(A.2) that |[P™[, |@™|, |F™®| and |s™| are O (e'd'lml) for all d' > 0
and for all 2' € [-1,1]. That is, F (z,w) € H (Ad.) as a function of
w, for all ze [-1,1].

Hence in order to complete the proof, we need only show that
if Bnl\)e H (Qd), then each of the right-hand sides of (7.27) to (7.30)
is in# @) .
In view of the results of Appendix A.(a) and A.(b), the

coefficients of On/v in the integrals (7.27) to (7.30) are of the

following three types:
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-

a(z,z') , a(z,z') log |z-2'| , a(z,z')/(z-2'),

TR

where a(z,z') is a bounded function in H (Qd) x H (Qd). Hence, we

L)
": need only show that given g €H (Q 30 each of the functions 8> B and |
,X 8, are analytic in Q,, where

i

& 1 ‘3
B gl(z') = f a(z,z') g(z) dz;
¢ 1 z
. A .
| (A.38) gz(z') = I a(z,z') log |z-z'| g(2) dz; : !
; e ;

p ’

" ga(z') = P.V, I 3:—2?—1 g(z) dz

: -1

It is obvious that gle H (Q d).
Nextifz'Ean{Imz' > 0} then

1
(A.39) g4(z') = ] 222 o2 4

z=-
-1

is analytic in this region, and indeed, by altering the path of inte-
gration in (A.39) to the lower boundary of ,, we see that g} is in
fact analytic in Q d If w2 now return the path of integration to the

interval (-1,1) and let Im z' + 0, we find that for z'€ (-1,1),
(A.40) gg(z') = wi a(z',2') g(z') + ni 84 (z')

this expression shows that since both g‘;(z') and a(z',z') have an

analytic extension into nd, so does 8y Hence 84 is analytic in nd.
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Finally, writing 8y in the form of a convergent sum

1

(A.41) g,(z") = I
-1

' = o0
k(:tk(z) Bk(z) log |z-z'| dz
where the functions o and Bn are in H(Q d) , we need only show that gﬁ
is analytic in Qd, where
1l

(A.42) gh(z') = J o (2) log |z-z'| dz,
-1

Upon differentiating this expression carefully, we see that

1
(
(A.u43) glt'(z') = P.V. J :‘::.) dz.
-1

By our argument involving 8, above, it follows that g]t‘ is analytic Q 4
i.e., gﬁ and hence g, is analytic in @ 4 Thibs completes the proof of
Theorem A.l.

By assumption for the case of finite conductivity of the body
B, the function f is such that the surface S satisfies Liapunov
conditions, in which case the surface current K is bounded on S. However,
one notes that the integrals (7.27) - (7.30) converge so long as
£ |en/vl =y (1) asz~+t1, i.e., solong as fK = o (1) as z =+ % 1.
Thus our method gives answers even if § is cone-shaped at one or both
ends, although the Liapunov conditions are then violated, and our results

may have no physical significance, except in the infinite conducting case.

e R i e e e - e
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