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I. INTRODUCTION

1. 1 Problem Description

There are many important problem s in the field of communications

theory that have as their solution the expectation of a random variable.

Perhaps the classic example of such a problem is that of computing the

probability of bit e r ror  for  a binary signal being t ransmit ted on a channel

with linear intersymbol interference L i ]  - C 15). A block diagram for this

example is given in Figure 1.1.

_ _ _ _ _ _ _ _  
n(t)

x( t) Channel ~(t) r(t
~~~~~Recejver I

Figure 1.1

The binary source selects a value for a
~ 

with equal probabil i ty
each T seconds. These source symbols are encoded into waveforms
sUitable for t r ansmiss ion  across the channel. The time func t ion  x( t )

represents a string of these channel waveforms. The channel is assumed

to act upon the waveform string x(t) as a linear f i l ter .  Thus , the waveform
associated with a particular source symbol will typically be distorted in
shape and spread in time by the action of the channel. Let the dis tor ted
waveform string at the channel output be represented by y (t) .  Thi s
signal is assumed to be fu r the r  dis tor ted by the addition of a white
Gaussian noise process , that is denoted by n(t ) .  The waveform string
finally presented to the receiver is r(t ) where  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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r ( t )  = y(t) + n(t).  ( 1 .1)

This signal is detected and sampled. The sampled output at time zero

can be represented by
M ,

r = a  h ÷ a.h. + n  (1 ,2 )
0 0 0  . i i  0i=- M

where r
~ 

is the detected and sam pled output at time i, ... a_~~ ...
a 0 a1 ... aM ... is the binary input si gnal s t r ing ,  h. } is the sampled

impulse response of the channel, and n0 
is the Gaussian noise sample

at time zero. The primed summation in equation (1.2) is a standard

symbolism for a summation that is miss ing  i ts  central term. It is
— fur ther  assumed that the channel impulse response has only ZM + 1

significant terms.

The probabili ty of bit e r ror  at time zero can be shown C 11] to be

given by the expressions

h +u
= Eu [ ~ ( 

o (l .3a)

f f  h +I u I  h - lu t \
= E

~~ [(~
Q ( 

0 ) ~ c~ ( 
0 

)) /2 (l .3b)

where

Q(x ) = ~~~ f~~
ejcp(_y2(z)dy , (1.4)

x

M ,

= 

i=~M 
a
1
h
1
, (1 .5)

~ is the standard deviation of the Gaussian noise, and U represents the

space of all strings of 2M binary symbols. The expressions (1. 3a) and

(1. 3b) are clearly equal mathematically, but it has been shown Cii]

that one fo rm or the other can have analytical advantage ’s when evaluating the

probability.
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Unfortunately, the expressions in equations (1. 3a) and (1. 3b)

may be diff icul t  or computational y impractical  to solve exactly. For

example , if the interymbol in ter ference  extend s for forty samples

preceeding and t rai l ing the actual signal sample t ime (M 40), the exact

evaluation of the probability of error  would involve the summation of

z 80 1024 terms of the form of equation (1 .4) .  Thus , even if equation

p (1 .4)  could be solved in 1 nanosecond of computer time , exact computati on
5of would r equire 3 x 10 centur ies .  Although channels having an impulse

response that is significant over 80 bit t imes may be ra re , it is clear that

the computation involved in calculating (1 . 3a) or (1. 3b) can still be large

even for fa i r l y modest impulse responses.

Expressions similar to (1 . 3a) can be derived for the probabil i ty

of bit error on any additive Gaussian noise channel with linear in te r fe rence.
Examples would includ e spread spectrum multi ple access channels , and

channels with co-channel in ter ferenc e L l 6 J  - C 19]. Thus , the evaluation

methods that will be discussed below are  more  generally app licable than to

just intersymbol interference problems. They wifl app ly to Gaussian channels

with other kinds of linear interference as well.

1.2 Isomorphism Theorem

One possible approach to problems in communications and information

theory that appear difficult or impossible to solve in their exact form is

to find bounds to the exact solution that are easily computed.  One technique

that has been proven to be useful in providing bounds to problems of this kind

is the Moment Bounding Technique C i l ]  - tl9]. This technique is based

on an Isomorphism Theorem from Game Theory Lao], L21J . In this approach ,

the moment of the function of the random variable that is of interest is

bounded in t e rms  of moment s of other funct ions of the same random
variable . These other  functions a re  chosen such that thei r moments are

relatively easy to evaluate. This approach has the unique advantage that

both upper and lower bounds can be found with the same computational
technique. In addition, the moment bounds that are der ived using two or

three dimensions yield a relatively simple geometrical  unders tanding of the

bounding process.

3 
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The Isomorphism Theorem can be stated as follows:

Isornorphism Theorem:

Let u be a random va riabl e w ith probability distribution G
~~
(u)

defined over a finite closed interval I = Ca , bi . L€ k 1(u), k 2 (u) , ... ,

k (u) be n continuous functions defined on I. Let m., j = 1, . • • , n, denote the

n generalized moments of the random variable u induced by the functions
~ k. (u) ~..

= k . (u )  d G
~~

(u) E
~~

[k . (u ) ) ,  i 1, ... , n ( 1 . 6)

Denote the moment space as

m = (m 1, m2, ... , m )  c R ’3
I ( 1 . 7 )

where  Gu (u) ranges over the set of all probability dis t r ibut ion functions

defined on I.t41 is a closed , bound ed, and convex set.

Let ~~~denote the generalized curve r = (r 1, r 2, .. ., rn ) t raced

out in R
n 
by r~ k

~
(u) for u € I. Let J~~be the c~~ vex hull of . Then

~11=x.

The application of the Isomorphism Theorem to bounding problems

can be seen from the following two dimensional (n = 2) example. Given

a function k1(u) of the random variabl
e u whose moment , E

~~Ck i (u) ]i  is

desired , select a second function , k 2 (u), whose moment is easily computable.

By identif y ing the functions k 1(u) and k2 (u) with the two orthogonal axes

of a two-dimensional coordinate system , as in Figure 1. 2 , a curve can

be traced out as u varies through its f ini te range of values. The convex

hull , e~W’, of the curve ~~~can now be found , as in Figure 1.3. Let m 2 denote

the value of the moment of the function k 2 (u) as in (1.6).  According
b to the Isomorphism Theorem , the set of all moment pairs

= ~ (m 1, m 2 ) m 1 ECk 1(u )] , m 2 = ELk 2 (u)] ~ (1 .8)

4
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as the dis t r ibut ion of u varies over all possible d is t r ibut ions  defined on the
range of u , is identical to the convex hull eiW2. Thus , from Figure 1. 4 ,
upper and lower bounds to the exact value of m 1 occur at the points where

r the line k2 (u) = m2 intersects the surfac e of the convex hull. In Figure 1. 4,
the values of the bound s are denoted Pe and P respectively.

U eL

Most of the applications of the moment bounding techniques to
problems in communications theory have used two-dimensional moment
bounds C8] - C 13], L l 6 J  - t -t 9 ] .  Thi s is because two dimensional bounds

- - are quite intuitive and inherentl y tractible (they can always be found graphically) .
The following chapters are an extension of the application s of the moment
spac e bounding technique to classes of higher-dimensional  bounds. Higher
dimensional bound s are valuable for two reasons. First , they usually
offer tig hter bounds than those that can be computed with two-dimensional
techniques. Second , in some cases they offer bound s that are  as tig ht as
the best two-dimensional bounds but require less computational effort.

Thus a higher-dimensional moment bounding technique offers  ti gher bounds ,
or 1e88 ef f o r t , or in some cases both ti ghter bounds and less ef f o r t  than two-
dimensional bounds.

6
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2. 1 Preliminary Defini t ions

A f in it e  length twisted cu rve  can be defined in E
3 b y t h r e e

parametr ic  equations:

p x = h ( u )  
(2 .1 )

y = g(u)  
(2 . 2 )

z f(u )  
(2. 3)

p wh ere U€ I
u ~a , b j  and a and b a re  f in i t e .  The func t ions  h ,  g, and f

w ill be assumed to be smooth and sin gle valued on I. By smooth it is m eant

that the funct ions  are  continuous and have continuous derivat ives of all

o rde r s  on I = (a , b), the int er ior  of the reg ion 1.  When the values x. y ,

and z are associated with the axes of a standard 
orthogonal right handed

coordinate system~ the cu r ve ~~ w i ll be t r aced out in th ree  dimens ions

as u c o ve r s  i t s  ra nge of values,  I
U

p

An equivalent de f in i t i on  of the cu r v e~~~ is g i ven by

y y (x)  = g(h~~~(x))  
( 2 . 4 )

z z(x) = f(h ~~~(x))  (2 . 5)

p where  x takes values in the finite in te rva l  defined by I Lh ( a ) ,  h (b ) ] .

The f ini teness  of I is assured by the f ini teness  of I and the smoothness

of h. This second epresentatioll for the curve ~€ will prove to be very’

usefu l in the developmen 5 that follows.

p
It will be assumed that  the z-axi s is associated w i t h  the funct ion

whose moment  is to be bounded . The x and y axes will  be associated wi th

the auxillary func t ions  that have been selected to be used in the bounding.

A representa t ive  sketch of a curve  ~~ and the funct ions  y(x )

and z(x)  is given in f i g u re  2. 1.

7 

- . - ~~~~~~~~~~~~~~~~~~~~
--.—— .-- -_ - - . - -

~~~~~~
---

~~~~~~~
-
~~~~~~~~~



~~~~~~~~~~~~~~~~~~~~~~~ -
~~~~~

--
~~~~~~~~~~

-

~~~~~ 
-i~~rI TT~:—~~~~ ~~~~~

The convex hull JV9of a f in i te  length twisted Curve  
~~~~~~~ , can be

defined in two equivalent  w ay s .  The f i r st  could be termed an i n t e r i o r
def in i t ion  in that it def ines ,~~

9in t e rms  of points known to belong to
Th ese are th e points  on t h e c u rve

Defn : The convex hull, ~~~~ of a tw i sted curve  , is the collection
of all points p representable  as l inear  convex combination s of points  of
That is

X 1 p 1 + X 2 p2 + (1 - - A
2

) p3 (2 . 6 )

p1, p2, p3

X 1~ ~~~~~~ 

( 1 -  - X
2

) �  0

It can be shown E z a ]  that the number  of poin ts in the convex combinat ion
(2. 6), need ne v er exceed th e di m ens i ona l it y of th e cu r ve

The second d efinit ion of a convex hull g en era ted  by the cu rve
could be termed an exter ior  def in i t ion . This is because the de f in i t i on  i n v o l v es
the in te r sec t ion  of a sequence of closed spaces that converge  to the hull
f rom its  exter ior.

Defn: The c~~~yex hull e~r, of a twis ted  curve  ~~~~~~~~, is eq u al to th e
in tersec t ion  of  the set of all closed half spaces that contain the cu rve

A plane that def ines  a member of the set of half spaces , th at al so cont ain s
points of will  be called a tangent  plan e or a s u p p o r t  pl ane  to

those points.

When us ing  the I somorphism Theorem to solve moment  spac e
bounding problems , it  is the sur face  of the convex hull that  is of i n t e r e s t .
The s u r f a c e  can be thought  of as being c o n s t r u c t e d  of t h r e e  k inds  of 

features.8
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These are  1) isolated (or ex t reme)  poin ts , 2 ) chords , and 3) planar
sect ions .  This sor t  of d iv i s ion  into f ea tu res  can easil y be unders tood  in
ter n-i s of tangent  planes to the s u r f a c e  of ,iW’. It is clear th at a tangent

plane to a convex s u r f a c e  can have  onl y t h r e e  k inds  of sets of points  in
common w i t h  the  su r f ace .  The f i r s t  kind is the s ing le (isolated or e x t r e m e )

poi n t .  The second would be a l ine segment  (chord) .  This is clear because
if any two points belong to a convex bod y, all points on the l ine segment  connec t ing
them m ust be in the convex bod y. The t h i r d , by si mp le extension of th i s
arg ument , is a planar segmen t. When thought  of in t erms  of tangent  p lanes ,
t he fea tures  a re  said to be the c h a r a c t e r i s t i c s  of the par t i cu la r  appropr i a t e
tan gen t planes to ~

W1.

In g ene ra l, der iving a mathemat ical  descr ip t ion  of the convex hull
genera ted  by a given twisted curve  is a d i f f i cu l t  problem. There fore ,
the deve lopment presented  below will deal with  a class of curves  ~~~~~~~, whose

members  are encountered in e r ro r  probabi l i ty  problems , and whose convex
hu lls are  easil y charac te r ized.

It will be assumed that  the  func t i on  y (x~ is s t r i c t l y convex  w i t h

res pect to x on 1 the domain of v. This  a ssumpt ion  is not se r ious l y l i m i t i ng

in p rac t i ce .  This is because the f u n c t i o n s  x and y a re the f u n c t i o n s  that

have been sel~~~t ~ to be used in t he de r iva t ion  of the bounds.  They can
easily be ~~~~~~ .~.pecifical1y such that they are convex wi th  r e spec t  to
eac h o ther .

This convexi ty  assumpt ion  has two major  imp l ica t ions .  The f i r s t
is that every  point  on the cu rve  is an isolated point on the sur fac e of
The second is that  the chord c o n n e c t i ng  the end poin ts  of wi ll l ie  on the

sur face of ~~ The f i r s t  implica t ion  i s im por t ant beca u se of t he  f act that

the convex hull  of a set of points  is i d e nt i c a l  to the  convex hull  of the  ex t r eme
or isolated points  in t he set [2z] ,  [2 3] .  Thus , i f t h e set of poi n t s  is  the

curve  
~~~~~~~

, and every  point  of is an isolated point , then e v e r y  point of

~~ is req ui red  to def ine  the convex hull 
~~~~~~~~ 

There fo re , e v e r y  point  of

is on th e su r f ace  of~X~ and every  point  of is r e q u i r e d  in t he  de f in i t ion  of~W~

9
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The importance of the second imp lication is that the chord and the

cu rve  form a closed loop that is en t i r e l y on the  su rfa ce of the convex hu ll

This fact  will be useful  in p rov ing  the  lemmas that follow .

Both of these stated implications can be varif ied wi th  the hel p
of Figure  2. 1. It can be seen in F i g u r e  2. 1 that the convex hull of the cu rve

y(x) is bounded by the  cu rve  y(x)  i tself , and the chord connect ing the end

points of y(x) .  But by con s t r u ction , y(x )  is the x -y  plan e pro j ection of t h e

c u r v e  . Fu rt h er more , it can be seen that the x -y  plane pro jec t ion  of the

convex hull ~ rwiii be the convex hull of the x -y  plane project ion of

which is y(x) .  But since the proj ection of the cu rve  and the p ro jec t ion

of the chord jo in ing  the end points of a re  the boundary  of the  pro jec t ed

hull , the original  curve  and the or iginal  chord must lie on the boundary

of the hull pi~
2 [22] .

Another  idea that will be r equ i r ed  in the following development

is the r ietion of a regular i ty  condtion.

Defn. The sur face  of a convex hull , ~ genera ted  by a f in i t e  length

twis ted  cu rv e ~~~~~~ , will be said to conform to a regu la r i ty  condi t ion if the

sur face  is character ized  ent irel y b y chords  th at eman ate f ro m the end poi n ts

of ~~~
’ .

Curves  that generate  hulls that meet this r egu la r i ty  condi t ion will  be seen

to y ield bounds that are easily computable.  This is because all poi nts

on the su r face  of these hulls can be descr ibed in t e rms  of cho rds emanat ing

from th e endpoints  of th e curve  ~~~~~~~. In par t icular , the points  on the sur fa ce

of irthat correspond to the des i red  moment  spac e bounds will  be points

of the chords  that emanat e f rom the endpoints  of w and in t e r cep t  the l ine

x m 1 ( 2 . 7 a )

y (x)  m 2 (2. 7b)

10
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There will  be two such chords , co r r e sponding to the two end points of
The points of in tercept ion of these  chords with the l ine of equations

( 2 .  7a, b) will y ield the desired upper and lower bounds.

When the regularity condition is met, the bounds can be evaluated

as follows. Consider Figure 2. 2. F igure  2. 2 shows the x -y  plane p r o j e c t i on
of the curve  ~~‘and the two chords emanating f rom the end points of
d enoted 

~l and t 2. In this projection , the line of equations (Z.7a, b) shows

as a point. Since two points d efine a l ine , the end poi nts of ~~ , de n oted

(y . , x . ) and (y , x ) in F igure  2 .2 , and the point (m , in ),
mm mm max max 1 2

completely define both the chord and the chord 12. By using the

definit ion of these chords and equation (2 .4 )  the points (y 1, x 1) = (y (x1 ), x~ )

and (y 2, x 2 ) = (y (x 2 ), x2 ) can be computed in te rms of the values of x 1 and x 2.

y - y(x ) y - i nmax 1 
= 

max ( 2 8
x - x  x -Inmax 1 max 1

y ( x ) - y  . m - y2 z-nin 
= 

2 mm
x. - x  . in - x2 mm 1 mm

By solving equations (2. 8) and (2 . 9) for x 1 and x2 respectively , and us ing

equation (2 . 5), the values of the bounds z~~~ and may b e com p uted

x - m(1 )  max 1z - (z - z(x )) (2 , 10)o max m a x  1 x — xmax 1

= z . + (z (x ) - z ) ~ 
- Xmin (2.11)

P o mm 2 m x  - x2 mm

where

z = z(x ), (2. 12)max max

and

z - z(x . ). (2 .13)mm mn

_
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One of z~~~ and ~
(2 )  will be the upper bound and the other will be the lower

bound. The determination of whether the upper bound (for instance) has

the form of equation (2. 10) or equation (2. 11) will depend on the nature

of the functions y(x) and z(x) .

p

• y
p

~max
‘ £

p S

p
in . I I

2 •
I I

I S I
S I

I S
I I
I I- p  y l I 5

S I
I I

~min . ~~~
I I I X

x . x in x xmm 1 1 2 max

Fi gure 2. 2 
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— The bound s of equations (2. 10) and (2 . 11)  appear to have several

important pract ical  computational advantages.  The f i r s t  is that  equations

(2. 10) and (2. 11) are of a very simple form.  The second is that the form

of the bounding equations remains the same over the reg ion where  the

regular i ty  condition is sat is ifed . As long as thi s condition is satisifed ,

the form of the bounding equations is independent  of any of the bounding

parameters  (e. g . ,  the values of y .  Xmax l m 1, in2
, e t c . ) .  This has

not been typicall y the case for the two-dimensional  moment space bounding

results that have been presented earlier [11], E12], [16] - [ 19] .

Consequently, there  bounds will be relat ively easy to evaluate , possibl y

even easier than some two-dimensional  bounds that may not be as tig ht as

these three-dimensional bounds.

- 
- Another useful  notion will be that of consis tency in sign.

Defn: A funct ion will be sai d to he consis tent  in s igx ~~if it has no

zeros or sign changes on its domain of def in i t ion.

This notion will prove to be very useful  in the development of su f f i c i en t

condition s f or a tw isted cu rve  to sat i sf y the r egular i ty  condi t ion.  These

suf f ic ien t  condi t ions  are  developed in the  next section.

14
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2 .  2. Sufficient Conditions

In th is  section , c r i t e r i a  a r e  developed that i n su re  that  the r egu la r i t y

condition defined in the previous section holds for a par t i cu la r  twis ted

curve . The development of useful  c r i t e r i a  will be presented  as a

sequence of four lemmas, and a discussion of these lemmas. The proofs

of the lemmas are  presented as appendicies.
p

Lemma 1:

Consider a chord , I ,  connect ing any two points of a twis ted  cu rve

Let the convex hull generated by ~~ be d eno ted by ~W’. If any in te r io r

point of I (not an endpoint) is on the surfac e of ~~~~ the en t i r e  chord I is on the

- - surface of

Proof:

Appendix 1.

This lemma states that if any in t e r io r  point of a chord is on the surfac e

• of the whole chord is on the surface .  It can be seen that thi s implies

that if any point of a chord can be shown to be other than a surface  point of

then no interior point of the chord can be on the surface.  This lemma

is of use in d iscr iminat ing  between cho rds that a r e being invest i gated as

~ P possible surface features of some convex hull. Consider the sketch of

Figure 2 .3
y

I

p

2
y - — - -- -- -  

3
0

I,

I - - x
x

0

hi. ~~~~~~~~~~~~~ ~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Figure  2 .3  represents  the x -y  p lane projec t ion  of a f in i te  length twisted
curve and three chords , Ill 12, and 1 31 j oini ng po in t s  on ~~~~~~~. The
point ( x ,  y )  is the project ion of a line parallel to the z -ax i s  in E3.
Such a line will intersect the surface  of the convex hull gener ated by ~~
in two points ~22] . Assume that the chord 

~l lies on the surface  of the
convex hull ~W’, generated by ~~ , and includes  one of these two points .
Similar ly,  assume 2 is also a surfac e chord and includes the other of the
two points .  Now , byLemrna 1, 12 can hav e no i n t e r ior poi n ts  on the  s u r f a c e
of ~~3run less ei ther  I~ and 22,  or 23 and Lz i n t e r s e :t in E

An impor tant  concept that will be needed in the following develop ment
is the notion of an order ing  of chords  in the i- sense .  This idea is most
easily understood p ic to r i all y. Thus , a sketch that out l ines  the ideas involved
is given as Fi g u r e  2.4.

Given the cu rve  , con s ider  two chords , denoted L i and L2 ~~
Figure 2 . 4 , whose  x -y  plane p ro jec t ions  i n t e r s e c t .  Let the x -coord ina te
of this point of in te rsec t ion  in the x -y  plan e be denoted by x . Clearly the re

3 0
is a point on each of th e chords  £ 1 and L

~ 
in E whose x-coord ina te  has the

value x0. Let the z -coord ina te  value of these points  on the chords
and be denoted by z 1 and z2 respect ive ly .  Then , if as in Fi gure  2. 4 ,
z 2 > z 1, it will be said that chord L

~ is grea ter  than (>) chord L i in th e
z-sense. If the o rder ing  of the values of z 1 and z 2 had been r eve r sed , the
ordering of the chords in the z-sense would have been reversed. The concept
of o rder ing  in the z-sense  combines natura l ly wi t h th e concept  of consi stency
in si gn. If chords L i and £2 belong to d i f f e r en t  famil ies  such that all chords
from the family of L i are always g r e a t e r  than or always less than chords
of the famil y of £2, in the z - sense , th en the  r e l a t ionsh ip  between t h e s e
families of chords  will  be said to be consis ten t  in the i- sense .

Lemma 2:

Consider  a f i n i t e  length twis ted  curve  ~~~whose x -y  pro jec t ion  is
convex. Consider  a pair of chords j o i n i n g  points of ~~ whose x -y  project ions
i n t e r s e c t .  Label the two c h o r d s  as shown in  F i gu r e  2. 5. That is , the  r igh t -
most chord  is labeled L~~, and the le f t - m ost  is lab el ed £

2. If for all possibl e

pairs of such chords either > in the i- sense , or £2 -

~ 

in  the i - sense,
then the r e gu la r i t y  condit ion holds.

I -- - - - -- --~~---- ~~~~~~~~~~~~~~~~~~ --- --- --~~~~--- --
~~~~~~-
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Ordering of Chords in the Z-Sense
p

z

• L i

2
p 

.

Chord > Chord L
~ 

in Z-Sense

p Figure 2 .4
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y

L i

x

- Figure 2. 5

Proof:

Appendix 2.

This lemma states that if there  is a cons is tent  i- sense  relat ionship

between pa i r s  of cho rd s whose x-y  plane project ions in t e r sec t , th en th e

regular i ty  condit ion holds. That is , if the  r i g h t - m o s t  chord , the chord £1
in Figu re  2. 5 , is always above , in the i -sense.  a chord to the left of it ,

then the hig hest chord must  be the one that is placed as far  ri ght as possible ,

i. e . ,  the chord that t e rmina tes  on the ri ght end point of the cu rve

But then the lowest chord must  be placed as far left as possible , i. e .,

the chord tha t  emanates  f rom the  lef t  end point of ~~~~. The conclus ion  is

s i m i l a r  if chord £ 1 is always lower ins tead of always h i g h e r , but the posi t ions

are reversed. In either case the highest and lowest chords emanate or

t e rmina t e  on end points of . These chords must  all be on e i ther  the upper

or lower s u r f a c e .  This is exactl y the de f in i t i on  of the r egu l a r i t y  condition .

18
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Lemma 2 is a valid test for  the r egu la r i t y  condit ion.  However ,

it would be very  d i f f icu l t  to use Lemma 2 as a c r i t e r ion  for testing for  the

regularity condi t ion  because of i t s  n o n - c o n s t r u c t i v e  na tu re .  Lemmas

3 and 4 deal wi th  the problem of f i n d i n g  a c r i t e r ion  that is more  cons t ruc t ive .

- - 

Lemma 3:

p Cons ide r  a tw is ted cu r v e , and chords L~ and L~ as inLernma 2.
Let the end points of the chords be labeled as shown in F igure  2. 6

p y

(x 1, y 1, z 1)

H
(x3, y3, z3 )

- 

1
2

p (x2, y 2, z2 )

(x4, y4, z4 )

x

P Figure 2. 6

For each par t i cu la r  chord pair s imi lar  to that of Figure 2. 6 , relabel the
axes to fo rce  the point (x 4, y 4, z4 ) to the or igin.  Then if for  all such
possible chord pa i r s , the term

(
~~ -~~~ 

(
~~ - -~~ - (

~
-
~

) (~~ -~~~ (2 .14)
\X 3 X

2/  \ X 1 X
2/  

x 1 x
2 \X 3 

X2/
p -

is of cons i s ten t  sign , the r e g u l a r i t y  condit ion holds.

19 
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Proof:

Appendix 3.

Lemma 3 is an improvement  over Lemma 2 in the sense that
Lemma 3 provides  a more  cons t ruc t i ve  test  for the  regu la r i ty  condi t ion.
However , this  test  involves making computations based on all sets of four
points on the cu rve  

~~~~~, and the re fo re , is still not p rac ti ca l .  The sh i ft ing
of the point  (x 4, y 4, z 4) to the ori g i n can be seen to reduce  the complexity
of the t e rm  (2 . 14), but has no other effects .  Thus , a m ore  c on s t r u c t i ve
te st is needed . Such a test is given by Lemma 4.

- 

- 

Lemma 4:

— Consider  a f in i te  length twis ted  cu rve  ~~~~~ def ined para m et r ica lly in
x by y(x) .  If y (x )  is  a convex func t ion  of x on 

~~~
‘ the -range of x , and

V ( x ) = ( X i ~~) ”  
(
~~~~

) - (
~~~~) 

(
~~

)‘ ( 2 . 15 )

is of consis tent  si gn on I~ (pr imes indica te  d i f f e ren t i a t ion  w it h  respec t
to x), then the r egu la r i ty  condit ion holds.

Proof:

Appendix 4

This  lemma provides a test  for the r e gu la r i ty  condit ion that  is
t rac table .  W h e r e  the t e rm (2 , 14) was a f u n ct i o n  of four  poin ts  on the cu r v e

(2 . 5) is a f u nc t i o n  of onl y one. Thus (2. 15) can be easil y eva lua t ed on
to d e t e r mi n e  whether  or not the condi t ion s of Lemma 4 are  met . This  eva~u at ion
will  be seen to be especiall y easy for the special  case of Coro l la r i e s  4. 1 and 4 . 2 .

~ p~ o 1lary 4, 1 :

Consider  a f in i te  length  t w i st e d  cu rve  def ined  as in Lemma 4.
If y(x)  = x

2 
+ ax for any real number  a , and

20
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V 1(x) = (2 . 16)

is of con si sten t sig n on 
~~~ 

then the regu l a r i t y  condi t ion  holds.

For the  impor tan t  special  case of t he  f u n c t i o n  y ( x )  being q u a d r a t i c

in x , the r e q u i r e m e n t  that (-~-~-~-L) be s t r i c t ly convex is s u f f i c i e n t  to i n s u r e

that the r egu la r i ty  condition holds. This is an ex t remely easy condi t ion to
ver i f y .  The class of f unc t i ons  x and y (x )  related as in Corollary 4. 1 is
impor tan t  because it includes func t ions  that  often have relativel y easil y
computed moments .  Par t i cu la r  examples includ e th e second and f our t h
moments and exponential moments (i. e . ,  E~ L e :).

Occasionally, how ever , it is cumbersome to d e t e r m i n e  whe the r

or not the func t ion  ( z(x) ) is of cons i s ten t  si gn. In such cases , Corollary

4. 2 o f f e r s  a somewhat more  r e s t r i c t i v e, but perhaps more easil y computed
c r i t e r ion .

corol lary 4. 2:

- P If for the twisted curve  as defined in Corollary 4. 1 equation
(2. 16) is rep lac ed with

V2
(x) = ‘(x) (2. 1 7 )

and V 2 (x) is of cons i s ten t  sign on I~~’ t hen the r egu l a r i ty  condi t ion holds.

The resul ts  leading to Lemma 4 can be fo rmula ted  as a heorem.
This theorem summar i ze s  the bounding resu l t s  that have been obtair ~ed

thus  far .

Theorem 1:

- 

p 
Consider  the convex hull  ~~ genera ted  by a f i n i t e  length twis ted

curve  that  sat isf ies  the cond i t i on  of Lemma 4. Then e i ther

p

t 21 

~~~~~~~~~~~~~~~~ -- -~~~~~~---- - - - - - -~~~~~- L4



A) y(x)  is convex U

or

B) y (x) is con vex fl

and ei ther

C) V(x)  (equat ion (2. 15)) is cons i s t en t l y p o s i t i v e

or
D )  V ( x )  i s c o n s i s t e n tl y ne gat ive .

If A) and D) a re  t r u e , or B) and C) are  t r u e , then the upper  hound wi l l  be

deter mined by a chord  emanat ing  f r o m  the  end poi nt of a s soc ia ted  w it h

the m a x i m u m  value of x. The lower  bound will be d e t e r m i n e d  by a chord

emanating f rom the end-poin t  of associated with the min imum value of x.

This is to say that the upper  bound can be evaluated us ing  equat ion (2 . 10),

and the lower bound evaluated us ing  equation (2. 11) . If A) and C) a re  t r u e ,

or if B) and D) are t r u e , then  the ro les of the chords and equat ions  (2 . 10) and

(2. 11) a re  reversed .

An expl ic i t  proof o f T h e o r e m  I wil l  not be p resen ted .  The essential

a rgumen t s  are  included in the proofs of Lemma 3 and 4. A proof o fTheorem

1 would amount  to keep ing t r a c k  of the  si gn of the  con si s t en t  si gn t e r m s

as they  a re  developed in Appendicies 3 and 4. Presenta t ion  of such a

hockkeeping proo f would be tedious  and unenl i gh t e n i n g .
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2 . 3 Examp les of Numer i ca l  Resul t s

The t h e o r e t i cal ly der ived  hound ing resu l t s  that a re  stated in
P Theorem 1 will  be app lied to two speci f ic  examples. Both examples a re

in te r symbol  i n t e r f e r e n c e  problems of the type d i scussed  ear l ier .  The

major di ff e rence  between the tw o examples is the choice of auxiliary

funct ions used in obtaining the bounds.

Example A :

The f i r s t  example to be con sidered u t i l izes  exponential func t ion s

for both the h(u )  and g(u )  funct ions  of equations (2. 1) and (2. 2). In th is

exam ple the c u r v e  is g iven by the  t h r ee  pa r ame t r i c  equatio n s

c(h + u )
0x h ( u ) e ( 2 . 1 8 )

Z c(h + u)0y = g ( u ) e ( 2 . 1 9 )

h - f u
z f ( u )  = Q (

~ ~
) (2. 20)

w h e r e  c is an a r b i t r a r y  constant  whose  value wi ll be selected later , and

all o ther  t e rms  a re  as def ined in Section 1. 1. It is clear f rom equat ions

(2. 18) and (2. 19) tha t

y = x2 . ( 2 . 2 1)

Thus , Coro l la r ies  4. 1 and 4. 2 app ly . The moments  of the func t ions  x

ari d y w e r e  de r ived  in [ IL  to be

Mc(h 4 u )  ch  ch
m E u : e - e COSH(ch.)  e in (2. 22 )

x i~~-M m x

2c(h + u)  2ch M 2ch
m E u e = e ° 

i M 
COSH(2ch. ) = e ~ m (2. 23)

w h e r e

m ’ fl COSH(ch .)  (2. 24)
X i= - M I

-- -5- 
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M

m ’ = fl COSH(Zch.) .  (2. 25)
y i= - M

It will be f u r t h e r  assumed that the in te r symbol  i n t e r f e r e n c e  “ eye is open. ”

This is a r e f e r e n c e  to an in tu i t i ve  method of measur ing  the amount  of

in te r  symbol i n t e r f e r e n c e  wi th  an oscil loscope.  Quant i t a t ive l y, it means

th at th e ampli tude  of the des i r ed  si gnal is l a rger  than the wors t  case inter-

fe rence .

h0 > D = ~h . l  ( 2 . 2 6 )
i=- M

Quali tat ivel y,  this  mean s that for a n o i s e - f r e e  channel , p e r f e c t  r e c e p t i o n

cou ld be ach ieved  by a memoryless r e c e i v e r .  In p r a c t i c e , i f the  “open-

eye ” assumpt ion  is not va lid , the channe l will  p roduce  so much  si gnal

d is tor t ion that  the channel is probabl y not of i n t e r e s t .

By us ing  equations (2 . 18) - ( 2 . 2 3 )  in equations ( 2 . 8 )  - (2. 11)

and simplify ing the result s , the  equations fo r  the bound s for  t h i s  spec i f ic

example are

/ h  +~~~\ m ’ - e~~~~ /h - D e~~~ - m~
= ~~~~~) Q 0 ) X 

~ Q( 
o ) X ( 2 2 7 )

- cu -c lD \ - cu cDe - e  e - e

w h e r e , , - cD‘.. ni - m t ’
ec

~~ = y x ( 2 . 2 8 )-cD
m - ex

•S

L and
‘-‘ cD , cu

fh  + u ~ e - m  /h  + D \  m - e
= Q ( 0 ) — 

X + ~
( ~ X (2. 2 9)

V. Z / e
CD 

- e / eCD 
- e~~

~ w h e re , , cD
‘.‘ m - m  e

e
ctl

= y x ( 2 . 3 0 )
cD

— m - e
x

24 
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•
If the r egu l a r i t y  condit ion hold s , e i ther  equation (2. 27) or equation (2. 29)

wi ll r ep resen t  the upper bound , and the other  one w ill be the lower bound .

Thu s, it remains to determine if the regularity condition holds.

As mentioned above , equation (2. 2 1) implies that  Corol la ry  4 .2

is app licable. The t e rm z’ ‘ ‘(x) may be computed f rom equat ion (2. 18)

and (2. 20) u s ing  the chain rule of calculus.  This t e rm may be expr essed

as a funct ion of the  param eter u as

3 h + u h + u (h + u) 2
/2~~

2 
- 3c(h + u)

d i  (u) = 

c 3
~ ~ 

- ( 0 
+ c~ ( ° + 2c~

] 
e

(2.31)

where  t he pa ramete r  takes values in the  region

- D~~ u~~ D 5 - h  . (2 .32)
0

According to Corol la ry  4. 2 , the r e g u l a r i t y  condition will hold if the r ig ht

hand side (RHS) of equation (2.31) is consistent  in s ign.  It can be seen that

th is  depends on ly upon the term in square b racke t s .

h + u  h + u
- ( ~2 +~) ( ~ + z c)  ( 2 . 3 3 )

This t e rm must  be consis tent  in s ign for all values of the parameter  u in

-D , ID] . An analysis of (2 .33 )  indica tes  that if the constant  c lies in any

one of t h ree  regions on the real line , cons i stenc y in sign is assured .

These th ree  regions a re

Region I:

I’ 
~ 

(h ID) ~ ~
/
~~~~~~D)2 8 c - ~ 

( h +  D) 
+ _ _ _ _ _ _ _

(2. 34)

p
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Region II:

(h - D)
c~~ 

-~~~~~ 

2 ~~~~ V ° 

~~
-2

~ 
(2. 35)

Region III :

3 (h 0 + D )  
~~~~~~ 8c ~ -

~~~ 2 - 
~~ V +—

~
- (2. 36)

Thus , whenever  the a r b i t r a r y  constant  c is chosen to lie in one of these

three  regions , the regula r i ty  condit ion wil l  hold and the bounds of equations

(2. 27) and ( 2 . 2 9 )  are valid.

For purposes  of computat ion , the bounds of equation s ( 2 . 2 7 )

and (2. 29) were  evaluated at the four  f in i t e  boundary points of t he  t h r ee

reg ions.  From among these four  eva lua t ions, th e best was selected

and included as an entry  in the column head ed “se lected 3 - I D ”  in Table 2. 1.

For compar ison , the optimum two d imens iona l  bc*inds derived in [11]

are  p re sen ted  as the column labeled “opt imum 2-D. ”

The two-dimensional  resu l t s  presented  in Table 2. 1 w e r e  computed

using the planar cu rve  given by equations (2. 18) and (2. 20).  The resu l t s

a re  opt imum in the sense that the values of c that yield the smallest  upper

bound and g rea tes t  lower bound have been computed.  These computa t ions

amount to i te r a t i v e  solutions of a complicated nonl inear  equation.  This

mus t be done tw ice , on ce f or th e upper  an d once fo r th e lower bo und , for

each bounding point  computed.  Thus the values p r e s en t  in Table 2. 1 r equ i red

10 i t e r a t i ve  solutions.

The bounds of Table 2. 1 a re  an example of t h r e e - d i m e n s i on a l  bound

of fe r ing  resu l t s  that are  essentially equivalent  to the best  two-d imens iona l

res ul ts , but r e q u i r e  less computat ional  effo rt. The t h r e e- d i m e n s i o n a l

bound s of Table 2. 1, r equ i red  the evaluation of ei ght exp l ic i t  e x p r e s s i o n s .

Each bound (upper  and l o w e r )  was  compu ted  fo r  each of the f o u r  values of

the pa ramete r  c. Al though the evaluat ion of equat ions  (2. 24) and (2. 25)

might  be tedious if M is l a rge , th is  task could easil y have been accomp lished

with a s tandard  sc ien t i f i c  hand ca lcu la tor .  The optimal t w o - d i m e n si o n a l

bounds req u i r ed a general  purpose  c o m p u t e r  fo r  t h e ir  eva lua t ion .

26
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Example B:

The second example also deals with the in te r symbol  in t e r f e rence

probl em, but in this case the bounds are derived using the second and fourth

moment of the in te r fe rence .  In th is  case the cu rve  is g iven by the param etric
equations

x = h (u )  = u 2 (2. 37)

y = g(u)  = u 4 (2. 38)

z = f ( u )  ~~[Q (

h +  
u )  (h ~~~ u )  

~ 
. (2. 39)

Equation (2. 39) has been w r i t t e n  in this  form so that the range of the

variable u can be limited to the pos i t ive  real axis.
M ,

o u ~ D = 

i~~~M 
Jh . I h ( 2 .40)

As is implied in expression (2. 40),  the “open ey e” assumption is mad e for

this  example also. The moments  associated w ith the func t ions  (2. 37) and

(2. 38) have been computed by Yan : 12] . The form of these  moments  is

m
~ 

Eu~~u 2 1 
i~~~M ’ 

M , M 

( 2 . 4 1 )

in = E
~~ 

u 4] = ( ~~ h~~
) 

2 
+ 4 ~~ h~ ~~ h~ . ( 2 . 4 2 )

i = - M  i= -M j z i + l  ~1

If the r e g u l a r i t y  c ondition hold s , the bounding equations can be
derived from equations (2. 10) and (2. 11). These equations are

2 2

W(D) + (1 

~~ 
W ( u ) (2 . 4 3 )

where  h + u  h - u

and 

°

~~~~~~~~~

and
28 ..
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~ (~J~i~ ) + (
~ 

- w( o ) • (2 .46)

It can be seen that these equations wil l  be even easier to evaluate than those

of the  p rev ious  example.

• 2
Since y(x) = x , Corollary 4. 1 may be invoked to say that if

2 / \
V (x)  -~~—- i.~1~i-i (2 .47 )

1 2 ~~ xdx \

is of c o n s i s t e n t  s ign , then the r e g u l a r i t y  cond i tion will hold for  th i s  example.

Unfor tuna te l y ,  (2. 47) will not be of consis tent  si gn for all cases of in te res t .

F igu re  2. 7 is a g r aph  that shows the regions where the regular i t  condit ion

holds. The abscissa of Fi gure  2.7 is the signal to no ise  ra t io  ( -s-- ) in dB.

The ord ina te  is  the ratio of the maximum d i s to r t ion , ID, to the d es i r ed  si gnal

amplitud e h .  The boundr ies  of the  c ross -ha tched  reg ion s a re t he zeros

of (2. 47) .  For any par t icular  signal to noise ratio ,~ the regula r i ty  condition

will hold if the maximum d i s t o r t i o n  to si gnal ampli tude  ratio ( 
~~~~~ ) 

is

below the boundary.  It is seen f rom Figure  2 .7  that the

r e g u l a r i t y  cond i t ion  hold s th roughout  the g rea tes t  par t  of the reg ion of

interest. It is  somewhat  d i s appo in t ing  that the r egu la r i t y  condition does

not hold in the  v i c i n i t y  of 9 dB signal  to noise ratio.

In spite of the lack of universa l  application of the regular i ty  condition

f or thi s ex am ple , the bounds of equations (2. 43) and (2. 46) a re  ve ry  t ight

where they apply. Table 2. 2 show s these  bounds as applied to the  Cheb yshev

channel that  was exhib i ted  in the p rev ious  example. The t h r e e - d i m e n s i o n al

bounds are in the columns headed “3-ID . “ The columns head ed “2nd ”  and “4th ”

are the resu l t s  of two-dimensional  bounding  u s i n g  equations (2. 37) and (2. 39),

and (2. 38) and (2. 3
9 ) ,  respectively to def ine  planar curves .  Th es e values

w e r e  computed by Yan [12].

Compar ing  the t h r ee -d imens iona l  r esu l t s  of Table 2. 2 wi th  the

opt imum two-d imens iona l  resu l t s  of Table 2. 1, it is seen that for low

to moderate  signal to noise ra t ios ,  the th ree -d imens iona l  r e su l t s  are t i g h t e r .

This is a case where a simply computed three-dimensional bound offers

better performance than a more computationally complicated two-dimensional

bound.
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2 . 4  Conclusions

The concept of the regu la r i ty  condit ion has been shown to y ield

ti ght and easil y computable bounds in cases of i n t e re s t  to communicat ion s

eng ineers. In the f i r s t  of two ISI examples , ad ju s tmen t  of t he  pa rame te r

c was shown to insure  that the regu la r i ty  condition held for  all values of

d is tor t ion  and si gnal to noise ratio.  The bounds on e r ro r  probabi l i ty  could

then be computed expl ici ty  f rom equations (2. 27) and (2 . 29).  In the second

ISI example , t he r egu la r i t y  condit ion is shown to hold for  a subset  of

all cases of in te res t .  However , the  bo un ds we r e shown to be ver y ti g ht

for cases w he r e  the r e g u l a r i t y  cond i t ion  held .

There are several advantages to this new th ree -d imens iona l

technique over the two-dimensional bounding techniques. First , the

three-dimensional  bounds offer  more possibil i t ies  of t r a d i n g - o f f  the ti ght ness

of t he boun ds and th e di ffi cul t y of the  co m pu tatio ns t h an w e r e  p rev iousl y

available. This was i l lustrated in example A. Second , the best th ree -d imens iona l

bounds will be inherently t ighter  than two-dimensional  bounds.  The

cons idera t ion  of an additional d imens ion  can onl y ad d in for mat ion  to the

approximation , and thereby tig hten the resul t ing  bounds.

However , the regularity condition bounds are somewhat l imited

in thei r  app l icabi l i ty .  As was shown in examp le A, the re  a re  r e s t r i c t i o ns on

the value that the parameter  c can take and still allow the condi tion to hold.

This means that the opt imum value of c cannot  be used in general , because

it may lie outs ide  one of the allowed reg ions .  Also , in example B it was

found that  t he re  were ce r t a in  values of s i g n al - t o - n o i s e  ra t io  and d i s t o r t i o n

that generated curves  that could not be shown to meet  the r e g u l a r i t y  condi t ion .

Thus , some at te n t i on had to be paid to these  p a r a me t e r s  in o r d e r  to a s s u r e

that  the resul ts  of Table 2. 2 were  valid bounds.
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Clearly there is some need for  more general  results .  In part icular ,

it would be useful to extend the reg ion of know n bounding resu l t s  for  the

preceding two ‘~xamp 1es. A general method that will  aid in obtaining these -

sorts  of answers  is presented in the next  section.  -
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III. TANGENT PLAN E METHOD

3. 1 Introduction

It was noted in Section 2 . 1 that the re  are two equivalent ways

to de f ine  a convex hull. These are t e rmed the in te r io r  and the ex te r io r

methods of de f in i t ion .  The i n t e r i o r  m ethod defines the hull as a convex

combination of points  known to be in the hull. In the present  context ,

this mean s that the hull is defined in terms of convex combinations of

point s be longing  to the curve . The r egu la r i ty  condi t ion resul ts  of

the p rev ious  chap te r  w e r e  based on th is  i n t e r i o r  d ef ini t ion of the convex

hull.

The exter ior  def in i t ion  of the hull def ines  the hull in t e rms  of

planes that a re  tangent  to its su r f ace .  These t angen t  planes are also called

suppor t  planes  [2 2 ] .  They are  planes that contain at least one point of the

hull , and have the proper ty  that they divide the space E3 such that all of the hull

i s contai n ed in the  plane and one of the two subspaces defined by the

plane. The point , or set of points that  a tangent plane and the hull have

in common is called the c h a r a c t e r i s t i c  of the t angen t  plane w i t h  respect  to

the hull.

The ex ter ior  method of hull def in i t ion  can be used to genera te

a second method of de t e rmin ing  the sur fac e c h a r a c t e r i s t i c s  of a convex hull.

This  second method will be called the tangent  plane method . This method

cons i s t s  of a set of necessa ry  condi t ions  for  when a chord or a planar

section can be the charac ter i s t ic  of a tangent  plane. Clearl y, all tangent

plane cha rac te r i s t i c s  must be on the sur face  of the hull .

A vital part  of these new n e c e s s a r y  cond i t ions  is the  not ion  of

a tangent  l ine to a twis ted  cu rve  in E3 at a point p of the cu rve .
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I
Defn . [241:

Given two points p and p1 on a t w i s t e d  c u r v e  , the  t an g en t line

to ~~~at p is the  l im it in g position of the l ine  pa ssin g t h rou gh the points  p
and p 1 as p 1 —. p on the cu rv e~~~ .

This notion of a tangent  line to a twis ted cu rve  is the s t r a igh t
forward  ex tens ion  of the  usua l  notion of a tangent  l ine to a p lanar  c u r v e .

For a cu rve  def ined by x , y (x ) ,  and z(x ) ,  the tan gent l ine is given by

X~~~ x Z
~~~ ( 3 . 1 )

whe re  the cap ital l e t te r s  a re  the coo rd ina t e s  of a genera l i zed  point  on

the line , the lower case le t te rs  a re  the coordinates  of the point  p, and the
pr imes  ind ica te  d i f f e r e n t i a t i o n  wi th  r e spec t  to x . It can be seen that  the
usual tangent  to a planar curve  (in the x -y  plane)  is g iven by t he  f i r s t
equation of (3. 1).

3. 2 Fundamental Resul t

In t h is sect ion , the basis  of the tangent  plane method is p r e s e n t e d
an d d i scussed .  This result  is presented as Lemma 5.

Lemma 5:

Given a twis ted  c u r v e  in E3 , and the convex hull  ~W’gener ated b y
consider  a tan gent  plan e to j~°who se cha r a c t e r i s t i c  w i t h r e spec t to

e~
W1is a chord , to be denoted  Ch, joining points p 1 and p2 

of . Th i s

tan g ent plane mu st inc l ude th e t an g ent l i n e s  to at both of the points p 1
and p 2 .

Proof:  Appendix  5

• This  lemma provides a n e c e s s a r y  cond i t ion  for  a chord  j o i n i n g

points  of a t w i s t e d  c u r v e  to be a chord  on the  sur fac e of the  convex

hull g ener ated by ~~~
‘. Th e cond i t i o n  is  t ha t t he  plane d e f i n e d  b y the

chord Ch and one of the  tangent  l ines , mus t  be the same as the  pla ne  de f ined

by Ch and the other t angen t  l ine.  The t h r e e  l ines , Ch and both t an g ent

l ines , m u s t  all be in a s ing le plane.  T h i s  r equ i r ed  r e l a t i o n s h i p can be

stated in the fo rm of an equat ion.  

-5- --5 ---— -- --- -- --5—- -- — 5 - -  -- ---5-- -5 - -  -5— --— - -- - -5- -  —5-.- _ -__s__ __—~~~~ - - —-----—------ --



- 

~~~~~~~~~~~~~~~~~~~~~~~~~~

Lemma 6:

A nece s sa ry  condit ion for a chord jo in ing  points p 1 and p2 of

a twis ted  c u r ve  • to be on the sur f ac e of the convex hull ~~
2generated by

, i s t ha t  t he  po in t s p 1 = (x 1, y 1. z 1) and p 2 = (x 2, y2, z2) satisfy

y 1 - y 2 
z1 - z

2
- • 

- 
(z~[ - z~~) - 

- 
(y
~ 

- y~
) + (yj z~ - y

~ 
z~) = 0 (3.2)

w h e r e  the p r imes  denote  d i f f e r e n t i at i o n  with  respect  to x .

Proo f : Append ix  6

The equat ion  ( 3 . 2 )  is the d i r ec t  mathematical  consequenc e of

the  s t a t ement  of lemma 5. It is a form of the mathematical  re la t ionship
th at mus t  ex is t  if the chord and the two tangent  l ines are  to be co-p lan ar.

For the important special case where y(x) = x 2 + ax , for  any real

number  a, C o r o l l a r y  6. 1 is valid.

Corol la ry  6 .1 :

If the cu rve  of Lemma 6 is such that y (x)  = x
2 

-t- ax , for  any

real number  a, then the n q c e s s a r y  relation (3. 2) reduces  to

z , + z , 
z - z1 2 

— 
1 2 = 0  ( 3 . 3 )2 x 1 - x 2

An i n t e r e s t i n g  point  of connec t ion  between the t angen t  plane m ethod

and the  reg u l a r i t y  condi t ion  r e s u l t s  can be seen when the cond i t ions  are
cons ide red  for  when no pair  of i n t e r i o r  point s of the cu rve  can meet

the  r e q u i r e m e n t s  of Corollary 6. 1.

• Corol lary  6. 2

For the condi t ions  of Corol lary  6 .1 , a s u f f i c i e n t  condi t ion  that

the  equ.~~ - ’n ( 3. never  sa t i s i f ed  on the  i n t e r i o r  of the cu rve  is

t ha t  the t e rm  ( —
~
-—j be of co nsi st e n t  s i g n .
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The statement of Corol lary  6. 2 would seem to imp ly that if the
ter m (

~
-
~~

-) ‘ ‘ is of consistent sign , there can be no chords  that are  on the
sur face  of the convex hull ~f. This is because no chord joining two

interior points of could meet the necessa ry  condi t ion for be ing  a sur face
chord.  There  c lear l y must be chord s on the  surface  of every nondegene ra t e
three-d imens iona l  convex hull , ho wever .  The solut ion to th is  apparent
con t rad ic t io n is that the cu rve  is of f i n i t e  length.  The de r iva t ives  in
equation (3. 3) are not uniquel y defined at the end points of . This

means that  equation ( 3 . 3 )  can be sa t i s f ied  onl y by chords  that  em anat e from
one of the  end points  of . This is a su r f ace  that meets  the d e f i n i t i o n
of the  r e g u l a r i ty  cond i t i on .  This  is  c o n s i s t e n t  w i th  Coro l l a ry  4. 2.

Lemma 1 and Corol lary  6. 1 can he combined to produce  a resul t
that wi ll hel p ident i f y short  sur fac e chords .  From Lemma 1 and the dis-
cuss ion  immedia te ly f ol lowing i t (S ec t io n ~~~. 1) it is known that  two chords
j oining points  of the twis ted  curve  ~~~that  do not in t e r s e c t  in E 3 , but whose
x- y plane projec t ions  i n t e r s e c t  in E 2 , as is il lus t ra ted  in F igu re  2. 4 ,
cannot both be chords  that  de f ine  the sur fac e of the convex hull ~~ generated

by ~~ ? , in the same vac in i t y.  That is , if both chords  a re  on the s u r f a c e
of the hull , then the y must  he on opposi te  sides of the hull  in the sense of

the z-coordinate direction. This means that two chord s th at  de f ine  adjac ent
points  on the  su r f ac e of the  convex hul l  m u s t  be “nea r l y pa ra l l e l”  in some

sense. This is because their x-y plane projections cannot intersect inside

the projected boundr ies  of the hull. Thus , i f a ch ,rd that  is on t he  su r face
of ~7f’j o ins  two points  of ~~~whose x- axis coo rd ina t e  values ~ re  x 1 and x 2
(assum e w i t h o u t  loss of ge n e r a l i ty  that  x 2 

> x1 ), 
then there must  be a fami l y

of sur face  chords  jo in ing  po in t s  whose  coord ina te  values a re  denoted  x 3
and x4 (x4

> x3
) such that x

3 ~ x 1 
and x 4 � x2. This is to say

d(x 1, x2
) = J x 2 - x1 J � d(x3, x 4) = J x 4 - x3. ( 3 . 4 )

______ _ _ _ _ _ _ _ _ _  
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But these chords  can be a r ranged  as a sequence in order  of decreas ing

values of d( . . • ) .  Since ~~~was assumed to have continuous der iva tives

of all o rders  on I ,~ ( section 2. 1), can have no l inear regions .  There fo re ,

the value of d(~- , 
~~

) in the sequence will  approach zero as a l imit .  But

this means that  the re  is a point x that is spanned by all members  of this

famil y of chords.  That is , for any member of the family of chords , let

the end poi nt x-axis  coordinates be denoted x
1 and x2 as before.  Then

p 
x 1 ~ x ~ x 2 . Let the point x be called the c entral point of this famil y of

chords.  The location of all pos sib le cent ra l points for the twisted curve

of Corollary 6. 1 is given by Corollary 6. 3.

Corollary 6 .3 :

For the f in i t e  length twis ted curve  of Corollary 6. 1, the

locations of all possible central  points are  the solution s of the equation

= 0 (3.5)

-S

p

p
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3. 3 N e c e s s a r y  Conditions for Surfac e Planar Sections

The convex hull ~~ generated by a f in i t e  len gth twis ted  cu rve
3 V

in E will have three  knids of sur face  cha rac te r i s t i c s .  These

charac te r i s t i cs  were  in t roduced  in Section 2. 1. They are 1) extreme

(isolated) points , 2) chords , and 3) planar sect ions .  It was pointed out

in Section 2. 1 that the assum ed convex i ty  of the  coordina te  func t ion  y(x)

on I implies that  all ext reme pointi~~f ir will be points on the curve

Therefore , all r ema in ing  port ions of the sur face  of Jrwiii be cha rac te r i zed

by chords and planar  sections.  In the  cases w h e r e  the r egu l a r i t y  condi t ion

was satisfied , the sur face  was mad e up ent i re l y of chords .  In th is  section ,

neces sary condi t ions  a re  established for when a planar sect ion may be a

surface characteristic of a convex hull. These necessary conditions

are useful in the more  general bounding problem s when the  r e g u l a r i t y

condition is not satisfied.

Lemma 7:

A necessa ry  condit ion for  a p lanar  section d efined by the points

= (x 1, y 1, z 1 ), p2 = (x 2, y2. z2), and p 3 — (x 3 , y 3, z 3 ) of the  t w i s t e d

curve  to be a su r face  c h a r a c t e r i s t i c  of the  convex hull ~~
9
g ene ra t ed  by

is that  the following equations be sa t i s f ied  s imultaneousl y.

1 yj  Zj  y3(z 1 
- z2) 

- z3 (y 1 - y2) + (y 1z2 
- y 2 z 1) 0

1 y~ z2’ -x 3 (z 1 
- z

2
) + z3 (x 1 

- x
2
) - (x1y2 

- x
2
z
1
) = 0 (3.6)

1 y~ 
z~ x3

(y 1 
- y2

) - y3(x1 - x
2
) + (x 1y 2 

- x2y 1
) 0

(x~ 
- x

~~
) (y~~z~ - y~ z~~) - (y

1 
- y2

) (z - z~ ) + (Z
I 

- z
z

) (Y - y~~ = 0

( 3 . 7 )

(x~ ~~x~~) ( y zj  - y z ~~) -  ( y 1 - y 3 ) ( zj  - z~~) + ( z ~ - z 3 ) (yj  - y ~~) 0

(3.8)

(X
2 

- X
3

) (y~~z~ - y~~zj )  - (y
2 

- y 3 ) (z~ - z~ ) + ( Z
Z 

- Z
3

) (y~ - y )  = 0

( 3 . 9 )

where  the primes denote differentiati on with respect to x.

~~~~~~~~~L. 
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Proof: Appendix 7

These six equations are the d i r ec t  consequences of the necessa ry

condit ions for sur face  chords that w e r e  presented in Lemma 6. In fact ,
• equations ( 3 . 7 )  - (3. 9) can be seen to be the thr ee  vers ions  of equation ( 3 . 2 )

of Lemma 6 that are  obtained by select ing all combinat ions  of two of the

th ree  points p 1, p2 , and p3 and substituting them into equation (3. 2).

The mat r ix  equation (3. 6) is a consequence  of the requi rement  that the

tangent  l ine  to at each of the three  points p 1. p2. and p3 . mus t  be

in the plane de f ined by p 1. p 2, and p3.

For the special case where  y(x)  = x
2 + ax for any real number

a , the equations ( 3 . 6 )  - (3 .9 )  become much simpler in appearence.

Corollary 7. 1

If f or the condi t ions of Lemma 7 the c u r v e  is su ch t h at

y ( x)  = x
2 + ax for  any real number  a , th en the eq uat ions  for the n ece s sa ry

condi t ion can be r e w r i t te n  as:

(x
l 

- X
3
) 
~~ I:: - (x~ - x

z
) 
~~ 

I - zj ( x 2 
- X

3
) = 0 (3. 10)

(x
2 

- X
3
) :~ I:: 

+ (X l 
- x z ) z :~ 

- z
~~

(x l - X
3
) = 0 (3.11)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( 3 . 1 2 )

z + z  z~~- Z-,
L ~~~~~ - ________ = 0 (3. 13)
2 x1 - x 2

z; + z;
£ ~~~~~ - ‘ = 0 (3. 14)
2 x

2
- x

3
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Zj  + ~ - z ~~. (3. 15)

Equat ions  (3. 10) - (3. 15) were obtained by di rect subs t i tu t ion  of the re-

lation y. = y(x~) = x~ + ax. , i = 1 2, 3 , into equations (3 .6 )  - ( 3 . 9 ) ,  and

then sim plif y ing.  It can be seen that equation (3.6) and equations (3. 10) -

(3. 12) are re la t ionships  between all th ree  point s  p 1, p 2, and p3. These
equations de f ine  the necessa ry  re la t ionsh ip  between the t h ree  points  and

the tangent  l ine  to the curve  at one of them. The equations (3. 7) - (3. 9)

and (3. 13) - (3. 15) are relations between combinat ions of two of the t h r e e

points.  These equations def ine  the neces sa ry  re la t ionships  b etween the

two tangent  l ines  to at two of the points  and the chord that  connects

them. In o rde r  for  the nece s sa ry  condi t ions  to be met , t h ree  points

of must  be found that  satisf y all six equat ions  s imultaneously. This

fact lead s d i r ec t l y to Lemma 8.

Lemma 8:

Given a f i n i t e  length twis ted  cu rve  ~~~
‘
, de fi ned parametr ical ly

in x by y(x)  and z(x) ,  if y (x)  = x
2 + ax for  any real number  a, then there

is no set of t h ree  in t e r io r  point s of that satisf y Corollary 7. 1.

Proof: Appendix 8

Lemma 8 imp lies that for the twis ted  cu rve  of Corol lary  7. 1 ,

if t he re  a re  any planar section s on the s u r f a c e  of ir. the convex hull

g enera ted  by ~~ , then at least~ one and possibl y two of the t h ree  points  that

de f ine  the planar sections must  be an end poin t of ~~~~~~~ . Thus , for  the  special

case where y(x) = x
2 + ax , if the r e g u l a r i t y  condi t ion  holds , all surfac e

features are chords  and all the sur face  chord s emanate from an end point

of -
~~~~~ . If the  regu la r i t y condition does not hold , all su r face  planar sect ions

have an end point of as one of the i r  points  of de f in i t ion .  Th e r e f o r e ,

even when the r e g u l a r i t y  condi t ion  does not hold , thi s c lass of cu rves

wil l  be much eas ie r  to c h a r a c t e r i z e  than the general  class of smooth

twisted curves.
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The poss ibi l i t ies  for  su r face  planar sections that remain  under

the  r e s tr i c t i o n s  of Lemma 8 d iv ide  natura l ly into two classes.  Class one

contains  the p lanar sections defined by two i n t e r i o r  points  and one end point.

Class two includes  the  planar  sect ions  tha t  are  d efined b y a s ing le i n t e r i o r

point and both end points .  N e ce s s a r y  condi t ion s for these  two classes of

planar sect ions  can be der ived from the  necessa ry  condi t ions  for  chords

in Corollary 7. 1.

Cons ider ing  class two f i r s t , t h e class of planar sect ions  that a re

de f in ed by a sing le i n t e r i o r  poin t and tw o end point s , the nece ssar y condi t ion

is stated as Lemma 9.

Lemma 9:

Consider  the twisted curve  of Corollary 7. 1. Let the end points

of be denoted by p 1 = (x1, y 1, zi
) and p3 = (x 3 ,  y3, z3). Let p2 

= (x 2, y 2. z2)

denote an in t e r ior  point of . Relabel the axis (if n ece s sa ry )  such that

p1 
= (x

1
, y1, z1

) = (0, 0, 0). Then a necessary  condit ion for a class two

plan ar section de f ined by p 1, p2, and p 3, to be a surfac e cha rac t e r i s t i c  of

the convex hull genera ted by~~~ is that

(z /x ) - (z /x
/ / 2 2  3 3

~z ix . ~3.l6
2 2 x2 x3

Proof: Appendix 9.

Lemma 9 provides an easil y usable test  for de t e rmin ing  the

possible locations of class two surfac e planar sect ions.  This test  is perhaps

most easily app l ied graphically. Consider  the funct ion  p (x)  = z(x)/x. Plot

the func t ion  p (x) as a funct ion  of x ~n An example of such a plot is given

as Figure  3. 1.
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P2 77: ’!

x
z 

x
3

Figure 3. 1

Equation (3. 16) is sat isf ied when the tangent  to the ( two-dimensional )

curve 0(x) passes through the rig ht end point of p(x) .  By cons t ruc t ion ,
the ri ght end point is the point (x 3, p(x 3 ) p 3 ). In Figure 3. 1, the

point labeled (x 2, 02
) sat isf ies  this condi t ion.  It can be seen that this

is the onl y point in the f igure  that satisifes the condit ion.  Thus , if

there  is a class two planar section that  is a surfac e cha rac t e r i s t i c  of the

convex hull generated b y the curve ~~~
‘

, its in te r io r  point must  be (x 2,
z ( x 2 ) ) ,  or a po in t  s imilarly d isco v ered by moving the end point  p3 to t he or i g in .

Thus , the nu mbers  of possible planar sect ions  that need be inves t iga ted

is reduced to a small number.

A c r i t e r i o n  for de te rmin ing  the possible locations of class one

planar sect ions  is presented  as Lemma 10.

~
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— Lemma 10:

p For the twisted curve  ~~~of Corollary 7. 1, denote an endpoint

of by p 1 = (x 1,  y1, z1). Let p2 (x
2

, y2, z2
) and p3 = (x

3
, y3, a3

)

be inter ior  points of ~~~~~. Relabel the axis (if necessa ry )  such that p 1
(x 1, y 1, z 1 ) (0 , 0 , 0). A necessary  condition for a class one planar

- section defined by p 1, p2, and to be a surface charac ter i s t ic  of the

convex hull genera ted  by is that

(z 2 /x 2
) - (z

3
/ x

3
)

(z 3 /x 3 ) = (z
2

/x
2
) 

- 
. (3. 17)

2 3

Proof: Appendix 10.

Us ing  the notation p (x)  = z ( x ) / x  as before , equation (3 . 17) can be

rewritten as

= 
x

2 
- x~ 

, (3. 1 8)

It is clear from (3. 18) that the same kind of graphical  anal y s i s  that

was app lied in the d iscuss ion  of Lemma 9 will be useful  wi th  Lemma 10.

Consider the plot of Figure 3 .2 .  Figure  3. 2 is an example of a plot of

p (x )  verses  x on The c i rcumstances  are ident ical  to those of F igure  3. 1,

The shape of the plot is d i f fe ren t  for  purposes of i l lus t ra t ion .
- S

p

p

L ~~~~~~~ - - 
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Figure 3 .2

From equation (3. 18) it is seen that the  pairs of points (p 2, p3 ) that satisf y
equation (3. 17) are pairs that share both the same value of slope and the

sam e tangent line to the curve in Fi gure 3 .2 .  Such a pair of point s is

labeled in Figure  3. 2. Thus , if a class one planar section that emanates f rom

p 1, the end point of ~~~that was shifted to the ori g in , is a surfac e fea ture

of the convex hull generated by ~~~~~~~, the points of whose x-axis

coordinate values are  x
2 
and x

3 
must be the interior  points of the class

one planar section.  That is , the planar section must be defined by the three

points (0 , 0, 0), (x 2 , y(x 2 ), a(x 2 )) ,  and(x 3, y (x 3 ), z(x 3 )) . It is noted

that for both classes of planar sections , both endpoints must be shif ted

to the origin in their tu rn .  This is required to determine the full set of

possible surfac e planar sections.
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Appendix 1

Proof of Lemma 1:

L et p denote  the i n t e ri o r  po int of th e ch o rd 2 th at i s on the su rfac e
of e)r. Since p is on the sur face , it must  be part  of the cha rac t e r i s t i c  of
some tangent plane T , to the sur face  of ~i3W. Consider the relat ionship
of this tangent  plane T to the chord 2 . Since the point p is in the plane T ,
either all of the chord 2 is in T , or the chord 2 pene t ra tes  T at the point p.
If the chord I is in T , th e chord must  be part of the cha r ac te r is t ic  of T on —

the surfac e of ~r, and the re fo re , £ i s on the sur face of e)r. If I penetrates

T, since ~ joins two points of ~~~~~~~, t he re  must  be point s of ~~ (and hence of

~)r) in both half spaces defined by the plane T. Thi s cont rad ic t s  the def ini t ion
of a tangent  plan e to the su r face  of ~r. There fore , Im u s t  be in the
tangent plane , and on the sur fac e of ~~(if any i n t e r i o r  point of I is on the
sur face  of iW1. Q. E. D.

I

p
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Appendix 2

Proof of Lemma 2:

Consider the family of chord s jo ining points of the f ini te  length

twisted curve , whose x-y plane projections pass throug h the point

(m1, m2
). Three such chords are shown in Figure AZ-i.

y

2
3

£
4

-~~~~~~~~~

:---
~~~

--

I

S I
x

m 1

Figure AZ- i
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in Figure A2- 1 , chord emanates from the upper endpoint of the x-y

projec tion of the cu rve  , the chord £ 5 emanates f rom the lower end

point , and chord is any other member  of the family of chords whose

project ions  pass through the point (m 1, m 2 ).

Con sid er the case where  > in the z-sense  for all chords

as in Figure  2 .5 .  Clearly f rom Figure  A2-l , 23 > 2
4 > L~ in the z -sense.

In fact , the chord £3 must  be the hig hest chord (in the z -sense)  whose

project ion passes throug h (m 1, rn 2 ). Since the curve  is convex in the

x- y project ion by assumption , the not ions of upper and lower sur faces  may

be defined .

Defn: The cu rve  and the chord connect ing  the end po ints  of ~~ fo rm

a closed 1oop that li es ent i re ly on the  su r face of Jr. the convex hull

p generated b y ~~ . This loop may be thou ght of as a d i v id in g l ine that  separates  the

surfac e of into two surfaces .  These su r faces  will  be t e rmed  the upper

and lower sur faces  of the convex h u l l aW~ in t e r m s  of thei r  re la t ive  posit ions

with respect  to the Z-axis.  The sur fac e of .~~
‘can be considered to be the

p union of this upper and lower surface.

According to thi s definition , the upper surface of~~~~at the point

with x-y coordinates (m 1, m2) is def ined b y the  chord But f rom

Lemma 1, since this  one i n t e r i o r  point of chord is on the su r face , all of

£3 is on the su r face .  But (m 1, rn ,)  is a general  point  on the x-y proj ection

of the convex hull ~W’, defined by the twisted curve . Thus, for this case,

the  whole upper  surface  of the hull  def ined b y chords s im il a r  to - —
p chords  that emanate f rom the upper  end po int of ~~~~~. Similar reasoning shows

that  the en t i re  lower surface  of aW~wiii be defined b y cho rds  si m i lar  to

L~~. Fu r the rmore, iden ti cal r e a s o n i n g  wi ll show th at i f £2 
> in the

z- sense , then the sur faces formed by £ 3 and £5 will be reversed , but there

will be no o ther  ef fec t .  Thus , f or th e condi t ions o f L emm a 2 , both th e u pper

and lower s u r f a c e s  of e~~~are de fi ned by chords  emanat ing f rom t h e  end po in ts

of ~~~~~. By definition , th is  is the r e g u l a r i t y  condi t ion .  QED

p
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Appendix 3

Proof of Lemma 3:

Consider the curve and chord pair of Figure 2. 6. Clearl y,
relabeling the axes to force the point (x 4, y 4, z4 ) to the or ig in  will do

nothing to the shape of or the relative position s of the chords.  The onl y

advantage is that the formulas and in termedia te  mathematics a re  mad e simpler .

The x-y plane projection of the curve and chord pair after the relabeling

is shown in Figure A3-l .

y

. (xi, y 1 )

1 (x3, y3)

y - - - -  

0

£2

(x2, 
~~~

I x

x
o

Figure  A 3 - l
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Labe l the point of i n t e r sec t ion  of the project ions of the chords  by (x , y0)

as shown in F igu re  A3-l . This in te rcep t  point can be expressed in t e rms

of the end po in t s  of th e two chords  by the equations

y l - y 2y = (x - x ) + y ( A 3- l )
o x1 - x 2 o 2 2’

P and

y 3y x . (A3-2)
0 X3 o

p
Equation ( A 3 - l )  r elates y0 to x0 in terms of the chord i~ , connecting the

point (x1, y 1) to 
(x 2, y2). Equation (A3 -.2) relates the coordinates

in terms of the chord £21 from (0, 0) to (x3, y3
). These two equations

may be solved for  x0 .

~~~~~~ (
~ 

-
~~~~~~~~~~I~~~~~~~~~~

) 

(Y 2 -
~~~ I~~~ ~). (A3-3)

Consider  the x -z  plane pro jec t ion  of these two chords  and

There will be a point on the z-x projection of the chord £~ whose x-

coordinate values is x . Let the z-coord i r  ate value associated with thi s

P point be d eno t ed z~~~. Similarly denote the z-coordinat e value on the chord

I at this value of the x-coordinate to be ~~~~~~ Relationships similar to
2 o

( A 3 - l )  and (A3-Z)  can now be wr i t t en  for the x-z  project ion

p 
1 ~~~~~~2 (x - x ) + z  (A3-4)
o x 1

-x  o 2 2

(2) Z
3z — x . (A3 .-5)p 0 X
3 

0

p
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According to Lemma 2 , the regu la r i ty  condit ion is guaranteed
to hold if > in the z-sense  for all possible pairs  of chords  s imilar
to those of Figure 2.6. From the definition of ordering in the z-sense

— 
- and equations (A3-4) and (A3-5), it can be seen that an identical criterion

is -

- 
(2)

> 0 (A3-6)

for all pairs of chords similar to those of Figure 2. 6 or, alternativel y,

(1) 
- 

(2) 
< 0 (A3-7)

for all such pairs of chords. A more compact way of expressing this

notion is that the regularity condition is guaranteed to hold if the term

- (A3-8)

is of consistent  sign for all possible pai rs  of chords s imilar  to those
of F igure  2. 6. This lemma will now be proven by demons t ra t ing  th at
(A3-8)  is consis tent  in si gn when (2 .  14) is consistent in sign.

Substitute (A3-4) and (A3-5) into (A3-8). This subst i tu t ion

yields the term

I
- -. zl - z Z z

3(x — x ) + z — — x . (A3_ ~~)o 2 2 x3 o

Substituting (A3-3) into ( A 3- 9)  yields

_ _ _ _ _  
f~3 y 1 - y 2 \

_ 1
, y1 - y 2 \

~~x3 x~~~~x2 ) ~~~2 x 1 - x 2 ) 

X
2 

+ Z
2

— 1
Z

3 / y3 y 1 
- y2 / - y

2 \- 
‘
~ 3 ~~~ 

- 
- X , ) 

~~ 
- 

- 

~2 
) 

x
2 -

(A3- 10)
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The x-y plane projection of the curve is convex by assumption.

— 
It is easil y seen th at one implication of th i s  convexi ty  is that the t e rm

y 3 y 1 - y 2
— (A3—ll )x3 x 1 - x 2

f rom (A3- 10) is consis tent  in si gn. F u r t h e r m o r e , x 2 is cons is ten t in si gn

because of the convexi ty  and the re label ing of the axes. Therefore ,
(A3- i0 )  can be mul t ip lied by ( A 3- l l )  and divided by x2 without effecting the

sign cons is tency .  Completing these  operat ions , reorgani zing and e l iminat ing

irrelevent terms yields

(~~i~~~~2 ~2~~~(z1 - z 2 z
3\ (Y1 - Y 2 Y3\(z1 - z

2
z
2\

x2 / \ x 1
- x

2 x
3/ \x 1

_ x
2 x

3J~~
x 1

- x
2 

x
2[

(A3 — 12)
z 2 y -)

Adding and sub t rac t ing  — to the second t e r m  of ( A 3 - l Z )  and —s- to the third ,
x2

- 

- expanding and then simplif ying the r esu l t  gives the final  fo rm of the te rm.

(
~

-
~

)(
~

-
~

) -(~ -;~)(~ -~ ) ( A 3- l 3 )

Since the re  was no opera t ion  that  would affect the t e rm ’s cons i s t en cy

in si gn , if (A3-13)  is cons i s ten t  in si gn , then so is (A3-8).  Bu 1 if (A3-8)

is cons is tent  in sign , Lemma 2 can be invoked to conclud e that  the regular i ty
condition holds. The re fo re , if (A3 - 13) is cons is ten t  in si gn , and the  oth er

conditions of the s ta tement  of Lemma 3 hold , the regu la r i ty  condit ion is

— guaranteed.  Q . E . D .
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‘ Appendix 4

Proof of Lemma 4:

The proof of this  lemma will cons is t  of a demons t ra t ion  that if

th e condit ions of Lemma 4 are met , then the conditions of Lemma 3 will

be met.  Thi s being t rue , Lemma 3 can then be in voked to gua ran t ee t hat

the regu l a r i t y  condition will hold .

From the statem ent of Lemma 4 , the x -y  proj ection of the

curve  is convex. Select a pair of chords , label their  end points , and

relabel the axes as in Lemma 3. The situation under consideration is now

similar to that of F igure  A3- 1. Referenc ing  this fi g u r e  will be hel pful

in unders tanding  the a rgument  that follows.

Consider  the t e rm (2. 14), For ease of r e f e r ence  (2 . 14) is

reproduced below as (A4- 1).

— 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( A 4- l )
\ X 3 

x
2/ \x~ 

x
2/ \ x l x

2 /  \
x3 x

2 J

By refer ing  to F igure  A3-l , i t  can be seen that  for  any par t i cu la r  pai r

of chords  L
~ 

and £2

x
3
e ,‘~~~~~~~~, wh ere = (x2, x 1 ) 

(A4-2)

Now if the chord is assumed to be fixed in posi t ion , s ince

y(x 3
) (A4 -3)

and

z3 
= z(x 3

), ( A 4 -4 )

the  t e r m  (A4- 1) can be thoug ht of as a func t ion  of x 3, w h e r e  x 3 can ta ke

values in the range  . Accord ing  to the s ta tement  of Lemma 3 , the

regularity condition is g~iaranteed to hold when y (x)  is convex and ( A 4- l )

is cons i s ten t  in s ign for  all possible chord  pai~ss £~ and £~~
. From the

_ _
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present developm ent , it is clear that an equivalent statement is that the

regu la r i ty  condition will be guaranteed when y(x )  is convex and ( A 4- l )

is consistent  in sign for all x3 in the  r ang e ~/j~ for every possibl e chord

£ 1. 
x3

For a function to be consis tent  in sign , it must have no zeros or

sign changes over its domain. By inspection , (A4- 1) will have zeros at

x3 = x 1 and at x3 x2. If (A4- i)  is to be consistent in sign , it can have no

zeros between these  two points. However , a convex fun ct ion can have at

most two zeros. If (A4-l)  is a convex function of x3 over the region

~~x2, x
1
] (A4-5)

3

then the two allowed zeros will be at x2 and x 1, and the open reg ion

will contain no zeros.  Thus , the t e rm  (A4-l )  will be consis~ent in sign

if it is convex in x3 
over the region I~3?I for every part icular  chord L

~~
.

x
3

The t e rm  (A4- l)  will be s tr ict l y convex over if the second
x

3

der iva t ive  of (A4-l )  with respect to x 3 is consis tent  in ~‘i gn ov er

This second der iva t ive  can be w r i t t e n  as

~~~~~~~~~~~~~~~~~~~~ (~~~
-

~~~~

“ 

(A4-6)
\X 3/ \ X l X

2 /  \ X l x
Z/ \ X 3 /

R e w r i t e  (A4-6)  in t e rms  of Tay lor series expansions based at

x
2
.

{ (2~~~ ) + (X3 
- X2 ) (!.~)‘‘ ‘ ± ...] [ (x l - X

Z
) (;~.)‘ 

(x
i- 

xz )2 

(a)’ 

‘

f .. .1
- [ (x l - x Z ) ( )  

+ 1
~~~~

2) (
~)~

• •• ] [(~
)‘‘

+ (x 3 - x
2

) (
~

) + ...] (A4-7)

For any pa r t i cula r  value of x 3 , let 0 < 6  . 1 such that
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- x
2

) = (x
3 

- x
1

) (A4 8)

The t e rm  (A4 -7 )  can be rewritten as

(x~ - X
2
) 

~ 
{ (

~
) + ó(x~ - X2

) (
~

) - ‘+ ...] [(
~

)‘ + ~~~~~ 
x)~~ (

~
) ‘+

- [(~ Y ±
tx 1~

.
~~ (

~~~

)‘ ÷ ...] [(~~~~~
6(x l - x 2 )

(?)

”
+ ...]

(A4-9)

The leading multiplicative term ~x 1 
- x 2) in (A4- 9 ) is always positive by

const ruct ion and will have no e f fec t  on (A4-9) bein~ consistent in si gn.

Therefore , it may be d iscarded .

The curve~~~, d efined param etricall y by y (x) and z(x)  is smooth

by assumption.  The re fore , all the  d e r i v at i v e s  in (A4-9)  a r e  well behaved

for any choice of the chord £ 1. For any par t i cu la r  value of 6 in the range

(0 , 1), let £ 1 becom e “ short ” . That is , l et (x 1 - x 2 ) -.0. Then for  any

par t icu lar  “ short ” chord £ 1, (A4-9)  becomes ( ignor ing  the leading posi t ive

t e r m)

(~-~~‘f~~\ - (A4-10 )
\ X 2 / \ X 2/

Not e that (A4-10) and (2. 15) are identical exc ept for the form of the i r

a rguments .  Thus , a demonst ra t ion  that  cons i s tency  in si gn for  (A4- 10)

as x 2 var ies  over all possibl e values imp lies  that  (A4-1) is cons i s t en t

in si gn , will prove the lemma.

Consider the famil y of all possible chords of incremental

length (“ short ” chords)  that can be defined along the c u r v e  . The final

step in th is  proof is to show that if ( A 4 - l 0 )  is cons is ten t  in si gn as the

parameter  x 2 var ies  over all members  of th is  famil y, then (A4-2)  will

be consis tent  in sign for  all chord  p ai r s .  This  can be shown wi th  a “boot-

strap ” a rgument .
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Consider the il lustration of Figure A4-1. The il lustration

shows a convex curve  F (v )  and three  chords joining points on the curve.

The nature  of the argument  will be seen to be uneffected by the sense of

the convexity of F(v  ).

F(v)

— I I

I I
• a
I I

I I

~~~~~ 

I

I • I

I I
I I I
I I I

- , I I I I
I I I I I

v

v1 + v 2V
1 2~~~~ 2

Figure A4-l

By def ini t ion , a function F(. ) is convex (U )  in the region (v 1, v 2 )

if for any X e ( 0 , 1)

XF( v 1) + (1 - X) F(v 2 ) >  F(~~v1 ± (1 - X)v )  (A4-ll)
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That is , any point on the chord joining two points of the curve  is above the

corresponding point on the curve.  Then if the curve F(v) is known to be
. . /v -1- v v + v  \convex in each of the regions (v 1, v2 ), ( 1 2 , 2 3 ) and (v 2, v3),

then (A4- 11) imp lies 2 /

i i / v 1 + v 2 \

- 

-~
.F(v1

) +~~- F(v
2

) > F(
\ 2 ) (A4-lZ)

v_ + v
~~ F(v 2 ) + ~~~F(v 3) > F (

2
2 3 )  (A4-13)

and
v - v  /v  + v  \ v - v  /v  + v \3 2 F 1 2 

+ ~~~~~ F 
2 3 F(v ), (A4- 14)

V
3

- V
1 \ 2 / v3 -v 1 \ 2 / 2

Substi tuting (A4- l2 )  and (A4-13) into (A4-15)

I :~ (~ 
F(v~) +~~ 

F(v 2 ) )  
+ 

V
Z: :~ (~ 

F(v z) +~~~~~ F(v 3 ))

> F(v2) (A4-15)

Or

v, — v ~ V )~~~ V 1
“ F(v ) + F(v ) > F(v ) (A4- 16)

v - v 1 1 v3 -v 1 
3 2

Allowing v2 to become an a rb i t r a ry  point b etween v 1 and v 3 and d efining

X as

v - v  / v - v  \
= 

3 2 
= i - 

2 1 (A4- 17)
V

3
v

1 \ v3
V
1 /

yield s the relation

A F ( v 1) + (1 - A )  F(v 3 ) >  F(Xv 1 1 (1 - N ) v3 ). (A4- l 8 )
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But then this implies that if the curve  is convex in the same sense on three

overlapping regions , it is convex on the union of these regions.

Consider the chords shown in Figure A4- i to be examples of

“short ” I l chords  that have been magnif ied , and the cu rve  of F igure  A4- 1

to be a magnified section of (A4-1) as a function of x 3 for three  sets of

(x 1, x2 ). If (A4-10) is of the sam e sign for all th ree  of these values of

then the cu rve  is convex in the same sense under each of these chords

separately. But then by the development that leads to (A4-18),  the curve

is convex under all of these chords combined. But then , by the s traight

forward  extension of these ideas , if (A4- 10) is consis tent  in sign for  all

increm ental chords along the curve  then (A4-6) will be consis tent  in

sign for any par t icular  chord I
l
. But thi s guarantees that (A4-l)  will be

consis tent  in sign for all pairs of chords  I i and £
~~
. Thus , if (A4 - lO)

is consis tent  in sign for all points on the curve  ~~~~ , and y (x)  is convex ,

then the c r i te r ia  of Lemma 3 are  satisfied , and the r egu la r i t y  condition

is guaranteed to hold. Q. E. D.

.5

- p

&_____ 
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Proof of Corollary 4. 1:

The corollary is an imm ediat e conseq u ence of the  l emm a f or

the special case that the func t ion  y (x)  is quadra t i c .  Plugging the quadra t ic

- 
y (x )  = x

2 + ax ( A 4- l 9 )

into (2. 15) y ie lds

- 

- (~ )‘: (A4 -Z0)

But the p rope r ty  of consis tency in si gn is independent  of what  the si gn

actuall y is .  There fore , the minus  si gn may be drop ped .

Proof of Corollary 4. 2:

Corol lary 4. 1 stated that for the special case w h e r e  the func t ion
— y (x)  is quadra t ic , that if ( z ( ~~ ) is consistent in sign , the r e g u l a r i t y

- 
conidition will hold. But from calculus

(
z (x)

y~ = ~
2 
z’ ‘(x) -~~(xz’(x)  - z (x ))  

(A4-21)

- A s bef o r e , it can be assumed that the o r ig in  has been posit ioned such that

x ~ 0. Therefore , the denominator of (A4-2l) plays no par t  in te l l ing

whe ther  or not  the term is cons i s t en t  in sign.

Consider the term

H 
— 

x 2 z ’ ’ ’(x ) d x .

Clearl y if z ’ ‘ ix)  is cons is ten t  in si gn , ( A 4 -2 2 )  will be cons i s t en t  in si gn.

In t e g r a t i n g by p a r t s  y ields
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‘ 2 2 , —x z (x)dx = x z (x) - 2 xz (x)dx =
= x 2 z ’ - 

(x )  - 2(xz (x) - z (x ) ) .  (A4 23 )

But t he r i g ht hand side of (A4-23 )  is ident ical  to the numera to r  of ( A 4-2 l ) .
- - - - I z ( x ) \ ’  - -There fo re , if z / (x) is consistent in sign , 

~ 
—j  will  be consi s t en t

in s ign.  Thus Corol lary 4. 1 may be invok ed , and the r egu la r i t y  condit ion

holds. Q.E . D.
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Appendix 5

Proof of Lemma 5:

Cons ide r  a chord that l ies  on the s u r f a c e  of the convex hull

.
~~~° g enera t ed b y a smooth twisted  cu rve  . - D enote the end points  of

the chord as p 1 and p 2 . The points  p 1 and p 2 a re  clear ly poin ts  of the

curve  . Consider  a second chord connec t ing  point p1 to point  p3.
a point  on the  c u r v e  that is in the v i c i n i t y  of p 2. These two chords

are segm ents of intersecting lines and , the ref ore , de f ine  a plane. Cons ide r

the sequence of planes formed by allowing p3 
to approach p 2 as a li m it

along ~~ . Clearl y the l imi t ing  plane is the tangent  plane to Jrwhose

c h a r a c t e r i s t i c  is the  chord  (p 1. p 2 ). But by definition ~24 t he t a n g e n t

l i n e  to at p2 wil l  be the  l i m i t i n g  pos i t ion  of the chord (p 2 , p 3 ). w h i c h

is clearl y in t h e  plane. Thus,  the t angen t l ine  and tangent  plane ap proac h

their limiting positions together , and the l ine  is in the plane. But th i s  l i m i t i n g

a rgument  can be applied at e i ther  end of the o r ig ina l  chord (P 1, P2 ).

Thus , t h e tan g ent lines  at both ends of the  cho r d must li e in the  tan g ent

plane. Q . E . D .

-5

- 
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Appendix 6

Proof of Lemma 6:

Given two points , p1 = (x1, y 1, z
1 ) and p2 (x 2, y

2
, z 2 ) on the c u r v e

. cons ide r  a poi n t p3 on the t angen t  l ine  to at p 1. The tangent  l ine
at p 1 is g iven b y equat ion (3. 1) to be

Y - y 1 Z - z 1
X - x — (A6. 1)1 y1 z1 

-

For si m pl i c i t y ,  let

x3
x 1

-~- l .  (A6.2)

Then f rom (A6. 1)

y 3 = y 1 + yj  ( A 6 . 3 )

= Z
1 

+ Zj .  ( A 6 . 4 )

Similar l y t he r e  will be a point  p4 on the tan gent  l ine to at p 2 su ch

th at

( A 6 . 5)

= ~ y~ (A6.(-)

~ z~ . (A6.7 )

The s ta tement  of Lemma 5 says tha t  the  t angen t  l i nes  to the

c u r v e  at each end point  of a chord  that  is on the  s u r f a c e  of t he  convex

hull ,7~’g e n e r a t e d  by , must both be in the  t a n g e n t  p lane  to JY~ that has

t he chord as i ts  c h a r a c t e r i s t i c .  In t h e  p r e s e n t  con tex t , ano the r  wa y to
st ate t h is  is t o  sa y th at t h e p lane d e f i n e d  by t h e  po in t s  p 1. p 2 and p 3 m u s t

be identical to t he  p lane de f ined  b y t h e  po ii ”~ p 1, p 2
, and p 4 . If t h e  chord

(p 1, p 2 ) is a s u r f a c e  cho rd , this plane must also be a t a n g e n t  p lane  t o  .W.
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A plane in E 3 
can be desc r ibed  b y the  equa t ion  :24 :

aX + bY + cZ = 1 (A6. 8)

w h e r e  X , Y,  and Z are  the coo rd ina t e s  of a point  of the plane , and a, b,
and c are  the speci f y in g coef f i c ien t s  of the  p lane. The coef f ic ien t  values
for  the plane  de f ined b y the poin ts  p 1. p2. and p 3 may be de te r mined by
solving the m a t r ix  equation

x l z 1 a 1

x2 y 2 • b = 1 (A6.9)

x
3 y3 z 3 c 1

or

a x 1 y 1 
- l  1

b x
2 y2 z

2 
• 1 (A6.I0)

c x
3 y3 1

However , the necessary c o n d i t i o n  s t a t e s  t hat th e p lane de f ined  b y
(p1. p2, p3) must  be iden t i ca l  to the p lane de f ined  b y (p 1, p2 , p4 ). The
plane defined by (p 1, p2, p4 ) wi l l have  the c o e f f i c i e n t s

a x
1 y 1 z 1~~~~

1 i

• 1 (A6. 11)

x4 y 4 1 .

I f t h e s e  p la nes a r e  identica l ,

al f a
b (A6 . 12)

ci .
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where  the equali ty is on an element  by e lement  bas is .  Equa t ions  (A6 . 10) -

(A6. 12) can be combined to yield

x l y l 1 x 1 y1 z
1 1

x 2 y ,  1
2 

• 1 x
2 y2 

z
2 

• 1 (A6 . 13)

x
4 

1
4 

1 13 1

or

x 1 u i x 1 y 1 
- l  

1 1

x
2 y 2 z 2 • x 2 y 2 

1
2 

• 1 = 1 (A6. 14)

x4 y4 
Z

4 
x 3 y 3 z 3 1 1

The inve r se  m a t r i x  in (A6 . 14 ) can be compu t ed by the method of cof. .ctors
25~3 to be

x 1 y 1 z 1 
- l  

(y 2 z3 
- y3 z2 ) - (y 1z3 

- y3
z1

) (y
1 z2 

- y2
z
1
)

x
2 

y2 z2 
= -(x2z3 

- x
3
z
2
) (x1z3 

- x3 z 1) - (x 1z2 - x2
z
1

) (A6. 15)

x
3 

y3 z3 (x2y3 
- x 3y2 ) -(x 1y 3 

- x3y 1) (x 1y 2 
- x2y1 )

wh ere

D = x 1y2z3 
+ x 2y 3 z 1 + x

3y 1z2 
- x 1y3z2 

- x 2 y 1z 3 
- x

3y2
z
1 

(A6. 16)

Equation (A6. 15) can be combined  wi th  equation (A6 . 14), and the  m a t r i x
m u l t i p l i ca t ions  ca r r i ed  out.  This  wi l l  y ield t h r e e  equa t ions  in t h e  c o o r d i n a t e s
of po in t s  p 1, p 2 . p 3, and p 4. Upon co l lec t ion  of t e r m s , two of the t h r e e

eq u a t i o n s  wi l l  be seen to be i d e n t it i e s .  The r e m a i n i n g  equat ion is
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x4 (y 2 z3 - y 3 z 2 ) - (y 1z 3 
- y~~z 1 ) + (y 1 z 2 

- y2
z1

) ]

+ y4 ~-(x 2 z 3 
- x 3 z 2 ) t (x 1z 3 

- x 3 z 1 ) - (x1 z2 
-

+ z4 (x2y3 
- x 3y 2 ) - (x 1y 3 

- x3y 1) + (x 1y 2 
- x 2 y 1 ) 1 = D

(A6. 17)

C o m b i n i n g  e q u a t i o n s  (A6. 2) - (A6. 7) w i t h  (A6 . 17) y i e ld s

y j z 1 - z
z
) - z~~(y 1 

-

+ y~~L - (z 1 
- z 2 ) + z l’(x l 

- x Z )

+ z~~~(y 1 - y , )  - yj ~(x 1 - x 2 ) 2  = 0 (A6. 18)

Rearranging the variables gives

y 1 - y 2 -

- 

~ 2 
(z’i 

- z~ ) - - 
~2 

(y~ 
- y~~) 

+ (y~~z~ - y~~z f )  = 0 (A 6. 19)

which is the fo rm requi red  for  Lemma 6. Thus , r e q u i r i n g  that  both tangent
l ines  at the  end poin t s  of a chord  be in the t angen t  p lane to JY’whose  sur face
ch a r a c t e r i s t i c  is the chord (s ta tement  ) f Lemma 5) is equ iva l en t  to equation
(A6. 19) being t r u e .  T h e r e f o r e , equat ion (A6. 19 ) is a neces~~a ry  cond i t ion
for  the chord  j o i n i n g  points  p 1 and p 2 to be a s a r f ace chord of Jr.

Q. E .D.

Proof of Corollary 6. 1:

S u b s t i t u t i n g  t he  r e l a t i ons

+ ax. - : 1 , 2 ( A6 .2 0 )

yç = 2x
~ 

+ a i 1 , 2 (A6.21)
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into equat ion (A6. 19) and s implif y in g the resul t  y ie H s

/
Z

1
+ Z.) Z 1~~~~~Z

______  - ~ 
‘ = 0  (A6.22)2 x1 - x
2

which is the r equ i r ed  relat ionshi p. Q. E. D.

Proof of Corollary 6.2:

For any pair of po in ts  as in Coro l l a ry  6. 1 w h e r e  x 1 - x2,
shi f t the  axis such that  p2 (x 2 , y 2 , z2 ) = (0 , 0 , 0). Then equat ion (A6 . 22)
can be written as

Z
1

+ Z ~~ Z - ~
________ - —f -  = 0 (A6. 2 3 )2

Consider  the L. H.S.  of equat ion (A6. 2 3 )  as a func t i on  in x 1,

z’(x ) + z ’ z(x
ç~~(x1) 

- (A6 . 24)x l

f or the  app rop r i a t e  cons t ant  z~ . Clear l y the func t ion  ~~~(x 1 ) wil l approach
zero as x 1 — x2 = 0. A su f f i c i en t  cond i t ion  i n s u r i n g  that  ~~ (x 1 ) wi ll

h ave no roots for  x 1 
- 0 is that the  f i r s t  de r iva t ive  of ~~ (x 1 ) w i th  respec t

to x 1 be c o n s i s t e n t  in s ign.  Thus , t he  condi t ion  -
~ th at

// /

- (A6. 25)
x l

he consistent in sign. But r e a r r a n g ing (A6 . 25)

- x
~~zi’ - 2(x 1 z~ - L

i
)

~~ (x 1 ) 2x 1

x
1 z(x 1 )

~ 1 ) ( A 6 . 2 6 )
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But x 1 > 0 by c o n s t r u c t i o n , an d so w ill not effect the cons i s t ency  of the si gn.

Thus , an equivalent  condition is that  ( x ) be of cons is ten t  sign.  Q. E. ID.

p
Proof of Corol lary 6 .3 ;

Th e n e c e s sa ry  cond it ion  f o r a ch or d j oin in g po in t s  p 1 and p 2
on the twis ted c u r v e  of Corollary 6. 1 t o be a su r f ace chord  of convex h u ll

P is given as equation (A6. 22).  Cons ider  the Taylor se r ies  expansions about

p1. Then

2 3
(x - x )  (x - x )2. 1 ~~~~~. 2 1

1
2 

- z1 + (x
2 

- x
1)z1 

+ 2 , !  3!  z 1 
-r . (A6 .27 )

2 3
/ - 

(x2 
— x

1
) (x

2 
— x 1) ( iv )

+z2 
= + (x

2 
- x1)z1 2 !  + 3! z1 

- (A6.28) .

Combining (A6 . 27)  and (A6. 28) wi th  (A6 . 22)  and s imp lif ying y ields

zI + z~ 
- 

~ (2
’
2! - 

~
) (x~ - x

~~
)
~ 

z~” + 
(2(

’
3!) 

~
) (x~ - 

~~~~~~ 1
( i v)

~~~~~. . . (A6 . 2 9 )

For short  chords  ( i . e .  , ~x2 
- x 1 is small) ,  t he  on l y t e r m of s i g n i f i c a n t

s ize  will be the term involving z~~. Thus , f or the  r i g ht ha n d s ide  of

(A6 . 29) to equal zero  for short  chords , it is n e c e s s a r y  that

= 0 (A6 .30)

The solut ions  to (A6. 30) will t hen  be t h e  possible cen t r a l  poin ts .  Q. E. D.
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Appendix 7

Proof of Lemma 7:

Lemma 5 establishes that a necessa ry  condition for  a chord to be

- 

-
- a surface chord  of the convex hull generated by twis ted  cu rve  , is tha t

the chord and the tangent  l ines to at both end points  of the  cho rd  must  all
be in the same plane. Lemma 6 states t h i s  necessa ry  cond i t i on  in t e r m s
of an equation in the coordinates of the end po ints of the chord .  The ideas
of Lemma 5 and the methods and equat ions  of Lemma 6 can be used to
genera te  a set of necessa ry  cond i t i ons  for  when a p lanar  sec t ion  can he
a fea ture  of the sur face  of the convex hull  gener ated by

A planar section is defined by t h ree  poin ts  of t h e  c u r v e
t o be denoted p 1 = (x

1
, y1, z1 ), p2 (x2, y2, z2 ), and p3 (x3, y3, z3).

Equivalently,  the section cou ld be def ined b y the t h ree  chords  j o i n i n g  t h e s e
points and forming a triang le. These chords are clearly in the plane , and

will be sur fac e chords  if the planar  section is on the surface. From Lemma

6, a necessary condition for the  chord (p 1, p2 ) to be on the  s u r f a c e  of the
convex hull is that the equation

~~ (z~ - z~ ) - (y
~ 

- y~ ) + (y~ z~ - y~~z 1’) = 0 (A7. 1)

be satisfied . It can be seen that  equat ion (A7. 1) is equivalent to equation
( 3 . 7 )  in the s ta t ement  of Lemma 7. S imi lar l y,  equa t ions  (3. 8) and (3. 9)
can be seen to correspond to the neces sa ry  condi t ions  fo r  the chords  (p 1. p3)

and (p 2. , p 3 ) to b e su r f ace chord s re s~~ec t ively. Thus , e q u a t i o n s  ( 3 . 7 )  -

( 3 . 9 )  a re  the  nece s sa ry  condi t ions  for the  t h r e e  chords  (p 1, p 2. ), (p 1, p3
),

and (p 2. , p 3 ) to be surfac e chords .  It is clearl y n e c e ssar y for these  chords
to be s u r f a c e  chor ds f or t h e planar  sect i on (p 1, p 2 , p 3 ) t o lie on the sur f ace

of the  convex hul l .
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A s e c o n d  set  of n e c e s s ar y  c o n d i t i o n s  can be imposed on t h e  pl ana r

sec t ion  (p 1. p 2 . p 3 ). For a smoot h t w i s t e d  c u r v e  , t he re  is a u n i q u e

r e l a t i o n s h i p be tween su r f ace  c h a r a c te r i s t i c s  of a convex hul l , and the tangent

planes  to the  c o n v e x  hull .  If t h i s  w e r e  not  t r u e , the  d e r i v a t i v e  of the

c u r ve would not be uniquel y de f ined , and the cu rve  wou ld riot be smooth.

This u n i q u e  r e l a t i o n s h i p  means  that  all t h r e e  chords , and the  t h r e e  t a n g e n t

l i n e s  to the  c u r v e  at t he  po in ts  p 1. p 2. , and p3. m u s t  all l i e  in t h e  same

plane.  Thus , t h e  t a n g e n t  l i ne  to the  c u r v e  at t he  point  p 2. m u s t  be

in t he  p lane  d e f i n e d b y the  c h o r d s  (p 1, p 2. ) and (p 2 . p 3 ). S imi l a r ly,  t he

t a n g e n t  l i n e  at p 1 m u s t  be in the  p l a n e  d ef ined  by t h e  c h o r d s  (p 1. p 2.
) and

(‘ 1’ p3 ) , and the t a n g e n t  l i ne  at p 3 in t he  pl ane  d e f i n e d  b y the c h o r d s

(p 1, p 3 ) arid (p 2
, p 3 ).

3
A plane  in E is d ef ined  by the  equation

aX + bY + c Z  = 1 (A7. 2)

w h e r e  (X,  Y,  Z)  is any po in t  in t he  p lane , and a, b, and c a r e  the

de f in ing  c o e f f i c i e n t s  of the  plane. For the  plane de f ined  by the p o i n t s

(p 1, p 2. , p 3 ), t hese  coef f i c ien t s  a r e  t h e  s ol u t i o n  to t h e  m a t r i x  e q u a t i o n ,

x 1 y 1 z 1 a 1

x 2. y 2 z2 • b = 1 ( A 7 . 3)

L ~ 3 ~~ ~3

• or

1-1
a x 1 y 1 z 1

b = 
~ 2 y 3 z , • 1 (A7.4)

+ c \ 3 y 3 z 3 1

P

6’?



Following the developm ent presented  in Appendix 6 , select po in t s  p4,
and p 6 on the tangent  l ines  at points  p 1. p2. , and p3 respec t ivel y.

From the d e f i n i t i o n  of the tangent  l ine , select these  po in t s  such that

X~ + ~ 
= X~ + 1 (A7. 5)

y i + ~ 
= + yH (A7 -  6 )

Z~ 
+ 3 z . + z .’ ( A 7 .7 )

w h e r e  i ~ ( 1 , 2 , 3),  and the p r i m e s  deno te  d i f f e r e n t i a t i o n  b y x~.

Combin ing  equat ions  (A7. 3) - (A7. 7) wi th  the  s t a t e m e n t  of t he

set of n ecessar y condi t ions y ie lds the t h r e e  m a t r i x  equations

— - • l  -

X
1 ~ l z 1 x

1 y 1 
1

1 
1 1

X
2 y2 

z
2 • x 2 y 2 

z 2 • 1 = 1 ( A 7 . 8 )

X
1 

+ 1 + y 1 Z
1 

+ z~ x 3 y 3 
z

3 
1 

- 

1 
-

‘-5 

. 

x l y l z
1 

x 1 y 1 ~ 1 

- - 
_
l 

-

x 2 y 2 z
~ • X Z y Z 

1
2 • 1 = 1 (A 7 . 9 )

- 

x2 
+ 1 y 2 

+ y~ z
2 + z2

’ x
3 

y 3 z 3 
1 

- 

1

— l
X 1 Z

1 
X 1 Y 1 Z

1 
1

x
3 y 3 13 

• x
2 ~f 7  12. • I 1 (A 7 . 10 )

x
3 

+ 1 y3 
+ y~ 

Z3 ~ x 3 Y 3 13 
1 

- 

1
• 
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As was the case in the development in Appendix 6, the first two of the

three equations in each of the m a t r i x  equat ions (A7. 8) - (A7. 10) will  be

sim ple identities. The third equation in each of (A7. 8) - (A7. 10) can

be simplifi ed and rear ranged and r e w r i t t e n  as the mat r ix  express ion

1 y z1
’ 1y3 (z i 

- z2 ) - z
3 (y 1 

- y 2.
) + (y 1z 2 

- y 2 z 1) ~0

1 y~ Zj  • -x3 (z 1 - z , ) + z3 (x 1 
- x

2.) 
- (x 1z2 

- x2 z 1 ) = 0 (A7. 11)

~1 y~ z~ x3 (y 1 - y 2
) - y 3 (x 1 

- x 2 ) + (x 1y 2 
- x 2y 1) 0

Equation ( A7. 11) is the exact fo rm of equations ( 3 . 4 )  - ( 3 . 6 ) .  Thus it has

been demon st r ated that it is n ecessary f or t h r e e  point s ( p 1, p 2. , p 3 ) of t he

cu r v e to sat is f y both equation (A7. 11) and the th ree  equations of the

form (A7. 1) in order  to be a sur fac e fea tu re  of the convex hull genera ted

by~~~ . Q .E . D .

Proof of Corollary 7. 1

For the twis ted  cu rve  of Lemma 7 , let y(x)  = x 2 
+ ax for

any real number  a. Equations (3 . 7 )  - (3.9) will simplify to equat ions

(3. 13) - (3. 15). This  is exactl y t h e  same s im pl i f ica t ion  that takes

place in demonstrating Corollary 6. 1 f rom Lemma 6.

Combining the relat ion y(x)  = x
2 

+ ax wi th  equation (A7. 11)

y ield s

- - 

2. 2 21 2x 1 + a z 1 (x 3 + ax 3 ) (z 1 
- z 2 ) - z 3 (x 1 ax 1 

- x
2 

- ax--

+ ((x~ + ax
1

)z
2 

- (x~ + ax
2

)z
1 )

1 2x2 ~ a 
I -x

3
(z 1 

- 12
) - z

3
(x

1 
- x

2
) - (x

1 z2 
- x

2
z
1 )

2. 2 2. 2. 2
~1 2x

3 
+ a z3 J 

x 3 (x 1 
- x

2.
) - x

3
(x

1 
- x 2 ) + (x

1
x
2 

- x
2
x
1 ) 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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• 0

0 (A7. 12)

0

Multip ly ing equation (A7. 12.) out , simplif y i n g ,  and r e a r ra n g ing y ie lds
t he th ree  equations

(x l - X
3

) 
~~ 

- (x l 
- x

2)X
’ - z~ (x~ - X

3
) = 0 (A7. 13)

(x
2 

- X
3

) 
~~ 1 X  + (x~ - x

2
)

2 
- z~~(x~ - X

3
) = 0 (A7. 14)

(x~ - X
3):: 

- (X
2 

- X
3
) 
~~ :~ - z~ (x~ - x

~~
) 0 (A7 . 15)

The th ree  equations (A7 . 13) - (A7 . 15) match the equations (3. 10) - (3. 12)
of Corol lary 7. 1. Thus the six equations in Corollary 7 . 1 are  necessa ry
condi t ions  b y Lemma 7 under  the  r e st r i c t i on  that  y(x) = x 2 

+ ax
for any real numbe r a. Q. E. D.
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Appendix 8

Proof of Lemma 8

Accord ing  to Corollary 7. 1 , in o rder  fo r th r e e poin t s on a sm oot h
twisted cu rve  to d efine a planar section on the surface  of the convex

hull g ene ra ted by , when is def ined par~ metr ical l y in x by

~ y(x) x
2 

+ ax , z (x ) ,  for some real number  a , it is necessary  for the  coord ina te

values of the  t h r e e  poin ts  to satisf y t h e  six equ at i ons

I -
- (x~ - X

3
) 
~~ 

- (x~ 
- x

2.
) 
x~ 

- z (x
2 

- x3
) = 0 (A8. 1)

(x2 
- x

3
)~~~ - (x~ - x2

) - z~ (x~ - X
3

) = 0 (A8 .2 )

I - z  z - z
(x

1 
- x

3
) 

x~ - x~ 
- (x

2. 
- x 3

) 
~~ - 

- z~ (x1 
- x

2
) = 0 (A8 . 3)

p

Z~~~~ + Z . ’, Z 1 - Z ,
I 

- ~ ‘ = 0  (A8 . 4)
2 x 1

- x
2

1~ z’ + z ~ z - z1 ~ - = 0  (A8.5)2. x - x
-5 ,  1 3

P z_) - z-~ Z~) -

‘ ‘
- 

~~ 

)
= 0 (A8 .6)2. x - x

4

. P

-  
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Equat ion s (A8 . 1) - (A8. 6) can be treated as six l i n e a r  equation s

Z , - Z ~~ z 1 - z  z - z
in the  six u n k n o w n s  zI .  z ’ , z ’, ‘ 

~ , 
~ 

, and 2 ~ . The2. 3 X
1

X
2 

x 1 x
3 X

2
X
3

equa tion set can then be solved in t e r m s  of the d i f f e r ences  (x 1 
- x2.

), (x1 
- x

3
),

and (x 2. 
- x 3 ). Combining  equa t ions  (A8. 1) - (A8 .3) w i th  (A8. 4) - (A8. 6) and

el iminat ing the unknown r a t io s , t he  r e s u l t s  can be w r i t t en  as the  m a t r i x
equat ion

- 

-3 1 -l (x
2 

- x~~)z~ 
- - 

0 
-

1 -3 1 (x1 
- x

3~~~~ = 0 (A~~. 7 )

-1 1 -3 (x1 
- x

2.
)~ ’. 0

But the 3 x 3 coeff ic ient  m a t r i x  on the  lef t  hand s ide of (A8. 7) is not
s i n g u l a r .  T h e r e f o r e, it is i n v e r t i b l e .  T h u s , t he  solution to (A8. 7)  is

(x2 
- x 3 )zI  

- - 

0

(x
1 

- x 3 )z~ = 0 ( A 8 . 8 )

-

~~ (x
1 

- x 2 )z~ 
- 

0

But by assumpt ion  (Section 2. 1), the cu rve  is genera ted  b y f un ct i o n s

that are smooth and sing le valued on I .  Thus , x2 ~ x3, x1 ~ x3, 
and

x 1 ~ x 2. Therefore , in order  for  (A8. 8) to be sat isf ied , i t  m u s t  be

true that

z = z~ = z~ 0. (A 8 , 9 )

74



~~~~~~~~~~~~~~~~~ i~~~~~ 
_ _ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

However , combin ing  (A8 . 9) with (Ab .  4) - (A8. 6) y ields

z l — z 2 z l
_ z

3 /
~2

/
~3_______ = ________ - ________ = 0. (A8 . 10)x l - x 2. x l

_ x
3 x2 - x 3

But (A8 . 10) implies that

z 1 = z 2. = z 3, ( A 8 . l l )

p

which  c lear ly violates  the assumed s ing le va luedness  of t he  func t ion

z(x) .  T h e r e f o r e, (A8 . 11) cannot hold , and no t h r e e  i n t e r i o r  points  of

can d e f i n e  a planar  sec t ion  on the  sur face  of the convex hull gene ra t ed
— p 

by !~
W2. Q. E.D.

It is noted that  in the  somewhat  more  genera l  case w h e r e  z(x)
is not requi red  to be s ing le valued on I~~’ it can occu r t h a t  equa t ions
(A8. 9) - (A8. 11) a re  sa t i s f ied  for  t h r e e  points  on the  cu r v e  . When  -

t h i s  occ u rs it is easy to d e t e r m i n e  if the  plane is on the surface of the convex

hull. From (A8. 11) it is clear that  the plane in ques t ion  is parallel to the
x -y  plane. Thus , in o rder  for  the plane to be on the s u r fa c e , z 1 mus t  be

ei the r  the l a rges t  or the  smallest value of z(x) on If th is  is not t r u e ,
th ere  m u st be po in t s  of the  cu r ve bot h above and below the  plane in

the z- sen s~~, and the  plane could not be on the surface.
p

p
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Appendix 9

Proof of Lemma 9:

Consider  a smooth f i n i t e  length twisted cu rve  , g iven

parametr ica l ly in x by y(x)  = x2 
+ ax and z(x) ,  where  a is any real number .

Denote the end points of ~~ by p 1 = (x 1, y 1, I
i

) and p3 = (x3, y3, z3 ),
and let p 2 = (x2, y 2, z2 ) be an in te r io r  point of . Consider  the plane

defi ned by th e points  (p 1, p2. p 3 ). From Corollary 7. 1 it is known that

a necessa ry  condit ion that must  be sa t is i fed if the plan e (p 1, p 2. , p 3 ) is

a surface  plane of the convex hull Jr. generated by is that
p

z - z  z - z
(x
2 

- x3) ~~ 
- 

+ (x 1 
- x

2) x - 
- z~~(x 1 

- x
3
) = 0. (A9. 1)

Relabel the x and z axis so that x 1 = z
~ 

0. Th en (A9. 1) becomes

(x
2 

- x
3) 

—
~~~ 

- x
2 

~ + z~ x3 
= 0 , (A9. 2~

or

/ Z  - z  z ~ / Z \
-x ~ 

2. ~~ - ~_-~~ 
!
t + ~~ 

- -_
~~ \ = 0, (A9. 3)

2. - x
3 

x
2 J 

3 2. x 2 ,~
,

or

-x
2.
x
3 / z~ z

3 \ / x 2.z~ - z
2. \

________ — - — i + x x u = 0. (A9. -~ )
x

2 
- x

3 \ x 2 
x

3 
J 

2. ~ /
But

(

1 (x )) ’  = 
XZ Z (A~~. 5 )
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T heref o re ,

(~~~~~~

\I 
= 

- Z
3

/ X
3 )  (A 9 . 6 )

\ x 2 .J  
x 2 - X 3

- Thus , (A9 . 6) is equivalent to (A9. 1) f or the s i tua t ion w h e r e  p 1 has been
m oved to the or ig in .  It is noted that  the other necessa ry  condi t ions  f rom

- Coro~’a ry  7. 1 are  not important because the derivatives at the end

- 

points of ~~ (poin t s p 1 and p 3 ) will  not be uniquel y de f ined .  Q. E. D.

S
- -S

F.
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App end ix  10

Proof of Lemma 10:

Follow ing the  de v e l o p m e n t  p r e s e n t e d  in Append ix  7 , it  is seen t h at

a p lanar  sec t ion  d e f i n e d  by t he  p o i n t s  p 1. p 2. , and p 3. w h e r e  p 1 is t a k e n  to bt -  a :~
endpoint  of the smooth twi s t ed  c u r v e  , m u s t  sa t i s f y the  fo 11owin ~ n e c e s s d r ’)

‘ condit ions if it is to be on t h e  s u r f a c e  of the convex hull  g e n e r a t e d  b y (

(x 2 
- x 3

) —
.
—-

~~~~~
-- -

~
- (x~ - x

2.
) 

~~ 
- z (x l 

- X
3

) = 0 ( A l O .  £ )

Z
2

- Z
3 

Z
1 

Z
3(x - x )  — ( x  - x )  - z ’ (x - x ) 0  ( A 10 . 2 ,1 3 x - x 3 2 3 x~~ - x  3 1 2

Z~~~~+ Z ~ Z ) Z~)
_____ - ~ = 0  ( A 10 . 3 )2 x 2 - x 3

The o the r  e q u a t i o n s  in Coro l l a ry  7. 1 a re  not r equ i r ed  because  z {. t h e

d e r i v a t i v e  at the  end poin t  of the  c u r v e  , is not un iquel~ d e f i n e d .

Relabel  the  axis  such  t h a t  p 1 is  sh i f t ed  to t h e  or i~~in .  Eq u a t i o n s

( A l O . 1) and ( A l O .  2 )  may now he r e w r i t t e n  as:

1
2(x - x  ) — - x  + z ’ x = 0  (A 10. -l )

3 x2 2x
2 - x

3 
2 . 3

and

z _ - z  I

-x  2. - ( x  - x ) —
~
- + z ’ x = 0 . ( A l O .  ~~)3 x - x  2 3 x  3 2 .

P
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In Append- -k 9 it was shown that  equat ion  ( A l O . 4 )  is equ iva len t  to

(Z ~~~~ (z 2.
/x

2. 
- z3 /x 3) ( A l 0 . 6 )

\~~
X

2J  
= X

2.
X

3

However , it can be seen by i n s p e c t i o n  that  equation ( Al O .  5) is i d e n t i c a l

in fo rm to equa t ion  (AlO.  4). The onl y d i f f e r e n c e  is that  the  i n d e x e s  2. and

3 a re  reversed  in location . Thus , equat ion  ( Al O .  5) mus t  be equiva len t  to

(z~~/x~ - z 2 /x 2 )  (AlO .  7)
\ x 31 

X
3

X
2

But the  ri ght hand s ide  of ( A l O .  6) and ( A l O .  7)  a r e  n u m e r i c a l ly the  same.

Thus , the  n e c e s s a r y  condi t ion  for  a c lass  one p lanar  sec t ion  becomes

(z 2~~’ ( Z 3~~ 
= 

(z3
/x3 

- z 2 /x 2 )  (Al O. 8)
\x 3J 

\ 3 
- X

2.

Q. E . D.
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