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I. INTRODU CT ION

1. 1 Problem Descr ipt ion

There are  many impor tan t  problem s in the field of communica t ions

theory that have as their solution the expectation o .  a random variable.

Perhaps the c lass ic  example of such a problem is that of comput ing the

probability of bit e r ro r  for a binary signal being t ransmi t ted  on a channel

with linear intersymbol  in te r ference  C i~ - C 15]. A block d iagram for this

example is given in Fi gure  1.1.

_____________ 
n(t)

Sourc~ x(t)  
tChannel}(t) ~~~~~~ r (t~~~ Receiver  1

Figure  1.1

The b inary  sourc e selects a value for a
~ 

with  equal probabil i ty

each T seconds. These source symbols are  encoded in to  waveforms

sv table for  t r ansmis sion  across  the channel. The t ime func t ion  x ( t )

• r epresen ts  a s t r ing of these channel  waveforms.  The channel is assumed

to act upon the waveform str ing x ( t )  as a linear f i l te r .  Thus , the waveform

associated with a part icular  source symbol will typ ically be d is tor ted  in

shape and spread in t ime by the action of the channel. Let the d i s to r ted

waveform str ing at the channel output  be represented by y( t ) .  This

signal is assumed to be f u r t h e r  d i s to r ted  by the addition of a white

Gaussian noise process , that  is denoted by n ( t ) .  The waveform s t r ing

finally presented to the receiver  is r ( t )  where



• r(t) = y(t )  + n(t) .  • (1 . 1 )

This signal is detected and sampled. The sampled output at t ime zero

can be represented by
M ,

r = a h + a. h. + n  (1. 2)
0 0 0  . t i  0

where r. is the detected and sampled output at time i , ... a M ... a , 2
a0 a 1 ... aM ... is the binary input signal s t r ing,  h~ } is the sampled

impulse response of the channel, and n0 is the Gaussian noise sam ple

at tim e zero. The primed summation in equat ion ( 1 . 2 )  is a standard

symbolism for a summation that is miss ing  i ts  central  term.  It is

fur ther  assumed that the channel impulse response has only 2M + 1

• significant terms.

The probability of bit e r ro r  at time zero can be shown C i i ]  to be
given by the expressions

h + u l
= Eu ~ ( o (1. 3a)

F !  h +~ uI h -~~u~ \
Eu ~

• 

(~Q (  o ) + Q(  
0 /~ (l. 3b)

where

Q(x) = ~~~~ f exp(-y 2 /2 )  d y, (1. 4)
x

• M ,

= a.h ., ( 1.5)

~ is the standard deviat ion of the Gaussian noise , and U r ep resen t s  the

spac e of all s tr ings of ZM binary symboLs . The express ions  (1. 3a) and

(1. 3b) are  clearly equal mathematically, but it  has been shown ~ 11]

that one form or the other  can have anal yt ical  advantages when evaluat ing the

probabili ty.  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Unfortunatel y, the express ions  in equ a t ions  (1 . 3a) and (1 . 3b)

may be difficult or computational y impractical to solve exactly. For

example , if the interymbol interference extends for f o r t y  sam ples

preceeding and trailing the actual signal sam ple time (M.40), the exact

• evaluation of the probabil i ty  of e r ro r  would involve the summation of
• z 80 ~ io Z4 

terms of the form of equation (1.4). Thus, even if equation

(1 .4)  could be solved in 1 nanosecond of computer t ime , exact computation

of 
~ e 

would require 3 x 10~ c e n t u r i e s .  Al thoug h channels  having an impulse

response that is significant over 80 bit times may be rare , it is clear that

• the computation involved in calculating (1. 3a) or (1. 3b) can still  be la rge

even for fa i r ly modest impulse responses .

• Expressions s imilar  to (1. 3a) can be der ived  for  the probabil i ty
• of bit e r ror  on any addit ive Gaussian noise  channel with  l inear in t e r f e rence .

Examples would includ e spread spec t rum mul t ip le access channel s , and

channels with co-channel in te r fe rence  [16] - C 19]. Thus , the evaluation

method s that will be discussed below are more  general l y app licable than to

• just  in tersymbol  interference probl ems. They will app ly to Gauss ian  channels

• ,, with other kinds of l inear  in t e r f e rence  as well.

1. 2 Isomorphism Theorem

One possible approach to problems in communications and informat ion

P theory that appear di f f icul t  or impossible to solve in the i r  exact form is

to find bounds to the exact solution that are easily computed. One technique

that has been proven to be useful in providing bounds to problems of this kind

is the Moment Bounding Technique [ i i ]  - C19). This technique is based

on an Isomnorphism Theorem from Game Theory [20], [21]. In thi s approach ,

the moment of the function of the random var iable  that  is of interes t  is

bounded in t e rms  of moments of o ther  func t ions  of the sam e random

variable.  These other funct ions a re  chosen such that the i r  moments  are
I relatively easy to evaluate. This approach has  the unique  advantage that

both upper  and lower bounds can be found wi th  the same computat ional

technique .  In addit ion , the mom ent bound s tha t  a re  de r ived  us ing  two or

three  d imens ions  yield a relat ivel y s imp le geomet r ica l  u n d e r s t a n d i n g  of the

bounding process.

3



The Isomorphism Theorem can be stated as follows:

Isornorphism Theorem:

Let u be a random variable with  probability d i s t r ibu t ion  Gu (u)

defined over a finite closed interval I [a , bJ .  Let k 1(u ) ,  k2 (u),  ...,

k (u) be n continuous functions def ined on I. Let mm , i J , • , n , denote the

n generalized moment s of the random variable u induced by the func t ions

rn. J ~ k .(u )  d Gu (u) = Eu~
k. (u )J

~ 
i = 1, ... , n ( 1 . 6 )

Denote the moment space till as

t i f(~~~~r n ( m 1, m2, ..., m ) C R ’~ } (1 .7 )

where Gu
(u) ranges over the set of all probabil i ty distribution functions

defined on i.~4l is a closed , bound ed , and convex set.

Let ~~~denote the generalized curve  r = (r 1, r 2, ..., r )  t raced

out in R~ by r 1 = k1(u) for u € I. Let irbe the c~~ivex hull of . Then

The application of the Isomorphism Theorem to bounding problems

can be seen from the following two dimensional  (n = 2) examp le. Given

a function k 1(u) of the random variabl e u whose moment , E
~~

[k 1(u) J
~ 

15

desired , select a second function , k2 (u),  whose moment is easily computable.

By identif y ing the funct ions k 1(u) and k2 (u) with the two orthogonal axes

of a two-dimensional  coordinate system , as in Fi gure 1. 2 , a curve  can

be traced out as u varies  through its f ini te  range of values. The convex

hull , ~j ’, of the curve can now be found , as in Figure  1.3. Let m 2 denote
the value of the moment of the funct ion k 2 (u) as in (1 .6) .  According

to the Isomorphism Theorem , the set of all m o m ent pa i r s

= (m 1, m 2 ) m 1 = ECk 1(u ) J  , m 2 = ED 2 (u) J  (1 .8)

4
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as the distribution of u varies over all possible distributions defined on the

range of u , is ident ica l  to the convex hull ,W~. Thus , f rom Fi g u re  1. 4 ,

upper  and lower bound s to the exact value of m 1 occur at the points where

the line k 2 (u) m 2 intersects  the su r f ace  of the convex hull. In F igu re  1.4 ,

the va lues  of the  bounds are  denoted 
~~e and P respec t ive ly.

• U eL

Most of the applications of the moment bounding techni ques to

problems in communicat ions  theory have used two-dimensional  moment

bounds [8] - [13], [16] - [193. This is b ecause two d imens iona l  bounds

are qui te intu i t~ve and inherent ly t rac t ib le  (they can always be found graphically).

The following chapters  a re  an extension of the appl icat ions of the moment

space bounding technique to classes of hi ghe r -d imens iona l  bounds.  Hig her

dimensional  bounds are valuable for  two reasons. First , they usually

offer ti ghter bounds than those that can be computed wi th  two-dimensional

techni ques.  Second , in some cases they offer  bounds that a re  as tig ht as

the  best two-dimens ional  bound s but r e q u i r e  less computat ional  effor t .

Thus a hig her-dimensional  moment bounding techni que o f f e r s  ti gher  bounds ,

or less effort, or in some cases both tighter bounds and less effort than two-

dimensional bounds.

__ _ _  __ j
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U. THREE-DIMENSION AL MOMENT BOUNDING ALGORITHM

2. 1 I n t r o d u c t i o n
p

• Most of the  r e sea rch  ef for t  tha t  has been expended on app l icat ions

of the moment  b o u n d i n g  t e c h n i q u e  L i i ]  - [19] has bee n expended d e r i v i n g

exact analytic  express ions  for  the upper  and lower bounds .  The f o r m s

of th e expressions f or the bou nds are t y pically condi t ional  on the para-

meters  of the  cu rve  , and on the values of the  auxi l iary  moments .

For example , cons ider  t he two-d imens ional  in te r  symbol i n t e r f e r e n c e

moment bound results  reported b y Yao and Tobin ~ 1 li ~. In pa r t i cu la r ,

cons ider  the case of the exponential  auxil ia ry  bounding func t ion .  The

equations for the cu r ve ~~~for  this  example are

c(h + u )
x - ~ k 1(u) e 0 

, (2 . 1)

and

/ h  +~~ \
y = k 2 (u) e r fc  (

\ 
_-9~ 

) 
. .2 )

In these equations. c is an a r b i t r a r y  cons tan t , e r f c  ( )  is th e standard

complementary  e r r o r  func t ion , u is the amount  of in te r syrnbo l  i n t e r f e r e n c e ,

h0 is the ampli tude  of the des i r ed  signal , and ~ is the s tandard  deviation

of the addi t ive  whi te  Gauss ian  no i se .  As is demons t ra ted  in [11],  for

g iven values of h 0 and ~ and g iven  l imi t s  on the r ange  of u , the curve

wil l  v a ry  f r o m  being  convex  fl , t o  “S-shaped ” , to convex U

p depending  on the value of the pa rame te r  c in (2. 1). Clearl y the fo rm of

the analytic expressions for the boundry of the convex hull generated by this

cu rve  is a func t ion  of the pa ramete r  c. In add i t i on ,  w h en th e cur v e is

“S-shaped” , th e fo rm of th e boun ding expres sion s will de p end on the location

p of the bounds on the su r fac e of the  convex  hull. This  is to say, they wiil

depend on the value of the aux il i a ry  moment  m 1 E u Ck i (u) ]  of equat ion

(2. 1). These facts  are i l l u s t r a t e d  in F igu re  2. 1.
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Figure 2. 1

It is seen in Figure 2. 1 that  the fo rm of the upper  bound will  be l i n e a r

in the  region (k~~
m1

~~~~, k~~) of th e ab s c i s s a ,  but will  take on the  fo rm of

the cu rve  in the  reg ion  (k~~ k~m~~~
)
) . Thus , the eq u a t i o n s  for  the  bounds

-
• der ived  u s i n g  the  moment  bound ing  t e ch n i q u e  a re  not ~y p i c a Il y of a s ing le

fo rm , but a r e  composi tes , s t r o n g ly de pendent  on the p a r a m e t e r s  of t he
bound.

8
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From the  s t andpo in t  of a casual  user  of the bounding t e c h n i q u e ,

the  compos i te  n a t u r e  of the  b o u n d i n g  equat ions  is i n c o n v e n i e n t .  It would

be more  c o n v e n i e n t  if some sor t  of un i f i ed computa t ional  approach w e r e

found .  Such an approach w ould e l imina te  the need to mak e detai led

p r e l i m i n a r y  i n v e s t i ga tL on s  into the local geome t ry  of the c u r v e  and

it s convex hull ir . The bounding t echn ique  could then be used more

easil y on a broad spec t rum of bounding problems.

An al gor i thmic  approach is such a un i f i ed  approach. In such  an

approach , the c u r v e  is r ep re sen ted  in a computer  as an a r r a y  of

points .  Th i s  a r r a y  is a set of samples taken in some sys temat i c  manner

along the length of . The al g o r i t h m would then c o n s t r u c t  t he  convex

hu ll of t h i s  set of sam ples. The values of the bounds could then be computed

b y opera t i ng on th i s  modi f ied  hull .

The al go r i thmic  approach d e r i v e s  its unif y in g p r o p e r t i e s  f r o m

the fact that it deals with  an a r r a y  of sample points  taken f rom the  cu rve ,

ra ther  than dea l ing  w i t h  the smooth c u r v e  i t se l f .  This  is equivalent  to

rep lacing the c u r v e  with  a piec ewise  l inear  approx imat ion  to

In t h r e e - d i m e n s i o n s  the convex hull gene r ated b y th is  app rox ima t ion  wil l

always be a pol yh e d r o n .  The hull genera ted  by the or ig ina l c u r v e  could

ha ve been any t h r e e - d i m e n s i o n a l  convex fi gu re .  Eva lua t ing  the  bound s

t hen reduces  to f i n d i n g  the  a ’p r o p r i a t e  p lanar faces  of the pol yh edron , and

t hen  comput ing  the  coe~ va lues  of the appropr ia te  poin ts  on t he se

• f aces .  This  genera l  p r o c e d u r e  is i ndependen t of both the shape of the  c u r v e

~~ and of the local p roper t i es  of the o r ig ina l  convex hull I~*°, g e n e r a t e d

b y~~~~~~.

In the  following section s an al gor i t hm is p r e sen t ed  that  wi l l

c ompute the  upper and lower moment  bounds for  the  t h r e e - d i m e n s i o n a l

momen t  bounding  problem.  It will be shown that the al go r it h m is r e a sonably

modest  in i ts  use  of cen t r a l  p rocesso r  (c pu )  t ime  for a r e p r e s e n t a t i ve

example. Both a gene ra l  descr i pt ion of the  proc edure  and a l i s t i ng  of an

ac tual i m plementa t ion  will  be p r e s e n t e d . The t echn ique  is based on the  work  
•

of Appel and W i l l  2 6 .

9



It is noted that  th is  p rocedure  computes  an approx ima t ion  to
t he moment  bounds.  The re  are  two responses  to th i s  o b s e r v a t i o n .  F i r s t ,
s ince  the  cu rve  is assumed to be smooth and of f i n i t e  length , the
sample points in the array can be chosen to be sufficientl y dense to assure

• that the resu l t s  will  approximate the  t r u e  value of the  bounds to any req u i red
acc uracy .  Secondl y , the algor i thmic  solution s can be adjusted to l ie out-
side the  o r ig ina l  bounds.  A method of comput ing  t he  a d j u s t m e n t s  wil l  be
presented below. Thus , the adjusted app rox ima t ions  wi l l  a lways be valid
bounds .  With the adjustments they will  not be as ti g ht as t h e  exact ly compu ted
mom ent bound s , but the ad jus tments  can be made a r b i t r a r i l y sma l l by
making the  samp le points sufficient l y dense.

Th e ar g um ents  con c e r n in g the  ad jus tm ents  to the  alg o r i t h m i c
solut ions a re  as follows. By the d e f i n i t i o n  of the  convex hull  of a c u r v e ,

• the  hull g e n e r a t ed b y any  p iecewise  l i n e a r  approx imat ion  to t he  c u r v e
will be i n t e r i o r  to the  hull  genera ted  by e i tself .  Thus , as the nu mber

of sample points of ~~ i n c r e ases , the hull  of the approximat ion  will  approach

• the or ig ina l  hull , ~W’ f rom the ins ide.

Denote the piecewise  l inear  approximat ion  to the  c u r v e  ~~ b y
Let ~ (p) be the m i n i m u m  Euclidean d i s t ance  f rom point p on the

cur ve to . Let t~ be the lar g est suc h di st ance  f or any p on
Denote the convex hul1~~ enerated by as £‘. Con s ide r  t h e  po lyhedron
that is sirnilirA to I~X’but at a min imum Euclidean d i s t a n c e  of ô to
the outs ide of I~

W2 . That is , the pol yhedron  that has planar  faces  paral le l
to the planar faces of ~*‘. Clearly, the ori ginal curve m u s t  be

i n t e r i o r  to th i s  new pol yhedron . Similar l y , t h e or i g ina l convex hul l
mus t  be i n t e r i o r  to this  new fi gure .  The re fo re , if the  u p p e r  bound

- • 
computed by the algor i thm is increased  b y an amount ó , and the lowe r
bound decreased by ô, the resul t ing  n u m b e r s  a re  gua ran teed  to be t ru e
bounds to the desired moment.

10



- -- 

~~~~~~ T~~ 1~I ~— : ~~~~~

P

2. 2 P r e l i m i n a r y  Def in i t i ons

Let A denote a t h r e e - d i m e n s i o n a l  a r ray  con ta in ing  a f i n i t e

number of elements. These elements may be thought of as being the

coordinate values of sample points of a smooth twisted curve in E~ .

• Let I~~~denote  the th ree-d imens iona l  convex hull generated by A. Let F

• denote a plane and 
~~ F 

denote the usual orthogonal projection operation

f rom E3 onto F. Then there  is an a r ray  AF on the plane F such that

AF = ~~‘F
A. ( 2 . 3 )

The array AF is the projection of the array A onto the plane F.

Let t h e  convex hull of the set AF be denoted by t
~~~

1
F. A basic

property [22] of convex bodies can be stated as

• XF~ 
( 2 . 4 )

This is to say ,  the convex hull of a project ion (AF is th e p roject ion of A )

is equal to the projection of the convex hull. This property is fundamental

I to several  d i f f e r en t  algor i thms ( e . g . ,  [2 6] ,  [27] )  that compute th ree -

dimensional convex hulls. It will  also be basic to the al gor i thm developed
below .

P The property that is expressed as equation (2.4) will be used

to reduce the problem of determining the structure of a t h r e e - d i m e n s i o n a l

convex hull in te  a sequence of two-dimens ional  convex hull problems.
T h e r e  a re  sa t i s f ac to ry  computational methods known for f ind ing  the convex
hulls  of two-d imens iona l  a r rays  [2 6 ]  - 293 . A modif ied vers ion of

one of these methods [26] will be used in the development of the al gor i thm
that follows.

P
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The convex hull of a finite element two-dimensional array AF
• will be a convex pol ygon , eX’F. The sides of this pol ygon will  be chords

conn ecting members  of the set AF. These chords are shown by equation

(2. 4) to be the F-plane projections of chords  joining points of the ar ray

A that are on the surface of ~*in E3. Thus , if there are a finite number

of elements in the a rr ay  A, there  must  be a f in i te  length sequence of

projection planes F that will allow the identif ication of the ent i re
n

network of chord s that lie on the sur face  of IC. This ne~work can be seen

to define the planar faces of the polyhedral  convex hull X. Therefore,

the network effectivel y defines the ent i re  sur face  of iv’.

One method of constructing a sequence of projection planes

F involves the “collaps ing” of surface chord s of Ii!’. This

method is developed in [ 26 J ,  and is the m ethod that is used in the al-

gori thrn presented here .  In this method , an a r b i t r a r y  f i r s t  p~~~jec t i on

plan e F 1 is selected and the correspoinding projected hull ~
)rF is

de te rmined .  A boundry chord of ~
X’F is selected in some systematic

1
manner. Denote the selected chord by Ch

F 
. The chord Ch

F 
is the

1 1
F1

_p
~ane projection of a chord (to be 

denoted Ch1) that is on 
the surfac e

of in E
3. The next projection plane in the sequence , F2

, is chosen to

be orthogonal to the chord Ch 1. Thus , the chord Ch 1 pro jec ts  as a sing le

point on F2 . In the F2 projection , the chord Ch1 
is said to be “collapsed. ”

This  procedure  can be implemented as a rotatien of the points in the set

A about a suitable axis, denoted LR. For a given set of coordinate axis

and a given projection plane F, the points in A are rotated such that

the chord Ch 1 
projects as a point on the projection plane F. The

algor i thm that is presented  below uses th is  procedure .

The present algorithm is an adaptation of an algorithm developed

by Appel and Will [26]. Appel and Will’s algorithm finds the convex

hull of a three-dimensional array of points by the method of “collapsed ”

12
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chords , as was discussed above. The present  algorithm di f fers  f rom that

of [26] mainly in that the  bounding problem requires knowled ge of onl y

two regions on the surface of 
~~~~~~~~~ 

while the algorithm given in ~26]

provides a descri ption of the entire surface. The pre~~ nt algorithm attempts

to converge quickly to the regions on the surface of ~
lW’of interest , at

the expense of the knowledge of the over-all  shape of the hull .  This  is

appropriate  because the additional informat ion  would not be relevant

to the bounding problem at hand.

r
I

13
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2. 3 Problem Statement

Consider the twisted curve d efined in terms of the parameter

u by the equation set

• x h(u )

y = g(u )  ueI = [a , b] ( 2 . 5 )

• z f (u)

wher e I is the finite interval of definition of . The func t ions  h ( u ) ,

g(u) ,  and f(u) are  assumed to be cont inuous and f in i t e  valued on I. The

elem ents of the tr iple (x, y, z) can be associated with the coordina te  axes

of a standard ri ght hand ed coordinate system. The curve  is trac ed

out in E3 as u covers its interval of de f in i t ion  I.

Consider  the l ine  in E3 def ined by the equation set

x m 1 = Eu Ch ( u ) ]

y = m 2 = E~~[g ( u) ]  ( 2 . 6 )

z = z

where the notation Eu C . J represents  the expectation wi th  respect to the

random variable u. Let the line of equation set (2 . 6) be denoted by £.

A consequence of the isomorphism theorem [ i i ]  is that L passes

through the convex hull I~
W2 generated by the curve . A f u r t h e r

consequence is that the quantity

m3 = Eu f(u ) ]  ( 2 . 7 )

is upper and lower bounded by the points on the surfac e of ,W’where

~~~~~~~ is penetrated by the line L. This amounts  to an i n fo rmal  statement

of the moment bounding theorem.

14
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The purposes of the mom ent bounding tec hnique are  served

by the evaluation of the surface of the  hull at the two locations where  the

- - . surface  is penetrated b y the line L . Thus , when the hull e.)~~
’ is approximated

by the polyhedron ~ the modified bounding problem requires  onl y the

identification of the two planar faces where  the line L penetrates the

• polyhedron e)~
’. The algorithm to be described identifi es these faces

as the result  of a directed search rout ine.  This rou t ine  uses a sequence
of planar projection s generated by “collapsing ” a sequence of su r face

• chords.
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2,4 The Algori thm

This is an outl ine of an al gor i thm that computes the lower

bound given by the moment bounding technique. The modifications to

the al gor i thm that are  r equired  to compute  the upper  bound should be

clear from the discussion . The algorithm is shown in block diagram

form in Figure 2.2.

Step 1: Ini t ia l izat ion

Given the set A = (x , y ,  z) x = h(u.), y g(u.), z = f (u .) ;

u.€t [a, b], a, b < ~~, 
j = 1, ~~~~~ N and the line L , given by

equation set (2. 6), consider the x-y plane to be the first projection plane

F1. Let denote the F1 p
lane projection of the line L. Consider the

1
projected set AF 

the F1 p
lane projection of the set A. A sketch of a

1
possible set AF and line 

~F are presented as Figure  2. 3 as an aid in
1 1

visualizing the situation.

z
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£F1 
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4
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Let denote the convex hull of the planar set A . In Figure 2. 3
- F1

the boundry of v
~~F 

has been dashed in and designated. It can be seen
1

that the line cuts the boundry of in exactl y two places. Let
• 1 £ 1

ChF denote the chord that forms the boundry of at the lower of
1 1

these two cuts. The chord Ch
F is designated in Figure 2. 3. A subroutine
1

for finding the chord Ch
F is described in detail in Appendix A.

1

Denote the left end point of Ch F by p~~~. Denote the right

end point by 4 .  The designations are shown in Figure 2. 3. By the

construction of A
F a and 4 are projections of points in the set A.

Denote these points p~ and p~ respectivel y. Let Ch
1 
denote the chord

connecting p~~ and p~~ in E3. By the argum ents of the previous sect ion ,
since Ch

F is a chord on the surface ofJ~
’ 

, Ch 1 is a chord on the surface
~ 1 F1

of a~
W, , the convex hull of the set A.

Denote the point of intersection of the line £~, and the chord

C
ChF 

by 
~F 

, as shown in Figure  2. 3. Clearly there is a point on the l ine
1 1 C C2 in E3 whose projection is the point . Denote this point by p 1 . In i t i a l ize

1
the step ind ex, i = 1. This complets the initialization of the algorithm.

Step 2: Rotation

L C RConsider the plan e defined b y the th ree  points (p. , p.
in E3. Consider  the line that is normal to th is  plan e and in tercept i  the plan e

C . . •at the point p. . This line , denoted 
~R

’ will be used a~ an axis of rotation

for the points in the set A and the line 2. Rotate all points about

with respect to the established (x, y, z) coordinate system until the chord

Ch 1 is “collapsed ” (projects  as a point  on the x-~ plan e). Argument s

establishing that this particular rotation will “collapse” the chord Ch
1

are presented in Appendix B. The new x-z plane projection is a consequence

of the rotation is the F. 
~ ~ 

plane pro jec t ion .  Increment  the step index i.

18
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Step 3: B r a n c h i n g

Find the  next chord Ch. L y the methods of step 1. Find the next
C 1

point 
~

A) If the chords Ch. and Ch. are connected (have an end
I i — i

point in common), go to step 4.

B) If chords Ch. and Ch. 
- ~ 

are not connected , and p? ~

p. 
- ~~

, go to step ~~~.

C) Otherwise , to to step 6.

Step 4: Tr iangular  Section

The two connected chords , Ch. and Ch. , def ine  a t r i an g u la ri - i
planar section on the surfac e of 1C. If a point of the line 2 is also a
point of this  t r i angula r  section , th i s  point is the bounding point that is
desi red.  This is the point denoted pC

• Terminate  the procedure .
If the line 2 and the tr iangular  section have no points in common , d e t e r m ine

which of the th ree  chords that bound this  t r iangular  planar sect ion is closest
to the point pG in Euclidean dis tance.  Change the labeling such that  this
closest chord is designated as the chord Ch.,  and its end poin ts  a re  designated
p~~ and p1

~. Return  to step 2. The p rocedures  presented  in this  step are
d etailed and jus t i f i ed in Appendix C.

Step 5: Cont inue

R e t u r n  to step 2 w i th the  chord Gb. an d the  poin t  p C that
were  found in Step 3.
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Step 6: Quadrilateral

C~~~~C • L C R L CSince p
~ 

p~ - ~~
‘ 

both t r ip les 
~~ , p~ , p~ ) and (p. 

- 1’ p . 
- 1’

p~~_ i~ 
def ine  the same plane. In th i s  case , chords Ch . and Ch. 

- ~ 
a r e

segments of the boundry of a section of this  plan e that is on the su r face  of

P~W’. Since Ch. and Ch 1 - i are co-p lanar but d isconnected , a quadr i la tera l

may be formed by joining appropriate pairs  of end po ints  of these  chords .
If the line £ and this  quadri lateral  planar section have a poin t  in common ,

this point is the bounding point that is des i red .  This point is the point that

has been denoted p9. Terminate the search procedure.  If t he  quadr i la te ra l

planar section and the line 2 have no points in common , de t e rm ine whic h

of the four chords that form the boundry of the quadr i la te ra l  is closest in

Euclidean distance to the point p. . Change the labeling such that this
closest chord is desi gnated as the chord Ch~, and its end points  are

designated p~~ and p~~. Return to step 2. The statements are  procedures

presented in this  step are detailed and jus t i f i ed in Appendix D . 
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2. 5 Examples of N u m e r i c a l  Resul t s

The al gor i thm outl ined in Sect ion 2. 4 has been coded for  general

purpose computers  using the FORTRAN IV p rog ramming  language.  A

pr in t  out of the  program is provided as Appendix F. Two sample r u n s

w e r e  made us ing  this  program.  The r e su l t s  of the  f i r s t  wi l l  be presented

in de tail in th i s  sect ion.  The second will  be p r e sen t ed  in con junc t ion  wi th

the resul t s  of the f o u r - d i m e n s i o n a l  al gor i t hm descr ibed  in the  next  chap te r .

The examples are int e r symbol  i n t e r f e r e n c e  problems.  The

auxi l ia ry  func t ions  used for  the bounds  a re  the second and fou r th  powers

of the amplit ude of the i n t e r f e r e n c e .  The paramet r ic  equat ions  for  the

c u r v e  in E~ a r e  th en

x~~~u
2 (2 . 8)

4
y u  ( 2 . 9 )

z ~~~ ~~~~~~~~~~~ 
) + ~~ ~ ) ] (2 . 10)

w h e r e  u is  the  amp l i tude  of the  i n t e r s y r n bol i n t e r f e r e n c e , h is the  amp l i t u d e

of the des i r ed si gna l , ~ is  the  s t a n d a r d  devia t ion  of t he  a d d i t i v e  w h i t e

Gauss i an n o i s e , and Q( . ) is the usual complementa ry  e r ro r  func t ion  given

by

2 . ,
_____ 

-xQ (y )  = e dx . (2 . 11)

This  is the t h r e e - d i m e n s i o n a l  ex tens ion  of an i n t e r symbol  i n t e r f e r e n c e

problem t r ea t ed  by Yao and Tobin 11] and Yan l2~~. The range  of the

• parameter u is

0~~~u~ . D ~~~h (2 . 12)
0

2. 1



where  D is the amplitud e of the maxirnurri i n t e r f e r e n c e  poss ible . The
relation (2. 12) imp lies that the in te r symbol  i n t e r f e r e n c e  “ eye ” is open.
This mean s that if the channel w e r e  no ise  f r e e , per fect  c o mmu n i c a t i o n
would be possible inspi te  of the in te rsymbol  i n t e r f e r e n c e .  Th i s  is t r u e

because the ampli tu d e of the  des i red  si g n al , h ,  is s t r ic t ly g r e a t e r  than

the maximum i n t e r f e r e n c e  D. This is a charac te r i s t i c  of a use fu l  corn-
• munica t ion  channel.

The f i r s t  spec i f i c  example is that  of a c h a n n e l  w i t h  Cheb y c h e v

f i l t e r  f r e q u e n c y  c h a r a c t e r i s t i c s .  This  is a channel  that  is commonl y used

in compar ing  bounding methods in i n t e r s y m b o l  i n t e r f e r e n c e  c h a n n e l s .  The

ch a r a c t e r i s t i c s  of th is  channel a re  g iven in detai l  in [ i i ]  and E 1 2 .  The

al gor i thmic  resul ts  that are presen ted  as Table 2. 1 were  obtained b y
approximat ing  the cu rve wi th  an a r r a y  A made up of 5 0 p o i n t s  that

w e r e  equall y spaced in t e rms  of the pa rame te r  u. The exact r e su l t s

p resen ted  in Table 2. 1 w e r e  computed u s i n g  the r e g u l a r i t y  c o n d i t i o n  r e s u l t s

p resented in ~34] .  It was shown in [34] that the r egu la r i ty  condi t ion  held for  the

values of s i gna l - to -no i se  ratio that a re  shown in Tabl e 2. 1 for  the Cheb y c h e v

channel.
I t can be seen f ro m the  Tab le tha t  t he  alg o r i t h m i c  va lues  a re  v e r y

• close to the  exact values of the bounds  for  low and i n t e r m e d i a t e  values

of si g n a l - t o - n o i s e  ra t io .  It is noted t h a t  the  algor i thmic  values  a r e  not

typ icall y i n t e r i o r  to the exac t bounds as was theore t i ca l l y p r e d i c t e d .

This can be a t t r i bu t ed  to cumula t ive  r o u n d - o f f  and t r u n c a t i o n  e r r o r s  in  th e

pa r t i cu l a r  implem entat ion of the  alg o r i t h m  that  was used in these
com p u t a t i o n s .  The spec i f ic  imp lemen ta t ion  that  was used in ob ta in ing  the
resu lts of Table 2. 1, was w r i t t e n  to p rove  the va l id i ty  of the  concepts

of the p rocedure .  It was not opt imized in t e r m s  of e i the r  c u m u l a t i v e  compu-

ta t ional  e r r o r s  or run  t ime .  In sp i te  of t h i s , most  of the  r e s u l t s  a re  ~een

to be accu ra t e  to four  s i g n i f i c a n t  fi g u r e s . F u r t h e r m o r e , t h e  t y p i ca l
computa t ion  r equ i r ed  onl y t h r e e  i t e r a t i on s of the  al g o r i t h m  to ob ta in
con v e r g e n c e , and r e q u i r e d  less than 0. 02.2 sec of c en t r a l  p r o c e s s o r  ( CPU )

22
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time on a CDC 7600 computer. With greater attention to program o p t i m i z a t io n ,

in t e rms  of r un - t i m e  and computat ional  a ccu racy ,  these  s t a t i s t i c s  m ay he

improved . However , it is clear f rom th i s  example th at t h i s  al g o r i t h m

yields reasonabl y accura te  resu l t s  w i t h  a modest  i nves tmen t  in computa t ion

t ime.

• The second example is a modif ied  vers ion  of the Cheb ychev

• ch annel that  was examined in the f i r s t  example. In the  p r e s en t  case ,

the value of the maximum dis to r t ion , denoted  by D in express ion  (2 . 12 ) ,

is inc reased  to t h ree  t imes  that of the regu la r  Cheb ychev channel . The

chann el im pul se r e sponse , and other appropr ia t e  pa r ame te rs  a r e  scaled

accord ing ly. As was the case in the p r ev ious  example , the second and

four th  powers of the pa ramete r  u w e re  used as the aux il l a ry  f u n c t i o n s .

This second case is an example of a channel with severe

in te rsymbol  i n t e r f e r e n c e .  The maximum i n te r f e r e n c e  D is 85~ o of t he

ampl i tude  of the des i red  s ignal , h 0. U n f o r t u n a t e l y,  t h e  r e g u la r i t y con di t ion

r esu lts p re s ent ed in ~L 34J cannot be used to compute exact bounds to th i s

problem for  all s igna l - to -no i se  rat ios  of i n t e r e s t .  T he r e f o r e , a tab le

si milar to Table 2. 1 cannot  be p resen ted .  The r e su l t s  of th i s  examp le

are  p resen ted  in Table 3. 2 in Chapter III as a part  of a compar ison  between

this  t h ree -d imensional  and a f o ur - d i m e n s i o n a l  al go r i t hm.

From the stand point  of compu ta t ion al comp l exit y ,  i t  is

i n t e r e s t i n g  to cons ider  the effect  on run t i m e  of vary in g the  n u m b e r  of

points conta ined in the  a rr a y  A. It can be seen f rom in spec t i on  of the al-

g o r i t h m  out l ine  (Section 2. 4) and the p r i n tou t  of the  ac tua l  p r o g r a m

(Appendix F) that the al gor i thmic  steps most  e f fec ted  b y t he  s i z e  of the

• array A are  th e “collap s ing ” or ro ta t ion p r o c e d u r e s  and the  p r o c e d ur e s

that f ind  the chords  Ch F. Clearl y, the  com pl e x i t y  of the ro ta t ion  p r o c e d u r e

is l inear  in th e  number  of points  in A. If s seconds a re  r e q u i r e d  to r o ta te

• 24
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a s i n g le po in t , r o u g h l y ns s ecOnds  w i l l  be r e q u i r e d  to rot ate n p o i n t s .

The change  in comp le x i t y  of the  cho rd  f i n d i n g  r o u t i n e  is l e s s  c l e a r .

r h e  r o u t in e  wi ll t y p i c a l l y c on v e  rge to t h e  d e s i r e d  c h o r d  in a small  n u m b e r

of i t e r a t i o n s .  This  number  wil l  u s u a l l y be e s s e n t i a ll y i n d e p e n d e n t  of t he

n u m b e r  of po in ts  in A. In t h i s  case , the  chord  f i n d i n g  r o u t i n e  would also

be linearl y complex in the number of points in A. However , in v e r y  poor l y

cond i t i oned  s i tu at ions , the r o u t i n e  may he able to e l imina te  on i y a s in~~l e

point f rom f u r t h e r  cons idera t ion  per  i t e r a t i on .  In t h i s  e x t r e m e  case ,

= 
N ( N + ~~ - 1 ~~(N~ N - 2)  (

~
. 1 ~)

i t e r a t ions  of the r o u t i n e  would be r e q u i r e d  to se lec t  t h e  a p p r o p r i a t e  tw o

points  out of the  N points  in the  a r r a y .  Thus ,  i n p r a c t i c e  t he  chord  f i r d i n ~
rout ine may be expected to behave l i n e a r l y wi th  the  n u m b e r  of p o int s  in

the  a r r a y  A. In the  wors t  poss ib le  case it would behave quad ra t ica l l y w i t h

t he number  of po in t s .  The re fo re , t he i nc rease  in al g o r i t h mic  comp l e x i ty

w ith an inc r ease in t h e  n u m b e r  of points  in the  ar ray A is manageab le .
A l inear  i n c r e a s e  is slow enoug h to a s s u r e  t hat the n u m b e r  of p o i n t s  in

A can be made la rge  enoug h to y ield su f f i c i en t l y a ccu racy  r e s u l t s  w i t h o u t

cau sing and unreasonab le  i n c r e a e  in al go r i t hm run  t ime .

P
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III. FOUR AND HIGH ER DIMENSIONAL MOMENT BOUNDING

ALGORITHMS

3. 1 I n t r o d u c t i o n

In Chapter  II an al g o r i t h mic  solut ion to the t h r e e - d i m e n s i o n a l

moment bounding problem was demonstrated to be feasible and useful.

The next obvious ques t ion  would be w h e t h e r  an al go r i t h m i c  approach could

be used to com pute  h ig her d i m e n s i o n al  bounds.  Higher  d imens iona l  bounding

is desirable because it p romises  t ig hter  bounds than o the rwi se  achievable.

However , the evaluation of h ighe r  dimensional  bounds by geometr ic

a rgumen ts  based on the I somorphism Theorem appears to be ex t remel y

d i f f i cu l t .  Fu r the rmore , t he  evalu at ion  of bo un ds of t h is typ e does not seem

to have been considered. Some non-geometric approaches have been

considered ([14], 15 ). Thus , an algorithmic approach , such as was

deve loped for  the t h re e - d i m e n s i o n a l  case in Chapter II, may prove  to

be a use ful tool in computing tig ht bounds for general  classes of auxi l ia ry

func t ions  based on h igher  d imensional  moment  bounding theory .  in th i s

chapter , an algor i thm is developed that  will solve the f o u r - d i m e n s i o n a l

moment  bounding problem for  a v e r y  general  class of auxi l iary  f u n c t i o n s .

The al g o r i t h m has not been optimized in any computational sense , but

has the advantage of relative concep tual si mpl i c i ty .  Furth e’rmore , it wil l

be shown to be ea s i ly ext endable to problems of hig he r  d i m e n s i o n a l i t y  than

fo u r.

3 .2  Pr e l i m i n a r y  Disc u ss ion

The convex hull i~
2 , of an a r r ay  A , con ta in in g a f i n i t e  n u m b e r

of points  in E~ is an n - d i m e n s i o n a l  pol yhed ron. That i s ,  is a convex

f i g u r e  whose major  su r face  f ea tu re s  are  sec t ions  of (n- 1 ) -d imens iona l

h yperp lanes .  In the  fou r -d imens ional  case , these  t h r e e - d i m e n s i o n al  sec t ions

are  d efined b y sets of four  point s of A. The solut ion to the moment  bounding

problem amounts  to f ind ing  th e  two f o u r - p o i n t  sets  that  de f ine  t h e  s u r f ac e

of t h e convex hu ll at th e places w h e r e  it is pene t ra ted  b y the  l in e  i . Except

for  the number  of point s involved in the  s u r f a c e  d e f i n i t i o n  (four  i n s t e a d  of

c t h r e e ) ,  t h i s  s t a t emen t of the problem is i d e n t i c a l  to tha t  of t h e  three-

d i m e n s i o n a l  problem that  was t r e a t e d  in Chapter  II.

26



Unfortunately, the four-dimensional problem does not appear

to y ield to the  same sort of i n t u i t i v e  solut ion that  was used in the  t h r ee -

dimensional case. In part icular , the  not ion of an or thogonal  p ro j ec t ion  onto

a plane (E 2 ) is not well def ined in n’~. T h e r e f o r e , cho rd “co ll aps in g ”

in a plane is meaningless in the sense that  it was used in Chap te r  II.

• The algor i thm that wi ll  be presen ted  below makes use  of two

general  p roper t i e s  of n -d imens iona l  convex f i g u r e s  :zz : , :31] - 3 3 .

The f i r s t  of these p roper t i es  is that the  i n t e r se c t i o n  of a convex hul l  and

a closed half space is also a convex hul l .  The second p r o p e r t y  is  t h a t i f

a point in E’~ is ex te r ior  to a convex hull in E~~, th e r e  is a (not  n e c e s s a r i l y

unique)  support  or tangent ia l  h yperp lane to the  hull  tha t  s e p a r a te s  t he  point

and the hull into d i f f e r en t  half spaces.  These  two p r o p e r t i e s  a r e  used

in the al gor i thm to separate  the poin ts  iii t he  set A in to  two s u b se t s .  This

separat ion allows the al gor i thm to be a s s u r e d  of p r o c e e d i n g  in t he  d i r e c t i o n

of the  de s i r ed  surfac e fea tu re .  The exact imp lemen ta t ion  of t h i s  search

procedure  will  be detai led in the p r e s e n t a t i o n  of the  al g o r i t h m .

27 
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3. 3 The Al gor i t h m

This section is an out l ine  of an algo r i thm that solves for the lower

bound for the four-dimensional moment bounding problem. The extensions

of this algorithm to includ e the upper bound or higher dimensional problems
will  be apparent .

Step 1: Initialization

Given the set A and the line L , consider the three-

dimensional subspace of E
4 

defined by the x , y, and z coordina te  axes.
• • Consider the projection of the four-dimensional convex hull JV’2 onto t h i s

sub space. Denote this  project ion by eI ~3
. Find a t r i a n g u l a r  planar  sec t ion

on the surface of 1~. This  could be done us ing  the methods of Chapter  II.

Denote the  th ree  points that def ine  th is  planar surfac e fea ture  of by
p 1, p 2, and p 3 . Continue to Step 2.

Step 2: Separation

Cons t ruc t  a h yperplan e , to be den oted hpd . that con ta ins
the points p 1, p2., and p3. and is parallel to the l ine ~~. This hype rp lane

separates the space E4 into two half spaces. It also separates the  set A

into two subsets , denoted A L and A .  The subset A~ is the subset of A

that contains all the points of A that  are in the same half space as the line
L. The subset  A0 contains the remaining points of A.

Step 3: Hyperplane

• Find a four th  point , p 4 such that p 4 e A 1 and th e h yper-

plane defined by (p 1, p2, p3, p4), to be denoted hp5
, is a tangent hyperplane

to the surface of j~ , the cGnvex hull of the set A. Clearly a sect ion of

hp5 will be a surface feature of



Step 4: Branching

Determine whether the line £ penetrates in the

interior of the surface section defined by the points (p1, p2, p3, p4
).

If so , this  point of penet ra t ion  is the des i red  boundry  point .  T e r m i n a t e
the procedure .  If not , cont inue to Step 5.

Step 5: Reset

Discard the point in the set f p 1, p2. , p 3 th a t i s  “f u r t h e s t ”
from the line t. Relabel the two survivers plus the point p4 as the new

poi n ts p 1. p2 , and p3. Re turn  to Step 2 , The form of the d i s t a n c e  measure

will be described in the discussion below.

• The algorithm is presented in block diagram form in Fi g u r e  3. 1.
A more  complete descr ip t ion  of the steps in the algor i th m is  g i ven below .

As the title implies , the purpose of the first step in the algorithm

is to determine an initial position for the search routine. The search routine

operates by f inding  a sequence of sets of four  points of the a r r a y  A. Each
set in th i s  sequence (p 1, p2 , p3 , p4) , def ines  a hy p e r p lane.  Because

of the method of selection of the se t s , th es,~ h yperplanes w ill inc lude  a

section of the surfac e of the convex hull ~rof the array A. Having found
an ini t ia l  su r f ace  section , the ro u t ine operates by moving f romAthis  su r fa ce

section to an adjacent section. Travel  ac ross  the sur face  of .)?~ is always

toward the line £. The rou t ine  con t inues  u n t i l  a s u r f a c e  sec t ion  that  i s

penetrated by the line £ is found. This point of pene t ra t io n , t h e point of

in te rsec t ion  of the l ine £ and the h yperp lan e (p 1, p2, p 3, p 4 ), is t h e d e s i r e d

bounding point .

In Chapter II an a rgument  used in the development of the three-

dimens iona l  algor i thm was that the convex hull of a p ro j ec t i on  of a set of

points is equivalent to the projection of the convex hull of the set (equation

( 2 . 4 ) ) .  The th ree -d imens iona l  set of po in ts , A 3 f or m ed b y cons ide r ing  onl y the

x , y , and z coord ina te  values of the four-dimensional set A = (x, y , z , w)

is  a t h r e e - d i m e n s i o n a l  p ro jec t ion  of A. T h e r e f o r e , a s u r f a c e  Sect ion of

29
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Given ar ray  A, l ine  ~

‘I
Find in i t ia l  po in t s

L ~~‘‘ ‘~~~~~~ ~~~~

Cons t ruc t  h yperp lane hp d

Separate A into A1 A~

Find p4 
A1 such that

hyperplane hp 5
ip 1. p2. p3. p4) is

t angent  to

Determine which of the points p 1. p2., p3
to discard. Relabel the two survivers plus

L~4 as new points p 1. p ,, 
~~

Fl(
~

U R E  3. 1
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the th ree-d imens iona l  convex hull of A3 wi ll be the t h r e e - d i m e n s i o na l
projection of a surface  fea ture  of J~’ , the c onvex hull of A. Such a th ree -
dimensional surface section can be fo un d by the methods of Chapter  II.
Let the points that define such a surface section A3 b e denoted p 1. p2. ,
and p3. The plane (p 1. p 2 . p3 ) will  d efine part  of the b o u n d ry  of a hyp-
erplariar section on the surface of i~~in E

4 
E30]. In Chapter II a surface

chord was found as a pre l iminary  step to f i nd ing  a su r f ace  planar section
in E 3 . Similarly,  a su r f ace  plana r sect ion has be en f ou n d as a pre l im inar y
step to f inding  a su r face  hyperp lanar sect ion i n F4.

The step that  assures that the algor i thm will  p rogress  in the
d i rec t ion  of the l ine  £ is Step 2: Separation. In Step 2 , a hyperp lane
hpd is const ructed  that is parallel to the l ine £ and goes through the
points p 1. p2., ac~d p3. This hyperp lane d iv ides  the space E4 into two
half spaces. One of these, denoted E~ , includes the line L. The subset

of A that is defined by the in te rsec t ion  of E 2 and the set A is denoted
The remainder of the set A is denoted A . It is clear that member8 of

0
A are “closer ” to £ in some sense than are  members  of A . It is from2 o
the membership of the subset A that the fourth point , p , that define s
a hyperplanar section of the surface  will be selected . Thus , the al g or i t h m

is assured of moving in the direction of the l ine L.

The hyperplarie h p5 th at de fi nes a pa rt of the su r fa ce of
is found by a method similar to the  su r face  chord se lec t ion  p rocedure  intro-
duced in Appendix A. In the search for  the lower boun d , the h yperp lane
th a t is des i re d is de f in ed by th e poi nt set (p 1. p2. , p3. p4 ) w here p 1. p2 .
and p3 

were found earlier , p4 
r A L . and all other points  of A are in or

above this  h yperplan e in z -coord ina te  value. A rout ine  to f ind  such a
h yperp lan e could s tar t  by f i n d i n g  the  point  in the subset  A

~ 
tha t  has the

minimum z-coordinate value. Tentatively label this point p4. Tentatively

label the hyperplane defined by (p 1, p2.
, p3, p4) as h p .  Determine if

any points  of A L are  below h p in z - c o o r d i n a te  va lue ( s ince  t he  planar
section def ined  b y (p 1. p2. , p3 ) is on t he  surfac e of JV’by c o n s t r u c t i o n ,
t he  points  in A0 can be ignored) .  Denote the  subset  of points in A 1

31
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that lie below hp by B2
. If B2 is empty , hp is the des i r ed  hy p erp lane.

If B 2 is not empty,  find the point  in B~ wi th the min imum z-coo rd ina t e value.

Tentatively label this  new point p4. This def ines  a new ten tat ive  h ype rp lane

hp 8 to be tested . It is clear that this routine will converge to the desired

hyperplane from the arguments presented in Appendix A.

The remaining step in the a lg o r i t h m  is the r e se t  step.  In t h i s
step three of the four points (p 1. p2. , p 3. p4 ) are  selected to fo rm the  basis
for  the search for  the n ext h yperplane. These will be the  th ree  points

that are “closest ” to the line £ in a special  sense.

Let the  point  of i n t e r s e c t i o n  between the h yperp lane hp de f ined

by (p 1, p2. , p3. p4 ), and the lin e ~ be denote d by p~ . Cons ider  the  plane

defined by (p 2. ,  p3. p4 ) and the l ine de f ined by (p 2, p 1). Since both th i s  l ine
and this plan e are  wi th in  the h yperp lane hp 5 . the y will i n t e r s e c t  ( a l ine

and a plane do not in t e r sect  in g enera l in E4 30 ). Let d 1 denote t he

Euclideari d i s t ance  between the point p .  and the point of i n t e r s e c t i o n

between the  l ine  and the p lane. S imi l a r l y ,  consider  the p lane (p 1, p 3, p 4 )

and the line (p2, p2.
). Let d2 be the di s t ance  between p ,  and the  i n t e r s e c t i o n

of this  new l ine  and plane. A d i s t a n c e  d 3 can be s imi l a r l y de f ined u s i n g  the
plane (p 1. p 2. , p 4 ) and the l ine ( p c ,  p 3 ). The plane selected for  the  next
i t e ra t ion  of the  search procedure  is the  plane associated with  the  min imum
value element in the set (d 1, d 2 ,  d 3 ). It is noted that  the combinat ion of

the  plane (p 1. p2. , p 3
) and the l ine (p rn , p4 ) ne ed never  be cons idered .

This is because the method of se lec t ion  of the point p4 ass ures  that  the
c losest  pla ne w i ll be one of tho se w ith the point p 4 as a par t  of i t s  d e f i n i t i o n .
Infact, if p4 was eliminated at this step, it would cause the algorithm to

cycle endlessly.

This cons t i tu t e s  the  essence  of a demons t r a t i on  tha t  t h e  al gor i thm

will  converge in a f i n i t e  number  of i t e r a t i o n s .  The algo r i t hm c o n s i d e r s  onl y
surface sections , of which there are a finite nurriber , and is always moving

in the direction of the  l ine L. Thus , the al go r i t h m must  con verge  t o the

proper surfac’~ feature in a finite number of iterations.

• 32. 
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3. 4 Examples of Numerical  Resul ts

The algorithm outlined in Section 3. 3 has been coded for~ general

purpose computers using the FORTRAN IV programming language. A

• p r intout  of the program is provided in Appendix G. Two sample r un s were

mad e using th is  program. These runs  a re  the f o u r - d i m e n s i o n al  extens ions

of the sample runs  presented  in Section 2. 5 for  the three -d imens iona l

algorithm .

The examples are  in tersyrnbo l  i n t e r f e r ence  problems. The

auxi l iary func t ion s used in obtaining the bounds were  the second , fou r th ,

and sixt h pow ers of the amp l i tude of the in te r fe rence .  The parametr ic

equations for  the c ur v e  are

x u 2. ( 3 . 1 )

y u
4 ( 3 . 2 )

6w = u  ( 3 . 3 )

/h +~~~\ / h  -u\
z=~~ Q(~ 

~~~
,, ) + °~~ 

) (3. 4)

where  u is the valu e of the ampli tude of the intersymbol in te r fe r ence,

h is the amplitude of the desired si gn, ~ is the stand ard devi ation o f t h e

additive white Gaussian noise, and Q(~
) is the usual comp l e m e n t a r y  e r ror

func t ion  g iven by

2I 1 -x /2Q(y )  = e dx. ( 3 . 5 )

As was the case in Chapter II , the l i m i t s  on the value of u a r e  g iven by

0~~~u~~~D~~~h ,  ( 3 . 6 )
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where D r e p r e s e n t s  the maximum possible ampli tude of the in te r symbol

interference.

As in Chapter II, the  f i r s t  speci f ic  example is th a t o f a channel

with a Chebychev filter impulse response. The results that are presented

in Table 3. 1 were  obtained by approx imat ing  the cu rve  , g iven par am etr ical l y

by equations ( 3 . 1 )  - (3 .4 ) ,  by an ar r ay A con ta in ing  50 po in ts .  These  po in t s

w e r e  equall y spac ed in t e r m s  of the pa ramete r  u.

Under the general heading “Four-Dimensional Bounds , “ Table 3. 1

cont ains  the  upper  and lower bounds tha t  w e r e  computed  us ing  t he  compute r

program shown in Appendix G. Also shown under  th i s  heading is  t he

difference between these bounds. The difference serves as a measure of

the t igh tness  of the fou r -d imens iona l  bounding t echn ique .  For purposes  of

comparison , the  res ults computed wi th  the  t h r e e - d i m e n s i o n a l  r o u t i n e

(Appendix F) that were  presented  in Section 2. 5 a re  r ep roduced  in Table 3. 1.

As expected , the four -d imens iona l  upper  bounds a re  lower than the  t h r ee -

dimensional upper bounds. Also , the four-dimensional lower bounds are

hig her than the th ree -d imens ional  lower bounds.  This is r eflected in the

difference columns. The four-dimensional bounds are seen to be as much

as four orders of magn i tude  t igh ter  than the t h r e e - d i m e n s i o n a l  bounds ,

and typical l y about two orders of magnitude tighter. Thus, there is a

s ign i f ican t  improvemen t  in the tig h tness  of the bounds that  can be expec ted

from the additional dimension. The corresponding drawback is in runtime.

The four-dimensional algorithm of Appendix G required roug hl y two and

a half t imes  as much  process ing t ime  as did the t h r e e - d i m e n s i o n a l  al gori th m

• of Appendix F. The algor i thm presen ted  in Appendix G ( the  f o u r -d im en s i o n a l

algo r i t hm)  is not op t imized  in t e r m s  of run t ime. Neve r the l e s s , one is

lead to expect that  a sizeable p r o c e s s i n g  t ime  penal ty  may be re q u i r ed

for  each addit ional  d imens ion  used in the  bounding .

The second example is that  of a channel  w i t h  a modi f ied  ve r s ion

of a Cheb ych ev impu l se  response.  In t h i s  example , t he  max imum d i s t o r t i o n ,

D in expression (3. 6), is taken to be three times that of the s t andard

4 Chebychev channel. The channel impu l se  r e sponse  and t he  o the r  app rop r i a t e

paramete rs  a re  scaled accord ing ly. This  example cor responds  to t he  second

example d i scussed  in Section 2. 5.
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The numerical results are presented in Table 3 . 4 .  The r e s u l t s

in this table are pr e sen t ed  in the  sam e format  as the re sul ts  p re sen ted
0 in Table 3. 1. For this example of more extreme amounts of intersvmho !

inter f erence , the  f o u r - d i m e n s i o n a l  b ounds can be seen to be about an o r d e r

• of magnitu de t i g h t e r  than the t h r e e - d i m e n s i o n a l  b ounds ,  o v e r  t he  r a n g e

of s igna l - to -no i se  rat ios.  Thus , th i s  example ind ica tes  ~uat th e r e  ~s still

a sign i f i can t  advantage to be gained f rom the h igher  d imens iona l  bounds

for  the case of severe in tersymbol  i n t e r f e r e n c e .
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3. 5 Conclusions

The resul t s  presented  in Section 3.4 demonstrat e the value of

h igher  d imens ional  bounding r o u t i n e s .  This is that considerabl y ti gh t e r

bounding results  can be obtained f o r  som e additional expense in the form of

computer run t ime.  In the results shown in Section 3 . 4 . th e bounds we r e

typical l y one or two o rde r s  of magn i tude  t i gh te r  whi le  computa t ion  t i m e  rose

by a factor of less than three.

These results also demonstrate the efficiency of the four-dimensional

algorithm. This algorithm systematicall y stepped across the surface of

the convex hull until the appropriate surface f e a t u r e  was found.  This  was

accomplished by considering a sequence of hyperplanar surface features in

terms of the sets of four points that define them. The algorithm proceeded

by identif ying and el iminat ing the  point  out of the four point set that was

“furthest ” from the des i red  d i r e c t i o n  of t ravel .  The e l imina ted  point

was then rep laced by an app rop r iate point tha t was in the direction of

convergence. This new four  point  set def ined  ano the r  h yperplanar s u r f a c e
f e a t u r e  that  was “closer ” to the so lu t io n of the bounding problem than was

the p r e v i o u s  s ec t i on .  This p r o c e d u r e  was  repeated un t i l  c o n v e r g e n c e  to

the solution of the bounding problem was achieved .

The extension to bounding problems of dimensions greater than

four seems clear. For a five-dimensional problem the hyperp laries would

be defined by sets of five points. In a m a n n e r  s i m i l a r  to the  f o u r - d i m e n s i o n a l

algorithm , one of these points that is “furthest ” from the desired direction

of travel could be identified and eliminated. This point could be replaced

w ith an app ro p r iate po int tha t is “closer ” to the so lut ion of t he  b o u n d i n g
problem. This  would def ine  a new h yperp lanar  s u r f a c e  r eac t ion  t h a t  i s
closer to the solution of the problem. Clearly, if this procedure is repeated

a sufficient number of times , the al gorithm will converge  to t he  des i r ed
solution. It is ~1so clear that the concept of stepping across the surface

of a convex hull by modifying the set of points one point at a time is a concept

that will work independentl y from the total number of points in the set.

That is , the procedure of stepping across the surfac e by systerriaticallv

going from one surface feature to an adjacent on is a procedure that will

work independent of the dimensiona litv of the problem .
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An Lmportant poLnt to investi gate is the relationship between

problem dimension and algorithm runtime. This is a difficult problem ,

but some ins igh t  can be gained f rom t h e  form of the four-dimensional

algorithm.

In order to determine whether t h i s  des i red  solut ion has been
found , the algorithm must  compute the  point of i n t e r sec t ion  of a h yperp lan e
and the line £. In E , this amounts to invertin g a 4 x 4 matrix. In an

extension to a K-dimensional problem , it would mean inverting a K x K

mat r ix .  The niave method of inver t ing  a K x K matrix (straightforward

• use of the method of cofactors)  would r equ i r e  more  than Z ( K ! )  mul t ip l i c a t i o n s .

While more  sophisticated numerical  methods w ould undoubtedl y r equ i re

fewer multiplications , it appears that run time can be expected to increase

very quickly as the dimensionality of the problem increases .  Fortunatel y ,

the numerical results presented here appear to indicate the extensions

to very high dirn ensionality will rarely b e necessa ry .  This  is because  the

bounding results appear to ti ghten very quickl y with i ncreas ing  problem

dimension.
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Appendix A

Algorithm

An al g o r i t h m for  f i n d i n g  t h e  chord Ch
F 
as r e q u i r e d  i n  ~tep 1

and Step 3 is  g iven  be low .

a) Divide the set AF into two subsets. Denote  t h e s e  s u bse t s

A~~ and A~~. Assi gn to A~~ all poin ts  of AF th at a re  to the  lef t  of t h e  lu - c

LF. Assi gn all remaining points to the set AF.

b) In each of the sets A~ and A~~, find the point whose .c-courdinate

value is the minimum. If the minimum z-coordinate value in eitr~er or

both subsets  is not uni qu e , select the  m i n i m u m  point  or po in t s  tha t  a r e

clos•st t o  the  l ine  
~F Des igna te  the  r e s u l t i n g  point in A~~ b y p~~, and th e

R R• point  in A F b y 
~~~

c) Consider the line in the plane F defined by the two points
L R - -
and If there are no points of AF 

below this line , the c h o r d  d e f i n e d

by 
~ F’ 

and p 1. is t h e  desired c h o r d  ( h 1.. In t h i s  c ase . t e r m i n a t e t h e

searc h. If t h e r e  a r e  po in t s  of A F below t h i s  li ne , c o n t i n e  to  d).

d) Consider the points of the set A
F 

that are below the line

d e f i n e d  by the  p o i n t s  p~~ 
and p

~
,. Denote these p o i n t s  as the  se t  B

F
. Let

BF 
denote the intersection of t h e sets  B F and AF. S imi la r l y ,  let B F denot e

th e i n t e r s ec t i on  of the sets B F and A~~. F~,nd the point in the set B~~

whose z-coordinate value is the minimum. Let this new point assume the

desi gnat ion p~~
. If B~~ is empty,  t h e  d es i gnat ion  p~~ r e m a i n s  u n a l t e r e d .

Similar ly ,  f in d t h e point  in t he  set B~~ w hose z -coord in a t e  value is the

m i n i m u m .  Let this  point a s sume  the  desi gn at ion p~~. If B~~ is  empt y ,

t h e  d esi g n at ion  p~~ re mains  una l te red . R e t u r n  to c) wi th  the mod i f i ed

L R
pair of points 

~~F’ ~~~

40
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Discussion

This algorithm is demonstrated to terminate with the proper

chord in a f i n i t e  n u m b e r  of s teps  by the following argument:

Let ~ stand f o r  the l ine  and Ch stand for  t he  chord d e f i n e d
c L R C

by t h e  pai r of po in ts  
~~F’ ~~~ 

tha t  a r e  c o n s i d e r e d  at s tep c) of the  alg o r i t h m .

S i m i l a r l y ,  let  
~d s tand  f o r  the  l ine  and Ch d stand for  the  chord d e f i n e d

by t h e  new pa i r  of points  found in s tep  d)  of the  al go r i t hm.  If the

a l e ur i t h m  did  not co n t i n u e  to ster ’ d ) ,  then all of the points of AF 
are on

or •,b o v e  t h e  l ine £ . This means that the chord Ch is on the boundry of

t he  convex  hu ll of A F ~Z Z1 . But  b y c o n s t r u c t i o n , Ch is i n t e r c e p t e d

by IIie l i n t ’  
~F’ Therefore , Ch is the chord  tha t  is d e s i r e d .  The chord

Ch wi l l  be labeled Ch F by the  al g or i t h m  at s tep  c) and the al go r i t h m  wi ll

te rminate. If the algorithm continues to step d), then there are points of

A F tha t  l ie below the l i ne  
~~~

. In t h i s  case , at least one of the end po in t s

of the chord  Ch mus t  be below the l ine  £ . But then the  i n t e r i o r  of the
d c

chord Chd must be strictl y below the interior of the chord C h .  In particular ,

the  point  at wh ich Ch d i n t e r c epts t h e  l ine  
~F’ den oted 

~d ’ mus t  be lower in

z -c o o r d i n a te  value than the  in tercept  between and Ch , denoted p .

These ideas  are  i l l u s t r a t e d  in F igu re  A. 1.

z

L

1 0~~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- - -

x

Fu t u r e  A. 1
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Thus,  w i t h  each pass thro ug h step d ) ,  the point 
~d 

must be lowered in

z-coord ina te  value. This means that  this  algori thm cannot cycle back

to old pairs of points (p~~, p~~
). This is because the z-coordinate value of

the intercept point, 
~d’ 

is strictl y decreasing. Since the set A
F 
has a

finite number of elements , the search  must  t e r m i n a t e in a f in i t e  number  of

operations. It would be expected that the termination would typicall y occur

after  a small number  of i t e ra t ions .

- - - ‘ -s~~ ----• ~~----



Appendix B

By cons t ruc t ion , the three  points p~~, p9, and p~~, p r ojec t

onto the plane F. as three points on the line which has the chord Ch F as a

line segment. Therefore , all points in the  plane def ined b y
L C R . . .will project  onto the plane F. as poin ts on t h i s  l ine.  Th i s

L C R .
implies that the plane (p. , p~ ‘ 

) is normal  to the plane F..

If a plane is rotated about an axis normal to itself , the orientation

of the plane in E3 remains  unchanged.  The onl y effect is to al ter  the  pos i t i ons

of the points within the plane relative to a fixed coordinate system. In

particular. the plane (pp , ~?, p
~~
) can be rotated about a line normal to

it until the chord Ch~ is normal to the plane F.. Such a rotation must

be possible s ince  the rotat ion will  not effect the  normal i ty  of the  p lanes  w ith

respect to each other .  When the chord Ch. is normal to the plan e F.,

it will project  as a s ing le point on F.. This  new o r i en t a t i on  of the poin t s

of the set A will y ield the  new pro jec t ion  denoted F. + 1’ and th e chord

Ch. will be said to have been “collapsed ” .

. 4
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Appendix  C

By cons t ruc t ion , the chord Ch. 
- ~ 

is “collapsed ” in the pro-

jection F.. Since all points of the chord Ch. 
- 1 pro j ect as a s i n g le

point on F., and sin ce Ch. and Ch. 
- 1 share an end point, the plan e

defined by these two connected chords projects on the plane F. as the line

of whic h the chord Ch F is a l ine segment. But by construction , all points

of the set A lie in or above this  plane. This means that the plan e de f ined  by

the  cho rds  Ch~ and Ch. 
- ~ 

is a suppor t  plan e 2Z of ~i’, t he  c o n v e x

• hull of the set A. This plane d ef ines  part  of the sur fac e of JY2. T hus ,

• the two conn ected chords  Ch. and Ch. de f ine  a t r i an g u l a r  p lanar  sect ion
‘), I i - i

on the sur face  of ~~~

The line £ will intersect the surface of J~~in two points. This

is a consequence  of the I somorphism Theorem.  One of these  p o i n t s  wi l l

de te r m ine the valu e of the  u ppe r bou n d , and the othe r will d e t e r m i n e  the
• value of the lower bound. If the l ine  £ and the su r face  t r i angu la r  planar

section defined by Ch. and Cl-i . have a point in common , i t  m ust  be one

of these  two bounding points .  Because  of p rocedure  that  was us ed to select

the  chords  Ch. and Ch. , it will be the  lower bound.
I i — i

It can be seen that t he  p lane de f in ed b y the  cho r ds Ch
~ 

and

Ch. 
- ~ 

and the plane defined by the points (D
L
, p

C~ p~~) both project

as the same line on t h e  plane F.. Thus , the se p lanes a re  i den t i ca l .

4
4 

Since  th e poi n t i s a poi nt of the  l ine  £ and al so a po i nt of the  s u p p o r t

plane, if it l ies w i t h i n  the t r i a n g u l a r  planar  sect ion de f ined  by Ch 1 and Ch. 
-

it mus t  be the bounding point that  is d e s i r e d .
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Appendix D

If p9 ~ p~~_ 
~~~
, both chords Ch. and Ch. 

- ~~
, are par t s  of the b o u n d r y

• of the same planar fac e on the su r f ac e of ~i*’. This  s t a t emen t  is j u s t i f i e d

by the arguments  g iven  below .

L C R
Consider the plane defined by (p. 

- ~~~
, p. 

- 
~~

‘ 
~~L - l~ ’ B y

cons t ruc t ion , all point s of A are e i the r  in or above this  plane. In the

proj ection F., this  plane projects  as the  l ine  (p~~ , p~~ ). Thus ,
i i — i  j —  1

in the F. projec t ion ,  all point s of AF must  be on or above the l ine

- 1’ 
- 

~• In par t icular , the p o i n t s  of the  chord  Ch
F 

must be

on or above the l ine 
~F 

). But  clearl y the point
i — l  i — i

p~~ is on the l ine (p~~ , p~ . ). Thus , the point  p~ . must  be
i — i  i — i  i — i  C

equal to or above (in i-coordinate  value) the  point 
~ F

If either of the points and p~~ that  de f ine the  chor d Ch F
L R i

. C i

are above the l ine 
~~~ - ~~

‘ 

~ F 
- 

), the poIn t 
~ F must  be above the

C . C
point 

~F 
Thus , ~ ~ F 

= 

~ F Ch F must  be on the l ine
i — i  i — i  i

L c L C R

- 
~ 

~ F 
- 

). But then the planes (p. 
- ~~

, p. 
- 1’ p. 

- i~ 
and

(p h, p~~. p~~
) will  both projec t  as the same l ine on F.. Thus , t h e s e  planes

will be ident ica l .  T he r e f o r e , b y a r g u me n t s  s imilar  to those  of Appendix  C ,

Ch
~ 

and Ch~ - 1 ill be chords  on the boundry  of the  same planar  face  on

the surface of



~~~ 

- 
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Appendix E

The a rguments  presented  below show that the alg o r i t h m will

converge  to the appropr ia te  face of ~W’. 
I

As was established in Appendix  D , the sequence of poin ts

pC is n o n - d e c r e a sing.  Thus , the  al gor i thm cannot cycle .  S ince

it c an n ever  r e t u r n  to p r ev iou sly c o n s i d e r e d  faces of ~~~
’2 , an d s ince  has

a f i n i t e  number  of faces , the alg o r i t h m m u st co nv er ge to the  appro p r i a t e

fac e in a f i n i t e  number  of steps. I

I
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Appendix F

This  Appendix contains a l i s t ing  of a FORTRAN IV computer

program that solves the three-dimensional  moment bounding problem.

This program is based on the algorithm described in Chapter II.

p.
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Appendix C

This Appendix contains a l i s t ing  of a FORTRAN IV computer

program that solves the fou r -d imens ion a l  moment bounding  problem.

- This program is based on the al g o r i t h m desc r ibed  in C h a p t e r  III .

t
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