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INTRODUCTION

In “Crack Tip Finite Elements are Unnecessary”, Henshell and

Shaw [1] reported that the inverse of the Jacobian associated with the

coordinate transformation becomes singular at a point when the mid -side

nodes for two-dimensional eight-node quadrilateral elements are placed

at quarter points. Interestingly enough , the same singularit y was

discovered independently by Barsoum [2] for two-dimensional , as wel l

as three-dimensional quadratic isoparametric elements . It was then

natural to investigate the order of the singularity ; and it was found

that the singularity was precisely of the order one-half for the

strains, a phenomenon encountered In linear fracture mechanics. This

remarkable phenomenon completely eliminates the necessity of incor-

porating special crack-tip elements [3,4,5] and has additional advan-

tages over the special crack-tip elements; namely, it satisfies

constant st rain and rigid body modes. The special crack-tip elements

were introduced in the literature to avoid the extremely fine grid

mesh requi red in the vicinity of the crack and the cumbersome extra-

polation needed when using regular finite elements [6 ,7].

Advanced versions of NASTR AN [8], as well as some general purpose

programs have such isoparametric elements. Hence, by judicious choice

of nodes, accurate crack -tip elements can be fo rmulated and stress

intensity factors for cracks and fl aws can be computed .

In the present report, after a brief review of the theoretical

formulation , we discuss the Implementation of these elements as NASTRAN

dummy user elements [18]. Test probl ems are done to assess the

1
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accuracy . Stress intensity factors are computed for a C-shaped

spec m en.

Finally the stab ility of two-dimensional quadrilateral element as

well as triangular element is investigated; and it is shown that a

triangular elemen t preserves the required singula rity under perturbati on

of the mid-side node. [19]

The method can be exten ded to h i gher or der elemen ts.

SYMBOLS

(x ,y) Cartesian coordinates

Curvil inear coordinates

x.,y.,~ .,n. Gri d point  coor di na tes

N1 Shape function at grid point i

u ,v Cartesian displacements

Strain vector

[J] Jacobian matrix

{c~~} Stress vector

[D] Stress -s t ra in  m at r i x

[K] Element stiffness matrix

E,G,v Elastic constants

L1, L2,L 3 Area coord inates

Stress intensity factors

r,o Local cylindrical coordinates

{ F} e Equivalent nodal forces

2
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THE TWO-DIMENSIONAL CASE

QUADRILATERAL

Following the notation of Zlenkiewicz [9] the eight node quadri-

lateral element in Cartesian coordinates (x,y) is formulated by mapping

its geometry into the curvilinear space (~,n) of the normalized square

(-1 < < 1, -l < < 1) by quadratic shape functions of the

‘Serendip ity ’ family [9]:

8

x = £ N.(~ ,ri )x .
1=1 1 1

y N .(F ,n)y
1

N1 = [(l+u~1)(1+ nn1 ) — ( l — ~ 2)( l4- rt n1) —

+ (l-~2 ) ( l+ nn1 )(1-cfl n?/2 + ( l-n2)( 1+~~1)(1-~2)~~/2 ,

where N .1 Is the shape function at node i whose Cartesian and curvilinear

coordinates are (x~~y~) and ( , rt
~

) respectively, (1=1 ... 8). The

details of the shape functions and the numbering sequence are given in

FI~g~ire 1. The same sha pe functions are used to interpolate the dis-

placements wit hin  the ele ment , hence the name i sopara metric .

u =j N .(t,n)u. ,1 ‘I

8 (2)
V E

1 
N .(~ ,~ )vj

3
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The stiffness matrix is found In the usual way as follows :

ax 3 X 0  u
{c } Cy 0 3 (3 )

ay

xy ay 3x

Subs t i tu t i ng from Equation (2) into Equation (3) we have~

UI I u i

{ c }  = [B] = [... B1 . . •~ 1
S
i 

~

. 

!?i

where

N 1 0

[B .] = 0 ~~i (5)

aN 1

-~~~~ ax

By the rules of par ti al di f ferent iati on we ob tain

= [J] 1 

{ } 

(6)



-

where [J], the Jaco b ian ma tr i x , by virtue of Equation (1) is given by

= x~ y1 . (7)

- — - aN
~ - - -

~~~~~~~ —

The stress components are given by

íaI x
{a} ~~~~~~ 

= [D] ~~~ 
(8)

LIXY
where ED] is the stress-strain matrix and for the case of plane stress

is given by

l v 0

[D] =~~E__~ 1 0 . (9)
1— v 2 I

L0 0 (l-v)/2

The element st i ffness mat r ix  is then:

[K] =

~~~~ f [B] T[D][B]det IJ Id~dn 
. (10)

The integration in Equation (10) is done numerically by nine- point

Gaussian quadrature as explained in [9].

6
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TRIAN GULAR

Again , follow ing the notation of Zienkiewic z [9] the six node

triangular el ement in carte sian coordinates is formulated by tr ans-

formations us i n g area coordinates (L1, L2 , L3) :

6
x ~ 

Ni(L 1,L2, L 3 )x j
1 1

y =

~~~~ 

N1 (L 1,L2,L ~y. , ( 11 )

1 ~ + 12 + L 
~ 

= 1 ,

where

N. = L 1111 (2L1 —l)( 2L11 — l )  — 16L 112 L11L21 (2L 31 — l )

+ L2L 21 (2L 2-l)(2L21- l)  - l6L 2 L3 L 2~L3~ (2L 11 -l) (12)

+ L3L31 (21 3—1)(2131 — l )  — 16L 3 L1 L 1L11 (2L 2~ —l)

Equation (12) gives the shape function at node i whose cartesian and area

coordinat es are (x1~y~) and (Llf L2r L3~ 
respectively. The details of the

sha~~ function (12) and the numbering sequence are given infjgure_2.

The displacements for the isoparanetric triangular element are given by:

u ~ N1 (L 1, L2,L3 )u~
1 = I  

(13)
v £ N 1(L 1, L2 , L3 )v 1

The res t of the an a lys is  proceeds i n a s im i l a r  way as for the quadr i la t-

era l case g iven above. The nurrerical integration for the sti f fness

matrix is done using Hammer ’s Quadrature [9]. 
-

7
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,) N 3 = L(2L 3 - l )

= 4L1 L~
(1/2 ,0,1/ 2) 6

(1 ,0,0) 
(0,1/2,1/2)

N 1 = L 1(2L 1 - 1)  
\___ / 

~ =

-

‘ 

N: 4L 1L2~~~~~~~~~~~~

(0,1 ,0)
N 2 = L 2 (?L - -l)

Figure 2. Shape functions and numbering sequence for a triangular element.
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THE CRACK TIP SINGULARITY ELEMENT

It is clear from Equations (4) and (6) that we need the inverse of

Jacobian matrix [J] before the strains can be computed. Hence, whenever

the Inverse of [3) is singular or, equivalently, the determinant of (3]

is zero, the strains and stresses may become singular. A singular

• Jacobian is achieved by placing the adj acent mid-side nodes at quarter

points from the node where the singularity is desired.

This will be illustrated by investigating the singularity at node

1 along the line 1 - 2 of FIgures 1 and 2.

QUADRILATERAL CASE

Evaluating the shape functions given in Figure 1 at r~ 
= -1 , we

have the transformation

x = -1/2~(l-~)x1 + l/2~~l+~)x2 + (l-~
2 )x 5 . (14)

Choosing x 1 = 0, x2 = L and the quarter point x 5 = 1/4 , E q u a t i o n  ( 14)

becomes

x = l/2~(l+~)L + (l-~~)L/4 (15)

Solving for ~ we have

~ = -l + 2 v ~7f . (16)

In this case the reduced Jacobian becomes

-
~~-~~- = -~-(l+t ) = . (17)

Equation (17) clearly indicates the singularity for the inverse of the

Jacobian at x = 0, ~ 
= -1. The order of singularity can be obtained

from the displacement along line 1 - 2 (Fig. 1). From Equation (2)

we have

• u(~ ,-1) = - l/2~ ( l -~~)u i  + 1/2~(l+~)u2 + (l-~
2 )u 5

9
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and writing in terms of x from Equat ion (16) we have

u = - l/2 (- l+2~~) (2-2~~)u1 +

+ 4(~~~- ~ )U~ . 
( 18)

Differentiating Equation (18) we obtain the strains in the x-direct ion:

= -~ -~~~ = -l/2[,~~ - ~-]u1 + l/2[- ,~~
- + ~-]u2 + [

~~
—
~

- - ~]u~ ( l 9 )

indicating the singularit y of order one-half (,,~
-), precisely the

singularity needed for crack problems . It can be seen that Equation

(19) also incorporates constant strain terms .

TRIANGULAR CASE

Evaluat ing the shape functions given in f~g~re 2 at L 3 = 0, we

have

x L1(2L~-1)x 1 + ( l—L 1)( 1—2L 1 )x~ + 411 (l-1 1 )x3 (20)

choosing x 1 = 0, x2 = A and the g~~rter~~o in t  x~, 
= A14, Equation (20)

becomes

x / A = L ~~— 2 L 1 + l  (21 )

Solving for L1 we have

(22)

For this case the reduced Jacobian becomes

= 2A(L1 -l) = -2v~~ (23)

which shows the singularit y for the inverse of the Jacobian at x = 0,

1. The order of singularity can be obtained , as before , f rom

Equation (13).

10
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u(L3 0) = (1-/7~)(l-2v’~7~)u1 + 1~jK(21~7K—l)u2
(24)

+

The above expression indicates the same order of singularity for the

strains as for the quadrilateral case.

In both of the above cases we have investigated the singularity at

Node 1 along line 1 - 2 of Figures 1 and 2. However , for the case of

quadrilateral element , as opposed to the case of triangul ar element,

the singularity at Node 1 (Figure 1) along any other ray emanating from

Node 1 is weaker than one-half. The singularity of order one-half

along any other ray can be achieved by collapsing grid points 1, 4 and

8 and placing grid points S and 7 at quarter points in cartes ian coor—

d ina tes from gri d point  1.

Without loss of generality let the cartesian map of such a col-

lapsed qu~idri1atera1 element as well as the triangular element be

represented I n  Fi~ ure_3. Using Equations (7), (1) and (11) it can be

easil y shown that

det IJ l = ~(l+t~)
3sin~ (fo r the collapsed quadrilateral)

(25)
detlJl = 2(L2+L 3)

2sina (for the trian gle)

Both of the abo ve expressions vanish at grid point (1) along any ray.

The coordinate transformatio ns in terms of cyl indrical coordinates

r, e(x = r cos 0, y = r sin o ) ,  are given by:

1 + 2 ~[C0Si~~%?I 
}

1/2 
rhl’2

(For Quadr ilateral (26)
= tan(e-ci/ll Element )

tan(~7�)

I
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and

L2 = . 

1/2 .
__(_ _ )___ 

1 2
{2sincz s~na/2 cos(O-a/2)} /

1/2 (Fo r Triangular (27)
r sino 

______ 
El en~en ts)

• L 3 = {2s lnci sina/2 cos (o_ a/2 ) } hh’2

• When these expressions are substituted in [quations (2) and (13), i t is

easily seen that the displacements have the proper behavior to insure a

strain singularity of the order one-half (—L) at the crack tip. (It

shoul d be noted that  the d is p lacements for no des 1, 4, and 8 of the

colla psed quadrilateral must be the same.) Expl icitly,

u = {l+U[-l/4(l-n)(l-~+n)u2 + l/4 (l+n)(i+ n— l )u 2

+ l/2( l-~ )( 1-~ )~ + l/2(1-n 2)~ + l/2(1-~ )(l+n)u7)

= 2r~
I2 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ [ 2(1 c~~~~~/?)~ /2 ) {
- 1/4(1-n)u2 - l/4(l+n)u3 + l/2(l-n)u 5 + l/2 (l+ q)~7

- l/4n (l-n)u 2 + l/4 n(l+ n)u 3 + l/2(1
~

n
2
)
~~1

(For Quadrilateral
Element) (28)

w i th

- tan(e-c~/2I
~ tarf(~7~f

and
r1

~
’2 I

u = 

~~~~~~~~~ 
(Ly4u~)sin(cz~o )

• (For Triangular
- (u 3+4u &)sine] + 0(r) Elements) (30)

13
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THE THREE-DIMEN S IONAL CASE

The three-dimensional twenty-node Isoparametric quadratic ‘Brick ’

element is formulated in much the same way, by mapping the geometry

i n to curv i l i nea r  space ~~~~~ of a normaliz ed cube (—1 ~ ~~, n, ~~~~
< 1)

by the quadratic shape function [9],

20
x = £ ~~~~~~~~•j = 1

Y N1 (~,n,dy 1

20
z = 

~

‘ 

~~~~~~~~ ,

1=1 (31 )

N1 = l/8(l+ 1 )(l+~~1 )(l+~~1 )(~~1 + nn~ + 
~~ 

—2) ~ ~ n~ r,~

+ l/4 (l-~ 
2 ) ( 1 + ) ( 1 + ) ( l  

~
)

+ 1/4 (l-n ’)(1+i~ 1 )(l+çr,1 )( l -~~) 
-

+ i/4(l-~
2)(l+FF 1 )(1+ nn 1 )(l- ç~)

where N~ is the shape function at node i (i = 1 to 20) whose Cartesian

and curvilinear coordinates are (x1 , y,, z 1 ) and (~~~ j~~ 
np c~) respec—

t ively. It should be noted tha t the shape function given in Equation

(31) is obtained by superposition of those given in [9]. The geometry

of the unit cube and the numbering sequence is shown in fjgure 4.

For the iso parametr ic for mula t ion , the displacements are g i ven by

14
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20
u = E N 1(~,n,ç)u11 = 1

v = 
~~~ N~(~,n,~ )v 1 , (32)

20
W = E N1(F ,ri, r,)w 1i= 1

The rest of the analysis follows in a similar fashion that g iven for the

two-dimensional cases with appropriate augmentation to the three-

dimensional  quant i t ies .

The s ingularity element is obtained by collapsing one face , 2376 ,

and placing the midside nodes 9, 13, 11, 15 of Figure 4 at quarter

points. The singular element is shown in Figure 5, in Cartesian coor-

d ina t es. Since the ele men ts are iso parar n e tr ic they au tomatic a l l y

satisfy inter-element compatibility and continuity in their regular or

sin~;u1ar for~us. It should be noted that the disp lacc :-’~nts are no t

singular. Further , it is easily shown that z N~ = 1. Hence , by

theorems given in [9] the elements satisfy the constant strain and

ri gid body modes. The above conditions are necessary for the “patch

test” men tioned in 12].

COMPUTATION OF STRESS INTENSITY FACTORS

The m ix ed mo de stress intensi ty factors can be comp u ted at quarter

points us in g the Wes ter gaard near field d i sp lacemen ts which , for p lane

stress , are given in [10).

16 
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U = —
~~(f~~) 

~ cose/2 [
~ 

+ sin2e/2
] 

+ 
~~~~~

-
~
-(

~~~~~
-) 

/2

sine /2 [-
~

--_ + cos 2eI2 I
— 

V j (33)

v = 
~~~~~~~~~~~~ sino/ 2 

[
~

_- - cos 2e/2] + 
K~~~~~~/

coso/2 [
~ ~~~ 

+ sin~e/2]

Solvin g for K1, K11 we have :

K
1 

= G(~~-) 
]/2 u cose/2 -_T~~~

+ cos 2o/2]_+ v _sinO /2_IT C ~~~~

- cos 2e/2][-1-~~- - cos2O/2]

(34)
— 2 ¶ V 2 u s t  nC / 2 - v C

r 
~~~~ — cc.s2~/2]

It ~hcu ld !~e noted that rquation (33) is only .a one-tnrm eXpansion

of the near field crack solution. To obtain reasonable accuracy, the

quar ter poin ts have to be very close to the crack ti p even thou gh the

el emen ts su rroun d in g such a crack embody the prop er sin gula r  fiel d.

This will increase the number of elements required to obtain accurate

results. Thus it is advisabl e to use a higher order expansion. Such

an expansion can be obtained from airy stress functions. William ’s

stress function [11] is such an expansion and using it , wi th appropriate

correct ions , the displacements under plane stress condition become,

18
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2Gu 
n~1,2 ,3 

{

(.-l)n-1d2 1 [n-l/2)cos(n-5/2)e -

• 
(3_ v + n - D cos(n_l/2)o] rn_ l~2

• (—1 )
n 

d2n [n 
cos(n-2)0 - + n + cos no] r

n

(-1 )~~
1
a
2 1  [n-1 /2)sin (n-5/2)o 

~~~~~~~~~ 
n + 1/~~ sin (n.-l/2)j r~~~

’2

(.-l)
n
a
2 [n 

sin(n-2)e 

~
(

~
-
~

-
~

+ ~~-) sin 
n] 

r
n} 

(35)

2Gv = 2 ( -l)~~
1d2 - - ( n - l / 2 ) s i n ( n - -5 / 2 ) o  -.

n 1 ,2 ,.. n•l

- + 3/~ sin(n-l/2)e] r~~
112

(-1) d2 [n 
sin (n-2)e - n — 1)sin no] r

n

(-l)~~~a2 1  £nl/2 os(n-5/2)o +(
~~~~ 

- n - 1/) cos(n-l/2)e] r~~~
’2

(-1 )n8 
[
cos(n~2)o + (~

-
~
j - n +) cos nJ r

n 
(36)
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Comparing with the Westergaard ’s solut ion we ob t a in

K1 
= - /2~id1

(37)

K
1 

= -

NASTRAN IMPLEME NTATION

The isoparametric quadratic quadrilateral , triangular and brick

elements have been implemented using the NASTRAN dummy user element

facility as outlined in Section 6.8.5 of [12]. This involved coding

element stiffness and stress data recovery subroutines using the analysis

outlined above and relink ing the affected NASTRI\N Links. Additional

i ;odifications were required to some of the Output File Processor (OFP)

routines. These changes are detailed below.

The quadrilatera l elen~ent was implemented as a DUM1 element. KDUM1 ,

he d r  k - n t  ~t if f t ~- c s  - ‘ i t r lx svi~routine , obtains r~ te rial and grid point

information from the ele~c- nt connection and property table (ECPT) and

builds the matrices required to pe rfo rm the integration i, Equation (10).

The integration is perfo rmed numerica lly using compound 3-point Causs ian

quadrature as explained in [9]. This results in 9 evaluations of the

integrand. Once the 16 by 16 stiffness matrix is complete , the appro-

priate 2 by 2 submatrices corresponding to the given pivot point are

entered into the upper left of the 6 by 6 submatrices required by

S~A 1B , the stiffness matrix insertion subroutine. S?~tA 1 B i s ca l led

8 times for each pivot point. The time for element stiffness generation

is 6 secon ds per el emen t on an IB M 360 Mo del 44.

20
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NASTRAN stress data recovery is accomplished in two phases. During

phase I, SDUM1 1 calculates [D][B] from Equations (5) and (9) for each

grid point and passes the resultant 24 by 16 matrix to SU)UM1 2 for final

stress calculations. SDUM11 also checks for sin gularities in the inv rse

• of the Jacobian [Equation (7) ]  and flags those grid points which have a

singularity. Information passed to SDUM12 from SDUM1 1 inclu des the

elemen t id , grid point numbers , gr id  po in t  s i n g u l a r i t y  f l ag , coordinates

of the eight grid points, crack orientation ang le and the material con-

stants E , G and v . SDUM12 , phase II of the stress recovery , locates

the displacements associated with a given element and multiplies [D][B]

times these displacements [Equation (4) and (8)] to g ive  the stress

components at each of the eight grid points. Grid point flags are

checked for singular grid points and , if singularities exist , Mode I

and Mode II stress in tr-nsity factors are calculat ed using rquatinns (35)

and (36) with a two term expansion . These stress intensity f acto r s  at

the quarter points are output at the mid-si de node of the colla psed

side while the corresponding corner node stress outputs are set to

zero. The point ids of the singular corner nodes are nega ted and the

mid-side id is set to overflow the inte ger field specification , thus

flagging the point wi th asterisks.

OFP has been modif ied to ou tpu t  the eight sets of stress components

for eac h element. These modifications were implemented by adding heading

formats to OFPIA and changing  the appropr ia te  pointers  and forma t

speci f ica t ions  in OFP1BD , OFP5BD and OF1PBD. Although the ADUM cards

allow sufficient flexibility to implement the element stiffness subrout ine ,

21
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changes were required to GPTAL which describes the connection and

property character istics of each element. (See Section 2.5.2.1 in

[12).) These changes were required to han dle the ex pan ded stress

requirements. The number of words SDR2 passes from phase I to phase

II was changed from 100 to 430 while the count of words SDR2 outputs

for real stresses was increase d from 10 to 33.

The triangular element was implemented in a similar fashion to

the qua d r i l a teral . In this  case a DUM3 element was def i ned and

appropriate KDUM3, SDUM31 an d SDUM3 2 rout ines were wr itten adher in g to

the anal ysis defined in an earlier section. Numer ical integration was

performed in KDUM3 using 6 point Hammer quadrature [9].

The imp l ementation of the twenty no de br i ck el emen t was not as

stra ightforward as that of the quadrilate ral element. The bri ck was

implemented as a DLtM2 element. DIMENSION changes were required in

TA1A and TA1 B since NASTRAN assumes a maximum of 10 grid points per

el emen t. KDUM2 was in i t ial l y im p l emen ted s imila r l y  to KDUM 1 . However ,

i n th i s case , the integration using a 3-point Gaussian quadrature requires

27 integrand eva l uations with a stiffness matrix of order 60. The

size of the KDUM2 su brou tine nec essita ted a chan ge to the overla y

structure of LINK3 , placing KDUM2 in its own overl ay segment. Also ,

since NASTRAN calls the stiffness routines based upon the pivot point

concept , the same brick element stiffness matrix is built twenty times

in an analysis. This technique resul ted in a 20 minute stay in 5MM

for a one element prob lem on an IBM 360 Model 44.

KDUM2 was rewritten to build only the requested submatrices , I.e.

those corresponding to the pivot point. Al so, the matrix product

22 
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BTDB (Equation 10) was performed explicitly, tak ing advanta ge of zero

entries In the B and 0 matrices (Equations 5 and 9). These changes

resul ted in a reduction of computer time to 2 mInutes per elemen t In

SMM. -

Stress data recovery is a lso nonstandard for the brick element.

Due to the size of the arrays used in stress recovery for the brick ,

phase I has a limit ed function of assembli ng arrays dependent on

parameters not available to phase II. The majority of calculations

for stress recovery are accom p l ished durin g phase II , sav ing stora ge

but increasing stress recovery times. Quantities passed from phase I

to phase II are the stress-strain matrix [D], the element i d , grid

point ids , grid point coordinates and the material constants E, G,

and v . Phase II locates the displacements, calculates the stress

components for each grid point , checks for singular ~acobians and

calcula tes str ess i n tensi ty fac tors as re qui re d . Stress in tensit y

factors are displayed in a manner similar to that employed for the

quadri lateral element.

OFP has been modified to output the twenty sets of stress components

for each element. A DIMENSION change was also required in OFP to allow

twenty grid points per element. OFP1A , OFP 1BD , OFP5BD and OF1PBD were

updated to produce the required heading and output formats. GPTAL was

changed to increase the number of words to 120 that SDR2 passes from

phase I to phase II. The count of words SDR2 outputs for real stresses

was increased to 141 .

The three element Implementations were checked independent of

23
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NA STRAN via dummy driver routines for SMA1 and SDR2. The coding for

the element sti ffness su brou tines was ver i f ie d by mul tip ly i ng t he

st i ffn ess matrix for one el ement times the known dis p lacem ents for a

unifo rm stress field. The resultant nodal loading was compa red to that

foun d analytically from (for the two-dimensional case)

1 

~~~~~ 
[B) T {c) d~ dn (38)

Fi gure 6 i l lus t ra tes  equ iva len t nodal forces for = 1 on the nor-

malize d square (-1 < x,y < 1). The stress recovery coding was checked

by passing the known displacements for a unifo rm stress field to the

stress recovery subroutines and observing the constant stress result s.

The appendix describes the formats for each of the bulk data cards .

A FEW NUMERICAL RE SULTS

To assess the accuracy of the -eth od , three test pr ohl c--~s ~iith a

fairly coarse grid (68 elements and approximately 239 grid points ) were

run. The problems are the single edge crack , double edge crack and

center crack. These three problems can be done in a single run as

subcases with different sing le point constraints as shown in Figure

7a , b , and c. The solutions of the above problems , by various methods,

have been well documented [13]. Using quadri laterial elements , it

was found that the finite element solutions were accurate to within

2-3%. Graphically, this Is illustrated in Figure 8 for the double

edge crack by using the Westergaard near field solution [10] for

ASTM has stringent requirements for the size of specimens for

fractu re toughness testing. However , in many app lications of

24
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Fi gure 6. Equ ivalen t noda l forces requi red for ay l .
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FIgure 8. Comparison of NASTRAN results wi th the theoretical
solution for a double-edge crack.
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thick -walled cylinders these requirements are not easily met. The

C-shaped specimen , wh ich is eas i ly obtaine d from th ick-wal le d cyl i nders ,

was suggested [14] and is now accepted as a standard test for such

cyl i ndr ical ma ter i a l .  The stress intensi ty  factors  for such a sec tion ,

shown in Figure 9, were computed for different crack lengths and the

f i n i te el ement results , experimenta l results, an d the colloca tion

results of [15] are shown in fj~~re 9 . It is seen that remarkabl e

agreement is obtained with just 48 elements and 171 grid points . The

results have also been compared with those in [16] and similar corre-

spon dence was observed.

THE STABILITY OF QUADRILATERAL AND TRIANGULAR ELEMENTS

Durin g the process of im p lementat ion of these elemen ts into

NASTRAN it was found that a slight perturbation in placing the mid—

side node opposite to the crack tip for a collapsed quadrilatera l

elc-i ent led to a substantial error in the computation of stress inten-

sity factors. (See the Conclusion in [18].) No such errors could be

detected for triangular elements. In this section it is demonstrated

that under perturbation the triangular elemen t preserves the singularity

req u i red for crack p roblems wh i le the col lapse d q u ad r i la tera l element

does not [19).

TRIANGULAR ELEMENT

Let the grid point 5 be perturbed as shown in Figure l0a.

(Compare with Figure 3.) Denoting the perturbed quantities with an

asterisk we have

28
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Fi gure lOa. Perturbation of a singular , triangular element.
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Figure lOb . Perturbation of a collapsed singular ,

quadrilateral element.
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* 2cz
= cos ~~- + a

For Grid roint 5 (39)
y5 = siD~- cos~~+ b

We have

De t IJ
*

J = Det IJI - (8L~sincz )a - (8L~cos z - 4P.~ )b (40)

As seen the perturbed Jacobian vanishes at grid point 1 (11 = 1

L2 = L 3 = 0) for all values of perturbation par~ueter s a and b. The

order of sin gular i ty, however , w i l l  only become app aren t when we l ook

at the coor d ina te trans forma tion

* 
6

x ~~~ N.x . = x + aN
1 = 1 1 1  5

(41)

* 

(12 + 13) [ 12 
+ L3cos~] + 4aL2L 3

i N1y~ = y +

(42)
= (L 2 + L3)L~si,ia + 4bI~ L3

Solving for L 3 we have

L kPY LCX~L~ !~Y I ~
4
~~~ (43)

2A

where

A = -4a sin
2
ci — 4b sin~(l- coscz) — l6ab sin cx + 1Gb

2 
coscx

B 2sincL - (4b + sinci)(l 4 4a 4 COSct ) (44)
2

C (4b + sinc~)

Using the polar coordinates (x* = r cose , y~ r sine) we have from

(43)

-

~~ 
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13 = r1”2 [ (Bsinp + Ccos~J 1 /(Bsin~ + Ccos6)2 - 4Asin 2e J I/~

(45)

wi th a s i m i l a r  ex p res sion for L2. Comparing Equation (45) with the

unperturbed case [Equation (27)] we see that L2, L3 and consequently

the disp lacements have the same behavior as the unperturbed case.

Hence for the case of the triangular element , the singularity is pre-

served under perturbation.

~~~ R I LATERAL CASE

Let grid point 6 be perturbed as shown in fl9ure lOb. For

simplicity let a = b = c. (It is sufficient to show the lack of

singularity on one ray.) Then

= ~(l÷~)
2 
[(l÷cos~) - n( 1-cosa)] + ~( 1~ n

2)(l+~ ) (46)

= ~sina (l+~)
2
(l+ q) + ~(l-n

2)(l+~) (47)

Along the line x * = we have from (46) and (47),

= 
1 + c o s c *  - sinci = cons t an t  = c (SAY)
1 - cosct + ~~fla

Substituting n into Equation (47) and solving we have (in terms of

polar coor d ina tes , xk = y* = r sine , e = ¶/4)

(1÷~) = 

~T~a( 1+ )~ [~ - 

~l + ~4~~~~~~~~~~~
) r sine 1 (48)

Since (l+~) k the common factor in the displace men t (28) it is seen

that there Is at leas t one ray in the colla psed qua dr i lateral  case where

the singularit y required for the crack problems disappears. Hence such

32
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i:e’curbat ions of the collapsed quadrilateral elements , which may either

be caused by automatic mesh generation or simply by transcription errors

may lead to unsta ble an swers.

NUMERI CAL RE SULT S FOR STABILITY

To illustrate the effect of perturbing the mid-side node let us

consider a crack of length 2a in an infinite media under a un iform

tension of P applied normal to the crack. The solution of the problem —

is well  known. Usin g Mu skh e l i s h v i l i ’ s method [17], we ha ve for the p lane

stress condition displacements given by

u + iv = ~(z) - z - 
~~~(iT

] 

(49)

~ihe re

;(z) = 

~
- (
~

-
~ 

- 1) 
~~~ 

- 

~~~
+

~~~~~~~~
- 

~
) 1/2 ]

~ (z )  = 

~ 
[
~ 
~2~~~

f
~ 172 

- 1 ] (50)

ç- (z) = ~ [2 (
~ 

- 
1)

1/ 2  
- 

172

(
~~~~1 ~)
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For a f in ite element gri d of 12 el emen ts as s hown in Figure 11 , the

displacements computed from (49) were prescribed at corner grid points.

The d is plac ements were com pute d at quarter poin ts us i ng coll ap sed

qua dr i la te ra l  as well as t r ian gular  el ements . The resul ts  obta i ned

by both methods were in very close agreement with the theoretical

results of (49). However when the opposite node of the 1st element

was perturbed the results from the collapsed quadrilate ral elements

were qui te  unstable  compared to those obtaine d from tr ian gular

elemen ts. This is illustrated in Figure (12) with 0%, 20%, and

40% perturbation of a single opposite node of the 1st element. It

was seen that the error i s of the order ~~~~
- for the quadrilatera l

case . There was no s ig n i f i c an t chan ge in resu l ts for the case of

triangular elements as seen in Figure 13.

CONCLUS IONS

Quadratic quadrilateral and triangular isoparametric elc; unts can

be easily used to construct an elastic singular element for analyzing

crack pro b l ems . Colla psed qua dr i la teral el emen ts are less stab le i n

preserving the elastic singulari ty, under perturbation of the opposite

mid-side nodes , than the tr i an gula r  elem en ts. Th ese el em ents have been

implemen ted in NASTRAN. Similar elements can be also constructed from

cu bic el emen ts. The p las ti c s i n g u l a r i ty can also be ach iev ed by the

u se of “ sliding node ” concepts. These questions wil l be investigated

In the near future.
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BULK DATA DECK

Input Data Card ADUM1

Descri p t ion :  Defin es at tr ib utes for an i soparametr i c , qua drat ic quadr i la teral
implemented as a DUM1 dummy user element .

Format and Example:

ADUM1 NG NC NP ND
ADUM 1 8 0 1 3 

_______________

Field Con tents

NG Num ber of grid points connected by DUM1 (Integer = 8)

NC Number of additional entries on CDUM1 (Integer = 0)
NP Number of additional entries on PDUM1 (rnteger = 1)
ND Number of displacement components at each grid point

used i n generat ion of d if ferent ial sti f fness
( In teger  = 3)

3 ~ k s_ :

1. All fields must correspond to the exa. pie.
2. One ADUM 1 mus t be present if any CDUM1 ’s are present.

41
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BUL K DATA DECK

In put Data Car d ADUM3

Description: Defines attributes for an isoparametric , quadratic triang le
Implemente d as a DUM 3 dummy user element.

Fo rma t and Ex ample:

ADUM 3 NG NC NP ND
ADUM3 6 0 1 3

Field Contents

NG Number of grid points connected by DUM3 (Integer = 6)
NC Number of additional entries on CDUM3 (Integer = 0)
NP Number of additional entries on PDUM3 (Integer = 1)
ND Number of displacement components at each grid point

used in generation of differential stiffness
( Integer = 3)

Remarks:

1. All fields must correspond to the example.
2. One ADUM 3 ~u~t he present If ~ny CDU~13’s are prrcnnt.

‘

1
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BULK DATA DECK

Input Data Card ADUM2

Description: Defines attributes for an isoparametric , quadratic bri ck
implemented as a DUM2 dummy us er el emen t .

Format and [xa~p]:~~

ADUM2 NG NC NP ND
ADUM2 20 0 1 3

Field Conten ts

Number of grid points connected by DUM2 (Integer = 20)
NC Num ber of addition al entries on CDUM2 (Integer = 0
NP Num ber of addition al entries on PDUM2 (Integer = 1
ND Number of displacement components at each grid point

used in generation of differential stiffness
(Integer = 3)

Rema rks:

1. All fields must correspo nd to the rN~nple.
2. One ADUM2 must be pr~scnt if any CDL ,124 s are pr nt.
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BULK DATA DECK

In put Data Card CDUM 1

Description: Defines an isoparametric , quadrati c, quadrilateral element •

( DUM 1 )

Format and Example:

CDUM 1 E I D P I D Cl C2 C3 C4 Ml M2 +abc

CDUM1 25 14 1 2 3 4 5 6 ABC

+abc M3 M4
+BC 7 8

Fie ld Contents

EID Elemen t identification number (Integer > 0)
PID Identification number of a PDUM1 property card

(Integer > 0)
Cl ,.. ,C4 Gri d point  identification numbers of corner poin ts

(Integers > 0, Cl ~ C2 / C3 / C4)
Ml ,.. ,M4 Grid point identification numbers of ‘mid -side ’ points

(Integers > 0 , Ml / M2 / 13 ~ fl4)

Remarks:

1. The or der of the gr id poin ts is: Cl , C2, C3, C4 countercloc kw i se;
Ml is between Cl and C2 , followed by M2 , M3 , M4.

2. The quadrilateral must lie wholly in the X-Y plane.
3. Stresses are given i n the glo bal system. For coll ap sed el ements ,

mode I and II stress intensities are output.
4. If one side is collapsed to form a crack element , these rules  mus t

be followed :
a . Sides adjacent to the collapsed side must be strai ght an d have

their ‘mid-side ’ nodes located exac~~y 1/4 of the len g th of the
si de from the collapsed side.
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b. The side opposite the collapsed side must be straight and have
its ‘mid-s ide ’ node located exactly 1/2 the distanc e between its
corresponding corner nodes .

5. If degrees of freedom on the collapsed side are not constrained via
sin gle-point constraints , they should be constrained via multi -
point constraints to maintain a physical correspondence (i.e.,
U1 = U~ = U8, V 1 = V~ = V8).
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BULK DATA DECK

In put Data Car d CDUM2

Description: Defines an isoparametric, quadratic bric I~ element (DUM2).

Format and Exam p le:

CDUM2 EIO P10 Cl C2 C3 C4 C5 C6 +abc
CDUM2 31 7 1 2 3 4 5 6 ~~

+abc C7 C8 Ml M2 M3 M4 M5 M6 +def
+BC 7 8 9 10 11 12 13 14 DEF

+def M7 M8 M9 M10 Mu M12
+EF 15 16 17 18 19 20 

____

Fiel d Con ten ts

EID Element identification number (Integer > 0)

PID Identif ication nunber of a PflL~-12 property card
(Integer > 0)

Cl ,.. ,C8 Grid point identification of corner points (Integers
> 0, Cl ~~.. .~~ C8)

Ml ,..,M12 Grid point identification numbers of ‘mid-side ’
points (Integers > 0 , Ml / . . .  ~ £112)

46



Remarks:

1. The or der of the gri d points is:
Cl , C2, C3, C4 about one face
C5, C6, C7, C8 a bout the oppo site face
Ml is between Cl and C2, followed by M2, M3 , M4
MS is between C5 and C6, followed by M6 , M7 , M8
M9 is between Cl and C5, followed by Mb , Mu , M12.

2. Stresses are gi ven in the global system . For collapsed bricks ,
mode I, II and III stress intensities are given .

3. For collapsed elements , the crack must lie wholly within some
X-Y p l ane .

4. If one face is collapsed to form a crack element , these rules must
be followed:
a . Sides adjacent to the coll apsed face mus t be strai ght and have

their ‘mid -side ’ nodes exactly 1/4 of the length of the side from
the co l l a psed face.

b. The line formed by the collapse of a face need not be straight.
5. If degrees of freedom on the collapsed side are not constrained via

sin gle-point constraints , they should be constrained via multi-
point constraints to maintain physical correspondence (i.e.,
Ui = U17 = U5, V 1 V17 = V 5, W1 = = W 5 , U9 = U13, V 9 ‘113,
etc. ).
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BULK DATA DECK

Input Data Card cDUM3

Descrip tion: Defines an iso pa rametric , quadrati c, tr i an gula r  eleme nt
(DUM 3)

Format and Exampl e:

CD UM3 E lD P LO Cl C2 C3 Ml M2 M3

CDUM3 25 14 1 2 3 4 5 6

Fiel d Con tents

ELD Element i dentification number (Integer > 0)
P 10 Identif ica tion num ber of a PDUM 1 property card

(In teger 0)
Cl ,C2,C3 Grid point identification numbers of corner points

(Integers > 0, Cl ~ C2 ~ C3)£11 ,M2,M3 Grid point identification numbers of ‘mid-side ’
points (Integers > 0, Ml ~ M2 t M3)

Remarks:

1. The or der of the gr id points  is : Cl , C2 , C3 countercloc kw i se; Ml is
between Cl and C2, followe d by M2, M3.

2. The triangle must lie wholl y in the X-Y plane.
3. Stresses are given in the global system. For singular elements,

mode I and II stress intensities are output.
4. To form a crack el emen t, these rul es mus t be fol low ed :

a. Sides adjacent to the crack tip must be straight and have their
‘mid-side ’ no des loca ted exac~]~ 1/4 of the length of the sidefrom the crack ti p .

b. The side opposite the crack tip must be straight and have its
‘mid-side ’ no de locate d exac t~~ 1/2 the di sta nce between i ts
corresponding corner nodes.
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BULK DATA DECK

In put Data Card PDU M 1

Descr ipt ion: Def ines the p roper ties of an isoparametri c , quadratic ,
quadrilatera l element. Referenced by a CDUM1 card .

Format and Ex ampl e:

PDUM1 PID MID BETA

PDUM 1 23 5 45.0

Field Contents

P10 Pro perty i den tifi ca tion number
MID Material identification number of a MAT1 card
BETA Ori entation angle in degrees of crack with respect

to globa l system (Blank or real). BETA is positiv e
for the top elements of the crack and negative for
the bot tom elements of the crack.

~~

1. ~f RITA is blank , 0.0. is assumed.
2. ~E T A is only used for elements with a collapsed side. If specified

for other elements , it is ignored .
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BULK DATA DECK

Input Data Card PDUM2

Description: Defines the properties of an isoparametric , quadratic ,
brick element. Referenced by a CDUM2 card.

Format and Ex~~ple :

PDUM 2 PID MID
PDUM2 75 1

Field Contents

PID Property identification number
MID Material i dent i f ica t ion number of a MAT 1 car d

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _
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BULK DATA DECK

Input Da~a Card PDUM3

Descr~p~jp~: Defin es the properties of an i sopar ametr ic, quadrati c,
triangular el ement. Referenced by a CDUM3 card .

Forma t and Exampj~:

PDUM 3 P LO MID BETA
PDUM3 23 5 45.0

Field Contents

PID Pro perty iden ti f ica t ion num ber
MID Material identification number of a MAT1 card
BETA Orientation angle in degrees of crack with respect to

global System (blank or real). BETA is positive
for the top elements of the crack an d nega ti ve for
the bottom elements of the crack.

Remarks:

1. If BETA is blank , 0.0. is assumed.
2. BETA is only used for elements with a singularity . If specified

for other elements , it Is ignored.
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