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Introduction

Recent signal processing techniques, exemplified by the DELTIC’ and the ARMS2

type of instrumentation, achieve a reduction in processing t ime by speeding up

1Victor C. Anderson, “Deltic Correlator,” Harvard Acoustics Lab., TM No. 37, Jan.
5, 1956.

C~ó Westerfield, SlAutomatic Recycling Multiple Sampler ,” NEL TX No. 132, 17 Aug .
1955.

and reayc].tñg( an4.extensive sectiofl of the signal. In normal ARMS or DELTIC opera-

tion a primary unit is used to speed up the sampled signal . The sped—up section

of signal may then be transferred to a storage unit for recycling. In the storage

unit this sped—up section of the signal may be recycled repeatedly without any

essential alteration until the processing is completed. The storage unit is then

cleared and a new aection of the sped—up signal i. introduced from the primary

unit and the process repeated . In the operation of the primary unit the essential

difference from that of the storage unit is that each time the signal. in the pri—

mary ithit is recycled the oldest sample is dropped and a new sample added so that

the sect ion being circulated at any time consists of the most rec ntly reCeived

signal samples. For the cross—correlation of two signals, the output of the stor-

age unit on one signs] may be multiplied ~y the output of a primary unit on the

other signal.

It is the purpose of the present paper to determine the spectra for the outputs

of the primary and of the storage units as well as for the correlator output . Al—

• though developed primarily in terms of the ARMS unite the rosulta are also appli-

cable to the DELTIC Correlator and to other systems , of this general nature. The

method used for determining the correlator output is also applicable to the S.-

qu.ntial. Matched Filter’~~~in spits of its somewhat differenti mode of operation.

For one mode of operation of th. Sequential Matched Filter the results are th. same



as for the normal ARMS Correlator. The presen t paper is Part I of a series of pape rs

coveri ng the theory of operation of this type of equipment . Topics to be covered in

future m~~~randa in this series are :

Application to Single SideBand Signals,

Effect of Dopple r,

Treatment of Large Doppler,

Effect of Finite Duration at Sample,

Lower SideBand and Double SideBand Operation,

Effect of Infinite Clipping,

Effect of Self Noise.

½. C. Westerfie ld, MEL LORA,D Siza*ary Report No. 698, Article 27, “Digital Techniques
for Rapid Processing of Signals ,” p. VI—35, 22 J une 1956.

4W. B. Allen and F. J . Smith , “Inst rumentation of Sequentially Shifted Shifting
Register,” MEL TM No. 238, 9 Apr 1957.

Thanks ~re due to LT N. D. Harding, Jr., USM (at MEL on Temporary Additional Duty

from U. S. Naval Poet—Graduate School , Monterey , California) as well as to the regular

members of section 2234 for careful readi ng and criticism of Part I.
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Mathematical BacLçground

When a waveform in expressed as a function of time, the Fourier Transform of this

function expresses the complex frequency_spectrum of the waveform. Thus, using a

lower case letter to denote a function and the corresponding capital letter to

represent its Fourier Transform, the spectrum of the waveform u(t) may be written

spec u(t) . U(t) — u(t) exp (—2 (ift)dt, 1-1
-

the functional notation “spec” being used here as an abbreviation of “spect rum of”.

In turn, the waveform function is itself given by the inverse transformation

u(t) .J
’U(f) exp (2,rttt)df . way u(f) . 1—2

• It follows that the theory of Fourier Transforms is essentially a theory of wave-

form and spectrum analysis when referred to time and frequency coordinates, though

of course having wider applications.

There doesn’t seem to be any general agre ement on a notation to represent the

convolution of a pair of functions. American usage seems to favor an elevated

asterisk between the function sp~bols, while Woodward5, possibly following a British

custom, uses a five—pointed star. In the present paper the asterisk is used to

denote the complex conjugate of a function and the functional abbreviation “cony”

signifies “convolution of”. Thu. th. convolution of the functions u(t) and v(t)

may be written

5P. N. Woodward, “Probability and Information Theory”, Chapter 2, (McGraw—IU .U, 1953).

conv(u,v) •J~~ u(t1)v(t..t1)dt1

= ~f~~~t—t 1)v(t1)dt1
u conv(v,4 1—3

representi ng, for example, the output of a linear filter with input u(t) and impul-

sive response v(t) . One application of this operation which will occur frequently

1—1 
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~n the present paper is the convolution of ii(t) and the unit impulse function 6(t).

( ~‘(t) is also known as the Dira c delta function. ) Thus

cony [u(t),S(t~J . _[u,(t1) 1(t-.ti)dt~i • u(t), 1-4

or , more general ly,

cony [~(t), ((t.’i ’)J aj’v.(ti) t.’t1.~7 )dt1 m u(t—7i . 1—5

Actually it ii the corresponding convolution in the frequency dcu.in

cony [~J (f) , 4 (f—f)J iiiii U(f— c~~ 1-6

which will find greatest application in the present paper. In practical applica-

tions it is not n.cessary to assume ~Xt) to be infinite at t • 0. It may be assumed
wher C

to have a width E and height l/e~/is ~~~~ compared to the shortest wavelengths

• involved, similarly for ((f).

In his treatment of waveform analysis WoodwardS has introduc ed some novel func-

tional notations which help systematic. the appli cation of the method of Fourier

Transforms to the determi nation of signa l spectra. He defines four functions as

follows :

rect t — 1, lt 1~1/2
0, )t~,l/2 1—7

sine f m (1/fff) sinill , 1—6

• repR m(t ) ~ L,~ m(t ..R), 1—9

(whir. Z~ signifies ••,, .) , and

ecsbR u(t) . [u(nR) ~~(t-nR~. 1—10

For finit e valmes of u(t) and ia(nR ) the aumsation in equation (1—10) may be written

[u(nR) ((t-nR~~ • u(t) I~ ((t..nR) 1..ll

giving

oo$b~ u(t) u(t) rep1 1(t). 1-12

As an e7ampl. of the use of functions (1—7) and (1—8), the spectrum of a

rectan gular pulse of unit amplitud. and unit duration centered at the origin may be

written

1—2 



spec rect t = rect t exp (~—2 ~1ift )dt

- exp(-2 ,ilft)dt

.2 [~~cos2 1Tft dt

• (l/ 1rf) ..ç~ cos Q d ~

= (1/h f) sin ff1’

sinc f. 1—13

Other simple basic spectra are

spec d(t) = 4 d(t)  exp(—2 #Ift)dt

= exp (0)

1—14

and

spec c(t—7) 
~
,J ’ d (t— 7) exp(—2lllft)dt

~ exp (—2 111f 7-) . 1—15

Following Woodwards tabulation’, a few of the basic oper ations on~Z~purier

Transforms may be written:

spec u(t) = u (—f) , 1—16

spec u(4) U(—f ) , 1—17

spec u’(t) U’(—f), 1—18

5P C  u’(t) : 2lTif u(r) , (u ’ ~~ ), 1—19

spec u(t—7’) = U(f)  exp(—2lTif 1), 1—20

spec u(t/r ) Ji/ u(rr ), 1—21

spec (Au+Bv)eLU # BV,

spec uv cony (U,v), 1—23

spec oonv (u,v) U V, l—21e

spec repit u (t) • I~
/
~I oomb~/~ U(f) , 1-25

spec comb11 u (t) /1/1/ rep,1’1 U(f). 1—26

From (1—12), equation (1—25) may be written

1—3
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spec rep11 u(t) : / i/a J u(t) rep1,11 f(f) 1—27

and (1—26) becomes

• spec ~z(t) rep11 ((t~7 ) i/R/ rep~Jg 11(f) . 1—28

Combinations of the above basic opar ation s give other useful operations.

For examp1e,combination~of (1—16) with (1—17) gives

spec U(—t ) a u(f) 1—29

and combination of (1—20) and (1—21) gives

spec u [~t_7-)fl3 a I T ! u(tr ) exp(_2 11if ?’). 1—30

Similarly , application of the operations to simple basic spectra such as those of

• (1—13), (1—14) and ( 1—15) may lead to other spectra of interest. As an example ,

application of (1—29) to (1—15) leads to

spec exp 2111 9f9t ~ i(f-. ~~ 1—31.

Taking 0, this in turn gives

spec 1(t) a 1(f). 132

Application of (1—20) er (1—22) to equation (1—31) gives

spec exp (21rift#i~) • .xp(ic~) c~(f— 1). 1—33

Combined with the identity

cos Q (1/2) J~xp(i~) 4 exp (_iQ~/ 1—34

this leads to

spec cos (2 fl~t~~~) (1/2) (7(f—~0) exp(i~?) + i(f4~~) exp(—i . 1—35

Similarly, from the identity

• cos~~ . (1/2 ) (lêcos29) 1—36
• the spectrun of ~~~~~~~~ may be writt n

spec oos2#~4 a (1/2) spec(l4cos 21~~~e) a (1/4)~~(f.15 + 2 i (f ) 4 d (t4(/ ~) J .  1—37
As another useful example, application of (1—21) to (1—13 ) gives

spec rect (t/ 1’) • T sinc(fT ) 1—38

Equation (1—31 ) may also be used to obtain a useful special form of (1—23)

- 

-..- ~~~~~~



spec [u(t ) exp 2 ‘ri ft] cony [u(r), spec exp 2

. cony ~~(f) ,  £(r_~ )J a U(f..~f), 1—39

The last step coming from equation (1—6). Applied to equation (1—13 ) for example,

operation (1—39) gives

spec [rect t exp 2 fri~/~]. sinc (f-
5
I~. 1-’40

Or, more generally, from (1—38) and (1—33),

spec [rect (t/r ) axp(2/ri~~t + i(3!7 = sinc (f_f)? .x~ ( iG ) o
Another interesting and useful relation may be obtained by applying operation

(1—25) to (1—26). This gives

spec rep11 comb5 u(t) a /l/RS/ comb11,11 rep 3,/S U ( f) 0 - l-’42 .

The convers e relation is obtained by apply ing operation (1—26) to (1—25). Thus

spec comb3 re~~ u(t) a 
/
i/RS/ rsp~~3 c o b11~11 u(t ) . 1—4,3

The equivalent relations , obtained by rep lacing each comb functio n in equations

(1—42 ) and (1—43) by its rep equivalent from (1-12), may be written

spec reps E(t) rep3 t(t~) a II,/RS~ r.P~I/S U(t) rep,~~ t(r)

and 

spec ~~~~~ u(t) re~~ 6(t)J a IVRSI re~~,5 ~~(f) re~~~~ ~~~~~~~ 1 5

Woodward5 has indicated some of the above results as well as some others of

equal interest.

1—5
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Theoretical Deyelorment

The Fourier Transforms in the preceding section were not just casual ez~~p1es.
Most of them may b. taken as preliminary steps in the sjnthesi~ of the relations to be
developed in this and succeeding sections. As an additional step in this synthesis ,
the application of (1—27) to (1—41) gives

spec rep1~ Erect t/r exp 2~1t~A3 I T/ RI sinc (f—~~~T rep11,11 1(f). 2-11

For simplicity the phase ~ is taken as sero in•thi s section . Since •xp i (2 is a
constant multiplie r for both waveform and spectrum, the corr.ction for (~ different

fro. zero is usua lly obvious. As a further step in the developient , operation (1—39)
may be appli ed to ( 2—1 ) to obtain

spec (exp 2n1~~~t rep11 [rect t/r exp
= IT/R / sinc (f_ 9~_9~)T rep~j~ d ( t_

f ~ ) . 2

Also, application of (1—44) to (1—41) gives

spec rep 11 ~~ect tfl exp 2/fi~A reps ~1(t~]. / T/RS/ rep1/3 sinc(f1~ T

• rep1111 <S (t ) . 2 3
And from (1—39) this leads to

spec [exp 2 tTif2t rep 11 j~~ct tfr exp 2/1i~4t rep 5

. /~/i~s/ re~1,3 sine ( f— ~~~— 9~
’
)T rep 1111 f (f —  57~j ) .  2

Application of (1-.23) and (1—13) to (2—1) gives

~~~ fr.~t t/r re~~ j~ect t/Q exp 2 /Ti~~~j }.

• )~YQ/s/ 
cony ffinc IT, sine (f..f)Q rep1fs ((f~J

= ~~~ 
[sine ( f—f1)? sine (f i_~ØQ ret/s é(f1)df 1

= )TQ/S IZn LFinc (f—n/S)T sins (7~n/S)Q] . 2—5
And from (1-39)

spec [rect tfl exp 2’t1f~t r.p~ /E.ct t/Q exp 2’7i7~tj7)

~ /‘rQJS/ ~~ J~ inc (f-.
Ø~n/S)T sine (~~~_n/S)QJ . 2-6

2—3.
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Application of (1—27) again gives

spec rep ~~ect tfi~ exp 2~rt i79~t reps {~ect t/Q exp 2tri~~ tj~j
a frQ/i~s I L~ sine (f— $_n/S )T sine (9I~—n/S )~7 rspl ,R (1(f) . 2—7

A~d from (1—39)

spec (iixp 2lri ~ T
3t rep11 [rect tfl sxp 2 ff1 

7~t rep5 (rect t/Q exp 2 11 $. ~~~t~}
. I TQJRS/ X~ ~ inc (f- ~~~~~~

- ~~-n/S)T sinc (~~~-n/s~~J rep~~~ ~
(( f- ~~~~~~~. 2-8

Th. definition of the rep function (1—9) may be used to write a number of use—

ful identitie s. Thus

rep11 (~~~t tfl exp 2ffi~/1t\ a 
~~ ~~~ct (t—nR)fl exp [2 ffI~4(t_nR_~

} 
2—9

may be multiplied by sxp 2ffi~~2t te obtai n

exp 2ffi e/~2t rep11 
{

ect t/r exp 2(i~j
I21t~y . ~~ ~~~ct ~~~~

exp 2 rn +~~~)t-~<n4J. 2-10

Similarly

rep11 [
ect tfr ezp 21ri~~~t re~~ ((t~j .  2~ ~~ect E exp 2ffi~~~ (t-nR )

rep5 g(t-nR ~~ 2-U

may be multiplied through by xp 2fliy~t to obtain

sxp 2 ff1 ~~ t rep11 &ct tft exp 2 f tj  ~4t re~~ (1(tj~~

£~ Feet ~~~~ exp 2ff t [(~~~$~~~)t..~~~n~J rep5 ~~(t-n~~~~. 2-12

rep11 frect tfl exp 2 ITt ~~ t re~~ [ect tlq exp 
-

a n [
ect ~~~~ sxp 2 if if2 (t-nR) I~. ~~~ct ~~~~~~~ sxp 2 ,r1 

~~ 
(t—rS-nR~~ , 2—13

when multiplied by exp 2 i4 
7~t gives

exp 2ff i ~~3t repg 
(

ect tfl .xp 2ffi
7~t reps Erect t/Q .xp 2ffi~~~t 2

~ ~~n [rec t ~~~~ Z t OR ~~3 exp 2ff i L(1~4~~4f,)t~(7~+ ~~~~~~~~~~~~

From (2—10) it is seen that ( 2—2) may be written

2—2



spec 
~~ sect ~~~ exp 2 173. {~7’~+f~)t 

1
I~ a~}

— /T/R ) si’~c (t_~I~1_y ~)T rem*1(f—y ~2) 2~15

and from (2—12 ) (2—4 ) may be written in the form

spec ~ ~~ect ~~~~ exp 211i [~9~1.+7~)t 
_

~4niJ r p ~

= J T/RS/ rep1/3 sinc(f_~4_ 2)? rep 1111 (1(f-~i ).  2—16

Taking = ~~~ 4.7~ and (?~
R = ~�~‘aP, it is seen that (2—15) takes the form

spec ~~ frect ~~! exp 2~~I ~~ (t_n )*
j /T/RJ sine (f—~.”~)T reP1/R (( f—7~~) 2—17

and ( 2—16) takes the form

spec � f,ct ~ exp 2ffi
9~(t— nP ) rep5 ~f(t nR~~

a J T/RS / rep3,5 sinc (f— ~~ )T ceP~j/11 Rr—~~) 2...18

where in each case

~~~ .~~~(1 P/R) . 2—19

Or , more generally , taking and 7
’~R j

/~P ~~~7
’
~~~I equation

(2—15) may be written in the form

spec ~~ ~~ect ~~~~ exp 2f/1
1~

(t
~

nP) f~~ (t.~nR~J~~

• I T/R I sine (f_7~ ;7ç,)T rep~~11 é(f— 7~) 2—20

and (2—16) takes the form

spec I~ ~~ect ~~~~ exp 2111 

~~~ + ?~b(t_nRll rep5 c1(t-nR~~

/ T/RS/ repl/S sine (f— 9~ ;~~~)T rep1/11 ~1(f ~~~~) 2—21

where a~i before

• ~~~(1—P/a).

p rom (2—14) it is seen that (2—8) may be written in the form

spec 
~ ~~

ect 
~~~~ 

Z~. J~ ect t~~R~~S sxp 2ffi ) (5f~4. ~~+~~~)t-(~~~47~ )nR

• /TQ/RS/ ~~ ~~~~~~~~~~~~~~~~~~~~ sine (9~._n/5)~j  repj/R ~1(f ~~~
’) 2-23

where the n in the first member is unrelated to the n in the second ~~~b.r of

2-3 
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the equation, and should perhaps be distinguished from it by the use of subscripts
or a different letter. The same remark app lies to the equations which foliow.

For the particular case a 0 and •quation (2—23) reduces
to 

spec 
~~~ 1~t (t—nR)ft 

~~r ~~~ct(~~~~~~3)/Q 2ff i~~~r~~~
a J TQ/RS/ ~~ /~ inc (f_f., _n/S)T sine + n/S)Q3 rSPI~/~ 1(f). 2—24

Similarly, for the case + • — and (7~ ff ~)R a ~7~S squation
(2—23) reduces to

spec 
~ [e

ct(t_nR)fl Z~. )~~ct(t—nR _r S)/Q exp 2 /rif~ (n+r)~j }
/TQ/~~/ ~~ J~ino (f ~9

2a~n/$)T sine (~~~3n/S)QJ rep~j11 dif—f ~3 2—25

where

~ S/R. 2—26

Also, for the more general case ~~~~ —y (~/ +~~~ and (~4 fp~a
a — a3 equation (2—23) reduces to

spec L~ [rect ~~~~ 
Zr (~ 

nR-rS exp 2 rr i + ( y ~)~~ j . /
a / TQ/RS/ Z ~ ~ inc (f_ 7~ ; ~~~-n/S)T sine (9~ ty~ + n/Si] r.~i~~~7&—y~~ 2-27

where a. before equat ion (2—26) relates ~~~ toy1~:

B~S1 AVAiLABLE COPY
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Treat ment of a Single—Frequency Input

Consider a reel of magnetic tape on which is recorded a continuous sinusoidal

ways of freq uency 
y
’
~
. If the tap e is played back at N times the recording speed

the playback frequency may be designated as

Considering a particular section of the tape with playback time R, the sinusoidal

wave can be represented by cos(2if7~t+ (3,) when referred to the midpoint of the

section as origin. If the ends of this section are now joined to form a continnou s

• loop for playback, the resulting output waveform may be represented by the suimaat ion

‘
~~n Eect ~j !~ cos ~~~~~~~~~~~~~~~~~~~~~~ Ersct(t/R) cos (211~~t+(3~~ 3—2 • 

-

and from identity (1—34), equation (2—1) and (1—33) may be used to obtain

spec rep11 &ct(t/R ) cos(2H ~fbt4.Qb~7 • (1/2) [~inc (f—~i~ )R exp(*C?b)
+ sine (f 4~~~)R exp(_i ?bB rep3./g d (t) 3—3

as the resulting ~utp ut spectr us. When referred to an origin at the beginning of

~he section this equation gives results identical with those obtained by Spetner4

4Lee M. Spetne r , “Errors in Power Spectra due to Finite Sample” , J. Appl . Phy..,
25, No. 5, pp 653—659, (May 1954).

for this type of recycling storake unit.
The operation of a digital type recycling unit such as the A~4S or D~ JTIC storage

unit is essentially the eame 
1
ae that of the magnetic tape loop just diacuseed. One

of the chief differences is that instead of a continuous wavefo rm the AID4S and

D~~TIC units show only polarity, not ~~~~~~~~~ The treatment of this last effect

will be reserved for a later paper. The effect of periodic sampling may be invemti—
gat éd with the aid of equation (2—19). Taking N as the maber of stages in the

AJ*(5 storage unit, the recycling period for o~e mode of operation is the same as the

3—1



input sampling peri od

R N S  3-4
where 3 is the period between successive samples on the output. This corresponds

to the usual mode of operation of the ARMS storage unit, N being the number of

stored samp les. Corresponding to (3—2 ) the resu lting output waveform may thus be

represented by the summation

~ ~ 
cos {~%~ (t-nR)+ 

~
) re~~

= re p11 [rect t_R) cos (27T~~t4 (9b) rep3 c1(t~] 3—5
And application of identity (1—34) and (1—33 ) to (2—3) gives

spec rep 11 ~~ect(t /R ) cos(21r~~ t4~3b)reps J (~~]

— 11/23! repj,.’~ J~
inc(f—~~~)R exP(i(3b)+sinc(f+9~

’)R exP(—i(?b~J reP1./Rcc(r) 3—6

as the corresponding output spectrum. The case for samples of finite duration i.

reserved for treatment in a later section.

For the primary unit the mathematical formulation used in det ermin~ng~the output

spect rum is somewhat more involved than that for the storage unit. The primary ARMS

unit fo~ one type of operation has only N—i stages and the period between identi cal

samples on th. output is

P : ( N — l) 5 : R — S .  3-7
The addition of a new sample in the place of the oldest sample, however , extends

the consecutive section by one sampl e. Accordingly R is both the input sampling

interval and the interval between phase discontin uities in the output waveform the

same as for the corresponding storage unit . Selecting the midpoint between a pair

of successive pha se discontinuities as the origin, the output waveform for this

rec7cling period may be represented by cos(27~i~t+Qa). For the next recycling

period it would thin be ~~ (t_P)4~ ?~], etc. Thus, neglecting the effect of sampi—

ing and limiting, the expression for the output waveform of th. primary unit may be

written

~~ ~~~ct ~ 008 L~ 7~~
t%P~~~~j. ‘-~

I
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AM tram (1—33), (1—34 ) and (2—17) th. corresponding output spectrum would be

spec £~ sect & cos

. (1/2) 
~~

ino (f_
f~

)R exP(i(3a)r ePl fa ó
~

f_k
1~J

4 sinc(f4 (7~3R p (4 
~~~ rsPl/R 6(f.ky~~7 3-9

where tram (2—19), (3—4) and (3—7)

k . l — P / R . 1 —  ~~~~u,~~~:1/$ 3-10

As in th . case of th . storage unit the effect of sampling is taken into account by

introducing the sampling function rep 6(t).

Pram (1—33), (1—34) and (2—18) this gives

spec Z~ ~~~ot ~j ! !  sos [2~~ t.nP)4(3
J rePs

• 11/281 &PlfS sinc(f—yc)R.xP(ic3a)rePl/R~~
(f_ $%)

+ rep1/3 stho(ffy~)R exp(~i(3~ ) rePi,~~d(f+ f~’NT~ 3-11

as the oorresponding output spectrum when sampling is taken into account . Since

the speed—up factor of the ARM S unit is N, it is seen that the value 9~~I in tbe~~
function in the second number of equation (3—U ) is the frequency in the input

waveform in the primary channel prior to speed—pp.

Compari son .f equation (3~) with (3—9), or (3—6) with (3—11), indi cates that

there are beat frequenci es r/R 1~~~’N, (r • 0, 41, 42, . . . . .), between the output

of the primary and that of the storage unit. Moreove r , since one of the peak lines

in the primary output spectrum is in the neighborhood of and one of those in the

• storage unit is in the neighberhood o bi it is to be expected that some of the

strongest lines in the product spectrum vii]. be in the neighborhood of and

• qb. ~~ but not necessari ly precisely at thes• values as would be expected in the

case of non—cyclic operations.

• It is necessary at this point to distinguish between two different types of

signal processing instr um.n~~tion ploying speed—up . One type is repr esented by

the ARM S or Dt.TIC Cor relato r, for which th. outputs of th. primary and storage units

3—3
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~e avai~ abl e independent ly for filterin g prior to correlation . In the Sequential

Matched Filter , illustrati ng the other type of speed—up instrum entation , the product

function is obtained internally so that separat e inter mediate filtering of pr imary

and storage outputS is not possible. For the firs t type of instrumentation it

may be necessary to investigate the effect s of this intermed iat e filtering proc ess0

• The treatment of this type of operat ion is reserved for a later section . When no

filtering or other modifying operation is performed on the individual out puts prior

to formation of the product function , the operation of the ARMS or D~LTIC Corr e].ator

is essentially equivalent to that of the Sequential Matched Filter. This type of

operati on may be investigated more directly by treating the output product function ,

starti ng with the product of equations (3—2 ) and (3 ‘),

~~~ ~~ect &i~ cos ~~~~~~~~~~~~~~ cos (t~~R)4~9~J~~

= (1/2) 
~~ 

rect ~~~ ~~ 11~~(t_nE-.2ffy9~(t_nR)+ ~ a ~~~~

+ sos /~t7~(t-nP) + 211f~(t1t1~)+ ~~~ 
3-12

From identity (1—34), equation (1—33) and (2—20) applied to ~3—12) give

spec (1/2 ) �:r i /~.ect ~Ij!~! 008 ) 7 ~~ (t_nP)_2fi~~~(t_nR )+ (
~a_ (

~~~)

(1/4 ) ~ tnc(f— ~~ )R exp~i(3~ ) rep 11/~ cc(r ~k9~)

4 sinc(f# )R exp(—i 
~~ 

rep1,’~ a(f+k~~~ 7 
3—13

for the corre sponding difference—frequency spect rum, and

spec (1/2) ~~ sect &~~ coe C21T~~~(t_nP)f 2~7~~
(t_nR)f (?a+(~b_J

• • (1/4) ~~1nc(f-~~~.)R exp(i~~~) rePl,,R ~~(f—k ~~~)

4 sinc(f+~~~)R exp(_i (~~~ rep1/~~c(t4.k~iP~j 7  3—1.4

for the corres ponding sum—frequency spect rum,

where

14~: 
(~~~_ ~~~ 3—15

• : ~: ~:: 8~S1 - M MthB~ 
COP - 316

~ a+~~b. 3-18



From equation (2—21), the effect of sampling leads to

/ i/48j [rep 1,s sinc f -~~ n expu 
~~~ ~~~~~ 1(f-k

+ rep]/S sthc(f+~~ )R .xp(—iØ~~) rep~~~ 4(ff 3-19

for Uz• diff.renc.-fr.quenoy spect rum, and in similar fashion

11/45 1 repl/3 sino(f..~~~)ft exp(i(%.) rep~~~

+ rsp~J~ sinc(f4~/?,..)R sxp(~i~~~) .~~~~ (f4~rq~ J 3-20

for the corresponding s~~ .frequsncy spectrum. Taken together equations (3—19)

and (3—20) provid. the complete spectrum of the output product function (3—12) when

the effect of s”uplinj is taken into account . In practice , however, the sue-frequency

spect rum will usually be r~~ ved by filteri ng so that the output spectrum of interest

is that pro vided by equat ion (3-19). It may be noted that except for the amplitude .

factor 1/3 the seroth order term of rep1/5 in (3—19) Is identical with the specturm

in (3—13). Since in the usual aas• I? / will be less than 1/23, it is seen that a

low pass filter with cut— ff at 1/23 on the output of (3—19) wiU effectively

e14 4’-.te all exo.pt this seroth order tern th.r.by practically ,li ~~lvi. ting the effect ‘
~

of sampling. For present purp oses, therefore, (3—13) may be taken as the spectrum

of interest on the output of the multiplier. From equation (3—10) this spectrum may

bi vritten

(1/4) Eino(f—~~~)R exp(i Q~ç) reP~,R (f- 9~m) -

+ sinc (f4#})L exp( uu i(%~ ) rsPi a~ (f+ 9~m~7. 3—21

It should be noted that cf~/ii spp.aring in the - ‘~*~ction in (3—21) is the frequency
prior to speed—up in the channel containing th. primary A~~~ unit. If the ~~sss

product had been between the output of the primary unit on ch.sm.1 b and that of a

storage unit on channel a, this ter, would hays been replaced by

Tb. first term of equation (3—21) represents a line spectrum ~~th frequency intervals

, 1/R between the lines as illustrated in figure 1 for a particular set of param.t.rs.

As was indicated from comparison of the outputs of the primary and storage ARMS units,

the strongist lines in the differenoe frequency spectrum are in the neighborhood of

3—5



= C~~~— ~~~ The integer corresponding to the strongest line is designated

in figure 1. Fro m the definition of the rep function , equation (1—9), it is

s en  that spectrum (3—21) may be written in the form

(1/4) E~”—~ ” exp(i (3~) I r ((f—
7~

’l~-r/R)

e sinc(f4~~~)R sxP(_i
~~S

) 
~~r ~(t4~~~/$er/a~J

— (1/4) 
~~r ~~inc(t—q~ )R ex1(i?~

.) S(f—~~
’/N—r/R)

4 sinc(f4~~?)R exp(_iQ~
) ~(ff9~J~

Iir/Rj7

(1/4) 
‘ LEinc(9~/11 4. r/ft~9~ )R .x~(i(3~ ) ~ (f.~~~ /N-r/R)

4 sinc(..Ø/Ji — r/~t+y~ )R exp(—i~~.) ~ (f4 9~ /N4r/ftfl

a (1/i.) Zr ~~inc(~~ 
~~ 

- r/R)I( 1~ zP(i(~g ) 1(r-j/Ji - r/R

+ .xp(-i (i-) 1( f+ + r/.~~
’
j

(1/2) 1~ ~~ inc(~~~~ + r/R -~~~)R spec cos [ ~ 4r/R)t4 (3~
J 

~

- (1/2) spec Ir [sinc( ~~r/H.y~)R cos /7~ ~�~/$êr/R)t + 3-22

the last •t.p . coming from (1—35) and (1—a2).

It follows that the output wave form corresponding to the difference frequency

spectrum can be represen t ed by

(1/2) Ir ~~sinc(~F~/N4r/R_~~~)R cos [27r(y~5/~+r/a)tf~~~~ 3—23

Tb. smallest value of/~~~/N + r/R — 9~ / cor responds of cour s the strongest

line in the spectrum. Identify ing the orr.eponding valu, of the integer r by the

subscript m, it is seen that. an ideal narrowband filter , bf width not ~~re than

i/~~ encempassing this line vii]. give the single ter m

(1/2) sino(f25/$erm/H 9f)R one ~~~m7~/$4r./R)t +~J(J 3-24

ad the wavefro m of the filtered output. For 
~�

1
a less than 1/3, that is

less than L/ft it is seen that this line will lie between r~/R and (r,+1)/R.

Similarly it is sq.n that the output waveform corresponding to the sum-frequency

spect rum in (3—4) can be reprec.nted by

(1/2) I~. fsinc( ~~~~I4r/Ls~~~ )R cos J ~~~1( ~~/II4r/R)t 4 (~aJ) 3-25
And an express ion analagous to that in (3—24) can be written for the waveform of

the principal, line in this spect rum.

3-6 8F31 AVAILABLE COPY 
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