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ABSTRACT
ON THE BERRY-ESSEEN THEOREM FOR
SIMPLE LINEAR RANK STATISTICS
The rate of convergence 0(N‘5+6) for any 8§ > 0 is established for two
theorems of Hijek (1968) on asymptotic normality of simple linear rank
statistics. These pertain to smooth and bounded scores, arbitrary regression
constants, and broad conditions on the distributions of individual observa-
tions. The results parallel those of Bergstrdm and Puri (1977), which
appeared in print just as this paper was completed. Whereas Bergstrm and
Puri provide explicit constants of proportionality in the O0(+) terms, the
present development is in closer touch with HEjek (1968), provides some
alternative arguments of proof, and provides explicit application to relax
the conditions of a theorem of JureXkové and Puri (1975) giving the above

rate for the case of location-shift alternatives.

1. Introduction and main results. Hijek (1968) established the

asymptotic normality of simple linear rank statistics under broad conditions
on the regression constants, the distributiﬁn functions of individual obser-
vations and the scores-generating function. Corresponding to his theorems
for the case of smooth and bounded scores, the rate of convergence O(N-H+6),
N + », for any § > O is obtained in the present paper (Theorems 2 and 3).
Recently, Bergstr®m and Puri (1977) have already established a version of part
of Theorem 2, exhibiting explicit constants in the O(+) term. Previously,

Jure¥kovd and Puri (1975) have shown the above rate for the cases (a) iden-
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tical distributions, and (b) location-shift alternatives. In case (a), their
score-smoothness condition is slightly milder than that of the present results.
However, for case (b) their stringent conditions on the shift parameters and
on the score-smoothness are considerably reduced here (Corollary).

Our method of proof consists in approximating the simple linear rank
statistic by a sum of independent random variables and establishing, for
arbitrary v, a suitable bound on the v-th moment of the error of approxima-

tion (Theorem 1).

Let le, sletely xNN be independent random variables with ranks RNl’ ey RNN'

The simple linear rank statistic to be considered is

(1) Sy = D11 Cnidy (Beg)

vhere ¢y, ..., G are arbitrary "regression constants" and aN(l). aiis aN(R)

are "scores". Throughout, the following condition will be assumed.

CONDITION A. (i) The scores are generated by a function ¢(t), 0 <t < 1,

in either of the following ways:

(1.2) ag(i) = [N+1] 1<ic<N,

(1.3) aN(i) = E¢(UN(1)), 121isx<N,

where Un(i) denotes the i-th order statistic in a sample of size N from the

uniform distribution on (0, 1).
(i1) ¢ has a bounded second derivative.

(1ii) The regression constants satisfy

2

N N
e Limy ong = 00 Dyoy opg = 1
(1.5) max e, = o(Ft1og N), X + w. [

1<i<N "Ni

S — - —y———— —



Note that (1.4) may be assumed without loss of generality.

The xM's are assumed to have continuous distribution functions Fl:l.'

-1 o
1s1sH§ PutHx) =N ] _ P (x). The derivatives of ¢ will be
denoted by ¢', ¢'', etc. Also, put u, = I3¢(t)dt and 0¢2 = félo(t) - u’lzdt.
Finally, denote by ¢ the standard normal cdf. Hereafter the suffix N will

be omitted from xm, RNi’ Cxi FNi, HN and other notation.

S
s N’
The statistic S will be approximated by the same sum of independent
random variables introduced by Hejek (1968), namely
N
(1.6) T Toan 40%),
where
(1.7)  ay(x) = B I (eg=, )fTuly=x) - Fy(y)1e" (BGy))aF, (y),
with
(1.8) u(x) =1, x 2 0; u(x) = 0, x < 0.

THEOREM 1. Assume Condition A. Then, for every integer r, there

existe a constant M = M(¢, r) such that
(1.9) B(8 - B8 - )& < mn"y all §.

The case r = 1 was proved by Hfjek (1968). The extension to higher order

is needed for the present purposes.
THEOREM 2. Ageume Condition A. (i) If

(1.10) Var S > B> 0, N + =,
then for every 6 > 0,

(1.11)  sup |P(S - B8 < x(Var 8)%) - ¢(x)| = 0(8""*%), ¥ » =,

SS—————— —— NS———




(i1) The assertion remaine true with Var S replaced by Var T.

(i11) Both assertions remain true with ES replaced by
N
(1.12) w= Lo o Je(E(x))ar, (x).

Compare Theorem 2.1 of Hfjek (1968) and Theorem 1.2 of Bergstrdm and Puri

(1977).
THEOREM 3. Assume Condition A and that

(1.13) |7y (x) - 7, (x)] = o(N™™ log N), N + =,

e P

Then for every § > 0

(1.14)  sup |P(S - BS < x0,} - ¢(x)| = o(N"**), § » =,

¢

The assertion remains true with o ¢2 replaced by either Var S or Var T,

and/or ES replaced by u.

Compare Theorem 2.2:0f Hfjék 1968). As a corollary of Theorem 3, the case
of local location-shift alternatives will be treated. The following condition
will be assumed.

CONDITION B. (&) The cdf's F, are generated by a cdf F as follows:

i
Fi(‘) = F(x - Adi); 1<isN, with 4 =0.
(i1) P has a density f with bounded derivative f'.

(iii) The shift coefficients satisfy

N N 2
(1.15) 1= = Os {i_ldi =1,
2 -1
(1.16) max, ., &, = O(N™" log N), N+ =, 0

Note that (1.15) may be assumed without loss of generality.

COROLLARY. Agswme Conditione A and B and that




N 2, 2
(1.17) ey Gy 4 = o(x! 10g N), N » =,

Then for every & > 0

(1.18) supxIP{S - il <x0,} - 0(x)| = 0(l-+6). N+ e,

¢
where

(1.19) il = A(Zi - ¢34)/¢ (F(x))£?(x)ax.

(The corresponding result of Jurefkovd and Puri (1975) requires ¢ to have four

L} L
i s and d.i s. On

's identical requires

bounded derivatives and requires further conditions on the c

the other hand, their result for the case of all Fi

only a siggle bounded derivative for ¢.)

2. The proofs. The main development will be carried out for the case
of scores given by (1.2). In Lemma 7 it will be shown that the case of
scores given by (1.3) may be reduced to this case.

Assuming ¢'' bounded, put
(2.1) K = sup°<t<l|0'(t)|, K, = supo<t<1|¢"(t)|.
By Taylor expansion the statistic S may be written as
S=U+V+W,

vhere, with Py = Ri/(l+l), ls1i<N,

(2.2) U= 21_1 e ¢(E(p, |X,)),

(2.3) Vo= Ii cg¢(BGo, X))o, - Elp, |X,)]
pnd

(2.4) W= zi-l 4 X Eglp, - Elo, |X, g




the random variables Ei satisfying |€i| €£1,1<4isN., It will first be

shown that W may be neglected. To see this, note that
(2.5) R, = ZN wlE =), L sis N,

i J=1 S i
where u(-) is given by (1.8). Thus

(2.6) E(p, |X,) = [2J - FJ(Xi) + 1]/(N+1)
J=i

and

(2.7) - E(p, Ix,) = jey [(XX,) - Fy(x))].

J#i

the summands in (2.7) are conditionally independent

i N+l

Observe that, given Xi,
random variables centered at means. Hence the following classical result,

due to Marcinkiewicz and Zygmund (1937), is applicable.

LEMMA 1. Let Y,, Y5, ... De independent random variables with mean 0.
Let v be an integer. Then
-l ¢ v
(2.8) B ] xl a2 ] oy,
i=1 i=1

where A, i8 a universal constant depending only on v.

LEMMA 2. Assume (1.4). For each poeitive integer r,

-T

(2.9) EWS < xzarahrn

, all N.

PROOF. Write W in the form W = K2Z¥-l ciwi. By the Cauchy-Schwarz

inequality and (1.4),

(2.20) W= s K, o ol

or
Z1-1 1 Z1-1 1 =K (L ¥

Minkowski's inequality then yields




(2.11) e s L. me TP,

By Lemma 1,
(2.12)  E([p, - E(pilxi)]hrlxi} < (1«+1)"‘r Ay, (v-1)Z 1y

so that

ar -2r

(2.13) EW

Ly
,~ S Elpy - E(pilxi)] SN

Thus (2.9) follows. O
Thus S may be replaced by Z = U + V, in the sense that E(s-z)2r = o(8"),
N + =, each r. It will next be shown that, in turn, Z may be replaced in the

same sense by a sum of independent random variables, namely by its projection
$ N

(2.14) =] z(zlxi) - (N-1) E(2).

Clearly, 2 =0 + Cana 0 =U. Tus z -% =v - ¥.

LEMMA 3. The projection of V ie

. 3 K B
(2.15) V= i;i-izl le °Jz31(xi)’
J=i
where
(2.26)  a,,(x) = [luly=x) - Fi(y)]¢'(E(pJ|x3'y))dFJ(Y).
PROOF. Put
Yy, = ¢ (E X)) u(x,-X,) - F,(x,)].

For J =1, J = k, we have

B(Y,,|%,) = B(E[Y,,|X,, X]iX)
(2.17) = (o' (E(p, X, )IBlu(X -X)-F, (X,) Xy, X ]I}

= E(¢'(E(p [X,)) + 0} = 0.




For J = 1,

(2.18) E(YiJIXJ) = liJ(XJ).

where R.mn(x) is defined by (2.16). Also, by (2.17),

(2.19) EY;y = 0, if i = .
Therefore, the projection of YiJ’ for i = J, is YiJ = ZiJ(XJ).
(2.3) and (2.7),
(2.20) Ly
2.20 V= ok e X
B b 5

J=i
the projection V is given by (2.15). O

Since, by

LEMMA L. Assume €1.4). For each positive integer r, there exists a

consgtant 13r such that
A\ 2r 2r -T
(2.21) E(V-V)<" < K< B N, all N.

PROOF. By (2.15) and (2.20),

N N N
E(V-1)Z = (1)™F [ 4o ey ety I e
1% 1,% 1 2r 3"l
J. =i
(2.22) Aok
g ,
3 ’
J -1 11' Jl’ LA ia.! er
Jop*ioe
where
(2.23) & ' (x, )]
. =EFE I [Y - R X .
L U e N .




Consider a typical term of the form (2.23). If the ik index in the k-th
factor occurs only in that factor, then the entire product of factors has

expectation 0, for

E[Y i

i - zikdk(;xjk)lxm' mE {il’ ceey ik-l’ k+l’ ceey

w0k
i2r9 Jl’ ceey er}] = 0.

By a similar argument, the same conclusion holds if the Jk index in the k-th
factor occurs only in that factor. Thus the expectation in (2.23) is possibly
nonzero only if each factor has both indices reneated in other factors.

Among such cases, consider now only those terms corresponding to a given

pattern of the possible identities ia = ib’ I = Jb’ Ja = Jb for 1 < a < 2r,

a
l<bs 2r. For example, for r = 3, one such specific pattern is: 12 = il’
13 = il’ 1h - 11’ 15 - 130 16 * il’ 16 * 133 32 " Jl’ 33 - Jl’ Jh = Jl’

6r
Js =dyr dg =y Iy = 13, Jy # i;. 1In general, there are at most 2~ such
patterns. For such a pattern, let q denote the number of distinct values

among 11, «eey 1, and p the number of distinct values among Jl, etely J2r'

2r
Let p1 denote the number of distinct values among Jl’ SNy er not appearing
among il, oy i2r and put P, =P - Py Within the given constraints, and
after selection of 11, vesy i2r’ the number of choices for Jl’ ey JZr

clearly is of order

(2.24) o(x ).
Now clearly Zpl <2r - Pps i.e.,

(2.25) P, ST - 4p,.

Now let Q denote the number of 11, +eey 1, used only once among il’ ceey 1&"

2r
Then obviously
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(2.26) ql < p2.

By (2.24), (2.25) and (2.26), it is seen that the contribution to (2.22)

from summation over Jl’ e sy er is of order at most
o(N 1),

since the quantity in (2.23) is of magnitude < Kizr. It follows that

N N a a
(2.21) E(-NZ s (142) K F oW IR)] J eer T fe teene
21=l 2q=l ik q

where 815 coes aq are integers satisfying a; 21, &y +i00F aq = 2r, and

exactly 9 of the a,'s are equal to 1. Now, for a 2 2,

i
(2.28) i Ol B

by (1.4). Further,

N 1N 2% _ N
(2.29) Liaglesl s B I &%) =,
Thus
N N &) a 4
(2.30) L emeing Icl v o =5,
21=l £q=l 1 q

Combining (2.27) and (2.30), we obtain (2.21). O

Next it is shown that Z may be replaced by Z=U+ G, where

~ N

(2.31) U leay % ¢(H(Xi))

and

(2.32) v 11f f 2, (x,)

2.32 V== ) i . (Ks)s
N2 yo1 311

J*i
with

(2.33) iJi(x) = [[u(y-x) - Fy (y)]e* (H(y))ar, (y).
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LEMMA 5. Assume (1.4). Then
g = -
(2.34) |z - z| < (x, + 3K )N

PROOF. By (2.6),
1-Fi(xi)-H(xi)

(2.35) E(p, |X,) = H(x,) + )

Hence, by the Mean Value Theorem,
(2.36) le(E(o, 1%,)) - ¢(r(x,))| s kN
Therefore, by (2.29),
(2.37) lu-u| s xln
Now

PRSI i) | ” 5 N
V-vs= Z %cJIzJi(xi) = 25 (X,)] - %‘,‘W - % 121 e b, (X)),

But

a N ]

lvl s K‘L Zigl lciIfS K.LN ’
5 Y i

1

(2.38) § 19 < g™
Similarly,

1 -y
(2.39) s 1-1 cit, (X)) s KN
Finally,

1 -1

80 that
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(2.40) [2,.(X,) - 2..(x.)]| s k.82
Iizl le W Cyltys (X Ji Pl s K

Thus (2.34) follows. O
Now we connect with the random variable T of Theorem 1.

LEMMA 6. Let T be defined by (1.6) and u by (1.12). Then

N2

(2.41) -u=T

and there exists a constant K, = KL(¢) such that
-5.

(2.42) |ES - u| s KN

PROOF. (2.42) is shown by Hdjek (1968), p. 340. To obtain (2.41),

check that
N
Zepnle iZ c, (o (H(X,)) - E¢(n(x,))
=1
(2.43)

+ f[u(x-xi) - F, (x)]e¢' (H(x))aH(x)}.
Now, by integration by parts, for any distribution function G we have
Jo' (H(x))e(x)aH(x) = -[¢(H(x))dG(x) + constant,

where the constant may depend on ¢ and H(+) but not on G(+). Thus the sum
in (2.43) reduces to 0. O

Up to this point, only the scores given by (1.2) have been considered.
The next result provides the basis for interchanging with the scores given

by (1.3).

LEMMA T. Denote ngl ciaﬁ(Ri) by S in the case corresponding to (1.2)
and by S' in the case corresponding to (1.3). Assume (1.4). Then there

exists K = KS(O) such that
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(2.43) |s - &5 - (s - B8")| = kN7,

PROOF. It is easily found (see Hfjek (1968), p. 341) that

(2.44) I’[E%I - E¢(UN(1))| <K,

where K does not depend on i or N. Thus, by (2.29),

(2.45) s - s'| sk N
and hence also
(2.16) |Es - Es'| < K N7,

Thus (2.43) follows with Ks = 2K°. O

PROOF OF THEOREM 1. Consider first the case (1.2). By Minkowski's

inequality,
[E(s - B8 - 1Y [&(s - 271 (22 - DFPZ
(2.47) + B - )ZME (g(E -y - )P/
+ |ES - ul.

By Lenmas 2, 4, 5 and 6, each term on the right-hand side of (2.47) may be

-4 for a constant K = K(¢, r) depending only on ¢ and r. Thus

bounded by KN
(1.9) follows. In the case of scores given by (1.3), we combine Lemma T with

the preceding argument. (]

PROOF OF THEOREM 2. First assertion (i) will be proved. Put

ay = sup |P(S - ES < x(Var 8)%) - o(x)],

B, = -uple{T < x(Var S)H} - o(x)|,




1k

and
suple{T < x(Var T)H} - o(x)]|.

By a standard device, if
(2.48) By = 0(5N), N+ o,
for a sequence of constants {aN}, then

(2.49) = 0(ay) + P{|S - BS - T|/(Var 8)* > a}, N> =,

°N
We shall obtain a condition of form (2.48) by first considering Yy- By the

classical Berry-Esséen theorem, as stated in Lo2ve (1963), p. 288,
-3/2 ¢N 3
(2.50) Yy S C(Var T) Liey El2, (X017,
where C is a universal constant. Clearly,
-1 ¢oN
|2, (x,)] s KN Zj=l IcJ-ci A

Now

(2.51) (2‘;,1 |cJ-c1|)2 < n[sg‘gl (cJ-ci)2] = 81 + Ne, ?]

By the elementary inequality (Lo2ve (1963), p. 155)
m m m
(2.52) |x+y|™ < 6. [x|” + 6 |y|™,
where m > 0 and em =1 or Zm-l according as m < 1 or m 2 1, we thus have
N 3 3/2 & 3/2 3
(stl IcJ-ci|) s v/2 5% (14w |c1| )
and hence

(2.53) T Bl )P s 2 k3 e I e Pl
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Now, by a double application of (2.52),
|var 8 = Var T| = |E(s - ES - T}(8 - ES + T)|
(2.54) < [E(s - ES - 1)%]" [2 Var S + 2 Var 7]
< [E(5 - BS - 1)2)" V2 [tvar )" + (Var T)"].

Writing

|var § - Var T|
(var §)* + (var T)"

| (var 5)* - (var T)5| =

and applying Theorem 1 in conjunction with (2.54), we have

(2.55) | (Var §)* - (Var T)*I < ”b"-k'

where the constant Mo depends only on ¢. It follows that if Var S is bounded
away from O, as per assumption (1.10), then the same holds for Var T, and

conversely. Consequently, by (1.10), (2.50), (2.53) and (2.55), we have

N

Yy = o) + (L) ay

le, %), B > o,
Therefore, by (1.4) and (1.5),

(2.56) vg = O(F™ log N), N » =,

Now it is easily seen that

;
(2.5) By S vy * oUML- 1”

(Var T)*
By (1.10) and (2.55), the right-most term in (2.57) is O(N-”). Hence

(2.58) By = O(N™ log ).
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Therefore, for any sequence of constants ay satisfying N-H

log ¥ = O(ay), ve
have (2.48) and thus (2.49). A further application of Theorem 1, with

Markov's inequality, yields for arbitrary r

(2.59) P&}S - ES - T|/(Var 5)* > oyl s an.ar (var 5)F mvT,

Hence (2.49) becomes

ay = O(ag) + 0(ay ™ ¥°F).
Choosing ay = O(N'r/(2r+l)), we obtain
(2.60) ay = ow?/(er+l)y o

Since (2.60) holds for arbitrarily large r, the first assertion of Theorem
2 is established.
Assertions (ii) and (iii) are obtained easily from the foregoing

arguments. [
PROOF OF THEOREM 3. It is shown by Hfjek (1968), p. 342, that
(2.61) |(var T)® - o,| s 2%(K, + K,) sup |F, (x) - F,(x)].
¢ e o Spd WaD, 4 e Py 3
The proof is now straightforward using the arguments of the preceding proof. 0

PROOF OF THE COROLLARY. By Taylor expansion,

(2.62) lri(x) - F(x) -(-Adif(x))l <& &5 12.
vhere A is a constant depending only on F. Hence, by (1.15) and (1.16),

(2.63)

'upitdox Iri(x) ) Fd(x)l o o(mi'dil) — O(N-“ 108 N),

80 that the hypothesis of Theorem 3 is satisfied. It remains to show that ES
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may be replaced by the more convenient parameter ji. A further application of

(2.62), with (1.15), yields

|B(x) - F(x)| < A a2yt
so that

lo(H(x)) - o(F(x))| = KA 2207,
Hence, by (2.29),
(2.64) u = Jg ey Jo(FGDar, (x)] s K 22072,
By integration by parts, along with (1.4) ana (2.62),

te1 S ORI, (x) = LT e [F, (x)¢" (F(x))aF(x)

(2.65) = -Ih., oyf(-8a)2(x)e" (F(x))aF(x) + n & 82} c.a,?,
. 2 oN 2
= e n AN L 08
vhere [n| s 1. Now, by (1.15),
(2.66) I legia® = 4k, & 5"

By (2.64), (2.65), (2.66) and (1.17),
lu = ii| = 0(N™ 10g N), N + =,

Thus u may be replaced by i in Theorem 3. [
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