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ABSTRACT

The report is concerned with the resonant behaviour of general

s t ructural  systems under single frequency harmonic exci tation . In

r particular it is concerned with the parametric and nonlinear

phenomena which arise when there are certain integral relationships

between the excitation frequency and some of the natural frequencies

of the structure (external resonance), and amongs t the natural

frequencies themselves (internal resonance).

Qualitative experimental evidence is presented illustrating the

occurrence of this type of behaviour in simple structures having up to

four distinct modes.

I n the theory the equa tions of motion retaining linear parametric

t erms and including quadratic inertial nonlinearities are considered .

A general theoretical approach is presented which is applicable to any

multimode structure. The theory predicts the resonance conditions,

and in the vicinity of each yields simpler equations giving an

approximate solution . Generally these equations require a numerical

solution for a given structure. In certain cases further analysis on

a reduced form of the equations yields analytical expressions wh ich

define the boundaries of the resonance region in the excitation

amplitude-frequency plane,

The theory is app lied to lumped mass mathematical models (based

on experimental models) and is verified in the simpler cases at least ______

Sedilbe
by the direct numerical integration of the original equations of motion. ction ci
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PRINCIPAL NOTATION

a Exc itation amp l itude (displacemen t)

Ar (t) Slowly vary ing modal amp litude

A ro (t ) D .C .  (z ero fr equency) slow ly vary ing ampli tude

IA I Inertia matrix

[CI Stiffness matrix

= F r I (W
~ 

- cl~,) , l inear forced response component

Fr Excitation amplitude (force, normal coordinates)

FF Excitation frequency (computer diagrams)

P1 ,2 Response frequencies (computer diagrams)

FN1 ,2 Natural frequencies (computer diagrams)

Beam length

Nonlinear coefficients (quadratic)

m Massr

~ijk 
Nonlinear coefficients (quadratic)

Nr = 
~~

9
~rij’ 

mrjj. ~~~ Autoparametri c terms in variationa l equations

Normal coordinate

= f rj)~ rjk1
mrjk~~k

) parametric type terms in the variational
equations

IRI Modal matrix

SCI ,2 Amplitude scaling factors (computer diagrams)

t Time

Negative damping coefficient

= (~~ + 
~r 

- 4) . detuning parameter
Vr .~~1

rirAjo~~ 
D.C. additions to variational equations

Smal l  parame ter

K .  Parame tric term
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A Beam s t i f fnessr
Slowly varying modal phase

Forced response phase

Wr 
Na tural (l inear) frequency

Response frequency

Exc itation frequency



1. INTRODUCTION

1.1 GENERA L

This report is concerned with some aspects of the ‘resonan t ’

response of structures in situations in which parametric and

nonlinear influences , wh ich are alway s presen t , become of cons iderabl e

significance. In ~tILh situations response estimations using the

usua l constant coefficient linear modelling of the structure are

quite useless. The ‘smallness ’ of the nonlinear terms or the time

varying coefficients is not sufficient to prevent them from having

an overwhelming effect on the response in the course of time . In

many engineering situations the excitation is applied to the structure

in a more or less steady oscillatory fash ion fo r an apprec iable

duration thus allowing the development of the influence of these

effects.

In more preci se ma thematical modell ing of structures in dynam ic

conditions , nonlinear quadratic and higher order inertial terms are

nearly always pre sent . The adjective ‘inertial’ is applied to these

terms which have their origin in the kinetic energy T of the structure.

The existence of quadratic nonlinearities from this source is very

important hut curiously it has received little attention in the

literature . Elastic nonlinearities have received much more consideration

but they are usually a symmetric form so that they appear as odd

func tion s through cub ic and quintic nonlinear terms.

This report concentrates on behaviour characteristics which arise

from or can be explained by the existence of the quadratic inertial

nonlinearities. The higher orders of nonlinearity produce their own

phenomena and as , in certain exc itation fr equency bands , the l inear

—~~~ ~~~—~~= ~~~~~
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model has to be augmented by consideration of quadratic n o n l i n e a r i t i e s

so this model in turn may also require cubic nonlinearities to be

included to produce qualitatively certain phenomena or quantitatively

a required degree of accuracy. Fortunately it seems to be the case

that in general the influence of higher and higher orders of

nonlinearity of, presumably, smaller and smaller magnitude becomes

virtually undetectable in the presence of damping so that an

examination of terms of higher order than the cubics is seldom

necessary to explain observed behaviour.

In structura l dynamic analysis ‘ordinary ’ forced excitation , an

independent time function constituting a nonhomogeneous ‘right hand

side ’ to the equations of motion , is usually the only forcing action

considered. However more refined analysis indicates in virtually any

situation the existence of parametric forcing terms which involve both

the force and the resulting motion together and constitute homogeneous

terms with time dependent coefficients. In fact even finer analysis

will show that these terms in turn owe their origins to nonlinear

coupling terms between two types of motion where one of the types

involved has been approximated by a chosen time function. Thus the

classical problem of parametric excitation (Belaiev ’s problem) of a

beam under periodic axial excitation is , at a more precise level , a

question of the nonlinear interaction of axial and bending motions :

at a lower level , where the axial displacement is taken as a known

function of time resulting from the given excitation , it becomes a

problem of bending motion with parametric excitation .

Parametric excitation terms behave like quadratic nonlinearities

in many ways , this feature is brought out in the report . In the

heirarchy of ‘ small terms ’ quadratic nonlinearities and parametric

terms have about the same placing although of course the parametric

_____________ . - -
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terms are basical ly  linear. If the constant coeff icient  structural

model with ordinary forcing is regarded as the most primitive form

then the next stage of refinement is that model with quadratic

nonlinearities and parametric forcing included. It is about such a

level of modelling and the phenomena which it introduces under certain

types of excitation that this report is concerned .

Excitation itself can be subdivided into two main categories ,

stochastic and deterministic. These in turn can be reduced , stochas tic

to, among others , stationary wide band , stationary narrow band , and

non-stationary, while deterministic excitation can be monofrequency

sinusoidal , multifrequency periodic (square wave for instance), multi-

frequency quasi-periodic (such as ~ f~cosQ~t) and non-periodic or

transient.

If attention is restricted to deterministic excitation then

both the ordinary and the parametric excitation can exist in any of

the above categories. There is clearly a wide range of poss ible

forced vibration problems and very little is known about any of them.

The present investigation considers both the ordinary and parametric

excitation to be of the simplest type, monofrequency sinusoidal , and

a l so cons iders them to have the same frequency. The range of

phenomena arising if they have different frequencies or if one or other

or both of them is a mul ti frequency input is very grea t ly extended.

In the analysis which follows , the linear normal modes of the

structure have been used as coordinates. For small nonlinearities

th is seems a reasonable choice , for highly nonlinear problems some

sort of nonlinear normal mode might be more appropriate.

The report discusses two , three and four mode models but it

should be unders tood tha t the analysis is not restricted to this

number of degrees of freedom in the whol e structure. These numbers 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~ ~~~~— - . - .—



represent the number of interacting modes in the phenomena being

described . Thus the equations re la t ing  to the “two-mode model” would

apply to say the 10th and 17th modes of a complex structure if these

modes had natural frequencies in or near the necessary 2:1 ratio.

1.2 SPECIFIC

As mentioned in the previous section , this investigation is

concerned with the resonant behaviour of general multimode structural

systems , inclusive of quadratic inertial nonlinearities and linear

parametric terms, subjected to monofrequency sinusoidal excitation.

A formal derivation of the relevant general equations of motion is

given by Barr ~ Nelson [1] who consider purely autoparametric

interactions in structures undergoing harmonic excitation near a natural

frequency, and this paper forms the basis for the current work . However,

the approach presented here is more general than that given in [1] as

parametric terms are included in the analysis and consideration is

given to other possible external ’ resonanc e phenomena tha t ar ise qui te

apart from the direct forcing of one mode.

Qualitative experimental evidence illustrating the resonance

behaviour exhibited by simple structures having appropriate internal2

resonance conditions is presented in Section 2. The experimental

approach is considered valuable in that it demonstrates the physical

existence of the phenomena and provides guidel ines upon wh ich an

appropriate theory can be formed. Experimental evidence showing

simultaneous resonan t behaviour in up to four modes is given .

Some integer relationship between the excitation frequency and the
natural frequencies.

2 Some integer relationship between the natural frequencies themselves. 

~~~~~~~~~~~~~~~~~~ ..-
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The general theoretical approach out lined in Sec ti on 3 is the

result of development through application to idealised mathematical

models , which are based on the experimental structures. The analysis

of genera l two and three mode structural systems gives sufficient

backgro und for the theory to the expanded to any mu lt imode sys tem

having quadratic inertial nonlinearities and parame tr ic terms .

Certain modifications to the basic ‘Struble ’ [2] solution technique

: .~ have been found to be necessary in order to maintain reasonable

accuracy in the solution and to avoid problems that arise when both

external and internal detuning is considered. The form of the

generating solution in the Struble analysis is modified by selecting

an unknown response frequency for the fundamental term in the solution ,

rather than the linear natural frequency, cf [1], although this

unknown frequency is taken to be close to the natural frequency. In

certain cases a D.C. term (zero frequency) and a forced term at the

excitation frequency are also included in the generating solution .

In the first approximation used the technique is essentially a limited

harmonic balance with selection and retention of the more important

nonlinear terms.

The results of the analysis are the ‘variational’ equations

which are nonlinear first order differential equations describing

the slowly varying amplitudes and phases of the solution. For each

resonance situation in a given structure there is a corresponding set

of variationa l equations , and all the poss ible se ts for two and three

mode structures are presented. From these the equations for any

multimode system can be deduced . Generally the var ia t ional  equations

can only be solved numerically for a given structura l system and

examples of the application of the theory to structures having two 

—~~~~ ,. ~~~~~~~
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and four basic modes are given. The results are compared with the

direct integration of the full equations of motion .

Further analysis of a simplified form of the variational equations

in the ‘hard ’ forcing cases , i .e.  when no mode is being directly excited ,

yields regions in the excitation amplitude-frequency plane within

which the system w i l l  exhibit resonant behaviour. Recourse has to

be made to the integration of the complete variational equations in

order to study the actual behaviour within the regions predicted.

_ _  ~~~~.-— ~~~~~~~~ .



2. EXPERIMENTAL WORK

2. 1 EXPERIMENTAL EQ U IPMEN T

Figure 2.1.1 is a schematic layout of the experimental equipment.

The model structure under investigation is clamped to the armature of

a medium-sized electrodynamic shaker (1500 lb maximum vector thrust).

:t~ The shaker is dr iven by an accurate sinusoidal signal generator

operating through a power amplifier. Excitation intensity is monitored

by an accelerometer mounted on the moving armature. The servo-contro l

sweep oscillator can be used in place of the signal generator to

perform programmed frequency sweeps with predetermined excitation levels ,

but it is also useful in that its inbuilt signal conditioning circuits

provide a display of the actual excitation level , giving the peak level

of acceleration , velocity or displacement.

The model structures are small in comparison with the size of

the shaker. This is to minimise the effect of any feedback from a

resonating structure causing distortion of the excitation waveform.

The response of the models themselves is monitored by strategically

placed accelerometers and strain gauges. The signals from these sensors

are cond it ioned through standard bridge and preamplifier circuits to

give voltage signals that can be directly related to the behaviour of

the structure. These resulting signals are manipulated by simple

ana log summing and sca l ing dev ices in such a way as to give signals

representative of the ‘modes ’ of the system. In free vibration each

of these signals has just one frequency component, that is the natural

frequency of the mode concerned. In forced vibration the signals can

have two frequency components, one near the modal frequency and the

other at the excitation frequency. Where required the active filter

is used to remove the forced response component.
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1200 , 1210 2 Tektronix 51O3N storage oscilloscopes
B f~ K 2651 12 Channel U.V. recorder

(Southern Instruments M 125O)

Assorted A . C.  d igi tal  voltmeters
Bryans XY plotter (twin pen) Type 26000

~~~~

e

~~~~~ti) 

_
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The behaviour of the modes of the system are then displayed on

the oscilloscope and/or recorded on the ultraviolet recorder. A.C .

voltmeters are used in the production of ‘steady s tate ’ response curves.

Response frequency measurement is achieved by the production of a

stationary Lissajou ’s figure on an oscilloscop e (involv ing the use of

a further accurate signal generator).

1 . 2.2 TWO MODE MODE L

Figure 2.2.1 shows a photograph and drawing of the two mode model.

The construction is such that the effective lengths of both steel strip

beams are adjustable. By careful adjustment of the masses and the

lengths , the two lowest natural frequencies are set in a 2-1 ratio.

Figure 2.2.2 shows the natural frequencies and the type of mode shapes

obtained . Strain gauge pairs sited at the roots of each beam provide

signals which over a wide range are found to be linearly related to the

end displacement of the beam under static end loading. These signals

are directly related to the generalised coordinates to be used in the

theoretical analysis of the structure.

The separation of the modes from these two signals is achieved

by their manipulation in a purpose-built analog unit. Figure 2.2.3

shows the schematic layout.

Strain gauge bridge units

Model
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In effect the analog devices perform the same transformation to normal

coordinates P1 and P 2 from the general ised coord inates w 1 and w2 as

does the modal matrix in the corresponding linear theory.

Figure 2 .2 .4  is a copy of an ul traviolet  trace showing the

behaviour of the model when the excitation frequency is close to the

lower natural  frequency. Start ing from rest , growth in the lower

mode is rapidly followed by growth of the higher mode. Figure 2.2.5

shows the steady state response curves obtained in the neighbourhood

of this external resonance condition whilst maintaining the excitation

F -  level at 0.1 mm peak and manual ly sweeping up and down the frequency :1
range from 8.5 to 9.1 Hz. The ordinary linear response curve of mode 1

is replaced by the twin-horned response curve, accompanied by a similar

curve for mode 2.

Figure 2.2.6 is of the ultraviolet record taken when the

excitation frequency is in the neighbourhood of the higher natural

frequency. Growth in the higher mode leads to growth in the lower

mode through the internal resonance condition. Figure 2.2.7 shows

the steady s tate  response curves obtained in the neighbourhood of this

resonance. In this case discontinuities occur in the stationary

response curves. For increasing frequency mode 2 follows the linear

resonance curve to point a• At this point mode 1 jumps from zero to

a high amplitude. Mode 2 then follows the curve abc and at c jumps

back to the declining linear resonance curve. For decreasing

frequency mode 2 fol lows the curve dbae , having d i scont inu i t ies  at b

and e where mode 1 jumps in and collapses respectively. It should

be noted that only d iscont inui t ies  in slope occur in mode 2 at points

a and b. This ‘overlapping ’ of the response curves for increasing

and decreasing frequencies is similar to that illustrated by Haxton [3]

in connection with the Autoparametric Vibration Absorber. The slight 
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skewing of response curves about the tuned frequency is attributable

to the two modes having natural frequencies that are not quite in a

2:1 ratio, that is the internal resonance condition is not precisely

met.

Figure 2.2.8 shows the time history when excitation is at the

combination frequency, 
~~ 

+ u~~. Excitation level is high in order to

achieve large amplitudes for nonlinear effects to become dominant,

and the record starts with the ordinary forced response, at the forcing

frequency, of each mode. There is then a transformation in response

• as parametric and nonlinear effects take over. It should be noted

that in this case, by virtue of the internal resonance condition , the

forcing frequency is not only near the sum of the two natural

freq uenc ies , but is also three times the lower natural frequency.

Also for this case moderate internal detuning of the system was found

to result in desynchronisation resulting in a continuous beating between

the modes.

Figure 2.2.9 shows the behav iour of the system when excited

near twice the higher natura l frequency. Again the excitation amplitude

is high . The higher mode is excited ‘parametrically ’,leading to the

excitation of the lower mode through the interna l resonance condition.

The result is a continuous interchange of energy between the modes.

In this case the external tuning ~ ‘s found to be critical and the quasi

steady state shown was only obtained at a single tuned frequency.

External  detuning over a narrow band leads to simi l ar behaviour but of

a more erratic nature. The ‘beating ’ between the modes becomes irregular.

Again , as a consequence of the interna l resonance cond ition the

excitation frequency is not only twice the higher mode ’s frequency

but also four times that of the lower mode .

:1
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2.3 FOUR MODE MODEL

Figure 2.3.1 shows the exper imental conf iguration of the four

.~ mode model. It resembles the ‘T’ tai l of an aircraft structure. Again

as a l l  the beam lengths are adjustable it is possible to set up different

modal frequencies. In a first approximation the continous structure

can be idealised as a lumped mass system having ‘we ight less ’ beams

and four concentrated end masses. By considering only ordinary bending

of the elastic members to occur then the system is described by four

generalised displacements , and hence it has four natural frequencies

with corresponding mode shapes. These can be divided up into modes

involving symmetric and antisyinmetric ‘tailpiane ’ motions , as shown

in Figure 2.3.2.

Having set up an arbitrary ‘fin/tailplan e’ configuration and

measured the antisymmetric frequencies, the fuselage length is adjusted

to make the highest symmetric mode frequency as near as possible equal

to the sum of the two antisymmetric mode frequencies. This constitutes

a combination internal resonance condition between three of the modes of

the structure. Figure 2.3.2 shows the frequencies and approximate

mode shapes obtained .

25.5 Hz ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 19.1 Hz

~~~~~~~~~~~~~~~~~~~~~ P2, 6.9 Hz 6.1 Hz

Fi g. 2 . 3 .2  EXPERIMEN TA L MODE SHAPES (SCHEMATIC)
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The behaviour of the model is monitored through the accelerometer

at the base of the ‘fin ’ and through strain gauge pairs sited at the

root of each beam forming the ‘T’ tail. The signals from these

represent the generalised coordinates to be used in the theoretical

- .
~ analysis. Symmetric and antisymmetri c tailplane motions are

monitored by summing and differencing the two tailplane signals. It

was found that the accelerometer signal and the summed tailpiane

signal were reasonably representative of the two symmetric modes,

P4 and P2 respectively. However the fin and antisymmetric tai l signals

required further manipulation to uncouple them and to give signals

representative of the antisynanetric modes P1 and P3. Figure 2.3.3

shows the schematic layout of the equipment.

~~3 L  
_ _ _ _ _ _ _ _ _ _ _ _

3R 
_ _  

>~~~~~~ 

~~~~~~ A

_ _

~~~~~~I P 3

Fig. 2.3.3. Mode separation - Schematic

The variable resistors are adjusted to that in free vibration the

signals P 1 and P
3 

contain the single frequencies w1 and w3 only.

_ _ _  _ _
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As mentioned earlier, due to the nature of the geometry of the

structure it is possible to excite only the symmetric modes directly by

motion of the shaker head. Apart from imperfections of construction ,
i~~I

the antisymmetric modes can be excited by parametric or autoparametric

action only.  Figure 2 .3 .4  shows the u l t raviole t  trace taken when

excitation is near the highest natural frequency. The growth of the

highest mode , which by linear theory would be expected to predominate,

rapidly degenerates as the first and third modes are excited through

the internal resonance condition. The second mode is also seen to

exhibit small amplitude oscillations at about half the excitation

frequency (note also by coincidence at about twice that mode ’s natural

frequency). The two antisymmetric modes are effectively acting as an

absorber on the higher symmetric mode in a simi1ar fashion to the

Autoparametric Vibration Absorber (A.V.A) [3]. In this case better

frequency demultiplication is achieved by virtue of the combination

internal resonance condition . [In the A .V.A. a simple two mode system

having 2:1 frequency ratio is considered , similar to the system

described in the previous section]. Figures 2.3.5 (a) and (b) show

the qualitative steady state response curves for modes 1, 3 and 4.

The former is the frequency increasing case, whilst the latter is the

reverse , the excitation amplitude being held constant at 0.05 mm. As

was found with the corresponding two mode case, jump phenomena occur

and there is a substantial skewing between the two graphs, implying

imperfect internal tuning. The system exhibited unsteady behaviour

especially on the left hand parts of the decreasing curves, and the

points plotted here are of the visual averages taken.

Although the curves presented here are qualitative , it is useful

to have some idea of the relative magnitudes of the responses of the

I 
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modes involved.  By r e la t ing  the response levels of the modes (mV)

to an equivalent actual response amplitude of some part of the

structure , some idea of the relative magnitudes of the responses can

be achieved . The antisymmetric modes (1 and 3) can be related to peak

amplitude of the fin bending displacement (at the mass), whereas the

symmetric modes can be related to the peak amplitude of the ‘fuselage’

displacemen t (at the accelerometer) . Hence , as an approximate

calibration :

- : -~ 6 mm total fin bending excursion corresponds to 85 mV in mode 1

and 100 mV in mode 3

1.5 mm total fuselage bending excursion corresponds to 30 mV in Mode 4.

Surprisingly perhaps it was found that excitation of high intensity

at twice the first or third modes ’ natural frequenc ies did not produce

any substantial ‘parametric ’ resonant behaviour in either of these modes .

The only other resonance behaviour exhibited by the model apart from
- 

, the ordinary linear forced resonance of the lower symmetric mode is

when excitation is of high intensity at the summed frequency of the

two symmetric modes. This constitutes a combination external resonance

condition . Figure 2.3.6 is a photograph of a typical ultraviolet trace

taken of this phenomenon. The second and fourth modes are simultaneously

exc ited parametrically, and the growth in the fourth mode leads to

the eventual participation of the first and third modes through internal

resonance. This is a remarkable situation in which excitation at an

apparently harmless frequency , far removed from any natural frequency,

results in large amplitude responses of all the modes of the structure.

Figure 2.3.7 gives a more detailed picture of the ‘quasi-steady state ’

trace obtained for this situation .

Again the external tuning is critical and slight detuning about

the central frequency causes erratic behaviour of a cyclic nature.

___
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Typically, after initial growth and interaction similar to the tuned

case the ‘beating ’ behaviour degenerates and decays, whereupon the

process repeats itself .

2.4 RESPONSE FREQUENCIES

For the purposes of the development of the theoretical analysis

it was required to determine , where poss ible , the actual response
- 

T
i
~

frequenci es of each mode at each external resonance condition, and to

find the relationship of these frequencies to the excitation frequency.

The frequencies could only be accurate ly measured for the cases in

which steady state is attained , the results of which may be sununarised

as follows.

For the two mode system under excitation near a natural frequency,

the response of that mode is always at the excitation frequency. Also

in all cases considered the higher mode always responds at exactly

tw ice the frequency of the l ower mode, irrespective of internal or

external detuning. In the combination case the response frequencies

sum exactly to the excitation frequency, again irrespective of the

detuning and excitation amplitude. Thus the response frequencies

are ‘captured ’ by the excitation frequency such that a linear relation-

ship with exactly integer coefficients exists between them.

In the four mode system it was possible to collect the data only

for the case of direct excitation of the highest mode. Again the

forced mode’s frequency is at that of the excitation , and the first

and third modes ’ frequencies sum to the excitation frequency. However

as there are now three modes involved in the internal relationship,

the response frequenc ies of the f irs t and third modes are not f ixed

upon spec i fication of an excitatioh frequency , the only condi tion

being that they sum to it. Experimental evidence suggests that a



- 
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f irst approximation for the frequencies can be obtained by assuming

that any detuning is shared between the modes in proportion to their

natural frequencies. Thus in this case, the appropriate value

for Q1 (the response frequency of the first mode) would be given by

1 w1
+ w

3 f

where 
~~ 

is the forcing frequency .



3. THEORY

3.1 EQUATIONS OF MOTION

The general form of the equation of motion of the r th mode of

a discret e structure, retaining quadratic inertial nonlinearities

and linear parametric terms is

+ W
~Pr 

= Fr CO5I2 f t - [K r j p j cosQ f t + 
~rij

1)il’j + mrjjPjPj 
+ W

rdr ir ]

3.1.1

where summation on the repeated indices i, j only is implied. Examples

of the derivation of these equations for specific structural configurations

are given in the next section. Fr is the direct forcing term , Krj the

parametric term, both at frequencies ~~ wh i le 
~rij’ 

mrjj are the

quadratic inertial nonlinear terms, ~ being a small parameter. As in

[1] it is assumed for simplicity that the damping is viscous and that

there is no damping coupling between the modes.

3.2 SOLUTION TECHNIQUE

A solution is taken from the form

~r 
= A

~0
(t) + A (t)cos (~~t + 

~r
(t)) + f r~~ 5~~ f t + 

~~ 
+ 
~
ar(t) + £2b ( t)

3.2.1

The first three terms are the principle part of the solution , wh i le

the additive terms in powers of ~ allow for a perturbational treatment .

The first term is a D.C. or rectified component , the second a component

with slowly varying amplitude and phase at frequency 
~~~~ 

Wr)~ 
the

response frequency of the rth mode , as yet unknown. The third term is

the component of forced response of the mode at the forcing frequency.

The linear undamped response

= Fr / ( W 2 
- clf ) and 

~r 
= o

is genera l ly  assumed for this component. The effec t of the damping
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fac tor drr on 
~r 

and the phase tPr) can be incorporated but this is

not usually necessary as the 
~r 

component is brought in only for

excitation frequencies 
~
1A~ 

reasonably wel l  removed fr om ord inary

resonance and at such points the damping plays little part in the

response.

The solution form 3.2.1 requires certain modifications when the

excitation frequency is at or near a natural frequency of the system.

When exciting near the J
th natural frequency, c2f = (the mode responds

at the forcing frequency) and there is duplication in the response

components. Hence the linear forced response of the mode is not

incorporated in the solution . In such a situation , the excitation

wi l l  gener a l l y  be ‘soft ’. That is, very small excitation amplitudes

are required to generate large responses. Thus the Fr’s can be taken

to be of order C , or less , and so in a first approximation it is

reasonable to neglect the linear forced response of all the other modes

as well. Also it has been found in such cases that the D.C. terms

have little influence on the accuracy of solution. Hence the solution

from when the excitation is ‘soft’ ceduces to :

1
~r 

= A (t)cos (I~~t + 
~r
(tfl + 

~
ar(t) 

+ €2b ( t) + ... 3.2.3

which is similar to that used by Barr et al [1], [3], [4], [5].

However , when the excitation is ‘hard ’, i.e. when it is away

from a natural frequency and at an amplitude that can no longer be

taken to be small , it has been found that both the linear forced

response and the D.C. components are essential to the analysis if

reasonable accuracy of this first order solution is to be maintained .

Taking the most general case (‘hard’ forcing), the solution

procedure begins by the substitution of 3.2.1 into 3.1.1. Restriction

of the analysis to one involving terms of the first order in c results in: 

-~~~~ --— - ~~~~~ — 
“ -5-- -—-~~ ~~ — __ _ ,  _ _ _  - -~~.- . _ _

~~
__

~_a_



~ T

A + 

~~r 
- Ar~~r 

+ 
~r
)jc05

~~r
t + - [A~~ + 2A (Il + ~r ) 15th~~ rt + 

~~ 
-

- f r C0S(~2f
t + 

~~~ 
+ 

~~ r + Q2 [A  + A cos (~ ~ + 
~~~ 

+ f
r
c05

~~~f
t + 

~~ 
+

+ C a ]  - (A)
~~.) [A + A cos( 12 t + 

~~~ 
+ f

r
C05

~~~f
t + 

~~~ 
+ C a ]  +

+ F
r

COS
~~f

t - C {K r j [Ajo  
+ A~ cos(Q~ t + 

~~~~) + f
J

cos(Q f t + ~ J
) J c os~ f t +

+ 
~r i j~~~io + A 1cos( 12

~
t + ~~~~) + f~ co s(Q f t + t~~)].[A~0 

+ (A~ - A~ (Q~ +

. cos (~2 . t  + 
~

. )  - ( A . ~~. + 2-\.(~~. + ~ .fl s i n (~~.t + 
~~

. )  - f . c2 ~ cos(~l f t + 
~~• ) ]  +

+ m . . [ A .  + A . c o s ( Q . t  + 
~~~~~ - A ( I ~. + 3 . ) s i n ( Q . t  + 

~~~~) - f .~~f sin (~ f t +

. [ A.  + A . c o s (~~.t + 
~~

.) - A . ( ~~. + ~ . ) s i n(~~. t  + 
~~

.) - f.~ f5Ifl(~ f
t + 

~~ . ) ]  +

+ Wrdrr~~ro 
+ A cos (Q t + 

~~~ 
- A ( Q  + 

~r )5
~ fl~~ r t + 

~~ 
- f r~ f 5in

~~ f t 
~~~~~

3.2.4

In order to make the analysis manageable at this stage these

equations are not treated precisely,  and the s lowly varying accel erations

and products of velocities are neglected (Ars 
~r’ 

Aro x Ar~r 
etc.).

Similarly, the slowly varying velocities of order c are also neglected .

The ana lys i s  continues by considering terms of equal powers in ~~.

The zero order terms form the so called ‘variational equations ’ . Terms

which ‘ause resonance in the first order perturbational equation (€ 1
)

are removed and considered along wi th  the variat ional  equations . Hence

the resulting ‘variational ’ equations contain the essential elements

that control the behaviour of the system. The D.C. terms and the cos

and sin terms in (
~
2rt + 

~~ 
are considered separately. In the first

approximation the technique is essen tially a limited harmonic balance

with  preferential  selection and retention of the more important

nonlinear terms. 

~ -~~~-



From 3.2.4 the fundamental variational equations are:

A 0 (D.C. terms) 3.2.5

_ 2A
~~ rl

~r = (Q~~ - w 2 )A (cos (
~ r t + 

~~ 
terms) (3.2.6

_2A
r~

•?
r = 0 (s in(l l rt + 

~~ 
terms 3.2.7 

. 
-

and the first order perturbational equations are:

~r 
+ 

~~
ar - 

~
Krj [A jo 

+ A~cos(~~ t + + f~cos(~ ft + ~~)]cos~1ft +

+ 
~r i j  [A 10 

+ A
~

co s (
~

l
~ t + q )  + f~cos (~lf t + t~~)]  . [-A~Q~ cos(c?~t + d~.)  - f .

Q~cos (Qft + t~)~~ ) I  + rn r i j
[_ A

i
Qj si n(

~
2j t + c

~~
) - f

~~
lf si n ( Q f t + tLi~ )].

[_ A . Q s in ( ~2 .t  + 4 . )  - f .~lf si n (~lf t + t~i ) ]  + 
~~~~~~~~~~~~~~~~~~

+ 4 ) - f c~~si n(cl~ t + tj) ) ] }r r r 3

It must be noted that when the forcing is ‘soft’ , the Fr term

(order C) should also be included in this equation as it will be a

resonant term for the mode that  is being directly excited. However in

that case the D.C. terms (Aro )s and the linear forced response terms

will be omitted.

The first damping term in 3.2.8 (second last term on RHS of the

equation) i s clearly resonant and must be removed to the corresponding

variational equation. D.C. terms arise where there is a product of two - -

trigonometric functions having the same frequency. For example 

e_”~~~~~~ ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ - - 
-



cos (clf
t + IP

J
)CosQft expands to ~[cos(2~lf

t + tp~ ) + cost~~] . a harmonic

part at 2clf and a D.C, part (tL~ constant for a given excitation

frequency). All such D.C. terms are removed to the D.C. variational

equat ions .  Other terms can become resonant i f  there are certain

re l a t ionsh ips between the  fo rc ing  frequency and the responding

frequencies , and amongst the responding (near na tu ra l )  f requencies

thems elves .

3.3 EXTERNAL AND INTE RNAL RESONANCE

On examina t ion , equati ons 3 .2 .8  yie ld  the frequency r e l a t i onsh ip s

t h a t  may cause resonance in the sys tem.  Consider the parametr ic  term ,

the n as cos~ f tcos (~ J
t + 

~~~~) expands to ~ [cos (Q f t + ~2~ t + 
~~~~) 

+

cos (Qft - ~~ t - 
~~~~) ]~~ thi s te rm can be resonant in the ~th mode i f

= 21l~ or in the ~th  mode i f Q
f = 12

1 
± I2~ . These frequency r e l a t i o n s

are between the exci ta t ion frequency and either one or two of t he

modal response frequencies and hence are termed ‘ex t e rna l ’  r :son ance

condit ions.  These are in fact the ordinary parametr ic  and c o m b i n a t i o n

parametric resonance condit ions.  The terms invo lv ing  products  of t h e

exci tat ion and response frequencies in the ~ . - and m - ‘n o n l i n e a r ’n j  n j
brackets of 3.3.8 a lso y i e ld  the same conditions . Gi ven the  e x t e r n a l

resonance condit ion these are the types of terms that  may cause

external excitat ion of the modes involved in i t .

The nonlinear  terms , however , predict a fur ther  typ e of resonance

condition . Terms involv ing prod ucts such as cos ( S2 1t + ~~) cos (S2~ t +

produce fundamental harmonics of (12
k 

± 12~ ) .  These can be resonant in

the ~ th mode if = 212~ or in the rth mode if 12r = ± 12~~ . These

conditions are termed ‘internal’ resonance conditions as they are

independent of the externa l excitation but depend upon the natural

- - —---- —-~~ — . —
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frequencies of the system. Given an internal resonance condition ,

the nonlinear terms may he such as to allow a mode that is already

excit ed to excite another of the modes involved in the ‘internal’

re lationship (othe rwise kn own as ‘autoparametric ’ in teract ion) .

To sum up, the possible resonance conditions are :-

= 12. (d i rect ‘ soft ’ e xcita tion ) 
-

- - - = 2~ ( ‘ parametr ic ’ exc i t a t i on )  external
t 1 resonance

= + 12. ( ‘ combinat ion ’ parametr ic  exc i ta t ion)  
-

,

= ~~ (imp l y i ng w. 2 w . )  -1 j i j i n t e rna l
= 

~~

. + ( im p l y i n g  
~r ~ i + w )  resonance

Thus , to the order C.’, one external forcing frequency can excite

up to a maximum of two modes. I t  is possible that each of these excited

modes in turn can , if the in ternal  resonance condit ions exist , excite

up to two more modes ‘ autoparametr ica l ly ’ , and so on. Experimental

evidence of this  cascading ef fec t  has been presented in Section 2.

Cubic and hi gher order nonl inear i t i es  give rise to other external

[6] and interna l [1] resonance condit ions.  For example cubics can

g ive  external  conditions such as 12
~ 

= 12~ + + 12
j 

+ 12kb and

in te rna l  conditions such as = + 12j ’  ~~ + + 12k rn  The higher

the order of nonlinearity the more modes can become involved . Here

interest is confined to the quadratic nonlinearities and the parametric

terms only.

3.4 THE VARIATIONAL EQUATIONS

At th i s  stage in the analys is it becomes necessary to study

particular structural systems . Interest is focussed on systems having 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “— -- 5-. - -
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i n t e rna l  resonance of which for t h i s  class there are two types, as

shown in the previous  section . They involve  e i ther  two or three modes

such tha t

= 
~ 2 or 121 + 12

2 
= 123 (121 < ~ 2 

< 123)

It is of course possible  for both these conditions to hold simultaneously,

but t h i s  s i t ua t i on  is less l i k e l y  to be encountered wi th  in practice.

For a system having internal resonance between two modes in the

- 
- 

form 12 2 = 2121, the external resonance poss ib i l i t i es  are:

= 12~~, 122 ,  2122 , 122 +

where the f i r s t  two are ‘~ uft ’ forcing cases (note that 2Q
~ 

=

and 122 - =

— 
For a system wi th  three  modes in internal resonance , 121 + 12

2 
= 123.

the external resonance poss ib i l i t ies  are:

ll f = 12 k ,  12~~, 123. 212 i ’ 2122 , 2123. 122 — 121, 12
3 

+ 

~
2, 1~3 +

where the first three are ‘soft ’ forcing cases (note that 122 + 12
1

123 - 12 2 = 12 1, 123 - 12
1 

= 12
2

)

Each of these external resonance conditions produces a corresponding

set of variational equations . In each case these are derived by

removal of all the resonant terms from 3.3.8 into the appropriate

fundamental variational equation, 3.3.5, 6, 7. The two mode systems

are examined first.
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(1) Two mode systems

Taking the first case, = with 
~2 

= 2~~, and neglecting

Ii, in the solution form the components of linear forced response and the

D.C. terms, (‘ soft ’ forc ing, see equation 3.2.3), the resonant terms

for mode 1 are those involving

K 12, ~ll 2’ £121, m 112, m121, ~ 1d 11 and F1,

and for mode 2:-

-
~ -- K 2 1, £211, m211, w2d22 .

The resulting variational equations are :-

= (Q~ - w~ )A 1 + F 1cos~ 1 - - [P 1A 2cos(~ 2 - q~ ) + N 1A 1A 2cos(~ 2 - 2
~ l ) ]

-2A 1121 = - 
~~~ [-P 1

A
2
5i~ni (~~2 

- cP1) 
- N 1A 1A 2sin(~ 2 - 2

~ l ) - 2w 1121d11A1] + F1sinq

-2A 2
Q

2~ 2 = (12~ - 4)A 2 - ~-[P 2A1cos (4 2 - 
~~~~ ) - N 2A~cos(q 2 

- 2
~ l ) ]

-2A 2122 = - - [P 2A 1sin(q 2 - q~ ) - N 2A~sin(4 2 
- 2t

~l ) - 2w2122d22 A2]

where P1 = K 12

N 1 = (m 112 + m 121) 121122 - £112122 - £121121

P 2 K 21
2 3.4.1

N 2 = 
~~2ll  + m 21 1) 121

Similarly for = 12
2 

with 122 = 212k ,  the resulting variational

equations are:-
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-2A 1121~~1 = (Q~ - w~ )A 1 - ~~ [P 1A 1cos2~ 1 + N
1A 1A 2

cos(~ 2 
- 2~~ ) ]

= - - [P ~ A 1si n 2 P 1 - N 1A A ~ si n (~ 2 - 2
~ l ) - 2l~1w 1d 11A 1]

-2A 2
12,~ 2 = (Q~ - w~ )A 2 + F 2cos~ 2 

- ~~ [-N 2A~cos(~ 2 
- 2

~ l ) ]

= F 2 sin~ 2 
- ~~ [-N 2A~ s i n (~ 2 - 2

~ l
) - 212

2
w2d22

A
2]

where P 1 = K 11, and N 1 and N
2 
are as in 3.4.1 3.4.2

For the hard forc ing  cases , = + 12
2 

and 2122, the equations

are considerably more comp lex , as the linear forced response and the

D.C. terms are included in the solution form. For the two mode system

t he D.C .  ‘va r i a t iona l  equations ’ are :-

A 10w~ = - ~~ [< 11f 1 
+ + (m 1~~ m 121 

- £ 112 
-

+ (m 11 - ~111 )f~ 12~ + (m 122 -

+ (m 111 - £
111)A~ 12~ + (rn1,2 -

A 20w~ = - ~~ [K 21
f
1 

+ K
22 f

2 
+ (m 221 + rn 212 

- £212 
-

+ (m 211 - £211 )f ~12~ + (m 222 -

+ (m 211 
- £

211 )A~12~ + (m 222 - £ 22 2 )A~12~ ] 3 . 4 . 3

_ _ _ _ _  _ _ _ _
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The derivation of these equations is not affected by the internal and

external frequency re la t ionships , and so they are the same for both

the hard forcing cases.

For the combination external resonance case, 12f = 12~ + 12 2 w i th

12
2 

= 212i,  the slowly varying amplitude and phase variational equations,

with f 
r 

and ~ = 0 , are :
- - r 2 2 r(CA - 1 2 )r f

-2A 1121~~1 = (12~ - w~ )A 1 - ~~ [P 1A 2 cos (~~1 + 

~~~ 
+ N 1A 1A 2 cos(~ 2 - 2

~ l) 
-

-2 ( ~ 111A 10 + £ 121 A20 )A 112~ ]

-2A 1121 = - ~~
- [P 1A 2sin(~~1 + 

~~~ 
- N1A 1

A
2sin(~ 2 

- 24 i ) - 2w 1121d 11A 1]

-2A 2
12
2~2 = (Q~ - w~ )A 2 

- ~~ [P 2A 1cos(~ 1 + 
~~~ 

- N 2A~cos(~ 2 - 2
~ l) 

-

-2 (
~ 2 12A 10 + £ 222 A20)A 212~ ]

- 

. 

-2A 2122 = - - [P 2A 1sin(~ 1 + 

~~~ 
- N2A~sin(q 2 - 2q~1) - 2w 2122d 22 A 2 ]

where P1 = K 12 
- £112 f 112~ - £ 121f 112~ - £ 122 f 2 (12~ + 12~~) + 2

~~ 22 .

.f 212212f i- (m 112 +

P 2 = K
21 

- £212 f 2
Q~ - Z 221 f 212~ - £

211f
1

(12~~ + 12~~) + 2m 2 11.

+ (rn 221 + m 212 ) f 212 11lf

N 1 and N 2 are as in 3 .4 .1 .  3 .4 .4  



____________________________

It is obvious that certain s imilari t ies  exist between equations

3.4.1 , 2 and 4. The terms involving F4 and are those which arise

from the external resonance condition. Terms involv ing N are thoser
- 

~ which arise from the internal  resonance condition , and these are

identical in each set. In the hard forcing situation the parametric

~~~ 
type terms not only contain the ordinary parametric terms (Kr j)

but also nonlinear terms arising from the inc lus ion of the linear

forced response components in the solution .

The D.C. ‘variational’ equations 3.4.3 can, by inspection of

3.2.8, be written in a general form applicable to an n mode structure:-

A w2 
= - !~ [K • f .  + (m - .  - . . ) f . f . 1 22 + (n~ . .  - .

ro r 2 ri 1 n j  n j  1 j  f r jj  rj j  j  j

i , j  = 1, . . . ,  n (no sum on r)

3.4.5

Also by inspection of 3.4.5 , the additions that these D .C.  terms make

to the slowly varying variational equations can be wri t ten in general

form . The addition to the right-hand-side of each _ 2 A
r12r3r equation

takes the form

V ~r - r ir i o r r1=1 .

Equations 3.4.5 and 6 cover the D.C. effects in all the cases to be

cons idered.

The variational equations for the final two mode system, = 2122

with 122 = 2121, are: 

~~~~~~~~~~~~~~~~~~~~~~ - - - -  -
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= (Q~ — w~ )A 1 
- ~~

- [N 1A 1
A 2cos(q 2 

- 2
~ l ) ]  + V 1

-2A 1121 = - ~~~ [-N 1A1A 2 sin(~ 2 - 2~ l ) - 2121w1d11A 1]

-2A2122~2 = (12~~ - w~ )A 2 - ~~~ [P 2A 2c0s2~ 2 
- N 2A~ cos (~ 2 - 2

~~l ) 1 +

-

~~~~~~ 

• 1S

-2A 2122 = - ~~~ [P 2A 2sin2~ 2 - N 2A~sin(~ 2 - 2
~ i ) - 2122w 2d 22A 2 ]

where P 2 = K 22 - f 1(~ 221 12~ + £
212

12
~ 

- (m 221 + m212
)12
2

12f) -

-f 2 (~ 222 (12~ + 12~) - 2m 222 12212f )

and N 1 and N 2 are as in 3.4.1. 3.4.7

In all of these systems of equations (3.4.1, 2, 4 and 7), the

terms arising from the internal resonance condition, the Nr terms,

are the same. If the system possesses no such internal resonance

condition then these terms simply dis appear, leaving equations similar

in form to those studies by Yamamoto et al [6 , 7].

(2) Three Mode Systems

There are nine separate external resonance cases for the three

mode system. Only the ones to be used subsequently are listed here.

All the other cases are listed in Appendix I.

_______ — - . 
-
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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= IL, ,  l2~ + = 
~~ 

( ‘ soft ’ forcing)

-2A 112 1~~1 = ( 12~ -w~ )A 1 - - [P 1A 7 cos(~ 1 + 
~~~ 

+ N 1A,A 3cos(~ 3 - 

~~~2 
-

• C-2A 1121 = - 
~T 

[P 1A 2 s i n (~~1 + 

~~~ 
- N 1A 2A 3si n ( q 3 - 

~2 - 

~~~ 
-2 12 1w 1d 11A 1]

-2A 212237 = (Q~ - w~ )A 2 - ~~ [P 2A 1co s (~ 1 + 

~~~ 
+ N 2A 1A3cos (~ 3 

- 

~2 - 

~~~~
p.-

-2A 2122 = - ~~ [P 2A 1sin (~~1 + 

~~~ 
- N 2A 1A 3s in(~ 3 

- 

~2 
- 

~~~ 
- 212

2w2d22A2]

-2A 312333 = (123 - w3)A 3 + F3cos~ 3 
- 

~~~ [N 3A 1A 2cos (~ 3 - 

~2 
-

-2A3
123 = F 3sin~ 3 

- 
~~~ [N 3A 1A 2 sj n ( ~ 3 - 

~2 - 

~~~ 
- 2123w3d33A3}

where P 1 = K 1,

P
2 =

N 1 = (m 123 + rn 132 ) 122 123 - £
123 12

~ 
- £132 12

~
N 2 = (m 213 + m 231 ) 121123 - L 23112

~ 
- £

213
Q
~

N 3 = 
~

(m M2 + m 321) 121122 - £
31212

~ 
- £321 121

3.4 .8

From these equations , including those in Appendix I, it is

possible to deduce the equations for any given multimode system . For

example , the equations for a system having four modes and resonant

frequency relationships of:



12f =12~ + 12
4 with  121 + 123 = 124 are:

= (Q~ - w~ )A 1 - - [N1A3A4cos (~4 - 

~3 
- 

~l fl +

-2A 1
12
1 = - ~~~

- [-N 1A3A4 s in(q 4 - 

~3 
- 

~~~ 
- 212

1
w
1d11 A 1]

-2A2122~2 = (12~ - w~ )A 2 - ~~ [P2A4co s (~2 + 
~4)] 

+

• C
-2A 2122 = - ~~

- [P 2A4sin(~ 2 + 
~4) 

- 2122w2d 22 A 2 J

-2A 3123~ 3 = (Q~ - 4)A 3 
- - [N 3A 1A4 cos (~ 4 - 

~3 - 4~~~~
)] + V 3

-2A 3
c2
3 = - - [-N 3A 1A4sin(4 4 - 

~3 
-

= (12~ - w~ )A 4 - - [P 1 A 2cos(~ 2 + ~$14 ) + N 4A1A 3cos(~ 4 - 

~3 
- 

~])] + V4

-2A 4124 = - ~~~
- [P 4A 2cos (q 2 + q 4 ) + N4A 1A 3sin(~ 4 

- 

~3 - 

~~ 
- 212

4w4d44A4}

where P 2 = K 24 - £244 f4 (Q~ + Q~~~ ) - f 1(9~2 14 12~ - £
241

c1~) - f 2 (~.21412~ +

+ £24212~
) - f3(~234

12~ - £
243

12
~
) + 2m244 f412412f + (m 214 + m 24 1) f 112412f +

+ (m 242 + m224)f21241lf + (rn 234 + m 243 ) f 312412f

and P4 = K42 
- £422 f2(12~ + 12~) - f1(i412 12~ - £

42l
Q
~
) - f3(~432

Q~ +

+ £
423

12
~

) - f
4(~442

12~ + Z424 c2~) + 2m422 f212
2

12f + (m4 12 + rn
421)f112212f +

+ (m 432 + m
423)f312212f + (m 442 + m424 )f 412212f .

and 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . -



and

N
1 

= (m 134 
+ m 1 4 3 ) ~~~24 - £

134~
2
~ 

- £
14312~

-~~~~ = (fl1 3 1 4  + m 341 ) 
~~ 

- &3l4 124 
- £

34112
~

N 4 = -(m 413 + m 4 1 )~.1~~3 - 

~4l3 123 - £
431

12
~
. 3.4.9

3.5 SOLUTION OF THE VARIATIONAL EQUATIONS

The standard procedure at this stage is to seek steady state,

or stationary solutions by setting A and ~ to zero [B3 , H2 , Il , Al , Y2].

However, experimental evidence shows that only in certain cases will

stationary conditions be attained . More generally there is some form

of continuous ‘heating ’ between the modes involved .

Yamamoto and Saito [7] ,  when considering purely combination

parametric systems which exhibit exponential growth in an instability

region, assume ‘normal ’ solutions by taking ~ = 0. This results in a

relationship giving the unknown response frequencies, 12r’ in terms

of the excitation and natural frequencies, 12
~ 

and In other words

it specifies the ‘detuning ’ of the system defining by how much the

response frequencies differ from the linear natural frequencies. In

the event, even for the simple systems considered , the relationship

is not trivial and an approximation is employed to simplify it before

the continuation of analysis.

In an allied paper Yamamoto and Hayashi [6] consider two mode

systems having quadratic and cubic elastic nonhineanities under

harmonic excitation. The external resonance cases studied are

12f = 212k + 12
2 
and ~~ = 121 + 122. Each resulting variational equation

contains only one trigonometric function (because of the lack of

internal resonance and parametric terms), and so analytical solutions

are obtained upon setting A and to zero. Again the detuning

relationships are quite complex , but for a first approximation



neglec ting higher order terms, an estimate for the response frequencies

is given by:

~ 12 w for 12 = 12 + 12 case ,r r f 1 2
1l
f 

(A)
1 

+ r = 1 ,2

12 w for 12 = 212 + 12 case ,r r f 1 2
12f 2w 1 + U)

2 r = 1, 2

3.5.1

The ratio of response frequency to excitation frequency is equal to the

ratio of natural frequency to the corresponding ‘tuned ’ exci ting

frequency . In other words the ‘external’ detuning is shared proportion-

ately between the modes. Experimental evidence suggests that this is

a reasonable approximation.

Where there are both external and internal resonance conditions

the s i tuat ion becomes more complex. For two mode systems the analysis

procedure has already set the response frequencies exactly. For

example 3.4.2 has been derived by taking 12f = wi th  122 = 212k .  For

a given excitation frequency the response frequencies are fixed . In

the combination case, Ilf = + 
~2 but 122 = 2121 and so again 121 and 122

are fixed. These frequency relationships are confirmed experimentally.

For three mode systems with soft forcing, the response

frequency of the directly resonant mode is fixed at the excitation - -

frequency, but the only other condition on the other modes involved

through the internal resonance relationship is that 12~ + =

and so the frequencies 12~ and are not fixed exactly. In the hard

forcing combination situation none of the frequencies are set

exactly through the solution procedure (e.g. 12f = 122 +

121 + 12
2 

= 123). 

- -- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~ ~~~-— --- ~~~~~~~~~--—— 
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It has not been found possible to obtain genera l analytical

solutions to any of the sets of complete variational equations listed

in Section 2.5 and Appendix I .

As they do not lend themselves to analytical solution , recourse

has to be made to numerical  so lu t ion  for particular structural

systems . Where necessary , equations of the type 3.5.1 are used to

give values for unfixed frequency. Where steady state conditions are

found to exist , by numerical integration , then it is possible to compute

frequency response curves by numerical solution of the nonlinear

algebraic equations that result from setting Ar and 4r to zero. The

accuracy of the solution procedure can be checked , in the simpler

cases at least , by direct integration of the full equations of motion

under the same excitation conditions .

Analytically, more progress can be achieved if certain

assumptions are made. In the soft forcing cases analytical solutions

can be found if the ‘parametric ’ terms are neglected . This gives

resul ts  s imi la r  to those presented by Barn and Nelson [1] ,  these w i l l

not be discussed further here. In the hard forcing s i tua t ions  the

i n i t i a l  resonant behaviour is governed by the ‘parametric ’ type terms

in the va r i a t iona l  equat ions.  The terms arising from the in ternal

resonance conditions , or ‘autoparametric ’ terms only become dominant

once growth in a relevant mode has begun. Hence by neglect of these

terms it is possible to derive expressions which will give the

approximate stability boundaries for the system . Recourse has to be

made to the fu l l  variational equations in order to study the resonant

behaviour of each mode involved . 

-
- - - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~- 
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3.6 STABILITY BOUNDARIES - hard forcing cases

For van ish ingly smal l  A1~~~ al lowing the neglect of the auto-

parametric coupling terms in the complete variational equations, there

are regions in the excitation amplitude/frequency parameter space for

these cases inside which the ~~~~ are subject to exponential growth

w i t h  t ime . In this section the boundary of this region, which is

effectively the boundary of the region inside which growth and

interaction occur, is found. The external resonance conditions under

consideration are : - 
-

= :~:. 
1
~
2
~ 

or = 212.. (j > ~~ ~ J )

Tak ing the firs t of these and neglecting the autoparametnic terms ,

the variational equations for the ~th and j th modes of an n mode

structure are:-

-2A. 12.~~. = (12~ - w~ )A .  - - P . A .c o s ( q ~ + + 

k= l  
C
~~

. k i A k A .12 .

(1)

• 
-2A. 12.  = ~~~ P.A .sin(q~3 

+ q . )  + e Q .w
~d i1A 1

(2)

= (Q~ - w~ ) A .  - ~ P.A.c os(4~ ~~~ + 

k = l  
C
~~

. k .A k A . Q .

(3)

-2A.Q . = - ~~ P .A . s i n ( 4 .  + 
~~~

. )  +

(4)

where P. = K.. + 
k=l ~~~~~~~~~ 

- £ik .fk
Q
~ 

+ (m..k +

and P. = K . . + 

k=l 
[
~~jik

fk12
~ 

- £jki
fk1i~ 

+ ( m . . k  + m.k.)fk12.12
f1

3.6.1 

-~~~~~~ -- -  ~~ - - - - -
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These can be deduced from equations 16, 7 , and 8, the upper and lower

signs being adopted for summed and difference combination conditions

respectively. The D.C. terms are given by 3.4.5, which here take the

reduced from

= - 
~~ 

[K kp fp 
+ (mkpq 

- £kpq )f
P

fq12
~ ] 

3.6. 2whe re p,q = l ,n

as the terms involving the response ampl i tudes , A~ , are omit ted  zero

at the onset of ins tab i l i ty ) .

Let

n
= - w~ + ~ c2 . .A 12~1 1 1 ik i  ho ik = l  3.6.3

Then taking a solution of the form

= 0 3 .6 .4

equations 3.6.1(1) and (3) y i e ld

1 _ 3 1  -.- -‘.6. 5
A .  1 j
j

and A . A .  = ~~ P . P . c o s 2 (~~. ~ ~~~~~ ) 3 .6. ()

11
Hence the amplitude ratios are fixed , implying common growth rates .

Let

A .  = a. .e
1,3 3.6 .7



—- _,
___•__ __ — --- -- — ~- -

~~~~~~~ 
- - -----~~-----—--—-- —•.-S--- ~~~~~~~~~~~~~~~~~~~~~~ —--- —5-.--- ‘---5----- - - -5--— -‘ —.------- — S

then 3.6.1(2) and (4) yield:

- 4
S~~n

2 
( 4 ) .  + 4 ). )  = + ( 2 ~~~~ . + c 12.w . d . j ( 2 c ~~. + €12.w

)
d.

J
) 3.6.8

Fo r P~ , P~ non-zero , 3.6.6 and 8 give

- - p

A . A  2 P . P
a2 + (w.d .  - + w .d. .)a + 

1 ~ + ~—(w.d. w d .  - - -) = 02 
~ 

1 
~~ 

4 -1 i~ j  j j  ~~~~

ha v i n g roots

2 A~~~. e2 P P . ½
a = - (w.d. . + w.d . .) 

© 
(w.d.. - 

~~~~~~~~~~~~~~~ 
2 

~~

3.6.9

The circled ± sign does not refer to summed and difference combination

condit ions . The c r i t i c a l  root as regards s t a b i l i t y  is the more pos i t ive

one [ Y l ] ,  v iz .

2 ~~A . ~~
2 p p 5  

½

= - (w . d . .  + w .d .) + (w .d. . - w .d. .)2 1612.Q~]

3.6.10

For a > 0 , growth w i l l  occur leading to resonant behaviour.  Hence the

s t a b i l i t y  boundary is defined by

+ C 2 P .P . = 4[€ 2w.d. w .d. SLQ . + 3 6 11— 1 3 1 ii ~J 33 1 3 — 1 3

the equal i ty  being replaced by > for growth.

____________ -5--— --—-_- - — - - 5~~~~~-— — -  - -
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Again , upper and lower signs are adopted for summed and d i f fe rence

cond i t i ons  r e spec t ive ly .  For a given s t ructure , 3 .6 .11 is a func t ion

of exc i t a t i on  frequency and ampl i tude .  Hence for a given resonance

condit ion it is poss ib le  to comput e s t ab i l i t y  diagrams in the exc i t a t ion
- 

- ampl i tude-f requency p lane .  -

The governing equations for  the  s impler  case , when = are:

= (12~ - w~ ) A .  - ~~ P. - \ . co ~ 2~~. + 

k = l  
€~~i k i A k A i Q .

-2A . 12. = - P . A . s i n 2 4 ) .  + €c~.w.d. .A.t i 2 i i 1 1 1 11 1

where P. = K .. + 

k=1 ~1k1~ k
12I - £..k fk

Q
~ 

+ ( m . . k  + m .k.)fk
12.S

~f
]

3.6.12

Repetition of the preceding analysis yields the growth condition :

€ 2 P .  ~ 4[€ 2 w~d~~ 12~ + 
~~~~~~] 

3.6.13
1 1 11 1 1

It must be noted that the D.C.terms are functions of the response -

amplitudes , Ar~ 
and when approaching the stability boundaries from

within the unstable region the stability boundaries will be affected

acco rdingly .  The anlysis  presented here is l imi ted to approaching

the boundaries from the ‘ out s ide ’ on ly .  

~~~~~—-rn ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 5- - - -
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4. STRUCTURAL EXAMPLES

4.1 INTRODUCTION

This section presents a brief report of the analysis and selected

numerical resul ts  from the theoret ical  models which are based on the

:-~ experimental models of Section 2. At each resonance s i t u a t i o n  the

- ,• results  of the integration of the relevant ‘variational’ equations are

compared w i t h  the direct integrat ion of the fu l l  equat ions  of mot i on .

In the ‘hard ’ forcing cases examples are given showing the  stability

boundaries in the excitat ion ampli tude/frequency p lane .

4.2 THE TWO MODE SYSTEM

rn

T~~~~~2

Fig. 4 . 2 . 1

By approximating the experimental structure by a two mode lumped

mass model wi th  coordinates as shown in Figure 4 , the equations of

motion can be formulat ed by applicat ion of Lagrange ’s procedure to

the k ine t i c  and potent ial  energy functions . The components of ‘ax ia l ’

motion of each mass (perpendicular to w 1 and w 2) are k inemat ica l ly

related to the end displacements w 1 and w2 by the assumption of a

deflection curve for each section , similar to that of a cantilever beam
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under static end 1~~id . he r e s u l t i n g  equations of motion retaining up to

i~uadratic inertial non h ine arities and l i nea r  parametric terms are found

-‘ to be:

[m 1 + i!1 ) ( l  + 2 .~~3 ---~- ) j ~~ 
+ 1 .5 m , ‘~2 + A

1w 1

1. 5 ..
= — [ m 1 m , ( l  + 2. 25 

v
— w

1 
+ r— ~~~~~~~~ —

-mjO.9 
~~~~~ 

w 1t~1 + 0. -IS 4 ~~ + 
1.2 (w 2~ 2 + 

~~~~~~) 
+ ~~~~ -~~ - w 1t~, +

. .
(w

1
w 2 +

1.5 m2 ~~ 
+ m 2~ , +

= -m 2 [-4,~-~-~- w 2~ 5 + 
~~~~~~~~ (w 1~~ + w 1~~1) - 

1.2 (w 1~~1 + 
~~~~~~) 

+

1.2
+

2

4.2.1

where A 1 and A 2 are the static bending s t i f fnesses  at m 1 and m 2 of the

cantilevers of length £i and £2 respective ly ,  which make up the model.

4.3 NATURAL FREQUENCIES AND NORMAL MODES - CONVE RSION TO NORMAL

COORDINATES

The equations of motion 4 .2 . 1  may be wri t ten  in matrix form

[A]~ + [C]w = f(w,~~~ ,t) 4.3.1

where [Al and [C] are the linear symmetric inertia and stiffness matrices

— - — --5 -—-
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and f is a column vector comprising the direct forcing, parametric

and quadratic nonlinear terms.

The homogeneous part of 4.3.1 yields the linear natural

frequencies (eigenvalues) and normal modes (eigenvectors), the derivation

of which may be found in any standard t ext [8].

Applying the l inear transformation

w = [R]p

to 4.3.1, ([R] being the matrix of eigenvectors, or ‘modal’ matrix),

we have

+ [R] ’[A]~~~[C] [R]p  = [R] ’[A}~~ g(p ,~~,j3,t) 4.3.2

where [RJ ~~~[A] ’[C ] [ R ]  = [U) 2 ] is the diagonal matrix of eigenvalues .

Numerical parameters are chosen which are roughly based on the

experimental system, one value of stiffness being adjusted to give the

required internal frequency relationship.

In the fol lowing examples the values of the various parameters

taken are

m 1 = 0.3 kg, m2 = 0.1 kg,  i
~ 

= 0.15 m, 
~2 

= 0.1050 m

A 1 = 2040. 221 N/rn , A 2 = 1.0 x l0~ N/n 4.3.3

yielding natural frequencies of 119.52 and 59.76 rads/sec .

Viscous damping is also incorporated and again rough estimates

based upon experimental data are used suggesting values, ~ d11 = .012, 

-~~~~~~~~.- - -—.5  - -~~~~~~ —.-~~~~~~~~~~~ 
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Equations 4.3.2 are equivalent to equations 3.1.1 , and the

coef f ic ien ts  of the direct forcing,  parametric and nonlinear terms

in norma l coordinates may be computed through 4 . 2 . 1 and 4 .3 .3  via

the t ransformation matrix [R] 1 [A] 1 .

4.4 ‘SOFT’ FORCING RESULTS, TWO MODE SYSTEM

Figures 4.4.1 show the result of the numerical integration of

the fu l l  equations 4 .2 . 1  and the corresponding var ia t iona l equat ion

3.4.1 when excitation is at the lower natural frequency. The integration

routine used in all cases is a fourth order variable step Runge Kutta

imp l emented in Fortran on a DEC PDP8 minicomputer .

The points are plotted to the scales shown such that  the actua l

values are given by

~‘l p l o t t ed  = 

~~ actual 
x SCI + 0.5

~2 p lo t t ed  = 
~2 actual  x SC2 - 0. 5

where SCI and SC2 are given on the figures.

There is good agreement between the two results and of course the

integr a t i on of the  var ia t iona l equations is far more rapid. Steady

state conditions are achieved and so it is possible to compute the response

curves  for this resonance case by solving numerically the nonlinear

a l g e b r a i c  equa t ions  wh ich  resul t  from set t ing the left  hand sides of

3 . 1 .1  to zero . Figures 4.4.2 show some results of this . Here to

th ~ ~c a I e ~ ~h o~ n th e points plotted are A(I) x SC(I). The upper

d i i ~~r i r n  s h w s  t he  r e s u l t s  obtained for the comple te system for both

c~~ ’e’ or e x c i t a t i o n  increasing and decreasing from the lower natural

_ _ _ _ _ _ _ _ _ _ _  -~~~~~~~~ -5- - — -~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~ S~~~~~~~~~~ -~~~~~~~~~~
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frequency. The departure from the linear resonance curve for mode 1

is apparent, and as observed experimentally there are no discontinuities

in the curves. It is also noticeable that the curves are not qui te

symmetric about the tuned frequency, and it has been found that removal

- 
:. of the parametric (K .) term s from the equations of motion restore the

symmetry .

“S The lower diagram in Figure 4.4.2 shows the effect of internal

detuning. The parameters of the system are adjusted to give

U) 2/ 2U) 1 = 1.01, i.e. becomes 59.17 1 rads/sec . The amount of detuning

- 
is shown on the diagram and here the parametric terms have been neglected.

The result shows a skewing of the curves about the lower natural frequency.

Figures 4 .4 .3  show the result  of numerical integration when the

excitat ion is at the higher natural frequency. The results compare

well  wi th  the observed experimental behaviour and again the variational

equations 3.4.2 model the complete system adequately. Figures 4.4.4

and Figure 4 .4 .5  show some of the steady state response curves obtained

for this case , a~ -d also show the ordinary l inear resonance curve of

the higher mode. In the tuned system symmetry is once more restored by

the removal of the parametric terms and internal detuning (Fig. 4.4.5) —

again caus es a substantial skewing of the response diagram about the

higher natural frequency . The outer extremes of the response curves

are the points at which the jumps back to ordinary linear behaviour

occur. Unfortunately the resonance region could not be approached

from the ‘outside’ with a view to finding the inner boundaries as the

solution routine used w i l l  not converge on the zero solution for the

lower mode. Analysis [9] shows that an approximate value may be taken

as the crossover point between the linear and nonl inear response curves

for the higher mode.
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4.5 ‘HARD’ FORCING RESULTS, TWO MODE STRUCTURE

Figure 4 . 5 . 1  shows the stability diagram obtained for the

combination excitation case , 
~f 

= 

~ l + Q
2 (see equations 3 .4 . 4  and

3 .6 .1 1).  I t  shows the ef fec ts  of vary ing  the damping , removing the

D.C. terms , the linear forced response terms and the parametr ic

terms (K r j ) separately from the complete anal y s i s .  It can be seen

that  for the chosen damping values (cd 22 
= 0.24) excitation amplitudes

in excess of 30 nun are requi red to give resonant behaviour . Phys ica l ly

this is a very large amplitude and does not compare favourably with the .5

experimental model which exhibits resonant behaviour above 3 mm

excitation amplitude. However , integration of the full equations shows

that these high levels are indeed required to i n i t i a t e  resonant behaviour . -

Hence the original parameters arbitrarily chosen for the mathematical

mode l are presumably not sufficiently precise in the representation of -

the real system .

It must be noted that neglect of either the parametric (Kr j ) or

the linear forced response terms in the analyses results in a much wider

unstable region and as w i l l  be seen shortly gives steady state resul ts

more akin to the experimental observations.

The upper diagram of Fig. 4.5.2 shows the result of the integration

of the full equations when excitation is within the unstable or interacting 
- -

reg ion , the lower diagram showing an expansion of the first two seconds .

As excitation is so high there is a large component of forced response

on each mode , but it is clear that the modal frequencies are excited

and that steady state conditions are not achieved. Figure 4 . 5 . 3  shows

the corresponding complete variational simulation at these excitation

condit ions (equations 3 .4 .4 )  and the various componen ts of the response

are shown separately (note different scaling factor on mode 2). The

di fferent transient behaviour is caused by the different starting 

La — - 
- - _ 

-
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conditions for each solution , but the ‘quasi’ steady-state is modelled

reasonably accurately by the variational analysis except for an error

in the Tbeat ’ period . Figure 4.5.4 shows that neglect of the D.C.

terms in the analysis results in steady state conditions and an unreasonably

large ampli tude for the lower mode ’ s response.

Figures 4.5.5 are included out of interest. They show the complete

and variational simu lation for this case when the parametric (Kr j ) terms

are neglected. As mentioned above , much lower excitation is required -

to initiate resonant behaviour and the results compare well with

experiment, in this case the variational simulation models the full

system exactly.

Figure 4.5.6 shows the stability diagran~s obtained at twice the

higher node ’ s natural frequency (see equations 3.4.7 and 3.6.13).

Again neglect of the linear forced response terms or the parametric terms

results in a wider region , so in the complete solution these two effects

tend to negate each other . Figure 4.5.7 shows the behaviour of the

compl ete system when excitation is within the unstable  region (cd 22 = .024).

The continuous beating between the modes agrees well with the experimental

results. The corresponding variational simulation is shown in Figure

4.5.8. Again there is an error in the ‘beat ’ period . Here neglect of

the D.C. terms results in a ‘beating ’ exponential growth in both modes ,

and so the D.C. terms are essential for the maintenance of the reasonable

accuracy of the solution .

Figure 4.5.9 shows the variation of the respective slowly varying

phases with time , corresponding to Figure 4.5.8.
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-~~~~~ 4.6 THE FOUR MODE SYSTEM
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2 ~~~~
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-

~~~~~ 

2

Fig. 4. 6. 1 . Four Mode Theoretical Model

_

~~~~~~~~~~~~~~~~

w 3i

Fig. 4.6.2. Arbitrarily Displaced System

Figures 4.6.1 and 2 show the idealised theoretical model chosen

to represent the four mode system. Again the equations of motion are

derived inclusive of the quadratic and cubic nonlineari t ies via formula t ion

of k inet ic  and potential energy functions and application of Lagrange ’s

equations . Static deflection curves are assumed for each beam. The

resulting equations of motion in the four generalised coordinates

W
1~ 

V 2 , W 31 , w3j are given below (Equations 4.6.1).

- 5- —- . ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
. .._~~~~
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The linear homogeneous equations yield the natural frequencies and

normal modes (Section 4.3), and these have been found numerical ly

using standard matrix solution routines. Taking numerical parameters

based on experimental measurement of:-

m 1 = 144.35 gms A 1 = 1.3686 lo
7gm/s 2~ = 135.5 nun

m = 143.10 A = 3.67445 10 6 2. = 66.0
2 2 2

m 3 = 48.01 A 3 = 9.28967 10 2.3 
= 97.0,

the result ing frequencies and modal matrix is shown in Figure 4 .6 .3 .

(4001 4 28 .98 Hz 3 21.96 H,

MOIMC 2 6.9 Ill MOOS I UI .

Mt 6 . 2  6 .9  2 1 .96 2 9 . 2 $

0.0 0.0130 0.0 0. 7194

A 2 -0 .0756 0.0 0.9659 0.0

W
3 -0 .7687 0.5999 -0.2403 -0. 7639 

• [8)

w
31 0.7687 0.S999 0.2403 -O. ,,~o

Fig. 4.6.3. Natural Frequencies and Mode Shapes
(Computed)

5- - -  -~~~~~~~ ~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - 55 -



It can be seen that the frequencies obtained are not exactly

compatible with those of the experimental model. As expected the

higher  frequencies are overes t imated , and so the desired in te rna l

resonance condition (U )
1 

+ w w 1) is not exac t ly  f u l f i l l e d .  Indeed

there is a bet ter  in ternal  r e l a t ionsh ip  between modes 2 , 3 and 4.

I!o lsever inspect ion of the nonl inear  terms ( transformed to normal

coordinates) shows that the terms required to give resonant behaviour

(C.~~. ~~~~~ m432, etc) simply do not exist , and so as observed in

experiment the response of the system when under excitation at mode 4

is dominated by the interaction with modes 1 and 3, despite the large

detuning.

Figure 4.6.4 shows the result of the direct integration of the

equations of motion using G.S.M .P . s imula t ion  language on an IBM 360/50

~-ornp (1ter , with excitation of .07 mm at the highest natural frequency .

[crc ‘modal ’ damping based on logarithmic decrement tests on the

experimental model have been introduced through a Rayleigh Dissipation

I-un ction (stiffness/damping ratio of 30.l0~ ) .  The resu l t cl ear ly

shows interaction between the excited mode and the antisymmetric modes

much as observed in experiment .  The behaviour of the other mode is

interesting as it exhibits a D.C . drift with ensuing small oscillations

at about 16 Hz. Similar behaviour is observed experimentally (Figure

2.3.4). This phenomena is as yet not understood and merits further

i nvestigation .

Figure  4 . 6 . 5  shows the corresponding resul t  obta ined from the

variational equations (equations 3.4.8). There is good correlation

both qualitatively and quantitatively. It was found to be impossible

to compute steady s ta te  response curves for this  case as a true steady

st .Ltc is not achieved . The slowly varying amplitudes in fact exhibit

ullilL 
- 1.14
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very slight v a r i a t i o n s  of long period and so the ‘stationary ’ (~~~ = A = 0)

equations have no solution. A method that could he used i’.ould he the

repet etive simulation of the variational equations followed by an

t-stiinat ion of the average s te a d y  state values obtained.

Figures 4.6.6 and 7 show the stabilit y diagram and a variational

simulation result obtained for the case of the experimentall y observed

combination excitat ion of the two symmetric modes , leading to the eventua l - -

parti cipation of all the modes of the system (see equations 3. 1 .9, 3.h .ll ).
- 

- I n  t ;lct the complete system was found to have an infinite stability

boundary i n t h i s ca se , and so although all the appropriate terms

r e q u i r e d  by the  equations 3 . 4 . 9  are present , t his is a necessary but

not sufficient condition for resonant behaviour to occur. The actual

values of these parameters dictate whether or not the system \%il l he

unstable. The figures shown were obtained , purely for the purposes

of example , by neglect of the linear forced response terms in the

a n a l y s i s , i . e .  the system is reduced to one having simple ‘parametric ’

~ r(~ 
term s only . Hence once again the theoretical model is presumably

not sufficiently precise in its representation of the experimental system .

An~ sli ght modification to a system parameter will result in changes

to the modal and transformation matrices , which in turn w ill modif y the

coefficicnts of all the nonlinear terms , and hence the resulting stabilit y

boundaries.

{:t4rther work on a simplified version of the four mode system has

been carried out [9], and the investigation has shown that inspection

of the nonlinear and parametric terms present in the governing equations

of mot i on indicates which of all the possible internal and externa l

f r e q u e n c y  relationships (section 3.5) are ‘safe ’, simply by the absence

of t he  appropria te  terms in the relevant  va r i a t iona l equa t ions .  Hence

t h e  frequency re la t ionsh ips  which should be avoided by the designer — 

_ _ _  -5-
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can be deduced. h owever , again it has been found , pa r t i cu la r ly  in the

combi n a t io n si t uat i on s , that  a l though the relevan t terms exist , resonance

2 might still not occur , the values of the coefficients if the nonlinear

terms being such as to produce an infinite stability boundary . -



5. CONCLUSIONS

Par ,imetric and n o n l i n e a r  resonance behaviour in structures has

b een i l l u s t r a t e d  e x p e r i m e n t a l l y ,  and i t  h as been show n t hat qu ad rati c

i n e r t i a l  n o n l i i i e a r i t i e s  are of primary significance in determining

t he r~ sponse. The resonance condit ions and var ia t ional  equations

- 

- Ii~;ted in section 3 (and Appendix I) can be adapted and applied to

any m u l t i m o d e  structural  system having quadratic inert ial  nonlinear i t i es

and l inear  parametric terms sub j ected to harmonic exci ta t ion . The

i n t eg r i ty  of the solut ion technique has been demonstrated by i ts

app l i ca t ion  to the two and four mode theoretical  models.  The important

factors in mainta in ing the accuracy in the ‘hard ’ forcing cases are the

inclusion of the D.C.  terms and the forced response components , the

latter being assumed in this f i rs t  approximation to be fixed at the

linear values . The inclusion of the forced response terms in the

generating solution give rise to terms of nonlinear  or igin  which

accumulate wi th  the ordinary linear parametric exci ta t ion terms in the

var ia t ional  equations . The combination of these two separate effects

may either reduce or increase the resonance region for a given s tructure

depending upon the values of certain of the non l inea r  coupl ing terms

and the forced response of 
~~~~~~~ 

the modes of the structure (see

equation 3 . 6 . 1) .

In the ‘soft ’ forcing cases there is good correlation between

the theoretical and experimental resul ts  for both the two and four

mode systems. However , in some of the ‘hard’ forcing cases (notably

the combination case), although there is good correlation between the

full equations of motion and the corresponding variational equations,



c o m p a r i s o n  w i t h  the  e x p e r i m e n t a l  resul ts  is r e l a t i v e l y  poor. Th i s

: has been a t t r i b u t e d  to insuffi~~L-nt ly precise representation of the

exp erimental systems. h ow e v er  in these cases , particularly in those

under intense exc it a t 10(1 , it is possible that the cubic nonlinearities

may also be important i n  det ermining the response , as the resonance

H c .o dit ions that are i m p o r t a n t  l o t  the quadratics are also important

for cubics by virtue of the internal resonance conditions (e.g.

~f 
= a

1 
+ = 3l

~l, 
as ft., = 2l

~i
). The cubic nonlinearities can easily

he incorporated in the analysis , but this will naturally lead to much

more  complex sets of variationa l equat i ons. The equations of motion

of most space structures will involve the quadratic nonlinearities

studied here and in general they will be the most important nonlinear

i n f l u e n c e  on the  response. Higher order nonlinearities will however

also be present and undor certain circumstances may require to be taken

i n t o  account. Cubic nonlinearities will introduce further possible

external and internal resonance conditions each involving up to three

and four modes respectively. Consideration of even hi gher order

non linearities will introduce more resonance conditions of increasing

c o m p l e x i t y .

The experimental work indicated the form of the relationship between

t h e  exc it ation and response frequencies in multimode systems . The

re~~ie1arice conditions between the excitation frequency and the natura l

frequencies (external) or amongst tile natural frequencies themselves

(internal) need not be met precisely. It is sufficient that they

should be met approximately, the response frequencies are then found

to he related t o  the exciting frequency in such a way that they form a

linear relationship w ith e x a c t  integer coefficients. This result is

a t i l i s e d in the solut ion procedure.

-
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The p o s s i b i l i t y  of the occurrence of ‘ cascading ’ typ e resonant

h e h a v i 11r has also been shown . It may be concluded that for more

comp licated structures having a multiplicity of modes and particularly

under intense excitation , this behaviour may be exhibited often .

Indeed , preliminary experimental investigations into thin-walled box

type structures under intense ‘parametric ’ excitation have shown that

resonance in and interaction between the coupled bending and cross-

section distortion modes is quite common , and in general the resulting

motion involves several modes and is non-stationary. This , along

with the combined diiect and parametric excitation of such structures

is a promising area for further work . The other area of immediate

interest for further research lies in the generalisation of the

excitation from the sing le harmonic considered here to multifrequenc y

excitation , particularly when the forced and parametric excitations

have different periods. A single mode system under such excitation is

considered in [10].

- .
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APPENDIX I
VARIATIONAL EQUATIONS FOR THE THREE MODE SYSTEMS (Section 3.4.2)
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