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SU BJ ECT CO DE 1211D

Pa ge 76.

PROPAGAT ION OF ELECTROMAGNETIC WAVES IN PARAMET R IC MEDIA IN THE

APPRO X IMATION OF GEOMETRIC OPTICS.

V. N. Krasil’ni kov.

§1. Posing of the problem.

Durin g the passage of waves through media whos e para m eters ar~

changed in t ime (su bsequent ly let us call t hem s imply  p a r a m e t r ic)

occur special effec ts, for example a chan ge in th e spec t ra l

compos ition of signal. Therefore to their study tradition a l ~p p r o a c ’.

(1~ proves to be inapplicab le, an d is req u ired special exa m ina t in t ,

in order to explain the possibility of using the laws of geometric

optics. In this case, systemat ically it is note justifi~~ to ana lyz r

directly the equation s of M axwell , but not to reduce them for

different special cases to one differential equation for :ertai”

_ _ _  - -
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scalar funct ion, as this frequently is done [1).

Since the approximat ion of geomet ric optics knowingly doe s nol~

befit for the description of field s in the vicinity of their sourc ’~-;,

the usua l f o r m u l a t i o n  of the problem of geome t r i c  a p p r o x im a t i o ~

consists o f finding of wa ve process of space, if is k n o w n  th ~ v.~lu~
of field on cer tain init ial surface S0. The latter can be se lected j j~

th e wa ve zon e of ~aitter . It can pass in those regions of spac~ ,

wh ere ther e is still no perturbation action of heterogeneous and

parame tric properties of the medium. Surface ~~ is convenien ~ so

combine wi th the position of wave front (in monochromatic field ~his

is t he constant—phase surface ).

Outside surface S0 let us consider the mediu m isotropic ,

heterog eneous and parametric; its propert ies are describei by three

func t ions: d islec t ric and magn etic cons tants •(w , r, 1) and ~
(., r, t) a nti

conductivity ~(., r, t). If primary radiation (field on surf a~ e (-a!’

be considered monochroma t ic (f requency go) .  then due to the

pa rame tric~ nature of the medium the spectral compositio n of ~i ioil

H will be ch an ged in certain interva l of freque nc ies Aw near w~~~.

Page 77.

As we shall see fu r the r  on , relat ive frequency dr i f t  in ~ll  cas ~ s of

~ 
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prac tica l interest is small , and it is reasonat le  to  d i s r e g a rd  the

dispersion of the characteristics of the medium in inter va l ~~w , i.e.,

to take the values of funct ions  ~. t~ an d whe n ~ = 
~~ 

Then in t: .-

Gaussian syste m of units the equations of Maxwel l it is possib 1~ ‘o

wr ite thus : i ö
rotE+—~- - ~j-(t4l)=°

,
(I)

• I drot

Let us note  t h a t  on the  s t r eng th  of t h e  l i n e a r i t y  of svster~ (1)

and for parametric med ia it is possible to u t i l i z e  p r i n c i p le of

superposition and to describe the dependence of electromagnetic

vectors E. and 14 (but  not t he  pa ramete r s  £ ,)*. and  ‘7 !) on ~ iw e

with the aid of thecouposi te  fac tor  e x p ( — i~ 0t )  — we w i l l  c o n s i i~~:

that  on the initial, surface 
~~0 we have  precisely t h i s  t i m e  hehavio~

of field.

Let us impose on the properties of the mediu m limitation s wh icL

J make it po ssible to apply to  the  ana lys i s  of the  process ~ f 1-h c ~

propagation of waves the  method  of g e o m e t r i c  optics.

First, it is well known [1) that the m edium must be weak ly

het erogeneous, in other  words , its cha racter is t ics  
~

,p- and

be changed l i t t le  at distances of the order of the local wav e 1c~n~ t h  X

(at a give n place, at a given instant) , i.e., if L is smal lest of ‘ ‘-

values:
L — L — L‘ Ti~T I’ f~•fl~ ~

= r~~r

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _  
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then

(2)

Further let us con sider the medium weakly—parametric , i.e., assume

that its properties little are changed during a time on the order or

w 1, where w is local frequency of field. This condition takes ~he

form

(3)

where T is smalles t  of the  t imes :

I . p_  IL
1 ~ — , 1

~
i — , 1 — -

W

F u r t h e r m o r e , it is reasonable  to consider that  t h e  a t t e n u a t i o n

of waves at a d i s t ance  of the order of wa ve length  is slii ht

(otherwise the very problem of propagat ion does not appear). Thoi . :t.

is possible to introduce the third low parameter o1 the pr obletr

(4)

charact er iz ing the relative role of the bias  currents  and  con~iu c ~~~o~
cur ren ts  ( l a t t e r  are  sma l l ) . Condi t ion  (4) is not in  p r i a c in l e

necessary, but  it makes it possible to obtain  the  resul t s  in a more —

compact and vis ible for..

Sometimes inequal i t ies  (3)  and (14 ) are conven ien t ly  w r i t t ~~n i n  

---~~~~~~~~~~~~~ •-~~ -~~~~~~~~~~~~ -~~~~ --- -- ---~~~~~~ -- ~~~~_ _ _ _ _ _ -- ~_
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the form of the ratio of wavelen gth X to certain large gra phic sca 1~- .

So, if v — the  ve loc i ty  of propagat ion of e l ec t romagne t i c  wa ve, th ’n

(3) is equiva lent  to the  inequal i ty

(3m)

wher e L~~~~vT. w h i l e  (4) it is possible to present thus: j
(4a )

L~=-~~ ~eteraines the distance at which the wave amplitude ~ec :oa~~c s

due to losses in t he  m e d i u m  by a f ac to r  of e.

Let us search for  the solut ion of system of e q u a t i o n s  (1)  in ~~~

form

E(r , t)~=E o(r : t )e ”~~” . (5)
H (r , t) = H0(r , t )  e” (7. 1)

,

where are c lear ly  isolated the  common for f i e l d s  and 
~‘f 

r~inii 1y

changing p hase factor and the slowly changing amplitude vectors

and 14~ . Let us assume tha t  f rom the  ex is tence  of t h e  s m a l l  p a r a m ~-~~c~rs

( 2) , (3) and  (4)  ensues the  poss ib i l i ty  of the  se p a r a t i o n  of ill

entering the equation s expressions into two categories:

1) the  values of basic order ; to the n are  r e l a t ed  an~
11’

2) the small first—order quantity, at least one of our smFIll

pa rameters . Tb is: rot E0, rot H,; ~~ ; ~~~~ ; ~~~ ~ L ~~~~. U, 

____ J
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At the basis of th i s  classification lie eva luat ions  of t h e  t y p ~

I rot EoI=O (-’-~~-)<< Iv~ I.IE0t

and obviou s determinations for local frequenc y w=~~~ - and local

wavelength A = F~
. . Let us emphasize that we still must show ~hat the

taken separation of values into orders actually follows from the

restrictions placed on the properties of the medium.

§2. Phase relationships

Let us apply the method of successive approximations to ~~~

system of equat ion s of Maxwell.

Pa ge 79.

Cons idera t ion  of t he  t e rms  of basi c order leads to t he  r e l at i o n s h i~~

~,X~~=— ~~~~~~ (6)’

~p x H, = -

~~ 
(~~~) 

E,,

whence for phase function ~ follows the generalized equation of th .~

e lk ona l

(v~)’—~~(~ )2 =o. (7)
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physical sense of which is very simple: it describes the propa ja~ ion

of constant— phase surface 0 const at the local speed V CIV SIL ~~

d irect ions ±V~.It is ~~ot difficult to interpret relationshins (6):

vectors and are or ien ted  o r tho q c n a l l y  to each o t h e r  an ~i - o

the direct ion of p r o p a g a t i o n  of wave  ~.

FOOTNOTE l~~~ Here and subsequently we for definiteness will anal y zc~

the wa ves which  g~ in d i rec t ion ~-V~~~~ .ENDFOO~TNQTE.

Retween their values there is connection through the local impe lanc e

I— ~of the medium. Introd ucing unit vector in direction of bea m ~j~’

from equat ions (6) and (7) we have

E~= x H0). (8)

In other words , with an accuracy to the small f ir st - o r~ er

quant i t ies  the  local s t ruc t ure of t h e  f i e l d  of  e lec tr otn agno ~~ic w~av~

coincides w i t h  t h e  same for  t he  case of p l a n e  h ave  in t h 9  m e I i u r r  w ith

constants ~ and p-~

We a l r e a d y  m e n *ioned tha t  t y p i c a l  for  g o om e t r i c — o p t i c a l

ca l cu l a t ions  is t h i s  posing of t h e  ques t ion , w h e n  f ie l d  is C O f l S 1 I P I’

assigned a t  c e r t a i n  phase wave  f r o n t  S0. Fo r the  s l iih t ly
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inhomogeneous and weakly— parametric media the f i e l d  of con cu r t  ~~~~
source at distances of several wavelengths from it will still li~~ l~’

d i f f e r  fro m t he  f i e ld  wh ich  it w o u l d  c r ea t e  in the h o m o g e n e o u s  N d i u m

with the time—constant parameters. Therefore with sufficient t c~

practical ca lculation s accuracy, the field in the vicini~-y of ~m i’ ’-”:

can be considered k now n. In this case, it is obvious that in th~ near

zone of the source where play role static and induction fields ,

condition (8) does not obtain; this corresponds to the known fact of

the i na p pl i c a b i l i t y  of the  geomet r i c—opt i ca l  a p p r o x i m a t i o n  fo r  ~~~

calculation of the local fields of emitter.

Th u s, let the  c o n s t a n t — p h a s e su r f ace  lie in the wave 7one of

sou rce , a n d  at c e r t a i n  moment  of t i n e  t 0 t h e  v a l~ e of ~- h e  ph ase ir S0

is 0~~ = 0 ( t 0 ) .  F r om t h e  gen e ra l ized  equat ion of t he  c i k o n a l  ( 7 )  j t

fo l lo ws t h a t  t h i s  phase  f r o n t  p ropagates  a 4 a ra t e of v in t h e

di rection of t h e  n o r m a l  to i tself ( t h e  l a tt e r , by d e f i n i t i o n , i s  th .

direction of beam)

Page 80.

Hav ing  in p r i n c i p le  r a d i a t i o n  pict ure, we can trac~ in de tai 1 ~~~

m ot ion  of th is phase  of wave  0 = o~ in ti me. I n t h i s  cas’~, the

in c o n st a n c y in ti !e of speed v( t , f )  forces us duri n~ c~-ilc u l~jt ion o~

the phase picture, which corresponds to Fi g. 1. ‘ o ‘a k e  it  ~ach point
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of space t he va lu e of velocity at that moment of time wh ~~n ~ he ~har-

front in question passes through this point. Let us agree this

delaying value of the velocity subsequently to designate vi . It is

obvious that the spatial distribution of (v3 in parametric me di d is

function of the starting time to, and , generally speaking, the

radiation picture of the transfer of another phase of the w a v e  ‘
~~~,

“starting ” from the initial surface S0 at another moment of time t’ 0,

w i l l  be d i f f e r e n t .  Unde r  such uns teady  condit ions it is c o n v e n i en t  to

co nstruct  d i s t r i b u t i o n s  of t h e  beam , recording not c u r r e n t  ~ is”  r ,

but  the  st a r t i n g  t i m e  t o i n the  m a n n e r  s h o w n  in Fig.  1.

It is easy to see tha t  propagat ion  t i m e  of t h i s  phase  of wav ’~

from poin t N 0 in initial surface to certain point t~, which lie s on

the beam , which left M 0 at the moment of time to. is equal

(9)

wher e the  in tegra l  is taken  on the  beam , a n d t h e  pa t h , p assed by

phase fron t, i e., the “length” of beam ,

SM M S  I vl dt , (10)

where  the  f unc t ion  ~v 1  also must  be t aken  at the  a p p r o p r i a t e  points

of be am.

During the ca lculation of bea m tra jectories, can prove to b’~
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useful the differential equation of beam. For its der ivation let us

examine at moment of time t so small a section of phase front 0 = O f)

that  it wo uld be possible to consider it plane .  A f t e r  d i f f e r e ns - i a l ly

short time dt, phise front will be shifted in space in dir~ cticn

in distance ds = vdt (Fig. 2)..

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Fig. 1.

Page 81.

If speed v (t) is not identica l for a l l  points of front, then its

position a t  moment  of t ime t + dt wil l  not be parallel  to the  i n i t ia l

one. Being l imited to the small first— order quantities, we w i l l

:~ obtain the rotation of phase front (and, this means, the unit vector

of beam i) through certain angle d~ :

1’ =I - i - dI , 1d11=dm ,

where diii is caused by difference from zero of gradient of speed v ir ~

the d irection orthogonal to I Simplest geometr ic  c a l c u l a t i o n  gives

dI=_ !~!dS,

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _  J
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wher e V2 0 =VV ~~~~~~~~~ I is a transverse to I part vu. Introducin g

refractive index a = c/v, we come to the following d if feren tial

equation of beam:

~~(nI) = çn . (11)

It is interesting to note that precisely to the same e q u a t i on

are subordina ted  t h e  beams in the med ium wi th  ccns tant  p ar a m e t e r s

(2], but in our case, as can be seen from the given derivation , it is

correct only during the analysis of the family (or distribut ion) of

beaus united by the total star4~ing time t 0.

In concludin g this paragraph, recall that sometimes during thc

constructi on of the equations of geometric optics as the basis of

analysis is used the postulate about the extreme character of beams

( 3 J  — the so—called Fermat principle. The equations of the eikonal

and beam are obtained as a consequen ce of this princi ple as a re3ul~

of the solut ion to variational prob lem.

In the case of param etric media , it is logical to r’~~uir e the

uinimality of &ntegral (9), that deter m ines the propagation time of

the recor d ed phase of the w ave b et ween two points  of space. Then i t

is not d i f f i c u l t  to  ascer ta in that  the  equa t ions  of Euler  for  t h i s

var ia t iona l prob lem in accuracy coincide w i t h  the  d i f f e r e n t ia l

equa t ion  of beam. In  o ther  wcr ds , Permat ’ s p r inc ip le  r e t a i n s  i t s

L __ __ _  _

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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force.

The extremality of beams makes it possible to obtain a

convenient formula for an instantaneous signa l frequency f rom passage

by the latter of path s from the starting surface on which we

considered it monochromatic (with frequency u0 ) ,  i.e., 0 = ., 0t 0 + 6

on S0 (6 — the certain phase shift). By definition of i n s t a n t a n e o u s

frequency at the moment of time t
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L.dL

?0(1)

Fig. 2.

Page 82.

The calculation of the last partial derivative (on the basis of

formula (9)) substantially is facilitated on the strength of equality

to zero of first variation in funct ional (9) with the attached upper
4

limit and the “natural” (4] conditions at the lower end of the p ath

of integration. Finally is obtained the following formula:

w =w o ex P{s [ !~}dsJ . (12)

where V - derivative of the wave propagat ion velocity in terms of

time. The “departure ” of freq uency in t he parame tric me d iu m is ~n

in tegral effect , whic h is accumulated along the entire route of the

propa gation of beam. But with the limit ed dimensions of pa rametric

region and smallnes s of relative changes in the speed (mos t  p r o b a b l e

in practical sense situation) freq uency change is small.

L__
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§3. Amplitud e of electromagnet ic field.

For find ing the amplitude vec tors ~~ and//c we have the

following system of equations, whic h ensues f r o m  (1), (5) and (f~~:
4’~,•~~ i_ f... ~~~~—

__
“~~~ o r ~~~ ~~~~~ (13)

i oE, ~~~rot Ho—~ - - ~j=--~— E,,
where we have introduced the designation:

I d~ I 14

The f i rs t  of values (se) let us call electrical, and the  second (0H~l 
-

permeance of the pa ramet r i c  medium.

Uti l iz ing s tandard  t r ans fo rma t ions  (4 ] ,  it is possible to p.~ss

from (13) to the  qu a d r a t i c  re la t ionship which  cha rac te r i zes  t h e

energ y balance in terms of ampl i tude  vectors (let us e m p has i z e  the

subst ant ia l i ty  of the latter) :

dlv IE,X H.J+~~(H..~~~)+ 
~~ 

oL.) + C ( O H H :+O E E:) =0.
(15)

From a m a t h e m a t i c a l  point of view in the extracted f o r m u l a  ~nt’~r

the terms only of first (an d h igher) or der of smallness  f r o m  a n y  of

three low pa rame ters of our problem.

_ _ _ _ _ _ _ _  
j
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Page 83.

Let us com pose the scalar function
u( r , t)= -~ -(E0, [I xH,J),

numer ica l ly  equal to t he  energy  cur ren t  dens i ty  in beam d i r e c t i o n .

Taking into account that with an accuracy to terms of firs*-order

smallness the vectors and iL satisfy relationships (8) that

determine the  s t ruc tu re  of the f ie ld  of p lane  e l ec t romagne t i c  wave ,

we can write (15) in the following form (for the wave , wh ich ao’~s in

d irection -tl)~
dI v ( u I) +~~ .~~~+ ±!(a f l Vf_ + G E V.!) u _ ~o ( 15a)

Equation (15a) is dist inguished from precise formula (15) only

by te rm s  of the secon d order of smallness and reflects the law of

conservation of energy, which takes place along beam tubes.

Actually, let us examine the dynamic picture of beams , w h i c h

corresponds to the recorded starting time to, and let us isolat.~ bFan~

tube with as small a cross section as is convenient (Fig. 3). Let 
~

and .~ be two of its differentially close secticns, which actual ]y

exist in times t and t + dt respectively and distant from each other

at a distance ds = vdt. Integrating (iSa) at moment of t i m e  t in

_ _  - .
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connection wi th  of the  vo lume  of the  beam tube , inc luded  be~~wc~- t .

these sect ions, u t i l i z i n g  the  theore m of Gauss  and r e t a i n i n g  on ly t -€

f i r s t—orde r  terms of smallness with respect to dt, we will o b t a in

S 
ud3— çudm .t. 

~~5~~ d~ds+ mj ’ud~ds=0, (16)

wher e

~~~~ aEJ T~ +aH 1/i~) .

If w_—5iid~.j5 the total flux of the ene rgy throug h a c e r ta i n  se c t io r .

~ of beam tube, distant at a distance s with respect to the bean fron

starting surface , then (16) will tak e the form

w(t , s +ds ) — w ( t , s) +( ~~), ,~~+~ w(t , s) ds=0.



— ~~~~~~~~~~~~~~~~~~~~~ 
.-_- , - . 
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_
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Fig. 3.

Page 84.

After replacing w (t, s + ds) — w (t, s) by (~~),,dS we v i i i  o b t a i n

dw+mwds=O. (16a)

where dv is the total differential of energy flow between secticns 0 1

and 
~~2 ’ taking into account both space and time changes.

Equat ion (16 a)  is a d i f f e r e n t i a l  f i r s t — o r d e r  e qu a t i o n ,

describing the change in the energy flow alon g the bean tube. It is

substantial , t h a t  it is derived only for  the  f a m i l y  of bea ms unit.e~

by t he  to ta l  s t a r t i n g  t ime  t o. Th e energy f l o w  itself is g i v e r .  r y ‘-hp

f o r m u l a

— SuIds
w ( t , s) =w0(t 0, O)e U (17)

where w ( t 0, 0) — e n e r g y  f low in the  beg inn ing  of beam t u b e , a n i

f a d i n g  is de t e rmined  by t he  d e l a y i n g  va lu es of electrical

conductivity and permeance (14). An increase in the p e r m e a b i l i t y  of

the  med ium leads to  the  s u p p l e m e n t a r y  energy  absorpt ion  of w a v e , a n d

a decrease in va lues  E and p is connected w i t h  the re lease  of

energy by the medium. 

.



____________
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For t ubes w i t h  d i f f e r e n t i a l l y  nar row cross section d o , we will

obtain v = ud . and energy cu r ren t  dens i ty  in c e r t a in  sec t ion  s o~ ~~~~~~~

beam tube

U (t, s) = u~(f 0, 0) ~~~j —~--e b 
(18)

In formula (18) is clearly expressed the amplitude r e d u c t i o n  o~

f ield because of t h e  d ivergence  of beam s. Since it is obv io ’i s  ha~

u=~~ J / .~ E~=j~ J/~ iiL (19)

the values of the strength of fields ZL and easily are loc~~e~

through (18).

For explaining the polarization of wave, let us introduce uni~

vectors • and h determining at each point of space the s.-~ns~ of

the vector a”~ I.(L.Then from relaticnship (6) ensues the

connect ion of these  u n i t  vectors wit h the  u n i t  vector of bea m I ~
IX e =— h ;  I X h = e .  (20)

Differentiating the extract ed relationship wit h respect to s, ~~ will

ob ta in

(21)
d X h +1 ~ =

A s s u m i n g  the  po la r i za t ion  of the  wave to be l i n e a r  ( v h i c L  w i l l

_ _ _ _ _ _ _ _ _  ___________
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not be f u n d a m e n t a l  l i m i t a t i o n )  and by t a k i n g  into account  the ~asilv

prove n f a c t  of the r e t en t ion  of po lar iza t ion in the isotropic

ho mogeneou s med ium , we w i l l  search for  such so lu t ions  (21)  whic h

~I1~ de .s a t i s f y  ob vious c o n di t i o n  ~~~~0,if ~_ = O .

Page 85.

From a phys ica l  po in t  of v iew , t h i s  means t h a t  t h e  r o t a t i o n  0±

vectors and fl a long  beam is caused onl y by b e n d i n g  of  t~i~~

latter , but formall y forces from all possible sciutions of the ~zys - .

~ 
de _ dh dh de

X
~~~~

_ — d$ , >< ds as

to select on ly  th~ zero one. Therefore instead of the cornp l~ ÷~

equat ions  in f o r m u l a  (21)  we can examine the “shortened”

re l a t i o n s h i p s

dl dh dI _ de

~~X e =— ~~~, ~~ X h — ~~~.

Ut i l iz i n g  (20) , we pass to two d i f f er e n t i a l  equat ions:

~~~~ 
i(~’ .c) (22)

e i ther  of which  can be u t i l i zed fo r  f i n d i n g  the  p o l a r i z a t i o n  of ~a v ’

with known radiation picture.

Spec i f i ca l ly ,  it beam lies in cer ta in  p l a n e  L , t h e n  f r o m  (22) i. ’

follows that the electromag netic vector , orthogonal to this ~~~~



‘
~~~~~~

—
~~~~~~ 
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re ta ins  its direction.  In  th is  case there is no need to in t e gr d~~
eq uations (22)  , and  it su f f i ces  to sepa rate  the  s tud ie~1 f i e ld  j r ;~~ O

two waves, in one of which the vector E is or thogo n al to L , a nd ir.

the other — vector

Equat ions (22) can be written somewhat otherwis~ ; tik in~ into

account ( 11) t h e y  t a k e  t h e  fo rm

db I de I-~~=— -~ (~ n.h), ~—=—— (çn.e). (22a)

~4. Conditions of the applicability of geometric—optical observation ,.

Th u s, we ob t a ined  the f o l l o wi n g  p ic ture  of t he  p r o p a g a t ion of

waves in a sli ghtly inhomogeneou s and weakly—parametric m ediu m :

1) phase distribution of wave in space is given by the

generalized equation of the eikonal (7) ; the geometry of beams i~

changed in the course of time ; it is phys ically reasonable t o  exam ir .~

the f am i l i e s  of b e am s w h i c h  correspond to one starting time :

2) the e n e r g y ,  w h i c h  f lows  al ong beam tubes, changes its value

only  due to  losses in the  m e d i u m  ( t he  l a t t e r  somet imes  can he

ne qa t ive) , i.e., t h e  reverse  re f lec ted  w aves  dc not  a p p e a r .
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Th e on ly  i n a :cur a c y  in our reasoning s was the  replace ment  of

f o r m u l a  (15) by ex pression (15a). From a ph ysical point of view , ~~~~

error  is whol l y ca used by the difference between the structure 0~ O Ut

elect romagnet ic  f i e ld  a n d  the  s t r uc tu r e  of the plane of wa ve in t h e

homog eneou s mediu m .

Page 86.

For plane electrDmagnetic waves, as is well known , the laws of

geo metric optics a r e  precise.

From formal point of view , we disregarded terms of the on c o n d

ord er of sma l lnes s .  Ho wever , we have not yet shcw n that the

sa t i s fac t ion of in e q u a l i t i e s  (2) , (3) and (L I ) pr o v i d e s  t h e  acc eptel

by us sepa ration ~f values by order of smallness (see §1). ~ow this

is not difficult to do , since we have formulas (15) and (19) • th a~

make it possible to  p roduce  t h e  necessary  e s t i m a t i o n s  1 •

FOOTNOTE 1~~ The Intai led conducting of all estimations wou l~ r~~;uim ~

mu ch space; t h e r e f o r e  we w i l l  be restricted to the fundamen ta l

observations , the bases for which are easy to perceive in form ul as

_ 
-
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(18) and (19). FNDFOOTNOTE .

For example , it is necessary to show t h at

J~~1<<L!~!i, I~~ <<w 1Eo f .  (23)

The condit ions of wea k heterogeneity, wea k parametricity, an i

smallness  of losses in the  m e d i u m  assure  s a t i s f ac t i on  of t h e s~
j  inequal i t ies, but  w i t h  one supp lemen ta ry  l im i ta t i on , n a m e l y :

Iv (d~) I<<c , ~~(d~)<<wd~, (24)

i.e. we mus t  e x a m i n e  o n l y  such f ields for w h i c h  a r e l a t i v e  cha r~ t~ .i m

the valu e of cross section do of beam tube is small at dist inces of

t he  orde r of wa vele n gt h a n d at times on the order of the period of

t h e  f l u c t u a t i o n s  of f i e ld .  A similar requirement will be carrici ou r ,

if the raiii of curvature of phase fronts are great in comparison

w ith wave l eng th .  I n  o ther  words , r e l a t i o n s h i p s  (2 4 )  f o r b i d  t h ~ m s e  of

geome t r i c—op t i ca l  a p p r o x i m a t i o n s  near c o n c e n t r a t e d  sources ( n e c e s sar y

compu lsori ly to l e a v e  in to  the i r  wav e zone) , a nd also in t h e  v i c i n i t y

of fo ci and  caus t i c  s u r f a c e s  of wave f i e l d  ( w h e r e  d o  —s 0, ~~~~
the beam t ubes b o u n d l e s s l y  become nar row)  . Let us note at t h e  sase

t i me t h a t  g e o m e t r i c  opt ics  is i n ap p licabl e in those reg ion s of spac~

(ge n e r a l l y s p e a k i n g ,  m o v i n g  w i t h  t i m e ) , w h e re X —-~~ , i. e., t h e

pe r m e a b i l i t y  of t h e  m e d i u m  (€ or ~) vanishes. 

—.~~~ ~~. - --~
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The second remarkabl e fact is the  existence of t h e  i n t e g r a l

inequal i t ies, w h i c h  ensure  e v a l u a t i o n s  of the t ype of (23)  . For

example, the condition of the slowness of the rotation of the [lan ~

of polar iz at ion , w hich is reduced on the strength of §3 to the

requirement for the slow rotation of beam , taking into accoun t (11)

takes the form

J~~ 
. J

~~ 1. (25)

Page 87.

Analogous character bears the inequality, which limits the

gradients  of a m p l i t u d e  between a d j a c e n t  beam tubes  and requ irin .~ thi

t he  d i f f e r e n c e  in f a d i n g  between t h e m  w o u l d  be l i t t le :

(26)

If (26) does not obtain , then it is not possible to disregar i ~h~’

ef fec t  of t ransverse  d i f f u s i o n  [5)  between beam tubes.

It  wo ul d seem t h a t  inequa l i t i e s  (25) and (26) , en s u r i n i  t h ~

possibilit y of neglect of some t e rms  in t he  d i f f e r e n t i al  ‘~gua ~~i : s  ~

problem , m a k e  the conditions of the applicability of geome t ric O~~ tj c 5

more r igid as compared w i t h  the  ca se of t he  n o n c o n d u c t i n ~j an ~

non pa rame t r i c  m e l i u m .  However , t h i s  is not so. It is w e l l  know n t h a t

the  error in s o l u t i o n , caused by an  inaccurac y in the  e q u a t i o n s , c .ii ~

L ~~~~~~~~~~~~~~ _ _ _  _ _ _ _  ~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A
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be accumulated during considerable changes in the indepen dent

variables. Actua l l y ,  if we instead of a p p r o x i m a t i o n  ( iS a )  w r i t e  *h e

pr ecise r e l a t i o n s h i p
dtv (uI)+~ - ~~ + mu =F(s , f), (27)

vhere the  s t a n d i n g  in r i g h t  side f u n c t i o n  F(s, t) — t h e  v a l u e  of t h ~~

2nd order of smallness , is equal to

F(s , t) —~dt v { u t— E o X F1~~+
I ~~~oH 1/ ~~~~~ôE~~~~~~

t ’ l~
t 2  s~~~T 2 P ~ O ,J

+4~f e j / ~~
(u_  H~) +’E Y~~(u_ E ~))~

to eva lua te  cor r ec t ion s  to the approximation of geometric o1tic s on

the  basis of f o r m u l a  (27)  it is possib le to wr i t e  th~ integral

relat ion ship  
U~(S , t) d o (s , t)=

~ 
(F(s ’)d ~(s ’)) ex~ (— S  N dsi ds’+

+~ 
j F ( s ’) do (s ’)) exp f~s J m) ds1’}dst. (28)

where u is the  d i f f e r e n c e  between the  so lu t ions  to precise (27 ) a n 1

geometr ic—opt ica l  ( iSa)  equa t ions .

To ensure  the  r e l a t i ve  smal lness  of this  correction ( i n  t h e

general case) is possible onl y under the condition of the exi mi ~~~~ior

of the localized heterogeneities whose linear dimensions 0 are

commensurable (but not greater!) in order of magnitude w~~~h the

scales, wh ich characterize the degree of heterogeneity or

parametr icity of the medium. 

-~~~~-~~~~~~~~ ~~~~~~~~~~~~~ 
- -
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It is obvious that F(s, t) = O(u X/I?), and the integral in formula

(28) can be estimated as

u1 ( s , t) =O( ~~~°’;? u(s . t) ~~~). (29)

where D it is de te rmined  by the  length  of tha t par t  of t h e  bea m on

wh ich is essential the account of correction F(s, t ) ,  i.e., 1) is t h e

dimension of he terogeneous  region. The smal lness  of r a t i o  XD/L~
provides s i m u l t a n e o u s l y  the execut ion  of in tegra l  i nequa l i t i e s  (2 5 )

and (26), since in them in tegrand also has t h e  2nd order of

smallness.

E v e r y t h i n g  said in this  section makes  it possible to  asser t  t h a t .

the fundamentally new l im i t a t ions  fo r  a p p l y ing the m e t h o d  of

geometric optics to the analysis of the propagation of

electroiagnetic waves in the parametric medium does not appear.
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