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Abstract

Lower bounds are derived for the norms of solutions to a
2lass of initiai-value problems associated with the damped wave
equation Ugy * Au, + Bu = 0 in Hilbert space. Under appropriate
assumptions on the linear operator B it is shown that even in

the special strongly damped case where A = T'I, I > 0, solutions

are bounded away from zero as t + + », even when I' + + o,

A’

Approved for public release; ;
Distribution Unlimited .

AMS (MOS) subject classifications (1970) Primary, k?ASO A0
3¢(
Secondary, 35B40 ./ 6 g /

’ - —— ‘*", sy \ .
R rch s ted in part b AFC/SR”-G’-N-SSQQ ol 1/
1 Research supported in p v ‘ <Z:2%['j;;”“’

Approved £or public release)
distridbution unlimited.

é?// ‘9/7/:~—f 7

ileones ol e = . il “ I‘“‘l'.l o v




§ X : :

S

et A Sy 38 o T e

AIR FORCE OFFICE CF SCIENTIFIC RESEARCH (AFSC) ;
NOTICE OF TRAVOMITTAL TO DDC ‘
This technical ve, ort Las been reviewed and is

approved for public ruloase IAR AFR 190-12 (7b).

Distribution 15 uulimited. ol

A. D. BLOSE _

Technical Information Officer i




PYATE LU A Y B

St (“'VR‘;'V‘( LASSIFICATION OF Tuis PAGE (When Daea Futered)
4 "

REPORT DOCUMENTATION PAGE

T HLPORTY NUMBE R

AFOSRTR- 78- 0486/

l.- GOV ACCLSSION NO

READ INSTRUCTIONS
BEFORE COMPLE TING FORM
VO CIIE NS CATALOG NUMBE R

A4 TITLE (and Subtitie)

REMARKS ON THE ASYMPTOTIC BEHAVIOR OF
SOLUTIONS TO DAMPED WAVE EQUATIONS
IN HILBERT SPACE

4

S TYPE OF REPORT & PERIOD COVERED

Interim

6 PLRFORMING 013G, REPORT NUMHBER

7. AUTHOR(s)

Frederick Bloom

B8 CONTRACT OR GRANT NUMBER(s)

AFOSR 77-3396"

? PERFORMING OHdA—NiZATION NAME AND ADDRESS
University of South Carolina

Dept of Math & Computer SciencesV
Columbia, SC 29208

10, PROGRAM ELEMENT PROJECT, TASK
AREA & WORK UNIT NUMBERS

61102F 2304/A4

11, CONTROLLING OFFICE NAME AND ADDRESS

12 REPORT DATE

Air Force Office of Scientific Research/NM 1978
Bolling AFB, DC 20332 13 NUMBER OF PAGES
11
4 MONITORING AGENCY NAME & ADDRESS(! dilferent from Controlling Office) 1S SECURITY CULASS. (of this report)
UNCLASSIFIED

158 DECLASSIFICATION DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of thix Report)

Approved for public release; distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, if different from Report)

18. SUPPLEMENTARY NOTES

\

'

19. KEY WORDS (Continue on reverse side il necessary and identify by block number)

initial-value problems associated with

in Hilbert space.

20 ABSTWT (Continue on reverse side If necosaary and Identify by block number)

ower bounds are derived for the norms of solutions to a class of

the damped wave equation U + Aut+ Bu=0

Under appropriate assumptions on the linear operator B it
(S

1473

EDITION OF | NOV 65 1S OBSOLETE

DD | 38"

/
L Go’-n- unlf : .’
UNCLASSIFIED 5 :

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

{ .

{s shown that even in the special strongly damped case where A'@. r ><0, b fag,
{

i




\

— NG
SSECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)

20. Abstract

N D
solutions are bounded way from zero as t - +?5, even whenT + + =,
R g

&,ﬂ/Yl ot

(;(.M,_/L 0/-//1(%;5 /'u<

Y |

UNCLASSIFIED




Remarks on the Asymptotic Behavior of Sclutions

! to Damped Wave Equations in Hilbert Space

Abstract ;

Lower bounds are derived for the norms of solutions to a

class of initial-value problems associated with the damped wave

equation LI + Aut + Bu = 0 in Hilbert space. Under appropriate

assumptions on the linear operator B it is shown that even in

the special strongly damped case where A = I'I, I' > 0, solutions

are bounded away from zero as t + + =, even when I' + + =,

ACCESSION for . :'/
NTIS White Sectios §7”
(11 Buff Section (3
UNANNOUNCED a

JUSTIFICATION

Dist. _AVAIL__and/or SPECIAL

AMS (MOS) subject classifications (1970) Primary, 47A50

Secondary, 35Bu40




b

Various authors (and most notably Dafermos [1] and Russell
[2]) have recently studied the asymptotic behavior of solutions
to initial-value problems associated with damped linear wave

equations of the form

3 . 2
(1) Uy + Aut + ?u =0 ((C )t s 4= £ ¥ 3

where u: [0,») + H, a real Hilbert space with inner-product <,>H
and natural norm ||(-)IIH; the usual assumptions which are made
relative to (1) are that [2] A is a bounded linear operator on

H which satisfies a coerciveness condition of the form
(2) <, Bu>y 2 AlIVIIE; A >0, v 2(B),

where D(B) denotes the domain of B and is such that U(B) = H. If
<Av, v>, 2 0 and A"l exists (the strongly damped case) then it is

well known that the energy
(3)  E@) = 2 ju 12 + <ult), Ault)»)
2 t' 'R :

associated with (1) decays at a uniform exponential rate and the
asymptotic stability of solutions to (1) follows immediately.
Even if e does not exist (the weakly damped case) it may still
be shown that under various circumstances lim E(t) = 0. Owur
concern in this note will be with a speciai*Zase of the strongly
damped situation where A = TI, I' > 0 a real number, but where

the coerciveness condition (2) is not satisfied. We consider, in

fact, the system




-2- -
a a a .
(4) Upy * Tug - Nu™ = 0
() u®(0) = auy, ugl0) = vy (uy, v e DIN))

where a > 0 is a real number and we C2([0,~);H) such that
u®(t) ¢ D(N) for each a > 0, t € [0,»). We have replaced the
operator B in (1) by -N in (4) so as to afford easy comparison
with recent related work on growth estimates for solutions of
undamped (I' = 0) linear differential equations in Hilbert space
(3], [4] which employ differential inequality arguments of the

type we will use in this paper.

In the present situation the positivity assumption (2) would

assume the form
(6) <v, Nv>y s -'x||v||§, A >0, v e DN

However, the assumptions that we will make here are that N is

symmetric and that

(7a) <V, NV>H 20, vekH

with there being (at least) one element ﬁo e D(N) such that

(7b) <uo, Nuo>H.> 0 "

under the assumptions (7a) and (7b) it will be shown that solutions

u® of (4), (5) with ug = ﬁo and o sufficiently large satisfy

-to(u,r)

(8) lim | |u (t)llH 2 a lluollﬂ e

1t




)
(o]

where I,(a,I') depends on ﬁo, vy and satisfies lim I,(a,l) =
'+

for all a > 0, so that

(9) lim lim| 1u®() (12 2 a?1 15,012

[+ t+w

for all a sufficiently large.

Remark In [1) a second real Hilbert space V is introduced with

¥ = H, V ¢ H algebraically and topologically. Letting V' denote

the dual of V via <7y i.e.

|<VsW>H'
(10) livlly, = sup ————
weV ”W“V

the assumption in [1l] which corresponds to (2) is that
(11) <«v, Bvsy 2 AlIVIIZ, A >0, veV

where B ¢ L(V,V'); such a setting is particularly appropriate
for dealing with problems in linear partial differential equations
and it will be obvious that our results carry over immediately
in this framework also.

We now state and prove the basic growth estimate for the
system (4), (5) from which the claimed asymptotic results (8)
and (9) follow almost immediately; the argument presented below

is a hybrid mixture of logarithmic concavity and logarithmic

convexity arguments of the kind which have been used so success-

fully in recent years to establish results on uniqueness, stability,

continuous dependence, and instability of solutions to initial-




value problems for abstract linear and nonlinear equations in :
Hilbert space (41, [5], [6], as well as various initial-boundary
value problems for nonlinear partial differential equations (7],

J (81, [9), [10]. |

Theorem If u® e C2([0,°); D(N)) is a solution of (4), (5), with

ug = ﬁo, and (7a), (7b) obtain, then

<ﬁ v.>
a 2 2.~ 2 i -Tt
(12)  lu (t)llH 2 a lluollH exp[}——g—:g—ﬁy} (1-e .J
al‘lluollH

for all a 2 ||vo|| J<uo,Nuo>H and t 2 0.

Proof Let Fa(t) = Iluc(t)llé , 0 St < =, where u® C2([0,°);H)

is any solution of (4) (5) with ug = GO and let B > 0 arbitrary.

A direct computation, analogous to Levine([{ ], II, Thm I.),
d

3 L -1

yields (Fa : 3% Fu)
(13) FF"™ - (B+1)F.2 = 4(B+1)S2

a a a a

o a (o] a
+ 2Fa{<u I (28+l)<ut, ut>H}

where

2y a a a a a a 2
(1) By = (<u”, u >H)(<“t’ “t>H) - <u, u>p 20,

by the Schwartz inequality, for all a > 0; the result in (13)
depends only on the form of Fa(t) and is independent of the
particular equation satisfied by u, - In view of (%) and (14) we

may deduce from (13) the differential inequality




=
(15) FFL - (B+1F % 2 2 FG, o Ost<m
where for arbitrary 8 > 0
(16) GGsB z <u®, Nu“>H - r<u:, ua'>H
- (28+1)<u:, u:>H

Therefore,
(17) LT 48<u:, Nu®>, - r<uz, u$>ﬂ

- reu®, u®op +o2r2e+) |11}
but
(18) G, g0 = a? <y, Nig>y - al<iy, vy

2
- 28+ | Ivglly
so integration of (17) and substitution from (18) yields

(19) G

a,B(t) = G

o] Q 2 - -
G’B(D) - 2B[<u, Nu™>, - a“<ug, Nuo>H]
t (7 S |
+ 2r@2g+) follully dr
> (28+1)[a%<h., NG.>, - |lv T
0’ O"H 0''H

o a
>H - 'cu, ut>H




where we have dropped the term proportional to fgllu:llﬁ dt.

However, in view (7) and the definition of Fa’ if we now choose ;

a z |lvylly /<GO,NGO then (19,) may be replaced by

’H
A e
(20) Ga,B(t) 2 28<u -, Nu >4 7 Fa (t)
But, by (16) |
a a a .a 0y g 2 éé
(21) <u®, Nu'>p = 6 g+ T<u™, we>y + (2841 [ Huelly i

and so substituting in (20) from (21) and solving for Ga g Ve
b

find that

(s Y
(22) Gu,B 2 - ru(B)F& - 2Bllut||H
where
(23) u(B) = (B+ 2)/(28+1)

Now, suppose we take the inner-product of (4) with TS

<u?®, “:t>ﬂ + r<u?, “:>H e Nu°‘>H = 0

Then it is easily seen that this equation may be rewritten in

the form
- (24) i d2Iluull2 + L 1L1lua||2 = |fu“|]2 + <u¥, Nu%> j
2 dti H 2 dt H ~ t''H r H i

which yields, in view of (7a) and the definition of F , the

inequality




i,

a,,2 b ! .
(25) IIutllH <3 Fq' +

N~

Fl
a
Combining (22) and (25) we have

(26) G

a8 R - F(B+u(8))?& - BF;

and, therefore, in view of (15),

11} '2 "
(27 Faru - (B+1)Fa 2 - 2P(.B+u(8))F&Fa - ZBFGFO‘
or
e &*_1_ 2 -
(28) FGFu 2B+1? Fa 2 2ry(B)F&Fa
where '
B+ -
B + [—_J
- B+u(B) 281 _ 1
(29) v(B) = 28+L C TN o

for all B > O; therefore, (28) is identical with

o o [8)r'2 s - rry
(30) Fara 28+1 Fa 2 rFaFa

for all B > 0. Taking the limit in (30) as B + O we obtain the

desired differential inequality, i.e.,

L

" o_ = '
(31) Fura Fa 2 rFaFu

Direct integration of (30) yields

F'(0)

o -t
(32) Fa(t) 2 Fa(O) exp [{f?zzﬁy} (1-e )]

and the desired estimate, i.e., (12) now follows directly from

(5), with ugy = GO’ and the definition of F .




If we now set

o g P
(33) to(a,r) = <uo,v0>H/uI'|lu0||H

then it is immediate from (12) that

(34) pretteriid ol il g o T,

if a 2 IIVOIIH/J<GO,NGO>H, where

(35) £(t) = Eyla,MCe™ - 1)

satisfies f(0) = 0 and

(36) £1(t) = - ILyta,Me 't b Sl

s 0, <Go,vo>H <0

The asymptotic estimate claimed in (8) now follows directly
from (33) - (35) if we let t + +w in (34) while the éstimate
delineated in (9) follows directly from (8) by taking the limit
as I' + » and using the definition (33) of Zo(a,r). Two other

results are worth noting in passing, namely,

||u°(t)||H 2 a 2
(37) lim (———1;————0 2 ||U0||  Tor all ¢ » ©

a+to

and, for a 2 IIVOIIH/ <uo,Nuo>H,

3 a 2 2,,= 2 -
(38) iiT“llu (t)llH 2 a IluollH exp{-llvollﬂlarlluollu}




which follows directly from (8), (33), and the Schwartz
inequality.
As an application of the above results we may consider the

equations of linear elasticity with viscous clamping, i.e.,

au:(x,w

) =2 O
axz

1 * Q1 9

. + . - .
(39) ﬁl(x,t) Pul(x,t) 5;; (°1jkL(X)
for i = 1,2,3, x ¢ 0 ¢ R3 (a bounded region with smooth boundary
) and t 2 0; u is the elastic displacement vector while the
cijkL(X) are the components of the elasticities, i,j,h,£ = 1,2,3,
which are assumed to satisfy the usual symmetries, i.e.,

3 LN

®ijxe * cjikt = cktij' We take H to be the completion of CO(Q)
with respect to

(40) <u,v> = [o ugvidx

i.e., H = Lz(ﬂ) and define

& o8 k 1
(41) (Nu), = 5;; (cijkl(x) 5;:), u ¢ Hy(Q)

where Hé(n), the completion of Cz(ﬂ) with respect to

aui 3vi
(42) | <u,v>+ = fﬂ %, X dx,
it
satisfies Hé(ﬂ) € L2(ﬂ) algebraically and topologically with
Hé(ﬂ) dense in Lz(ﬂ). We note that N, as defined by (41) is

bounded as a linear operator from Hé(n) into H-1(Q) where H™1(a)




-10-

is the completion of Cg(ﬂ) with respect to
: vy avi ”
(43) Ilwll_ = sup Clfguiviaxl /g 557 5%, 9x) 7
vels (@) B

We append to (39) initial and boundary datum of the form

(4%a) ug(x,t) 0, x €30, t20

(4yd) ug(§,0) afi(x), 62(5,0) = gi(x),

where f, g ¢ Hé(ﬂ), and note that

d afk
3fi 3fk
- la Sy BT B, O
3 L
provided the elasticities °ijkL(x) satisfy
(46) 05k (g6 5 O (all € ¢ L(R3; R®) and x € Q)

If, in addition, there exists at least one element T Hé(ﬂ)

such that
of . afk
(47) ‘[0 ciju(x) ﬁ% 5—;2 dx < 0
3 "

then the results which follow from the theorem above may be
applied to the system consisting of (39), (44a) and (uub), with

f = T, provided we choose

of . of
X ik L]
(48) a 2 (fn g;8;dx) /(-[n Ciike 5;; %, dx)

s
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